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ON FROBENIUSEAN ALGEBRAS. II 

By Tadasi Nakayama 
(Received July 13, 1939) 

Introduction 

In the present paper wo continue our study of a class of (associative) algebras 
called Frobeniusean. 1 Chapter I, which is short, is a direct sequel of Part I and 
deals chiefly with a certain type of automorphisms in a Frobeniusean algebra. 
The automorphisms enable us to generalize and refine some of the theorems in 
Part I, and also clarify the significance of symmetric algebras. Further, an 
application of our results to the theory of Galois moduli and normal bases over 
modular fields is discussed. In Chapter II we make an attempt to extend our 
theory from algebras to general rings satisfying chain conditions. To do so we 
adopt the properties of I, 2, Lemma 2 as a definition of Frobeniusean and quasi - 
Frobeniusean rings. Then many of the theorems in I can be extended to this 
general case. But since this definition does not have much significance for 
Itself, contrary to the case of algebras, Chapter II may be considered as a study 
of the structure of those rings in which the annihilation gives a 1-1 correspond- 
ence between left and right ideals. 2 Sections G, 7 aim, however, not only at 
^Frobeniusean rings but at Frobeniusean algebras. 

Chapter I: A Further Stud* of Frobeniusean Algebras 

1. A class of automorphisms in a Frobeniusean algebra 

Let A be a Frobeniusean algebra over a field F. Let , a 2 , • • • , a n be a 
^asis of A with a multiplication table 

( 1 ) CipClo ==: 'y \ t &p<ttUt • 

^There exists a vector (X T ) such that the corresponding parastrophic matrix 
IP = (X) T a p<rT X T ) is non-singular. We consider again the linear form X(x) = 
pC M;p Or = lL*Zp a P*A) and the non-singular hyperplane H defined by 
h(x) = 0. For a set S of elements in A we denote by p«( £)[<?*/(£)], as before, 
■the set of all x satisfying xS £ H[Sx £ //]. Any other non-singular hyper- 
fplane H ' in A can be given as H f = Ph(c~ 1 ) = He with a regular element c, 
and conversely with any regular element c Hr is a non-singular hyperplane in A 
(Cf. I, 6). 


1 On Frobeniusean algebras . /, Ann. Math. 40 (1939) referred to as Part I, or simply as I. 

* M. Hall (7) calls them (weakly) closed rings. 

1 
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Theorem 1. There exists a uniquely determined automorphism <p: x x* of A 
such that 

(2) M'X*y) = Myx) (that is , x*y — yx t FI) 

for all y e A. II remains invariant under <p; H* = H. 

<p’s comesponding to different choices of non-singular hyperplanes in A form a 
co-set with respect to the invariant subgroup consisting of all inner automorphisms 
in the automorphism group of A . 

Proof. If x = £p a p we put (£* ) — P(P')~ 1 (£ p ) and x* = ^p a p * Then 3 
X(x*i/) = (£*)P(v) = (Z)P’(v) = (n)-P(i) = where y . This 

shows the existence of a mapping <p: x — * x* such that (2) is true for all x, y 6 A. 
<p is uniquely determined by this property as we can see easily by reversing the 
above computation and observing particularly that P is non-singular. The 
mapping is evidently 1-1, and that {ax + fa)* = ax* + fa* is obvious. More- 
over, the relation \{x*z*y) = \{z*yx) = \(yxz) shows that (xz)* ~ x*z*. Hence 
ip is an automorphism. Now, x e H implies x* e II , since x* — x = ix* 1 — lx t H. 
Thus H* = II. J* 

To prove the second part of the theorem, consider a second non-singular 
hyperplane IP — He (c regular). Since ( cxc~ 1 5 )*y — yx = {{cxc~ l )*yc~ l — 
yc~ l (cxc~ l ))c e He = H ' for all;r, y*t A , the automorphism <p r corresponding to IP 
is given by x — > (cxc , )*. \\ 

Lemma 1. The automorphism <p maps with any set S in A , onto Pn(S ) ; 

9 h(S)* = ?>//(*S). In particular r(l)*( = r{ I*)) = p H { 1) for a left ideal l in A. a 

Proof. Immediate from the; definition and I, Lemma 4. 

Thus the automorphism ip correlates the two kinds of dual correspondences between 
left and right ideals in A ; oik* is given by annihilation and the other is repre- 
sentation-theoretical . Namely 

Theorem 2. 6 If I, l<> are left ideals in A and t ^2 Zo , the representation of A 
defined by the left module l/l 0 is equivalent to the one defined by the right module 
r{\o)*/r{\)*. Furthermore , the representation defined by a left principal ideal Ac 
is equivalent to the o?ie defined by the right ideal c*A. 

Proof. The theorem follows from the above lemma and T, 8, Lemma 6. 
For the second half of. also the proof of I, 5, Th. 4. 

Theorem 3. The automorphism algebra of the left module l/( 0 [/lr] is inversely 
isomorphic to that of the right module r(Io)/r(l)[ci4]. 6 

Proof. The automorphism algebra of a left [right] module is inversely 
[directly] isomorphic to the algebra of matrices which commute with all the 
matrices in a representation belonging to the module. It follows thus from 
Theorem 2 that the automorphism algebra of l/lo is inversely isomorphic to 


3 Consult the form of the parastrophic matrix P. Cf. also I, 3. 

4 r(iS) denotes, as before, the set of right annihilators of S in A. 

5 Cf. Th. 13 in the section 6 below. 

6 The last statement of I, Th. 5 is a very special case of the present theorem. 
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that of r(lo)*/r(l)*. But this latter is evidently isomorphic to the automorphism 
algebra of r(Io)/r(l). 

Now, let E k , e Kt% ( k = 1, 2, • - • , k; i = 1, 2, • • ,/(*)) and t t(k) (k = 1, 
2, ■ • • , k) have the same significance as in I. In particular U K F T (o . Then 

Theorem 4. E*( K ) =f . TFtVft a suitable choice of H we have furthermore 

= £«,» (/hr all K f i). 

Proof. Obviously E *<,) = for a certain X. But the representation 
defined by E\A must be equivalent to the one defined by AE V (*> . Hence 
X = k. To prove the second half we observe that we can choose H so that 
e*, t Ae\,] £ H if (x(k), *) ^ (X, /); this can be seen in exactly the same way as 
in Nakayama-Nesbitt (11). With such a choice of H we have indeed = 

Ck,% • lor, \(e t c.t^r) X( V^ x.j c K , t xc\ t] ) = X(c (C> ,xc T ( <t ) il ) = X( ^ , x.? cx.iffCwic). t ) = 
X(xc»(o 

Another immediate consequence of Lemma 1 is that if ^ is a two-sided ideal 
in A then 


Ki ) = r(i)* = r(j*). 

In particular if $ = s*, or if more particularly $ is invariant under all auto- 
morphisms of A, then l(i) = r($). (This proves again I, Th. t> in case where 
the algebra is not only quasi-Frobcniuscan but Frobeniusean.) We find more- 
over that we can put d = c* in l, Th. 9, Corollary. 

We note further that if S(x) and R(x) denote, as before, the left and the right 
regular representations of A with respect to the basis a l , a 2 , • . . , a n then we 
have the relation 

R(x)P f = P'S(x*) 

as a counterpart of the fundamental relation R(x)P = PS(x). For, (at , 
• • • , a*) = (ai , • • • , a n )(P')~ l P, as can be seen from the proof of Theorem 1, 
and if we put R(x) = R(ip~ l (x)) then x — » R(x) is the right regular representation 
with respect to the basis (at), whence R(x) = P'P~ l R(x)(P'P~ 1 )~ l — 
P'S(x)(P')~\ But this is nothing but the above relation. 

For an interesting application of the automorphism to a generalization of 
the orthogonality relation among representation coefficients, see a forthcoming 
paper by C. Nesbitt. 

Remark. Our algebra A is symmetric if and only if the automorphism ip is 
inner. The above treatment of Frobeniusean algebras can be considered as an 
extension of the section 9 in I. 

Example. Cartan’s algebra of outer multiplication i* is F robeniusean. Namely, 
let m be any natural number and consider an algebra A over a field V which is 
generated by F and m elements ci , c 2 , • • • , c m and in which the law of compo- 

7 The automorphism ip 1 effects the permutation r, so to speak. 

8 See for instance Cart an (19). This example was suggested to the writer by 
(\ Che valley. 
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sition is given by cl = 0, c,c, = — CjC { for i ^ j. This algebra A , of Cartan's 
outer multiplication, has a basis 1, c tl c t - 2 * • • c.-, ( ii <<*<•■•< i*), and is 
Frobeniusean. For, if II is the hyperplane in A consisting of those elements 
which have a vanishing coefficient for the term CiC 2 • • • c m when expressed by 
the above basis, then evidently H does not contain any ideal except the zero 
ideal. The automorphism <p belonging to the same H is defined simply by 
d — ► c* = (— l) wl ~ 1 c t * . If the characteristic of F is different from 2, then A is 
symmetric or not according as m is odd or even. 9 

2. Galois moduli over modular fields 

Let K be a (finite and separable) Galois extension over F y and let © be the 
Galois group of K/F. Looking upon the elements of © as the right operators 
on K y we can consider K/F as a right representation module of the group algebra 
©(F) of © over F. The well-known theorem of normal bases 10 states that this 
module is (operator-) isomorphic with ©(F) itself, that is, K/F defines a repre- 
sentation of © equivalent to the regular representation. Furthermore, the 
image of a left ideal of ©(F) by such an (operator-) isomorphism between ©(F) 
and K/F is independent of the special choice of isomorphism, and such an image 
of a left ideal of ©(F) in K is called a Galois module of K/F. u 

Let Ki be a field between F and K; K ^ K\ ^ F, and let $ be the subgroup 
of © belonging to Ki . The group algebra $(i£i) of § over K\ is then (operator-) 
isomorphic to K/Ki with respect to the right operator algebra $(Ki)y and 
Galois moduli of K/K x are defined in the same way as above. Now, the fol- 
lowing interesting theorem was proved in Deuring (21) under the assumption 
that the group algebra ©(F) is semisimple or, what is equivalent, that the 
degree ( K:F ) is not divisible by the characteristic of F: 

Theorem 5. Let m he a Galois module of K/F ouch that it is a Ki-module. 
Then nt is also a Galois module of K/K \ , and moreover, the representation of © 
obtained from the left ideal of ©(F) corresponding to the K/F-Galois-module m is 
equivalent to the one induced from the representation of the subgroup !q obtained 
from the left ideal of $(Ki) corresponding to the K / KyGalois-module m. 

The purpose of the present section is to note that this theorem holds without 
assuming the semisimplicity of ©(F). 

Proof. Let l be the left ideal of ©(F) which corresponds to our K/F- Galois- 

9 A can be considered also as the algebra of chains contained in an (absolute) simplex 
spanned by m vertices c\ , c 2 , • • • , c m . 

10 Noether (26), Deuring (20), (21), Brauer (18). Artiu has given another simple and 
elegant proof. 

11 Deuring (21). It seems to the writer that there is a slight confusion in the usage of 
the term “Galois module. “ Noether defined first a Galois module as an image of a right 
ideal. Deuring used essentially the same definition in his paper (20), but switched in his 
second paper (21), as well as in his book (5), to the definition which we are adopting in 
the present paper. 
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module m. 1 consists of all left annihilators of r = r(l) (I, Th. 1. Cf. also I, 9), 
and thus Deuring’s method can be transferred term by term to our general 
case. Namely, m consists of all elements a in K satisfying 

(3) Ds a s fi a - 0 for all Spa « r. 

Due to our assumption that m is a iw-modulc, we have 

23 5 h s a s Ps = ^rh T 23^ ( $ a PT /3p T = 0 

for any h in K \ , where © = is the right co-set decomposition of © 

with respect to Applying this relation to a system of basis elements h x , 
/& 2 , • • • , hm of Ki/F and noticing that the discriminant | hj | 2 7 * 0, we find 
a PT 0 p T = 0, or 

(4) p a p fip T = 0 (23 s € *) 

for all T (mod £). Since conversely (4) implies (3), the elements a of lit can be 
characterized also by (4). Hence the image of in by an isomorphism between 
K/K\ and $(Ki) consists of all left annihilators of the elements ^pPfipT 
(Es Sp 3 e r), and is a left ideal in Hence nt is a Galois module of 

K/Ki . The second half of the theorem can be proved also in the same way 
as in the original paper of Deuring (p. 46). 12 

3. Appendix: On normal bases 

Deuring , s second proof of the theorem of normal bases, which was published 
in the same paper Deuring (21) also under the assumption that the characteristic 
does not divide the degree of extension, can be so modified that it works gen- 
erally. Furthermore, It. Stauffer's 13 method for constructing a normal basis 
works, after a modification, also without that same assumption. These will 
be seen in the following. 

Let & be, as above, the Galois group of a Galois extension K/F. O 11 taking a 
sufficiently large over-field F' of F such that all absolutely irreducible repre- 
sentations of © lie in F\ we consider the algebra K f = K X F f over F f instead 
of K itself. It is a right representation module of © and we denote by M(S) 
{ S € ©) the corresponding representation of ©. Let G(S) be an irreducible 
representation of © (in F') with a degree, say g , and let U(S) be the corre- 
sponding directly indecomposable part of the regular representation of ©; 
U ( S ) has G(S) as its first and its last irreducible as well as largest completely 
reducible components. We wish to show that U(S) is contained in M(S) (at 
least) g times. — If this is proved for each irreducible representation G(S), then 
we find that the regular representation of © is contained in, whence coincides 

12 Theorem remains true if we, as in Deuring (21), extend the underlying field F to an 
over-field F ' and consider K X F', K\ X F' instead of K, K\ . 

13 Stauffer (28). 
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with, M(S) and thus we are through. 14 — That U(S ) is contained in M(S ) g times 
is equivalent to that there exists in K ' a matrix B with g columns, satisfying 

(5) B s = U(S)B for all S « @ 

and whose elements are all linearly independent (with respect to F'). Now, if 
we denote by Bi the matrix consisting of the first g rows of a matrix B satis- 
fying (5), then fii fulfills B f = G(S)Bi for all S. 15 Furthermore, since the 
representation module of U(S) possesses a unique simple submodule (corre- 
sponding to (?(S)), it follows easily that in order to show that all the elements 
of B are linearly independent we have merely to show that the elements of Bi 
are linearly independent. And, in order to secure the latter we have in turn 
only to make sure that all the columns of Bi are linearly independent (wttfc 
respect to F f ) ; this is due to the fundamental fact that every automorphism of 
an (irreducible) representation module of G(S) can be obtained by multiplica- 
tion with an element of F f (cf. Deuring (21), pp. 43-44 and Stauffer (28), pp. 
592-593). Hence our aim is to prove the existence of B with g columns, satis- 
fying (5) and such that the g columns of Bi are linearly independent with 
respect to F'. 

For this purpose, we can first apply Speiser’s theorem. (In a generalized form 
the theorem asserts: Let M K , Ms , • • • , M T and N s , N s , • • • , N r (<J* = 
j E , S, • • • , 7 T J) be two systems of non-singular matrices with elements from 
K f such that 


Ml Mr M ST = NlNrNsl 

for every pair S, T e ©. Then there exists a lion-singular matrix C which satis- 
fies C S M 8 C 1 = N s for all S e Oh) 16 Namely, there is a non-singular square 
matrix C fulfilling C s C~ l = U{S) (that is, C 8 = U(S)C) for all 8 . We choose g 
columns in such a C so that the square matrix C 0 consisting of g 2 elements at 
the intersections of those g columns with the first g rows is non-singular; this is 
obviously possible. Denote by B the matrix consisting of the chosen g columns 
of C. Then this B satisfies the above requirements, because (5) is evidently 
valid and the corresponding B\ is simply Co whose g columns are linearly inde- 
pendent even with respect to K'. 


14 If a representation contains V ( S ) then V(S) is a direct constituent. See Nakayama- 
Nesbitt (11), §2. 

u Here we agree that l J (S) has already assumed the form where the right upper part is 0. 

14 This can be proved in exactly the same manner as in the special case Schur (27) (or 
Weyl (30)), provided that F' contains sufficiently many elements. The case where this 
last condition is not satisfied can be reduced to a favorable case by an argument due to 
R. Brauer and E. Noether (cf. Deuring (20) or Van der Waerden (29), p. 70). 

The present form, which is more general than needed here and which is also more general 
than the one given in Deuring (21), for instance, has a significance for the classification of 
semi-linear transformations; cf. Nakayama (25), Haantjes (22). 
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A second method to obtain a relevant B is to consider a matrix 
B = B(z) = 'ZaUiS-'y, zeK, 

where by U(S '*) we denote the matrix composed of the first g columns of 
UiS" 1 ). This B = B(z) certainly satisfies (5), and the corresponding B x Is 
B\ (z) = 52s G(S ~ l )z H . Now, Bi(z) satisfies not only the relation Bi(z) s = 
G(S)Bi(z ) but also the relation 

Btf) = B l (z)G(S ). 

From this fact we can conclude that all the elements of # 1 ( 2 ) are linearly inde- 
pendent (with respect to F') whenever one of them is different from 0, that is, 
whenever B\(z) 0. But from the separability of K/F we can see easily that 

there exists certainly a z eK such that £ 1 ( 2 ) ^ 0. (For all this cf. Stauffer (28)). 
Thus B = B(z ) with such a 2 possesses the desired properties. 

Furthermore, let G (] \ G (2 \ • • • , G im) be the totality of distinct irreducible 
representations of W in F', and take for each G(S) = G (tl) (S) an element 2 = 
z (tl \eK) satisfying the above* condition. Here* we can, and shall, choose these 
z ifi) in such a manner that 2 (m) = z (v) if G (fi) and G {y) are conjugate with respect 
to F. Let now Gi , G 2 , • • ■ , G k be the totality of distinct irreducible repre- 
sentations of 0) in F, and put z K = z (fX) if (i K contains G^ } . Let further E \ , 
Ei , • • • , E t: be mutually orthogonal idempotent elements in the group algebra 
©(F) with the sum ^ E K = E = 1 such that if N denotes the radical of ©(F) 
then E k (mod N ) is the unit element in the simple two-sided ideal of ©(F ) /N 
belonging to ©* . (2?<©(F) is a direct sum of right ideals which define the 

component U K of the regular representation corresponding to G K .) Then w = 
52* Zk k (* K) and its conjugates form a normal basis of K/F. This can be seen 
in quite a similar way as in Stauffer (28). 

Chapter II: Frobeniusean Rings 

4. Frobeniusean and quasi-Frobeniusean rings 

Consider a ring A. A may have a left, say, operator domain 12 such that 
a(a + b) = aa + ab , a(ab) = ( aa)b = a{ab) if a e 0 and a, b e A. In ease A 
satisfies both the minimum and the maximum conditions for left and right 
ideals (allowable with respect to 12), its general* structure is well known. But 
recently C. Hopkins showed that the theory remains valid to a large extent in 
the case where A fulfills the minimum condition only. 17 We assume in the 
present treatment also merely the minimum condition. And, since we shall deal 
exclusively with such type of rings, we shall understand by a ring always a 
one of the type. 

A possesses the radical N which is nilpotent and the residue class ring 
A = A/N is semisimple. Everything in Part I, 1 remains valid 18 for our A 

17 Hopkins (23), (24). 

18 With trivial modifications of terminologies, of course. 
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except the second half of Lemma 1 and the statements concerning the com- 
pletely reducible ideals. Thus we retain the old significances of the symbols k , 
/(*)> j e *( = E K = y E = E k , c Kt ij (k = 1, 2, • • • , fc; 

i, j = 1, 2, . . . ,/(*)). Namely 

A = ^1+^2+ • • • + Afc , 

where each A* is simple and has a unit element E K = E K (mod #); are 

mutually orthogonal idempotent elements, and c K ,u = e K ,i , c K ,ijC\,hi = 
t>K\&ihC*,u . As to the connection between r(N) and completely reducible left 
ideals, we can assert that any completely reducible left ideal is contained in 
r(N), while r(N ) is a direct sum of a completely reducible left ideal and a left 
ideal which is annihilated by A ; this last left ideal is not necessarily completely 
reducible this time. 19 

Remark. If A possesses a unit element then it satisfies also the maximum 
condition for left and right ideals. 20 Moreover, the same assumption assures of 
course that r(N) is really the largest completely reducible left ideal. 

If m is a simple left module of A , then we denote by d*(m) the rank of m with 
respect to the quasi-field of automorphisms. Hence, if m ^ Ae K = Ae K /Ne K 
then di(m) = /(*). More generally, if m is a left modulo which has a com- 
position series in = m 0 3 mi 3 • • . 3 m s 3 0, then we put dj(m) = 
2‘Li For a right module n possessing a composition series we 

define rf r (u) in the same manner. 

Now, since a direct generalization of the definition of Frobeniusean and 
quasi-Frobeniusean algebras to our general case seems difficult, let us, in view 
of I, Lemma 2, define the corresponding types of rings as follows: 

Definition. A is called quasi-Frobeniusean if it possesses a unit element 
and if there exists a permutation (tt(1), 7t( 2), • • , 7r(fc)) of (1, 2, • • • , k ) such 
that for each k 

i) e K A has a unique simple right subideal t* and r* ^ e T ( K )A , 

ii) Ac V ( K ) has a unique simple left subideal !*(,> and !»(«> ^ Ae K . 

If moreover 

iii) /( k ) = /(t(k)), 

then we call A Frobeniusean. 

Remark. 2011 In the above definition we can omit the condition ^ Ae K in 
ii). For, if the other conditions arc satisfied, that is, if A has a unit element and 
if i) and the first part of ii) are the case, then = c«r(JV)c T («) ^ 0, 

whence necessarily !*(*) ^ Ae K . 


19 This is due to our not assuming anything about the structure of ii. 

20 See Hopkins (24). As a matter of fact, our main interest in the present paper lies 
in such an A which, either by its definition or as a consequence of its definition, possesses 
a unit element. Hence our present avoidance of maximum condition is not so important, 
according to this remark. 

See a correction at the end (Added in proof). 
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We have now the following theorems which correspond to Th. 1, 2 and 3 in 
Part I: 

Theorem 6. If a ring A is quasi-Frobeniusean, then 
a) *(r(0) = 1, r(l(r)) = r 

for every left ideal I and right ideal r. Conversely , if a) holds for every nilpotent 
simple left ideal t and nilpotent simple right ideal r as well as for I = r = N 
( radical of A) and l = r = 0, then A is quasi-Frobeniusean, 

Theorem 7. If A is Frobeniuscan , then besides a) we have 

n <h(D = dr(A/r( 0), dr(x) = rf,(4/i(r)) 

/or every left ideal I right ideal r. 21 Conversely , ?/ a) zs raZzV/ /or every nilpotent 
simple left ideal 1, nilpotent simple right ideal r, l = r = N and l = r = N while 
f3') is the case for every nilpotent simple left ideal l and nilpotent simple, right 
ideal r, then A is Frobeniuseaii' 22 

Proof. The second parts of the theorems can be proved in the same way 
as in I (with a very slight and trivial modification). 23 

To prove the first parts, assume that A is quasi-Frobeniusean. Since l(N ) 
is a two-sided ideal we have l(N ) = ^ K E K l(N) = e K)i l(N). From the 
definition of a quasi-Frobeniusean ring it follows that for each k, i the right 
ideal e Kti l(N ) = e Kti A fl l(N) is simple and is isomorphic to e X ( K )A. Hence 
e Kli l(N) = e Kti l(N)E riK) , whereas e K J(N)E x = 0 if X * *(*). Thus E K l(N)E x = 
E K l(N ) or = 0 according as X = 7 t(k) or not. Since this is the case for every k , 
we have l(N)E r u) = EJl(N)E r ^) = E K l(N)E r <«> = i£/(JV)- This shows 
that E K l(N) is two-sided. Moreover, it is a simple two-sided ideal. To see 
this, let d be any non-zero element in E K l(N). d = y^{lV and at least 
one of e Kii d is not zero. Suppose e« t7 ,d 0. Then c KtP dA = c*, p Z(iV) since 
e K , p l(N ) is a simple right ideal, and therefore rirfri = ric*, p Z(iV) ^ E K l(N), 
Hence the two-sided ideal EJ(N) is simple. In particular, it is completely 
reducible as a left ideal too, that is, EJ,(N) £ t(N). Because this is true for 
every k, it follows that l(N) £ r(N). But the inclusion of the other direction 
can be seen in the same way, and we have l(N ) = r(N). We denote this two- 
sided ideal by M. 

Let l be any non-zero left ideal of A and let l' be a maximal left subideal of I. 
Suppose 1/1' ^ Ae K . If c e A then the left ideal t c is isomorphic to l/l fl 1(c), 
as can be seen from the mapping b — > be ( b e l). If in particular c e r(l') then 
1 fl 1(c) |2 1 fl l(r( 1')) ^ V whence fc ^ Ae K or = 0. This shows that Ir(l') £ M . 
Let now b% be an element in e K l which is not contained in l'; the existence of such 

21 In particular, we have dt(A) *= d r {A). 

22 It is justified to speak of di and d r here, since the validity of a) for nilpotent simple 
ideals as well as for N and 0 implies that A is quasi-Frobeniusean and in particular that A 
satisfies, because of the existence of a unit element, the maximum condition too. 

28 One has to modify slightly and in an obvious manner the very last part of i) there, 
while the final step viii) becomes a mere triviality this time. 
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a bi follows from 1/1' g* A $ K . Then Abi U V = l. From the above considera- 
tion we have bir(l') £ e«lr(l') £ e K M whence 6ir(l') = e K M or = 0. Thus 
6ir(l') e,(*)A or = 0. On the other hand bir(l') ^ r(V)/r(V) fl r(bi) and 

here r(l') fl r(bi) = r(l') fl r(Abi) = r(l' U Abi) = r(l). Hence finally 
r(l')/r(0 ^ e r(k) A or = 0. 

Consider a composition series of left ideals lo = 0 C h Cl 1 2 C • • • C (s = A 
of A. The above observation shows that each right module r(h)/r({ t +i) is 
either simple or 0. Since r(0) = A and r(A) = 0, it follows that the length 
of a composition series of right ideals of A is less than or equal to s, the length 
of a composition series of left ideals. But the inequality of the other direction 
can be seen in the same manner. Hence the lengths of composition series of 
right and left ideals are equal to each other, and moreover the right moduli 
r(I*)/r(l<+i) (t = 0, 1, • • • , « — 1) are all simple. Further, all the left moduli 
Z(r(h+i))/Z(r(h)) must be also simple, and necessarily Z(r(l*)) = l for all t. Since 
there exists always at least on composition scries through any given left ideal, 
we have Z(r(I)) = I for any left ideal 1. Similarly r(Z( r)) = r for every right 
ideal r. That is, a) is always valid in A. This proves the first part of 
Theorem 6. 

Our proof shows further that if 1/1' g^ Ae K then r(l')/r(l) gg c T(jt) A. And 
this fact, together with the relation di(Ae K ) = d r (e K A) = /(*), shows the validity 
of £') in case of a (not only quasi-Frobeniusean but) Frobeniusean ring A. 

5. Corollaries 

Theorem 8. Let A be a quasi-Frobeniusean ring . The composition length of 
a principal left ideal Ac is equal to that of the principal right ideal cA . // c = 

Ci + C 2 and Ac is the direct sum Ac = Aci + Ac 2 , then cA is the direct sum cA = 
CiA + c 2 A. Further , if A is not only quasi-Frobeniusean but Frobeniusean, then 
di(Ac) = d r (cA). 

Proof. Cf. I, Th. 4. 

Theorem 9. Let A be quasi-Frobeniusean, and let i t(k) have the same signifi- 
cance as in the definition. If V is a maximal left subideal of a left ideal 1 in A 
and if the left module 1/1' is isomorphic to A e K , then the right module r(l')/r(l) is 
isomorphic to c t00 A. The quasi-field of automorphisms of 1/1' is inversely iso- 
morphic to that of r(l')/r(l). Furthermore , r(N u ) = l(N v ) for any v = 1, 2, • • • ; 
where N is, as before, the radical of A . 

Proof. The first assertion was shown in the proof of Th. 0. The second 
one is, by virtue of the first one, equivalent to the relation e K Ae K g^ £*(«) A £„.(*) , 
and this in turn can be seen in the same way as in I, Th. 3, vii). The final 
statement follows from the special case r(N) = l(N), which was already estab- 
lished in the proof of Th. 6; See I, Th. 6. 

Theorem 10. If in a ring A the relation a) holds for 1 = r = N (radical), 
l = r = 0, and both a) and &') hold for all nilpotent simple two-sided ideals 
1 = r = g, then A is Frobeniusean. 

Proof. Arguments of i), ii), iii) and iv) of 1, Th. 7 can be transferred term 
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by term. Now, E K M( = E K ME n{K) ) = and here the /(*) right 

ideals e K ,i M are mutually isomorphic and are direct sums of simple right ideals 
isomorphic to e*( K )A. Hence d r (E K M) /(/c)dr(e T((C) / 1 ) = /(*)/ 0 t(k)) and the 
equality sign holds if and only if e Kti M arc simple. But d r (E K M) = 
di(A /l(E K M)) = di(A/N U A(E — E K )A)) = /(/c) 2 by our assumption. 24 Thus 
/(*) S /(tt(k))- Since this is the case for every k , necessarily /(*) = /(7r(*)) 
and e Kt iM are simple. Similarly we find that Me Kfi are simple left ideals. It 
follows then easily that A is Frobeniuscan. 

Theorem 11. Suppose that a) holds for every nilpotent simple two-sided ideal 
1 = r - j well as for 1 = r = N, 1 = r = 0. Let moreover 

y) d r ( g) = dr(A/r(i)), d t (i) - d&A/m 

for every nilpotent simple two-sided ideal $. Then the ring A is Frobeniusean. 
Furthermore , the same is true when we replace the above 7) by 

7') d t (i) = dtiA/rii)), d r (i) = d r {A/m 

or by 

7") d r ( 3) = rf,(il/r(j)), rf|(j) = </ r (;l/J(j)). 

Proof. Arguments in i), ii), • • ■ , iv) of I, Th. 7 remain again valid. And, 
again d T (E K M) ^ f(K)d r {e wW A) = /(*)/(*■(*)) ; the equality sign is true if and only 
if e Ktt M arc simple. Moreover, d r (A/r(E K M)) = d,(A/N U A{E — E xW )A) = 
/OK*))’, d r (il/Z(JW) = d r (A/JV U,l(£- E k )A) = /(<) 2 and d t {A/r(E K M)) = 

/(7r(#c)) 2 . Our assertions follow from these relations in quite a similar manner 
as above. 

6. Vector moduli and a theorem of M. Hall 

Let g be a natural number and consider a module consisting of all ^-dimen- 
sional vectors £ = (0*1 , x 2 , • • • , x g ) with components x p from A. For a subset 
® of A we denote by /i?(®)[L( 2 )] the set of vectors t) = (*/i , 2/2 , • • • , y g ) such 
that (the scalar product) (j, l}) = ]Cp~i *p2/p[(t), £) = SpS/p^p) = 0 for every 
l eS. If we take our theorem fi into account, the first part of the following 
theorem is equivalent to the principal theorem (Th. 5 . 2) in Hall ( 7 ): 

Theorem 12. Let A be quasi-F robeniusean. Then /,(/?(?)) = V, /?(/>($){)) = 
31 for every A -left-submodule V and A-right-submodule S)t in ?l. // moreover A 

is Frobeniusean then tf*(V) = f/ r ( 9 X//f (V)) am/ r/ r ( 9 t) = d/(?l/L( 9 f)). 

We want to show that we can derive this theorem also from our main theo- 
rems 6, 7 , obtaining thus a second proof, though rather long, of Hall's theorem. 
For that purpose, consider the 0-rowcd matrix ring B = A 0 = 
over the quasi-Frobeniusean ring A ; where e pq is a system of matrix units com- 
mutative with every element of A. 

Lemma 2. B is quasi-Frobeniusean. 


**Cf. I, Th. 7, ii). 
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Proof. Evidently e PP e,,i (p = 1, 2, • • • , g; k = 1, 2, • • • , k] i = 1, 2, • • • , 
/(*)) form a system of mutually orthogonal idempotent elements whose sum 
is the unit element of B. Q = ^,t pq N is the radical of B and r(^,e pq N) = 
IQU'mN) — 22 «p„Af ; where N is, as before, the radical of A and M is the two- 
sided ideal r(N) — l(N) in A. We put P = t pq M. From e,M ^ e^,)A/e TW N 
(with respect to A ), it follows easily that e pp e K P ^ t PJ ,e TW B/f pt ,e T ( t )Q ^ 
tn6 T (.K)B /ene W ( t )Q with respect to B. Similarly P« pp e,(„) ^ Bt n e*/Qtne* . But 
this shows that B is quasi-Frobeniusean. 

Now, consider the A -left-module 3b = t n B = 2 P « lp A and the A -right- 
module 8l 2 = Be u = 22 j>« p i^- The mapping 6\. J = (x p ) — > 22 e u >*j> an 
operator isomorphism of 31 and 31i with respect to the left operator ring A. 
Similarly, 0 2 : t) = (y P ) — > 22 € »p2/j> is an operator isomorphism of 31 onto 
3b with respect to the right operator ring A. Moreover, 0i(f)0 2 (l)) = 
22«ipZp?/p€ pl = (f, l))<n . In particular )0 2 (p) = 0 if and only if (f, ty) = 0. 
Hence 0 2 (B(©))(© £ 31) is the set of right annihilators of 0i(®) in 8b , in the 
sense of multiplication in B. That is, 

(6) 0 2 (B(©)) = 3b n r(0i(®)). 

Similarly 

(7) 0i (B(©)) = 3li 0 1(0 2 (©)). 

On the other hand, B(1 fl 3b) = l for every left ideal I in B, while Bl* 1 D 3b = 
lb for every (4 -left-) submodule Si of 31. (Because I ft 3b = «n I whence 
B(l fl 3b) = Bt„l = Be n BI = Bl = 1, and Bib D 3b = e n BSi = «„B€ U li = 
-4«nib = ASi — lb •) Similarly (r fl 3 b)B = r and 5>f 2 B D Sl 2 = 9? 2 for every 
right ideal r in B and (.4-right-) submodule 9? 2 in 3I 2 . We have now 

01 (L(R(S))) = 3b n mR(S))) by (7) 

= 3b n Z(3b n r(0,(l'))) by (6) 

= 3b n m b n r(B0i(S)))£) = 3Ii n l(r(B9i{S))) 

= 3b H B0i(S) (since B is quasi-Frobeniusean) 

= Oi{S), 

whence L{R(S)) — lb Similarly R(L( 9?)) = ifi, and this proves the first part 
of the theorem. To prove the second part, one has only to notice that if A is 
Frobeniusean then B is so too, as can readily be seen, and that di(BS 1) with 
respect to B is equal to di(Si)g with respect to A. 

Corollary . 25 Let © be a finite group and let® (A) be the group ring of © over A . 
If A is quasi-Frobeniusean then @(.4) is so too. 


25 This corollary, as well as the above lemma 2, is closely related to the next section. 
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Proof. Let © = {Gi , G2 , • • • , G 0 \. Let l* be a left ideal in ©( 4 ). We 
want to show that an element Y — £p2/ p G> 1 m ©(A) is a right annihilator of 
8 if and only if x pVp = 0 for all X = x p G p in 8; if we succeed in showing 
this and the corresponding fact for a right ideal, then our corollary is an im- 
mediate consequence of Th. 6 and 12 . Now, sine e^x p y p is the coefficient of 
the group unit element in the product XF, the “only if” part is trivial. To 
prove the “if” part, suppose that Y satisfies the above condition. Let X be 
an arbitrary element in 8. Then G p l X e 8 for all p = 1 , 2, • • • , g. But the 
coefficient of G p in XY is equal to the coefficient of the unit element in G^XY. 
It follows then that all the coefficients in XY vanish, that is, XY = 0 . Hence 
8F = 0 . 

Supplement for the case of an algebra. If A is a Frobeniusean algebra over a 
field F, then we can evidently replace d L and d T in the above theorem 12 by the 
dimension with respect to F. Furthermore, in this case we have the following 
generalization of Th. 2: 

Theorem 13 . Let A be a Frobeniusean algebra . Let 8, 80 be A-left-submoduli 
of the vector module SI such that 8 =2 80 , cmd denote the representations of A defined 
by the left module 8/80 a,nd the right module R (80) /R( 8) bya—>M (a) and a—*N(a). 
Then the first representation a — > M (a) is equivalent to the representation a* -+N (a), 
where a — > a* is the automorphism of A given in Theorem 1. 

Proof. On retaining the notations of the section 1, we consider the linear 
function X((y, p)) = \(^ 2 x p y p ) of the scalar product (y, p). And, for a subset 
© in 51 we denote by p(©)[q(©)] the set of p such that X((y, p)) = 0 [X((p, y)) = 
0 ] for all ye®. It follows in quite a similar manner as before 26 that q(8) = 
72(8). And, the representation of A defined by the left module 8/80 is equivalent 
to the one defined by the right module p(8o)/p(8) (Cf. I, 8). Furthermore, 
<p: y = ( x p ) — > y* = ( x * ) = (<p(x p )) is a 1-1 mapping of 51 on itself (See Th. 1), 
and it is characterized also by the relation X((y*, tj)) = X((p, y)) (for all p). 
Evidently q(©)* = p(©), whence R( 8 )* = p(8). Thus the representation of A 
defined by 8/80 is equivalent to the one defined by 72(8o)*/^(8)*, and this is our 
assertion. 


7. Product rings 

Suppose that our operator domain 0 of A contains a field 27 F and that every 
operator in F commutes with every operator in il . Consider on the other hand 
a (finite linear) algebra B over F . By replacing in the usual manner the co- 
efficient domain F by A we obtain a ring C = B X A , which has 0 as a domain 
of operators. 28 (Namely, if 61 , b 2 , • • • , b n (n = (B:F)) is a basis of B y then 

26 Cf. I, 3. 

27 We naturally suppose that the addition and the multiplication in F coincide with 
those as operators and that the unit element in F is the identity operator. 

28 The conditions about the operator domain at the beginning of the section 4 are satis- 
fied with regard to 0 and C. Moreover, C fulfills the minimum condition for right and 
left ideals. 
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C = biA + b%A + * • • + b n A. To introduce the law of multiplication in C, 
we first define the product ba of b = B, at A to be 6t(f»a) and 

then define (£M<)CC to be Further, a 2 = 

7! b<(aa,*) for a 6 12. ) 29 

Theorem 14. TAe C = B X A is quasi-Frobeniusean [ Frobeniusean ] 
i/ and only if both A and B are so. 

Proof. If fi and 1 are left ideals in B and A respectively, the module product 30 
III is evidently a left ideal in C, and 

(8) r(U) = Br{ 1) U r(UM 

as can readily be seen. 31 (For a proof, take a basis 61,62, • • • , b n of B such that 
r(li) is spanned by 6«+i > M2 , ■ • • , b n (s = n — (r(U):F)). Suppose that an 
element c = 6, -a* in C is a right annihilator of the left ideal hi. Namely, if 
b € h, a e l then ba(J2 6, a,) = (66*)(aa t ) = 0. Let 66 t - = 2/ PnQ>)bj . 

Then 2t,^/(i3,y(6)aa t ) = 0, or 

(9) 2*' fiij(b)aai = 0 for all j = 1,2, • ■ • , n. 

Here we notice that 0*,(6) = 0ift = « + l,* + 2, ••• , n. Now, let 6 run over 
a system of generators 6 (1) , 6 (2) , • • • , 6 (<) of h . Then the s matrices j B» = 
0 8ii(b M )) ip (i = 1 , 2, • • • , s) are linearly independent, because otherwise a 
non-trivial linear combination of 61 , 6 2 , • • • , 6 S would be a right annihilator of 
U . In other words, the system of linear equations Xi/3ij(b ip) ) = 0 (i = 
1, 2, • • • , n; p = 1, 2, • • • , i) has no non-trivial solution, that is, the rank of 
the matrix (Pi]{b (p) )) ttJ1 , (i = 1, 2, • • , s) is s. But then ]Ci-i Pu(b {p) )aai = 0 
(cf. (9)) 32 implies aa< = 0 (t = 1, 2, • • • , #). Since a is any element in l, this 
.shows that a x , a 2 , • • • , a« 6 r(l) and c — 2 6, a* = 2i-i 6 t a* + € 

J3r(l) U r(li)i4. Thus r(U) £ j?r(l) U r(li)^l. The inclusion of the other 
direction is trivial.) 

a) Now let A and B be quasi-Frobeniusean. Let iV, Q be the radical of A } 
B respectively, and put M = r(N ) = l(N ), P = r(Q) = l(Q). The two-sided 
ideal BN U QA in C = B X A is evidently contained in the radical S of C and 
we have, according to (8), r(BN U QA) = 'r(BN) fl r(QA) = BM fl PA — PM. 
Hence r(S) £ PM. 

Let g and e be any primitive idempotent elements in B and A respectively. 
There exist, since B and A are quasi-Frobeniusean, primitive idempotent 
elements g', e ' in 5, A such that Pg ^ Bg' /Qg’ Bg f U Q/Q) with respect to 


** The structure of C thus obtained is of course* independent of the special choice of 
the basis 61 , 62 , • • • , b n . 

30 The product of an element in B with an element in A is defined as in the above eluci- 
dation of C «* B X A. 

31 Here; as well as in the whole following proof, r(*) denotes the set of right annihilators 
of the argument in A f B or C according as the argument lies i n A, B or C. 

38 Cf. also a remark following ( 9 ). 
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(the left operator ring) B and Me ~ Ae'/Ne ' Ae! U N/N) with respect to 

A. Then, as can readily be seen, 

(10) PMge s Cg'e'/(BN U QA)g'e'(g* Cg’e ' U BN U QA/BN U QA) 

with respect to C. Now the following fact is more or less well known and is 
easy to see: 

Lemma 3. If in particular B and A are semisimple , them B X A is Frobeniu - 
sean ; (it is in fact uni-serial ( = einreihig) in the sense of Kothe (9) 33 ). 

On applying the lemma to the simple algebra Bg'B U Q/Q and the simple 
ring Ae'A U N/N (instead of J5, A ), we find that Cg'e'/Sg'e' is isomorphic, 
with respect to the left operator ring C, to the largest completely reducible 
submodule of Cg'e'/(BN U QA)g'e'. But this latter is, because of (10) and 
r(S) £ PM y isomorphic to r(S)ge } and therefore 

(11) Cg'e'/Sg'e ' s r(S)ge. 

Let ge = ji + j 2 + • + j P and g'e' = j[ + ji + • • • + j q are decompositions of 

ge and g'e' into mutually orthogonal idempotent elements in C. Then the left 
side of (11) is a direct sum of exactly q simple submoduli, while the right side is a 
direct sum of at least p simple submoduli. 34 Hence p g q. On the other hand, 
the right moduli g'P , e'M of /?, A are isomorphic to gB/gQ , eA /cN respectively 
and it follows in the same way as above that q g p. Thus q = p, and all the 
left ideals r(S)ji , r(S)j 2 , • • • , r(S)j p are necessarily simple. Moreover, they 
are isomorphic, up to their arrangement, with Cj[/Sj [ , CjZ/Sji , • • • , Cj q /Sj q . 
Similarly the right ideals j[l(S), jiKS), • • • are simple and isomorphic tojiC/jiS, 
jiC/jiS, • • • except their arrangement. 

If we apply this consideration to all pairs of primitive 1 idempotent elements g 
and e appearing in a decomposition of the unit elements in B and ^4 , then we find 
readily that C = B X A is quasi-Frobeniusean, and that it is even Frobeniusean 
if both B and A are so. 

(A second proof of the quasi-Frobeniusean part can be obtained in the follow- 
ing way: First let B be not only quasi-Frobeniusean but Frobeniusean. Then 
the parastrophic determinant of B is not identically zero, and an easy modifica- 
tion of the proof of the corollary in the proceeding section 6 shows that the 
relation a) holds in C = B X A, whence C is quasi-Frobeniusean. The case 
of a quasi-Frobeniusean B can be reduced to this Frobeniusean case by a device 
similar to that of Part I, 3.) 

b) Assume conversely that C = B X A is quasi-Frobeniusean. Then r(C) = 
0, whence r(B) = 0 and r(A) = 0 because of (8). Hence the same relation (8) 
shows that r(B\) = Br( 1) and r(hA) = r(h)A. If we combine these relations 
and their (left, right) duals with the relation a) in C, which is valid by our 

M Cf. also the section 9 below. 

84 Observe that r(S)j — r(S) 0 Cj is the largest completely reducible left subideal of Cj, 
which is not 0 evidently. 
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assumption, then we find that a) is valid also in both A and B. Hence A and B 
are quasi-F r obeniusean . 

That if C is Frobeniusean then A and B are so can be seen from the analysis in 
the above a) which is, since A and B are quasi-Frobeniusean at least, now 
applicable. 

(It is also possible to prove the first part of this b) by a structural analysis 
similar to a). On the other hand, in case (not only B but) A is an algebra over 
F f the second part of b) may be seen also by using (8) and the relation f$) (I, 
Th. 1) or /S') in C.) 

We now prove the following supplement of Th. 12, Corollary: 

Corollary. Let A be Frobeniusean. Then the group ring ©(A) is Frobeniu- 
sean too. 

Proof. The A -left-moduli A/N and M = r(N) — l(N) are isomorphic to 
each other. It follows easily that the ©(A)-left-moduli ©(A/AO (^©(A)/ 
®(N)) and ©(M) are isomorphic. In particular, the largest completely re- 
ducible ©(A)-left-submodule of Q>)(M) is isomorphic to that of ©(A/AO- But 
the latter is in turn isomorphic to the residue class module of ©(A/AO with 
respect to its radical, because the group ring ©(A/iV) over the semisimple ring, 
A/N is Frobeniusean according to the above theorem 14. 36 Since ©(AO is 
evidently contained in the radical S of ©(A) and since ®(Af) contains the right 
annihilator r(S) of S in ©(A), we find that the residue class module ®(A)/£ 
is isomorphic to the largest completely reducible left ideal of ©(4), with respect 
to the left operator domain ©(A). But we know already that ©04) is quasi- 
Frobeniusean at least. And, these two facts assure that ©(A) is Frobeniusean. 

8. Residue class rings 

Theorem 15. Let A be a Frobeniusean ring and let g be a two sided ideal in A. 
The residue class ring A = A/% is Frobeniusean if and only if the two-sided ideals 
r(g) and l(%) are respectively a principal right and a principal left ideal : r(g) = bA, 
Ki) « Ac. 

Proof. Let {pj be the set of such indices that i? P 4g. Since E p are idem- 
potent, E p 4 g U N either. (For, ( z + ri) r (z e^ n eN) is a sum of n r with an 
element in g, and n vanishes for a sufficiently high r.) Denote the residue 
classes of E„ , e p> * (mod g) by E p , e p ,i . N = N U g/g is the radical of A , and 
A/jSt — is the (unique) decomposition of A /At into a direct sum of 

simple two-sided ideals. e p ,i arc primitive idempotent elements in A, since 
Ae p ,i/Ne p ,i are simple. Moreover, E K (r( g) f) M) ^ 0 if and only if ice {p}, 
where M = r(N) = l(N) as before, because J(r(g) H M) = Z(r(g U N)) = g U N. 

36 Wc decompose first A/N into a direct sum of simple rings and then consider the group 
rings over those simple components. They are Frobeniusean, because they can be con- 
sidered as products of those simple rings with the group algebras constructed over their 
centers, for instance. 
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On the other hand, M is a direct sum of simple two-sided ideals E,M = ME T (.,) 
and every two-sided subideal of M is, as can readily be seen, a direct sum of 
some E,M- Hence 

( 12 ) r(j) (11 = Z P £ P M(= H>ME T ( P) = E m M C , ( p) „). 

a) Assume now r($) = bA . We observe first that e K J) ^ 0 if and only if 

K€ (p). The left ideal Ae PtX b is isomorphic to A/l(e Pti b) and here l{e p ,ib) = 
l(e Pti bA) = l(e p , t AftbAf = i(e P(1 A) U Z(bA) = A(# - e Pti ) U g . That is, 
Ae Plt b A/A(E — e Pt i) U j ^c Pl » . Moreover A?> A /1(b) = A/$ = A. 
Since Ab is the sum of Ae p ,*b while A is the direct sum of Ae p , x , we find that Ab 
is indeed the direct sum of Ae p , x b . 37 Each Ae p>t b contains at least one simple 
left subideal, and therefore the largest completely reducible left subideal Ab fl M 
of Ab is a direct sum of at least 2j(p) simple left ideals. But Ab fl M £ 
r(i) fl M, since Ab £ r(a), and here r(j) fl M is the direct sum of Sp/Mp)) = 
Sa/(p) simple left ideals Me V ( P ),i (See (12)). Hence necessarily Ab fl M = 
r($) fl M and each Ae Pf ,b has only one simple left subideal. Furthermore, since 
Ae Pl ib g • • • g^Ae p j (p )b (for itc p .i ^ ^ Ae p j ( p) ), it follows that there exists a 

permutation \v(p ) } of {p} such that the unique simple left subideal of Ae„( P ),ib is, 
for each p, i , isomorphic to Me v(p ),i ^ Ae p ^ Ae p /Ne p . Thus Ae v(p)t i has also a 
unique simple left ideal, which is isomorphic to Ae p /$e p . We observe also 
that f(v(p)) = /(tt(p)) = /(p) according to our construction. 

Assume further Z(g) = Ac. Then we find in the same way as above that 
every e p A has only one simple right subideal, and this simple right ideal is, by a 
remark in 4, necessarily isomorphic to e V ( P )A/e V ( p) N. A is therefore Fro- 
beniusean. 

b) To prove the converse, suppose that A = A/j is Frobeniusean. Let P 
be the annihilator ideal of the radical K in A , and denote by P the two-sided 
ideal in A consisting of those elements whose residue classes (mod 3 ) lie in P. 
We consider further r($) and r(P) in A. The latter is the intersection of all 
maximal right subideals of the former, because P is the sum of all those left 
ideals in which $ is a maximal left subideal. 

There exists, by definition, a permutation \v(p)} of {p} such that e p P ^ 
e,( P )A e r („)A/e r (p) #), £e„ (p) ^ Ae f and f(v(p)) = /(p). We have E f P = 
PE, W , or, E p P U 3 = PE,(p) U 3 . Now, 3 coincides with the intersection 
ftpC£i**pE,P U j), P running over {p}. Hence 

(13) . r( 3 ) = £ P KZ«/ P £.PUs); 

the summands are two-sided ideals since ^,.^pE K P U 3 are such. Furthermore, 
P/L^P U j EpP is, for each p, a direct sum of f(v(p)) = /(p) simple 
A -left-submoduli isomorphic to Ae p , and therefore r(^2,^pE.P U i)/r(P ) is a 

38 Observe that bA is two-sided. 

37 This follows also from Theorem 8. 
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direct sum of /(p) simple A -right-submoduli isomorphic to e x(p) A (Cf. Theorem 
9). But 

, x r(£'«>E.P U j) = r(£,^PE. U j) = r((P D AZ'+<M U j) 

(14) 

= (r(P) U P, (p) A) PI r(j) = r(P) U (P, (p) A 0 r(a)) 38 = P, (p) r(i) U r(P), 

whence 

r(Z^w^na)/r(P) = E,( e) r(i) U r(P ) / r(P ) = E{Li w, (e, (p)lj r(i) U r(P)/r(P)). 

Hence we find that the right moduli e„( p) ,<»•($) Ur(P)/r(P) are simple and 
e r ( p) ^4. 

According to this fact, we now take for each p, i(i = 1 , 2, - • • , /(p)) an clement 
6 P ,< in e»(p).«r(j)c T ( P ),, which is not contained in r(P); observe that/(x(p)) = /(p) 
= f(v(p)). Then 6 P ,.A U r(P) = e„( p) ,,r(j) U r(P). Moreover, if we put 
b — Y'.. ib„ , , then 6(’ l(p)ii = 6 p-t , and therefore 

6AUr(P) = Ep.i( c >(;).' r (j)) U r(P) = E P (J®, w r(j)) U r(P) = r(g) 

(cf. (13), (14)). However, r(P) is the intersection of all maximal right subideals 
of r($), as we observed before. Hence necessarily bA = r(g). 

Similarly l(ft) is a principal left ideal, Z($) = 4c, and this completes the proof. 
Theorem 16. Let a ring A satisfy ( not only the minimum condition but ) also 
the maximum condition for left and right ideals. In order that every residue class 
ring of A be Frobeniusean , it is necessary and sufficient that every two-sided ideal 3 in 
A can be expressed as 3 = Ac = cA (c t A). 

Proof, a) Assume that every residue class ring of A is Frobeniusean. Then 
in particular A is Frobeniusean, and the above theorem 15 tells that every two- 
sided ideal j(= r(Z($)) is a principal right ideal 3 = cA . Moreover d r ( 3) = 
d r (A) — d r (A/ft) = dj(A) ~ di(A/i) = di($), for both A and A/ 3 arc Frobeniu- 
sean. 39 But d r ( 3) = d r (cA) = di(Ac) by Theorem 8. Hence di( 3) = di(Ac). 
Since Ac £ 3 we have Ac — 3. 

b) Assume next that the condition of the theorem is satisfied. The existence 
of a unit element in A can be seen in the same way as in I, Th. 10. 4 ° Let 3 = 
Ac = cA . The left ideal 3 = Ac is isomorphic to A / 1 (c) = A/l(cA) = A/l( 3), 
whence d t ( 3) = di(A/l(ft)). Since this is the case for every two-sided ideal, we 
have r(l( 3)) = 3. For, l(r(l(ft)) = Z(g) whence d,(r(Z(j)) = d t (A/l(r(l( 3))) = 
d/(4/Z(3)) = d*(3), which, together with r(Z(3)) ^ 3, implies r(Z(s)) = 3. Simi- 
larly d r (fi) = ^r(4/r(3)) and Z(r(j)) = 3. We find therefore, according to Theo- 
rem 11, that A is Frobeniusean. Our assertion that every residue class ring of A 
is Frobeniusean is now an immediate consequence of Theorem 15. 

88 Modular law. 

39 See the footnote 21, or Th. 8. 

40 Here we use the composition lengths, and that is the reason that we assumed the 
maximum condition too. 
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9. Appendix: Generalized uni-serial rings 

As a generalization of the notion of Kothe's uni-serial ring, 41 we introduce the 
following 

Definition. We call A a generalized uni-serial ring , if A has a unit element 
and if every left ideal Ae as well as every right ideal eA generated by a primitive 
idempotent element e possesses only one composition series. 42 

The connection of this notion to our study is that a ring in which every residue 
class ring is Frobeniusean, as in the case of Theorem lb, is certainly a generalized 
uni-serial ring, although the converse is not true. 

Now, consider a generalized uni-serial ring A. Let N p ~ l ^ 0, N p = 0, where 
N is, as before, the radical of A. Let a(tc) be, for each *, an integer such that 
eJV r<rU) ~ 1 t* 0, e K N* (K) = 0; hence p = Max*(<r(K)). Since e K A has only one com- 
position series, every e K N x /e K N x+l (i = 0, 1, • •• , <t(k) — 1) is simple. We put 

eJM'/eN" ^ e^A. 

Thus e K N l e^ Ki i) £{j N tU and if d is an element in cJVVvu.o not contained in N l + l 
then dA = p k N\ Let now i + j ^ g{k) — 1. Then e K N ' f 1 = e K N\\ K ,i)AN } = 
eJN'efU'i) N\ Hence j ^ <t(v?(k, i)) — 1. Moreover, since e v{Kti) N 3 = 

e^, t) N e<p(<p(K,i) , i)A , we have CkN’ CH e K N" e K N c,*)iV e £■■ 

e JV* 4 J e tp(viKtl) tJ )A . Therefore 

( 15 ) *p(k, i + j) = <p(<p(k, i) , j ) . 

We put similarly N T{K) ~ l e K H 0, N rU) e K = 0 and 

N^/N'^e, ^ Ae^ 

for i ^ t(k) — 1 . Then 


(16) 


M*, i + j) = M(*, 0, i) 


provided ?' + j S t(k) — 1. Further, if t ^ t(k) — 1 then i g <t(^(k, i)) — 1 
and ¥>(^(k, i), i) = *, because (£ N' +l . Hence, if j ^ t(k) — 1, i ^ 

j)) - 1> then 


(17) 




j), j), * - j) = ¥>(*, i - j) or 
[<p(^(^(ic, j - i ), i), 0 = ^(k, j — i) 


according as i ^ j or i ^ j. 43 

After this preparation we now proceed in a similar manner as in Kothe (9). 
Suppose that a left module 9W of our A is a (restricted) direct sum 2«9)L of 
(an arbitrary number of) submoduli 90L and that each SOL is homomorphic to 


41 Kothe (9). 

42 See the footnotes 40 and 41 of Part I. 

48 We obtain a similar formula by interchanging <r, <p with r, In particular, 
¥>('/'(*, j), i) “ i), j ) provided j ^ r(«) - 1, i ^ <t(^(k, j)) — 1, i ^ *(«) - 1, j £ 

tMk, i)) - L 
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one of Ae , ( . Let 3 Jl 8 be homomorphic to Ae K ( 8 ) and let correspond to u $ in 
3DI, ; we have SDL = Au 8 = Ae K ( 8) u a . Denote further the composition length of 
99?. by t(«). Then 99?. c* Ae«JN i(,) e, w , and ^ 0 while N <(,) u. = 0. 

Let to be the smallest of all i(s). 

Lemma 4. If u 0) is an element in e,99? such that the composition length l of 
An is not greater than to, then there exists an element v in e*r«, m -i)99? such that 
u e e,N m ~ l v and the composition length of Av is exactly to. 

Proof. Suppose for instance u = a x ui + a 2 u 2 + • • • + a t u t , where a , « Ae, w 
and a, ^ 0 (s = 1, 2, • • • , t). Since u = e,u = e«aiUi + • • • + e,a t u t , we can, 
and shall, assume a, e e,Ae, w . Let a, e e,N H,) e,<,) but i e,N l(,)+1 e,(,) . Then 

(18) * - *(*(«), Ks)), k(s) = *(*, l(s)), 

and .4 a, = N ll,) e, (t) . On the other hand N l u = 0 and N L ~'u ^ 0. From 
N 3 a,u, = N’Aa,u, = N ,+H,) e,i,)U, = N’ +lw u, (s — 1, 2, • • • , i), it follows that 
l + Z(s) § i(s) for all s = 1, 2, • • • , < while l + l(s) g (whence =) i(s) for at 
least one s. 

Take ah element d such that d e e,N m ~ l e^, <m - j> but 4 N m ~ l+1 . Then 44 a, « 
e,N n,) e,(.) = e,N m ~ l N n,) ~ m+l e, M = dN lU) " m+ ‘e . w , whence a, = dfe. with 
6, « e, ( « ( * )-m+, e.(.) . Here <^(<^(/c, to — Z), Z(s) — to + Z) = v’fo to — Z + 
Z(s) — to + Z) = ¥>(«, Z(s)) = <c(s) according to (15), (18), and Ab, = iV ,(,)_m+I e, ( ,) . 

Put now v = 6i«x + 6 2 n 2 + • • • + b t u t . Then u = dv and = v. 

N m v = 0, because Z + Z(s) S i(s) whence N m b. £ Ar m JV ,( * ) ~ m+ ‘e, f . ) = N l(,)+l e, w = 
0 (a = 1,2, --.,<)- But * 0, since W m_1 6» = N u,)+l ~ l e, w and Z(s) + 

Z ^ i(s) for at least one s. Hence the composition length of Av is exactly to. 

Lemma 5. Let SO? be the same as above. Suppose moreover that 99? is contained 
in an over (A -left-) module m and that m is generated by 99? and a cyclic module 99? ' 
which is homomorphic to one of Ae K and whose composition length does not exceed to. 
Then m is a direct sum 99 1 + 99?" of 99? and a second module 99?" homorphic to 99?'. 

Proof. Let 99?' = Au ^ Ae,/N k e , , u — e,u, and put U = 99? fl 99?'. If 
U = 0, then we are already through. Suppose U 5 * 0 and let U = N l u = 
N l e,u ] the composition length of U is then h — l. Take an element c in e^,,i)N l e, 
not contained in N l+l . Then cu t U and Acu — N l u = U. But Acu is homo- 
morphic to .4e*(«,i) . Hence there exists, by the above lemma 4, an element v 
in 99? such that v = e x v, Av ^ Ae x /N m e x and cu e e+(,,i ) N m ~ < ’ h ~ ,) v, where X = 
*#(*, Z), to - (h - Z)) = <p(k, to - h). 46 But et( t ,i)N m ~ (h ~ l) e\ = e+ l ., l) N , N m - h e x = 
cN m k e x = ce,N m k e x . Therefore cu = cc’v with an element c' in e K N m k e x . 

We put now u" = u — c'v. Obviously m = 99? U Au " . Moreover, e.u" = 
e,u — e«c'v = u — c'v = u", whence Au" is homomorphic to Ae , . Since cu" = 
cu — cc’v = 0, we have N l u" — Acu" = 0. Furthermore 99? fl Au" = 0, 
that is, m = 99? + Au" . For, if au" = w 1 99 ?(a eAe,), then au — ac’v = w, 
au — w + ae' v e 99?. Hence au « 99? H Au = U, and therefore a e N l e , , au" = 0. 
This completes our proof. 

44 Observe that l + Z(a) S *(*) & m. 

44 Cf. (17). 
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Now, the following theorem, which is an extension of the main theorem in 
Kothe (9), follows readily from the above lemma: 

Theorem 17. 46 Let A be a generalized uni-serial ring. Then every left module 
of A is a (restricted) direct sum of cyclic submodulij each of which is homomorphic 
to one of A e K . The similar situation prevails for a right module of A . 

Remark. In the special case where A is, as in Part I, an algebra , the converse 
is also true. Namely, an algebra which possesses the property of Theorem 17 is 
necessarily a generalized uni-serial algebra. For, if a left module N'~ l e/N'e, 
where e is a primitive idempotent element, is not simple, then a right module 
which belongs to a representation of A equivalent to the one defined by the left- 
module Ae/N % c is homomorphic to none of e K A , whereas it is certainly directly 
indecomposable. 47 

Added in proof (Oct. 22, 1940): The remark adjoining the definition of Fro- 
beniusean rings (Chapter II, 4) ought to have been placed after Theorem 6. 
In the proof of the theorem we showed l(N) KAO using only the condi- 
tion i), and from this follows the relation e K r(N ) ^ e K l(N) — x K used in the 
remark. 

Asano (2), Theorem 2 and our Theorem 16 express essentially one and the 
same fact (Cf. Part I, Theorem 10 too). Namely, a ring whose residue class 
rings are all Frobeniusean is uni-serial. Further, the converse of Theorem 17 
is valid generally. For all this cf. the writer's Note on uni-serial and generalized 
uni-serial rings , Proc. Imp. Acad. Tokyo Vol. XVI (1940) p. 285. 
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Ober die topologie der gruppen-mannigfaltigkeiten 
UND IHRE VERALLGEMEINERUNGEN 

By Heinz Hopf 

Received* by Compositio Math., August 23, 1939 

Einleitung . 1 

1. In der gesehlossenen und orientierbaren Mannigfaltigkeit M sei eine 
“stetige Multiplikation” erklart, das hcifit: jedem geordneten Punktepaar (p, q) 
von M ist als “Produkt” ein Punkt pq von M zugeordnct, der stetig von dem 
Paar (p, q) abhangt. Setzen wir 

p<i = 

so ist l p bei festem p und variablem q eine Abbildung von M in sich; die Abbil- 
dungen l p hangen stetig von dem Parameter p ab, und sic haben daher alle den 
gleichen Abbildungsgrad ci . Analog ist der Grad c, der Abbildungen r q be- 
stimmt, die durcli 

pq = >'q(p) 

gegeben sind. 

Definiert man etwa die stetige Multiplikation so, dab pq ftir alle (p, q) ein 
fester Punkt von M ist, so ist Ci = cv = 0; setzt man pq — p odor setzt man 
pq — q filr alle (p, q ), so ist c t = 0, c, = 1 bzw. c t = 1, c r = 0. Diese trivialen 
stetigen Multiplikationen sind in jeder Mannigfaltigkeit moglioh; dagegen kann 
man, wie sich zeigen wird, nur in sehr speziellen Mannigfaltigkeiten stetige 
Multiplikationen so definieren, daft 

Ci 0 und c r 0 

ist. Eine Mannigfaltigkeit, 2 vvelehe eine solehe Multiplikation zuliiftt, soil eine 
Y-Mannigfaltigkeil heiften. 2a 

Der Begriff der IVMannigfaltigkeit ist eine \ erallgemeinerung des Begriffes 
der (/n/ppcn-Mannigfaltigkeit; ist namlich M eine Gruppen-Mannigfaltigkeit, 
d.h. ist in M eine stetige Multiplikation erklart, welohe die Gruppcn-Axiome 
erftillt, so ist ftir den Punkt e, welcher die Gruppen-Eins darstellt, sowohl die 

* Editors 1 Note. This paper was originally submitted to Compositio Mathematical 
August 23, 1939. It was transferred to the Annals. of Mathematics (received November 18, 
1940) after the Compositio Mathematica ceased publication. 

1 Eine kurze Ankiindigung dieser Arbeit ohne Beweise ist in den C. R. 208 (1939), 1266- 
1267, erschienen. 

* Unter einer “Mannigfaltigkeit” ist in dieser Arbeit immer eine geschlossene und orien- 
tierbare Mannigfaltigkeit zu verstehen. 

** Die Gtiltigkeit des assoziativen Gesetzes wird also nicht gefordert. 
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Abbildung l e als aueh die Abbildung r e die Identitat von Af, und daher ist 

C l C r —— 1 . 

Somit gelten alle Scilze , die fur Y-Mannigfaltigkeitcn bcwicsrn warden, insbe - 
sondere fur geschlossenen Gruppen-Mannigfaltigkcitenf 

2. Wir werdcn Homologie-Eigensehaftcn von Mannigfaltigkeiten unter- 
suchen ; dabei soil als Koeffizieiitenbereich der Korper dvr ration aim Zahlm dionen. 3 4 
Wie ublieh fassen wir die Homologioklassen einer Mannigfaltigkeit M zu deni 
Homologie-Ring (M) zusammen: in ihm ist die Addition die der Bettisehen 
Gruppen, und die Multiplikation ist durch die Sehnit t-Bildung erklart. Infolge 
der Benutzung rationaler Koeffizienten entgehen uns zwar gewisse Feinheiten 
der Struktur von A/, so die et.wa vorhandene Torsion; immerhin stimmcn zwei 
Mannigfaltigkeiten Mi , A/ 2 , deren rationalen Homologie-Ringe 3 i(AG) und 
W(Af 2 ) cinander dimension, streu isomorph sind, in den wiehtigsten algebraiseh- 
topologisehen Eigensehaften uberein, insbesondere in den Werten der Bettisehen 
Zahlen. 

I 'user Hauptziel ist der Beweis des folgenden Satzes: 

Satz I. Der Homologie-Ring SR(F) finer Y -Mannigfaltigkeit Y ist dimensions - 
treu, isomorph dem Homologie-Ring 5R(/J) vines topologischen Produktes 

U = S mi X S m% X • •• X S mi , U 1, 

in welchem S m die m-dimensionale Spharr bezeichnet und alle Dimension szahlen 
mi , m* , • • • , nn ungerade sind. 


3, Da man die Struktur der Ringe s Jf(77) vollstiindigubersieht, kann man den 
Inhalt des Satzes I aueh dureh eine ausfurhliehe Besehreibung der Struktur der 
Ringe 0?(r) ausdrtieken. Hierfur maehen wir noeh die folgenden terminolo- 
gisehen Bemerkungen : 

Der Ring 3i(Af) einer beliebigen tt-dimensionalen Mannigfaltigkeit 2 M enthalt 
ein Eins-Element: es wird dureh den orientierten w-dimensionalen Grundzyklus 
von M dargestellt; wir bezeielinen es dureh 1. Die Dimension eines Klementos 
z von W(A/) nennen wir d(z); daneben betraehten wir haufig die “duale Dimen- 
sion” 5(z) = n — d(z). Unter einer “vollen additiven Basis” von ))l (A/) vor- 
stehen wir die Vereinigung von Homologie-Basen der Dimensionen 0.1, 

Nun laCt sieh der Satz I folgendermafien ausspreelien : 

3 Die Topologie der Gruppen-Mannigfaltigkeiton wird in den folgenden beiden Sehriften 
von E. Cartan behandelt: (a) La TMorie des Groupes Finis et Coni inns et V Analysis Situs 
[Paris 1930, Memorial Sc. Math. XLII]; (b) La Topologie des Groupes de Lie [Paris 1936, 
Actuality Scient. et Industr. 368 ; sowie: L’Enseignement math. 36 (1936), 177-200; sowie: 
Selec.ta, Jubil6 Scicntifique, Paris 1939, 235-258]. 

4 Tatsachlich werden wir von dem Koeffizientenbereich nur benutzen, dafi er ein Kdrper 
der Charakteristik 0 ist. 
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Satz I (2. Fassung). Aus dem Ringe s Jt(r) einer Y-Mannigfaltigkeit T lassen 
sich Element le Z \ , z 2 , • • • , Zi so auswtihlen, dafi die 2 l Elemente 

1 ) i %i\ * ii) j 

%%i * %i% * Zi i (i\ 1*2 ^ I*s) j * * * f Z\'Z% Zi 

eine voile additive Basis bilden ; die Multiplikation in 3i(r) ist durch das distribu- 
tive Gesetz, das assoziative Gesetz und die antikommutative Regel 

Z r Zi = -Zi-Z, 

— in welcher speziell die Regel 

Zi-Zi = 0 

enthalten ist — vollstandig bestimmt; kurz : 3i(F) ist dev Ring der ( inhomogenen ) 
Multilinear forrnen in den antikommutativcn Groflen Z \ , z 2 , • • • , Zi mil rationalen 
Koeffizienten. Aik Zi sind homage ndimensional, 0 und ihre dualen Dimensionen 
8(Z{) = mi sind unger ade; die Dimension von T ist 

n = Wi + w 2 + • • • + wj , 

und allgemein ist 

d{Z%i'Z % 2 2 ) = /i Witg • ■ * . 

Daft hierdurch gerade das Bestehen (dues dimensionstreuen Lsomorphisinus 
zwischen ?f(F) und 9£(II) ausgedriickt wird, erhellt aus der folgenden Tatsache, 
die man leicht bestatigt: bezeiehnet man don orientierten Grundzyklus von 
S m selbst mit S m und mit p immer einen einfaeh gezahlten Punkt, so besitzen 
in ft(n) die Elemente 



X 

a 

II 

Sm. 2 X S m , X • • 

X 

^ rn 1 

(*) 

Z 2 — 

X p X S m , X ■ ■ 

X 



Zl = Sm x 

X S mi X S m , X 


X V 


genau die analogen Eigcnschaften, welche wir in W(F) soeben den Elementen 
Zi , z 2 , - ■ • , Zi zugeschrieben haben. 

Aus der zweitcn Fassung dcs Satzes 1 best man unter anderem die folgende 
bemerkenswerte Eigenschaft der F-Maimigfaltigkeiten ab: 

Satz lb. Jedes homogen-dime nsionale Element z von 5){(F), fur welches die 

* Ein Komplex K heifit homogen-dimensional von der Dimension r } wenn jedes Simplex 
von K auf einem r-dimensionalen Simplex von K liegt. Ein Element des Homologie- 
Ringes 9?(Af) heifit homogen-dimensional, wenn es in M durch einen homogen-dimen- 
sionalen Zyklus reprasentiert wird. Die additive Gruppe von (M) ist die direkte Summe 
der Gruppen der homogen r-dimensionalen Elemente mit r » 0, 1, • • • , n. 
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duale Dimension S(z) gerade und positiv ist, la fit sich durch Mnltiplikation und 
Addition aus hoherdimensionalen Elemcnten crzeugen. 

4 . Dcr Satz I enthalt weitgehende Aussagen iiber die Bettischen Zahlen einer 
F-Mannigfaltigkeit. Unter dem “Poinear6schen P«lynom ,, eincs Komplexes 
K verstehen wir das Polynom 

P x(t) = po + pd + p<>t~ + • • • 

in einer Unbestimmten t, wobei dor Koeffizient p t die r-te Bettische Zahl von 
K ist. Fiir die Sphare S m ist 

Psjt) = i + r ; 

bei der Bildung des topologischcn Produktes K i X K 2 zweier Komplexe K\ und 
K 2 gilt naeh der Formel von Kiinneth 6 die Rogel 

Pk iX k z ( /) = PkAO-PkM; 

daher ist in dem Satz I (Nr. 2) der folgende Satz enthalten: 

Satz V. Das PoincaHsche Polynom einer Y-Mannigfaltigkeit Y hat die Gestalt 

(i) p r (0 == (i + i + r 2 ) (i + r i ), 

wobei alle Exponenten m t ungerade si ml. 

Wir heben einige der zahlreichen Beziehungen zwisehen den Bettisehen 
Zahlen hervor, die sich aus (1) ablesen lassen: 

(a) Die Eulersche Charakteristik ist 0; 7 

denn die (charakteristik eines Komplexes K ist gleich P K (—1). 

(b) Die Summe der Bettischen Zahlen ist eine Potenz von 2; 8 
denn diese Summe ist fur einen Komplex K gleich P x (+1). 

T sei n-dimensional; dann ist p n — 1, p, = 0 fiir r > ??, also n der Grad von 
Pr(t) und 

mi + nh + • • * + mi = n. 

Da der r-te Koeffizient des Polynoms (1) offenbar nicht grower ist als der r-te 
Koeffizient des Polynoms 

(1 + t y = (i + t) mi -(i + O" 2 •••(!+ /) mi , 

so sieht man : 

(e) Es ist p r ^ fiir alle r . 9 

6 Alexandroff-Hopf, Topologie I (Berlin 1935), 309, Formel (13'). 

7 Falls die Abbildungen l p und r q topologisch sind — also insbesondere, falls r eine 
(rruppen-Mannigfaltigkeit ist—, wird fttr pi 5 * Pi durch /(g) = lpll P2 (q) cine Abbildung von 
r auf sich erklart, welche sich stetig in die Identitat deformieren lafit und keinen Fixpunkt 
besitzt; dann folgt der obige Satz aus einem bekannten Fixpunktsatz. 

* Fttr Gruppen-Mannigfaltigkeiten: Cartan* (b), 24. 

9 Fttr Gruppen-Mannigfaltigkeiten: H. Weyl, The classical groups [Princeton 1939], 
279, als Korollar eines Satzes von Cartan (cf. 18 ). 



26 


HEINZ HOPF 


Man kann (1) in der Form 

(10 Pr(0 - (1 + 0‘‘-(l + 0'‘-U + O'* • • • , /.SO, 

schreiben; Ausrechnung ergibt 

( 1 ") Pr(t) = 1 + lit + ^ 2 )^ (i))^ * * • 

Es ist also 

(2) Pi « /i . 

Da nun der Koeffizient von t T in dem Produkt (1') offenbar nieht kleiner ist als 
in dem Faktor 


(1 + t) h = (1 + t) p \ 

so gilt: 

(d) Es ist p r £; (^j fiir die r “ 

Nach (1') ist 

4 + 34 + 54 + * * • = n y 

also nach (2): 

pi - n — 34 — 54 — ; 

daher laftt sich (c) fiir r = 1 verschaifen : 

(e) Es ist entweder pi — n oder pi = n — 3 oder pi ^ n — 5. 11 

Ferner liest man aus (1") und (2) die folgende Verscharfung von (d) fiir r = 2 
ab: 

(f) t«t P2 = (^j, 
also speziell: 

(fo) Ist pi = 0 oc/cr pi = 1, 6*e P 2 = 0. u 

Ebenso sieht man aus (1") und (2): 

(g) Ist pi = 0, so a uch p\ = 0. 

Man kann ohne Miihe noch cine Reihe iihnlicher Relationen feststellen, z.B. 
die folgenden: 

10 Fur Gruppen-Mannigfaltigkeiten wie 9 ; fur . weseutlich allgemeinere R&ume mit 
stetiger Multiplikation: W. Hurewicz [Proc. Akad. Amsterdam 39 (1936), 216-224]. 

11 Die Relation p\ £ n wurde fiir verallgemeinerte Gruppenraume zuerst von P. Smith 
[Annals of Math. (2) 36 (1936), 210-229] und dann von Hurewicz als Korollar aus dem 
unter 10 zitierten Satz bewieBen. 

11 Wegen der zweiten Bettischen Zahl einer Gruppen-Mannigfaltigkeit vergl. man 
Cartan 5 , (b), 14 und 23-24. 
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(h) Es sei pi = 0; dann ist 


3 p 3 + 5p 6 + 7p7 g n, 




> 



3, 5, 7 W7?// beliehiges r. 


5. Fur Liesehe Gruppen kann der Satz I, auf ( Irund von Satzen, die wir E. 
Cartan und G. de Rham verdanken, aus dor Spracho dor Homologie-Theoric 
in die Sprachc der Theorie ddr invarianton Different ialformen tibersetzt vverden. 1 * 
Ich begnuge mich mit der Formuliorung des Krgebnissos, im Anschluft an die 
2. Fassung des Satzes I (Nr. 3): 14 

Die Mannigfaltigkeit G reprasentiere cine gesehlossene Liesehe Gruppe. Dann 
kann man aus der Gesamthcit der Dijjerentialformen , wekhe in G invariant gegenuber 
den Operaiionen der Gruppe Kind, Forrncn 


deren Grade 


0)1 y U)2 , * • • , c Cl y 


mi % m 2 y • • • , nii 

seien, so auswahlen , dafi sie die folgenden Eigensehafte.n besitzen: 

1) Fiir jedes r bilden diejenigen dud ere n Produhtc 

Wiyw»2 o) ifi y 

fur welche 

mi x + ni l2 + • • • + nii p = r, i x < i 2 < • • • < i p 

ist, cine lineare Basis (in Bezug auf konstante Kocjfizicnten) der invarianten 
Dijjerentialformen des Grades r; 

2) alle m t sind ungerade; 

3) es ist m\ + m 2 + • • + gleich der Dimension von G. 

Hierin ist untcr andorem die folgende Tatsaehe enthalten, die dem Satz lb 
(Nr. 3) entspricht: 

Jede invariante homogene Differential form geraden Grades la/St sick aus in- 
varianten Differentialformen kleinerer Grade durch dufferc Multiplikation und 
Addition erzeugen. 

6. Auch boi Beschriinkung auf Liesehe Gruppen sind, soweit ich sehe, sowohl 
der Satz I als auch der schwachero Satz I' neu. Allerdings waren diese Satze 
bereits fiir eine so grofie und wichtige Reihe von Spczialfallen bekannt, dafi 
ihre Giiltigkeit fur beliebige Liesehe Gruppen vormutet werden konnte. L. 

18 E. Cartan, Sur les invariants int^graux . . . [Annaies Soc. polonaise de Math. 8 (1929), 
181-225 (== Selecta, 203-233)]; G. de Rham, Sur Tanalysis situs . . . [Journ. de Math. 10 
(1931), 115-200].— Man vergl. auch H. Weyl, a.a.O. 9 , 276 ff. 

14 Hier mu 6 als Kooffizicntenbereieh der Korper der reellen Zahlen dienen; man vergl. 4 
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Pontrjagin, It. Brauer and C. Ehresmann haben namlich, mit verschiedenen 
Methoden, die Bettischen Zahlen derjenigen oinfachen geschlossenen Lieschen 
Gruppen bestimmt, welche den vier grofien Klassen in der Aufzahlung von 
Killing-Cartan angehoren, und diene Methoden liefern niehl nur den Satz I', 
sondern auch den Satz I fur die genannten Gruppen. 7 * * * * * * * 15 * 

Ausgehend von diescm Resultat konnte man wohl folgendormaBen zu einem 
Beweis des Satzes I fur alle geschlossenen Lieschen Gruppen gelangen: Man 
verifiziere die Giiltigkeit des Satzes aueh an den fiinf oinfachen geschlossenen 
“Ausnahme”-Gruppen in der Killing-Cartanschen Aufzahlung; dann ubertragc 
man den — nunmehr fur alle einfachen geschlossenen Lieschen Gruppen be- 
wiesenen -Satz auf alle geschlossenen Lieschen Gruppen, indem man die, aus 
der Oartanschen Theorie bekannte, Rolle ausniitzt, welche die oinfachen Gruppen 
als Bausteine beliebiger Gruppen spielen. 

Aber ganz abgeschen von der Frage, ob die direkte Bestatigung des Satzes 
an den fiinf Ausnahme-Gruppen wirklich gelingt, wiirde ein solcher Beweis aus 
zwei Griinden nicht vollstiindig befriedigen. Erstens wiirde or so umfangreiche 
und tiefgehende Tcile der Theorie der kontinuierlichen Gruppen als Hilfsmittel 
verwenden, daB dieser Aufwand in keinom rechten Y'erhaltnis zu dem elcmentar- 
topologischen Gharakter des Satzes selbst stiinde. Zweitens wiirde ein solcher 
Beweis in einer Veriftzierung gipfoln; somit wiirde or zwar besonders konkrete 
Aufschltisse liber diejcnigen speziellen Mannigfaltigkeiten liefern, an denen die 
Vorifizierung stattfindet also liber die Mannigfaltigkeiten der oinfachen 
geschlossenen Lieschen Gruppen , es wiirde aber wohl doch der Wunsch nach 
einem Beweis offen bleiben, weleher allgememe Gilinde fiir die Giiltigkeit des 
Satzes erkennen liefie. 18 

Daher glaube ich, dafi selbst dann, wenn die direkte Verifizierung des Satzes 
I an den fiinf Ausnahme-Gruppen und damit ein anderer Beweis fiir alle ge- 
schlossenen Lieschen Gruppen gelingt , doch wiser Beweis, weleher fiir alle T-Man- 
nigfaltigkeiten gilt und infolgedessen aus der Lieschen Theorie nicht s benutzt, 
auch fiir die Lieschen Gruppen-Mannigfaltigkeiten willkommen ist. 

7. Andererseits weifi man, dafi der Satz 1 gewisse Versehiirf ungen erlaubt, 

wenn man sich auf Gruppen-Mannigfaltigkeiten beschrankt; dann unterliegen 

namlich die Zahlen m % , die im Satz I auftreten, gewissen Gesetzen; so folgt aus 
Satzen von E. Cartan: 17 entweder sind alle rrii = 1 — dann ist die Gruppe 
Abelsch— , oder wenigstens ein m t ist gleich 3. Diesen Satz oder ahnliche Satze 

“ L. Pontrjagin [C. R. Acad. Sc. U.R.S.S. 1 (1935), 433-437 und C. R. Paris, 200 (1935), 

1277-1280] .—R. Brauer [C. R. 201 (1935), 419-421] (man vergl. auch H. Weyl, a.a.O. 9 , 

232 ff.).— C. Ehresmann [C. R. 208 (1939), 321-323; 1263-1265]. 

ie Cartan 8 , (b), 26: “. . . Mais m6me en nous bornant k la simple determination des 

nombres de Betti des groupes simples, on ne devra pas s’estimer compRtement satisfait 

si on arrive & faire cette d6termination pour les cinq groupes exceptionnels. ... II faut 

espGrer qu'on trouvera aussi une raison de portae g6n6rale expliquant la forme si particu- 

li&re des polynomes de Poinear6 des groupes simples clos.” 

17 A.a.O. 8 : (a), 42^43; (b), 24. 
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mit unscrer Methodc zu beweisen, welche immer alle r-Mannigfaltigkeiten 
gleichzeitig bchandelt, ist prinzipiell unmoglich; dennfur r-Mannigfaltigkeiten 
unterliegen die m x uberhaupt keiner Einschrankung; os gilt namlich derfolgende 
Satz: 

Satz II. Jed ci s* Spharen-Produkt 

S mi X S mi X • • • X S mi , 1, 

in welchem die Dirnensionszahlen m\ , m 2 , • • • , mi ungeradc sind , ist cine 
Y-Mannigfaltigkeit. 

Aus diesem Satz gelit hcrvor, daft dor Bogriff dor F-Mannigfaltigkeit nicht 
nur seiner Definition nach, sondern auch tatsachlich viol allgemoiner ist als der 
Bogriff der Gruppcn-Mannigfaltigkeit: nach Satz II sind alle Spharen Szk+i 
r-Mannigfaltigkeiton, wahrend nach einom bekannten, soeben erwahnten Satz 
von Cartan miter alien Spharen S n alloin und aS 3 Gruppenraume sind. 

8. Die Aufgabe, diojonigon Hinge aufzuzahlen, welche als Homologie-Ringe 
von r-Mannigfaltigkeiten auftreten, ist dureh die Siitze I und II vollstiindig 
gelds t. 

Die Gtiltigkeit des Satzos II wird raseh im §1 dureh direkte Angabe geeigneter 
stetiger Multiplikationen bestatigt. 

Im §2 werden Erzeugenden-Systemc 1 beliebiger Homologie-Ringe betrachtet. 
Im Rahmen dieser Betrachtung wird der Satz I in zwei Teile zerlegt — Satz la 
und Satz lb, von denen wir den zweiton sehon in Nr. 3 ausgesprochen haben. 
Im Satz lb (Nr. 15) tritt der Begriff des << maximalen ,, Elementes eines Ho- 
mologie-Ringes auf, der auch fur andere Zwecke als unseren gegenwartigen 
wichtig und brauchbar sein diirfte; wir werden sogleich noch auf ihn zurtick- 
kommen (Nr. 9). 

Der Ansatz zum Beweis der Satze la und lb, und damit des Satzes I, ist der 
folgende: man fasse die Punktepaare (p, q) von M als die Punkte p X q der 
Produkt-Mannigfaltigkeit M X M auf; dureh eine stetige Multiplikation pq 
in M y wie wir sie in Nr. 1 erklart haben, ist dann eine stetige Abbildung F von 
M X Min M bestimmt: F(p X q) = pq; diese Abbildungcn F sind mit Hilfe 
des “Umkehrungs-Homomorphismus” zu untersuehen. Entspreehend diesem 
Ansatz werden zuniichst im §3 einige cinfache Eigenschaften des Ringes 
f )t(M X M) zusammengestellt ; sodann wird im §4, nachdem an seincm Anfang 
kurz an die Theorie des Umkehrungs-Homomorphismus erinnert worden ist, 
der Beweis der Satze la und lb geftihrt. 

9 . Der sehon erwalmte Begriff des maximalen Elementes ist der folgende: 
ein homogen-dimensionales Element eines Homologie-Ringes 9?(M) heifit 
maximal, wenn es nicht dureh Multiplikation und Addition aus hoherdimen- 
sionalen Elementen erzeugt werden kann. Im §5 werden die maximalen Ele- 
mente noch etwas naher betrachtet, und es werden ihnen jetzt die “minimalen” 
Elemente gegentibergestellt : das sind diejenigen homogen-dimensionalen Ele- 
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mente v von $R(Af), welche koine Vielfachen w — u-v mit 0 < d(w) < d{v) besitzen. 
Die Untersuchung fuhrt erstens leicht zu einem Satz liber eine gewisse Dualitat 
zwischen den maximalen und den minimalen Elementen (Nr. 33) und zweitens, 
unter Benutzung des Umkehrungs-Homomorphismus, zu einer bcmerkenswerten 
Invarianz-Eigcnschaft der minimalen Elemente (Nr. 34). Diese Tatsaohen, 
zusammen mit dem Satz lb, liefern noch als Korollar den folgenden Satz, der 
eine kraftige Verallgemeinerung der Tatsaehe darstellt, dafl eine Sphare gerader 
Dimension nicht als Gruppen-Mannigfaltigkeit auftreten kann: 

Satz III. In den Y-M annigfaltigkeiten sind die stetigen Bilder von Sphdren 
gerader Dimension immer homolog 0. 

Zum SchluC (Nr. 37) wird cin Problem formuliert, das durch die erwalmte 
Methode von Pontrjagin 15 angeregt ist und das fur die weitere topologische 
Untersuchung der Gruppen-Mannigfaltigkeiten wichtig sein diirfte; es wird 
eine Vermutung ausgesprochen, in welcher die minimalen Elemente oilier 
Gruppen-Mannigfaltigkeit eine Hauptrolle spielen. 

§1. Beweis des Satzes II. 

Der Satz 11 (Nr. 7) lafit sieh in die folgenden beiden Teile zerlegen: 

Satz Ila. Fur ungerades m ist die Sphare S m eine Y-Mannigfaltigkeit . 18 

Satz lib. Das topologische Produkl r X T' zweier Y-M annigfaltigkeiten Y 
und T' ist selbst eine Y-M annigfaltigkeit. 

10. Beweis des Saltzes TIa. 19 Fur jeden Punkt q den* Sphare S m bezeichne 
r q die Spiegelung der S„, an demjenigen Durehmesser, auf welehem q liegt; wir 
setzen pq = l p (q) = r q (p). 

Die Abbildung r q ist topologiseh, also ist c r = ±1 (und zwar, wic man leicht 
sieht, c r = —1). Wir behaupten weiter: c t — dt2 (und zwar ist = +2). 

p sei ein fester Punkt auf S m ; durch l p wird jeder Groftkreis, auf dem p liegt, 
auf sich abgebildet, und zwar folgendermaficn: fuhrt man auf dem Krcis cine 
Winkelkoordinate mit p als Nullpunkt ein, und ist dann q der Punkt mit der 
Koordinate a, so hat pq = l p (q) die Koordinatc 2a. Daraus ergibt sich: sowohl 
die offene Halbkugel // von S m , deren Mittelpunkt p ist, als aucli ihre anti- 
podischc Halbkugel IV wird topologiseh auf S m — p ' abgebildet, wobei p' der 
Antipode von p ist; die gemeinsame Randsphare von H und H' geht. in den 
Punkt p f liber. Bezeichnen wir mit q ' immer den Antipoden von q, so ist der 
Zusammenhang swischen den Abbildungen der beiden Halbkugeln II und H ' 
durch die Beziehung l p (q f ) = l p (q ) gegeben. Nun hat bei ungeradem m die 
Involution der S m , welche je zwei Antipoden vertauscht, den Grad + 1 ; daher 
haben, wenn wir die Orientierungen von // und W durch eine feste Orientierung 
der S m festlegen, die topologischon Abbildungen l p von II und H f den gleichen 

18 DaC flir gerades m die S m nicht T-Mannigfaltigkeit ist, ist in Nr. 4 (a) und in Satz 
III (Nr. 9) enthalten. 

19 Wiedergabe des Beweises von “Satz IV” aus meiner Arbeit in den Fund. Math. 25 
(1935), 427-440. 
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Grad « = ±1 (und zwar, wie man leicht sieht, +1). Dahcr hat die Abbildung 
l p der ganzen S m auf sich den Grad 2 e = ±2 (und zwar +2). 

11. Beweis des Satzes lib. Die stetigen Multiplikationen in r und I’' seien 
durch 

pq « l p (q ) = r q (p) bzw, p'q' = l' p ,(q') = r^(p') 

gegeben; die zugehorigen Grade seien ci , c r , , c r > ; sic sind samtlich 7 * 0. 

Wir definieren in der Mannigfaltigkeit T X deren Punkte mit p X p\ q X 
q', • • • bczeichnet werden, cine stetige Multiplikation durch die Fcstsetzung 

( P X p')*((7 X q f ) = pq X pV = /> PXP '(<7 X ?') = R qXq >{p X //); 

die zugehorigen (bade seien C L , C K • Her Satz ist bewiesen, sobald gezeigt ist: 

C L = Cl Cf , C* = c r c r > . 

Die Gliltigkeit diescr Gleichhciten ist in deni folgenden Hilfsmtz enthalten: 

/ und/' seien Abbildungen 20 der Mannigfaltigkeit en 2 A und A' in die Mannig- 
faltigkeiten B bzw. B' } welehe die gleichen Dimensionen haben wie A bzw. A'; 
die Grade von / und/' seien c bzw. c'. Dann hat die Abbildung F von A X A' 
in B X B ', die durch 

F(p X />') - f{p) X f'(p’) 

gegeben ist, wobei p, p f die Punkte von A bzw. A* durchlaufen, den Grad cc'. 

Fur den Beweis ersetzen wir / und/' durch so gute simpliziale Approximationen 
/ 1 , f [ , dab aueh diese die Grade c, F haben, und dab auch die Abbildung F\ 
von A X A f in B X B\ die durch 

Fi(p X p f ) = fi(p) X f x (p 9 ) 

gegeben ist, den gleichen Grad C hat wie F. Die Grundsimplexe der Zerlegungen 
von A , A', B, B ' , welehe den simplizialen Abbildungen / 1 , f[ zugrunde liegen, 
seien mit u t , w/ , , r* bezeichnet; dann bilden die Produkte m* X u\ und 

Vk X v[ die Grundzellen von Zellenzerlcgungen der Mannigfaltigkeiten A X A f 
bzw. B X B'. Durch F\ wird jede Zelle u, X u, affin abgebildet, und zwar 
folgendermaben : ist 

fi(Ui) = 0 oder /I(w') = 0, 

wird also die Dimension wenigstens eines der Simplexe Ui , u ] durch die Abbil- 
dung /1 oder f[ erniedrigt, so wird auch die Dimension der Zelle u t X u ,• durch 
die Abbildung F\ erniedrigt, es ist also Fi(ui X u’j) = 0; ist 

/i(wt) = tVk , fi(Uj) = € Vi , e = =tl, e' = dhl, 

*°Alle vorkommenden “Abbildungen” von Mannigfaltigkeiten sollen eindeutig und 
stetig sein. 
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sind also die beiden Abbildungen fi ,fi nicht-singular, so ist auch die Abbildung 
Fi von Ui X u\ nicht-singular, und es ist, wie sich aus bekannten Vorzeichenregeln 
bei der Bildung topologischer Produkte ergibt, 

Fi(Ui X Ui) = €€(v k X v[). 

Jetzt lehrt eine leichte Abzahlung: die algebraische Bedeckungszahl — d.h. 
die Anzahl der positiven Bedeckungen, vermindert um die Anzahl der negativen 
Bedeckungen — einer festen Grundzelle von B X B ctwa der Zelle v k X v [ , also 
der Grad C von Fi , ist gleich dem Produkt der algcbraischen Bedcckungszahlen 
von Vk und v[ bei den Abbildungen f\ bzw. , also gleich cc'. 

§2. Irreduzible Erzeugenden-Systeme und maximale Elemente eines 
Homologie-Ringes. Umformung des Satzes I. 

12. Vorbemerkungen. Es sei M eine n-dimensionale Mannigfaltigkeit. Wie 
schon in Nr. 3 festgesetzt, bezeichnen wir die Dimension eines Elementes z von 
9?(Af) mit d(z) und verstehen unter seiner dualen Dimension die Zahl 5(z) = 
n — d(z). 


Bekanntlich ist ftir homogen-dimensionale z, z ' auch z-z' homogen-dimensional 
und 


( 2 . 1 ) 

sowie 

( 2 . 2 ) 

und zwar 22 ) 

(2.3) 

also speziell 

(2.4) 


8(z-z') = «(*) + 6(z')' n ) 

z'z = =bz-z', 
z'.z = (-1 ) M - i<a ' , z.g', 
z-z = 0 


bei ungeradem 5(z). 


13. Erzeugenden-Systeme. Die homogen-n-dimensionalen Elemente von 
5R(M), also die rationalen Vielfachen der Eins des Ringes, nennen wir 
die u skalarcn ,, Elemente von 91 (M). 

Unter einem u Erzeugenden-System ,, von 9 1{M) verstehen wir cin solches 
System von homogen-dimensionalen, nicht-skalaren Elementen Z\ , z 2 , • • • , z L , 
daft man alle erhalt, wenn man auf z\ , z 2 , • • • , z L und 1 die Operationen der 
gegenseitigen Multiplikation, der Multiplikation mit rationalen Koeffizienten 
und der Addition ausiibt. 

Auf Grund der Regel (2.2) kann man jedes Element von 9?(Af) auf wenigstens 
eine Weise als Polynom in den z x , d.h. als Summe von Ausdriicken 

(2.5) < z“ L L , (lx ^ 0, 

mit rationalen Koeffizienten t schreiben. 

11 Dem Null-Element des Ringes $t(M) wird jede Dimensionszahl zugeschrieben. 

"Man vergl. z.B. Lefschetz, Topology [New York 1930], 166. 
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Ein Erzeugenden-System heifit “irreduzibel”, wenn keines seiner echten 
Teilsysteme bereits ein Erzeugenden-System ist. 

Offenbar ist in jedem Erzeugenden-System wenigstens ein irreduzibles 
Erzeugenden-System enthalten. 

Man zeigt iibrigens leicht, dafi die Anzahl l der Elemente eines irreduziblen 
Erzcugenden-Systems von 9 l(M) nicht von diesem speziellen System abhangt, 
sondern eine Invariante von M ist; wir werden diese Tatsache, die wir vorlaufig 
nicht benutzen, spater beweLsen (Nr. 31). 

14. Maximale Elemente . Ein Element z von $R(Af) heifit “maximal”, wenn 
es 1) homogen-dimensional und nicht-skalar ist, und wenn es 2) nicht in dcm 
Teilring von 9J(Af) enthalten ist, der von den homogen-dimensionalen Ele- 
menten z' von 3?(3/) mit d(z') > d(z) erzeugt wird. 2 ** 

Wir behaupten: Jedes Element Z\ eines irreduziblen Erzeugenden- Systems 
(zi , z 2 , • • • > zi) ist maximal. 

Beweis: Dafi z\ homogen-dimensional und nicht-skalar ist, ist in der Defini- 
tion des Erzeugenden-Systems enthalten. Ware Z\ nicht maximal, so ware 
z\ Element des Binges U, der von alien homogen-dimensionalen Elementen z ' 
mit d(z') > d(z\) erzeugt wird. Nun lafit sich aber jedes dieser z' als Polynom 
in den Erzeugenden Z\ , z 2 , • • • , schreiben, und hierbei tritt aus Dimensions- 
griinden das Element z\ nicht auf ; aus z\ e U wiirde daher folgen, dafi auch Z\ 
selbst ein Polynom in den von z\ verschiedenen Elementen des Systems ( Zi , 
z 2 , • • • , Zi) wiire; dann wiirde aber dieses System, wenn man aus ihm Z\ wegliefie, 
immer noch ein Erzeugenden-System bleiben entgegen seiner Irreduzibilitats- 
Eigenschaft. 

16. Umformung des Satzes 1. 

Satz la. (z\ , z 2 , ■ • • , zi) sei ein irreduzibles Erzeugenden-System des Ringes 
9i(r) einer V-Mannigfaltigkeit. Dann ist 

(2.6) Zl-Z2 Zi 9^ 0. 

Satz lb. z sei ein maximales Element des Ringes 9f(P) einer T-Mannigfaltig- 
keit. Dann ist 8(z) ungerade. 

Wir werden diese beiden Siitze im §4beweisen. Jetzt wollen wir nur zeigen, 
dafi aus ihnen der Satz I (Nr. 2, 3) folgt; dies wird geschehen sein, sobald wir 
bewiesen haben: 

Es sei (z \ , z 2 , • • • , zi) ein irreduzibles Erzeugenden-System von 5R(r), und es 
sei bekannt, dafi die Satze la und lb gelten; dann haben Z\ , z 2 , • • • , Zi die in 
Nr. 3 genannten Eigenschaften. 

Zunachst ergibt sich aus Nr. 14, dafi alle Elemente z, maximal, also aus Satz 
lb, dafi alle Zahlen 

(2.7) 8(zi) = mi , i = 1,2,---,/, 


** Insbesondere ist jedes homogen (n — l)-dimensionale Element, das 5* 0 ist, maximal. 
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ungerade sind. Nach (2.3) ist dahor 

( 2 . 8 ) z r Zi = -Zi-z, , 

also speziell 

(2.9) z.-z, = 0. 

Da die z t - ein Erzeugenden-System bilden, kann mail jcdes Element von 9i(r) 
als Summc von Ausdrucken (2.5) ---mit L = l — darstellen; infolge von (2.9) 
kann man sich dabei aber auf die Exponenten a\ = 0 und a\ = 1 beschranken; 
das heifit: jedes Element z von 9t(r) laftt sich auf wcnigstens eine Weise als 
lineare Verbindung mit rationalen Koeffizienten der Elementc 

(2.10) 1; Zi ; z ir z X2 (i 2 < k) ; z xr Zi 2 -z xt (k < k < k) ; ••• ; z v z 2 zi 

darstellen, also in der Form 

(2.11) Z ~ t “f" ^ t t Z t “b ^ ^ /|1 • ^10 ‘ Zn + 

+■*••+ ti2...lZ\ Z2 Zj , 

wobei die Koeffizienten /, /, , /, lt2 , •• • rational sind und die Indices die unter 

(2.10) angedeuteten Bedingungen erfullen. Wir haben zu zeigen, daft die Ele- 
mente (2.10) eine additive Basis bilden, d.h. daft sie linear unabhangig sind (in 
Bczug auf rationale Koeffizienten), mit anderen Worten: in einer Darstcllung 

(2.11) des Elemcntes z — 0 verschwinden allc Koeffizienten auf der reehten 
Seite. 

Es sei also 

0 = t “f- ^ 1 t t'Z / ~b ^ ] ^*1 *2^*1 * Z “b ^ i f *| *2 *5^*1 * Z\ 2 * ^*8 "f" 

(2.11 0 ) 

+ • • • + *12.../Zi-Z 2 Zi . 

Wir multiplizieren mit zi -z 2 z* ; auf Grund des assoziativen Gesetzes und 

der Regeln (2.8), (2.9) verschwinden auf der reehten Seite alle Produkte, in 
denen ein Index zweimal auftritt, und es entsteht daher die Gleichung 

0 = / • Zi • z 2 Zi ; 

nach Satz la folgt hieraus -da der Koeffizientenbereich ein Korper ist — : 

t = 0. 

Wir betrachten einen Index i und multiplizieren (2.1 1 0 ) mit dem Produkt aller 
der Zj , fiir welch e j r* i ist; aus analogen Griinden wie soeben entsteht: 

0 ~ ~ t{ m Z\*Z2' • • • • Z( , 

also folgt wie soeben: 


U = 0 . 
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Wir betrachten zwei Indizes i x , i 2 mid multiplizieren (2.11 0 ) mit dem Produkt 
aller der Zj , ftir welchc j ^ i\ und j 9* i 2 ist; es ergibt sich 

t ili2 = 0. 

So fortfahrend crkcnnt man, daft in der Tat alle Koeffizienten auf der rechten 
Seite von (2.1 1 0 ) gleich 0 sind. 

Somit bilden die Elemente (2.10) cine Basis, und die Elemente von 9l(r) 
lassen sich in cineindcutiger Weise mit den Ausdriickcn (2.11) identifizieren. 
Daft fur die Multiplikation die antikommutative Hegel (2.8) gilt, wurde schon 
gezeigt. Fur den vollstandigcn Beweis des Satzes I fcdilt nur noeh die Bcstii- 
tigung der in Nr. 3 angegebenen Dimensions-liegeln. 

Alls dem Satz la folgt, daft di(‘ Dimensionszahl d(zi-z 2 z t ) = d 0 wohl- 

bestimmt und g; 0 ist; ftir i x < i 2 < • • • < i r ist d(z tr Zi. 2 z ir ) ^ do , also 

ist infolge von (2.1 1) aueh d{z) ^ d 0 fur jedes Element z von 5R(P) ; da es 0-dimen- 
sionale Elemente z gibt, ist daher do = 0. Dies ist, wenn V die Dimension n 

hat, gleichbcdeutend mit 8(z x -z 2 z t ) = n\ wenn wir 8(z x ) = m, setzen, ist 

daher nach (2.1) 

n = nil + m 2 + • • • + #// . 

Allgemein ergibt sieli fur < u < ■ • < ir , wieder nach (2.1), 

d(z H -z, t z Xr ) = n - d(z u -z t2 z Xr ) 

= w — m il - ?ri t2 - ... - m Xf . 

Daft schlieftlich alle m x ungerade sind, wurde schon dureh (2.7) festgestellt. 

Damit ist der vSatz I vollstandig bewiesen — unter der Voraussetzung, daft die 
Satze la und lb gelten, die im §4 bewiesen werden sollen. 

16. Ililfssdtze , 24 Wir stellen hier noeh einige einfache Tatsachen zusammen, 
die wir spatcr (§4) brauchen werden. 

M sei einc a-dimensionale Mannigfaltigkeit und (21 , z 2 , • • • , z{) ein beliebiges 
Erzeugenden-System von 3?(3f). Unter 11 verstehen wir die Mengc aller der- 
jenigen Elemente, die sich in der Gestalt 


V) 2 -Z 2 + 103-23 + • • • + Wi-Zt 

schreiben lassen, wobei die uu beliebige Elemente von 9f(3/) sind. 

Wir behaupten: 

(a) Jedes homogen-dimenmonalv Element z mit d(zi) < d(z) < n gehort zu U. 

(b) Ist Z\ in U enthalten , so ist das Erzcvgenden-Systrm (z x , z 2 , • • • , z{) 
reduzibel . 

Beweis von (a): Man schreibe 2 als lineare Verbindung von Potenzprodukten 
z* l -z% 1 Zi l (mit rationalen Koeffizienten); da z und alle z» homogen- 

14 Die Hilfss&tze der Nummern 16-18 und 20-22, die an und ftir sich kaum Interesse 
verdienen, werden erst in den Nummern 28 und 29 angewandt. 
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dimensional sind, kann man sich dabei offenbar auf solche Potenzprodukte 
beschranken, die selbst die Dimension d{z) haben; fur ein solches Potenzprodukt 
1st dann nach (2.1) 

ai-6(zi) + ai'bfa) + • • • + ar8(zi) = 8(z); 

da 8(z) < 8(zi) ist, folgt hieraus a\ = 0, und da 6(z) > 0 ist, folgt weiter, dafi 
nicht 0 L 2 = • • • = ai = 0 ist; dies bedeutct: jedes Potenzprodukt enthalt wenig- 
stens eines der Elemente z 2 , • • • , z t als Faktor, d.h. z gehort zu U. 

Beweis von (b) : Ks soi zi e U, also 

i 

( 2 . 12 ) Zi = T.Wj-Zj-, 

>-2 

dabei kann man, da die z t homogen-dimensional sind, auch die Elemente w 3 als 
homogen-dimensional und d(Wj-Zj ) = d(z x ), also 8{wi) + 8(Zj) = 8(zi ), anneh- 
men. Da die 8(zi) > 0 sind (Nr. 13), sind daher alle 8(Wj) < 8(zi ). Hieraus 
folgt, analog wie im Beweis von (a) : stellt man Wj als lineare Verbindung von 

Potenzprodukten z* l z 2 % z* 1 dar, so ist immer a\ = 0; jedes Wj ist also 

durch z 2j -‘- y Zi allein auszudriicken, und nach (2.12) ist dann auch z i 
durch z 2 , • • • y zi auszudruckcn. Aber dann erzeugen bereits z 2 , * • • ,zi den 
Ring 9t(M). 

17 . Es sei z ein homogen-dimensionales Element von 9f(Af) und d(z) < n. 
Unter 33 verstehen wir die Menge aller derjenigen Elemente, die sich als Sum- 
men von Produkten w-v schreiben lassen, wobei die Elemente v homogen- 
dimensional mit 

(2.13) d(v ) ^ d{z ), d{v) < n 

und die Elemente w heliebig sind. 

Wir behaupten: 

(c) Ist z in S3 enthaUen , so ist z nicht maximal . 

Beweis: Es sei z in S3 enthalten, also 

(2.14) z = J^w h -v h ; 

hierin sind die v h homogen-dimensional und orfiillen (2.13); da z homogen- 
dimensional ist, dtirfen wir auch die w h als homogcn-dimensional und d(w h -Vh) = 
d(z), also 8(wh) + 8(v h ) = 6(z), fur alle h annehmen. Dann ist 6(v/0 ^ 8(z), 
also, da nach (2.13) 6(i>a) 8(z) ist, 8(v h ) < 8(z), d(v h ) > d(z). Da nach (2.13) 
andererseits 8(v h ) > 0 ist, ist auch 8(w h ) < 8(z ), d(w h ) > d(z). Aus d(v h ) > d(z) 
und d(wh) > d(z) folgt nach (2.14), daft z nicht maximal ist. 

18 . Bemerkung iiber I deale in dl(M). Da die Multiplikation in dem Ring 
9 l(M) im allgemeinen nicht kommutativ ist, hat man unter den Idealen dcs 
Ringes zwischen Links-, Rechts- und zweiseitigen Idealen zu unterscheiden. 
Jedoch gilt folgendor Satz: 
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Es seicn X \ , x 2 , • • • , x m homogeri-dirnensionale Elemente von 9?(Af) und X 
das von ihnen erzeugte Links-Ideal, d.h. die Menge aller Elemente der Gestalt 

(2.15) wi-xi + w 2 -x 2 + • • • + w m x m 

mit willkiirlichcn Elementen w* ; dann ist X zugleich Rechts-Ideal, also zweiseitig. 

Zum Beweis ziehen wir eine voile additive Basis (Zi , Z 2 , • • • , Z q ) von 9i(M) 
heran, deren Elemente Zh wir als homogen-dimensional annehmcn dtirfen. 
Dann ist die Menge X aller Elemente (2.15) identisch mit der Menge aller 
linearen Verbindungen der Produkte Zh-Xi mit rationalen Koeffizienten (A = 
1, 2, • • • , q; i = 1, 2, • • , rn). Nach (2.2) ist aber, da die Z h und die 
homogen-dimensional sind, Zh-Xi = ±Xi-Z h , und daher ist X auch die Menge 
aller linearen Verbindungen der Produkte Xi-Z h , also die Menge aller Elemente 

Xi* W\ + X 2 • W 2 + • • • + X„r W m 

mit willkurlich(‘n uu ; diese Menge ist aber das von Xi , x 2 , • • • , x m erzeugte 
Rechts-Ideal, 

Auf Grund dieses Satzes sind insbesondere die Mongen U und 3$, die wir in 
Nr. 16 und 17 betrachtet haben, zweiseitige Idcale. 

§3. Eigenschaften des Ringes yt(M X M). 

In Nr. 8 wurde die Rolle angedeutet, welche die Produkt-Mannigfaltigkeit 
T X T beim Beweise des Satzes I spielt. Der gegenwartige Paragraph cnthalt 
lediglich eine, auf diesen Zweck zugeschnittene, Zusammcnstellung und Formu- 
lierung bekanntcr Eigenschaften des Ringes 5R (M X M ); dabei bezeichnct M 
eine beliebige Mannigfaltigkeit. Der Koeffizientenbereich ist wie immer der 
Korper der rationalen Zahlen.““ 

19. Zu jc zwei Elementen x, y von 9t(A/) gehort ein Element x X y von 
9i(M X M ). Diese Produktbildung ist mit der Addition distributiv verkntipft. 
Sind x und y homogen-dimensional, so ist auch x X y homogen-dimensional 
und d(x X y) = d(x) + d(y). 

Umgckehrt lafit sich jedes Element von 91 (Af X M ) als 2 ( Xh X 2/a) dar- 
stellen; genauer: ist das System (Zi , Z 2 , • • • , Z q ) eine voile additive Basis von 
9 l(Af) — d.h. die Vereinigung von Homologiebasen aller Dimensionen— , so 
bilden die Z, X Z k eine voile additive Basis von 9i (M X M); die Elemente von 
3i(Af X M) sind also in eineindeutiger Weise als Uk(Zi X Z k ) mit rationalen 
tik auszudriicken. Damit sind die additiven Eigenschaften von 9 l(M X M) 
gegeben. 

as Wegen der additiven Eigenschaften von 9t(Af X M) vergl. man z.B. Alexandroff-Hopf, 
a.a.O.®, Kap. VII, §3; jedoch hat man die dortigen Betrachtungen dadurch abzuandern 
(und wesentlich zu vereinfachen), da 15 man rationale Koeffizienten verwendet; wegen der 
multiplikativen Eigenschaften, insbesonderc unsercr Formel (3.1), vergl. man Lefschetz, 
a.a.O. M , Chapter V, §3, insbesonderc Formel (21).— tJbrigens darf in unserem ganzen §3 
der Koeffizientenbereich ein beliebiger Korper sein. 
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Die Multiplikation ist nun durch die Regel 

(3.1) (x x y)-(x' X y') = (-1 X y-y f ), 

welche fur homogen-dimensionale x ) y r gilt, und durch die distributive!! Gesetze 
vollstandig bestimmt. 

20. llilfssdtze I soi eine additive Untergmppe von 5)f (Af ), die rational 
abgeschlossen ist, d.h.: aus x e I folgt tx e 3c fur jedc rationale Zahl t. Femer 
seien x , ?/, und zwar 2 / 5 * 0, zwei solche Elemente von 9f(M), daft sich das 
Element y X x von 9f(Af X M ) in der Form 

(3.2) y X x = £ ( 3 /* X x h ) 

h 

darstellen laCt, wobei die xh Elemente von £ sind, wahrend von den Elementen 
yh nichts vorausgesetzt wird. 

Behauptung: Dann ist x c 3E. 

Beweis: (Z\ , Z 2 , • • • , Z 9 ) sei cine voile additive Basis in i)l(M). Es sei 

x = Yh QiZi, y = £ fyZ/, 

» / 

•Ta = ChiZ x , ?/A ^ ^ (IhjZj 

* 1 

mit rationale!! a, b, c , d; dann folgt aus (3.2), daft 

bj di 5=5 , 

h 

also 

(3.3) bjX — dhjXh 

A 

ftir jedes j ist. Da naeh Voraussetzung y 7 ^ 0 ist, ist wenigstens ein bj 0; 
es sei etwa b x ^ 0. J)ann folgt aus (3.3) 

x == ~x h t X. 

h 0\ 

21. I sei ein (zweiseitiges) Ideal in 5K(ilf), welches von homogen-dimen- 
sionalen Elementen Xi , o* 2 , • • • , x m erzeugt wird (man vergl. Nr. 18). Unter 
3£* verstehen wir die Menge aller derjenigen Elemente von 9? (M X M), welche 
sich in der Gestalt 

(3.4) £ (2/* X x' h ) 

h 

schreiben lassen, wobei die x[ Elemente von I, die 4 yn beliebige Elemente von 
sind. . 

Behauptung: I* ist ein zweiseitiges Ideal in 9i(Af X M). 
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Beweis: Es sei winder (Zi , Z 2 , • • • , Z q ) cine voile additive Basis in dl(M); 
dann ist X identisch mit der Mengc aller linearen Verbindungen der Produkte 
Zj Xi (mit rationalen Koeffizienten) und X* daher identisch mit der Menge 
aller linearen Verbindungen der Element? Z k X Z r x { (j, k = 1, 2, • •• f q; 
i = 1, 2, • • •, m). Da wir die Zk als homogen-dimcnsional annehmen diirfen, ist 
aber nach (3.1) 

Z k X Z { x t = ±(Z k X Z,-)-( 1 X a;.-); 

die Z* X Z, bilden eine voile additive Basis; folglich ist I* die Menge aller 
Summen 

Zwa 1 xx<), 

t 

wobei W 7 i willkiirliche Elemente von 9t(Af X M) sind; dies bedeutet aber: 
£* ist das Links-Ideal, das von den Elemental 1 X , i = 1, 2, * • • , m, erzeugt 
wird. Da die :r t homogen-dimensional sind, sind auch die Elemente 1 X Xi 
homogen-dimensional, und naeli Nr. 18 ist X* daher ein zweiseitiges Ideal. 

22. Wir bringen den hiermit bewiesenen Satz in Verbindung mit dem Satz 
aus Nr. 20. Kin Ideal X hat die in Xr. 20 genannte Eigensehaft der rationalen 
Abgeschlossenheit, da man ja die rationalen Zalilen als die skalaren Elemente - 
d.h. die rationalen Vielfaehen des Eins-Elementes— von 9f(M) auffassen kann. 
Daher ergibt sieh aus Xr. 20 und 21 das folgende Lemma : 

Die Idealc 3 E und X* sullen wie in Nr. 21 erkldrt sein; ferner seien x und y Ele- 
ment von 9{(M), fur weirdie 

y* 0 

y X x s= 0 mod X* 

gilt; dann ist 

x = 0 mod X . 

23. Die Homomorphismen A und P. M sei cine n-dimensionale Mannig- 

faltigkeit und (Zi , Z q ) eine voile additive Basis von 9f (M); wir diirfen 

annehmen, daft alle Z ; homogen-dimensional sind, daft Zi = 1 und d{Zf) < n 
ftir j > 1 ist. Da die Z ; X Z/ eine Basis von 9i (M X M) bilden, besitzt jedcs 
Element Q von 5R(Af X M) eine und nur eiii( m Darstellung 

(3.4) Q = £ t ik (Z, X Z fc ) 

i,k 

mit rationalen t,k . Wir setzen 

(3.5) A (Q) = £ tuZ* 

fc 

Zum Beispiel ist fiir jedes Element y von s 3l(M) 

(3.6) A(1 Xy) = y 
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und, falls d(x) < n ist, 

(3.7) A(x X y) » 0; 

man bestatigt (3.6) und (3.7) einfach, indem man y , bzw. x und y , als lincare 
Verbindungen der Z* schreibt. 

Wir fasscn A als Abbildung des Hinges 5R(Af X M) in den Ring 9t(ikf) auf 
und behaupten: A ist eine Homomorphie. 

Dafi A additiv homomorph, d.h. dafl 

A(Qi + Qt, ) = A(Qi) + A(Q 2 ) 

ist, liest man unmittelbar aus (3.4) und (3.5) ab. Ftir den Beweis der multi- 
plikativen Homomorphie, d.h. der Gliltigkeit der Gleichheit 

(3.8) MQi-Q2) = A(Qi).A(Q 2 ) 

darf man sich infolge der Distributivitat und der schon konstatierten additiven 
Homomorphie auf den Fall beschranken, dafl Qi , Q 2 Elemente der Basis Z, X Z* 
von 9t(M X M) sind. Es sci also 

Qi = Z h X Z { , Q 2 = Z/ X Z* . 

Ist h = j = 1, so ist einerscits 

A(Qi) = Zi , A(Q 2 ) = , 

andererseits nach (3.1) 

Q 1 Q 2 — 1 X Zi-Zk , 

also nach (3.6) 

A(Qi*Q 2 ) = ZvZ k ; 

folglich gilt (3.8). Ist nicht h = j = 1, so ist wenigstens eines der Elemente 
A(Qi), A(Q 2 ) gleich Null, also ist die rechte Seite von (3.8) Null; andererseits 
ist nach (3.1) 

Q 1 Q 2 ~ dbZh-Zj X Zi-Zk , 

und hierin ist d(Z h -Zj ) < n; daher ist nach (3.7) auch die linke Seite A(Qi-Q 2 ) 
von (3.8) gleich Null. — Damit ist die Homomorphie-Eigenschaft von A bewiesen. 
Setzt man im Anschlufl an (3.4) 

(3.9) P(Q) = E^Z,, 

J 

so ergibt sich ganz analog: P ist eine homomorphe Abbildung von 5R(Af X M) 
in 9 \(M). 

24. Aus (3.4), (3.5), (3.9) liest man ab, dafl ftir jedes Element Q von 
9?(Af X M) Gleichungen 

Q = (1 X A (Q» + Z (Z, X Yj), d(Zj) < n, 

(3.10) ’ 

Q = (P(Q) X 1) + E (X* X z k ), d(Z k ) < n 


gel ten. 
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Ferner ist klar: ist Q homogen (n + ^-dimensional, so sind A (Q) und P(Q) 
homogen r-dimensional. 

Es sei jetzt Q homogen ( n + r)-dimensional und r < n. Dann ist in (3.4) 
t n = 0, und daher erhalt (3.4) mit Hilfe von (3.5) und (3.9) die Gestalt 

(3.11) Q = (1 X A(Q)) + (P(Q) X 1) + Z Z tjtiZj X Z k ). 

1-2 k - 2 


Da die Zi homogcn-dimensional sind, sind auch die Z , X Z k homogen-dimen- 
sional, und es ist d(Zj X Z k ) = d(Z } ) + d(Z k )', daher sind in (3.11) nur solche 
tjk 7 * 0, ftir welehe 

d(Zj) + d(Z/ : ) = n + r 
ist; ferner ist in (3.11), da j > 0, k > 0 ist, immer 

d(Z j) < n, d(Zk) < n 

und folglich 

d{Z k ) > r, d(Z,) > r. 

Mithin liilSt sich (3.11) auch so ausdrucken: 

Q = (1 X A (Q)) + (P(Q) X 1) + Z (** X y h ), 


(3.12) 


Xh , Vh homogen-dimensional mit 
r < d(x h ) < n, r < d(y h ) < n. 


Wir fassen zusammen: Es gibl zwci solche Homomurphismcn A und, P des 
Hinges 9i (M X M) in den Ring 5)f (M), daJ] jedes Element Q von 3?(M X M) 
Darstellungen (3.10) und daB jedes homogen (n + rydimensionale Element Q 
mit r < n cine Darstellung (3.12) besitzt. 

Es ist ubrigens leicht zu sehen, dafi die Abbildungcn A und P, die wir durch 
(3.5) und (3.9) unter Benutzung ciner speziellen Basis {Z,} erklart haben, von 
der Wahl dieser Basis unabhangig sind. 


§4. Beweis des Satzes I. 

25. Der l 'mhehr u ngs-Homomo rph ism u s. M und M' seien beliebige Mannig- 
faltigkeiten, 2 und F sei cine Abbildung von M in M\ Dann bewirkt V eine 
Abbildung des Hinges 9i(Af) in den King Sl(M'); wir bezeiehnen auch diese 
Ring-Abbildung mit F; sie ist ubrigens additiv homomorph, jedoch im allge- 
meinen nicht multiplikativ homomorph. 
f]s gilt der Sat z : 26 


28 H. Hopf, Zur Algebra der Abbildungcn von Mannigfaltigkeiten [Journ. f.d.r.u.a. Math. 
163 (1930), 71-88]. — Neue Begrundung und V erallgemeinerung des Umkehrungs-Homo~ 
morphi87nu8i H. Freudenthal, Zum Hopfschen Umkehrhomomorphismus [Annals of Math. 
(2) 38 (1937), 847 853] ; ferner: A. Komatu, Uber die Ringdualitdt eines Kompaktums [T6hoku 
Math. Journ. 43 (1937), 414-420]; H. Whitney, On products in a complex [Annals of Math. 
(2) 39 (1938), 397-432], (Theorem 6).— Die Eigenschaft 3 unseres Textes ist in n^einer 
zitierten Arbeit nicht hervorgehoben, da dort nur gleichdimensionale Mannigfaltigkeiten 
betrachtet werden; sie ergibt sich aber unmittelbar aus jedcr einzelnen der verschiedenen, 
in den soeben genannten Arbeiten enthaltenen, Definitionen von 4>; tiberdies ist sie eine 
Folge der Eigenschaft 2; hierzu vergl. man Nr. 11 meiner Arbeit il EAn topologischer Beitrag 
zur reellen Algebra” [Com. Math. Helvet.; crscheint nftchstens]. 
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Es existiert cine Abbildung 4> des Hinges 9t(AP) in den Ring $l(M) mit den 
Jolgenden drei Eigenschaften: 

1) 4> ist ein additiver und multiplikativer Homomorph ism us ; 

2 ) ist mit V durch die F unktionalgleichung 

(4.1) *’(*(*)•*) = z-F(x) 

verkniipftj in welcher x ein beliebiges Element von Of(Af) und z tin bcliebiges Ele- 
ment von 9? (A/') ist; 

3) ist z homogen-dimensional , so ist auch $(2) homogen-dimensional , und zwar 
ist 6(<f>(z)) = 6(2), also 

d(<b(z)) = d(z) + d(M) - d(M'). 

4> heifit (lor “Umkelmmgs-Homomorphismus” von F. 

26. A nsatz zum Beweis dcr Satze la und lb. I11 dor w-dimensionalcn Mannig- 
faltigkeit r sei cine stctigo Multiplikation gogobon (Nr. 1). Da wir die Punkte- 
paare (p, q) von T als die Punkte p X q der Produkt-Mannigfaltigkeit TXT 
deuten konnen, ist die stetige Multiplikation glcichbedoutend mit cinor Ab- 
bildung F von T X T in T ; diese ist durch F(p X q) = pq bostimmt. 

Wio in Nr. 25 bezeiehnen wir auch die durch F bowirkto Abbildung des Ringcs 
SR(r X T) in den Ring 9?(F) mit F. Das Element von 9J(r), das durch einen 
oinfach gezahlten Punkt reprasentiert wird, hcil3o p. Das mit oincr rationalen 
Zahl c multiplizierte Eins-Elemont von 9J(r) bezeichnon wir kurz mit c. Dami 
sind die Grade ci und c r , die in Nr. 1 crklart worden sind, offonbar durch 

(4.2) F(p X 1) =c/, F( 1 X p) = c r 

charakterisiert. 

$ soi der Umkehrungs-Homomorphismus von F. Dann folgt aus (4.1) und 

(4.2) 

(4.3a) F($(z)-(p X 1)) = ciz , 

(4.3b) W).( 1 X p)) = c r z 

fur jedes Element 2 von 9i(r). 

Die Homomorphismen A und P sind in Nr. 23, 24 erklart worden; wir setzen 
A4>(z) = x(2), P4>(z) = p(z) 

fiir jedes Element 2 von 9f(r); dann sind X und p Homomorphismen des Ringes 
9t(r) in sich , und nach Nr. 24, (3.10), golton fur jedes Element 2 von 9?(r) 
Gleichungen 

(4.4a) 4>(z) = (1 X X(z)) + 2 ( Z i X Y,), 

J 

(4.4b) <Hz) = (p(z) X 1) + E ( X k X Z k ), 


d(Z,) < n, 
d{Z k ) < n. 
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Nach Nr. 25, 3), ordnet $, da d(F XT) = 2n, d(r) = n 1st, jedem homogen 
r-dimensionalen Element von 3J(r) ein homogen (n + r)-dimensionales Element 
von $R(r X T) zu; nach Nr. 24 ordnen A und P den homogen (n -f r)-dimen- 
sionalen Elementen von 9l(r X T) homogen r-dimensionale Elemente von 5R(r) 
zu; folglich sind X und p dimensions trcu. 

27 . Jetzt sei 

(4.5) Ci 9* 0, c r 0, 

also T eine r-Mannigfaltigkcit. Wir behaupten: dann sind X und p Auto - 
morphismen 7 von 9t(r). 

Beweis: 1st X(z) = 0, so ist nach (4.4a) 

Hz) = X (Zj X Yj) mit d(Zf) < n; 

aus d(Zj) < n folgt Z,-p = 0; folglich ist, nach (3.1), 

H z ) • (p X 1) = 0, 

also nach (4.3a) 

ciz = 0, 

also nach (4.5), da der Koeffizientenbereich ein Korper ist , 

z = 0. 

Das bedeutet: der Homomorphismus X ist eineindeutig. Folglich ist die De- 
terminante der Substitution, welehe durch X auf eine voile additive Basis von 
$l( r) ausgetibt wird, nicht Null. Da der Koeffizientenbereich ein Korper ist, 
folgt hicraus: X ist eine Abbildung von 5K(r) auf sich. Somit ist X ein 
Automorphismus.- Analog beweist man die Behauptung fur p. 

Wir fasscn zusammen, indem wir noch das Ergcbnis von Nr. 24 heranziehen: 
Fur jede n-dimensionale r-Mannigfaltigkcit F sind zwci dime nsionstr cue Auto - 
morphismen X und p von 3i(F) und ein Homomorphismus <t> von 3f(r) in 3f(r X F) 
ausgezeichnet ; ist z ein homogen r-dimensionale s Element von 9t(F) und r < n, 
so gilt 

Hz) = (1 X \(z)) + (p(z) X 1) + E X 3/a), 

(4.6) < Xh, yh homogen-dimen sio rial mit 

< r < d(x h ) < n , r < d(y h ) < n. 

In diesem Satz sind alle Eigensehaften der F-Mannigfaltigkeiten enthalten, 
die wir im Folgcnden benutzen werden. 

28 . Beweis des Satzes la (Nr. 15). Es sei (Zi , z 2 , • • • , zi) ein irreduzibles 
Erzeugenden-System fur die n-dimensionale r-Mannigfaltigkeit T. Wir werden 

87 Unter einem “Automorphismus” cincs Ringes 9t ist ein Auto-Isomorphism us von 91 
auf sich zu verstehen. 
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durch vollstandige Induktion nach k beweisen : das Produkt von jc k voneinander 
verschiedenen Elementen dieses Systems ist 5 * 0. Fur k = 1 ist dies richtig, 
da ein irreduzibles Erzeugenden-System niemals die Null enthalten kann. Es 
sei fur & — 1 bewiesen, und k Elemente dcs Systems, etwa Z \ , z 2 , • • • , Zk , seien 
vorgelegt; da ihre Anordnung lediglich das Vorzeichcn ihres Produktes bein- 
fiussen kann, durfcn wir annchmen, dafi 

(4.7) d(zi) ^ </(*,), j - 1, 2, • ■ • , k 

ist; nach Induktions-Annahme ist 

22*23 z k 7 * 0, 

also, da p ein Automorphismus ist, aueh 

(4.8) p(2 2 • 23 z^) 7 ^- 0. 

Wir setzen X(z t ) = z\ fur i = 1, 2, • • , Z. Da X ein Automorphismus ist, 
bilden auch z [ , z 2 , • • • , z\ ein irreduzibles Erzeugenden-System. Da X dimen- 
sionstreu ist, ist 

(4.9) d(Zi) = i = 1,2, ... ,Z 

und nach (4.7) 

(4.7') d(z[) g rf(z'), j = 1,2, ... 

Wir verstehen nun wie in Nr. 16 — mit dem Unterschied, dafi wir die dortigen 
Zi durch unsere neuen z\ ersetzen — unter U das Ideal in 9?(r), das von z 2 , • • • ,z[ 
erzeugt wird (man vergl. Nr. 18); ferner verstehen wir unter U* das, analog wie 
in Nr. 21 erklarte, zu U gehorige Ideal in 3t(F X T), also die Menge derjenigen 
Elemente von $R(r X T), die sich in der Gestalt ^ (w h X u' h ) mit u h e U 
schreiben lassen. 

Schreibcn wir fur j = 1, 2, • • • , k das Element ${zi) in der Form (4.6): 

(4.6,) $(2y) = (1 X 2,' ) + (p(2,) X 1) + 2 (** X y>>), 

so lautet auf Grund von (4.9) und (4.7') die einc der Dimensions-Bedingungen 
aus (4.6) 

d{z[) S d(z'j) < d{y h ) < u; 

folglich gehoren nach Nr. 16 (a) alle in den Gleichungen (4.6,) auftretenden yh 
zu U und daher die Summc (-U X yh). zu U* ; fur 1 < j ^ /egehort auCerdem 
z'i zu U, also 1 X 2 ,- zu tl*. Daher sind in den Gleichungen (4.6,) die folgenden 
Kongruenzen modulo U* enthalten: 

4>(zi) = (1 X z[) + (p( 2 i) X 1), 

*(*/) - (p(Zi) X 1), 


j - 2, ,k. 
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Da U* ein zweiseitiges Ideal ist, diirfeii wir diesc Kongruenzen miteinander 
multiplizieren, und da <t> und p Homomorphismen sind, ergibt sich dabei, bei 
Beachtung von (3.1): 

$(z v z 2 Zk) s (p (* 2 z k ) X z[) + (p(zi-z 2 z k ) X 1). 

Ware nun Zi-z 2 Zk = 0, so wiirde hieraus 

p(z 2 Zk) X z[ s 0 mod U* 

folgen; nach (4.8) und dem Lemma von Nr. 22 ware dann 

Zi = 0 mod U, 

also z[ in U enthalten; nach Nr. 16 (b) ist dies mit der Irreduzibilitat des 
Erzeugenden-Systems («i , z 2 , • • • , z[) nicht vertraglich. Folglich ist 

Z\-Z 2 Z k 9* 0, 

was zu beweisen war. 28 

29. Beweis des Satzes lb (Nr. 15). Im Ring der n-dimensionalen r-Mannig- 
faltigkeit T sei z ein homogen-dimensionales Element, fur welches d(z) < n und 
6(z) gerade ist; wir haben zu zeigen, dafl dann z nicht maximal ist. 

Das Ideal 93 sei wortlich wie in Nr. 17 definiert; 93* sei das Ideal in 9i(r X F), 
das analog wie in Nr. 21 durch 93 bestimmt ist: es besteht aus alien Elementen 

23 ( w h X v h ) mit v h e 95. 

In der Gleichung (4.6) fur unser Element z gehoren alle Elemente yn zu 93 
und somit gehort die Summe 23 ( x * X yh) zu 93*. Es gilt also die Kongruenz 

(4.10) *(*) = (1X \(z)) + (p(«) X 1) mod 95*. 

Nach (3.1) ist 

(4.11) (1 X X(z))-(p(z) X 1) = p{z) X \(z) 
und, da S(z) gerade ist, auch 

(4.11')* (p(z) X 1) • (1 X X(z)) = p(z) X \(z). 

Aus (4.11) und (4.11') ergibt sich, dafi man die rechtc Seite von (4.10) nach 
der binomischen Formel potenzieren kann; tut man dies und beachtet man, 
dafi <i>, p, X Homomorphismen sind, so erhalt man fur jeden positiven Exponen- 
ten m: 

(4.12) $(z m ) b Z (7) 0>(z”~ r ) X x CO) mod **• 

Nun ist, da d(z) < n ist, fur r > 1 immer d(z r ) < d(z), also, da X dimensions! reu 
ist, auch d(\(z r )) < d(z) und daher X(z r ) e 93 und 

Hz'”) X X(z r ) e 95* fur r > 1; 

88 Der Beweis zeigt, dafi ftir den Satz la der Koeffizientenbereich ein beliebiger Korper 
sein darf. 
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daher reduziert sich die Kongruenz (4.12) auf 

(4.13) <f>(z M ) a m(p(z m_1 ) X X(*)) + (p(z m ) X 1) mod 35*. 

Dies gilt fur jeden positiven Exponcnten m. Da aus Dimensions-Grunden 
z m = 0 fur hinreichend grofic m ist, kann man m so wahlen, dafi 

z m ~ ! ^ 0, 2 m = 0 

ist. Dann entsteht aus (4.13) die Kongruenz 

m(p(z m l ) X X(z)) s 0 mod 23*, 

also, da der Koeffizientenbcreich der Korper der rationalen Zahlen ist, 20 

(4.14) p{z m ~ l ) X X(z) = 0 mod 23*. 

Da z m ~ l 7 * 0 und p ein Automorphismus ist, ist aueh p(z m ~ x ) ^ 0; nach dem 
Lemma in Nr. 22 folgt daher aus (4.14) 

X(z) s 0 mod 5?, 

d.h. X(z) c 23. Der Automorphismus X ist dimensionstreu, und die Menge 23 
ist durch Dimensions-Eigenschaften definiert; daher geht 23 bei Ausubung von 
X" 1 in sich liber, und mil X(z) ist daher aueh z in 23 enthaltcn. Nach dem 
Hilfssatz Nr. 17 (c) ist mithin z nicht maximal was zu bewcisen war. 

Mit den Satzen la und lb ist der Satz I vollstandig bewiesen (Nr. 15). 

§6. Maximale und minimale Elemente. Beweis des Satzes III 

30, Die Range l H . Wir kniipfen an Nr. 13 und 1 1 an. Es sei wieder M eine 
beliebige n-dimensionale Mannigfaltigkeit. Die additive CJruppe der homogen 
r-dimensionalen Elemente von 9? (A/), also die r-te Bettische Gruppc (in bezug 
auf rationale Koeffizienten) heifie 2b ; ihr Rang p r ist die r-te Bettische Zahl 
von M . 

Fur 0 ^ r < n verstehen wir unter lb die Gruppc derjenigen Elemente von 
23 r , welche sich aus den Elemcnten der Gruppc* 

23 n + 53/1-1 + • • • + 53r+l 

durch Multiplikation und Addition erzeugen lassen, mit anderen VVorten: welche 
nicht maximal sind. U r liifit sich aueh als die Gesamtheit derjenigen Elemente 
charakterisieren, die sich in der Form schreibcn lassen, wobei , yi 

homogen-dimensional mit 

d(Zi) + S(y t ) = n - r, 0 < S(x t ) f 0 < S(y t ) 

sind. 

Den Rang von lb nennen wir q r , und wir setzen 

^n— s “ la i 8 == 1, 2, • • • , tl. 

19 Dies ist die einzige Stelle in der ganzen Arbeit, an welcher benutzt wird, dafl der 
Koeffizientenkorper die Charakteristik 0 hat. 
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Die Zahl l 8 ist der Rang der Restklassengruppe 33 n _, — U n -« und hat daher die 
folgende Bedeutung: es gibt ein System von l s derartigen maximalen Elementen 
Vi, Vt> >yi. &(y*) = s » daft au ch jede linearo Verbindung 

unji + u 2 y 2 + • • • + ui t y ia 

mit rationalcn Koeffizienten u x , abgesehen von dcrjenigen mit iii = • • • = 
ui, = 0, selbst maximal ist ; dagegen gibt es fur kcin V > /, ein System von V 
derartigen Elementen. 

31. Wir behaupten erstens: In einem Erzeugcnden-System (z x , • • . , Z/,) von 
9t(M) ist die Anzahl der 2 / mit S(z 3 ) = s stets ^ Z* . 

Beweis: Es seien yi , • • • , yi, maximale Elemente mit der soeben genannten 
Eigenschaft. Stellt man die yi als Polynomc in den Erzeugenden Zi , • • • , z L 
dar, so haben diesc Darstellungen aus Dimonsions-Griinden die Gestalt 

y% t\\Z\ ”1“ * * * "f“ t% ,mZ?n Y % , 

dabci sind Z \ , • • * , z m diejenigen Erzeugenden z 3 , fiir welehe 8(zj) = s ist 
(m ^ 0), tn rationale Zahlen und F» Polynomc in den z* mit d(z k ) > n — s. 
Ware m < l 8 , so besafte das Gleicliungssystcm 

i. 

J^UiUj = 0, j = 1, ... , m, 

*-i 

cine rationale Lbsung (ui , • • • , u 1m ) ^ (0, • • • , 0), und es ware 
Uiyi + ♦ • • + ui t yi g = U\Yx + • • • + u tg \ le ; 

dieses Element ware, wie die rechte Seite zeigt, nicht maximal entgegen der 
Voraussetzung liber die y x . 

Wir behaupten zweitens: Ist — bei Benutzung derselben Bezeiehnungen wie 
soeben -m > U , so ist das Erzeugendcn-System (zi , • • • , z L ) reduzibel. 

Beweis: Da V = m > l a ist, kann man, wie am Schlufi von Nr. 30 festgestellt 
wurde, Zahlen U \ , • •• , u m so bestimmen, da ft das Element 

Z = UxZl + • • • + UmZm 

nicht maximal ist, und daft nicht alle Uj = 0 sind; dann ist Z ein Polynom in 
den Zk mit d(z k ) > n — $, also erst recht in den z x mit i > w, und man kann, 
wenn etwa U\ ^ 0 ist, Zi durch die z, mit i > 1 ausdriicken und somit das 
Er zeugenden-Sy s tern redu zieren . 

Damit haben wir festgestellt: In jedem irrcduziblcn Erzeugcnden-System 
(zi , • • • , Zi ) ist die Anzahl dcrjenigen z x , fur welchc 5(z ; ) — s ist , gleich h ; die 
Anzahl alter Erzeugenden eines irreduziblen Systems ist daher immer 

l = l\ + • * • + hi . 3 ° 

80 Hierdurch ist jeder Mannigfaltigkeit M eine Invariante l zugeordnet, welehe etwa der 
“Rang” von M heifien moge. Fiir eine r-Mannigfaltigkeit ist, wie sich aus dem Satz (b) 
in Nr. 4 und seiner Herleitung ergibt, die Summe der Bettischen Zahlen gleich 2 l ; anderer- 
seits ist fiir eine Gruppen-Mannigfaltigkcit, wic Cartan mit Hilfe der Integral-Invarianten 
berechnet hat 8 , (b), 24, der hier auftretende Exponent gleich dem “Rang” der Gruppe , 
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32. Die minimalen Elemente. .Es sei v ein homogen-dimensionales Element 
von 9 ?(Af) und d(v) > 0. Wir betrachten seine Vielfachen, d.h. die Elemente 
x-v, wobei x die Elemente von 9t(Af) durchlauft; unter diesen Vielfachen sind 
aufier dem Null-Element erstens alle rationalen Vielfachen von v enthalten — 
das sind Elemente der Dimension d(v) — und zweitens, falls nur v ^ 0 ist, nach 
dem Poincar^-Veblenschen Dualitiits-Satz alle Elemente der Dimension 0; fur 
alle Vielfachen ist d(x-v) ^ d(v). Wir dcfinicren nun: das Element v heiflt 
“minimal”, wenn es keine Vielfachen x-v besitzt, fur welche 

x-v 0, 0 < d(x-v) < d(v) 

ist. Diese Definition ist offenbar gleichwcrtig mit der folgenden: v ist minimal, 
wenn fur alle homogen -dimension alen x , fur welche 

0 < 8 (x) < d(v), also n — d(v) < d(x) < n, 
ist, die Produkte x-v = 0 sind. 

Dabei ist, wie oben gesagt, d(v) > 0 vorausgesetzt; diese Verabredung ist 
analog der friiher getroffenen, die n-dimensionalen Elemente nicht als maximal 
zu bezeichnen. Dagegen ist das Element 0 des Ringes SR(M) minimal. 31 

33. Ein Dualitatssatz. Die Gruppen U r sind in Nr. 30 erklart worden. Wir 
behaupten : 

Das homogen s-dimensionalc Element v ist dann und nur dann minimal f wenn 
es ein Annullator der Gruppe U n _* ist, d.h. wemn u-v = 0 fiir jedes Element u aus 
U n -* gilt (s = 1, • • • , n). 

Beweis: Es sei erstens v minimal und u e U n _* ; dann ist u — ^2x t y if wobei 
die Xi , yi homogen-dimensional sind, mit 

b(Xi) + 8 {y % ) = a, 6 (Xi) > 0, 8 (y { ) > 0, 

also 


0 < 5(yi ) < # = d(v ) ; 

hieraus folgt y t -v = 0 fiir jedes i , also u-v = 0. Es sei zweitens v homogen 
.s-dimensional, aber nicht minimal; dann gibt es ein homogen-dimensionales y 
mit 0 < 8 {y) < $ und y-v 5 * 0, und nach dem Poincar4-Veblenschen Dualitats- 
satz gibt es dann weiter ein homogen-dimensionales x mit 8 (x) = d(y-v) und 
x-y-v 7 * 0; da $(*) = n — 8 (y) — 8 (v) f also 8 {xy) — n — s ist, ist x- y e U w - a ; 
somit ist v nicht Annullator von U n _* . 

Aus der damit bewiesenen Charakterisierung der minimalen Elemente als 

d.h. gleich der Dimension der maximalen Abelschen Untergruppen. Die Aufgabe, die 
Gleichheit zwischen dem Rang einer Gruppen-Mannigfaltigkeit— in dem Sinne, wie wir l 
oben fiir jede Mannigfaltigkeit M erkl&rt haben — und der genannten Dimensionszahl auf 
moglichst rein geometrischem Wege aufzukl&ren, habe ich in einer Arbeit behandelt, die 
in der Com. Math. Helvet. 1941 erscheint. 

#l Alle homogen 1-dimensionalen Elemente sind offenbar minimal. 
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Annullatoren ist erstens ersichtlich, dafi sie eine additive Gruppe 53. bilden — 
(dies kann man auch direkt im AnschiuC an die Definition in Nr. 32 leicht 
feststellen)---, und zweitens erkennt man mit Hilfe des Poincarfr-Veblenschen 
Dualitatssatzes jctzt ohne Mtihe, dafi der Rang dicsev Gruppe 53, gleich 
Pn-H — Qn—» (Nr. 30), also gleich Z« ist. Damit ist der folgende Satz bewiesen, 
der eine ncue Charakterisierung der Zahlen l s enthalt: 

Die s-dim ensiona le n minimalen Elemente von ^i(M) bilden eine additive Gruppe 
vom Range h . 

34 . Ein Invarianzsatz. Die Eigenschaft der “Minimalitat” ist invariant 
gegentiber beliebigen stetigen Abbildungen; genaucr: M und M ' seien beliebige 
Mannigfaltigkeiten, und F sei eine Abbildung von M in M'; die dadureh bewirkte 
Abbildung von 9i(Af) in ili(M') nennen wir ebenfalls F. Dann ist fur jedes 
minimale Element v von i)l(M) das Bild F(v) minimales Element von i)l(M'). 

Beweis: x sei ein homogen-dimensionales Element von 9f(Af), und das Ele- 
ment F(x) von 9?(Af') sei nicht minimal; wir haben zu zeigen, dab x nicht 
minimal ist. Falls d(x) — 0 ist, ist niehts zu bcweiscn; es sei d(x) > 0; dann 
ist, da die Abbildung F von 9 \(M) in 9i (M f ) dimension streu ist, auch 
d(F(x)) > 0; da F(x) nicht minimal ist, gibt es ein solehes homogen-dimen- 
sionales Element z von 9t(M'), dab 0 < 5(z) < d(F(x)) = d(x) und z*F{x) 5 ^ 0 
ist. Bezeichnet den Umkehrungs-Homomorphismus von F (Nr. 25), so folgt 
aus (4.1), dab auch <£( 2 ) x 0 ist; dies bedeutet, da nach Nr. 25, 3), 5($(z)) = 
d(z), also 0 < 5(4>(z)) < d(x) ist: x ist nicht minimal. 

36. Sphcircnbildcr . Fur die s-dimensionale Sphare S * ist dasjenige Element 
von 9t(jS„), das durch den Grundzyklus reprasentiert wird—also das Eins- 
Element — minimal; daher ist in dem soeben bewiescnen Satz der folgende ent- 
halten — (statt M' schreiben wir M) — : Fur eine beliebige Mannigfaltigkeit M 
ist ein Element von 9f(A/), das durch das stetige Bild einer Sphare in M repra - 
sentiert ivird , stets ein minimales Element / 2 

Hieraus folgt weiter, da nach Nr. 33 die Gruppe 53* den Rang Z, hat: 1st l s — 0, 
so ist in M jedes stetige Bild der s-d i rn e nsionalc n Sphare homolog 0. 32 

36 . Anwendung auf V •Mannigfaltigkeiten. Nach Satz lb gibt es in einer 
r-Mannigfaltigkeit kein maximales Element z mit geradem 5(z); daher sind die 
Range l M fur alle gcraden 8 gleich 0; aus Nr. 35 folgt mithin der Satz III (Nr. 9). 32 

Fiir ein Spharenprodukt 

S rni X S mi X ■ ■ • X S mi , d(S mi ) = m t , 

gibt die Zahl Z« an, wieviele der Zahlen m t gleich s sind; dies folgt aus der Charak- 
terisierung der U am Schlufi von Nr. 31 und der Tatsache, die man leicht 

82 An die Stellc einer wirklichen Sphare darf offenbar auch eine Homologie-Sph&re (in 
bezug auf den rationalen Koeffizientenbereich) treten, d.h. eine Mannigfaltigkeit, welche 
diesel ben Bettischen Zahlen hat wie eine Sphfire. 
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bestiitigt, dafi die Elemonte Zi , • • • , Z x , die in Nr. 3, Formel (*), angegeben 
sind, ein irreduzibles Erzeugenden-System bilden, und dafi 5(Z») = ist. 
Fur eine r-Mannigfaltigkeit T gibt also l» an, wieviele Faktor-Spharen in dem 
Spharenprodukt, das einen mit T isomorphen Ring hat, ^-dimensional sind. 
Hierin ist enthalten, dafi die Exponenten l * in Nr. 4, Formel (1'), mit unseren 
Rangen l a ubercinstimmen. 

37* Die Pontrjaginsche Multiplikation und eine Vermutung. Die Grundlage 
fur Pontrjagins Untcrsuchung der Homologie-Eigenschaftcn geschlossener 
Liescher Gruppen 15 ist die folgendc “Produktbildung”: In der Mannigfaltigkeit 
M sei eine stetige Multiplikation crklart; x und y seien zwei Zyklen in M\ 
werden x und y von zwei Punkten p bzw. q durchlaufen, so durchlauft das stetige 
Produkt pq einen Zyklus, den wir mit x O y bczeichnen wollen; variieren x 
und y in ihren Homologieklassen, so iindert sich die Homologicklasse von x O y 
nicht; wir durfen daher x O y als Produkt zweier Homologieklassen x und y 
deuten; in unserer Ausdrucksweise aus Nr. 26 ist 

xOy = F(xX y). 

Diese Produktbildung ist mit der Addition der Homologieklassen offenbar dis- 
tribute verkniipft; nehmen wir nun weiter an, die stetige Multiplikation in M 
sei assoziativ , dann wird auch die Produktbildung x O y assoziativ sein. Somit 
sieht man: Fur eine Grwppen-Mannigfaltigkeit T lafit sich die additive Gruppe 
der Homologieklassen nicht nur durch die Schnittbildung x • y zu dem Ring 9?(P)> 
sondern aufierdem durch die Pontrjaginsche Produktbildung x O y zu einem 
Ring ^(r) machen. 

Die Bedeutung des Ringes ^(r) liegt auf der Hand: in seiner Struktur aufiert 
sich die Wirkung der Gruppen-Multiplikation auf die Zyklen — also ein Zusam- 
menhang zwischen den algebraischen Eigenschaften der Gruppe einerseits, den 
geometrischen Eigenschaften der Mannigfaltigkeit andererseits. Die Unter- 
suchung dieses Ringes ist daher gewifi eine wichtigc Aufgabe. Ich will hierzu 
eine Vermutung aufiern, die sowohl durch Pontrjagins Ergebnisse, als auch 
durch unseren Satz I nahegelegt wird. 33 

Auch in jedem Spharen-Produkt 

H = S mi X Sm 2 X • • X S mi 

lafit sich neben der Schnittbildung in naheliegender Weise noch eine zweite 
Multiplikation, die “Aufspannung”, erklaren. Wie in Nr. 3 bezeichnen wir den 
Grundzyklus der Sphare S m selbst mit S m und mit p immer einen einfach 
gezahlten Punkt; wir stellen den Elementen (*) aus Nr. 3 die folgenden Ele- 
mente gegeniiber: 

Vi = S mi X p X p X • •• X p, 

(**) v 2 = p X S mi X P X . • • X P, 


Vi = p X P X P X • • X Sm, . 


M Man vergl. zum Folgenden: Cartan*, (b), 25-26. 
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Dann dcfinioren wir zunachst fur 

ii < i 2 < • • • < h 

das von F M , F t , , • • • , F tjt aufgespannte Element 

(5.1) V %x ® F,, ® • • - ® F 1Jb = xi X x 2 X ■ • • X x/ 
durch die Festsetzung: 

x j ~ fur j = i\ y i% , ' m m y if: > 

= p fiir alle anderen j. 

Durch (5.1) sind 2 l Elemente erklart, die eine voile additive Basis bilden. Fur 
jc zwei Elemente (5.1) 

(5.2) A’ = F tl ® Ft, ® ■ • • ® Ft* , Y = V n ® F„ ® • . . ® V ]m 

definieren wir das aufgcspannte Element A ® Y dadurch, daft wir die rechten 
Seiten von (5.2) formal nach dem assoziativeu Gesetz miteinander multiplizieren 
und die Rcgeln 

Vj ® F f = t ® Vj , Ft ® F t = 0 

anwenden; dann wil d entweder A ® Y = 0 oder it A" ® Y wiodor (jin Element 
(5.1). Schlieftlich erklaren wir fur beliebige Elemente X, 1' das Produkt X ® Y 
dadurch, daft wir A und Y als lincare Verbindungen mit rationalen Koeffizienten 
dor Elemente (5.1) darslellen und die distributiven Gesetze anwenden. 

Durch die damit erklarte Multiplikation wild die additive Gruppe der 
Homologieklassen des Spharenproduktes JI zu einem Ring O(II) gemacht. 
Die Struktur dieses Ringes ist leicht zu ubersehen: man stollt leicht fest, daft 
die Ringe 3f(TI) und O(IT) miteinander isomorph sind, und daft dieser Iso- 
morphismus (lurch eine gewisse Dualitat vermittelt wird, die sich zunachst darin 
auftert, daft einem Element .r von 3f(II) immer (‘in Element y von 0(11) mit 
d(y) = 5(x) entsprieht. 

Die oben erwahnte Vermutung beztiglich des Pontrjaginschen Ringes ^(F) 
einer (jruppen-Mannigfaltigkeit F ist nun die folgende: 

Die , auf Grund des Satzes I mogliche , isomorphe Abbildung der Ringe 9t(F) 
und 9?(II) aufeinander Id fit sich so wahlen % dafi sie zugleich die Ringe ^(r) und 
0(11) isomorph aufeinander abbildet . 

Damit ware die Struktur des Ringes S }$(F) sowio die Beziehung zwischen den 
Ringen ^3(r) und (F) weitgehend geklart. 

Unter anderem wiirde noch die folgende Rolle der minimalcn Elemente einer 
Gruppen-Mannigfaltigkeit sichtbar werden. Offenbar sind die Elemente 
Fi , • • • , V i , die durch (**) gegeben sind, minimale Elemente von 9?(II), und 
zwar bilden sie eine additive Basis der vollen Gruppe der minimalen Elemente 
von SR(n), d.h. der Vereinigung der Gruppcn S5i , • • • , 35* (Nr. 33); daher 
wtirden auch die Elemente v x , • • • , v t von 9t(r), welche bei dem vermuteten 
Isomorphismus den F» cntsprachen, minimal sein und eine Basis der vollen 
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Gruppe der minimalen Elemente von 3f(r) bilden; da aberdie Elemente (5.1) 
eine voile additive Basis in II bilden, wiirden auch die Pontrjaginschen Produkte 

Vi x O Vi f O • • • O Vi k , 

i\ < t2 • • • < ik f 

eine voile additive Basis in T bilden. Es wiirde sich also herausstellen, dafi 
die minimalen Elemente v x , v 2 , • ♦ • , v t in ganz analoger Weise durch die Pontr- 
jaginsche Produktbildung den Ring ^J(r) aufspannen, wie die maximalen 
Elemente z x , z * , • • • , z% durch die Schnittbildung den Ring SR(r) erzeugen. 34 

ZCbich, Switzerland. 

84 Die oben ausgesprochene Vermutung, fUr die ich keinen Beweis gefunden hatte, habe 
ich miindlich Herrn H. Samelson mitgeteilt, und dieser hat ihre Richtigkeit inzwischen in 
vollem Umfange bewiesen.— Sie bezieht sich ttbrigens ausdrticklich auf Gruppenmannig- 
faltigkeiten, und fiir den Beweis ist die Benutzung des assoziativen Gesetz wesentlich. 
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ON THE CARTAN INVARIANTS OF GROUPS OF FINITE ORDER* 

By Richard Brauer 
(Received April 18, 1940) 

1. Introduction 

E. Cartan, in his fundamental paper on hypereomplex numbers , 1 introduced 
an important set of invariants c K \ , (k, X = 1, 2, • • • , k) of an algebra .1 with a 
principal unit 1. Here, k is the number of prime ideals of A . The c kX are 
non-negative integers which also play an important role in the decomposition 
of the regular representation of A. 

Let us consider now a semisimple algebra F of rank n over an algebraic number 
field K y and let J be an integral domain 2 of F. Every prime ideal p of K gen- 
erates an ideal pj of J . The nature of this ideal is determined by the structure 
of the residue class ring J/pj . This ring can be considered as an algebra over 
the residue class ring o/p, where o denotes the domain of all integers of K. 
Hence, we may form the Cartan invariants c*x(p) of J/p/ . We have in this 
case c*x(p) = cx*(p), and the c*x(p) ar(i the coefficients of a non-negative quadratic 
form ^ ^ c, x (p)a-,A . 

In particular, these notions can be used in the case of the group ring T of a 
group & of finite order g. As field of reference, we choose an algebraic number 
field K y such that all the absolutely irreducible representations of & can be 
written with coefficients in K . 3 The linear combinations of the group elements 
with integral coefficients in K form an integral domain J of I\ Hence, we may 
form the Cartan invariants c«x(p) for every prime ideal p of K. It appears that 
they actually depend only on the rational prime p which is divisible by p. 
Accordingly, we denote them by c*x(p ). 4 If V is not a divisor of the group order 
Qy then the matrix C(p) = (c*x(p)) is the unit matrix 1 , i.e. c KX (p) — 5 kX . We 
therefore restrict our attention to the case where p divides < 7 , in which case p 
is a divisor of the discriminant of J . To every such prime p, we obtain in c kX (p) 

* Presented to the American Mathematical Society on April 26, 1940. 

1 E. Cartan, Annales de Toulouse, 12 B, (1898), p. 1. Cf. further R. Brauer, Proc. Nat. 
Acad. Sci. 25 , (1939), p, 252. 

2 By an integral domain (Ordnung) J of r, we understand a subring J of V with the 
following properties: (a) J contains all the integers of K\ (b) Tin* rank of J is w; (c) The 

elements of /, when expressed by a basis €1 , e> of J , have the form a =» — e t , 

t—* iv 

where the a* are integers of K and w is a fixed integer of K which is independent of a. 

8 Cf., for instance, A. Speiser, Theorie der Gruppen von endlicher Ordnung, 3 rd cd., 
Berlin 1937, theorem 181, p. 204. 

4 For the properties of the c*x(p), in this case, cf. R. Brauer and C. Nesbitt, University 
of Toronto Studies, Math. Series No. 4, 1937, and a paper forthcoming in the Ann. of Math. 
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a set of invariants of the group ©, which are of great importance for the theory 
of group characters. The aim of this paper is the determination of the dis- 
criminant | C(p) | of We prove 

Theorem 1: The determinant | c K \(p) | of the matrix of Cartan invariants of a 
group © of finite order is a power of p. 

The exact exponent of p in | c K \(p) | is given below in theorem 1*. 

2. Preparations for the Proof 

We denote by (Si , (S 2 , • • • , (£* , the classes of conjugate elements of the 
group ©, which consist of ^regular elements. 6 Let g = g/n\ be the number 
of elements in (Sx , so that n\ is the order of the normalizor of an element of (Sx • 
To each class (Sx , there corresponds a reciprocal class (Sx* containing the recipro- 
cals of the elements of (Sx . We have, then, k absolutely irreducible modular 
characters, <p a) , y? (2) , • • • , <p (k) of © (mod p); we may arrange the values <p[ K) of 
<p (K) for the class (Sx in the form of a matrix 

* = (A K> ) («, x - 1 , 2, , k). 

The number k here also gives the degree of the Tartan matrix C = (c*(p)) 
and the matrices and C are connected by the formula 

(1) - (nAx.), 6 

provided that <p {1 \ <p {2) , • • • , <p {k) are taken in a suitable arrangement. O 11 form- 
ing the determinant in (1), we obtain 

(2) | <t> | 2 | C | = dtuith • • • n k . 

This shows that | C | 5 * 0. Hence, the non-negative quadratic form \p is 
positive definite, i.e. | C | > 0. Further, the determinant j <f> | is prime to p. 7 
Therefore, theorem 1 will be proved when we can show 
Theorem 2: Let (Si , (S 2 , • • • , (S* 6c the classes of p-regular, conjugate ele- 
ments of ©, and let g\ = g/n\ be the number of elements of (Sx . //4> is the matrix 

of the modular group characters of ©(mod p), then the square of the determinant 
| <t> I is given by 


I ^ 1 2 = riiU2 • • • rik 
~ p a 

where p* is the highest power of p dividing n\n 2 • • • w* . 

At the same time, we obtain 

Theorem 1*: The determinant of the Cartan matrix , (c K \(p)), is equal to p a , 
where p a has the same significance as in theorem 2. 

For primes p which do not divide the order of ©, theorem 2 is trivial. Here, 

6 By a p-regular element of ©, we understand an element whose order is prime to p. 

6 Cf. the formulae (29) and (15), respectively, of the papers mentioned in 4 . 

7 Cf. the formulae (26), (17), respectively, of the papers mentioned in 4 . 
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k is the number of all the classes of conjugate elements of W, and p n = 1 . The 
relation (3) is obtained by multiplying 4>' and<l>, using the orthogonality relations 
for group characters. In the same manner, the analogous formula for ordinary 
group characters (instead of modular characters) can be obtained at once. 

In order to prove theorem 2, it is sufficient to show that if r/ 5 * p is a rational 
prime, and if <f divides the right hand side of (2), then (f divides | 4> | 2 . We 
shall prove that by proving a similar statement for certain minors of <f>. We 
first have to give some simple group theoretical considerations. 

Let A be an element of W such that the order of A is prime to p and q . We 
shall say that an element G of W contains A as its q-rcgular factor , if G is of 
tKe form G = AQ, where the order of Q is a power q ^ 1 of q, and where AQ = 
QA. Of course, A and Q are uniquely determined by G; both can be written 
as powers of G. If G\ is conjugate to TQ, then the (/-regular factor of G\ is 
conjugate to A. 

Let A\ , A 2 , • • • , A m be a maximal system of elements of W, such that Ai , 
A, are not conjugate for i j* j and the order of each Ai is prime to p and q . 
With each Ai , we associate those classes of conjugate elements, G*{ 1) , 

• • • , Gj[)\ which contain elements with Ai as their Regular factor. Each of 
the classes, Gi , G 2 , • * • , G* , then appears exactly once in the form G^\ By 
expanding | |, we see that | 4> | is a sum of terms 

( 4 ) 77/’ 2 • ■ T m , 


where 7\- is a minor of degree h, of <f>, containing only the columns which belong 

to ay, ay, ■■■ , 

We now state 

Theorem 3: Let A be an element of an order not divisible by the two primes p 
and q , and assume that the h classes , G P , G* , • • • , G T , arc all the classes of con- 
jugate elements of the group &, which contain elements G with .4 as their q-conjugak' 
factor. If (p (r \ (p (s \ • • • , <p (t) are any h modular characters (mod p) of ©, then 


(5) 


A = 



(r) 

(r) 

(r) 


<Pp 

*Po 

... {f>T 


<«) 

<•) 

(«) 

= 

<Pp 

*P<r 

... (p T 


«) 

(0 

(0 


<?P 


... <p T 


as 0 (mod ( q p q a 


7,) 1 ). 


where q\ is the highest power of q dividing n\ f 

Each in (4) has the form (5) (for A = Ai). From theorem 3, it follows 
that the expression (4) is divisible by ( q^q* • • • qk)\ and, hence, that \$\ is 
divisible by the same number. It is therefore sufficient to prove theorem 3 in 
order to prove theorems 1 and 2. Changing the notation, if necessary, we may 
assume without restriction that 


p = 1, or = 2, , r = /?, 

r = 1, s = 2, • • • , t : = h y 


8 An analogous theorem holds for ordinary group characters. Here, the assumption 
that the order of A is prime to p is not necessary. The proof is the same as for theorem 3. 
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and then (5) assumes the form 

(6) i A I = 


a) 

V i y 


u> 

; <Ph 


(h) 

<P 1 > 


(A) 

<Ph 


S o (mod (qiq 2 ••• g*) 1 ). 


The proof of (6) will be given in §3. First, we must formulate and prove a 
group theoretical lemma. Let AQi , AQ 2 , • • • , AQ h be representatives for the 
h classes (Si , (St , - • • , (S* , where A is the (/-regular factor of AQi , and where 
Qi = 1 . Let be the normalizor of A in CM, and let G be a Sylow subgroup 
of s Jt belonging to the prime q. Then n x is the order of Mi and qi the order of 
O. Each AQi will commute with every element of a certain subgroup G t * of 
order qi of CM. Since A and Qi both are powers of AQi , each of them com- 
mutes with every element of O t - . 

In particular, we have G* £ Replacing Qi by an element NT'QiNx , 
with Ni in 91, we may assume that 

(7) Qi £ G, 


as follows easily from Sylow’s theorem. Since Qi must belong to G » , the 
element Qi itself will belong to G. If Q is any element of O, then AQ will be 
conjugate in CM to some AQi , i.e., G~ l AQG = AQi, Raising this equation 
to suitable exponents, we obtain G l AG = A, G~ l QG — Q t . Therefore, Q 
and Qi are conjugate in Mi, and hence Qi , Q 2 , • • • , Qh form a complete system 
of representatives for those classes of conjugate elements in Mi, in which the or- 
ders of the elements are powers of q. 

In G, the elements Qi , Q 2 , • • • y Qh need not form a complete system of repre- 
sentatives for the classes of conjugate elements. However, we may construct 
such a system by adding further elements Q to the set Q \ , Q 2 , • • ■ , Qh • Each 
Q will, in Mi, be conjugate to a certain Qi where i is uniquely determined, i — 
1, 2, . • • , h. We denote the elements Q belonging to Qi by Qi = Q<°\ Q\ l \ 
Qi 2 \ • • • , Qi li \ ( U 0). Let ql^ be the highest power of q dividing the order 
of the normalizor of Q< X) in G. According to (7), we have 

(8) q?' = q< . 

We now prove the 

Lemma: The numbers q[ X) , (A = 0, 1, 2, • • • , /*) are divisors of qi . If exactly 
di of them are equal to qi , then 

(9) di ^ 0 (mod q). 

Proof: Let ki denote the class of conjugate elements of Mi, which contains 
the element AQi . The number Mi of elements in k ,■ is equal to the order of Mi 
divided by the order of the normalizor of AQi . Hence 


ft = «-■ ft , 

qt 


( 10 ) 


with (Mi , q) = 1. 
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The class can be broken up into partial classes ,f where each con- 
sists of elements which are conjugate by means of transformations by elements 
of G £ 91. The elements AQl^, AQ- l) , • • • , AQ\ li> will each determine such 
a partial class, but there may be further partial classes which do not contain 
elements AQ with Q in G. In any case, if A Y’j'' 1 is an clement of and if 
Ti^ commutes with exactly w 1 ^ elements of C, then the number M j"’ of ele- 
ments of is given by 


(ID 


m ? = i 1 - 

W? 


We have, of course, 

(12) = E 

In ©, the elements AQi and AT\^ are conjugate. Hence, the order of the 
normalizor of AT in © is divisible by q i but not by a higher power of q. On 
considering the subgroup generated by AT^ and the w commuting elements 
of O, we readily see that ^ qi and that the equality sign can hold only 
if Ti M) belongs to C. When = Q* x) , = gJ X) , and we thus obtain the 

first part of the lemma. If wi* = qi y then the partial class contains 
exactly one element Q* X) , (X = 0, 1 , 2, • • • , t t ), and we have q[ X) = q { . Accord- 
ing to our assumption, there are exactly (/» such partial classes. Therefore, d x 
of the numbers M- M) , (cf. (11)), are equal to qi/qi , the remaining ones being 
divisible by a higher power power of q. Then (12) gives 

Mi = di ?• 

Qi 

and, on comparing this with (10), we obtain (9). 

3. Proof of the Theorems 

As we have seen, it is sufficient to prove (6). If g is any representation of ©, 
we may assume that the matrix representing the fixed clement A appears 
in canonical form, i.e. 

/«./., \ 

A = I as/,, I 

where an , aj , • • • are distinct roots of unity and Vi ,vt , • • • are positive integers. 
The matrices , representing elements Q of G, then break up in the form 



Vi 


= 


Vi 
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where Vj is of degree v } . For a fixed j, the matrices V } form a representation 
9$, of Q. Let tf (1) , tf (2) , • • • , (m) be the distinct, irreducible characters® of Q. 
Then m is the number of classes of conjugate elements in Q, i.e., the number 
of elements Q t - X \ If x denotes the character of 5, we readily obtain 

x(AQ) = E 2^ w (Q) 

M-l 

where the are algebraic integers which are independent of Q . We set, 
accordingly, 

( 13 ) S'iAQ) - 

In particular, we use this for Q = Since Q,- and are conjugate in9i, 

we have 

(14) E 2., (Q.) = E ($' ) ) • 

M M 

We now introduce matrix notation. Let us denote by 0 the matrix (tf (,t) (Q{ v) )) 
of the characters of Q ; the rows here are fixed by one index k, (k = 1,2, • • • , m), 
the columns by the two indices i, v, (i = 1, 2, • • , h; v = 0, 1, 2, • • • , /,). 
We arrange the columns so that first the h columns with v = 0 appear and then 
the m — h other columns. Thus, 

0 = (0o , 0i) 

where 0o is of type (m, h ) 9 10 and 0i of type (w, m — h ). 

Since the notation in (6) was chosen such that tin* class (£x contained , 
*we have <p\ K) = ^(riQx). On account of (13), the matrix A in (6) can be 
written in the form 

A = Z0 o 

where Z is the matrix (z kX ), (k = 1, 2, • • • , h; X = 1, 2, • • • , m), of type (/i, ro). 
In order to replace the* matrices bv square matrices, we set 

*-(» 

where (' is a matrix of type (m — ft, m) with arbitrary integral coefficients. 
Then 



Here we subtract every column (i, 0) from all the columns (i, X), with X > 0, 
and with the same first index. Then, according to (14), ZOi on the right hand 

9 Since the order of G is prime to p, there is no difference here between the ordinary and 
the modular characters (mod p) of O. 

10 i.e., a matrix with m rows and h columns. 
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side will be replaced by 0. If 9i is obtained from 61 by subtracting from each 
column (i, X), with X > 0, the column (t, 0) of On , then, by taking the deter- 
minant, we find 

\z\\o \ = i a ii f '©r i. 

Here, | Z | is an algebraic integer, and | O | has the value 

I e | - n It (li'V . " 

t-1 *~=o 


On account of (8), we obtain 

(15) | A 1 1 uet | = 0 (mod (<Ms ■ ■ ■ (XT. IIx>o qY’Y)- 

Let us assume now that the formula ((>) does not hold. Since* all the q\ fi) are 
powers of q , it follows that 

(16) | r/ef I » 0 (mod (q n. Ilx>0 <D J )- 

for any choice of (\ Taking a suitable l\ we see that any minor of degree 
m — h of of can be obtained in the form | COi |. But the determinant 
| (of)'of | is equal to the sum of the squares of all these minors. Hence, 

(17) | (o*)'()f I = 0 (mod q Hi IIx>o <7^')- 

Any row in (of)', the transpose of of , is characterized by a pair of indices, i, g, 
(i = 1, 2, • • • . /?; /jl = J, 2, • • ■ , /,), and any column is characterized by an 
index k, (k = 1, 2, • • • , m). The rows of (of)'of are given in the same manner, 
and each column is characterized by a pair of indices j, v, with j = 1, 2, • • • , h; 
v = 1, 2, • • • , lj . For the element y(i, /z; j. v) at the place (?, g), (j, v ) in 
(of )'of , we obtain easily 

m 

v«, j. *) - £ (*“’«?!'’) - o‘-'(Q ( )) (»“’(0“) - ■>“(«,)) 

*>=1 

on account of the definition of of . The sum here splits into four sums, each of 
which can be computed bv means of the orthogonality relations for the group 
characters of Q. We set 8(R } S ) = 1, if the elements R and *S 1 of Q are 
conjugate in 5 0, and in the other case we set 8(R , S) = 0. Since the normalizor 
of Q{ M) in O has the order we find 


(18) 


y(i, m; j, v) 
= 


QYW - m . QY')q> - Q,)q¥' + m , Q,)q . 




(m> 




For each t, this expression vanishes unless QJ l a nd Q, are conjugate in ©, since 
otherwise Ql p) and Q,- <r) ~ I could not be conjugate in C. Consequently, there is 
only one value j = i* for a given i for which the expression can be different 


11 This is the analogue of theorem 2 for ordinary group characters, and, as remarked in 
connection with theorem 2, this analogue is trivial. 
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from 0, and we have l % = l % * . This shows that the determinant ( 17 ) splits into 
a product of m determinants 


( 19 ) 

| (GfyOi | = dh | Qi | • | Ife | | &h 


where 



(20) 

( i, i* fixed, 11 row index, 

l&l = 1 y(h m; i*, v) 1 12 

[p column index, ju, v = 1, 2, . . 

■,u. 

According to the lemma in §2, each <7, is divisible by q < M) ; we set, 

accordingly, 

(21) 

!j(i, n, i* , v) = q^x.in, »)■ 


Then 



(22) 

* 

N _ 

II 


where 




( 23 ) A', = v )), (m row-index, v column-index). 

Using ( 17 ), ( 19 ), and (22), we obtain 

( 24 ) | A\ || A r t | . • • | X m | s 0 (mod q). 

Because of ( 18 ) and (21), the matrix A\* is the sum of four matrices X\ l) , X i*\ 
Ai 3) , Xi 4) . In each case we have i fixed, and we denote the row-index by /z> 
the column index by v. 



x\ l> = (6(Qi M> , Qi?), 

X? = 

-(«(«<, QP) — 

), 

( 25 ) 

Qi.)), 

< 

x! 4> = 

\ 

(«(Q. 

Qi > 
„0*)\ 

, Qi>) — Y 

<li / 

f 

As the lemma in §2 shows, we have d t — 

1 value: 

s for /i 

^ 1, for which = q, 

We may assume that these are the values m = 1 

,2. •• 

■ ,di - 1. 

For n g di 

we have 






( 26 ) 

qi/qF 

S () 



(mod q) 

Three cases 

must be considered separately. 





Case 1 : i ^ i*. 

We may then assume that Qi M) 1 = Qi* } for all jjl. Then A\- 1} is the unit 
matrix, X\ 2) = X\ z) = 0, whereas in X iA) each coefficient in the ju-th row is equal 
to qi/q\ M) . Hence, (mod q), the matrix X J 4) has d l - 1 rows consisting of 1, 
and the other rows are all 0. Then 

X^'X? S (di - 1 )X| 4 \ tr (X\ A) ) rnd x - 1 (mod q). 


lt If li » 0, we niust set | | » 1. 

13 For di — 1, the corresponding kinds of rows of X\ n , do not occur. 
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This shows that (mod g ) one characteristic root of X has the value d» — 1, and 
that the others have the value 0. Then the characteristic roots of = I + -X^ 4) 
are given by d t , 1, 1, •• • , 1 (mod q ). Hence 

(271) | Xi | = di (mod q). 

Case II. i — i*, but Q» and QJ 1 arc not conjugate in C. 

We may assume here that QJ l = Q \ l) . Then X[ A) = 0. In X[ 2 \ only the 
first column contains elements different from 0, and the coefficients in this 
column are given by 

-Qi/Qi", ■ ■■ , - Qi/Qi li) ■ 

In Xi 3) , only the first row contains elements different from 0. All the coeffi- 
cients in the first row are equal to —1. 

In JSf* 1 *, the first row and column are 0. Each of the other rows contains 
exactly one coefficient 1, and all the other coefficients are 0. The same is true 
for the second, third, • • • , last column. On adding all the other rows to the 
first row in X t , we obtain easily 

l * ,l = ± (i i+ $' + '" + # i+1 )- 

Hence, since d< — 1 of the fractions are 1, and the other ones s= 0 (mod q), 

(27 2 ) \X t \m ±d t (mod g). 

Case III. i — i *, and Q t and Q7 1 are conjugate in O. Here X< 2) = 0, 
X\ z) = 0. As in case I, the first d» — 1 rows in X {A) contain only coefficients es 1 
(mod g), and the latter rows contain only coefficients = 0 (mod g). The matrix 
Xi X) can be changed into the unit matrix, if the columns are taken in another 
order; the value of A< 4) (mod q) is not altered hereby. The argument used in 
the first case then gives 

(27 8 ) ± | Xi | ■ d t (mod g). 

The three formulae (27) show, in connection with the lemma in §2, that in any 
case | Xi | 0 (mod g). Then (24) is impossible. Thus, the assumption that 

(6) is not true leads to a contradiction, and the theorems 1, 2 and 3 are proved. 


University of Toronto 
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1, Introduction. We begin with a study of a 11011-negative function /°(p) 
defined at each point of a metric space M. We suppose that f(p) is the limit 
of a sequence of functions /"(p) also defined over M. Let p n be a homotopic 
critical point p n of/ rt (p). We study the limit points q of sequences p n , regarding 
q as k new type of critical point of the limit function /°(p). 

We give a simple application. 

Let g° be a simple, closed, rectifiable curve in a euclidean space with the 
property that the ratio of an arbitrary chord length of g° to the smaller of the 
corresponding two arc lengths of g° is bounded from zero. This ehcrrd arc condi- 
tion on g° is less restrictive than the condition imposed by Shiffman 1 in his study 
of unstable minimal surfaces. We make use of Douglas’s Dirichlet function 
The point <p is a monotone transformation of the are length along g°. 
The basic result is as follows. 

If g° bounds two minimal surfaces of disc type belonging to disjoint minimizing 
sets of such surfaces (cf. §2), then r/° also bounds another minimal surface of disc 
type not of minimum type. 

Results of this nature but under more restrictive hypotheses have been ob- 
tained previously by Morse and Tompkins 2 and by Shiffman, loc. cit. We have 
* found that less restrictive hypotheses on {7 0 are adequate, because they can be 
compensated by more restrictive hypotheses on the approximating functions 
/ n (p), n > 0 , making the analysis of the functions f n (p) much simpler. This 
applies particularly to the study of upper-redueibility. 3 For it is easy to show 
that the restricted functions /"(p) are upper-reducible, while we do not need to 
show that/°(p) is upper-reducible. 

2. The mode of approximation. Let M be a metric space with points p, 
g, r and distances pg, pr , etc. satisfying the usual metric axioms. On M there 
shall be given a sequence of functions f'(p) converging to a function f(p). Thus 

(2.1) lim f l (p) =/». 

1 Shiffman. The Plateau problem for non-relative minima. Annals of Mathematics, 
vol. 40 (1939), pp. 834-854. See (2) §3. 

1 Morse and Tompkins. The existence of minimal surfaces of general critical types. 
Annals of Mathematics, vol. 40 (1939), pp. 443-472. The letters MT will be used in the 
text to refer to this paper. See corrections elsewhere in this number of the Annals. 

1 Morse. Functional topology and abstract variational theory. Memorial des Sciences 
Math6matiques, Fascicule 92 (1939). See §8. The letter M will refer to this pamphlet. 
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This convergence is in general not uniform. The functions f m (p ), m = 0, 
1, • • • , shall satisfy conditions I to VI to be described. If c is an arbitrary 
constant and / is a function defined on M , f c shall denote the subset of points 
of M at which / g c. Our first condition is as follows. 

Hypothesis I. Bounded compactness. The sets f? , m = 0, 1, • • • , shall be 
compact for each constant c. 

It follows from this hypothesis that each function J m is lower semi-continuous. 
Hypothesis II. If lim p n = p , 

(2.2) inf. lim. f n (p n ) £ f(p). 

Hypothesis III. Corresponding to any subsequence F r of the functions f n and 
points p r such that F r (p r ) is bounded independently of r } there exists a subsequence 
of the points p r which converges to a point of M. 

We shall prove the following lemma. 

Lemma 2.1. Let e and c be positive constants. If n is sufficiently large , and b 
is a constant sufficiently near c, /? is on the e- neighbor hood N e of fc . 

Suppose the lemma false. There will then exist a constant v > 0 and a sub- 
sequence F r of the functions/” together with points p r , r = 1 , 2, • • • , such that 
p r is not on N t , while 

(2.3) c g sup lim F\p r ). 

r*= oo 

By virtue 1 of Hypothesis III a subsequence of the points p r converges to a 
point q of M. 

Without loss of generality we 1 may suppose that p\ , , - is this subsequence. 

By hypothesis q is not on N e so that f\q) > c. But it follows from II that 

(2.4) . inf lim F r (p r ) ^ f\q). 

r— oo 

From (2.3) and (2.4) it follows that c ^ f(q ). From this contradiction we infer 
the truth of the lemma. 

Hypothesis IV. Corresponding to each compact subset .1 of M % there exists 
a constant k a such that for each integer n, f n ^ K A f on A. 

We shall make use of chains and cycles taken in the sense of Vietoris with 
coefficients in the field of integers mod 2. Tf. M, §1. If p is a point of M, p* 
shall represent a 0-eyclc each of whose component 0-cycles is on p. This con- 
vention will be permanent. The following lemma is an immediate consequence 
of our definitions. 

Lemma 2.2. A necessary and sufficient condition that two points p and q belong 
to the same component of a compact subset A of M is that p* + q* ^ 0 on A. 

Let / be a function defined on M . A set A will be termed minimizing relative 
to / if / equals a constant coni, and if there exists an ^-neighborhood A e of A 
such that / > C on A e — A. If / satisfies Hypothesis I, each minimizing set 
o> of / is closed. For at a limit point q of w, f(q) g c by virtue of the lower 
semi-continuity of /. It follows from the definition of a minimizing set q that q 
belongs to co. Hence w is closed. 
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A subset of M on which / is bounded will be termed f-bounded. We shall 
prove the following theorem. 

Theorem 2.1. Let y and z be points respectively of two disjoint minimizing 
sets o>i and coi of f. If y and z are connected by an f-bounded subset of M and 
Hypotheses I to IV are satisfied, there exists a subsequence F r of the functions f" 
with the following properties. There exists a least value y r of c for which 

p* + q* ~ 0 (on FZ), 

with 


Ur > max [F\y), F\z)], 

while the numbers ^ converge to a limit u such that 

n > max 

We begin the proof of this theorem with certain lemmas. The first lemma 
concerns a compact subset C of M . A proof may be found in Morse, 4 page 430. 

Lemma 2.3. If u is a k-cycle on C such that u ~ 0 on C € for each positive e , 
then u ~ 0 on C. 

We shall prove the following lemma. 

Lemma 2.4. Under the hypotheses of the theorem there exists a least value 
vo of c such that y* + z* ~ 0 on f c . 

It follows from the first hypothesis of the theorem and from Lemma 2.2 that 
there is at least one value of c such that y* + z* ~ 0 on ft . Let vo be the greatest 
lower bound of such values of c. There then exist values of c arbitrarily near 
vo such that y* + z* ~ 0 on f c . But it follows from Hypothesis I that if c is 
sufficiently near vq , f c lies on an arbitrarily small neighborhood N 0 of /J 0 . Hence 
y* + z* ~ 0 on N e • We set C = f PQ . We sec that y* + z* is on C. It fol- 
lows from Lemma 2.3 that y* + z* ~ 0 on C, and the proof of Lemma 2.4 is 
complete. 

The points y and z are connected on/J 0 . But y and z belong to disjoint min- 
imizing sets. These sets are compact, and hence at a positive distance from 
each other. It follows that 

(2.5) ,0 > f(y), > f(z). 

The set f, t is compact. Hence on this set in accordance with IV, f" kv 0 , 
where k is a constant. Hence y* + z* ~ 0 on f?, 0 . Let v„ be the least number 
c such that y* + z* ~ 0 on ft . That v„ exists follows as in the proof of Lemma 
2.4. We see that 

(2.6) v n ^ kvq (n = 1, 2, • • • ). 

4 Morse. Rank and span in functional topology. Annals of Mathematics, vol. 41 (1940), 
pp. 419-454. 
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Lemma 2.5. If v n is the least number c such that y* + z* ~ 0 on ft , n — 
0, 1, • • • , and if y = inf lim v„ , then 

(2.7) u ^ v 9 . 

Let ft, be a subsequence of the numbers v„ such that 

(2.8) lim Ur = m- 

r— oo 

Let F r be the corresponding subsequence of the functions f n so that y* + z* ~ 0 
on Fj r . Let e be an arbitrary positive constant, and set = C. It follows 
from Lemma 2.1 that F' r C C 9 , provided r is sufficiently large. Hence y* + 
z* ~ 0 on C e . It follows from Lemma 2.3 that y* + z* ~ 0 on C. From the 
definition of vq we infer that p ^ v 0 , and the lemma is proved. 

We shall now prove Theorem 2.1, making use of the sequence F r and the 
numbers p r of the proof of Lemma 2.5. Observe that 

M > max [f(y),f(z)] 

in accordance with (2.5) and (2.7). Recall that F r arid p r converge respectively 
to/ 0 and ft. Hence if p is a sufficiently large integer 

> max [F r (y), F\z)) (r £ p). 

Theorem 2.1 is accordingly satisfied by sequences F r and p r , starting with in- 
tegers r ^ p. 

3. h - and //i-critical points. Let F be a function defined on M. We refer 
to the definition of an F-deformation and a homotopic critical point of F (written 
/i-critical point) as given on page 30 of M. Let F\ F\ • • • be a subsequence 
of the sequence /, / 2 , • • • converging to /°, and let q r be an ^-critical point of 
F r . Any limit point q of the point set q r will be termed an fh-critical point of 
f. This term is relative to the sequence f'\ to which the letter / refers in the 
term fh - critical point. 

Lemma 3.1. The set of fh-critical points of f is closed , and the set of h-critical 
points of f is closed among points at any given level p. 

That the set of A-critical points of f is closed at the level p follows at once 
from the definition of an A-critical point. 

To prove that the set of fh - critical points of f is closed, let p be a limit point 
of a sequence p r of //i-critical points of f. For each fixed r, p r is by definition 
the limit of a sequence p(r , s), s = 1, 2, • • , of A-eritical points of functions 
/ n(r,,) where the integer n(r, s) increases with s . Hence if integers s \ , s 2 , • • • 
are successively chosen with s r sufficiently large, the sequence p(r, s r ) will con- 
verge to p as r becomes infinite, while the integers n(r, s r ) will increase with r. 
Hence p is an //i-critical point of /°, and the proof of the lemma is complete. 

To continue we need two additional hypotheses. We refer to MT, page 445, 
for the definition of weak upper-reducibility. 
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Hypothesis V. The f mictions f\ f\ • • • shall be weakly upper-reducible . 

Lemma 8.1 of M clearly holds if weak upper-reducibility replaces upper- 
reducibility. We shall use Lemma 8.1 of M in proving the following lemma. 
We refer to Theorem 2.1 and the constants p ) p r and functions F r described 
therein. 

Lemma 3.2. The function F r of Theorem 2.1 assumes the value p r in at least 
one h-critical point w r such that y, z, w r are in the same component of Fl r . 

Let k be the component of F^ r which contains y and z. The set k is compact. 
Suppose there is no ^-critical point of F £ r on k at the level p r . By virtue of 
Lemma 8.1 of M there will then exist an /^-deformation of k into a set definitely 
below p r . Hence y* + z* ~ 0 on F r c for some c < p r , contrary to the defini- 
tion Of Mr . 

We infer the truth of the lemma. 

Hypothesis VI. (a). Let p r be an h-critical point of /" r , ri\ < n 2 < • • • , 
such that p r converges to p as r becomes infinite. Then f' r (p r ) shall converge to 
f(p). (b) Let p r be an h-critical point of f such that p r converges to p. Then 

f(p r ) shall converge to f(p). 

A point q will be said to be of non-minimizing type relative to f(p) if there is 
a point p in every neighborhood of q such that f(p) < f(q). With this under- 
stood we come to a major theorem. 

Theorem 3.1. If f admits two disjoint minimizing sets on and a> 2 and if there 
are points y and z in an and a> 2 respectively which are comiectcd by an f - bounded 
set , if moreover Hypotheses I to VI are satisfied , then f possesses at least onefh- or 
h-critical point of non-minimizing type. 

We refer to the numbers p r and p of Theorem 2.1, and prove the following: 

(i) . The set a of h- and f h-critical points of f at the level p is closed. 

This follows from Lemma 3.1. 

(ii) . The set a is not empty. 

The /i-critical point w r of Lemma 3.2 is a point at which F r (w r ) = p r . These 
points w r have at least one cluster point w by virtue of Hypothesis III. It 
follows from Hypothesis VI (a) that f(w) = p. Thus w is an //i-critical point 
belonging to <r, so that a is not empty. 

(iii) . There is at least one point of a of non-minimizing type . 

The set <r, on which/ 0 = p , fails to contain the points y and z of Theorem 2.1, 
since p exceeds f(y) and/ 0 (z) as stated in "Theorem 2.1. Observe that ?/, 2 , and 
w lie on the same component of /£ since y, z, and w r lie on the same component 
of Fl r , and the maximum distance of points of F^ r from/J tends to zero as p r 
tends to p. The set <r cannot be a minimizing set, otherwise <r would be at a 
positive distance from its complement on /J , contrary to the fact that y , z, 
and w are connected on /J , while y and z are not in a and w is in a. Since cr is 
compact and not a minimizing set of f } there exists at least one point of <r of 
non-minimizing type. 

The proof of the theorem is complete. 
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4. The application to mi ni m a l surface theory. Let g° be a simple, closed, 
rectifiable curve in a space of coordinates , • • • , x n ). We suppose g° has 
the vector form 


x = g°(«), 

where s is the arc length along g\ The curve g° is given with a sense and an 
origin s = 0. So given, g° will be termed coordinated. It will be convenient 
to suppose that the total length of g* is 2t. We shall assume that p° satisfies 
the following condition. 

Chord arc hypothesis. I nder this hypothesis the ratio of the length of an arbi- 
tral 'y chord of g° to the length of the minimum subtended are of g n shall be bounded 
from zero for all chords of <7°. 

Any simple, closed, regular curve of class C ] satisfies this hypothesis, as does 
a simple closed curve composed of a finite sot of regular arcs of class C\ provided 
at each corner p the two tangent rays directed from p never make a null angle. 
In particular any simple closed polygon is admissible. This condition is less 
restrictive than the corresponding condition of Shiftman (loc. cit.). For under 
Shiftman's condition two tangent rays at a corner cannot make angles less than 
a right angle, while it is easy to show that under Shiftman's condition the chord 
arc hypothesis is always satisfied. 

A sequence h n of closed, rectifiable, coordinated curves x = h"(-s‘) will be said 
to converge in length 6 to h°: x = h°(s) if 

lim h n (s) = h°(a) 

00 

uniformly on each bounded interval for s. It is clear that there exists a sequence 
of simple, closed, coordinated polygons which converge in length to g°. The 
corners of these polygons can be “rounded off" to obtain a sequence of simple, 
regular, coordinated, closed curves g u of class O 2 converging in length to g°. 
Without loss of generality we can suppose that the length of each curve g n is 
27 t, since if this is not already the cast', a magnification from the origin in the 
ratio p n to 1 will bring this about , where p„ must be suitably chosen and so chosen 
converges to 1. Let x = g”(s) be the vector representation of g n . 

Let (p(a ) be a continuous non-decreasing function of a such that 

(4.1) <p(cx + 27 r) =■ <p(a) -f 2tt. 

6 The coordinated curves h n converge in length to h° if the following three conditions 
are fulfilled. The sensed curve h n converges to the sensed curve h Q according to FrGchet, 
the length of h n converges to the length of h° t and the point h — 0 on h n converges to the 
point s « 0 on h°. For related, but variant, definitions of convergence in length, see the 
following three sources. Adams and Lewy. On convergence in length. Duke Mathe- 
matical Journal, vol. 1 (1935), pp. 19-26. McShanc. Curve space topologies associated with 
variational problems . Ann. Scuola Norm. Super. Pisa, (2) vol. 9 (1940), pp. 45-60. Morse. 
The calculus of variations in the large. American Mathematical Society Colloquium Pub- 
lications (1934), p. 209. 
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We suppose that p(a) satisfies a three point condition defined as follows. The 
relation a = <p(a) shall hold for three given distinct values «i , «j , «» , of a on 
the interval 0 £ a < 2r, where ai , a 2 , a> are independent of <p. A function 
of this nature will be termed admissible. We shall impose another condition 
on the functions <p when we define the space M. 

We admit representations of g n of the form 


(4.2) 


X = g'V(a)] = p n (a) 


(» = 0 , 1 , • • • ). 


We shall consider the function <p(oi) as a point in an abstract metric space in 
which the distance between two points <p(a) and ^(a) shall be the number 


(4.3) 


= max | <p(ot) — 4/{a) 


2r). 


The function f n (<p ) shall be defined as the Douglas function® 


sm 


where w denotes the parallelogram 


0 g p g 2 tt, 


— 7 r ^ a g j8 + ir. 


The Douglas function is an improper integral with an integrand which is singular 
when a = 0. 

As in MT we introduce the improper integral 


(4.5) 


'w-ib// 6 : 

» sin 2 ' — — • 


It follows from the chord arc hypothesis on g° and the ordinary properties of 
length that there exists a constant k such that 

(4.6) Ip°(«) - pW * [*>(«) - mf $ «(P °(«) - pW, 
where k is independent of the choice of <p . From (4.6) we see that 

(4.7) f(<p) Z H(<p) Z */V). 

Upon comparing f\<p) with H (<p) we find that 

(4.8) f n M Z H(«>) Z K f( v ). 

Moreover g n is regular and of class C 2 from which we infer that the ratio of an 
arbitrary chord length of g n to either of the corresponding arc lengths exceeds 


• Douglas. 1. Solution of the problem of Plateau. Transactions of the American Mathe- 
matical Society, vol. 33 (1931), pp. 263-321. II. The mapping theorem of Koebe and the 
problem of Plateau . Journal of Mathematics and Physics, vol. 10 (1931), pp. 106-130. 
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some positive constant k„ . It follows as in the proof of (4.8) that f § «*/". 
From this result and from (4.8) we conclude that f n (<p) is finite if and only if 
f(<p) is finite. 

We shall restrict the space M of points to points <p for which f°(<p) is finite. 
We shall prove the following theorem. 

Theorem 4.1. At each point of M, 

(4.9) lim /"(*>) =Ap). 

n— oo 

Let e be a positive constant less than 7 r and let co e be the subset of the parallelo- 
gram 03 on which | a — $ | < e. We set 

03 = 03 ? + 03 * , (o> c -wf) = 0, 

and 

(4.10 /» = F(<p, n , c) + F*b, », «), (n = 0, 1, . • • ), 

where F(<p, n, e) and F*(<p, n , e) are defined as is /'*(<?) except that cv e and 03 * 
shall replace 03 as the respective domains of integration. From (4.G) we see that 

(4.11) F(<p, w, e) ^ kF(<p , 0, c). 

By hypothesis /°(v?) is convergent so that F(<p, 0, e) is convergent. Noting that 
the integral F*(<p , n, c) is proper, we see that 

(4.12) lim F*(<p, 71 , e) = F*(*>, 0, e). 

n— 00 

To establish the theorem, observe that 

(4.13) I rw) - f(v) ! g I Fto, n, e) - Ffr, 0, e) | + | F*(«>, a, e) - F*(* 0, e) |. 

Corresponding to an arbitrary positive constant i) let e > 0 be chosen so small 
that | F(<p, 0, c) | < i). This is possible since F(<p, 0, e) is a convergent integral. 
Making use of (4.11) wc see that 

| F(<p, n, e) — F(<p, 0, e) | ^ kii + v- 

With e so chosen, let n be so large that 

| F*(v, n, e) - F*(<p, 0, e) \ < r,. 

Making use of (4.13), we then find that 

I fW - f(<p) I ^ si] + v + v, 

and the theorem follow's at once. 

6. Verification of hypotheses. Wc shall show that the Douglas functions 
f n (<p) defined in the preceding section satisfy Hypotheses I to VI of §§1 to 3. 
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Hypothesis I. That M is boundedly compact relative to/ n (^>) follows from 
the work of Douglas II. See also Rado 7 V, 17, and Courant. 8 

Hypothesis II. To verify this hypothesis we recall the origin of the Douglas 
function. Let g be a simple, closed, rectifiable, coordinated curve given with 
a vector representation x = g (s) in terms of arc length s. Let <p(a) be an ad- 
missible function ip. Corresponding to the representation x = p(a) = g[^(«)] 
there exists a harmonic surface x = x(u, v) defined and continuous for u 2 + v 2 S 1 
and such that 


x (cos 0, sin 0) s p(0), 

where r and 0 are polar coordinates in the (w, u)-plane. Wo shall say that the 
harmonic surface x = x(u, v) is defined by the pair ( g , ip). 

The Douglas function/^) corresponding to g equals the Diriehlet sum 

R 

where R represents the region if + v 2 < 1. 

Let <p n be a sequence* of points on M converging to <p\ Recall that g" con- 
verges in length to g°. Hypothesis II is satisfied if 

(5.1) inflim T)(g n ,<p n ) ^ D(g 0 ,<p 0 ). 

n-» oo 

Relation (5.1) is a consequence of the lower semi-continuity of D(g , <p) of 
which a conventional proof may be indicated as follows. Let D(g, ip, r) denote 
the integral obtained from D(g , ip) upon replacing R by the region u + r 2 < 
r < 1. By definition 

T)(g, ip) = lim D{g, <p, r). 

1 

The lower semi-continuity of I)(g , ip) follows from the fact that D(g, ip , r) is con- 
tinuous in ( g , ip), positive and non-decreasing in r. 

Relation (5.1) holds, and Hypothesis II follows. 

Hypothesis III. Let <p r (a) be an infinite sequence of points ^ on M such 
that 

f r W) ^ C (r?i < n 2 < • • • ; r = 1, 2, . - •) 

for some constant r and suitable choices of the integers n r . To establish III 
we must prove that some subsequence of the sequence <p converges to a point 
on M. 

According to the theory of bounded monotone functions there exists a sub- 

7 Rado. On the problem of Plateau. Ergebnissc dcr Mathematik und ihrer Grenzge- 
biete, Berlin (1933). 

8 Courant. Plateau's problem and Dirichlet's principle. Annals of Mathematics, vol. 
38 (1937), pp. 679-724. 
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sequence of the functions ip r which converges for each value of a to a non- 
decreasing function 0(a ). The function 6(a) satisfies the three point condition 
and the condition 

0(a + 2t) = 0(a) + 2t. 

It remains to show that 6(a) is continuous. 

Whether continuous or not 6(a) possesses right and left limits a x and a 2 at 
each point ao . Moreover | a x — a 2 1 5 ^ 2tt ) since 6(a) satisfies the three point 
condition. If | «i — a 2 1 5 ^ 0, it follows as in the proof of Theorem III of 
Douglas II, page 113, that 

sup lim D(g nr y <p) = 00 . 

r-*oo 

But 

r v> = w r , /) ^ 6*. 

From this contradiction we infer that «i = a 2 so that 0(a) is continuous. Thus 
0(a) defines a point of M, and Hypothesis III is verified. 

Hypothesis IV. This hypothesis is an immediate consequence of (4.8). 
Hypothesis V. The functions f n (*p) are weakly upper-reducible for n > 0 
in accordance with Theorem 5.1 of MT. 

The proof of Hypothesis VI is more involved. 

Hypothesis VI. Let g be a simple, closed, coordinated, rectifiable curve, 
and <p(a) a transformation which is admissible in the sense of §4. Let A(g, ip) 
be the area of the harmonic surface defined by the pair ( g , ip). I 11 a forthcoming 
paper we shall prove the following theorem of use in establishing VI. 

(i) The area A (g, ip) is continuous in its arguments. 

The notion of continuity of A(g, <p) is relative to the concept of convergence 
of g and <p. Convergence of curves g shall be convergence in length, and con- 
vergence of ip, convergence defined by the distance function ip\// of (4.3). 

A pair (g, ip) which defines a minimal surface will be called differentially critical. 
When ( g , ip) is differentially critical, 

(5.2) D(g,ip) = A(g,ip), 

as is well-known. Cf. Douglas II, Theorem I. When ip is an /i-critieal point 
of the function /(v?) = D(g , ip), (g, ip) will be termed h-critical. That an /i-critical 
pair is a differentially critical pair follows from Theorem 0.2 of MT. Hence 
(5.2) holds for //-critical pairs. From (i) wo draw the following conclusion. 

(ii) . The function defined by D(g , <p) on the subset H of h-critical pairs (g, ip) 
is continuous on //. 

Hypothesis VI (b) is satisfied by virtue of (ii). To verify Hypothesis VI (a) 
we return to the sequence f n (ip), and prove the following lemma. 

Lemma 5.1. If \p° is an f h-critical point of f, the harmonic surface defined by 
(g°, \f/°) is minimal. 
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By definition of an/A-critical point of/ 0 , is the limit of a sequence of A-criti- 
cal points i/ T belonging respectively to a subsequence /"' of the function/". Let 

S r :x = x\u,v) (r = 1, 2, • ■ • ) 

be the minimal surface defined by (g" r , ip r ), and let 

S°: x = x°(u, t;) 

be the harmonic surface defined by (g°, \p°). The harmonic surface S° will bo 
minimal if its differential coefficients satisfy the conditions 

(5.3) E(u, v ) = G(u, v ), V(u, v) = 0 (u 2 + t> 2 < 1). 

Let E r , F r , (r r denote the corresponding differential coefficients of S r . Re- 
call that 

lim (g n ',f) = (g°,i 0 ). 

r— oo 

Upon representing x(u , v ) by means of the Poisson integral, one finds that E\ 
F r > (f converge to E , F , G as r becomes infinite. But S r is minimal, so that 
conditions of the form (5.3) hold for S r . It follows that (5.3) holds for S°, so 
that S° is minimal. 

The proof of the lemma is complete. 

By virtue of the lemma, (5.2) holds on the set of //i-eritical points of f. Hy- 
pothesis VI (a) is satisfied by virtue of (i). 

Our principal theorem is as follows. 

Theorem 5.1. Let g° be a simple , closed , rectifiable curve g° which satisfies the 
chord arc hypothesis. If g° bounds two minimal surfaces of disc type defined re- 
spectively by points on disjoint minimizing sets of the Douglas function f (<p ) , then 
g° also bounds a minimal surface of disc type but not of minimum type. 

It follows from the hypotheses of the theorem that f(<p) possesses two disjoint 
minimizing subsets coi and a> 2 . Let <p and \p be points on co\ and C 02 respectively. 
The 1 -parameter family of points 

Ma) + (1 - />(«), (0 ^ t ^ 1), 

is an f -bounded arc connecting with \p as has been shown in MT, page 451. 
The first hypothesis of Theorem 3.1 is accordingly satisfied. 

Hypotheses I to VI hold for the sequence /"(^) as we have seen. Theorem 3.1 
thus applies, and we infer the existence of at least one fh - or A-critical point 
\l/° of f not of minimum type. But we have just seen that such a point 
defines a minimal surface of disc type bounded by g°; this surface is not of mini- 
mum type relative to the Douglas function f. 

The proof of the theorem is complete. 


The Institute foe Advanced Study and 
Princeton University 
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ON A LEMMA OF McSHANE 1 * 

By Tibor Rad6 
(Received January 4, 1940) 

1. McShane, in his work on the lower semi-continuity of double integrals in 
Calculus of Variations," established the following important lemma. 3 In the 
unit square Q: 0 ^ u ^ 1,0 ^ d ^ 1, let there be given triples of continuous 
functions x{u } v), y(u , v), z(u, v ), x n (u, v ), ?/ n (w, v ), z n (w, v) such that the following 
conditions are satisfied. 

1. The partial derivatives x u , x v , y u , , z u , 2 V exist almost everywhere in Q. 

II. The Jacobians 

-V IJtiZv JJv^u , V ZuX v z v x u , ^ == Xuy v x v y u 

are summable in Q. 

III. The functions x(u, v), y(u, v), z(u, v) are absolutely continuous on the 
boundary B of Q. 

IV. We have 

J J X dudv = ^ J ( ydz — zdy)> J J Y dudv = ^ J (zdx — xdz ), 

J J Z dudv = ^ J (xdy — ydx). 

Q 

V. The functions x n (u, v ), y), 2 n (w, v) are quasi-linoar 4 in Q. 

VI. x n (u, v) — ► .r(u, v), 2/ n (w, v) — > 7/Ca, t’); Zn(w, v ) — * z ( u > *0 uniformly in Q. 

Then for every choice of the constants a, b f c there exists a sequence \ V n ) of meas- 
urable subsets of Q such that 

J J ( aX n + bY n + cZ n ) dudv J J ( aX + bY + cZ) dudv , 

V n <? 

where 

X n ^ ynvZnv ynvZnv j I n = ZnuXnv ZnvXnv. t Zt n — X nu y nv X nv ynu • 

2. In view of the importance of this lemma, it seemed to be of interest to 
investigate the possibility of replacing the conditions I-IV of McShane, con- 

1 Presented to the American Mathematical Society at the meeting in Chicago, April 1940. 

* E. J. McShane, Integrals over surfaces in parametric form t Annals of Mathematics, 
vol. 34, 1933, pp. 815-838. 

3 Loc. cit.,* p. 829. 

4 A continuous function /(a, v) is quasi-linear in Q if Q can be subdivided into a finite 
number of triangles on each of which /(u, t>) is linear. 

73 



74 


TIBOK IIAd6 


corned with the limit triple x(u> v), y{u ) v ), z(u, v), by less restrictive ones. It 
should be noted that the purpose of conditions III and IV is to provide, for 
the integral of aX + bY -f cZ ) a geometrical interpretation which is essential 
for the proof of McShane. It may be therefore of interest to point out that 
the lemma remains valid if the apparently decisive conditions III and IV are dropped . 
The purpose of this paper is to prove this assertion. Applications of the result 
will be considered on another occasion. 

3. As stated above, the lemma involves throe arbitrary constants a, b , c, 
but it is evident from the work of McShane that it is sufficient to establish the 
apparently very special case a = /; == 0, c = 1, since the general case can then 
be disposed of by a very simple device. For this reason, and also for easier 
reference, we wish to state our result for this special case explicitly. 

4. Theorem. In the unit square Q: 0 ^ w ^ 1, 0 g v £ 1, let there be given 
pairs of functions x(u , v), y(u f v), x n (u, v), y n (u, r) such that the following condi- 
tions are satisfied. 

I. The partial derivatives x u , x v , y u , y v exist almost everywhere in Q. 

II. The Jacobian J — x u y v — x v y u is summable in Q. 

III. The functions x n (u f v), y n (u , v) are quasi-linear in Q. 

IV. x n (u, v) — > x(u , v ), y n (u, v) —> y(u, v) uniformly in Q. 

Then there exists a sequence of measurable subsets V n of Q such that 



J n du dv 


V n 


II 


J du dv y 


where J n Xnuynv nvpnv • 

5. Applying a device due to McShane/’ we proceed as follows to derive from 
this statement the one described in section 2. Let us consider the triples x(u , v), 
y{u, v), z(Uy v ) , £»(m, v) , z/ n ( u , v)y z n (u , v)y but let us assume only that conditions 
I, II, V, VI of section 1 are satisfied. Let there be given a set of constants 
o, b y c. Without loss of generality we can assume that a 2 + b 2 + c = 1. We 
can find then an orthogonal matrix, with determinant +1, of the form 


( an ai 2 ajA 
a21 R22 a23 J . 

a b c / 

Let us put 

x(u, v ) = a n x(u, v) + a n y{u, v ) + a n z(u, v), 

x n (u, v ) = a n x„(u, v ) + a K y n (u, v) + a a z n (u, v), 

y(u, v) - qq\x(u, v ) + any(u, v ) + a^u, v), 

y n (u, v ) - (hix n (u, v) + a<ny n (u, v) + OaZ n (u, v ). 

Let J, 7 » denote the Jacobians of the pairs x, y and x„ , y n respectively. Clearly, 
the pairs x, y, x„ , y„ satisfy the conditions of section 4 and therefore we have, 


1 See loc. ci.t.* 
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by the theorem stated in that section, a sequence {V n \ of measurable subsets 
of Q such that 



// 


7 du dv. 


This sequence possesses the desired property, since we have by direct 
computation 

7 = aX + bY + cZ, J n = aX n + bY n + cZ n . 

6. The rest of this paper contains the proof of the theorem of section 4. 
Sections 7-12 contain some facts needed in the sequel, while sections 13-17 
contain the proof itself. 

7. Let G be a bounded measurable set in the xy plane and h(x , y) 9 h n (x, y) 
summable functions on G such that h n (x , y) — * h(x, y) on (7. We assume that 
these functions do not take on the values ± <*> . Under these conditions, there 
exists a sequence of measurable subsets G n of G such that 


J J h n dxdy — > J J hdx dy. 


Proof. Define 


* n = gr.l.b. 


J J hdx dy — J J h n dxdy 


where the greatest lower bound is taken with respect to all measurable subsets 
E of G, Give any * > 0. Since h(x, y) is summable on (7, we have then an 
V — v( «) > 0 such that if S is any measurable subset of G we have 


J J hdx dy 


<6 if \S\ < 


Since h n —> h on (7, we have by the theorem of Egoroff 7 a measurable subset H 
of G such that 


I O - // | < y 

and such that h n —* h uniformly on H . Hence 

J J | h — h n | dx dy — ► 0 for n 


and consequently 


0 S lim K n ^ e, 


6 If S is a measurable set, then | S | denotes its Lebesgue measure. 

7 See for instance Saks, Theory of the integral , Warszawa 1937, p. 18. 
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since 

0 K n ^ 


J J hdxdy — J j Kdxdy 

a h 

J J hdxdy 1 + J J \k — h n \dxdy < e + J J | h — h n | dxdy. 


As e > 0 was arbitrary, it follows that k h > 0. By the definition of K n , we have 
a measurable subset G n of G such that 


J J hdxdy — J J hr, dxdy 


< K n + - . 

n 


As K n ■—> 0, the sequence G n has therefore the desired property. 

8 . Suppose the functions f(u, v), g(u , v) are merely continuous on the unit 
square Q: 0 ^ w ^ 1,0 ^ ^ 1 . Let (uo , v 0 ) be an interior point of Q and q 

a square in Q with center at ( u 0 , r 0 ) and sides parallel to the axes. Denote by 
b the boundary of q. Take four constants a, 0 , 7 , 5 and put 


p(uo, voy q y fy «, 0 ) 


max 

( u,v)tb 


| f (u, v) - /(up, Vp) - a(u — up) — |3(v - v 0 ) | 
[(m — Mo) 2 + (v — Vo) 2 ]* 


p(mo, Vo, q, g, y, 5) 


max 

(v,v)tb 


| g(u, v) — g(uo, Vo) - y(u - Mo) - 8(v - v 0 ) | 
[(m — M 0) 2 + (v — Vo) 2 ] 1 


If there exists some sequence of squares q n such that simultaneously 

p(Mo , Vo «, p) -> 0, p(Mo , v 0 , q n , g, y, 5) -> 0, I I -*■ 0, (1) 


then we shall say that the pair/(u, v ), g(u, v) satisfies condition C at the point 
(tio , Vo) with the constants a, 0, 7, 8. 

9. The reader will have noticed that the preceding condition C is merely a 

greatly weakened form of total differentiability. As it might be expected, the 
methods developed by Rademachor, Stepanoff and others to obtain results of 
surprising generality concerning total differentiability, 8 can be easily adapted 
to our condition C. One statement obtained in this manner is as follows. 9 
Suppose that the functions /(w, v ), g(u , v) are continuous in Q and that the 
partial derivatives f u , , g u , g v exist almost everywhere in Q. Then condition 

C is satisfied at almost every point (u 0 , v 0 ) of Q with the constants a = f u (uo , 
” 0 ), 0 = fv(u Q , t>o), 7 = 0u(uq , r 0 ), 8 = g v (uo , v 0 ). 

10. Consider again a pair of functions f(u, v), g(u, v ) which we assume to be 
merely continuous in Q. These functions define a continuous transformation 


8 See the excellent presentation loc. cit., 7 Ch. 9. 

9 For the details of the proof, see the author's paper, On absolutely continuous transforma- 
tions in the plane , Duke Math. Journal, vol. 4, 1938, pp. 189-221, in particular p. 219. 
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T: 


X = f(u, V ) 
y - g(u, v ) 


(w, v) e Q. 


Let q be a square in Q, with sides parallel to the axes, and let b be the boundary 
of q. If the point (m, v) describes b in the counter-clockwise sense, its image 
under T describes in the xy-plane a continuous closed oriented curve b' . In the 
xy-plane we define a function n(x, y, q, T) as follows. If the point ( x , y) is on 
b', then u{x, y, q, T) = 0. Otherwise n(x, y, q, T) is equal to the topological 
index of (x, y) with respect to b'. We shall denote by Si(q, T), S 2 (q, T) the point- 
sets in the ary-plane where n(x, y, q, T) is equal to +1 and —1 respectively. 
These sets are bounded and open (possibly vacuous). 

11. Keeping the notations of the preceding section, let us consider an interior 
point (wo , Vo) of Q where the condition C of section 8 is satisfied with some 
constants a, 0, y, 5. Let |g„} be a sequence of squares, as specified in section 8, 
such that the relations (1) hold. We consider the auxiliary transformation 


T*: 


j X — /(uo, Uo) + a(u — Wo) + fi(v — Vo), 
[y = g(.Uo, Vo) + y(u - Uo) + 5(v - Vo), 


(u, v) c Q. 


Assuming that a5 — 0y 0, the image of the square q„ under T* is a parallelo- 
gram ir* in the xy-plane. Suppose first that a8 — > 0. Then the set 

<Si (g„ , T*) is simply the interior of ir* , and condition C implies, by a familiar 
elementary reasoning, 10 that for large values of n the symmetric difference 11 of 
the sets Si(q„ , T*) and Si(q n , T) is contained in a narrow strip <r„ , bounded 
by two parallelograms similar to jt* , such that | <r„ |/| t* \ —* 0. As 
I 1/1 9n 1 -► aS - py, we also have | <r n \/\ q* | — » 0. Thus a fortiori 

\S l (q n ,T)\-\S l (q nt T*)\ _ Q 

Uni 


But, since T* is an affine transformation, 


Hence 


U«l U« I 


l^Un, T) 

U«l 


> ad — ^7 if a5 — (87 > 0. 


Similarly it follows that 


-» a d - 07 if a8 — py < 0. 

9» I 

10 For a detailed discussion of a practically identical situation, see the author’s paper, 
Vber das Fldchenmass rektifizierbarer Fldchen , Math. Annalen, vol. 100, 1928, pp. 445-479, 
in particular pp. 461-466. 

11 The symmetric difference of two sets A and B consists of those points which belong 
to exactly one of A, B. 




78 


TIBOR RAD6 


12. Using the notations of section 10, let us assume that/(w, v), g(u, v) arc 
quasi-linear in Q . Let us denote by J ( u , v) the Jacobian f u g v — f v g u . Let us 
take, in the xy-plane, any summable function F(x , y) which takes on only 
finite values (summability meaning that F(x> y) is summable on every bounded 
measurable set). Then we have for every square q in Q the transformation 
formula 


f J F[f(u, v,), g(u, v)]J(u, v ) dudv = J J F(x, y)y(x, y, q, T) dxdy. u 

Q 

As a matter of fact, this formula holds under very general conditions. 13 For 
quasi-linear transformations, of course, the formula is practically trivial. 

13. We proceed presently to prove the theorem of section 4. Through the 
rest of the paper the notations of that section will be used. Let q be a square 
in Q with sides parallel to the axes. We define 


K(q) 


gr.l.b. 

ECq 


J J J dudv — J J J n dudv 


that is, the greatest lower bound is taken with respect to all measurable subsets 
E of q. We define further 

X(q) = lim \ n (q). 

n-*aa 


By taking in q a set E of measure zero, we see that 


and hence also 


K(q) g J J J J dudv ^ J J \J [dudv, 

: q <i 

k(?) ^ J J | </ I dudv. 


( 2 ) 


Take now in Q any finite or infinite sequence of non-overlapping squares 
ffi > 9* »•••»?»»••• i such that 


IQ - E«/l - 0 . 


We assert that 


HQ) £ Z Hqd- 


11 As ti(x, y , q , T) vanishes outside of a sufficiently large circle, the range of integration 
on the right can be taken as the whole sy-plane. 

11 See, also for further literature, loc. cit . 9 It is worth noting that the quasi-linear 
character of /(u, v) h g{u, v) is used only to secure the above transformation formula. This 
remark suggests further generalizations which we do not wish to discuss at this time. 
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Proof. 14 Observe first that the series on the right is convergent since it is 
dominated by the series 

22 // \j\dudv, 

which converges because the squares q } do not overlap. Give now e > 0. By 
the definition of we have a measurable subset E’ n of q j such that 

ffjdudv-fj Jndudv j < \„(q,) + (3) 

Qj K J n 

Put 

En = ZE’ n . 

i 

Since the squares qj do not overlap, we have by (3) 

X n (Q) S f f J dudv — f f J n du dv J 

q s n i 

^ X J J J dudv — f J J n dudv < X) X n fe) + €. (4) 

<0 e’ n 1 

Take any positive integer i. We have then by (2) 

An(?,) ^ £ Xn(7j) + jc [ f | J | du dv. 

7 7-1 7-1 + 1 J J 

Qj 

Hence 

lim 22 X„(g,) g 22 \(q,) + 22 [ f \J \du dv. 

n— *ao j 7 — 1 7 — 1+1 " J 

Since the squares qj do not overlap, the second summation on the right con- 
verges to zero for i — ► oc . Thus 

lim 22 X„(<7/) g 22 X(?j)- 

»-*oo 7 J 

From (4) we infer now 

X(Q) = lim An (Q) g 22 X(?,) + <• 

n-*oo 

Since € was arbitrary, this proves our assertion. 

14. We consider now the transformation 


| r = x(u, v), 
[ y = y(u, v). 


(u, V ) e Q. 


14 We discuss the case of an infinite sequence qj , since the finite case is trivial. 
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Let q be a square in Q with sides parallel to the axes. We assert the inequality 1 * 


X(g) 5= min 


f j Jdudv - | Si(q, T) | , ff Jdudv + | St(.q, T) \ 


( 5 ) 


where the sets <Si(g, T ), $ 2 (g, T) are defined as in section 10. 
Proof. Let us consider the transformations 


[X = X n (u , V ), 
1 2/ = 2/n(w, V ), 


(w, t;) € Q. 


In the X2/-plane, let S be the set where n(x, y, q ) T) 0. Since x n (u, v) — > 
x(u y v ), y n (u, v ) — > y(M, y) uniformly in Q, and hence in q y we have 

y(x, y f g, T n ) -* »(x, y, g, T ) 

on S, and hence also on the sets Si(q, T ), S 2 (g, 7 7 ). Since T n is quasi-linear, 
ti(x, y, g, T n ) is summable. We cannot assert that n(x, y , 7, T) is summable, 
but this function is surely summable on Si(q, T) and S 2 (g, 7 7 ), since | y(x, y , 
g, T 7 ) | = 1 on these sets. Hence we can apply the remark in section 7 with 
h(x, y) = y,(x, y, q, 7 7 ), h n (x, y) = m(x, ;g, g, T 7 ,,) and first with G = £i(g, 7 7 ) 
and second with G = S 2 (q, T). It follows that we have sequences of bounded 
measurable sets G' n , G" such that 

J J n(x, y, q, T n ) dxdy —* J j y(x, y, q, T) dxdy = | Si(q, T) |, (6) 

o' SiU.T) 

f J y, q, Tn) dxdy J J n(x, 1J, q, T ) dxdy = -| S 2 (q, T) |. 

On S s (q,T) 

Now let E f n be the complete model 16 in g of the set G f n under the transformation 
T n . The transformation formula of section 12 yields then, if F{x } y) is taken 
as the characteristic function of the set G f n , the formula 


J J /x(x, y } g, T n )dxdy = f J Jndudv . 


( 7 ) 


On 


Similarly, if E” n is the complete model of (7« in g under the transformation T n , 
we have 


J J n(x, y , g, T n ) dxdy = J J J n dudv. 


O n 


Now, by the definition of \ n (q), 


K(q) £ 


J J Jdudv — J J J n dudv 


14 If a, b are real numbers, then min (a, b ) denotes the smaller one of o, b if a 5* b and 
the common value of o, b if a ■■ b. 

19 That is, E m is the set of all those points in q whose image under T n is comprised in G'. 
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and for n 


Similarly 


oo it follows by (6), (7) that 


X(fl) ^ 


f f Jdudv - | SM, T) 


Hq) ^ 


1 1 Jdudv + \S i (q,T)\ 


The last two inequalities imply (5). 

15. Denote now by E the set of those interior points (u 0 , ^o) of Q where the 
following conditions are satisfied. 

T. x u , x v , y u , y v exist at (uq , v 0 ). 

II. Condition C of section 8 is satisfied at ( u 0 , v 0 ) with the constants a = 
Xu(llO , Vo ), iff = X v (u 0 , t’o), 7 = VuiUo , Vo ), 5 = ?/ v (Uo , ^o). 

III. If is a square with sides parallel to the axes and with center at (uo, Vo), 
then 



J du dv 




M 


J(u o,Vn) for |g| 


0. 


Since ./ ( u , v) exists almost everywhere in Q and is summablc there by assump- 
tion, III is satisfied almost everywhere in Q by a well-known theorem, while 
IT is satisfic'd almost everywhere in Q by section 9. Thus 

I Q ~ E 1 = 0. 


10. Now let (mo , t’o) be a point of the set E of the preceding section. By 
condition II, we have then a sequence q n (u 0 , t’o) of squares with sides parallel 
to the axes and with center at (u 0 , t’o) for which the relations (1) of section 8 
hold with f(u, v ) = x(u, v ), g(u, v) = y(u, v), a = x u (u 0 , v 0 ), & = x v (uo , v 0 ), 
y — y«(uo , v o), S = i/Auo , t'o). By section 1 1 we have therefore 


1 &(g,(«o, Vo), T) | 
I 9n(«0, V) | 


./(mo, v 0 ) if J(m 0 , Vo) > 0, 


and 


i &(g„(u 0 , i>p), T) | 

I qn{U0 , Vo) | 


J(uo, Vo) if J (uo , Vo) < 0. 


But, by condition III of section 15, we also have 


// 


J du dv 


k»(« o, Vo) | 


J(.Uo, Vo). 



82 


TIBOR RAD6 


Hence 


J J J dudv — | <Si(?„(mo, Vo), T ) 


«»(»* 0.*0) 


I g»(uo, Vo) 


0 if J( Uo, Vo) > 0, 


and 


J J J dudv + | So{q n {uo, v 0 ), T) | 




\qn(uo,vo) I 

By (5) in section 14 the relations (8), (9) imply that 

A(?»(«o, fo)) 


0 if J( Uo, Vo) < 0. 


q n (uo , v 0 ) 


0 


( 8 ) 


(9) 


if J(uo , Vo) 7* 0. If J(uo , Vo) = 0, then we infer by section 13 and by condition 
III of section 15 that 


// 


J dudv 


q < X( gn(Mp , Cp)) < | 

<?n( M Q.PQ) 

= |g«(tto,*>o)| = \q n (uo,v 0 )\ 


\J(uo, Vo) | = 0. 


17. Thus we see that for every point ( u 0 , v 0 ) of the set E of section 15 there 
exists a sequence of squares q n (uo , v 0 ), with sides parallel to the axes and with 
center at (t/« , v 0 ), such that 


A(?nfao, uo)) 

I q«(uo , Vo) | 


0 and | q n (u 0 , v 0 ) | 


0. 


Besides, all the squares q n (u o , ^o) are comprised in Q. Give now e > 0. If we 
discard, for each point (^o , v 0 ) of E, a finite (sufficiently large) number of the 
squares q n (uo , v 0 ) f the remaining ones will satisfy the relations 

Hqn(uo , Vo)) < e | q n (uo , v 0 ) |, | q n (uo , ^o) | -> 0, q n (uo , v 0 ) C Q. 


The squares q n (uo , v 0 ) cover the set E in the manner required by the Vitali 
covering theorem. We can select therefore from amongst the squares q n {uo , r 0 ) 
a sequence of non-overlapping squares q \ , q * , • • • , , • • • which cover E with 

the possible exception of a set of measure zero. Since 

]C qi C Q and . | Q — E | = 0, 

we also have 

I Q - H Qi I = 0. 

Hence by section 13 

HQ) = H HQi) £ « Z) I ?> I = * I Q I = «• 
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As € was arbitrary, it follows that \(Q) = 0. By section 13 this implies that 

X n (Q) -> 0. (10) 

By the? definition of A n (Q), there exists a measurable subset V n of Q such that 


J j Jdudv — J J J n dudv 


< X n (Q) + “• 
n 


(10) and (11) imply that 


J J Jndudv J J J du dv } 


and thus the theorem of section 4 is proved. 

18. As far as applications are concerned, it seems that in some cases it would 
be sufficient to know that we have a sequence V n such that 


lim J J J n dud.v ^ J J J dudv. 


It is however unlikely that this relation can be derived under assumptions 
weaker than those needed to obtain the precise conclusion of the theorem of 
section 4. 


The Ohio State University . 
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ON FINSLER AND CARTAN GEOMETRIES- III 

TWO-DIMENSIONAL FINSLER SPACES WITH RECTILINEAR EXTREMALS 1 

By L. Berwald 
(Received August 26, 1939) 

Introduction. The principal part of the present paper is devoted to the 
problem, proposed by P. Funk, 2 of characterizing, in an invariant manner, the 
two-dimensional Finsler spaces the extremals of which can be given, in a suitable 
coordinate system, by linear equations. We call such spaces Finsler spaces with 
rectilinear extremals. 

In an introductory section, we explain briefly, from the beginning, the theory 
of the two-dimensional Finsler spaces developed especially by the author 3 and 
by E. Cartan. 4 The standpoint of this exposition is predominantly formal. 
Our aim is to develop Cartan’s theory of the two-dimensional Finsler spaces 
independently of the general theory of equivalence, and to connect it with his 
later theory of the n-dimensional Finsler spaces. 5 The single new feature in 
this section is the connection between the tensor FG) k i and the main scalar of a 
two-dimensional Finsler space, given in §8. 

Section II develops two different methods which lead to an invariant charac- 
terization of the two-dimensional Finsler spaces with rectilinear extremals. 
The first is purely analytical, and is based upon the discussion of the conditions 
of integrability of a certain system of partial differential equations (§§9-11). 
The scope of the second method is first to establish necessary and sufficient 
conditions in order that a two-dimensional general geometry of paths may have 
rectilinear paths, 1 5 and then to apply them to a Finsler space. This method has 
the advantage of showing what is the independent significance of each of the 
two conditions we obtain (§§12, 13). 

In the third section we determine all two-dimensional Finsler spaces with 
rectilinear extremals the main scalar of which is a function of position only. 
First we establish some theorems showing that for such a space the main scalar 

1 The first two papers of this series are L. Berwald, [2], [3]. (Numbers in cornered 
brackets refer to the bibliography at the end of the paper). 

* See P. Funk, [11 J. 

8 L. Berwald, [1]. 

4 E. Cartan, [5]. 

6 E. Cartan, [6). 

•For an n-dimensional general geometry of paths (n > 2), J. Douglas, [7], established 
the corresponding conditions. When n » 2, only one of the two conditions for rectilinear 
paths results from Douglas' corresponding condition by particularization, the other does 
not. The reason is that, when n ** 2, the generalized Weyl projective curvature tensor 
(H. Weyl, [17]; J. Douglas, [7]) vanishes identically. 

84 
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is always, and the curvature nearly always, a constant (being necessarily null 
if the main scalar does not vanish). There exists but one exception: the case 
in which the main scalar has the value ±3/\/2 (§15). This exceptional case 
is studied in §§16, 17. In toto, there are six types of two-dimensional Finsler 
spaces of the desired kind. Four of these types depend on arbitrary constants, 
a fifth on an arbitrary function of a single variable (§18). Finally we determine 
all Landsberg spaces with rectilinear extremals (§19). 


I. Two-dimensional Finsler Spaces 


1. The metric. We start with an n-dimensional manifold with coordinates 
x l in which a variational problem with the fundamental integral 


(1.1) «- f F(x\x\ 


n ) dt 


= I" F(x,x')dt, 



is given. We suppose that F is analytic in a certain region SB of its 2 n arguments 
to which we restrict ourselves, and that 93 contains no points with x' 1 = 
x' 2 = • • • = x' n = 0. Further F is supposed to be positive and positively 
homogeneous of the first degree in x'. Finally, we suppose F\ > 0, where 


( 1 . 2 ) 


F\ = 



/ d*F 

dF' 

I dx fi dx' k 

dx' k 

\ OF 
\ dx •* 

0 


The second factor on the right of (1.2) stands for the determinant of an (n + 1)- 
rowed matrix. A manifold of the considered kind is called an n-dimensional 
Finsler space , 7 and F its fundamental function. 

We interpret s as arc-length of the curve x l = x\t). As element of space we 
regard the oriented line-element (x, x')> that is, a point (z) and a direction 
( px' ; p > 0) issuing from it. The quantities with which we have to deal 
(tensors, densities, and so on) depend exclusively on the line-element, i.e. they 
are positively homogeneous of degree zero in x'. 

The metric of a Finsler space is based upon the symmetric covariant tensor of 
the second order 


(1.3) 


, a 1 d 2 (F 2 ) 


On account of 

(1.4) g - det. (g a ) = F nH P\ > 0. 

an n-dimensional euclidean metric is associated with each line-element (.r, x') by 

(1.5) do 2 = g ik {x, x') dx x dx k * 


1 P. Finsler, [8]. 

8 Repeated indices indicate summation . 



86 


L. BERWALD 


This metric is particularly used for measuring the length of vectors. According 
to the homogeneity of F we have 

(1.6) (tas'V* = F\ 


(1.7) 


gxkX ,k 



Therefore orthogonality to the line-element (z, x f ) in the metric (1.5) is identical 
with transversality to the line-element. 

In consequence of (1.4), the tensor g xk conjugate to g exists. By means of 
gut and g ik the lowering and raising of indices is defined in the usual manner. 
We can therefore speak of covariant, contravariant, mixed components of a 
tensor. 

The unit vector of the line-element (a;, x') has the contravariant components 


( 1 . 8 ) 


u _ dx* _ 
ds 


x 

T 


and the covariant components 
(1.9) 


U = 


dF 

dx' 1 ' 


Inner multiplication with the unit vector (l) is indicated by a zero, the position 
of which (above or below) does not matter; for instance 

(1.10) To, = 7*/ = T h J h , 7” 0 = T% = Tint. 


2. Extremals and parallel displacement. The derivative 4>, . The extremals 
of the variational problem &s = 0 have the differential equations 


( 2 . 1 ) 


d dF _ dF 
dt dx '* dx 4 


With regard to F 



as 


1 and to the homogeneity of F, (2.1) can be written 


( 2 . 2 ) 



= 0 


or 

(2.3) 

where 


dt ■ o <?*(», 
ds F t (x, x') 


~ 0, 


(2.4) 


0\x, x') 



a a (f 2 ) 

dx' h dx m 


a(F 2 ) ~| 

dx* J* 


6' is therefore positively homogeneous of the second degree in x'. 
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We indicate by the derivative of any function 4>(x, j') with respect to the 

dF 

arc .s of the extremal issuing from the line-element O, x'). Because of - = 0 

ds 

and of the homogeneity of G\ we have 

(2.5) <l\ = <b (l) V = 4> ( o) , 

where 


( 2 . 6 ) 


d4> _ d<I> dG r 
dx' dx' r dx fi ’ 


If 4? does not depend on x', 4> (t ) reduces to the partial derivative 


d* 

dx'' 


For a 


scalar 4>, are the covariant components of a vector. If 4> is a tensor which 
is not a scalar, the differentiation • • •(*) does not generate a tensor. In par- 
ticular we have 


(2.7) 


o = 0. 


To introduce a covariant differentiation for other quantities than scalars, we 
define the parallel displacement of line-elements and the parallel displacement 
of quantities from one line-element to another parallel. By analogy with the 
Riemann space, it is natural to fake as coefficients of a connection in the Finsler 
space the functions 


( 2 . 8 ) 




= rj? = g kh T* 


ihj * 


where 

[r *hj = 2 + QMx) ~~ Qil(h))- 


From (1.3) and (2.4) it follows that 


(2.9) 


T* k x” 


dG k 

dr''’ 


r* k r , ‘x ' 1 = 2(7' 


Tho parallel displacement of the lino-element (.r. .r') to the point (.r -f dx) is 
now defined by 

(2.10) dV + t r*/ dr 1 = dV + I dx 3 = 0, 


and the parallel displacement of an arbitrary vector A" from its line-element 
(x, x’) to the line-element obtained from (.r, x') by parallel displacement to the 
point ( x + dx) by 

(2.11) dX‘ + X h rti dx 1 = 0. 

The left member of (2.11) is the invariant differential DX' of the vector X*. 
For any quantity, it is defined in a corresponding way, as is well known. The 
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coefficient of dx s in the invariant differential of a quantity $ is called the covariant 
derivative $ 1 , of the quantity. For instance, we have 


J x\i = *«> + x h r:i, 

1 T ikli = r iHl) - T rk T*[ - T ir T*[, 


where X<,-) , Tiku) are given by (2.6). (2.12) defines the covariant derivative 

also for sets of functions which behave like tensors under transformations of 
coordinates, but are not homogeneous of degree zero in x'. For a scalar, the 
differentiations • • •(,•> and • • • u are identical. 

From the definition of the covariant derivative and from (2.7), (2.10)-(2.12), 
it follows immediately that 


(2.13) 


| (a) F\j = 0, (b) gau = 0, 

{ (c) = 0, U\j = 0. 


Besides the co variant derivative we use in the following the derivative 


(2.14) 


*11/ — ^ 




dx' r 


For a function 4> homogeneous of degree zero in x ', we have 
(2.15) 4>llo = 0. 


Both differentiations • • • i, and ■ • • generate from a given quantity a new 
quantity of the same kind having a subscript more. 

Finally, we state the connection between T** and G k . For that purpose we 
consider the symmetric tensor of the third order 


(2.16) 


Aikj = 2Qik\\i = 4^ 


d\F 2 ) 

dx ,{ dx' k dx’ } 


We have then 

(2.17) Af = -toft, 

and with regard to the homogeneity of F 


(2.18) 

If we write 

(2.19) 


A%k o — A to j — A okj — 0. 


d tz _ r k 

dx'idx'* iu 


the connection sought is given by 
(2.20) rr; = Glj - A k ti I, .» 

» See E. Cartan, 16], VIII. 
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3. Permutation formulas. The differentiations •••<,) and • • • n,- satisfy the 
permutation formulas 

(3.1) fyiH*) — 4>(fr)<0 = — , 


where 

(3.2) 

and 



' a 2 (7 

dx'‘dx k 


d l G r _ aff r r dG'\ 

dx'*d? “dx’*^ k ’dxV’ 


(3.3) «(oiit - *ii*w = -*ii,UUio + r*;). 

Roik is a tensor which results from Cartan \s curvature tensor R r hiJc by inner multi- 
plication with t . 10 (3.3) is obtained by means of (2.7) and (2.20). 


4. Two-dimensional Finsler spaces. Normal vector and main scalar. In a 

two-dimensional Finsler space, besides the unit vector ( l ), the normal vector , 
i.e., the unit vector orthogonal to (i), is of importance. If h t are its covariant, 
h x its contravariant components, wo have 

^ (a) Oa = Ith. + hihk , 

(b) Si = l t l k + hih k , — 1 for i — k, = 0 for i ^ k). 


The connection between the vectors (/) and (/i) is given with the aid of the 
e-tensor the components of which are 

€n = 0 , €12 = y/g, 621 = ~~\/(Jy *22 = 0 , 

1 


(4.2) 


11 n 12 1 21 

€ = 0 € = --- -- , 

Vg Vg 


€ 22 = 0 . 


Here and later on, V indicates the positive root. It is seen that 

(4.3) € t * + *ki = 0, * k e ]k = 8) , e lk e ik = 2. 

Now we obtain, if the orientation of the normal vector is suitably chosen 
(a) V = e ik h, U = €ikh k , 

(4.4) (b) h* = K=~e ik l k , 

k (c) Vh k - l k h { = e k , lih k - hhi = tik . 

Using (2.13, b, c), wo have = t] k = 0 and therefore 

(4.5) />;, = 0, hi\j = 0. 

The normal vector can be used for expressing the tensor .4,*, by a scalar. 
With regard to (2.18) we can put 


(4.6) 


ri ik j — — Ihihkhj 


10 E. Cartan, [6], formulas (XIX), (XX), p. 36. 
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Hence we have in particular 

(4.7) (Vg)m = Wgh i . 

I is called the main scalar of the two-dimensional Finsler space. 11 

5. The derivative <£& . By means of the normal vector we define the deriva- 
tive 


Then we have converselv 


4>& = *. 


*«) = * 9 li + &bh t . 


For a function 4> positively homogeneous of degree zero in x\ the derivative 
<t>fc corresponds to the difference of its values in the line-element ( x f x f ) and in 
the line-element obtained by parallel displacement in transversal direction. 
Since from (2.13c), (4.5) it follows that 

(5.3) l' u) = ~ , K,) = -h r T*i 


lt(j) lj(t) Ir^ij , hi{j) ^y(») hrTij , 


we get 


(5.5) V. - -2^, li = hi = hi = -r *iKh\ 


(/,). = (li) b = GUrh°, 

(/«.), = l%h r , (*,)»- r r. r M‘. 


The first equation (5.5) is taken from (2.3). 


6. Landsberg’s angle and the derivative $$ . In a two-dimensional Finsler 
space, we introduce for functions which are positively homogeneous of degree 
zero in a*', in addition to the derivatives the derivative with respect to 

Landsberg’s angle. Landsberg 12 defines the .angle at the point (x) by the 
integral 

( 6 . 1 ) *- = / h k dl k 

11 L. Berwald, [1], p. 204. There 3 — \I is called the main scalar. 

11 G. Landsberg, [12]. 
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up to an arbitrary additive function of position. The angle between two line- 
elements ( x , x r ) and ( x , x’) at the point ( x ) is defined by the definite integral 

(6.1) , taken from x' 2 :x fl to x' 2 :x' 1 . 

Because of (6.1) we have #||,- = h t and therefore, for a function positively 
homogeneous of degree zero in x' 

(6.2) *n< = = <t>i uh\ 


From (4.7) and (4.2) it follows in particular that 
(gtk)* = 2 Huhk, 

(6.3) 


J I dt) 


,(Vg)t = I VO, Vg = (p(x)e 

where <p(x) is an arbitrary function of position, and 

(6.4) (€.*)» = /«.* . (*'*)# = -/«*. 


Further we get from (1.8). (1.0), (4.4) 


(6.5) 


j i\, = h\ hi , = -r - /*', 

1 ( 0 # = *., (*.)#=-*. + /*,. 


7. Curvature of a two-dimensional Finsler space. Cartan’s permutation 
formulas. On account of (2.13b), the parallel displacement (2.11) is euclidean 
(or metrical). Therefore the curvature tensor /?*,,* = g r ,Rh,k is skew-symmetric 
in the two first indices also. 13 Hence we have = 0 and 

(7.1) Roa = Kiiuk . 

The scalar 

(7.2) K = W^hr* 

is called the curvature of the Finsler space. 14 

From the permutation formulas (3.1 ), (3.2) we can now derive Cartan’ s permu- 
tation formulas™ which are fundamental for the two-dimensional Finsler space. 
Above all we have from (4.5) and (4.6) 

(7.3) A r ik \ o = Lh x h T h k . 

Now let 4> be a function positively homogeneous of degree zero in x f . From 
(3.1), (3.3) and (7.1), (7.3) (6.2) it follows that 

(7.4) (»•)(*) — $(*)(») = —fyiiKtik , 

(7.5) 4>(i)i!* ~ = —$#(I H hjik + Arr*J). 

18 E. Cartan, [6], p. 36. 

14 K was introduced by A. L. Underhill, [16]. 

11 E. Cartan, [51, p. 121 ; see also P. Funk, [11]. 
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By going back to the definitions of , 4>6 , , we obtain with regard to (5.5) 

and (6.5) Car tan’s -permutation formulas 


(7.6) 


<f>M — 4>M = — $>« — fob — I&0, 

4V, — = — <t>i, 

4>,6 — = — K$/> . 


From (7.6) and from Jacobi’s identity 

(7.7) {(4>»w - $6,,,) - (4>*. k - *«.)} + cycl. = 0, 

where + cycl. stands for the terms which arise by cyclical permutation of s, b, it 
from the term written, we obtain, by cancelling a factor 4\>, the “Bianchi” 
identity 16 

(7.8) j7„ + IK + K» - 0. 1 

8. The tensor FG ) kr . Affinely connected Finsler spaces. In the following 
we put, for the sake of simplicity, 

/o i) d 3 G { _ aV _ , 

' ' dx'idx' k dx' r ,KT ’ dx' i dx ,k dx' r dx' t ,kTt 

In consequence of the homogeneity of G' we have GJ* r = G} 0r = G/*o = 0. 
Therefore if we decompose the tensor FGj kr in components according to the 
vectors ( l ) and ( h ), there will appear only terms with l'hjh k h r and h'hjhkK . 

By carrying through this decomposition, we find first from (2.19), (2.20), 
(7.3), (6.2) 

(8.2) FGUr = r,*‘n r + (IXhMthr . 

With regard to (6.5) we obtain 

(8.3) ( l.h%h k )» = (/»* + II.)h%h k - I.tVhjhk + h'ljhk + h%l k ). 

On the other hand, we have from (2.8), (2.17), (4.6) 

(8.4) r*;'n r = g ik r,. w ii r - 2ih%h m r* k m . 


From (2.8), (7.5) and (4.6), (5.4) we get for the first term on the right of (8.4) 


(8.5) 


Am* Hr - [(/* - II.)h%h k - I.(l%h k 

- h%h k 


h%l k )]hr + 2ih%h m r*?. 


Hence we obtain finally 


( 8 . 6 ) | FGUr = l - 21. V + {1 .0 ± h)h']hjh k h r . 


16 It appears first, expressed otherwise, in L. Berwald, [1|, formula (78), p. 206. 
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In particular we have 

(8.7) FG'jkr = (/., + h)hih k . 

By operating on (8.7) with • • • iu = h m it follows with regard to (1.9), (6.5) 

du 

that 

F 2 O r jktnr = [(ltd + Ib)d + 2 1 (1 8 0 + Ib)\hjhkh m 

( 8 . 8 ) 

*"(/«* + Ib)(l]hkhm + hjlkhm + hjhklm)- 

A Finsler space is said to be affinely connected , if G % are quadratic polynomials 
in x f . From (8.6) it is seen that the two-dimensional affinely connected Finsler 
spaces are characterized by 

(8.9) /« = /. = 0. 

According to the third permutation formula (7.6) we have for these spaces 
either K = 0 or / = const. From (3.2), (7.2) we see that, for an affinely 
connected Finsler space with K = 0, the G) k , which are functions of position 
only, can all be transformed together to zero by a transformation of coordinates. 
Then it follows from (2.7) that F does not depend on x. The converse is evi- 
dent. Hence the affinely connected Finsler spaces with K = 0 are identical 
with the Minkowski spaces. The two-dimensional affinely connected Finsler 
vspaces with I = const, were determined by the author. In §14 we come back 
to these spaces. 1 ' 

II. Necessary and Sufficient Conditions for Two-dimensional Finsler 
Spaces With Rectilinear Extremals 

9. Differential equations for the vectors ( l ) and ( h ) in a two-dimensional 
Finsler space with rectilinear extremals. The definition of a Finsler space with 
rectilinear extremals was given in the introduction. In the coordinate system 
mentioned there, the differential equations of the extremals are 

(9.1) *'**"* - x' k x ni = 0, (x /n = x" m - 

For a two-dimensional Finsler space there exists but one such equation. In 
this section, we seek conditions, invariant under transformation of coordinates, 
which are necessary and sufficient in order that a two-dimensional Finsler space 
may have rectilinear extremals. 

First we suppose that the considered Finsler space has rectilinear extremals. 
Let x % be coordinates for which the extremals are given by (9.1). It is evident 
that (9.1) is equivalent to 

(9.2) G* = F*qV, 


17 Cf. L. Berwald, 11], pp. 207 f., 212 f., 215 ff.; E. Cartan, [5], p. 134 f. 
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where q is a function of x, x', positively homogeneous of degree zero in x\ The 
The basis of our considerations is the system of equations (5.5), (6.5). On 
account of (9.2), it can be written as 

II = -2 ql\ l[ = -qd' - qh\ V» = h*; 

h ) = —qd' — qh\ hi = —(q + Iq# + q t w)l l — (2 q$ — I*)h\ 

= -V - /A*. 


(9.3) 

(9.4) 


In order to derive (9.3), (9.4), we can proceed from the first and the last equa- 
tion (9.3). Then the second permutation formula (7.6) gives the second equa- 
tion (9.3), which is identical with the first equation (9.4). By the same pro- 
cedure we obtain the second equation (9.4) from the first and the third. 

Let us now consider the conditions of integrability of (9.3), (9.4). Two of 
them are identically satisfied, in consequence of the derivation of (9.3), (9.4) 
just given. The condition of integrability, which follows from the permutation 
formula for l b & — l '# b , is also identically satisfied. Each of the other permuta- 
tion formulas gives two conditions of integrability, since the coefficients of V 
and h l must be respectively equal in both members. Thus we obtain six condi- 
tions of integrability: 

(9.5) q»* = 2q b + qq» , 

(9.6) </ 2 + q. = -K, 

(9.7) Qsi = (q + lq o + qoo)* — q(q + Iqo + q«o) + /«</» — K — qg , 

(9.8) qq& — q b + 2 q& H = 7*« + KI = —K# , 

(9.9) ( q + Iqd + qw)# + 21 (q + lq# + q t w) + 27* = 0, 

(9.10) 3(q + Iq # + q#d) = 7 + h > . 

In (9.8) we made use of the identity (7.8). 

10. Reduction of the integrability conditions. In the* first place, we show 
that the conditions of integrability (9.5)-(9.8) can be substituted by the two 
equations 


( 10 . 1 ) 

( 10 . 2 ) 


K = 


K# = —3 (<ft + qqd)j 


the second of which is found by substituting the value of q# 8 from (9.5) in (9.8). 

Indeed, (9.5), (9.7), (9.8) follow from (10.1), (10.2). For, by substituting 
the value of K * from (10.1) in (10.2) and making use of the second formula (7.6), 
we obtain (9.5), and by substituting the value of 3(^6 + qqd) from (9.5) in 
(10.2), we get (9.8). In order to derive (9.7) we differentiate (9.5) with respect 
to d and apply the second permutation formula (7.6) for $ = q* . Thus we find 

qwa = 2 gw — qt b + q# + qq&# = 2 (gw — q# b ) + q#b + q\ + qq ## . 
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Now apply the first permutation formula (7.6) to qbd — q#b and form 
(q + Iq* + qdd) s . Then equation (9.7) results easily, in consequence of (9.5) 
and (10.1). 

11. Necessary and sufficient conditions for rectilinear extremals. From §10 
we see that the conditions of integrability (9.5)- (9.10) of the system (9.3), (9.4) 
of partial differential equations may be reduced to (10.1), (10.2), (9.10), (9.9). 
The first three of these equations can be written as 

(11.1) q, = -K - q\ 

(11.2) qb = -\K d - qq d , 

(11.3) q#d = \(hd + Jh) — Iqd — q . 

The equations (9.10), (9.9) are equivalent to (11.3) and 

(11.4) (I 8 d + h)d + 21(1 s ,y + h) + 6/s- = 0. 

(11.1)- (11. 3) are a system of partial differential equations for the function q. 
In consequence of the permutation formulas (7.6), the; conditions of integrability 
of this system are obtained by calculating the* expressions 

.4 = q„i, ~ qb * + Kq# , 

B = q#*# “ q##* ~ qw > , 

C — </,??>,» — q,hv, + q,n + Iq,ib 4 ~ hqdd 


with the aid of (11.1) (11.3) and by equating the results to zero. The calcu- 
lation of A y fi, C is simplified by the remark that q#* is given by (9.5), q#b by 
(9.7), if qb , q + Iqd + q#o are respectively replaced by their values (11.2), (9.10). 
A simple calculation shows that A — 0 reduces to 

(11.5) AY - 3 A,, = 0. 

For B , we find first 


B = -|[A„ + (ho + hi* + IK*]. 

Since the permutation formulas (7.6) giv(‘ 

I a da 4“ lbs == had hb 4“ lbs hsd 4"" A Id * 

we have further 

B — ~%(Kd 4“ IK 4“ Iaa)d . 

Because of the Bianchi identity (7.8), B is therefore identically zero. For the 
calculation of C, the second permutation formula (7.6) gives 

(hd 4- Ib)ad — (lad 4“ Ib)b = (hd 4“ Ib)ds . 
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By means of this formula, we obtain 

C - *[(/,* + Ib)o + 2/(7., + /*)]. 

- k[(/., + 7b), + 2/(7., + 7b) + 67.] - 2 - 2IK, 

or, with regard to (7.8) 

C = *[(/., + 7b), + 27(7., + 7b) + 67.]. 

— $£[(/«, + 7b), + 27(7., 7b) + 67,]. 

Consequently C is zero, if (11.4) holds. Hence we have: 

If (11.4), (11.5) are satisfied , the system (11 .1)— (11.3) is completely integrable. 
It is evident that the equations (11.4), (11.5) are necessary in order that a 
two-dimensional Finsler space may have rectilinear extremals. They are also 
sufficient. For let (11.4), (11.5) hold. Then the system (ll.l)-(ll .3) is com- 
pletely integrable. For a solution q of this system, all conditions of integra- 
bility (9.5)-(9.10) of the system (9.3), (9.4) arc satisfied. But the first equa- 
tion (9.3) or 

(11.6) xU + 2 qx] = 0 


states that the considered two-dimensional Finsler space has rectilinear ex- 
tremals. Therefore we have: 

A necessary and sufficient condition in order that the extremals of a two-dimen- 
sional Finsler space be rectilinear is that the equations 


(11.4) 


(/., + 7 b), + 27(7., + 7b) + 67. = 0 


and 

(ii.5) \K* - 3K b = o 

be satisfied L 18 


12. Geometrical meaning of (11.4). In the foregoing paragraphs, we es- 
tablished the conditions (11.4), (11.5) in a purely analytical way which does 
not show the independent geometrical meaning of each of these conditions. We 
give therefore gtill another deduction, which does not possess this disadvantage. 

For that purpose we insert some general considerations, restricting ourselves 
to the case of two dimensions, for the sake of brevity. Let a two-dimensional 
manifold with coordinates x' be given and a differential equation 

x ,h (x ,,< + 2 G\x, x')) - x'\x" h + 2 G\x, x')) - 0, 

(12 ' 1} ( r , m _ dx m _ d 2 x n \ 

V ~ ~di’ X ~~3F)’ 


»• Cf. P. Funk, 111]. 
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where the functions G'(x, x') are analytic and positively homogeneous of the 
second degree in x'. 19 (12.1) defines a system of general paths x l = x\t) in the 

manifold. This system remains unaltered under the transformation 

(12.2) G\x, x') = G\x, x') + p(x, x')x'\ 

where p is analytic and positively homogeneous of the first degree in x'. 19 We 
call (12.2) a projective change of the functions G\ A transformation of coordi- 
nates = x\x) transforms 2G' in 


(12.3) 


2 G h = 


= / 2 G* -(- . 

\ dx’dx* ) dx ' 


The second and the higher derivatives 


(i2 - 4 > 


d *(? 

dx/’ dx' k dx 


>. = G)k, , 


d i G i 


dx , ’dx' k dx' , dx' m 


= Gi 


j ktm 


therefore transform respectively like the coefficients of an affine connection 
(depending upon the line-element), and like tensors. To the projective change 
(12.2) of G l corresponds respectively the projective* change 


(12.5) 


(a) G)k 


= G) 


Jh 


l ^p a* I 
+ ^ 5i + 


dp 

dx' k 


5; + 


d JP r >‘ 

dx' J dx' k * 



G) 


jk» 


= G) k$ + 


h i , 

dx ,j dx ,k * dx' k d x'* 1 


d ’P 4 - d *P r >i 
dx'‘dx'> k dx'’dx' k dx'' 


of the affine connection G ) k , and of the tensor G] u . 

It is evident that the extremals of a Finsler space form a system of paths, 
G l being defined by (2.4) in this case. Now the meaning of the condition (11.4) 
can be expressed as follows: 

A necessary ami sufficient condition in order that in a two-dimensional Finsler 
space the functions G\ defined by (2.4), can be projeetively changed in such a way 
that the transformed functions G l be quadratic polynomials in .r', is that equation 
(11.4) holds. 

Proof: In the first place, we consider a two-dimensional space with a system 
of paths (12.1). Let G' be quadratic polynomials in x. Then the right member 
of (12.5b) is zero. Now we have from (12.2), in consequence of the homo- 
geneity of p 


( 12 . 6 ) 



19 We suppose here positive homogeneity with regard to the following applications to 
Finsler spaces. In general, mere homogeneity is supposed. 
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By substituting this value in (12.5b), we find as a necessary condition for 

G { = GUxW'x'i 

(12.7) G)k» — \(G r rik h\ + Grksb) + Grafik) *“ \G r r jksX ,% = 0. 

Conversely, if (12.7) holds, we put 

(12.8) p = l(2GUx)x /k - 

where Glj = (5}* are arbitrary functions of x alone. Then from (12.7) and 
(12.5b) we have G)u = 0. Therefore (12.7) is sufficient too for G' = 

Now consider in particular a two-dimensional Finsler space, and let G' be 
given by (2.4). Then, by multiplying (12.7) by —3 F and taking account of 
(8.6)-(8.8), (4.1b), we obtain (11.4) multiplied by Vhjhkh * . 

We can give the theorem just proved the form: 

A necessary and sufficient condition in order that the extremals of a two-dimen- 
sional Finsler space form a quasigeodesic system of curves is that (11.4) be satisfied . 21 

It is easy to prove this form of the theorem directly. We have to suppose 
that for the extremals x f 'x nk — x fk x f,t is a homogeneous cubic polynomial in 
s', or that 

(12.9) x fi G k - x ,k G { = i*&(s)s'W r . 

If we differentiate (12.9) with respect to x'\ x' p , x ,r , x", we obtain an equation 
which reduces to (11.4), multiplied by — hjh v h r h » , as can be seen from §8 


13. Geometrical meaning of (11.5). 

that the system of functions 


Before considering (11.5), we observe 


(13.1) 


K) k = 


d 2 G i d 2 G i 
dx fj dx k dx' k dx 3 


r i d(? r r i d(7 

(jir d7 k + (jkr d7 3} 


where G % are the functions which enter in (12.1), behaves by a transformation 
of coordinates like? a tensor, but is positively homogeneous of the first degree 
in x'. We call K) k the fundamental curvature tensor of the connection G ) k . 
For a two-dimensional Finsler space, where G % are defined by (2.4), the funda- 
mental curvature tensor is connected with the curvature K by 
(13.2) K) k = FKhUjk , 

as (3.2) and (7.1) show. 


10 See J. Douglas, [7], p. 157 f., for n ^ 2 dimensions. 

n Cf. P. Funk, [11]. For the name “quasigeodesic system of curves’* see W. Blaschke 
and G. Bol, [4], p. 245. 
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Now the geometrical meaning of (11.5) is expressed by the theorem: 

In order that there may exist a projective change of the G's defined by (2.4) which 
transforms the fundamental tensor of curvature of a two-dimensional Finsler space 
to zero, it is necessary and sufficient that equation (11.5) be satisfied. 

To prove this theorem, we first establish a necessary and sufficient condition 
that in a two-dimensional manifold, bearing a system (12.1) of paths, the 
fundamental curvature tensor may be transformed to zero, by a projective 
change of G\ Then we suppose* that the considered manifold is a two-dimen- 
sional Finsler space, and that (12.1) is the system of its extremals (2.2), and we 
show that the necessary and sufficient condition we found reduces to (11.5) if 
we introduce the curvature K and its derivatives with respect to s, b, 

Let (12.1) be the system of paths of a two-dimensional manifold. We denote 
the covariant derivative with respect to the G) k by a semicolon; for instance: 


(13.3) 


_dT I _dT 1 dff_ 

,;h dx* dx' r dx' k r 


Let K)k be the fundamental curvature tensor of the connection G)k obtained 
from the connection G) k by the projective change (12.2). Then we have 


(13.4) 




+ 



1 d(p 2 A ,< ( d P.i 

2 dx’ k ) J \dx/ k 



Hence the postulate K) k = 0 gives 

/io e\ if* _ ( ' 1 d(p )\ ,• / _ 1 d(p )\ | / dp.j dp,k \ » 

(13.5) K ik - 2 -&,-)*> 2 dx'O di + W* dx'>) 


dK r _ K 

dx'J jr ’ 


Suppose now that (13.5) is satisfied. If we put 

(13.6) K r Jf = Ay, 
we obtain by differentiation and contraction the system of differential equations 

(13.7) p — \ d{ ^=lK, + hK ir x'\ 

for the function p. The condition of integrability of (13.7) is 

_ _ i / d(p J )\ , l / d(pO\ 

Pu-.k PXi 2 ( dx'f );k + 2 V dx /;, 


(13.8) 


= UKi-.k - Kk:,) + m,rX'% - (.KkrX'%]. 
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In consequence of the permutation formulas 


(13.9) 


$;r,k ~ $;*;/ — 


K) 


ik 


a# 



d^k 

dx 1 ’ 


= o, 


and of the homogeneity of p, we find for the left member of (13.8) the value 


dp 

dx'* 




1 _ ( d M 

2 dx' k ) '' W* 



which is zero, because of (13.5). Hence the condition of integrability of (13.7) 
becomes finally 


(13.10) l(K rtk - Kkj) + mKirx' r ) ;k - (K kr x' r ) ;i ) = 0. 


Conversely, let (13.10) be satisfied. Then the condition of integrability of 
(13.7) leads back to (13.5). Hence (13.10) is a necessary and sufficient condi- 
tion in order that the fundamental curvature tensor of a two-dimensional 
manifold with a system (12.1) of paths can be transformed to zero by a projec- 
tive change of G’. 22 

If the curves (12.1) are the extremals of a two-dimensional Finsler space, we 
have with regard to (2.0), (13.3) and to the symmetry G) k = G\j 

(13.11) T j;k - 7*./ = T m — T kU) . 

Further it follows from (13.2), (4.4), (6.2), (6.5), (4.1) that 

(13.12) Kj = FKl , , K ir = Kg ri + K£hi , K ir x ,T - F(Kli + K*h,). 

If we introduce, by means of (5.2), the derivatives with respect to s and b 

instead of the derivative «>, we obtain in consequence of (2.7), (5.4), 

(4.4) and of the symmetry G) k = GJ, 


j K m - K m = FK b (lih k - l k h,) - FK b e jk , 
[(Krixn^ - (K rk x' r )«) = F(K b - K*,) tj k • 


By substituting these values in (13.10) and by dropping the factor — 
we get (11.5). 

From the theorems we proved in §§12, 13, we can also easily see that the 
conditions (11.4) and (11.5) are necessary and sufficient in order that the 


n In consequence of these considerations and the corresponding ones in §12, we have 
incidentally the theorem: 

The conditions (12.7), (13.10) are necessary and sufficient in order that a given system of 
; paths (12.1) of a two-dimensional manifold be equivalent by point transformation to the straight 
lines of a flat projective space. 

Cf. also the end of §13. For n > 2 dimensions, J. Douglas, [7], p. 162 established the 
corresponding theorem, which is not however applicable when n — 2. 
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extremals of a two-dimensional Finslcr space be rectilinear. For let the ex- 
tremals be rectilinear. Then, in a suitable coordinate system, (9.2) holds. 
Hence we obtain from (12.2) Q' = 0, by putting p = —qF. Therefore (12.7) 
and (13.10) or, what amounts to the same thing, (11.4) and (11.5) arc satisfied. 

Conversely, if (11.4) and (11.5) are satisfied, the coefficients 0) k of the pro- 
tectively transformed affine connection (2.19) are functions of position only. 

sic* 

It is easily seen that the curvature tensor of the connection G) k is — Since 

dx ,r 

(11.5) holds, this tensor is zero. Therefore the G) k can altogether be trans- 
formed to zero by a suitable transformation of coordinates x % = x\%). Then 

(13.14) G) k = 0, 20* = G) k x n x ,k = 0. 

Hence, in the new coordinate system, the differential equation of the extremals 
has the form 

(13.15) *' x M - x ,k x"' = 0, 
that is, the extremals are rectilinear. 


III. The Two-dimensional Finslek Spaces with Rectilinear Extremals 
the Main Scalak of Which is a Function of Position Only 

14. The two-dimensional Finsler spaces with constant main scalar. We shall 
now determine all two-dimensional Finsler spaces with rectilinear extremals 
the main scalar of which is a function of position only. In order to avoid 
interruptions later on, we first reproduce briefly the manner in which all Finsler 
spaces with I = const, can be determined, 23 and we add a simple remark on 
these spaces. 

The Finsler spaces with I = const, belong to the class of Finsler spaces for 

P 2 p2 

which — is a quadratic polynomial in x' . In fact, if wc differentiate — - 

Vg Vg 

three times with respect to x' and if we use (1.9), (2.14), (6.2)-6.5), we get 
successively 


(14.1) 


(14.2) 


(14.3) 




dx u dx' k dx 


(Q - h * + *<« + ‘ 2 - 

(5i) ■ - We {U + /W *'***’• 


The two-dimensional Finsler spaces, for which 


(14.4) 


Vg 

* L. Berwald, [1], p. 215 ff. 


— 0»fc (^) xx , (fliit — 0 jw) f 
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are therefore characterized by It* + Ih = 0. With regard to (14.2) and 
(4.1a), we have from (14.4) 

(14.5) 0t'fc (%) = y { Qik ( lihk "b Ik hi) \l&h>ihk\) 

\'Q 

and from (14.5) 

(14.6) 0 = 1 - \f - hi* , 
where q = det. (fl,*)- 

Suppose now in particular 1 = const. Then wo have from (6.3) 

(14.7) Vg = 

since we can choose in (6.3) <p(x) = 1 without loss of generality for the following 
considerations. Therefore it follows from (14.4) that 

(14.8) F = VW'V* e ili . 

Now it remains to determine # as function of x'. For that purpose we dis- 
tinguish the three 1 cases 

(14.9) e = i - K 2 1 o, 

and understand by a,x'\ 0 t x' 1 two linearly independent Pfaffians so that A — 
a i0 2 ~ > 0. We put in the case 

(a) / 2 < 4: 

(14.10a) 0,^'V* « l(a,x”) 2 + (ft *") 2 ] ; 

(b) 7 2 = 4: 

(i4.iob) = \ (cux’Y; 

A 

(c) 7 2 > 4: 

(14.10c) = 2V ~^ («,*'•) (0 h x' k ). 



(14.12b) 
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(14.12c) + 

where \//(x) is an arbitrary function of position. By substituting these values 
in (14.8), we obtain finally, by means of (14.9)- (14.12), the following types of 
two-dimensional Firisler spaces with I = const. 


(14.13a) 2* < 4 


(( a ,-*”) 2 + ( ftx ' 0 2 ) V (4 - /2 


(14.13b) f = 4 


F 



a ,x' * 


(14.13c) 


F = (a,X >l ) 




fax' 0 


In consequence of (14.10) and (14.12) a multiplicative positive function of 
position would enter in (14.13). We have taken it in in a* , . 

For the Finsler spaces with I = const, we have the following theorem: 

If the curvature of a two-dimensional Finsler space with constant I ^ 0 is a 
function of position only , the space is a Minkowski space. 

Indeed, because of / = const, the Finsler space is affinely connected (§8). 
With regard to 1 = const., I ^ 0, K# = 0, the Bianchi identity (7.8) gives 
K = 0. Hence the space is a Minkowski space (§8). 


16. Theorems on two-dimensional Finsler space with rectilinear extremals. 

In the first place, we establish some theorems which hold for Finsler spaces 
with rectilinear extremals. 

Theorem 1. When for a two-dimensional Finsler space with a quasigeodesic 
system of extremals the main scalar is a function of position only f it is constant . 
Proof: From the hypothesis 

(15.1) h = 0 

it follows, with the aid of the first two permutation formulas (7.6), that 

(15.2) I*# = It, y ho = —I 8 — lib • 

By substituting these values in (11.4), wc have 

(15.3) Ih + 21$ = 0. 

If we differentiate (15.3) with respect to # and take note of (15.1), (15.2), we 
obtain 

(15.4) (I 2 - 2 )I b + IL = 0. 

The determinant of the equations (15.3), (15.4) for 1* , /. s is 4 — I 2 . Therefore 
we have either I 2 = 4 or I b = I s = 0, that is, in each case, I = const. 

Theorem 2. A two-dimensional Finsler space with rectilinear extremals for 
which 1 2 is a function of position only and ^ $, has constant curvature . 
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Proof: With regard to theorem 1 we have by hypothesis 

(15.5) (a) I = const., (b) = 3Kb . 

Because of (15.5a) the Bianchi identity (7.8) gives 

(15.6) K& « -IA. 

In consequence of I = const., it follows from (15.6) that 

(15.7) (a) A*, = —IK, , (b) K* b = - IK b . 

By substituting the value of K from (15.5b) in (15.7a), we find 

(15.8) IK, + 3 K b = 0. 

If we differentiate (15.8) with respect to tf, and make use of (15.5), (15.7) and 
of the first two permutation formulas (7.6), we obtain 

(15.9) 3A. + 2IK b = 0. 

The determinant of the equations (15.8), (15.9) for Kb , A* is 2 1 2 — 9. Ac- 
cordingly we get from (15.8), (15.9) Kb = K, = 0, when 1 2 ^ f. Finally, the 
last permutation formula (7.6) gives KK# = 0. Hence A = const. 

As a corollary of theorem 2 and the theorem of §14, wo have 
Theorem 3. A two-dimensional Finsler space with rectilinear extremals for 
which 7 2 is a f unction of position only and ^0, f is a Minkowski space. 

For such a space is K = 0. 


16 . The exceptional case 1 1 = We shall now determine the two-dimen- 
sional Finsler spaces with rectilinear extremals for which 1 2 = $ . Let us begin 
with some general remarks. 

We write in the following 

(16.1) .r l = x, x 1 = //, 

and wc denote partial differentiation by subscripts. It is known that the 
differential equation of the extremals of a two-dimensional Finsler space can be 
written as follows 


V xv , - F yx . + Ftfy" - y/.r") - 0, 

F = ^ XJ = ^ x ' v ' — 

1 (?> (*') 2 ’ 

From (16.3) we have 

(16.4) F xy . - F vx . - 0 


(16.2) 

where 

(16.3) 


as a necessary and sufficient condition for rectilinear extremals. By differenti- 
ating (16.4) with respect to r' or ?/, we obtain, in consequence of (16.3), the 



ON FINSLER AND CARTAN GEOMETRIES. Ill 


105 


necessary condition 
(16.5) 




Now let us consider a two-dimensional Finslcr space with / 2 = With 
regard to (14.13c) and (16.1), we have for such a space 

(16.6) F - 

yx' + by' ' 

W'e multiply the numerator and the denominator by (ad — Py)~* and put 


(ab — 0y 0). 


(16.7) 

Then we obtain 

(16.8) 
where 
(16.9) 


(ab — i 8y)*’ (ab — fiy)*’ 

1 D — j. _ 

(ab — fly) 1 ’ (a5 — 0y)* 

_ (Ax' + ifc/') 2 
Cx' + Dy' ’ 

AD - BC = l. 


Without loss of generality, wc can suppose D ■£ 0. For, if D = 0, C ^ 0, 
we arrive at D 0 by permuting x and y. Then we have 

(16.10) A = — ^— < C 

and 

< 1611 > f - + 2Bx' + tf(Cx' + A,')}. 

We start with the form (16.11) of the fundamental function F and firstly make 
use of the necessary condition (16.5). For the function (16.11) we have 


(16.12) 


Fi = 


(Cx' + Dyy 
Consequently condition (16.5) runs as follows 


(16.13) £(*’>’ + (f + “)*'<'' 

Since C, D are functions of position, (10.13) drops into the system of differential 
equations 
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which gives, by integration, 

(10.15) C = — ay + c, D = ax + d (a, c, d constants). 

Now we distinguish two cases: 

(a) a = 0. 

(16.15a) C = c, D = (I. 

(b) a ^ 0. 

(16.15b) C = -a(y - y 0 ), D = a(x — x 0 ). 

In case (a) we make the transformation of coordinates 
(16.16a) .f = x y y ~ d 2 (cx + dy) 

and put 

(16.17a) B(x, y ) = Ji B ji ~ ^ = 2 ( f > 

By substituting in (16.11) and dropping the bars, we obtain 

(16.18) 

In case (b) the transformation of coordinates 




Further we put 

(16.17b) -i B(x, „) - B Q + *>. ~ f + ») - •<*, S>. 

By substituting these values in (16.11) and dropping the bars, we recover 

(16.18). 

The fundamental function (16.18) satisfies the necessary condition (16.5), 
but not yet the necessary and sufficient condition (16.4). This condition gives 
for z the differential equation 

(16.19) 

(16.19) has the obvious solution z = const, which gives a Minkowski space. If 
z is not constant, integration of (16.19) leads to 

(16.20) x + yz = z ). 

where is an arbitrary function of z (which we suppose to be analytic). 
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Hence we have: 

The fundamental function of a two-dimensional Finsler space with rectilinear 
extremals and I 2 = f which is no Minkowski space , can be brought by a suitable 
transformation of coordinates , to the form (10.18), where z is a non constant solu- 
tion of (10.19). These solutions are given by (10.20), where 'I'(z) is an arbitrary 
function of z. 

In §17 we shall see that non constant solutions of (10.19) exist which never- 
theless give a Minkowski space. 


17. Space curvature in the exceptional case. We calculate now the curvature 
K of a Finsler space with rectilinear extremals and 7 2 = f, using (11.1). The 
function 


(17.1) 


q = 


l 

~F 2 


UCT 


introduced by (9.2), is connected with F by 


(17.2) 

as is seen from 

(17.3) 


1 9F , 
q = 2F^ X 


dF 


dF x’* 1 

dx<T ~ 2 F li °' = °- 


Further we have from (9.2) 
(17.4) 


Qs 


= 1 

Fdx' ' 


if we note the homogeneity of q in the a*'. 

Now let F be given by (10.18), (10.19). 

(16.19), the partial derivatives ^ for the derivatives ^ r 
K J 1 dx' dx 2 dy dydx 


rhen we substitute, with the aid of 


(17.5) 


dz __ „ dz d 2 Z _ d 1 Z / dz V 

dy Z dx ’ dydx Z dx 1 \dx) * 


Moreover it follows from (10.20), by partial differentiation with respect to j, 
that 


dz = _1 djz = 

dx ^'(z) — y J dx 2 (^'(z) — z) 3 ’ 


where the primes indicate differentiation with respect to z . Thus we get 


(17.7) 




and by substituting these values in (11.1) 


(17.8) 


k = ' 7I»l_Y 

(*'(z) - y) 3 Vg' 4- gy7 ■ 
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From (17.8) we see that K is then and only then a function of position only, 
when 'I' is linear in z. In this case we obtain from (16.20) z (x 0 , 

y - y» 

yo constants). With regard to the theorem of §14 and to the remark on the 
case z — const., made in §16, we have: 

When, and only when, the function z which enters into the fundamental function 
(16.18), (16.19) of a two-dimensional Finder space with rectilinear extremals and 
1 2 — has one of the values 

z - zo, 2 = — X - — — , (xo, yo, 2o constants) 

y - yo 

the space is a Minkowski space. In every other case the curvature of the Finsler 
space depends on the line-element. 

For z — Zo the transformation of coordinates 

(17.9) x = x + zoy, y = y, 


for z = 


X — Xo 

the transformation 

y ~ Vo 


(17.10) 


X — Xo 

y - yo’ 


y = 


l 


y - yo 


carries over the fundamental function in 


(17.11) 


F = 


(fO* 

y' ' 


18. Table of all two-dimensional Finsler spaces with rectilinear extremals 
the main scalar of which is a function of position. Now we are able to set up 
a table of all Finsler spaces with rectilinear extremals the main scalar I of which 
is a function of position only, and therefore (§15) constant. For ^ 0, } 
these spaces are Minkowski spaces (§15). For / = 0, we have K constant 
(§15). Consequently the corresponding spaces are the Riemannian spaces of 
constant curvature. The case 7 2 = $ was discussed in §§16, 17. With regard 
to (14.13), we obtain the following table: 


(I.) 

K ■■ 

= const., 

t 6 0. 7 = 0. 

(N on-euclidean spaces ). 




(1) 

K 

1 

• F = k l H 

+ v*)(x'Y 

l 

If 

Is 

+ 

(a 2 

+ 

sW) 2 ]* 

k* 



a 2 + x 2 + y 2 



f 

(2) 

K 

1 

• F — k -- 

- y*)(x ')* 

+ 2 xyx'y' + 


— 

x 2 )(r/0 2 ]*. 




’ a 2 — x 2 — y 2 



> 


(k > 0; a = const. > 0). 

(II.) K = 0. I — const. (Euclidean space, respectively Minkowski spaces 
wth I — const, 0). 
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(3) J 2 < 4 : V = l(x') 2 + 

y f 

( 4 ) / 2 = 4 : F — x'e 7 

( 5 ) 7 * >4 : F = 

(III). K variable. 1 2 = 

(V 4- zi/) 2 

(6) F = 7 , x + yz = 4f(z), (\k arbitrary function, ^"(z) ^ 0). 

y 

This tabic shows that the two-dimensional Finsler geometries with rectilinear 
extremals and constant curvature K j* 0 which are not Riemannian (Hilbert’s 
geometry and its generalization, Funk’s geometry of the specific metric and so 
on), 26 have a main scalar which depends on the line-element (x, y; x', y'). The 
same is true for the two-dimensional Finsler geometries with rectilinear extremals 
and K = 0 which are not Minkowski geometries. 26 

Finally, let us remark that the spaces, enumerated in the above table under 
(/.) and (II.), admit a continuous three parameter group of transformations 
into themselves. 26 

19. Landsberg spaces with rectilinear extremals. A Landsberg space is a 
two-dimensional Finsler space with 

(19.1) L = 0. 27 

The Landsberg spaces with rectilinear extremals are characterized by (19.1), 
(11.4), (11.5). In consequence of (19.1), equation (11.4) becomes 

(19.2) I M = — 2//b . 


*1 

u First, we have, corresponding to / ** ±2, the two fundamental functions F » a/e*' , 
_v / 

F* * de *' . The transformation of coordinates £ — x, y “ — y transforms F* to F, if we 
drop the bars. 

“ P. Funk, [91, [10J. 

For the spaces (II), (4), (5) cf. E. Nohel, [14], (especially groups 16, 20, 25), A. Mac- 
cone, [151, E. Cartan, [5], p. 135. In these papers, the space (II), (3) does not appear, 
because they take as starting point the complex domain, where the types (II), (3) and (II), 
(5) are not different. All spaces (II), (3)— (5) figure in S. Lie and F. Engel, [13], p. 435 ff.; 
but their ds is not there given. 

17 These spaces were first considered, from another point of view, by G. Landsberg, 
[12], p. 334 f. See also L. Berwald, [1], pp. 208 f., 211-213; E. Cartan, [5], p. 133 f. 
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From (19.1) and (19.2) wc obtain, with the aid of the permutation formulas 
(7.6), the formulas 

hb — ~~Hb > Ids = ~~Ib , 

I*db = (—7$ + I 2 “ l)7& , Idds = 3 lib, 

Idddb = (—7m + 377,> — 7 3 + 4I)i& , 7 m«>« = (4/* — 77 2 + l)7&, 
W = (-7 m* + 477m + 37 2 * - 67 2 7* + 87, + 7 4 — 117 2 + 1)7*, 
which we shall use later on. 

Wc desire to determine all Landsberg spaces with rectilinear extremals. For 
that purpose we state first the following theorem: 

The Landsberg spaces , the extremals of which form a quasigeodesic system of 
curves (§12), are identical with the two-dime?isional affinely connected Finsler 
spaces . (§8). 

Proof: A Landsberg space with a quasigeodesic system of extremals is 
characterized by (19.1), (19.2). In consequence of (19.1) the Bianchi identity 
(7.8) reduces to 

(19.4) K * = - IK . 

The third permutation formula (7.6) gives 

(19.5) I hs = KU . 

Now apply the second formula (7.6) to <£ = L, . On account of (19.2), (19.5), 
(19.4), it follows that 

(19.6) Ibb = h$d — Ibds = K(Iod + 77*). 

Further we get from the first permutation formula (7.6) 

Ibdb = Ibbd + Ib» + Ilbb . 

When we calculate both members by means of (19.2), (19.4), (19.6), we obtain 

(19.7) 27 2 + K(I t }od + 377** + 7* + 27 2 7 * + 7*) = 0. 

Differentiating (19.7) as to # and using (19.2), (19.4), we find 

(19.8) 7l[7**m + 677*** + (57* + 117 2 + 1)7** + (77* + 67“ + 3)7 7 f > ] = 0. 

If K = 0, it follows from (19.7) that h = 0. The space is a Minkowski space, 
because of 7, = I h = K = 0 (§8). 

Now let K ^ 0 and differentiate the second factor on the left of (19.8) with 
respect to 6. With regard to (19.3), it follows that 

(19.9) h(Iddd + 377** + 7* + 27 2 7* + Id) = 0. 

If h = 0, the space is an affinely connected space with 7 = const., on account 
of (19.1) and K ^ 0 (§8). If 
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(19.10) Id## “1“ 3 II$d + I » + 21*1# 4“ I# = 0, 

(19.7) gives again h = 0. 

Conversely, it follows from (8.9) that for a two-dimensional affinely connected 
Finsler space (19.1), (19.2) are satisfied. 

Now it is easy to find all Landsberg spaces with rectilinear extremals. We 
must only take, from the table of §18, the spaces with K 7 * 0 and add all 
Minkowski spaces. Hence we have the theorem: 

There exist hut the following types of Landsberg spaces with rectilinear extremals : 
(/.) K = 0: Minkowski spaces. 


F = F(x' } y'). 

(II.) K = const ., 9 * 0: N on-euclidean spaces. 

(1) K -- : F = k Ko 2 + y) (z') 2 - 2 xyxy + (a 2 + x 2 ) (y') 2 ]\ 

k 1 a 2 + x 2 + y 2 1 

(2) K = - 1 • F = k t(g" ~ v )^') 2 + 2xyx'y' + (a - x 2 )(y'Y]\ 

V A? a i - x i - y t 


(k > 0, a = const., > 0). 


(III.) K variable. 

F = , x + yz = $(z), (t arbitrary function, ^"(z) 5* 0). 

y 

Prague, Bohemia. 
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The ten-parameter group of motions of De Sitter space is that of 'the real 
homogeneous linear transformations of w , x, y , z, and l, that leave w 2 + x l 2 + 
y 2 * * + z 2 — t 2 invariant and that can be built up from infinitesimal transforma- 
tions. It contains the sub-group of the real homogeneous linear transformations 
of w y x, y , and 2, that leave w 2 + x 1 + y 2 + z 2 invariant and that can be built 
up from infinitesimal transformations, the six-parameter group of rotations of 
four-dimensional Euclidean space. 

We seek differentiable representations by unitary matrices, in general infinite, 
of groups locally isomorphic with the ten-parameter group. Hermitian matrices 
are found for the infinitesimal transformations of representations which admit a 
transformation, perhaps to generalised matrices with a continuum of rows and 
columns, reducing the six-parameter sub-group to a product of its irreducible 
unitary representations. 

1. Introduction 

Wigner 1 has recently discussed the unitary representations of the inhomo- 
geneous Lorentz group. If this group is regarded as the group of motions of a 
flat three plus one dimensional Riemannian space, it may be regarded as the 
limit for zero curvature of the group of motions of De Sitter space. Dirac 2 
has considered the form that the electron wave equations take in De Sitter space. 
It is of some interest to discuss the unitary representations of the group of De 
Sitter space, which should be relevant to the quantum theory of the external 
properties of systems moving in such a space. These representations are in- 
vestigated here by the standard methods of matrix-mechanics , 8 applied to the 
infinitesimal operators of the group, and it is believed that no differentiable 
representations admitting a transformation reducing the representation induced 
in the group of motions of a three-dimensional sub-space of constant positive 
curvature have been missed. The argument, however, lacks logical rigor in its 
application to the representations depending on continuous parameters. 

l On Unitary Representations of the Inhomogeneous Lorentz Group. Annals of Mathe- 
matics 40 (1939) p. 145. 

2 The Electron Wave Equation in De Sitter Space. Annals of Mathematics 36 (1935) 

p. 657. 

8 See e.g. Born and Jordan. Elementare Quantenmechanik. Ch. III. Springer (1930). 
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2. The Infinitesimal Operators of the Group and their 
Commutation Relations 

, / b b\ , , / b d \ 

\ bz by/’ \ bx bi)' 

v d\ v / b b\ 

X — — t( tO — — x — ), Y = — ll U> - y — J, 

V bx bw) \ by J bwi 

2.11 

z --•(« S ' ‘s) ! 

and 

T = A - 2.12 

\ aw a</ 

are a complete set of ten self-adjoint linear differential operators of the group, 
satisfying the 45 commutation relations: — 

MN — NM = iL, MZ - ZM = t X, FJV - XF « t X, 

LX - XL =0, FZ - ZF = iL, 

NL - LN = iM, XX - XX = t F, ZL - LZ « iF, 

2 21 

MF — FM = 0, ZX - XZ = iM, 

LM — ML - iN, LY - YL = iZ, ZM - MX = iZ, 

XZ - ZX = 0, XF - FX = t X; 

AfJF - 1FM = tC7 VN - NV = iU, LU - UL = 0, 

F IF - IFF = 0, FZ - ZF = 0, 

NU - UN = iV, WL — LW = iV, MV - VM = 0, 

ZU - UZ = 0, WX - XW = 0, 

LV - VL = tTF, UM - MU = iW, NW - WN = 0, 

XV - VX = 0, UY - YU ^ 0, 

UX - XU = iT, LT - TL = 0, XT - TX = iU, 

VY -YV - »T, MT - TM = 0, FT - TF = t F, 

1FZ — ZIF = tT, XT - TX = 0, ZT - TZ = iTF; 


2.22 
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UT - TU = lX , VW — WV = — tL, 

Vr - TV = tF, T^C7 — C/TF = — iAf, 2.23 

WT - 7W = tZ, UV - VU = - 1 N. 

The first six of those operators (2.11) satisfying the first fifteen commutation 
relations (2.21) are a complete set of operators of the six-parameter sub-group. 

To any differentiable representation of the ten-parameter group there must 
correspond a representation of these operators. If the representation of the 
group is unitary, that of these operators is Ilcrmitian. A transformation re- 
ducing a representation of the sub-group to a sum of its irreducible unitary 
representations must reduce the representation of its operators to a sum of 
irreducible Hermitian representations. 

The commutation relations of the displacement operators for free motion in 
quantum theory in De Sitter space can be reduced to the above form by change 
of phase. 


3. Outline of the Method Employed 

Let the (known) representations of the operators, A — L, M, .V, AT, F, and 
Z. of the sub-group be expressed in the form (in Dirac’s notation) 

(a | .t(/?) | a') 3.1 

where /S is a set of parameters taking a denumerable infinity of discrete values, 
one for each irreducible representation, and a, a\ are sets of parameters number- 
ing the columns and rows of the matrices, and taking for each 0 only a finite 
number of discrete values. Then a transformation reducing a representation 
of the sub-group to a sum of these representations reduces it to the form 

«rr'*W' (« I MP) I «') 3.2 

where 8^ is the usual Kronccker 5; 7, 7', are sets of parameters numbering the 
columns and rows of the (generalised) matrices, taking for each £, perhaps a 
continuous, perhaps a discrete set of values, perhaps no values at all, and 
dyy* is to be interpreted accordingly. 

If the remaining operators, P = f\ F, W, and 7\ of the group admit the 
transformation, they take the form 

(7, P,a\P\ 7', «'). 3.3 

The 24 commutation relations of the P f s with the A’s (2.22) enable us to ex- 
press the P ’\ s in the form 

(7imr)i7 , )(«im^)i« / ) 3.4 

where ( a | P( 0, /8') | a') are determined, and indeed for any 0 fail to vanish only 
for at most four values of /S'. 

In virtue of the fifteen commutation relations of the .4’s (2.21) and the 24 
commutation relations of the P\s with the A 9 s (2.22), the remaining six commuta- 
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tion relations of the P’s (2.23) follow from any one of them. This one then 
determines possible forms for (7 | P(P, /S') | 7 '). 1 

4. The Representations of the Sub-group 

The work is shortened if the sub-group is expressed as the direct product of 
two three-parameter groups. 

Let A.\ — li X, Ai — L — X, 

Bi ~ M + Y, Bt = M - Y, 4.1 

Ci = N + Z, Ci = N - Z, 

so that any one of Ai , Bi , and C 1 , commutes with any one of At , B t , and C 3 , 
and these are the operators of factor groups for either of which 

BC - CB = 2i A, 

CA — AC = 2t B, 4.2 

AB - BA = 2iC. 

If A - lB - C_ , 

A -f- tB — C+ , 

we have CC- - CJC = -2 C_ , 

CC+ — C+C = 2 C+, 4.3 

C_C + - C+C _ = — 4C , 

and the only non-zero components of an irreducible (Hermitian) representation 
may be brought to the form 

(m | C_ | m + 1) = 2V{(j - m)(j + m + 1)), 

to = -j, -j + 1, • • • , j - 1, j, 

(to I C+ \ m - 1) = 2 y/\{j -(- to)0' - to + 1)}, 

(to I C | to) = 2to, 

where for different representations 

j = 0, 1, f, ••• . 4.6 

Thus we may take for 0 above ji and ji for these factor groups, taking any 
values from (4.5), and for a above to 1 and to s satisfying (4.4), and the matrices 
representing L, M, N, X, Y, and Z, may be written down immediately, in 
particular 

(wi , to 2 I Z(ji , jt ) I TOi , to 2 ) = TOi - to 2 4.6 

for TOj = -jx , -ji + 1, • • • , ji , to 2 = —jt , -j t + 1, • • • , ji , the remaining 
components vanishing. 
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5. The Determination of (a | P(/3, /S') | a') 

The 24 commutation relations ( 2 . 22 ) give for the operators of the first factor 
group 

(T + iW)C - C{T + tW) - — (T + iW), 

5.11 

( u - tF)C - C(U - tF) = (U - tF), 

(T + iW)C + - C+(T + iW ) = 0, 

5.12 

(U - t F)C_ - C-(U - tF) = 0, 

(T + iF)C_ - C.(T + iW) = — 2 i(t/ - tF), 

5.13 

([/ - tF)C+ - C+(U - tF) = 2 l(U - tF), 

and similar equations for T — iW and U — tF with C+ and C_ interchanged 
and the sign of C reversed; and for the second factor group similar equations 
with the sign of T reversed. 

For (5.11) to hold it is necessary and sufficient that a component of the trans- 
formed representation of T + tlF vanish unless to' = m — j, one of U — iF 
unless to' = to -(- $, and then for (5.12) to hold that in these cases they involve 
to only in factors V{(j + to )l(j' — to + £)!/(j — to) I/O - ' + to — 5 )!} and 
V{(j — to) 10' + to + 5 ) I/O + to) 10' — to — §)!) respectively. (5.13) 
gives then 

!(j “ f) ! ~ il) O' + f + l ) 2 - i) = 0 , 

so that the components vanish unless / — j — ^ or f — j + h, and we must 
have for the only non-zero components, 

(X, ji , to x | T + iW | X', ji - i to j - i) = (X | u(ji) | X')V0i + "*j), 

(X, ji , TOi | T + iW | X', ji + i, mi — i) = (X | v(ji) | XOVO’i “ + 1), 

(X, ji , mi | U - iF | X', ji - \,m 1 + 5 ) = - t(X | «0‘i) I X')\/0i - »»i), 

(X, jl , TO t | V — tF | X', ji + i TOi + i) = t(X | !-0i) | X') VO’i + m l + 1), 

where X includes 7 , jt , and to 2 ; necessary and sufficient conditions that (5.11), 

(5.12), and (5.13), be satisfied, u(ji) and v(j 1 ) being arbitrary matrix functions 
of ji ior ji — £, 1 , f, • • • , and for ji — 0 , i, 1 , • • • , respectively. 

Similarly, for their only non-zero components, 

(X, ji,mi\T - tlF | X', ji + J, m, + J) = (X | u'Oi) I X') V(ji + '»t + 1), 

(X, jx , toj | T — iW | X', ji - i TOi + \) = (X | f'Oi) | X') V0i - wi), 

(X, ji,mi\U + iV \ X', ji + i, TOi - i) = t(x I w'Oi) I X')v'(ii - Ml + 1), 

(X, ji , TOi I f7 + tF I X', ji - i, TOi - I) = - t(X I p'Oi) I x') VOi + »«i). 

where w'O’i) and p'Oi) are further arbitrary matrix functions of ji for j\ = 0 . 
£,!.•••, and for ji = i, 1 , #, • • • , respectively. 
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Combining these results with the corresponding results for the second factor 
group, for which the components of T + iW are connected with those of U + 
tV, and those of T — t W with those of U — iV, we obtain the necessary and 
sufficient conditions that the 24 commutation relations (2.22) be satisfied with 
L, M, N, X, Y, and Z, given as in (4.). The only non-zero components of 
T + iW,U — iV, U + tV, and T - iW, have the form 

(7, ii , mi , jt , m 2 1 T + i W | y', ji - §, mi - j 2 - $, m 2 + £) 

= (7 I fUi.ji) I + m{)(ji -mt)}, 

(7, ji , m\ , ji , m t | T + iW | 7 ', ji + nii — ji — h) ni i + £) 

= (7 I g(ji , ji) I y')V{(ji - mi + l)(jt - mi) I , 

( 7 , ji , mi , ji , nii I T + tW I y', ji - %, m x - j 2 + m 2 + .J) 

= (7 I h(ji,ji) | y’WlUi + «i)(j2 + m t + l)j, 

(7, ji , mi , ji , m 2 | T + t W | 7 ', j 1 + £, nh - \, j 2 + \, m t + I) 

= (7 | k(ji,jt) I 7')V(0’i - mi + l)(ji + m* + l)j. 

(7, ji , mi , ji , riti | U — tV j 7 ', ji - J, nii + jt - m 2 + J) 

= -‘(7 l/(ii , ji) I y'WiUi - m 1 ) 0*2 - m.>) I , 

(7, ji , mi , jt , nii | U - tV | y' , j 1 + *, m x + §, j . - w 2 + 4) 

= ‘(7 I g(ji , jd I y')V{(ji + mi + i)0' 2 - wis)l, 

( 7 i ji , m x , ji , nii | U — tV | y' , j 1 — 5 , nii + *, j> + ■), nu + -J-) 

= ~ ‘(7 | h{ji , ji) | 7 ') VIOi ~ »ii){ji + nii +1)), 

( 7 , j 1 , mi , jt , nii | U - iV | y', ji + ni x + §, j t + m 2 + -*) 

=*• ‘(7 I Kji , ji) | 7 , )v / IO'i + mi + l)(j 2 + nii + 1)1, 

( 7 , ji . mi , ji , nii | U + iV | y', j x - j-, - w 2 - ^) 

= ‘(7 I fiji , ji) | y'W\(ji + mi)(ji + mi) I , 

(7. ji , m i , ji , nii \ U + iV | y', ji + »«i — 5 , j« — 2 , nii — I) 

= ‘(7 I g(ji , ji) | y')Vl(ji ~ mi + 1)0* + mi)}, 

( 7 . j 1 . mi , ji , nii | U + iV | y’, j 1 - - l, ji + \, m t - ^) 

= - ‘(7 i Hji , ji) | 7 ') VI (ji + m x ){ji - mi + 1)|, 

(7, ji , mi , ji , nii | U + iV | y', ji + 4, mi - %, ji + m 2 - ^) 

= ~‘(7 I k{ji,ji) | 7')V{(ii - mi + 1)0* — »** + 1)1, 

(7, ji , mi , ji ,mi\T- 1 W | y', ji - i + \, j 2 - \, m t — |) 

= -(7 \ f(ji,ji) I VMO'i ~ mi)(Ji + m,)}, 

( 7 , ji , mi , ji ,m s \T- tW | y', ji + J, m, + j 2 — j, m 2 — J) 

= (7 I g(ji , ji) I 7')V(0i + mi + 1)0* + m 2 )|, 
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(7, j 1 , m , j 2 , m 2 1 T - iJF I 7', ~ i Wi + i j 2 + §, m 2 - £) 

= (7 I Mil, >2) | 7V((ii - mi) 0*2 - m 2 + i)|, 

(7, ii , »»! , j 2 , ni 2 | T - JF | 7', i 1 + 2, mi + j 2 + i m 2 - J) 

= — (7 I k(ji,j 2 ) | 7 , )\ / ((ii + mj + l)(j 2 - rn 2 +1)1, 

where /(ii , j 2 ), (7O1 , j 2 ), Mji , .72), and A^ , j 2 ), are in general arbitrary matrix 
functions of j\ and j 2 , j 1 taking values from 3, 1, f, • - . , in / and A, from 0, 
1, . • • , in g and k, j 2 taking values from J, 1, f, • • ■ , in / and gr, from 0, 

1, • ♦ • , in h and fc, but not necessarily all such pairs of values. 

If the representation is Hermitian, f(j x , j 2 ) and — k(j x — j 2 — J) must be 
Hermitian conjugates, and g(j\ , j 2 ) and Mji + £, j 2 — - 2 ) must be Hermitian 
conjugates. 5.3 

It should be noted that the factors involving mi and m 2 make components 
connecting allowed values of m Y and m 2 to those that are not allowed vanish, so 
that we need not usually take explicit consideration of the ranges of m 1 and m 2 . 


6. The General Form of/, g , A, and A; 

The remaining six commutation relations now reduce to any one of them; 
in particular WT — TW ~ iZ in the form 

(T + iW)(T - iW) - (r - iW){T + iW) = — 2Z 

gives 

Mii , - 5 , is - i) = (ii + i)«7(ii , is)/0i + h is - !), 


Mil , ji)h(ji - i j 2 - h) = (jt + i)h(jj , i s )/(i 1 - 21 is + 5). 

hgtii > jt)k(ji + 5. is - 2) = (is + DfcOi , is)</(ii + 2, is + ?), 

MCh , is)^(ii - i i$ + 3) = 0 i + i)*(ii , MOi + 3, is + ^), 


for jl = ii ,jt = jt - 1 ; ii = ii - I? is = is ;il = ii + i.i* = is ; and i( = 
j 2 = jz + 1; respectively in 0', /S: and 


Ji * 


(»iiis - wsiO/O'i , is)*(ii - j, j 2 - 3) 

4- (mij 2 + »»s(ii + l))fif(ii . M(ji + i is - 3) 

6.12 

- (wiiO's + 1) + m 2 j 1 )h(ji , ji)g(ji - i j' 2 + 3) 

- (»»i(is + 1) - m 2 (ii + i))fc(ii , i 2 )/(ii + 3. is + $) = wi - w, , 

for/( = ji , = j 2 : all the other components vanishing identically. 

These relations hold whenever both j\ , j 2 , and /[ , j 2 , are possible values 
of 0, non-existent terms being interpreted as vanishing. 

Irreducible solutions of these equations are of two types; those for which the 
least value of either ji or j 2 in 0 in any non-vanishing component of (3.3) differs 
from zero; and those in which both these values are zero. 

For the first type suppose, for example, ji < p > 0, and ji = p, for j 2 = q. 

Then (6.12) gives two independent relations between non- vanishing com- 
ponents of g(p, <i)Kv + 4, <1 — h) and &(p, q)f(p + + q + |), which are 
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therefore constant multiples of an idempotent matrix, and g(p, q) commutes 
with h(p + §, g — £), and k(p, q ) with f(p + J, q + $). Equations (6.11) then 
show that g(p, q + 1 )ft(p + i q + I), k(p, q - l)/(p, q - $), g(p + J, 
q + £)ft(p 4* 1, q ), and fc(p + £, g — J)/(p + 1, g), are sums of multiples, 
zero for the first two, of the same idempotent matrix and of matrices whose 
product with it vanishes. Equations (6.12) then give similar information about 
i l(p + i, q - h)h(p + 1 , g - 1), g(p + 1, q)h(p + f, g - i), *(p + 1, g)/(p + f, 
g + £), and ft(p + q + |)/(p + 1, g + 1) ; and so on. There are more than 
sufficient equations. If inconsistent they show that no such representation 
exists; if consistent that it decomposes into a term for which, for non-vanishing 
components, ji > p for j 2 = q which can be treated in the same way, and a 
term for which each g(j x , j 2 )h(j x + J, j 2 - \) and k(ji , ji + £) 

is a determined multiple of the same idempotent matrix. 

This result and equations (6.11) now show that different transformations 
among 7, 7', for various j 1 , j 2 , can be taken so as to make all of /, g , ft, and Jfc, 
simultaneously diagonal, and the representation is reduced to a sum of repre- 
sentations in which/, g, ft, and k , have but one row and column; if the original 
representation was Hermitian, the transformations required form a unitary 
transformation. 

For the second type suppose j x — 0 for j 2 = q. 

(6.12) now gives only one relation between g{ 0, g)ft(£, q — £) and 
ft(0, q)f(%, q + h) J if we make one of these; diagonal, so must be the other, and 
the argument for the previous case, introducing at each stage different trans- 
formations among 7, 7', for various j 1 , j 2 , shows that either no representation 
exists, or that it decomposes into a term for which always j\ > 0, for j 2 = q , 
and a sum of terms for each of which each g(j 1 , j 2 )h(j x + J, j 2 — \) and 
k(j \ , j 2 )f{ji + j 2 + 2) is a determined multiple of an idempotent matrix, the 
products of the several idempotent matrices vanishing; perhaps continuously 
many such terms corresponding to possibly continuously many characteristic 
values of g( 0, g)ft(i, q — J). Finally as in the previous case, the representation 
reduces to a sum of representations in which /, g } ft, and k, have but one row 
and column. It is this argument, involving matrices with continuously many 
rows and columns, which lacks logical rigor. 

Thus for irreducible representations, f(ji , ji), g(ji , j 2 ), h(j , , j 2 ), and k(j 1 , j 2 ), 
in (5.1) can be treated as numbers, f(ji , j 2 ), g(ji , J2), ft(ji , j 2 ), and k(ji , j 2 ). 6.2 

Moreover the relations (6.11) and (6.12) involve either only values of p for 
which ji + j 2 is an integer or only values for which it is half an odd integer, 
so that any irreducible representation involves either only integral values of 
ji + ji or only half odd integral values. 6.3 

7. The Solution op the Recurrence Relations 

Equations (6.11), if g(ji } ji)g(ji — hJ* “ i) andft(ji ,/ 2 - l)ft(ji + \,ji “ i) 
do not both vanish, give 

iiO's + . h)k(j\ - i, jt - i) 

= 0'i + i)0 - 2 - i)/0'i + \,h - hWi.jt - l), 



UNITARY REPRESENTATIONS OF GROUP OF DE SITTER SPACE 


121 


so that in general 


/0*i , jt)k(ji - i,jt ~ i) 


F (ji + jt) 
jiiji + h)jt(jt + h) 


7.11 


Likewise, unless f(Ji , jt)f(ji + h jt - 2) and k(j 1 - j 2 — i)k(ji , jt — 1) 
both vanish for values of ji and jt involved, 


g(ji > ji)Hji + 5, jt ~ 5) 
Then (6.12) gives 


Gjji - jt) 

(Ji + h)Ui + i)j*Ut + i) 


7.12 


(mjt - mji)F(ji + jt} _ (midi + 1) - m (ji + l))F(ji + jt + 1) 
ji(ji + h)jt(jt + i) O’l + i)(ji + 1 )( jt + h)(ji + 1 ) 

__ (mi ji + m 2 (ji + l))G(ji -ji) (mi0' 2 + 1) - nw{ji + l))G(ji +jt + 1) 7.2 

'<* + *)(/»+ l)j*(* +1) J.b'i + i)(jt + J)( j, + 1) 


= m 2 — mi 

Putting m 2 = »ii in (7.2) we obtain 

F(ji ~ t~ jt) 4~ G(ji + j 2 ) . F(j\ + jt + 1) + G (ji — j 2 — 1) 
jtiji + f) (jt + l)0’i + 2 ) 

_ F(ji + ji) + G(ji — ji — 1) . F(ji + jt + 1) + G_ (ji — jt) 
jlijt + §j (ji + 1)0*2 + §) 

from which follows 

Fiji + is) + G(ji ~ jz) = isOi + h)[<p(ji + J2) + iKii ~ ji)]- 7.3 

Subtracting this equation from the corresponding equation with ji and j 2 re- 
placed by ji + 3 and j 2 + \ we see that ^ is a quadratic function. Likewise ip 
is a quadratic function, so that F and G are of the fourth degree, and for (7.3) 
to hold, of the forms 

Fiji + jt) = a[(ji + jt) 2 + 0*i + jt)] 2 + 6l0i + jt) 2 + Oi + is)] + c, 
G(ji - jt) = ~a[(ji - jt) 2 + (ji - jt)] 2 - b[(ji - jt) 2 + Oi “ jt)] - c. 

Substituting these values, (7.2) is satisfied identically if a = 1/16, and we 
have 

~f(ji , jt)k(ji - i jt - \) 

_ 0*1 + ji - p)(ji +jt + p + 1)0*1 + jt - 9)0*1 + jt + q + 1) 7 n 

2ji(2ji + \)2jt(2jt + 1) 

ffOi i jt)k(j\ + jt — \) 

= _ 0*i - jt - p) 0*i - i*_+ p + Dpi -j t - g) Oi - j*2 4- g_+ l) 7 42 

(2j*i + i)(2ji + 2)2jt(2jt +1) 
where p and q are arbitrary. 
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Starting with any given pair of values of j\ and j 2 from 0, f, • • • , for which 

these products do not vanish, we may use the recurrence relations to find the 
values of these products for adjoining pairs of such values for which the sum 
of j i and ji has the initial form (either an integer or half an odd integer) unless 
stopped by zero factors in the numerators, which must occur before reaching 
pairs of values outside the above range. In this case the separate factors of 
these products can always be chosen so that all the equations (6.11) are satisfied, 
and (5.1) yield matrices satisfying all the commutation relations. 7.5 

In the special cases in which either all the products /(ji , j 2 )k(ji — j 2 — £) 
or all the products g(j i , j 2 )h(j x + j 2 — i) vanish, it can be verified that the 
surviving recurrence relations suffice to require the same form (7.41) or (7.42) 
for the surviving products. 


8. Invariants 

F or matrices of the above form 

T 2 + U 2 + V' 2 + W 2 - (L 2 + M 2 + N 2 + X 2 + Y 2 + Z 2 ) 8.1 

must exist, and, commuting with each matrix, be an invariant. 

Writing it in the form 

J[(T + t W)(T - iW) + (T - t W)(T + t W)] 

+ mu + iV)(U - 4 V) + (£/ - 4 V)(U + iV)] 

- *[(L + xy + (M + Y) 2 + (iV + Z) 2 ] 

- J[(L - X) 2 + (M - Y) 2 + (N - zn 

we see that unless a = a and 0' = 0, its components vanish, and that for p 

and 0' given by ji , j 2 , the (diagonal) component has the form 

- h,ji - I) + 2(ji + l)j s g(ji . h)h{ji + 5, ji - h) 

+ 2ji0' 2 + l)fc(ji i jt + h) 

- 2 0‘t + 1)(J. + 1)*(J. , j 2 )/(ii + 5, J, + *) 8.11 

- 2 j7i(ji + 1) - 2jo(i 2 + 1) 

= I - (9 + *) 2 - (V + V 2 , 

which must be its value for a representation determined by q and p. 

Again 

(LX + MY + NX)- - (LU + MV + NW ) 2 - (LT + WY — f/Z) 2 

8 2 

- (MT + UZ - wxy - (NT + VX - IJY)* 

must exist, and, commuting with each matrix, be an invariant. 

Writing this in the form 


A 2 + (KT - TKY + (KU - UK) 1 + (KV - VK)* + (KW - WK )* 
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where K = LX + MY + NZ, has only diagonal components ji(ji + 1) — 
j 2 (ji + 1), so that we can at once write down the components of K(T + iW) — 
( T + iW)K, etc., wc see that unless a = a' and j3 = f3', the components of (8.2) 
vanish, and that for /S and d' given by j , , j 2 , tho diagonal component has the 
form 

(ji(ji + 1) — J2O2 + l)) 2 + 2jij 2 (ji — jz — £) 

- 2(i, + + h + - *) 

_ 2ji0’ 2 + i)Oi + jt + m(ji , — h j* + 2) 8.21 

+ 2(ji + i)(j, + DO’. - + i h + h) 

= p(p + 1 )q(q + 1), 

which must be its value for a representation determined by q and p. 

These results enable us to show that representations for distinct pairs of 
values of q and p are distinct. (In the quantum theory of the free motion of a 
system in De Sitter space, (8.1 ) would be proportional to the square of the rest 
mass, (8.2) for given mass, to the negative square of the spin.) 


0. The Allowed Values of p and q 

In order that the matrices should be llermitian, f(j 1 , j 2 ) and —k(j 1 — 
ji ~ \) must be complex conjugates and g(ji , j 2 ) and k(j 1 + j-> + |) must 

be complex conjugates, (5.3), (6.2). Thus for all pairs of values taken by 
j 1 , jt , wc must, have 

-/(ji • ji)Kj\ - J, ji - i) < 0. 

9.1 

g(ji , jt)h(ji + I, ji - i) < 0. 


Then by altering the phases, we can make 


f(i i) = a // ~ P* (J 1 + h + P + 1) Qi +J2~q) Q'i +ji + q + 1)\ 

fUu32) V Y ' 2?i(2ji + 1 )2ji(2jz + 1) /’ 

n(i i) - i /ftil-ji-vXjl-j2 + P + l)til-j2-<l)(jl-jt + <l+l)\ 

gUl,J V\ (2 5M- l)(2j2 + 2)2ji(2ji + 1) /’ 

u a ; \ - , // 0‘i - J* - P “ 1) (ii - ji + p) 0’i “ j* “ 9 “ 1 ) 0'i “ ji + ?)\ 

?M2j+ ix2j, + 1 m +2) ;■ 


*0'i »i*) 



0*1 + J2 V + 1 ) (jl + J2 + p + 2) 

(il + J2 ~ <Z + l) (jl + Ja + g + 2) j 

(2ji + l)(2ji + 2)(2j2 + l)(2j2 + 2) 


9.2 


where the radicals are taken real and positive or zero. 

Either I only integral values of j i + j 2 , and therefore also of j i — j 2 . are 
involved, or II only half odd integral values, (6.3). 

I. For factors in the numerators to vanish (7.5), at least one of p, q y — p — 1, 
or — g — 1, must be a positive integer or zero; since interchange of p and q % 
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or of p and — p — 1 does not affect (9.2), we may suppose p < 0 is an integer. 
Then ( q -f 2 ) 2 niust be real for the expressions under the radical signs to be real. 

IA. Suppose q is not an integer. Since a zero factor in the numerator of 
/(ji , j 2 ) must occur at the lower limit of j\ + j 2 which must be not less than 
zero, j 1 + j 2 must take in f(j 1 , j 2 ) the values p + 1 , p + 2 , • - . , and likewise 
in k(j 1 , jo) the values p, p + 1 , • • • , which must make the radicals real and 
positive. 

Thus 


(p + I) 2 > (? + J)*. 9.3 

j\ + j 2 then takes in g{j 1 , j 2 ) and h(j 1 , j 2 ) the values p, p + 1, . . . . 

Since a zero factor in the numerator of g(j x , j 2 ) must occur, for any allowed 
value of j 1 + j 2 , in particular ji + j 2 = p, at lower and upper limits of j x — j 2 
which must make both j 1 and j 2 positive or zero, j\ — j 2 must take in g(j \ , j 2 ) 
the values — p, —p + 1, • • . , p — 1, and likewise in h{j A , j 2 ) the values 
-p + 1, — p + 2, ... ,p, and in /(jx , j 2 ) and &0'x , J2) the values — p, 
-V + 1, , p. 

For p > 0, therefore, ji — j 2 = 0 being a possible value in g(j x , j 2 ) or h(j 1 , j 2 ), 

(i) 2 > (7 + ^) 2 , 9-41 

which in fact implies (9.3). 

For the special case p = 0, this last condition is not necessary, since g(j 1 , j 2 ) 
and /*0*i , j 2 ) do not take any values, and we have from (9.3) merely 

(§) 2 > (q + W- 9.42 

The only integral value of q within these limits is q = 0 for p = 0. 

IB. Suppose q is an integer, which, on account of the interchangeability of q 
and —q— 1 and of p and q may be taken to be such that q < p < 0. 

For q = p, the argument of (I A) applies, and the only possible values are 
V = 0, q = 0, which can be regarded as a special case of (IA). 

For q > p >* 0, since j 1 + j 2 can take only values which make the radicals 
in/(ji,, j 2 ) and k{ji , J2) real, ji + j 2 must take the values q + 1, q + 2, . . • , in 
/0‘i , J2) and q, q + 1, • • • , in k(j x , j 2 ), and so g, q + 1, . • • , in g(j x , j 2 ) and 
h(ji , J2); and since j x — j 2 can only take values which make the radicals in 
0O1 > J2) and h(j \ , j*) real, j 1 — j 2 must take: either the values — g, — q + 1, • • • , 

-p - 2, in g{ji , j 2 ), -q + 1, -5 + 2, . • • , ~p - 1, in /i(ji , j 2 ), and -g, 

-g + 1, • • • , -p - 1, in/(ji ,j 2 ) and ft(ji , j 2 ) ; or the values p + 1, p + 2, • . • , 
g - 1, in flf(ji , j 2 ), p + 2, p + 3, • • • , q, in h(j x , j 2 ), and p + 1, p + 2, . • • , q, 
in f(ji , j 2 ) and k(j x , j 2 ) : these results hold even for q — 1 = p > 0, when there 
are no values for g{j x , j 2 ) and h(ji , j 2 ). 

For 5 > p as 0, the above two representations still exist with the expected 
limiting forms when q — 1 = p — 0: the limiting cases of equality in (9.41) 
above are reducible to the sum of these two representations. In addition a 
solution is possible with j x — j 2 = 0 in f(j x , j 2 ) and k(j 1 , j 2 ) and no values for 
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g{ji > ji) and h(ji , ji)] then ji + j 2 takes the values q + 1, q + 2, • • • , in 
f(ji , ji) and q, q + 1, • • • , in g(ji , j t ). For p = 0, q = 1, this gives the 
limiting case of equality in (9.42) above. 

Rearranging these results to correspond to ( p + ))- < (q + and de- 
scribing the representations by the values which j i + j 2 and j\ — j 2 take in 0, /S', 
we have: — 

For 

- oo < (q + J)* < (1)^, 

(p + *) 2 = m (ind) 2 ,---, 

one representation each with 

ji + jt = P, V + 1, P + 2, • • • , 
j\ - jt = ~P, -P + 1, • • • , P- 

For 

(? + *) 2 = (*) 2 , 

a ) 2 > (p + *) 2 < a ) 2 , 

one representation each with 

ji 4- ji = 0, 1, 2, • • • , 

Ji - ji = 0. 

For 

(9 + *) 2 - (*) 2 , 

(p + i) 2 = (I)*, (»*,(«*, •••, 
three representations each with 

ji + jt = P, P + 1, P + 2, • • • , 

and with 

ji - J* = -p, -p + 1, • • • , -1, 
or 

ji - jt = 0, 
or 

ji ~ jt = 1. 2, • • • , p. 

For 


(g + i) 2 = (i) 2 , (i) 2 , a) 2 , •••, 

(p + *) 2 = (i) 2 ,(i) 2 ,(f) 2 , ••■,>(9 + *)*, 
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two representations each with 


and with 


j i + h = P, V + 1, V + 2, 


y 


j i - h = — p, -p + i, • • • , ~q - l, 


or 


ji - j 2 = </ + 1, ? + 2, . . • , p. 

II. When only half odd integral values of j x + j 2 and therefore also of j i — j 2 
are involved, the same arguments as in (I) apply, but there are no special cases, 
and we have: — 

For 

- * < (q + h) 2 > 0, 

(p + h) 2 = l 2 , 2 2 , 3 2 , • • • , 

one representation each with 

j i + ji = P, P + 1, P + 2, • • • , 
ji -jt = -p, -P + 1, ••• ,P- 

For 

+ *)* = l 2 , 2 2 , 3 2 , • • • , 

(p + i) 2 = 2 2 , 3 2 , 4 2 , • . . , > (q + £) 2 , 
two representations each with 


and with 

or 


j i + ji = P, P + 1, P + 2, • • • 

ji - ji = -p, -p + i, • • • , -q - i, 

ji - ji = <i + l, q + 2, • • • , p. 


None of these representations are matrices of finite order. If it is not required 
that the representation be Hermitian, there are many further possibilities, 
including, both for integral values of p and q and for half odd integral values, 
finite sets where j i + j 2 takes the values q ) </ + 1, • • • , p — 1, and j\ — j 2 takes 
the values — q, —q + !,•••,</; which are indeed complex transformations of 
the Hermitian representations of the operators of the rotation group in five 
dimensions, from which the algebraic form of (7.41) and (7.42) could have been 
derived. 

Case (I) above corresponds to one-valued, case (II) to two-valued repre- 
sentations in the De Sitter space. 


Ohio Stats University 
Columbus, Ohio. 
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DER DREIERSTOSS 

Von Cabl Ludwig Siegel 
(Received June 27, 1940) 

Einleitung 

Es seien A x , A 2 , A 3 drei Massenpunkte im Raum, die sich nach dem New- 
tonschcn Gravitationsgesetz anzichen. Es seien x k , y k > z k die rechtwinkligen 
kartesischen Koordinaten des Punktes Ak (k = 1, 2, 3) und irik seine Masse; 
ferner seien die Abstande A 2 A 3 , A 3 A 1 , A\A* mit ri , r 2 , r 3 bezeichnet. Setzt 
man 


( 1 ) 


m 2 ra 3 , m 3 mi , 

d- -r 

n r 2 


minh 

r 3 


und versteht unter Wk cine der drei Koordinaten Xu , y k , z k , so lauten die Dif- 
ferentialgleiehungen des Dreikorperproblems 


( 2 ) 


d 2 Wk dU 
mk dt 2 dWk 


(w k = X*, y kl z k ;k = 1, 2,3). 


Man gebe zur Zeit t == ^0 irgend welche endlichen Anfangswerte der 9 
Koordinaten le* , fur welche die Abstande /’i , r 2 , /* 3 sanitlich grosser als 0 sind, 
und ausserdem beliebige endliche Anfangswerte der 9 Geschwindigkeitskom- 


ponenten 


dw k 

dt 


Nach oinem bekannten Existenzsatz aus der Theorie der 


Differentialgleichungcn sind dann die durch jcne Anfangswerte bestimmten 
Losungen des Systemes (2) in der Umgebung von l = t 0 regulare analytische 
Funktionen von t. Wir dcnken uns die JAsungen langs der reellen Achse von 
t = to aus nach beiden Seiten analytisch fortgesetzt und nehmen an, dass wir 
auf diese Weise zu einem singularen Punkt t = t\ ciner der Funktionen w k 
gelangen. Da die Differentialgleichungen (2) in sich ubergehen, wenn zu t 
eine beliebige Konstantc addiert wird und wenn t durch —t ersetzt wird, so 
kann man t x = 0, > 0 voraussetzen. 

Wie Sundman 1 gezeigt hat, bestehen bei dem Grenztibergang t — > 0, t > 0 
nur die folgenden beiden Moglichkeiten: Entweder strebt genau eine der drei 
positiven Zahlen r x , r 2 , r 3 gegen 0, wahrend die beiden andern einen positiven 
Grenzwert haben, oder aber sie streben alle drei gegen 0. Wir wollen diese 
beiden Falle weiterhin als Zweierstoss und Dreiemtoss bczeichnen. Der Zweier- 
stoss wurde zuerst fur das restringierte Dreikorperproblem von Levi-Civit& 2 und 


1 K. F. Sundman, Iiecherches sur le probUme des trois corps } Acta Societatis Scientiarum 
Fennicae, Bd. 34 (1907), Nr. 6. 

* T. Levi-Civit&, Traiettorie singolari ed urti net problema ristretto dei ire corpi , Annali 
di matematica pura ed applicata, Ser. IIP, Bd. 9 (1904), S. 1-32. 
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dann allgemein von Bisconcini 3 behandelt. Sundman fuhrte diese Untersuchun- 
gen weiter und zeigte insbesondere, dass beim Zweierstoss der Punkt t — 0 ein 
algebraischer Verzweigungspunkt zweiter Ordnung fur die Losungen ist und 
dass die Koordinaten Wk in der Umgebung dieses Punktes regulare Funktionen 
der Ortsuniformisierenden t* sind. 

Auch der Dreierstoss wurde von Sundman eingehend untersucht. Er 
bewies, dass beim Dreierstoss die Ausdriicke r k C m (fc = 1,2, 3) fur t — » 0 positive 
Grenzwerte h haben, fur welche entwcder h = r 2 = r 8 odor r 2 = r 3 + h oder 
h = h + r 2 oder h = r 2 + h gilt. Da die drei letzten dieser 4 Falle durch 
zyklische Vertauschung der Indizes 1, 2, 3 ineinander ubergefiihrt werden kon- 
nen, so wollen wir uns im folgenderi nur noch mit dem erstcn und zwciten 
beschaftigen. Zcichnct man ein Dreieek aus den Seiten h, h , h , so erhalt 
man im ersten Fall ein gleichseitiges Dreieek, im zwciten Fall drei Punkte einer 
Geraden; wir wollen daher von dem gleichseitigen und dem geradlinigen Fall 
sprechen. Ferner zeigte Sundman, dass bei jeder Dreierstossbahn die Ebene 
des Dreiecks AiA 2 As fur variables t nur cine Parallelverschiebung mit konstanter 
Geschwindigkcit erloidet. Da bekanntlieh die Differentialgleichungen des 
Dreikorperproblems ungeandert bleiben, wenn man ein beliebiges ncues reeht- 
wrinkliges Koordinatensystem einfiihrt, das einer Translation mit konstanter 
Geschwindigkeit oder einer Drehung um konstante Winkcl unterworfen wird, 
so braucht man fur die weitere Untersuchung des Dreierstosses nur noch das 
ebene Dreikorperproblem zu behandeln und kann z k = 0 (k = 1, 2, 3) 
voraussetzen. 

Aus den Resultaten Sundmans folgt sofort, dass beim Dreierstoss die drei 
Winkcl des Dreiecks AiA 2 Az fur ^ — > 0 Grenzwerte haben; im gleichseitigen Fall 
streben sie namlich samtlieh gegen und im geradlinigen Fall strebt der Winkel 
bei A 2 gegen ?r, wrahrend die beiden anderen Winkel gegen 0 streben. Es war 
aber bisher nicht bekannt, ob auch die Winkel der Drciecksseiten mit den 
Koordinatenachsen fur t — > 0 Grenzwerte haben, d. h. ob die drei Korper in 
bestimmten Richtungen zusammenstossen. Diese Fragc wird im folgenden 
bejahend beantwortet werden. In engem Zusammenhang mit der Entscheidung 
dieser Frage steht das Problem der Entwickelbarkeit der Koordinaten der 
kollidierenden Massenpunktc in irregulare Potenzreihen der Variabeln t. Wir 
werden solche Reihenentwicklungen wirklich aufstellen und damit zugleich 
beweisen,dass beim Dreierstoss der Punkt t = 0 im allgemeincn ein logarith- 
mischer Verzweigungspunkt fur die Losungen ist. Dieses Ergebnis bezeichnet 
einen wesentlichen Unterschicd gegeniiber dem Zweierstoss. Die Reihenent- 
wicklungen werden uns endlich einen vollen tJberblick uber samtliche Dreier- 
stossbahnen in der Nahe von t = 0 verschaffen. Sieht man zwei Losungen 
nicht als verschieden an, wenn sie durch eine Drehung des Koordinatensystems 
um konstante Winkel oder durch eine Translation mit konstanter Geschwindig- 
keit ineinander ubergefiihrt werden konnen, so zeigt es sich, dass in der Nahe 

9 G. Bisconcini, Sur le problhme des trois corps , Acta Mathematica, Bd. 30 (1906), S. 
49-92. 
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von £ = 0 die samtlichen Dreierstossbahnen im gleichseitigen Fall von 3 Para- 
metem analytisch abhangen und im geradlinigen Fall von 2 Parameters 
Wir wollen das weiterhin abzuleitende hauptsachliche Resultat unserer Un- 
tersuchung noch prazis formulieren. Zur Abkiirzung werde gesetzt 


und 


— w* 171 * + mzmi + m\rrvi 
(mi + m 2 + ms) 2 

h = m *{l + (1 to) 1 + (1 to) 2 } + ra 3 (l + co 1 + w 2 ) 

J mi + m^w -2 + (1 — w)“ 2 } + m 3 9 


wow die im Intervall 0 < w < 1 gelegene Losung der Gleichung 

mi{(l — at)"* — (1 — w)j + m^jw(l — w)~ 2 — (1 — w)w“ 2 ) + m 3 (w — w“ 2 ) = 0 


bedeutet; ferner sei 


ai = Jf-1 + [13 + 12 (1 - 3a) 5 ] 5 }, a 2 = £{-l + [13 - 12 (1 - 3a) 5 ]*}, 
6, = 5|-1 + (25 + 166)*}. 


2 CL 

1st dann weder — noch - 1 eine ganze Zahl, so lassen sich samtliche Koordinaten 
3a 2 a 2 

Xk f Vk (k = 1, 2, 3) im gleichseitigen Fallc des Dreierstosses in der Form 

Xk = t m xi(ui , ih , Uz ), y k = i zli yt(ui , ^ , w 3 ) (fc = 1, 2, 3) 

ausdriicken, wo x%(ui , ^ , uz) und y*(u i , U 2 , u 3 ) Potenzreihen in den Grossen 

Ui = OL\t 2IZ y i/ 2 = arf® 1 , W3 = 

mit konstanten «i , a 2 , a 3 bedcutcn; dabei hangen die Koeffizienten dieser 
Potenzreihen nur von nil , m 2 , m 3 ab. Die Werte ai , a 2 , «3 sind eindeutig 
durch die Dreierstossbahn bestimmt, und umgckehrt liefert jedes System von 
reellen Wcrten ai , a 2 , winder eine Dreierstossbahn, fur welche der gleich- 

seitige Fall vorliegt. 1st ferner ^ keine ganze Zahl, so haben die Koordinaten 
im geradlinigen Fall des Dreierstosses die Form 

x k = t 2lz x%(v 1 , v 2 ) } m = 1 m y*(v 1 . r 2 ) (fc = 1, 2, 3), 
wo x*(vi , v 2 ) und , v 2 ) Potenzreihen in 

Vm = fht 2, \ ih = ft *' 1 

mit konstanten durch die Bahn eindeutig bestimmten Wcrten p 1 , 0 2 bedeuten; 
umgekehrt ergibt jedes reclle System Pi , 0 2 eine Dreierstossbahn fur den gerad- 
2 

linigen Fall. 1st — eine ganze Zahl g , so bleiben die obigen Aussagen bestehen, 
3a 2 

wenn man darin U\ durch die Formel 

Ul = t m (a 1 + CiaJ log t) 
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erkl&rt, wo ci eine gewisse nur von ni\ , tn* , abhangige Konstante bedeutet. 

Im Falle eines ganzzahligen — = h hat man entsprechend 

02 

U 2 = t ai (a 2 + C 2 (xi log t) 
zu erklaren, und fur ganzzahliges ^ = j ist 

SJ 

V 2 = L bl (fa + Cz&\ log t) 

zu setzen, wobci c 2 und c 3 wieder nur von m x , m 2 , abhangen. 

Es sei noch daran erinnert, dass wir im geradlinigen Falle zwei weitere von 
zwei Parametem abhangige Scharen von Dreierstossbahnen erhalten, wenn wir 
m x , m 2 , m% zyklisch vertauschen. Ausserdem kann man noch eine beliebige 
Drehung des Koordinatensystems um konstante Winkel vornehmen, sowie cine 
beliebige Translation mit konstanter Geschwindigkeit. 

In den ersten 6 Paragraphen der vorliegenden Arbeit werden im wesentlichen 
die Ergebnisse, welche Sundman fur den Dreierstoss erhalten hat, in etwas 
veranderter Art hergeleitet. In §7 werden spezielle Dreierstossbahnen, die in 
den bekannten Lagrangeschen partikularen Losungen des Dreikorperproblems 
enthalten sind, kurz besprochen. Als weitere Vorbereitung wild in §8 untor 
Anwendung der Jacobi-Hamiltonschen Theorie die Transformation der Dif- 
ferentialgleichungen des Dreikorperproblems behandelt, welche man in der 
Astronomie als Elimination der Knoten bezeichnet. 4 Es wird dann die Bcstim- 
mung aller Dreierstossbahnen zuriiekgefuhrt auf die Losung folgender Aufgabe: 

Es sei 

(3) J=/* (jfc-1, 

ein System von n Differentialgleichungen erster Ordnung, dessen rechte Seiten 
Potenzreihen der unbekannten Funktionen 61 , • • • , d n sind, aber nicht die 
unabhangige Variable 8 explizit enthalten. Die Reihen /* mogen keine kon- 
stantcn Glieder haben, und es sei a*/ der Koeffizient von 8 t (l = 1, • • • , ri) in 
den linearen Gliedern von f k . (k = 1, ••• , n). Von den charakteristischen 
Wurzeln der Matrix (a*/) mogen genau p einen negativen Realteil haben und 
keine den Realteil 0. Man gcbe samtliche Losungen des Systemes (3) an, 
welche fur s — ► 00 den Grenzwert 0 haben. 

Diese Aufgabe ist unter noch allgemeineren Voraussetzungen liber die Funk- 
tionen fk von Bohl 5 bearbeitet wordcn. Er. zeigte auf sehr geistreiche Weise, 
dass jene Losungen von p Parametern abhangen. Die von Bohl verwendeten 
topologischen Hilfssatze beruhen aber wesentlich auf indirekten Schliissen und 
konnen nicht ohne weiteres zu einer Konstruktion der Losungen benutzt werden. 

4 Vergl. S. 339-341 in E. T. Whittaker, A treatise on the analytical dynamics of particles 
and rigid bodies , with an introduction to the problem of three bodies , Cambridge (1904). 

5 P. Bohl, Sur certaines Equations diffkrentielles d f un type gknkral utilisables en mkcanique , 
Bulletin de la $oci6t6 mathSmatique de France, Bd. 38 (1910), S. 5-138. 
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Deshalb wird im folgenden in den Paragraphen 11 und 12 das Problem auf eine 
andere Art behandelt werden, durch Benutzung gewisser Reihentransforma- 
tionen, welche die gesuchten Losungen in explizitcr Gestalt ergeben. Die 
irregularen Potenzreihen, durch welche wir die Losungen ausdriicken werden, 
trotcn bereits in Poincare’s Untersuchungcn iibor asymptotische Bahnkurven 
auf; dort fehlt aber gerade dor Nachweis, dass diese Reihen wirklich alle asym- 
ptotisehen Bahnen darstellen. Die Art, in dor wir die Cauehysche Majoranten- 
methodc anwenden, weicht von dor ublichen ein wenig ab und bietet vielleicht 
auch ein selbstandigcs Interesse, da sie fast ohne Rechnung zum Ziele fiihrt. 

Im letzten Paragraphen werden schliesslich unsere Resultate iiber das System 
(3) angewendet auf dic^ geeignet transformierten Differentialgleichungen des 
Dreikorperproblemes und ergeben den oben ausgesproehenen Satz iiber die 
Mannigfaltigkeit der Dreierstossbahnon. 


1. Algebraische Vorbereitungen 

1st F eine Fun kt ion der Zeit *, so soli die erste und die zweite Ableitung von 
F nach * in iiblieher Weise mil F und F bozeichnet werden. Unter , • • • , y 17 
wollen wir weiterhin Grossen verstehen, die langs der zu betrachtenden Bahn- 
kurve des Dreikorperproblems konstant sind. Zur Abkiirzung werde noch 


(4) 


m = wi + m 2 + m 3 


gesetzt. 

Wir schreiben zunachst die bekannten algebraischen Integrale des Drei- 
korperproblems auf, namlich die Flachenintegrale, die Schwerpunktsintegrale 
und das Energieintogral. Die Flachenintegrale lauten 


(5) 


Y rn k {y k z k — z k y k ) = 71, Y ^ k (z k x k — x k z k ) = 72, 


Ac-* 1 


3 

E 

Ac— 1 


m k (x k y k 


- yk± k ) 


= 73. 


Die Schwerpunktsintegrale besagen, dass der Schwcrpunkt der drei Massen- 
punkte sich geradlinig und gleichformig bewegt, namlich 

3 1 3 

‘76, 


m a-i 


1 J 1 

- E A = 74* +76, — E m kVk = 76 * + 7i, 

m le - 1 

1 x* - 

- Y m kZk = 78 * + 79 . 
m k-i 


Da die Differentialgleichungen (2) sich nicht andern, wenn x k - , y k , z k durch 
x k + 74 * + 75 , yk + 76* + 77 , Zk + 78* + 79 (A: = 1 , 2, 3) ersetzt werden, so 
kann man weiterhin voraussetzen, dass der Schwerpunkt fest im Koordinaten- 
anfangspunkt liegt, dass also die Gleichungen 

333 

(6) Y ™>kX k = 0 , Y m kyk =0. Y WkZk = 0 

b - 1 1 b - 1 

gelten. Bedeutet 
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(7) T = i m k{x\ + i/l + &l) 

1 

die lebendige Kraft des Punktsystems, so ist 

(8) T — U = 7l0 

das Energieintegral. 

Wir setzen nun 


(9) 

Dann ist 

( 10 ) 


J = + t/fc + 2fc). 


y = X mixkXk + y k y k + z k z k ), 


+ y* + 4) + ]C mk(x k Xk + y k y k + ZkZ k ) f 

*-i fc-i 


also nach (2) und (7) 

(id y = 2 t + e ( : 

*-i \ 


at/ , 

Xfc aJ* + Vh 


at/ . at/\ 
a^ + z W 


Da nun 1/ eine homogene Funktion der Dimension —1 in den 9 Variabeln 
xi , • • • , Zs ist, so ist nach einem bekannten Eulerschen Satze 


V / at/ , at/ , at/\ TT 

l ** a — h ytr- + z* t— I = - 1/ 
*-i \ a** ay* dzj 


und (11) ergibt die Lagrangesche Formel 

U - 2!T - t/, 


also nach (8) 

(12) i«/ = 7 1 + 7io , 

(13) }J = t/ + 2y l0 . 

Sind Bi , ■ • • , B n und C \ , • • • , C n zwei Reihen von je n Grossen und bezeich- 
net man mit 


D pq = B P C„ - B q Cp (1 g p < « I n) 

die n(» — l)/2 zweireihigen Unterdeterminanten der aus diesen beiden Reihen 
gebildeten Matrix, so gilt identisch 

(14) t B\ ±C\-(± B,cX - E D\ q . 

p —1 p-l \p-l / p» q 

Wir wfthlen n = 9 und identifizieren die Paare B p , C v (p = 1, • • • , 9) mit 
Wk-y/mh , my/mk (w* = x k , yk , tk ; k = 1, 2, 3). Behalt man die Abldirzung 
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D P9 bei, so geht (14) zufolge (7), (9), (10) liber in 

(15) 2TJ - i.P = £ D\ q . 

p.q 

Also gilt insbcsondere die Ungieichung 

(16) J* £ 8JT. 

2. Die Singulahitaten deh Bahnkukve 

Wir wenden auf die Differentialgleichungen des Dreikorperproblems folgenden 
bekannten Existenzsatz an: 

Es seien F\ , • • • , F n Funktionen von n Variabeln s x , • • • , s n , die in der 
Umgebung eines Punktes s x = a x , • • • , s n = <r n in Reihen nach Potenzen von 
S\ — cri , • • • , 6‘ n — <r n entwickelbar sind. Es sei 8 cine positive Zahl, fur welche 
die Potenzreihen in dem Gebiete 

(17) I 6*1 — <Ti | S 8, . • • , j S n — <T n | ^ 8 

konvergieren; ferner sei K eine gemeinsame obere Schranke der Werte 
| Fi I, • • - , I Fn | in dies(»m Gebiete. Es sei t eine reelle Variable und U irgend 
ein Wert von t. Es gibt genan ein System von n Funktionen <pi , • • • , <p n der 
reellen Variabeln t mit folgenden Eigenschafton : 

1) Die Funktion <p k (t) ist different iierbar in einer Umgebung von t = to und 
es ist <pk(to) = (tk {k = 1, • • • , n); 

2) in dieser Umgebung von t = t 0 genugen = <p x (0, = <Pn(t) den 

Diff erentialgleiehungei i 

^ = F k (Jfc-1,. ..,»). 

Es gibt ausserdem eine nur von 5, K und n abhangige positive Zahl r, sodass 
die Funktionen s k = <pk(t) in Reihen nach Potenzen von t — to entwickelbar 
sind, welche samtlich fur 1 1 — to | < r konvergieren und in diesem Gebiete den 
Ungleichungen (17) genugen. 

Um diesen Satz auf das System (2) anzu wenden t wahlen wir n = 18 und 
setzen fiir k = 1, 2, 3 


Xk 

= Sk , 

y k - s k+ s , 

Zk — S*-f6 , 

Xk 

— sjfc+9 = Fk , 

ilk — Sk+\t = Fk+i , 

z k = s k +ib = Fjt+e , 


L™ = F 

m k dx k * +9 ’ 

1 dU _ „ 
m k dy k 

m k dz k 4+14 ' 


Zur Zeit t = to seien irgend welche endlichen reellen Anfangswerte <r x , • • , <ri 8 
der 18 Grossen x x , • • • , i 8 gegeben, fur welche keine Kollision vorliegt, also 
die Abstande r x , r 2 , r 8 grosser als 0 sind. Wir berechnen aus den Zahlen 
<ri , • - - , <ri8 nach (1) und (8) den Anfangswert U = U 0 und den Wert der Kon- 
stanten 710 des Energieintegrales. Ist dann K x irgend eine obere Schranke fur 
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Uq , so gelten nach (1), (7), (8) fur die Anfangswerte die Ungleichungen 

-i ^ K\ -i K\ _i K\ 

r\ < , r 2 < , r 3 < , 

m<imz mzrtii mim 

xi + yl + ^ ^ 2(/G + 7io)m* 1 (k = 1, 2, 3). 

Folglich lassen sic*h zwei positive Grossen 5 und K als Funktionen von m \ , 
m2 , m 3 , K\ und 710 allein so wahlen, dass die 4 Voraussotzungcn dcs Satzes crfiillt 
sind. Die durch die Anfangswerte eindeutig bestimmte Losung Sk = <pk(t) 
(k = 1, ••• , 18) der Difforentialgleichungen 1st dann regular in einem Zcit- 
intervall to — r </</«+ r, wo die positive Zahl r nur von wj , m 2 , m 3 , iG , 7 ]0 
abhangt. 

Wir betrachten jetzt, von t = Z 0 ausgehend, die Funktionen *pk(t) fur fallende 
reelle Werte von Z. Entweder sind sie samtlieh regular fur alle endlichen reellen 
t g to oder aber es gibt einen endlichen Wert t — t\ < to > sodass alle Funktionen 
im links offenen Interval! h < t ^ to regular sind und mindestens eine von 
ihnen fur t = t x singular ist. Eine analoge Aussagc gilt fur t ^ to und wachsendc 
Werte von t. l)a die Differentialgleiehungen (2) bei der Transformation 
t — > —/in sieh ubergehen, so kann man sich auf die Untersuchung fur fallendes 
t g to besehriinken. Weil die Differentialgleiehungen die Zeit t nicht explizit 
enthalten, so kann man ausserdem noeh t x = 0 voraussetzen. Wegen der 
Regularitat fur / 0 — r < t < / 0 + r ist dann r ^ to . Nun sei 0 < k < r und 
l r = l \ der Wert von C fill - 1 = k . Ware aucli (\ < K x , so waren die Funk- 
tionen <pk(t) auch samtlieh in dem Intervall / 2 — t < Z < Z 2 + r regular; aber dies 
ist ein Widerspruch, da das Intervall den singularen Punkt / = 0 cnthalt. 
Fur 0 < t < t gilt daher l ’ ^ K x , und dabei hangt r nur von ni\ , m 2 , m 3 , 
7io und K\ ab. Da K\ beliebig gross sein kann, so folgt, dass V (iber alle 
Schranken wachst, wenn t zu 0 abnimmt. Dies bedeutet, dass fur t — > 0 der 
kleinste der 3 Abstande r% , r 2 , r 3 gegen 0 strebt. 

In folgenden bedeuten t x , r 2 , r 3 geeignete hinreiehend klein zu wahlende 
positive Zahlcn, die nur von den Massen m x , m 2 , m 3 und den gegebenen Anfangs- 
werten von Xi , • • • , i 3 abhangen. Auf der betraehteten Bahnkurve ist U — ► <*> 
fur t — > 0, also nach (13) 

(18) ./ >0 (0 < t g n). 

Daher ist J im Intervall 0 < t g ri eine konvexe Funktion von Z und hat folglich 
fur / — ► 0 einen Grenzwert Jo , der positiv oder 0 sein kann. Im Falle Jo > 0 
folgt aus ((>) und (9), dass der grbsste dor drei Abstande r x , r 2 , r 3 fur t — ► 0 
oberhalb ciner posit iven Schranke bleibt. Da andererseits der kleinste dieser 
Abstande gegen 0 strebt und sie samtlieh fiir / > 0 stetige Funktionen von t sind, 
so ergibt sich, dass fur Z — > 0 eine bestimmte der Dreieeksseiten r k gegen 0 strebt, 
wahrend die beiden anderen oberhalb einer posit iven Schranke bleibenjes 
stossen dann also zur Zeit Z = 0 genau zwei von den Korpern zusammen. Dieser 
Zweierstoss ist von Sundman vollstandig untersucht worden. Er hat gezeigt. 
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dass die Koordinaten der drei Korper in der Umgebung von t = 0 regulare 
Funktionen der Ortsuniformisierenden t 1/4 sind. 

Weiterhin beschaftigen wir uns dauernd mit dem Fall J 0 = 0. Dann streben 
aber nach (9) fur t — > 0 alle drei Abstiinde i\ , r 2 , r 3 gegen 0 und es stossen zur 
Zeit t = 0 alle drei Korper im Nullpunkt zusammen. Es soli genauer unter- 
sucht werden, in wclcher Wcise dieser Dreierstoss vor sich geht. 

3. Das asymptotische Vehhalten von J und J 

Nach (18) ist die positive Funktion ./ konvex im Intervall 0 < t ^ n , 
ferner strebt J gegen 0 fur t — > 0. Folglich gilt 

(19) ./ > 0 (0 < t £ n). 

Andererseits ist nach (12) 

J.r m - \J*J 6/4 = i(8./7' - j 2 )J~ sl * + 2>i 0 ./ 1/4 , 

und hicrin ist die linkc Scite gerade die Ableitung der Funktion nach t. 

Integriert man diese Gleichung zwischen den Grenzen t und und bezeichnet 
mit J\ und j\ die 4 Werte von J und j fur t = t\ , so folgt 

(20) JiJT 1 - ,/J * = { f' (SJT - dt + 2yio f’' J 1 dt. 

Wir wollen nun beweisen, dass die beiden Integrale auf der rechten Seite fur 
t — > 0 endliche Grenzwertc haben. Wir verst ehen weiterhin unter m , • • • , /x 5 
gewisse positive Zahlen, die genugend klein zu wahlen sind und nur von mi , 
m 2 , ra 3 abhangen. Da der Nullpunkt im Schwerpunkt des Dreiecks A\A*Ai 
liegt, so ist 

J > mi(^i + A + r 3 ) 

und folglich 

r > 

also auch 

l + 2yio > /x.vf ’ (0 < t < r 2 ). 

Im Intervall 0 < t < r 2 gilt dann nach (13) und (19) 

(J 2 y = 2 jj > W./ 5 

j 2 > 8 /i 3 J { 

(21) Jj~ m > m 

J > Hit* 1 '. 

Demnach konvergiert daszwcite Integral in (20) bis nach t = 0. Zufolge (19) 
und (20) ist dann das erste Integral in (20) fiir ^ — > 0 nach oben beschrankt; da 
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aber sein Integrand wegen (16) nicht-negativ ist, so konvergiert es ebenfalls 
bis nach t = 0. Nach (20) existicrt also 

(22) lim = 7u , 

l -*0 

und zwar ist dieser Grenzwert zufolge (21) eine positive Zahl. Durch Integra- 
tion von Jj~ v * folgt aus (22) die asymptotische Gleichung 

«7* /4 ~ fyui (f —* 0) 

(23) J ~ \t m 
mit 

(24) X = (bn) m > 0, 
also nach (22) 

(25) j ~ i\t m . 

Damit ist das asymptotische Verhalten von J und j klargelegt. 

4. Das asymptotische Verhalten von V und T 

Setzt man 

(26) (8./7’ - j 2 )C w = g(t), 
so ist nach (16) 

(27) g(t) ^ 0 
und nach §3 das Integral 

f q(t)t 2,3 r bli dt 

Jo 

konvergent. Zufolge (23), (24), (25) konvergiert dann auch 

r ri dt 

( 28 ) l <M r 

Wir wollen beweisen, dass g(t) fur t —> 0 den Grenzwert 0 besitzt. Wegen (27) 
und der Konvergenz des Integrales (28) ist jedenfalls 

(29) lim inf g(t) = 0. 

/ —*o 

Ware nun 


lim sup g(t) > 0, 
(-♦ o 


so konnte man wegen (29) und der Stetigkeit von g(t) fur t > 0 eine positive 
Zahl 712 und eine monoton zu 0 abnehmende Folge n > t\ > t* > • • • so finden, 
dass 
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(30) 9(kn) = 7 12 , o(kn-i) = 3yis (n = 1, 2, 3, • • • ) 
und in jedem Intervall Un 2s t g hn~\ die Ungleichung 

(31) 712 ^ g(t) £ 3712 
gilt. 

Nach (26) ist 

T = 1{J* + g(t)i m )J~', 


also nach (23), (25), (31) 

(32) T < 7 i 3 1 m (kn ^ t g < in _ i ; n 

Femer ist 


T = U = 



also nach (1), (7), (8), (32) 

(33) 1 1 1 < 7i4rV < 71 s r 5/s , 


1, 2, 3, 




wieder im Intervall tin ^ t ^ U n ~\ (n = 1, 2, 3, • • • )• Folglich gilt dort auch 
nach (23), (25), (32), (33) die Ungleichung 


(8 JT( m y I < 7i.r\ 


und die Funktion 8 JTt 2/3 andert sich daher im Intervall t in ^ t g Un-i um 
weniger als 


716 


L 


*2w-l 


dt 

~i ‘ 


In'dem gleichen Intervall andert sich femer die Funktion J z t~~ 13 zufolge (25) 
um weniger als yu , wenn nur fen-i < T a ist, also fiir alle geniigend grossen Werte 
von n. Nach (26) und (30) erhalt man dann 


2712 = ff(<2 B -l) 


f/(<2 ..) < 712 + 716 


dt 

I, n t ’ 


also 


f' 1 "- 1 dt > 7i2 

tin t 716 

und nach (31) 

fttn-l If 

(34) / „(f) 7 > 7.7 >0, 

J «I» t 

fiir alle geniigend grossen n. Durch Summation uber n folgt aber aus (34) ein 
Widerspruch gegen die Konvergenz des Integrales (28). 
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Damit ist bewiesen, dass g(t) fur t — > 0 den Grenzwert. 0 besitzt. Es ist also 
auch 

(35) 8 JT - J 2 = o(t m ) 
und nach (23), (25) 

(36) T ~ fxr 2/3 , 
nach (8) 

(37) r ~ fxr 2/3 . 

5. Ebene Bewegung 

Aus (15) und (35) crsicht man, dass jcde der 36 in (15) auftretenden zweirei- 
higen Detcrminantcn D pq fiir t — > 0 von kleincrcr Grossenordnung als t llz ist. 
Sind w und Wo irgend zwei der 9 Koordinaten X\ , • • , z 3 . so gilt also 

(38) rwo ~ woU' = o(J 1/3 ). 

Nach (5) haben dahcr die Flachenkonstanten 71 , y 2 , 7s alle drei den Wert 0. 
Hieraus ergibt sich nun leicht, dass die Bewegung in einer festen Ebcnc durch 
den Nullpunkt vor sich geht: 

Die Differentialgleichungen (2) sind invariant gegenuber einer Drehung dcs 
Koordinatensystems um konstante Winkel. Deshalb kann man annehmen, 
dass zur Zcit t = to die drei Punktc A 1 , A 2 , /I3 in der Ebene z = 0 liegen. VVegen 
7 i = 0, 72 = 0 ist dann also 

3 3 

(39) X ^ykh = 0, £ m k x k z k = 0 

fc-l k ~ 1 

fiir / = to . Nach (6) ist ferner 

3 

(40) £ m k z k = 0. 

1 

Liegen nun die drei Massenpunkte zur Zeit t = to nicht auf einer Geraden, so 
ist die aus den drei Zeilen Xi , x 2 , ar 3 ; yi , 1/2 , 2/3 ; 1, 1, 1 gebildete Determinante 
von 0 verschieden, und aus (39), (40) folgt das Verschwinden der drei Werte 
ii , Z 2 , z 3 fiir t = k . Liegen andcrerseits die drei Punkte zur Zeit t = to auf 
einer Geraden, so kann man durch eine Drehung des Koordinatensystems er- 
reichen, dass diese Gerade die s-Achsc wird und ausserdem die Geschwindig- 
keitskomponente z a fur t = / 0 verschwindet. Nach (39) und (40) ist dann aber 

(41) m\X\i\ + rrhXti't = 0, m\Z\ + m^z 2 = 0 

fur t = to . Da zur Zeit t = to keine Kollision stattfindet, so ist dann X\ 7^ X 2 , 
und aus (41) folgt wieder das Verschwinden von z x und it fiir t = to . In jedem 
Fall liegen also die Iiichtungen der Bewcgungen der drei Massenpunkte zur 
Zeit t = to ebenfalls in der Ebene z = 0, und aus den Differentialgleichungen 
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(2) folgt nach dem Eindeutigkeitssatz, dass die Bewegung ganz in der Ebene 
z = 0 erfolgt. 

Wir konnen daher weiterhin z k = 0 (k = 1,2, 3) annehmen und brauchen 
nur noch ebene Bewegungen zu betrachten. 

6. Das asymptotische Verhadten der Dreiecksseiten 

Bedeutet w eine beliebige der 6 Koordinatcn x k , y k (k = 1, 2, 3), so wollen 
wir die Abkiirzung 

(42) w* = wf' m 

einfuhren, also z.B. x* = XiC 21 *. 1st allgemeiner <t> eine homogene Funktion 
von X\ , * • • , 2/3 , so wollen wir unter 4>* den Wert verstehen, den man crhalt, 
wenn man in 4> alle Variabeln w durch w* ersetzt; z.B. ist also 

rt = nf m , U* = i’i m . 

Nach (23) und (36) gilt die Abschatzung 

(43) w = 0(t m ), w = (){t~ m ). 

Hieraus folgt nach (42) 

(44) w* = 0 ( 1 ), w* = ii-r 2/s - iwt~ w = o(r'). 

Ferner ist nach (38), wenn u: a ebenfalls eine Koordinate bedeutet, 

(45) w*w* — u >*u>* = wt 2li (wot 2/3 — ftc 0 r 5/3 ) — w 0 C v \wr 2 3 — § wt~' >13 ) = o(t~ l ) 
und nach (23), (26) 

(46) J* ~ x, J* = Jr m - $./r 7/3 = «(/•'). 

Aus (44) und (45) erhalt man 

(47) J*w* — %w*j* = 22 m k {x*(x*w* - w*x%) + y* (yt ii* - w*7/*) } = o(r‘) 

*-i 

und aus (44) und (46) 

(48) J*w* - $w*j* = Xri’* + «(< *). 

Aus (24), (47), (48) ergibt sich 

(49) w* = o(t~ l ). 

Es ist 

d U* = dU r 
dw* dw 

und folglich gehen die Differentialgleichungen (2) durch die Substitution (42) 
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liber in 


m k (wt O" = t 4/3 (w k - x k , y k ; k = 1, 2, 3) 

dw k 

(50) - §w** + (ti>* O'* 2 ' 3 = 1 ^ . 

m k dwk 

Nun sei e > 0, t —> 0. Im Intcrvall t ^ t ^ 2« gilt nach (49) 

(51) w* = (iv*) t -. + o^f' = (iy*)i_, + o(l). 

Ferner ist nach (37) 

U* ~ |X; 

also sind fur < — > 0 die reziproken Werte der Grossen r* (fc = 1,2, 3) beschrankt 
und das gleiche gilt dann fiir die zweiten partiellen Ableitungen von U* nach 
seinen Variabeln w*. Nach dem Mittelwertsatz folgt aus (51) demnach 

<“> S-(S)L+«» ( * s,s2<) - 

Ausserdem ist nach (49) 

(53) f* (tb*? 1 *)- t m dt = [ii>*t 2 ]J - 1 1, Ub*tdt = o(t) (e^<| 2«). 

Wir integrieren jetzt die Gleichung (50) zwischen den Grenzen « und 2e und 
ersetzen nachtraglich wieder t durch t. Nach (51), (52), (53) folgt dann 

- twit + o(l) = — t + o(f) 
m k dw k 

( 54 ) W + i^o a->o). 

m* aw* 

Diese Relation ist offenbar invariant bei beliebiger orthogonaler Transformation 
des Koordinatensystems. Wir wahlen ein derartiges bewegliches Koordinaten- 
system durch den Schwerpunkt, dass die Strecke A»Ai parallel zur Abszissenachse 
ist und At eine nicht-negative Ordinate hat. Sind X k , Y k die neucn Koordi- 
naten von A k (k = 1, 2, 3), so ist also Xi > X t , Y x = Y t , Yt St 0. Setzt man 
noch 

(55) pi - X x - Xt , pt = Xt-Xt, v* = Y.t - Yt , 

so haben im neuen System die Punkte Ai und At in bezug auf A» die Relativ- 
koordinaten p* , 0 und pt , p». Es sei wieder 

Xt = X k f v \ Yt = Y k r m , pt = p k c v \ 
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Benutzt man (54) mit F* , V* anstelle von w* , so folgt durcb Subtraktion 



Verwendet man (54) analog fur X* , X? und fur X* , X* , so erhalt man 

(57) ip* + nut ~ jfij ~ (mi + m 3 ) ^ -+ 0 

(58) ip* + nh C — -» t — — — (mi + mi) ^ — » 0 . 

' r i T i ' Ty 

Nach (23) sind die Werte p* (k = 1, 2, 3) bcschrankt; nach (37) sind auch die 
reziproken Werte der r* beschrankt. Wir betrachten jetzt irgend cine Folge 
t * 0, fur welche die zugehorigen Werte der p* gegen Grenzwerte p* streben. 
Es seien r* (k = 1,2, 3) die Grenzwerte der Grossen r* . Da der Schwerpunkt 
des Dreiecks im Nullpunkt liegt, so streben auch die Punkte (X* , Y*) gegen 
gewisse Grenzpunkte A k (k = 1, 2, 3). Zufolge (56) gilt 

Mr? ~ ff) = 0, 

also entweder p 3 = 0 odcr r 2 = f 3 . 

Liegen die drei Punkte Ai , At , Ai nicht auf einer Geraden, so ist p 3 0, 
also fj = r 8 , und durch zyklische Vertauschung folgt auch r 3 = ?i ; daher ist 
das Drcieck AiAtA 3 dann gleichseitig. Bedeutet r die Dreiecksseite, so 1st 
offenbar 

(59) Pj = r, 
also nach (4) und (57) 

(60) 

femer nach (37) 

(61) $X = (mim 3 + m 3 »ii + mimt)r~ l . 

Liegen'ili , A t , At auf einer Geraden, so kann man nach etwaiger zyklischer 
Vertauschung der Indizes voraussetzen, dass A t zwischen Ai und A t gelegen ist. 
Setzt man 

(62) Pi = P, pt — top, 
so ist also 

(63) 0 < to < 1 
und aus (57), (58) folgen die Gleichungen 

(64) ip = mi + m 3 + + (1 — to) -2 } 

(65) ftop 3 = mxjl - (1 — co) -2 } + (n^ + m 3 )to -2 . 


Pi - hr, pi = \r\/ 3, 

Q 3 

i r = m, 



142 


CARL LUDWIG SIEGEL 


Daher geiuigt u dor algebraischcn Gleichung fiinftcn Grades 

( 66 ) m\{(l — to ) 2 — (1 — co) } -f- m 2 {co( 1 — co )~ 2 — (1 — a>)c*T 2 J 4 * 7/13(0) — o> 2 ) = 0 . 

Schreibt man sie in der Form 

( 67 ) mi + mu _ m 3 + m 2 (l — o) 

mi + m2 or 2 m 3 + m2(l — a >)~ 2 * 

so ist leicht zu sehen, dass sie genau eine Wurzel im Intervall (63) besitzt. Lasst 
man namlich a) von 0 bis 1 wandern, so wachst die linkc Seite von (67) monoton 
von 0 bis 1 und die rechte Seite fallt monoton von 1 bis 0. Hat man w bestimmt, 
so erhalt man p vermoge (64) und dann p \ , p 2 aus (62), wahrend pz = 0 ist. 
Aus (37) folgt jetzt 

(68) fX = { mirn&T 1 + m S 7Mi + minhil - w)” 1 }p~ l . 

Man erhalt die beidon anderen gcradlinigen Falle, wenn man in (64) und (66) 
die Massen mi , m2 , m 3 zyklisch vertauscht. 

Aus (59), (60), (62), (64), (66) ist nun ersichtlieh, dass sowohl im gleichseitigen 
Fall als auch in den drei gcradlinigen Fallen die Grossen pi , p 2 , pz eindeutig 
durch mi , m 2 , rriz bestimmt sind. Wir hatten bisher eine solche Folge t — > 0 
betrachtet, fiir welche die Werte pt (k — 1, 2, 3) konvergieren. Da aber die 
p* fur t > 0 stetige Funktionen von t sind und nur jene vier isolierten Systeme 
von Haufungswerten p \ , p 2 , Pz moglich sind, so konvergieren die pt aueh, wenn 
t beliebig gegen 0 strebt. Damit ist bewiesen, dass die Ausdnieke r k t" 2lz (k — 
1, 2, 3) fur t 0 gegen positive Grenzwerte streben, namlich entweder gegen 
den durch (60) festgelegten Wert r des gleichseitigen Fallcs oder gegen die 
Werte wp, p, (1 — w)p der drei gcradlinigen Falle, welche sich aus (64), (66) 
bestimmen, nach etwaiger zyklischer Vertauschung der Indizes. 

Wir wollen weiterhin von den 3 gcradlinigen Fallen nur noch den durch 
(64), (66) iixicrten studieren, da die beiden anderen durch Vertauschung der 
Indizes auf diesen zuruckgefuhrt werden. 

7. Ein Spezialfall 

Bei den bekannten von Lagrange entdeckten speziellen Losungen des Droi- 
korperproblemes bewegen sich A \ , A 2 , Az auf drei in einer Ebene gelegenen 
Kegelschnitten, wahrend das Dreieck A\AiA* dauernd cinem festen Dreieck 
ahnlich bleibt. Dabei ergeben sich flir die Form des Dreiecks zwei Moglich- 
keiten: Entweder bilden A \ , A 2 , Az die Ecken eines gleichseitigen Dreiecks oder 
sie liegen auf einer Geraden. Sctzt man im letzteren Fall voraus, dass A 2 
zwisehen A\ und Az gelegen ist, so erhalt man als Wert des Vorhaltnisses der 
Strecken ^2^3 und A\A* gerade die durch (66) definierte Zahl w. Hierdurch 
wird nahe gelegt, die unter den Lagrangeschen Losungen enthaltenen Dreier- 
stossbahnen aufzusuchen, um dann die allgemeinen Drcierstossbahnen mit diesen 
vergleichen zu konnen. 
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Man erhalt die Kollisionsbahnen untcr den Lagrangeschcn Losungen, indem 
man die kegelschnittformigo Bewegung dor Massenpunktc in cine geradlinige 
ausarten lasst. Dementsprechend machen wir den spcziellcn Ansatz 


Xk = ikg{t), y k = mit) (k = 1, 2, 3) 


mit konstanten x k , y k und einer zweimal differentiierbaren Funktion g(t), die 
fur t > 0 positiv ist und fiir t = 0 verschwindet. Versteht man unter V den 
Wert von U mit x k , y k anstelle von x k , y k , so gchen die Differen tialgleichungen 
(2) fiber in 


(69) 


... 2 dV 

m k w k gg = — 

dw k 


( w k = x k ,y k ; k = 1, 2, 3). 


Folglich ist der Ausdruck (jg 1 konstant, aber nieht 0, weil 





- - 0 * o 


ist. Dann kann man abcr die Normierung 

(70) gg 2 = — f 

treffen und auf die Gleichungen (69) die Oberlcgungen anwenden, mit denen 
wir im vorigen Paragraphen die Itelationen (54) untersueht haben. Wegen der 
orthogonalcn Invarianz kann man noch X\ > x 3 , y\ = yz , y 2 ^ 0 annehmen 
und erhalt fur die Punkte (x k , y k ) (k = 1 , 2, 3) genau die Punkte A x , A* , A z 
des gleichseitigen oder des geradlinigen Falles. Fur die relativen Koordinaten 
xi — x z = fti , x 2 — x s = fit , y 2 — yz = pz gilt dann nach (59) im gleichseitigen 
Falle 


Vi = r, p 2 = \r , pi = frV 3 
und nach (62) im geradlinigen Falle 

pi = P, P 2 = c op, pz = 0. 

wobei r, co, p durch (60), (66), (64) festgelegt werden. 

Die Integration von (70) ergibt 

9 = iff" 1 + c 

mit konstantem c. Wahlt man speziell c = 0, so erhalt man durch noch- 
malige Integration 

. 2/3 

g = t' 

und damit als spezielle Dreierstosslosung 

x k = x k t v \ y k = y/ /3 ( k = 1, 2, 3). 

Fur einen spateren Zweck berechnen wir noch die zu dieser Losung gehorigen 
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Werte von ± 1 , it, fo. Nach (6) ist 




also im gleichseitigen Falle 

C711 ± t - nh + 2WI * rC m i - m * “ mi rf-W 

(71) 3:1 3m rt ’ Zs 3m rt ’ 

und im geradlinigen Falle 




(72) 4-2 


7^2(1 — «) + m* .-1/3 . o msco — mi(l — w) ,-1/3 


: P r 1/8 , 4 = 2: 


*-o. 


8. Reduktion der Differentialgleichungen 

Um das Vcrhalten dcr Dreierstosslosungen bei t = 0 noch naher zu unter- 
suchen, mussen wir die in (55) definierten Grossen pi , p 2 , Pa in die Differential- 
gleichungen (2) einfuhren. Zunachst bilden wir die Relativkoordinaten von 
Ai und A 2 in bezug auf A 3 im ruhenden Koordinatensystem 

( 73 ) Zi = x x - x 3l $2 = 2 /i — 2 / 3 , {3 - - * 8 , {4 = 2/2- 2 /s 

und setzen noch 


( 74 ) miXi = 771 , mi 2/1 = 172 , ^4 = 773 , mh = m . 

Nach (6) ist dann 

( 75 ) m 3 x 3 = ~(m + 773), m 3 2/3 = -(772 + 774), 

also nach ( 7 ) 

( 76 ) T — (fl* + 1 *) + 2“ (773 + 774) + {(771 + 77s) 2 + (772 + 774)*}. 

Femer wird 


(77) r\ = * 2 , + {5, rj = £ + £ , rj - (fe - fc) 2 + ({2 - f 4 ) 2 , 

also 17 eine Funktion von {1 , { 2 , {3 , {4 allcin. Die Differentialgleichungen (2) 
gehen dann liber in das System achter Ordnung 
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Fuhrt man die Energie 

E = T - U 


ein, so hat das System ( 78 ) die kanonische Form 


( 79 ) 


_ 9 E _ _dE 

dr,k’ dh 


(*- 1 , 


Um nun die Differentialgleichungen fur die Relativkoordinaten im bewegten 
Koordinatensystem aus §6 aufzustellen, macht man am bequemsten von der 
Jacobischen Transformationstheorie Gebrauch. Nach dieser gilt bekanntlich 
folgender Satz: 

Es sei II eine Funktion von 2 n Variabeln rj h , p k (k = 1, . • • , n) mit stetigen 
partiellen Ableitungen zweiter Ordnung in der IJmgebung einer Stelle, an 
welcher die n-reihige Determinante 


( 80 ) 


D = 


a 2 // 

dpk (>Vl 


* 0 


ist. Dann wird durch den Ansatz 


( 81 ) 


„ dH dH 

k dVk ’ dpk 


(* = !,...,«) 


eine Variabeln transformation definiert, welche das Hamiltonsche System 


t, — 

dE 


dE 

U — 

dm 

f]k — 

~Wk 

in das Hamiltonsche System 




Pk = 

dE 


_dE 

dq k ’ 

Qk = 

dpk 


(k = 1, ... ,n) 

(fc = 1, ••• , n) 


uberfiihrt. 

Bedeutet p 4 den Winkel zwischen der ruhenden Abszissenachse und der 
Richtung AjAi , so bestehen zwisehen £1 , & , £s , £ 4 und den in ( 55 ) erklarten 
Relativkoordinaten p t , 0 , pt , p 3 im bewegten Koordinatensystem die Glei- 
chungen 


( 82 ) 


£i = Pi cos p 4 , 


Wir wahlen 


= Pi sin p 4 . £3 = p 2 cos p 4 — pi sin p 4 , 

{ 4 = Pt sin p 4 + Ps cos p 4 . 


H = 171P1 cos p 4 + J72P1 sin p 4 + ij 8 (P2 cos p 4 - p 3 sin p 4 ) 

+ rn(pi sin Pi + p» cos pi) 

und wenden den Transformationssatz fur n = 4 an. Eine lcichte Rechnung 
ergibt fur die Determinante D in ( 80 ) den Wert pi , und dieser ist von 0 ver- 
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schiedcn, solange keino Kollision vorliegt, also fiir t > 0. Dio crste Gleichung 
in (81) ist wcgen (82) erfiillt, die zweite Gleichung ergibt die Formeln 

qi = i)i cos pt + in sin pi, qt — va cos p 4 + t)t sin p 4 , 

(83) 

Qa - ~V» sin Pi + r)t cos pi , 

qt = ~ViPi sin pi + vtVi cos p 4 - va(lh sin p 4 + Pa cos p 4 ) 

(84) 

+ *? 4 (P 2 cos pi — p* sin pt), 

also 


(85) qi - px(- iji sin p 4 + tj 2 cos p 4 ) + ptqa - p»qt . 
Setzt man zur Abkurzung noch 

(86) q 0 = (p s ?2 - Ptqt + qi)pl\ 

so ist nach (85) 


qo = —Vi sin p 4 + ij 2 cos p 4 , 

und in Verbindung mit (83) folgt 

[ in = qi cos pi - g 0 sin p 4 , ij 2 = <h sin p 4 + q 0 cos p 4 , 
(87) 

(i?3 = gs cos pi - q 3 sin p 4 , ij 4 = g 2 sin p 4 + g 3 cos p 4 . 


Daher gilt nach (76) 


(88) T — (ql + g?) + (g 2 + ql) + {(go + Qa) 2 + (gi + g*) 2 j, 

ferner nach (77) und (82) 

(89) r\ = pi + p\ , r t = p x , r\ = (p, - pj) 2 + p\ . 


Auf Grund des Transformationssatzes geht das System (79) durch die Substi- 
tutionen (82), (87) iiber in 


(90) 


p k = 


BE 

dq k ’ 


dE 

Qk = — =— 

dpk 


(fc = 1, , 4), 


wobei E = T — U nach (88) und (89) als Funktion der p* , g* (k = 1, • • • , 4) 
anzusehen ist. Mit Riicksicht auf (86) ist ersichtlich, dass E die Variable p 4 
nicht enthalt, also 


dE 

dpt 


= 0 


ist. Die zweite Gleichung (90) ergibt fiir k = 4, dass g 4 konstant ist. Dies ist 
gerade die Aussage des Flachenintegrals, denn aus (73), (74), (75), (82), (84) 
folgt 

a 

g« ** —Vl£t + 1?l£l ~ Va $4 + 1/4& = 2 m k( X k ilk ~ Vkik)', 
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also ist </4 die Konstante 73 aus (5). Nach §5 ist daher fur jede Dreierstossbahn 

(91) q< = 0, 

und wir erhalten fur p* , q k (k = 1, 2, 3) das System sechster Ordnung 

*-(sL 

1st dieses integriert, so ergibt sich p 4 durch Quadratur aus 

. _ fdE\ 

^ \dqJq A *> 

9. Das asymptotische Verhalten der p k und q k 

Wir habon in §6 bevviesen, dass die Ausdriicke p* = put" 21 * (k — 1, 2, 3) fur 
/ — > 0 Grenzwerte p* habon. Nach (59) ist im gleiehseitigen Falle 

(92) p, ~ ri m , p 2 ~ Art 2 ' 3 , p 3 ~ r< 2/3 , 

wobei r durch (00) gegeben ist, und nach (02) im geradlinigen Falle 

(93) Pi ^ p£ 2/3 , p2 ^ wpt m , p 3 = o(f /J ), 

wobei die Zahlen a>, p in (00), (04) festgelcgt sind. 

Wir wenden 1111 s jetzt zur Untersuchung des asymptotischen Verhaltens von 
f/i , q% , <y» . Schreibt man zur Abkiirzung 


cos p 4 = p, sin p 4 = 


so ist nach (74), (75), (87) 


rn i±\ = q x p — q 0 v, m 2 x 2 = q 2 p — r/ 3 ^, 

, v nisia = -(?i + <72)/* + (< 7 o + tf>)«', 

(95) 

m,y, = </!*'-+- flop, rthlji - q«v + q 3 p, 
k W3J/3 = — (c/i + qi)v — (qo + f ]s)p- 
Nach (6), (73), (82) ist forner 

mxi = {(nii + m 3 )pi - nitPt}n + m t p 3 v, 

my, = |(m 2 + m 3 )p, - m t p 2 j v - m*ptp, 

(96) Imxi \{m, + m 3 )p 2 - m,p , | p - (m, -f m 3 )ptv, 

myt = | (mi + m s )p 2 - m,p, ( v + (mi + m 3 )p 3 p, 
mx 3 = - (m,pi -f m^p + m 2 p 3 i', mp 3 = — (mipi + m^p^v - mtpm. 
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Hieraus folgt mit Riicksicht auf (10) 

hJ = Piqi + PsQi + Piq» , 

also nach (25) 

(97) p x q x + p^qt + p 8 g, ~ |Xt 1/3 , 

wobei X im gleichseitigen Falle durch (61), ira geradlinigen Falle durch (68) 
festgelegt wird. Ausserdem ist nach (38) 

x x y x - y x ± x = o(< 1/3 ), Xifo - y 2 x 2 = o(t m ), 

also 


(98) {(wij + mg) pi - mspslqo + nupsqi = o(t l/> ), 

(99) {(mi + m 3 )ps - m x p x }qs - (m x + ms)psqt = o{t m ). 

Zufolge (43), (83), (86) ist 

(100) q k = 0(f m ) (k = 0, • • • , 3). 


Im gleichseitigen Falle folgen aus (91), (92), (97), (98), (99), (100) die Bezie- 


hungen 


(101) 

2qi + qt + tfs \/3 ~ t Xr ^ 1/3 , 

(102) (m* + 2m s )(giV'3 - ?j) + 2m 2 ?iV3 = o(« 1/3 ), 

(102) 

(m* - mi)g s - (mi + m t )qsV 3 = o(t 1/3 ). 

Setzt man 

9* = w*(*»i + m t )q, 

y/6 

so wird nach (103) 

qt = Jm 2 (m 3 - m x )q + o(f 1/3 ) 

imd nach (102) 

9i = $mi(mj + 2m*)g + o{C m ), 

also nach (101) 



|(mjm 5 + mjmi + m x mt)q ~ |Xr H 1/3 


woraus nach (60), (61) 
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und folglich 




Wl (m 2 + 2m»)rt w , q t ~ ^ (ma - mi)r< I/a , 


( 104 ) 


3m 


3m 


m 2 


q t ~ — -• (mi + m 3 )rt 1/1 
Vfly/6 


sich ergibt. 

Im geradlinigen Falle ist nach (86), (91), (93), (98), (100) 
— [mj(l — u) + m 3 )«g 3 = o(t lrt ), 

also 


(105) qz = 0(0, 9o = o(r 1/s ). 

Nach (38) ist femer 

rriimtixzXt - i 2 x, + y x y t - y 3 yi) = o(t m ), 
also nach (95), (96), (105) 

(106) mi{m 2 (l — w) + m a \qt + m^rn^l — u) — mzu\qi = o(t m ). 
Setzt man diesmal 


so wird 


?i = mi{m 2 (l - o>) + m z \q, 


qt = mt{mzw — mi(l — u)}q + o(< 1/8 ) 

und nach (97) 

( 107 ) [mimz/u + m z nii + mim 2 (l — u) 2 }q ~ $Xp - 1 r I/ \ 

Multipliziert man (64) mit mi{m 2 (l — «) + m 3 ) und (65) mit nvi\mgw 
mi(l — «)}, so folgt durch Addition 


${m 2 m 3 w 


+ m s mi + mim 2 (l — co) z } p 3 = {mtmsu 1 + m 3 wi + m J m 2 ( 1 — ») *] 


Benutzt man noch (68), so geht (107) iiber in 


Demnach ist jetzt 


9 




2 p ,-i/j 

3 m 1 ' 


(108) 


9i ~ |^ 1 {mt( 1 - w) + m 3 )pf 1/a , 

91 ~ S {m *“ “ mi(1 " g * = °( rl/8 )- 


m. 



150 


CARL LUDWIG SIEGEL 


Durch (104) und (108) ist das asymptotische Verhalten von q\ , qi , q , » im 
gleichseitigen und im geradlinigen Falle festgestellt. Dass auch p 4 einen Grenz- 
wert fiir t — > 0 hat, wird sich erst im spatereri Verlauf der Untersuchung ergeben. 

Man kann (104) auch mit etwas geringercr Rechnung aus den Formeln (101), 
(102), (103) erhalten, indepi man von §7 Gebrauch macht. Da namlich die 
auf den linken Seiten dieser Formeln stehenden linearen Formen von q \ , q * , q 3 
linear unabhangig sind, so sind die Grenzwerte von qkt 1/3 (A = 1,2, 3) fur t — > 0 
eindeutig bestimmt. Also kann man sie durch Betrachtung des speziellen 
Falles von §7 ermitteln.' Dort ist aber p 4 = 0 und folglich nach (95) 

qi = mil , qi = mi 2 , qs = nay 2 . 

Aus (71) folgt dann (104). Analog kann man im geradlinigen Falle aus (72), 
(97), (105), (106) ohne vveitere Rechnung auf (108) schliessen. 


10. Die charakteristische Gleichung 
Wir machen in den Differentialgleichiingen (90) die Substitutionen 

f p* = pU m , 9* = qtt~ m (k = 1, 2, 3), 


(109) 

(HO) 


. P* - ft, 


<74 = qU m , 


l = e 


Nach (80), (88), (89) ist E cine Funktion von p* , q k (k = 1, • • • ,4), in welcher 
Pi nicht auftritt. Ersetzt man darin die Variabeln Pk , <p durch pt , qt , so 
moge E* entstehen, upd zwar ist 

E* = Ei m . 

Das System (90) geht dadurcli fiber in 


( 111 ) 


** * 

II 

. * dE* 

f Pk — — * , 

dqt _ 

| as 

dq k 

ds 

II 

* 4*. 

_dE* 

dqt = 

[ ds 

dqt ’ 

ds 


dE* 

dpt 


(* = 1,2,3), 


dE 

dpt 


Ffir t — > 0 ist s — » * . Wie im vorigen Paragraphen gezeigt wurde, haben 
bei diesem Grenzfibergang die Ausdrucke pt und qt ( k = 1, 2, 3) bestimmte 
Grenzwerte p* und q k . Im gleichseitigen Falle ist nach (92) und (104) 


( 112 ) 


Pi = r, pt = hr, ^ = h r V‘d, 


qi = ^ (mt + 2ma)r, 


= 


m* 

m-v/3 


9s = ^ (w s - mi), 


(mi -f m 8 )r, 
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im geradlinigen Falle nach (93) und (108) 

Pi — P, P2 = wp, p» = 0, 


(113) 


Qi = \tna(l — w) + ma\p, Qa — )m 3 to — wii(l — «)|p, 


q» = 0 . 

Nach §7 kcnnen wir cine spezielle Dreierstosslosung, namlich 


Pk = Pkt m , <lk = vtT” (k = 1, 2, 3), P4 = 0, 74 = 0, 


- 1/3 


wobci also p* , g* (k = 1 , 2 , 3) im gleichseitigen Falle durch ( 112 ), im gerad- 
linigen Falle durch (113) gegeben sind. Wir crhaltcn also eine spezielle Ldsung 
des Systems (111), eine Glcichgowichtslosung, wenn wir p* , q * konst ant glcich 
Pk, qk (& = 1,2, 3) und p 4 = 0, q A = 0 setzen. Um samtliche Dreierstossbahnen 
zu bekommen, haben wir samtliche Losungen von ( 111 ) zu untersuchen, fur 
welche p* , qt (ft = 1,2, 3) die Grenzwerte p* , qk haben, wenn a liber alio 
Grenzen waehst. 

Wir setzen noch 

(114) pt — pk + h , qt = Qk + 5 a -43 (ft = 1, 2, 3), pt — 6 8 , qt = h • 

Flir geniigend kleine Werte der absoluten Betrage von 6 i . 5 2 , lasst sich E* 
in eine Reihe nach Potenzen von 5i , • • • , 5 7 entwickeln, deren Koeffizienten 
noch von mi, m 2 , m 3 abhangen. Die Differentialgleichungen (111) gehen 
dadurch liber in ein System der Gestalt 

(115) - 7 ^ = a*/ 5/ + <pk (ft = 1, • • • , 8 }, 

z-i 

wo a*z (ft, Z = 1, • • • , 8 ) Konstante bcdeuten und <pi , • • • , ^>8 Potenzreihen in 
5i , • • • , 6 8 ohnc konstante und lineare Glieder. Da E * nicht die Variable p 4 
enthfilt, so gilt nach ( 111 ) 

(116) a* 8 = 0 (ft = 1, . . • , 8), (I 77 = i 07 / = 0 (/ 5 * 7), <n = 0. 

Es bcdeutc 992 die achtrcihige Matrix aus den Elementen (hi , ferner 31 die 
Untermatrix von 2)?, die durch Streiehung der beiden letzten Zeilen und Spalten 
aus 992 hervorgeht. Wird eine Einheitsmatrix mil Q bezeichnet, so sind zufolge 
(116) die charakteristischen Polynome 


G(z) = | z(S - 992 I, F(z) = | zG - ?( | 


der Matrizen 992 und ?( durch die Gleichung 

(117) G(z) - z(z - i)F(z) 

verknlipft. 
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Fur jede Dreierstosslosung ist = 0, also 67 = 0. Es sei fa der Wert von <pk 
fiir 87 = 0. Wir haben dann das System 


(118) 

(119) 


~T~ = S Ukltil + fa 
as 1-1 

^r- 8 = 52 asi8i + fa 
as i- 1 


(k = 1, • • • , 6), 


zu losen, unter der Bedingung 6* —> 0 (A; = 1, • • • , 6) fur s — > <» . Auf den 
rechten Seiten dieser 7 Differentialgleichungen tritt 8s nicht auf. Hat man 
also das System (118) vollstandig gelost, unter jener Bedingung, so ergibt sich 
8s = Pa aus (119) durch eine Quadratur. Zur naheren Diskussion von (118) 
ist die Kenntnis der charakteristischen Wurzeln der Matrix 21 notwendig. Die 
direkte Berechnung der Determinante | z@ — 21 | ist recht miihsam, da die 
Koeffizienten aki sich nicht bequem bestimmen lassen. Einfacher erhalt man 
F(z) durch folgende Uberlegung: 

Bezeichnet man die rechten Seiten der Differentialgleichungen (115) mit 
(k = 1, • • , 8), so hat man das System 


( 120 ) 



(ft — 1, • • • , 8) 


und ist die Funktionalmatrix an der Stclle 81 = 0, • • • , 8 g = 0. Man 

betrachte jetzt 81 , • • • , 8 a als zweimal stetig differentiierbare Funktionen von 8 
neuen Variabeln 0i , • • • , 0 8 , und zwar moge fur das Wertsystem 6 k = 0* 
(ft = 1, • • • , 8) speziell Sk = 0 (ft = 1, • • • , 8) sein und die Funktionaldeter- 
minante der 8 k beziiglich der Variabeln 6 k an der Stelle 0/ = 0* nicht ver- 
schwinden. Durch diese Transformation gehen die Differentialgleichungen 
(120) iiber in 


d6k _ y' dOk , 
ds £1 dd g 1 


(ft — 1, • • • , 8), 


wobei die rechten Seiten als Funktionen der Q k anzusehen sind. Bezeichnet 
man diese rechten Seiten zur Abkiirzung mit 'F* (& = 1, • • , 8), so ist 


( 121 ) 


ddi 


= y a /d0*\ y ddk d8n 

H 9 ddi \d8 g ) + gjXi d8g 68 h ddi ' 


Es bedeute $ die Funktionalmatrix 


w (**> 


au der Stelle 0i = 0i 0» = 

und & die Funktionalmatrix ( ^ J an derselben Stelle. Da der erste Summand 

\d0j 

auf der rechten Seite von (121) an dieser Stelle versehwindet, so ergibt (121) die 
Beziehung 

y - © -1 g)?© 


und folglich ist 

(122) | *e - <p I - 1 zg - <r l a | = | ®~‘(z® - an)© | - 1 z<g - an | - g(«). 
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Um diese Formel zur Berechnung von G(z) anzuwenden, setzen wir noch 

(123) & = ztr m , Vlc = iir in (k- 1, - - • ,4), 


7o = qtf m , 


fjo = (P3?s - ih'lz)P\ 


Nach (82), (86), (87), (109) ist dann 


** * ^ * 

£r = PPi , fc = m , 


* * * 
>Jl = Mtfl — •'Q'o , 


1J? = v?? + , 


* * * . * 

HP 2 - vp» , £4 = VPt + PP» , 

Jl( Jjt £ ^ 

>73 = M<72 ~ *"/3 , >74 = ^2 + M<7* 


wobei /i, f in (94) erklart sind. Zufolge (114) sind die f* , rjt Funktionen von 
4i , • • ■ , 4g , die an der Stelle 5i = 0, • • • , 5 8 = 0 die Werte 


i = Pi f €2 = 0 , £ 3 = jh , £4 = P3 , fa = fa y fa — fa y fa — fa , fa = fa 

haben. Endlieh sei 


Ok — & (fc — 1 , • • • , 4) 



Durch eine einfache Kechnung erhalt man fur die Funktionaldeterminante der 
0* als Funktionen der 8 k den Wert ni(mirrwn z )~ 2 0. Vermoge der Substitu- 
tionen (123), (124) gehen nun die Differentialgleichungen (78) iiber in 


(125) ^ + 0*44, ^ = - *0*44 - G* (k = 1, • • • , 4) 

as as 

mit 


(r\ = vi^OnRi 4~ (Wj 4~ Tn z )d\I{2 4* ^ 2(^1 ■” 6 Z )R Z , 

(t2 — vi^OaRi "b (w 1 4" 7773 ) 02/22 4" > 722(02 — 6a)R z , 

fra == m\ 6 \Ri 4* (> 72-2 4" nh)0 z R2 4* >?7i(03 — 6 \)R Z , 

r /4 = ?t? \ 62 R 1 4" (wi 2 4" 7 / 73 )^ 4/22 4” 77?i(04 — 62 ) Rs y 

Rl = (0* + 04)“ i ’ /2 , A?2 = (0J + 0 2 2)" ,,:! , ft. = I (01 — 0.l) 5 + (02 ~ 04) 2 r’ /S - 

Fur die Werte der Ableitungen 


6G k 

ddi 


= c« 


(fc,Z = 1, ... ,4) 


an der Stelle 

(126) 6\ = pi , 02 = 0, ^8 = P2 , 04 = p 3 
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findet man nach (112) im gleichseitigen Falle 


\rth - 2(mi + m 3 ), m* , 0, - 3 -™ nw , 


3\/3 , , 3>/3 n 

— j- m , mi + nii — f m , - ~~ ith , 0, 


rc kl = 


-fwii, ~ -^- 3 mi ,\(mi + wtj + m 3 ), (m t - m* - m 3 ), 

ntl • t»‘i , ^r- 3 (m, - nh - m 3 ), -$(wi + m* + m 3 ), 
^ 4 4 

uiul nach (.113) im geradlinigen Falle 

( —2 (mi -f m 3 ) - 27WJW a , 0, 2m,{u 3 — (1 — <o) ~ 3 } , 0, 

0, mi + m 3 + nii co 3 , 0, m» { (1 — co) 3 — co 3 } , 

— 2mi(l - co -3 ), 0, -2mico 3 - 2(m 2 + m 3 )(l - co) -3 , 0, 
i 

(0, mi(l - co -3 ), 0, mico' 3 + (/«s + m 3 )(l — co) 3 , 


P 3 c kl =\ 


wo die Grossen r, co, p durch (60), (66), (64) fixiert sind. 

Bezeichnet man zur Abkiirzung die vierrcihige Matrix (cu) mit (S, so hat die 
Funktionalmatrix der rechten Seiten von (125) als Funktionen von 0i , ■ • • , 0 8 
an der Stelle (126) die Gestalt 


_/!© ® \ 

\-C -W’ 


wo die rechts auftretenden Matrizen vierreihig sind, und nach (122) wild 

( 2 - §)g - e 

® (* + 4)® | 


G(z) - 


= I (z + i)(z - f)@ + S |. 


Diese vierreihige Deterininante bestimmt man durch direkte Rechnung unter 
Benutzung der angegebenen Werte der c k i . Es ergibt sich ein einfaches Re- 
sultat. Setzt man 

(z + l)(z - |) = X, 


so wird im gleichseitigen Falle 

(127) G{z) = (* + *)(*- *)(* 2 - ix - * + }a) 

mit 


( 128 ) 


M2m 3 + m3 mi + mim* 
(mi + m 2 + m 3 ) s 
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und im geradlinigen Falle 


(129) 
mit 

(130) 
Da 


G(z) - (x + *)(* ~ *)(* + | + |6)(x — i — *6) 


mi{l + (1 — o j) 1 + (1 — a>) 2 } + m 3 (l + (a) 1 + a) 2 ) 
mi + Wkfw 2 + (1 — w) 2 } + ma 


z(* ~ §) = * + t 


ist, so erhalten wir nach (117) das charakteristische Polynom F(z) dor Matrix 
21, indem wir auf den reehten Seiten von (127) und (129) den Faktor x + $ 
fortlassen. 

Die charakteristischen Wurzeln von ?t sind also zufolge (127) im gleichseitigen 
Falle die 6 Zahlen 


(131) < 


- Oo - - I, - a, = J! 1 - (13 + 12(1 - 3a)*] 1 }, 

- 02 = HI - [13 - 12(1 - 3a)*]* }, o 3 = *{1 + [13 - 12(1 - 3a)*]* ), 

a* = i(l + [13 + 12(1 -3a)*]*|, 05 = 1 . 

* 

Wegon der Beziehung 

2m 2 (l — 3a) = (m 2 — m 3 ) 2 + (m 3 — mi) 2 + (mi — m^) 2 


ist a ^ }, und zwar a = | nur fur mi = m 2 = m 3 ; andererseits ist a > 0. 
Folglich sind die 6 Wurzeln samtlich reell, und zwar — ao , — ai , —az negativ, 
a 3 , a \ , ah posit iv. Ferner sind sie samtlich vcrsehieden, ausser im Falle rti\ = 
m 2 = m 3 , wo — «i = — a 2 und a 3 = a 4 wird. 

Tm geradlinigen Falle ergehen sich aus (129) die Wurzeln 

(-feo=-t, - 6, = Ml - (25 + 166)'], 6s « Ml ~ (1-86)*], 

(132) ( 

(6s = Ml + (1 ~ 86)*], 64 = Ml + (25 + 166)*]. 6 6 = 1. 

Von diesen sind — 6 0 und —b x negativ, 64 und 6 & positiv, 62 und 6a entweder 
positiv oder konjugiert komplex mit dem posit iven Realteil j. Die Wurzeln 
sind alle verschieden, ausser im Falle b = wo 6 2 = 63 = b wird. Die Gleichung 
6 = l liefert cine algebraischc Bedingung fiir m 1 , m 2 , m 3 , die nicht identisch 
erfiillt ist. Wahlt man z.B. m 1 = m 3 , so ergiht (60) den Wert w = und aus 

der Annahme b = J- folgt nach (130) die Bedingung — = Also sind im 

mi 4 

allgemeinen die Wurzeln samtlich verschieden. 

Dass die Werte — § und 1 unter den Wurzeln auftreten, hatte man auch 
ohne Rechnung aus dem Energieintegral entnehmen konnen. Dagegen lasst 
sich die Bestimmung der iibrigen Wurzeln wohl kaum einfacher durehfuhren, 
als es hier geschehen ist. 
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11. Asymptotische Bahnen 

Wir betrachten oin System von Differentialglcichungen der Form 

(133) = 2 (iki bi “j“ if/ic (k = 1, • • • , ft). 

as i - 1 

Hieriii seieii die a k i reelle Konstante und die ypk Potenzreihen der Variabeln 
5 \ , • • • , 5 n mit reellen Kocffizicnten, welche in einer gewissen Umgebung des 
Nullpunktes konvergieren und weder konstante noch lineare Glieder enthaltcn. 
Es seien Xi , • • , X n die eharakteristisehen Wurzeln der Matrix (a**) = 21 und 
pk der reelle Teil von X* (A; = 1, • • • , rt). Von diesen reellen Teilen seien p 
negativ und n — p positiv, also keiner glcieh 0. Wir den ken uns die Wurzeln % 
so angeordnet, dass 

(134) 0 > P! ^ P2 ^ • • g; Pp , Pp+1 £ Pp+I ^ • S An > 0 

ist. 

Nach einem bekannten Satze der Elementarteilerthcorie gibt es eine Matrix 
$ = (hki) f sodass die Matrix 

(135) ty'm? = O 

die Normalform besitzt. Zunachst werde angenommen, dass die Wurzeln X* 
(k = 1, ■ • • , n) samtlich verschieden sind. Dann ist Q die Diagonalmatrix 
aus den Diagonalelementen Xi , • • ■ , X n . Man kann noch voraussetzen, dass 
fiir je zwei konjugiert komplexe Wurzeln X, und \k auch die/ 45 und die k te Spalte 
von £> zueinander konjugiert komplex sind. Macht man die Substitution 

n 

(136) 8k = 2 kwfi (& = 1, • • • , n), 

i-i 

so sind Si , • • • , S„ dann und nur dann reell, wenn fiir jedes Paar konjugiert 
komplexer Wurzeln X, , X* = X, auch stets = f, gilt und fur reelles X* auch 
reell ist. Wir wollen weiterhin nur solche Werte der Variabeln £* betrachten, 
die diesen Bedingungen geniigen. 

■ Durch die lineare Substitution (136) gelit das System (133) wegen (135) 
liber in 

(137) ^ = X*f* + x* (A = 1, • • • , »); 

dabei sind die xt = x*(fi , • • • , f») Potenzreihen in ft , • • • , f„ ohne konstante 
und lineare Glieder, welche den Gleichungcn 


ik - £ huxi 

t-i 


genugen. Fiir X* = X,- ist also auch x* = Xj • 


(k = !,-••,») 



DER DREIERSTOSS 


157 


Wir wollen das System (137) weiter vereinfachen durch Substitutionen der 
Gestalt 

(138) Uk = Pk(£i i , tp) (fc == 1, • • • , n), 

wo die Pk Potenzreihen der ersten p Variabeln ft , * • • , f p ohne konstante und 
lineare Glieder bedeuten. Wir setzen diese Potenzreihen zunachst mit unbe- 
stimmten Koeffizienten an und wollen diese dann rekursiv eindeutig festlegen 
durch gewisse Bedingungen. Die Untersuchung der Konvergenz werden wir 
nachtraglich durchfuhren. Fiihrt man die Variabeln u\ z in die Differential- 
gleichungen (137) ein, so erhalt man das System 

(139) = XfcRjt + Qk(ui, • • • , u n ) (k = 1, • • • , n) 

mit 

Qk = Xk + ^kPk — ]C ^ r (x* + Xifz), 

/-i dft 

dP 

wobei in x* , Pk , — > xi , f i die Variabeln Ui , • • • , u n durch Auflosung von 
o. si 

(138) nach f x , • • • , f „ einzutragen sind. Die Q* sind dann offenbar Potenz- 
reihen in Mi , • • • , u„ ohne konstante und lineare Glieder. Nun wollen wir die 
Koeffizienten der P* so zu bestimmen versuchen, dass in keiner der Reihen Qk 
Potenzprodukte der p Variabeln U \ , • • • , u p allcin auftreten; es soli also iden- 
tisch 

(140) Qk(ui , • • • , u p , 0, • • • , 0) = 0 (k - 1, • • • , n) 

gelten. 

Nach (138) sind fi , • • • , f p Potenzreihen der p Variabeln Ui , ■ • ■ , u p allein, 
und fur u p+i = 0, • • • , w« = 0 ist ausserdem 

f k = Pkiti ik = p + 1, • • • , n). 


Daher sind die Bedingungen (140) gleichbedeutend mit 


( 141 ) 


X*(fl> * • * ) ?J»> Pp+l, “• i Pn) + \kPk 


fdPk 

T=x 




' • I Pp+l} • • • > Pn) + X|jj} 


0 


fur k — 1, • • • , », identisch in ft , • • • , . Wir zerlegen 


Pk = T,Pk' (* = 1, ...,n), 

wo Pk q ein homogenes Polynom q Un Grades in fi , • • • , f p bedeutet ; entsprechend 
sei Rkq der homogene Bestandteil q ln Grades in ft , • • • , ft, auf der linken Seite 
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von (141). Dann gilt offenbar 

(142) Rkq = XkPkq — Xifi + #*«> 

f-1 oil 

wo Hkq ein Polynom in fi , • • , £ p , P ih (l = p + 1, •• • , n; h = 2, • • • , q - 1) 

aD 

und — - (l = 1, • • - , p; h = 2, • • • , q — 1) 1st. Es scion bereits alle P/* fur 

i = 1, • . • , n und h = 2, * • • , 0 — 1 bekannt; diese Annahmc ist inhaltslos fur 
0 = 2. Dann haben wir Pk Q (k = 1, • •• , n) zufolge (141), (142) aus den 
Bedingungen 

(143) -\ k P kQ + ib d ~ 9 Mi = H kt 

i-1 of/ 

zu ermitteln, deren rechtc Seiten bekannt sind. 

Ist cf? 1 • • • ein Summand von H kq , so ergibt sieh fur den Koeffizienten <r 
des entsprechenden Gliedes von Pk u aus (143) die lineare Gleichung 

= c, 

und danach erhalt man <r, und zwar eindeutig, wenn 

(144) ± giXi * \ k 

i-i 

ist. Da 0i , • • • , g p nicht-negative gauze Zahlen mit der Sumine q ^ 2 und die 
reellen Teile von Xi , • •• , \ p negativ, die von X pf i , • • • , X M positiv sind, so ist 
(144) fur k > p stets erfullt und fur k = 1, • • • , p jedenfalls bei genugend 
grossem q. Wir setzen zunachst voraus, dass (144) ausnahmslos erfullt ist, fur 
k — 1, • • • , n und alle Systeme nieht-negativer ganzer Zahlen g x , • • • , g p , 
deren Summe grosser als 1 ist. Dann sind also die Potenzreihen P k auf genau 
eine Weise so bestimmbar, dass (140) erfullt wird. 

Es muss nun untersucht werden, wic es mit der Konvergenz der formal 
gefundenen Reihen P k bestellt ist. Diese Untersuchung erfolgt am bequemsten 
mit der Cauchyschen Majorantenmethode. Sind P und Q zwei Potenzreihen 
in den gleichen Variabeln, so soil das Zeichen 

P < Q 

bedeuten, dass fur je zwei entspreehende Koeffizienten a und p von P und Q 
die Ungleichung 

I a | ^ P 

gilt. Nach Voraussetzung sind die Potenzreihen \p k in (133), also auch die 
Reihen x* in (137) konvergent in einer gewissen Umgebung des Nullpunktes. 
Bedeutet C \ , wie auch weiterhin C* , ■ • • , C« eine geeignete positive Konstante, 
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so ist also 


X* < 


Ci(ji + ■ - 

1 — C i(fi + 


+ in) 2 


+ in) 


= /(fl 


• • , in) (k = 1, . . . , n), 


wo die rechte Seite durch ihre Potenzreihe zu ersetzen ist. 
Wegen (144) ist nun 


( 145 ) 


l + gi + • • • + Op < C2 


— x* + S 9 


j-i 


t 


fur k = 1, • • • , n und jedes System nicht-negativer ganzer Zahlen gi , ■ ■ ■ ,g p , 
dercn Summe mindcstens gleich 2 ist. Wir ersetzen (141) durch die abge- 
iinderten Gleichungen 


( 146 ) 


+ £ r. - c, (i + £ ~*)/(r,. ■ • • , r„ p 


Ki 


p-fl t 


,Pt) 


(k = 1, • • • , n) 


fur n unbekannte Potenzreihen P* (fi , • • • , f p ). Dicse lassen sich durch das- 
selbe rekursive Verfahren bestimmen wie die , und man entnimmt durch 
Vergleich von (141) und (146) wegen (145) unmittelbar die Beziehung 


(147) 


Pt < Pk 


(k = 1, ■■■ , »)• 


Aus (146) ersieht man, dass alle P* (k = 1, • • ■ , n) identisch gleich sind; es 
sei P* der gemeinsame Wert. Setzt man noeh fi = = • • • = i P = i , so 
moge P* in P(i) iibergehen; ferner sei 


P \ _ Cifpf + (» - p) p ) J 
J{ *' } l-Ci{pf + (#-p)P}' 

Offenbar ist dann 

(i48) p*(fi , • • • , ip) < Pdx + •••+?,) 

und nach (146) 

p+f l = ft ( i+ fK p) 

Durch Einsetzen der Potenzreihe 


erhalt man 


TO -Zd.f 

q-2 


E (? + 1) = c 2 (l + £ S<U 4 ~ l W p) - 

«-2 \ 0-3 / 


Die hieraus entstehenden Rekursionsformeln fur die Koeffizienten d q zeigen, 
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dass 

(149) P < Wi 

ist, wo My der kubischen Gleichung 


rM - fi -I- M) 

fX ‘ - f-w + w ( + 0 


genugt. Nun ist 


(1 + Mi) 1 < 1 


und folglich 

(150) 

mit 


1 - C.f(l + Ml) l-Citt + Mi)’ 

Mi < Mi 

Cl! 


c,t < Ml 


Mi = 


1 - CtMi 


Aus der Gleichung 


erhalt man endlich 


(1 - 2CiMi)~ 2 = (1 - 4Cjf)- 


(151) Mi< M 

fiir 


1 + 4CbM = (1 - 4 Ctf)-', 

m = crfd - 4 cfrr 1 , 

also nach (147), (148), (149), (150), (151) 

p C'tQ'i + • • • + [pf 
1 — C«(f i + • • • + C P ) 


(fc = 1, • • • , n). 


Damit ist die Konvergenz der Potenzreihen Pk fur hinreichend kleine Werte der 
absoluten Betrage von f 1 , • • • , f P bewiesen. 

Schliesslich sind noch die Realitatsverhaltnissc zu untcrsuchen. Aus der 
Ldsung P\ y • • • , P n von (141) entsteht eine weitere Ldsung, indem man fur 
jede reelle Wurzel A* die Grosse Pk duroh Pk ersetzt und fiir je zwei konjugiert 
komplexe Wurzeln X, , A* das Paar P, , Pk durch P k , P, . Da aber die Ldsung 
eindeutig festgelegt ist, so gilt Pk = Pk im ersten Falle und Pk = Pj im zweiten 
Falle. Nach (138) ist also Uk reell fur reelles A* und Uk = Uj fur A* = X,- . 

Wir wollen nunmehr samtliche Losungen der Differentialgleichungen (133) 
bestimmen, die fur a — » <x> in den Nullpunkt einmiinden. Nach (136) und (138) 
genugt es, diese Untersuchung an dem System (139) vorzunehmen. Da s nicht 
explizit in den Differentialgleichungen auftritt, so kann man voraussetzen, dass 
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die gesuchten Losungen fur alle s ^ 0 der Ungleichung 

(152) gKf<. 

gemigen, wo e eine hinreichend klein zu wahlendc positive Konstantc bcdcutet. 
Setzt man 

(153) E | w* |* = Z, 

k~p+l 

so gilt zufolge (139) 

(154) -- = (Xit + X k)uk'Uk + ('RfcQfc + UkQk )• 

fc“P+l A^p+l 

Nach (140) ist nun jedes Glied der Potenzreihen Qa uiid Qk durch eine der 
Variabeln w p+ 1 ,•••,«„ teilbar, also jedes Glied der Potenzreihe fur den zweiten 
Summanden auf der rechten Seite von (154) durch ein Produkt zweier dieser 
Variabeln teilbar. Da diese Potenzreihe mit. Gliedern dritter Ordnung beginnt, 
so ist nach (152) und (153) fur genugend kleines e di(‘ Ungleichung 

(155) X* (ukQk + UkQk) ^ —p n Z 

fc-p+i 

crfullt, also nach (134), (153), (154) 

i: /**!«* i* -PnZ * Pn z, 

ds it-p+i 

d{Ze^) ^ Q 
ds 

Daher ist der Ausdruckt Ze~ pn * fur alle s ^ 0 monoton wachsend; andererseits 
strebt er fur s —+ ° o nach 0, weil p n positiv und Z < * ist. Folglich ist fur die 
gesuchte Losung Z = 0, also 

(156) u k = 0 {k = p + 1, • • • , n). 

Nach (140) reduzieren sich jetzt die Differentialgleichungen (139) auf die ein- 
fache Form 

(157) (fc = l,...,p) 

ds 

mit der Losung 

(158) u k = 0 Lk?* k * {k = 1, • • • , p). 

Dabei ist a k reell fur reelles X* und a k = a, fur X* = X, . Da die Realteile von 
X% , • • * , X P negativ sind, so miindet die durch (156) und (158) gegebene Losung 
bei beliebigen a* tats&chlich fur ^ in den Nullpunkt ein. 
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Durch die Bedingungen (156) wild eine analytische Flache von p Dimen- 
sionen im Raume dor Si , • • • , S n definiert. Man crhalt eine Darstellung der 
Flache durch die Parameter ft , • •• , , wenn man in die Ausdriicke 

n 

&k = S hki£i (k = 1, • • • , n) 

z-i 

fur , • • • , f n die aus (138), (156) folgenden Werte 

ft = P i(ft , ■ • • , f v ) (k = p n) 

eintragt. Will man eine reclle Parameterdarstellung haben, so hat man das 
Paar ft , ft fur X* = X, dutch (f , + ft)/2, (f , - ft)/2 i zu ersetzen. Die gesuch- 
ten Bahnkurven erfullen dann genau diese p-dimensionale Flache, und zwar 
erhalt man die einzelnen Losungen, indem man vermoge der Gleichungen 

U>k — ft* P , *(ft y * * ' , ft) (k = 1, ’ ’ • , P) 

die Grossen f i , • • • , f v als Potcnzreihen von U \ , • • • , u p bestimmt und dann 

x k « 

Ulc = 

setzt, mit beliebigen Konst anten olk (k — 1 , • • • , p) miter Beachtung der Reali- 
tatsbedingungen. Die allgeineine Lasting hangt. also von /> reellen Para- 
metern ab. 

Es scion nodi einmal die beiden Voraussetzungen erwahnt, die wir in diesem 
Paragraphen an versehiedenen Stellen der X r ntersuehung eingeiiihrt haben, 
namlich die Verschiedenheit der Wurzcln Xi , • • • , \ n und das Bestehen der 
Ungleichung (144). Wir wollcn noch feststellen, in welcher Art unserc Ergeb- 
nisse zu modifizieren sind, wenn wir diese Voraussetzungen fallen lassen. 

12. Ausartungen 

Wir verzichten nun auf die Annahme (144), halten aber zun achat noch an 
der Voraussetzung fest, dass Xi , • • • , X M verschieden sind. Wir denken uns 
dann die endlich vielen Losungssysteme der diophantisehen Gleichung 

(159) 2 - Xfc 

Z* 1 

bestimmt, wobei k irgend ein Index der Rcihe 1, • • • , p ist und g\ , • • • , g v 
nicht-negative gauze Zahlen, deren Summc mindestens 2 betriigt. In deni An- 
satz (138) waren bisher P\ , • • , P n Potcnzreihen in ft , • • • , ft ohne konstante 
und lineare Glieder, deren Koeffizienten rekursiv eindeutig durch die Bedingung 
(140) festgelegt wurden. Jetzt schliesseri wir aus dem mit unbestimmten 
Koeffizienten gebildeten Potenzreihen Pi , • • * , P n s amt liche Glieder o-f? 1 • • • 
aus, deren Exponenten einer Gleichung (159) geniigen, und ersetzen (140) durch 
die folgende abgeschwachte Bedingung: Fur k = 1, • • • , p soil eine Identitat 

(160) Q k {u x , • • • , u p , 0, • • • , 0) = V k (u x , • • • , u p ) 

gelteri, wo V* ein Polynom aus solchen Gliedem cuV • • • v! bedeutet, deren 



DER DREIERSTOSS 


163 


Exponenten (159) erfullen; fiir k = p + 1, • ■ • , n soli wie bisher 

(161) Q k (ui , • • • , u p , 0, • • • , 0) = 0 

gelten. Es lasst sich auf dem fruheren Wege ohnc Miihe zeigen, dass die Potenz- 
reihen Pi , • * • , P n wioder eindeutig bestimmt mid konvorgont sind, und auch 
die Polynome V \ , • • • , V p sind eindeutig fixiert. Da zur Herleitung der Un- 
gleiehung (155) die Formeln (140) nur fur k = p + 1, • • , n herangezogcn 
werden, so bleibt die zu (156) fuhreudc Schlussweise bestehen. Bei samtlichen 
fiir s — > oo nach dem Nullpunkt wandernd(‘ii Losungen von (133) ist also wieder 
Up+i = 0, • • • , u n — 0. An die St die des Systems (157) tritt aber jetzt nach 
(139) und (160) 

(162) = X*u* + V k (u i, • • • , u p ) (k = 1, . . . , p). 

Nach (134) ist fur jede Losung von (159) 

9k = 0, //a+i = 0, ■ ■ • , g v - 0, 

folglich ist Vk = Vi(u\ , • • • , /u_i) (‘in Polvnom in U\ , • • • , ua_i allein und 
V\ = 0. Die Integration von (162) liisst sich ohne weitercs ausfuhren und 
ergibt 

Ui = 

(163) i/ 2 — «2C X2 " + sV 2 {Ui) = | a 2 + sF 2 (ai))c* a<r , 
allgemein durdi vollstandige Induktion 

(164) // a = («* + (* = 1, ••• ,p), 

wo W* ein eindeutig lxvstimmtes Polvnom in , • • • , aA_i und $ ist. Da urnge- 
kehrt bei beliebiger Wahl der Konstanten a\ , ■ , a p die durch (164) gegcbenen 

Funktionen u k fur s —> * gegen 0 streben, so gelten die Ergebnisse des vorange- 
henden Paragraphen auch in diesem Fall, wenn nur u k (lurch (164) orklart wird. 

Endlich lassen wir auch noch die* Vorausset zung fallen, dass die Wurzeln 
Xi , • • • , X n alle verschieden sind. Dann ist di(‘ Matrix C = ( q k i ) in (135) im 
allgcrneineii keine reine Diagonalmatrix: Es ist wieder qu = Xa , q k i — 0 fur 
k 5 * l und k 7 * I + 1, q k i = 0 fur k — I + 1 und X/ ^ \i + 1 ; fur A; = l -f 1 und 
X/ = X/ + i ist dagegen q k i entweder gleicli 0 oder gleich X/ . An die Stelle des 
Systems (137) tritt jetzt allgemeiner 

ds = Xlfl + Xl ' 

+ X* (& = 2, .... n); 

as 

dabei ist = 0 fiir X^ Xfc_i , wahrend im Falle Xa = X*_i entwedei ca- = 0 
oder e k = 1 ist. Anstatt (135) erhalt man durch die friiher benutzte Methode 
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die Differentialgleichungen 

{ dui 

(165) 


ds 

du k 

ids 


— Xi'Mi "4“ Ql(^l f • * • j ^n)> 

= X*(w* + e k u k -i) + Qk(ui , • • • , a w ) (A; =* 2, . . . , n), 


wo Qi , • • • , wieder den Bedingimgcn (160) und (161) genligen, mit der dort 
angegebenen Bcdeutung der Polynome Fi , • • • , V p . An s telle des in (153) 
erklarten Ausdrucks Z betnichten wir allgemeiner 

h k | u k | 2 = Zo 

k-p+i 

mit konstanten Werten h p + 1 , • • • , h n . Zufolge (165) gilt dann 


(166) 


j y n 

-~r~° = X) ^*{(Xfc + Xfc) | u k | 2 + Vk&kUh-iUic + \ k u k -iU k )\ 
as fc-p+i 


+ (witOifc + u k Qk). 

*- P + i 


VVegen X p 5 ^ X p+ i ist nun = 0, und der erste Summand auf der rechten 
Seite von (166) lasst. sich in der Form 

|2 


H = p n h n | u n | 2 + 2^ (p k -\h k -\ — e k — — hk \ | u k - 1 1 2 

k~P+ 2 \ Pk / 


+ P* 

fc-P+1 


, X* 

u k + e k - u k -\ 

Pk 


schreiben. Wahlt man speziell 

An- i = l. Ami-sS^bA* 


2 1 Xjj+x |* 


(Jfc = p + 1 , •••,»- 1 ), 


so wird offenbar 
(167) 


H ^ i X) p*A*|w *( 2 ^ $p n Zo> 

A-P+l 


Aus (166) und (167) folgt jetzt, wenn e in (152) genugend klein gewahlt wird, 
die Ungleichung 


dZo 

ds 


£= \PnZ$ 


und daraus wieder das Verschwinden von u p +\ , • • • , u n bei samtlichen Losungen 
von (165), die fur s — ■» 00 im Nullpunkt einmunden. Es bleibt noch das System 


du x 

ds 

du h 

ds 


= X 1 W 1 , 


= Xfc(w* + ekUh-i ) + V*(ui, • • • , u k *~ 1 ) (A * 2, • • • , p) 
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zu integrieren. Die Losung hat wieder die Gestalt 

ul = (ak + W k )e Xk * (k = 1, • • • , p), 

wo Wk ein eindeutig bestimmtes Polynom in * mid den Integrationskonstanten 
a\ , • • • , ak-i bedeutct; insbesondere ist 

W\ — 0, W 2 = + ^(ai)). 

Damit haben wir die Resultat(‘ des vorigen Paragraphen auf den Fall mehr- 
facher Wurzeln X] , • • • , X w iibertragen, abgesehon von der Untersuehung der 
Realitatsverhiiltnisse. Diese Untersuehung liesse sich ohne Schwierigkeit 
durchfiihren; wir gehen aber darauf nieht mehr ein, da bei der Anwendung auf 
die Dreierstossldsungen im Falk* einet* mehrfachen Wurzel alle Wurzeln reell 
sind und dann iiberhaupt keine imaginaren Grossen in die Rechnung einge- 
fiihrt zu werden brauehen. 

13. Die Dkkiekstosshahnen 

Wir wenden nunniehr die Ergebnisse der bidden vorangehenden Paragraphen 
auf die Untersuehung des Systemes (118) an. Die charakteristischen Wurzeln 
der Matrix 21 w(»rden im gleiehseitigen Falle dureli di(* 0 Zahlen ~a 0 , — a lf 

— a 2 , a 3 , , a b in (131) geliefert, im geradlinigen Falle dureli die Zahlen — b 0 . 

— lh , b 2 , lh , b * , 6 5 in (132). Es sind — r/„ , — m , —a 2 , — b 0 , — b x ncgativ und 
die ubrigen Wurzeln sind posit iv oder haben positiven Realteil. Folglich ist 
p = 3 im gleiehseitigen Falk 1 und /; = 2 im geradlinigen Falle. 

Die Wurzeln — «u , — «i , —a 2 sind samtlieh verschieden, ausser wenn = 
m 2 = niz ist, und dann ist — a x = — a 2 = (1 — \/l 3)/6 > —a 0 . Die Wurzeln 

— b 0 , — hi sind stets voneinander versehi(*den. 

Es ist noch festzustellen, wann (159) ldsbar ist und welches dann die Losungen 
sind. Im gleiehseitigen Falle ist 

Oi) > «i ^ «2 , 2oi > «o . 0i + a 2 > Oo ; 

gilt also 

a<>x + (iiy + a 2 z = a k , x + y + z ^ 2 

fur ein k der Reihe 1, 2, 3 in nicht-negativen ganzen Zahlen x, y, z y so folgt 
x = 0, y = 0, und es ist entwcder 

(108) a 0 = ga 2 , z = g 

mil ganzem g oder 

(169) ai = ha 2 , z = h 

mit ganzem h. Die Annahme (168) ergibt naeh (131) fur die in (128) definierte 
Grosse 


M2 m 3 + m 3 mi + mim* 
(mi + m + mz) 2 
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den Wert 

(170) a = ifrg-'ig + 2) (3 g 2 - g - 2) (g - 2, 3, • • •), 

wahrend aus (169) 

(171) a = 4th(h " + iy'\hv + 1 )(A - r) (A = 1, 2, ... ) 
mit 

V = *(A* - 1)(A* + 1) *1-1 + [I + 21(/r + l)(A + 1) Yl 

folgt. Hieraus ist noch leicht crsichtlich, dass nicht (168) und (169) zugleich 
eintreten konnen. Beim geradlinigen Falle ist b\ > b 0 ; gilt also 

bo? + b x y = b k . , .r + y ^ 2 

fur ein A; der Reihe 1, 2 in nieht-negativen ganzen Zahlen x , t/, so ist 

fti = i£> 0 . x = j, y = 0 

mit ganzem j , und die in (130) erklarte Grosso 

^ _ ^i{l + (1 ~ w) 1 + (1 — o>) 2 } + ra 3 (l + 03 1 2 ) 

W?i -f- mjjoT" 2 -f- (1 — o>)'“ 2 } “h m 3 

hat nach (132) den Wert 

(172) b = / + Mi - 3). 

Im gleichseitigen Falle bilden die fur s — > r -c in den Xullpunkt einmiindendcn 
Losungen von (118) cine dreidimensionale analytische Mannigfaltigkeit. Ist 
nicht (170) odor (171) erfiillt, so lassen sich 5i , • • • , 6 6 in Potenzreihen der 
Variabeln 

(173) Ml = a,c "°\ ?/2 = m, - a*r 

cntwickeln; dabei hiingen die Koeffizienten der Potenzreihen nur von ni \ , m 2 , 
m 3 ab und a\ , a* , <* 3 sind willktirliche reelk 1 Konst an ten. 1st (170) erfiillt, so 
hat man auf (Irund von (163) 

(174) U\ = ( ttl - c lC tU)c 

zu setzen, wo t*i cine von Wi , m 2 . m 3 nhhangige Konstante bedeutet. Im Falle 
(171) ist entsprechend 

(175) h 2 = (02 “ c 2 ar 3 -v)r 

Im gcradlinigen Falle bilden die fur s — > x in den Xullpunkt einmundcnden 
Losungen von (118) cine zweidimensionale analytische Mannigfaltigkeit. Ist 
nicht (172) erfiillt, so lassen sich 5i , • •• , 5* in Potenzreihen der Variabeln 

pi = Pie~ b0 ', v t - 0ie- bl ’ 

entwickeln, wo die Koeffizienten nur von mi, m 2 , m 3 ahhangen und &i , fit 
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willkiirlichc reclle Konstanten bedeuten. 1st (172) erfvillt, so hat man 

V2 = (ft — c^is)e^ lt 

zu setzen. 

Tragt man die gefundenen Potenzreihen fur 81 , • • • , ft in die reehte Seite von 
(119) ein, so erhalt man 5 8 = p\ dureh cine cinfachc Quadratur. Da das un- 
bestimmte Integral einer Potcnzreihe in den dureh (173) oder (174), (175) 
definierten Grossen u \ , u 2 , a 3 wieder eine solche Potcnzreihe ist und das gleiche 
fur die Potenzreihen in v \ , r 2 gilt, so ist also 

Pa = y + P, 

wo 7 eine willkiirliehe Koustante und P eine eindeutig festgelegte Potcnzreihe 
in U\ , w 2 , R 3 oder in , r 2 ohne konstantes (Hied ist. Folglich hat p 4 eineo. 
Grenzwert fur s —> niimlieh die Zahl y. Damit ist also endlieh bewiesen, 
dass die 3 Massenpunkte im ruhnnden Koordinatensystem in bestimmten Rich- 
tungen zusammenstossen. Dureh eine geeignetc Drehung des Koordinaten- 
systems kann man erreichen, dass 7 = 0 ist. 

Tragt man die gefundenen Reihen nach (D(>). (109), (114) in die Werte der 
Koordinaten , //* (k = 1 , 2, 3) ein und benutzt (110), so erhalt man im 
gleiehseitigen Falle fur jede Koordinate eine Darstellung 

w = t £,A u)*(ui , u 2 , ^ 3 ), 

wo w*(u \ , u 2 , 113) eine Reihe nach posit iven Potenzen von 
U\ — u 2 = a 2 1‘\ Us = ast 2. 


bedeutet, deren Koeffizienten nur von m\ , , m-s abhangen. Liegt eine der 

Ausartungen (170) oder (171) vor, so ist statt (lessen 

U{ = (a\ + (‘10:3 log i)i M 


oder 


ut = (0C2 + c 2 a3 log t)C l 

zu setzen. Im gcradlinigen Falle hat man analog 

w — t 2 ,i w*{v 1 , r 2 ) 


mit 

vi = ftr'\ 1*2 = ft/ bl 
oder, wenn (172) erfullt ist, mit 

Vi = (ft + c 3 ft log /)/ bl . 

Schliesslich kann man noch eine Drehung des Koordinatensystems um kon- 
stante Winkel vornehmen und ihm eine Translation mit konstanter Go- 
schwindigkeit erteilen. 
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Die Werte a x , a 2 und b x sind irrational, wenn m x , m 2 , m 3 nicht im Bereich 
der rationalen Zahlen in gewisser Weise algebraisch abhangig voneinander sind. 
Daher ist der Punkt t = 0 im allgemeinen ein logarithmischer Verzweigungs- 
punkt fur die Koordinaten der Dreierstossbahnen. 

[Zusatz bei der Korrektur :] Inzwischen bin ich aufmerksam geworden auf eine 
Arbeit von G. Sokoloff, 6 welche ebenfalls der Untersuchung des Dreierstosses 
gewidmet ist und Reihenentwicklungen fur die Koordinaten der kollidierenden 
Massenpunkte enthalt. Im Beweis findet sich eine Liicke, die aber durch Be- 
nutzung des Bohlschen Satzes leicht ausgefiillt werden kann. Die vorliegende 
Darstellung durftc in wesentlichen Punkten den Vorzug grosser Einfachheit 
haben. 

Princeton, N. J. 

6 G. Sokoloff, Conditions d'une collision generate des trois corps qui *i'attirent mutuelle - 
ment suivant la lot de Newton , Acad6mie des Sciences de V Ukraine, M6moires de la classe 
des sciences physiques et math^matiques, Bd. 9 (1928), S. 1-04. 
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INTUITIVE PROBABILITIES AND SEQUENCES 1 

By B. O. Koopman 
(Received March 22, 1940) 

This paper forms a second part of the general study of probability regarded 
as a branch of intuitive logic, the first part having appeared in The Axioms and 
Algebra of Intuitive Probability / The point of view, notation, assumptions and 
theorems of the latter are assumed in the present work. The chief object here 
is to set forth the connection between the objective notion of statistical weight or 
frequency in a sequence and the intuitive conceptions of our theory. 

It is necessary first to examine the class of definitions of probability based on 
the notion of frequency in a sequence (collectives); we shall reach the conclusion 
that every application of such definitions of probability to experimental science 
implicitly presupposes the a priori intuitive conception of probability (§1). Further 
progress in the exact formulation of the ideas requires the scrutiny of certain 
logical discriminations involved in the relation of asserted and contemplated 
propositions, a discrimination the ignoring of which leads to fallacies (§2). The 
notion of symmetry and the related one of independence in a set of trials is then 
studied (§3) ; the former replaces in the present theory of sequences the notion of 
random in the usual theory of collectives. Finally the theorems relating statisti- 
cal weight with intuitive probability (numerical and otherwise) are established. 

There is thus achieved a complete synthesis of the intuitive concept of proba- 
bility with the objective notion of statistical weight which forms the basis of 
statistics and quantum mechanics, — and this without the assumption of a single 
general principle beyond those which have already been posited in our earlier 
work. 


1. Probability as a Frequency 

An event E (such as the tossing of a coin, the search for a photon with a 
sensitive plate, the observation of fatality following an inoculation, etc.) is 
regarded as having two possible outcomes, “success” (labeled 1) and “failure” 
(labeled 0). An infinite sequence of trials of E are made (conceptually) under 
essentially the same conditions, the results (1 or 0) forming the sequence (a): 
(ai , a 2 , • • •) (cti = 0 or 1). The theory of probability in collectives starts with 
the following assumptions/ 

1 Presented to the American Mathematical Society April 26, 1940. 

8 Annals of Math., Vol. 41, Xo. 2 (1940). Presented to the American Mathematical 
Society February 25, 1939. This paper will be referred to herein as AAP. 

* Cf., e.g., R. von Mises, Probability, Statistics and Truth (London 1939). A. II. Cope- 
land, Consistency of the Conditions Determining Kollektivs, Trans. Amer. Math. Soe., Vol. 42 
(1937) p. 333, as well as the references contained therein. 
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First assumption . lim n -oo(«i + • • • + a„)/n = w. 

Second assumption . If (a'):(a[ , a' 2 , • • •) is a subsequence of (a) defined by 
any place-selection s of the class S then lim n -oo(ai + • • • + ot n )/n = w. 

Here a place-selection is regarded as defined by a precise mathematical rule, 
and the class S as having been exactly delimited : we shall raise no question on 
this point. 4 * Any sequence (a) for which these assumptions are made is called a 
collective (properly: with respect to S ), and according to what shall be termed 
herein the collectivist definition of probability, the number w (naturally 0 ^ w 
^ 1) is defined as the probability of success of E (in the collective ( ot )). 

Our object is not with the mathematical theory of collectives. We wish 
merely to ascertain whether the collectivist definition of probability can be 
applied to an experimental phenomenon without an auxiliary notion of an a priori 
subjective order reducing in essence to that of intuitive probability. And since 
we are dealing only with Assumption 1 , our critique will apply to the whole class of 
theories which regard probability as merely a frequency in a sequence. 

Let us suppose that I am given the information that (a) is a collective, that I 
know the definition of S, and also the value of w (e.g., let w = 0.1). Further- 
more, let me excise from my brain all a priori intuitive notions of “likelihood”, 
“degree of conviction”, “reasonableness”, etc., so that only my strict logical and 
observational powers remain. Just what conclusion can I derive from this 
knowledge concerning (a) and applying to the results of the 1 totality of trials 
of E which I can make in my lifetime? Since I can only make a number N of 
trials obviously <10 10 , and inasmuch as any set of values (a x , • • • , a N ) (a n = 0 
or 1) will be mathematically consistent with the assumptions regarding (a), it 
follows that I can draw absolutely no conclusion at all (in the only terms which I 
can understand, i.e., strict logic), so my information regarding (a) is totally 
irrelevant to my experience with E. 

The situation is exactly the same for any individual whose name we can give. 
Even if it could be proved that some individual exists for whose set of trials of E 
surely (ax + • • • + ol n )/N = 0.1, we could never inform him that he was this 
favored one, nor could he ever know it himself- -until, indeed, his trials of E 
are all completed, in which case the information concerning (a) would become 
unnecessary. And an individual can be replaced by all society during a given 
historical era: The number N of total possible trials which it can make is much 
larger, but once the era has been named an upper limit of N is set and any values 
of (ax , • • • , a at) are consistent with the assumptions concerning (a). It may 
be said that a time will come when all observations made thereunto will give for 
(ai + • • • + a s )/N a value close to w. But this does not remove the difficulty: 
The time will never come when it can be proved that the proper value of N has 
been reached. 

A finite theory of collectives has been proposed in which the finite set 

4 For a discussion from the point of view of modern logic cf. A. Church, On the Concept 

of a Random Sequence, Bull. Amer. Math. Soc. Vol. 46 (1940) p. 1*30. 
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(t*i , • • • , a at) replaces the infinite sequence («i , a 2 , • • •) and such ratios as 
(ai + • • • + olh)/N replace the corresponding limits . 5 Here M is regarded as 
enormous — “practically infinite”— so that the previous N is minute in compari- 
son, and any values of (ai , • • • , ay) are, here also, consistent with any values of 
the above ratio within limits of experimental error: The earlier difficulty is 
encountered here as before. This will naturally be quite otherwise if N is of the 
same order of magnitude as M ; but in this case (even assuming that the experi- 
menter could ever know it) the theory will be superfluous. The matter can be 
put thus: The problem of sampling is insoluble - nay, unstable - in terms of 
strict logic divorced from all intuitive notions of probability. 

Certain philosophers regard the theory of collectives as affording not a theoiy 
of knowledge but a pattern of behavior . 6 7 But it is always a question not of 
any behavior but of a most favorable behavior in a certain highly precise sense. 
And the proposition that the particular pattern of behavior derived from the 
theory of collectives is actually this most favorable one becomes subject to all 
the aforementioned difficulties. 

Leaving collectives for the moment, we consider the great class of physical 
quantities which are defined as limits. It soon appears that here also the result 
of no measurement of the sort which can be carried out in the laboratory either 
determines or is determined by what is deemed the true value of such a quantity 

by strict mathematical logic alone/ For example the density p of a continuous 
medium at the point P is defined as p = lim M/V (as V — » P) : The finite set of 
ratios M/V which I can ever measure have values totally devoid of strict logical 
relationship with the value of p. Nor is the difficulty due to the idealization 
involved in the definition of p: If p is defined simply as the value of M/V 
measured by a specified person who has instruments a hundred times more 
effective than any which I possess, the difficulty remains the same (cf. the case of 
finite collectives). 

Of course, when I find that my values of M/V for rapidly decreasing V vary 
by amounts growing negligible, the common sense of the experimenter leads me 
to the conclusion that the final will not differ appreciably from the actual value 
of p. But precisely what does it mean to conclude something by common sense 
which is not derivable by strict logic? If we have made the meaning of intuitive 
probability in the least degree clear, it must be apparent that such a conclusion 
of common sense is precisely an instance of a conceptualism of intuitive proba- 
bility. Thus we are not entitled to it under the rigorous exclusion of all notions 
but those of strict logic: Our values of M/V and the value of p must remain 
without link or bind. 

Returning to collectives, let us consider how those who regard probability 

5 R. von Mises, l.c., p. 121. 

* H. Rcichenbach, Wahrschemli chkei tslehre, Leiden 1935. 

7 It is understood, of course, that certain quantities of the sort here considered may be 
derived from others by the laws of the physical theory. We merely claim that there are 
certain initial points at which the present difficulty arises. 
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as a frequency have sought to deal with the present question. 8 The limit w is 
regarded as of the category of (idealized) physical quantities defined by limits 
such as p; the observational material (ai + • • • + a N )/N is the analogue of 
M/V. And it is regarded that conclusions applying to («i + • • • + a N )/N 
can be drawn from w and vice versa in exactly the same sense and with the same 
validity as in the ease of M/V and p: Why should a practical experimenter 
hesitate to do this more in the former case than in the latter? 

This reasoning of course is impeccable. But it must be clear by now that it is 
two-edged: either it compels us to concede that some rudimentary notion of 
intuitive probability is presupposed in the applications of the collectivist theory, 
or else it merely assimilates one insurmountable difficulty to another. 

Having reached the point where it is compulsory to regard the applied notion 
of frequency as presupposing the intuitive concept of probability, the question 
is raised as to precisely how the relation between the two is to be formulated. 
Perhaps the most obvious way of doing this and at the same time making the 
fewest demands on the intuition would be to enunciate the following principle: 

The intuitive probability of success of E (in (a)) increases with w. 

Put in explicitly logical form and with the intuitive symbol ( < ) this becomes 

Hypothesis, (i) The sequence (a) of trials of E is a collective of frequency w. 

(ii) The sequence (a*) of trials of a second event E* is a collective of frequency w*. 

(iii) w < w*. 

Conclusion. (E succeeds on 71 th trial) < (E* succeeds on n^ trial). 

This principle would enable us to derive non-trivial instances of ( < ) from the 
hypothesis (i) (ii) (iii) which do not contain any non-trivial statements involving 
(<) and thus place us in the presence of a situation utterly new in our theory, 
and quite contrary to our view expressed at the end of §1 of AAP to the effect 
that no such derivation is possible in the nature of things. 

It is easy to show, however, that the suggested principle must be modified. 

Case I : suppose that in a particular instance of its application we are reliably 
informed of the outcome of some or all of the trials of E and E *, i.e., that we know 
the values of certain a n , a* . Then evidently the conclusion would be absurd 
if we knew e.g. that a n > a* — whatever the values of w and w*. 

Case 2 : suppose that we are informed of the results of certain of the outcomes 
by a person in whose reliability we place considerable but not absolute trust. 
If he has declared that a n > at this might lead us to deny the conclusion of the 
principle for the n ,th trial — and on perfectly reasonable grounds. 

Case 3 : suppose that we believe that certain more or less external events 
(weather, sun-spots, phases of the moon, incantations) are capable of influencing 
the outcome of E and E*, being favorable let us say to E , unfavorable to E*. 
Then we might well refrain from admitting the conclusion, particularly if the 
values of w and w* are exceedingly close. A second person may regard our idea 
of an influence on E and E* as reasonable, far-fetched, or absurd, depending on 


8 R. von Mises, l.c., p. 124. 
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the case in point, but he will never be able to prove that we are wrong by any 
reasoning or objective experiment which does not itself start by making a 'priori 
assumptions involving (<)— certainly not by the use of reasoning based on the 
suggested principle concerning sequences if a glaring pelitio is to be avoided. 

Evidently hypotheses (i) (ii) (iii) are insufficient to insure the conclusion: 
Something further must be added which is in the nature of an exclusion of the 
subsidiary knowledge (Case 1), reasonable certainty (Case 2), or disposition of 
belief (Case 3). Again, if we have made the conception of intuitive probability 
in the leastwise? clear, the form which this additional hypothesis must take is 
evident: It must make assertions in terms of (<). The precise phrasing of the 
condition will incorporate the idea that the various trials of E are made under 
essentially the same circumstances, as well as the notion that the trials are either 
independent events or have a constant influence upon one another. This 
whole question is studied in §3, the final condition being what is there termed the 
symmetry of the sequence of trials. The final addition to the hypothesis thus 
becomes: 

Hypothesis, (iv) If (ii , ■ • * , it) a,nd ( ji , • • • , j t ) are any two sets each 
containing t distinct positive integers , then the intuitive probability that the trials of E 
of orders i\ , • • • , i t should, all lead to success is equal (tt) to that for trials ji, • • • , 
jt . This is assumed for t = 1, 2, • • • . 

(v) Similarly for E*. 

The question now arises whether under all these hypotheses (i) (ii) (iii) (iv) (v) 
the conclusion may reasonably be maintained, and if so, whether this fact 
constitutes a new principle of probability which requires to be posited. The 
answer is trenchant: Absolutely no new principle need be assumed, and the 
conclusion in question is the conclusion of a theorem which has as its hypothesis 
the assumptions (iii) (iv) (v) and the first half only of assumptions (i) and (ii). 
And that part of (i) and (ii) which is discarded is precisely Assumption 2 in the 
definition of collectives, - that very condition, namely, which has been found 
most unwelcome inasmuch as it involves the somewhat arbitrary choice of the 
class S of place-selection rules. 

Before proceeding it is necessary to settle one question. Granting that 
lim (<*!+•••+ <*n)/n = w, we may clearly rearrange the sequence (a) (at least 
when 0 < w < 1) so that any other preassigned limit is obtained; does this not 
lead to inconsistent results? This question is answered in the negative by 
scrutinizing the hypothesis concerning the existence of the limit w in the light of 
deeper logical considerations, whereupon the hypothesis in question appears 
capable of two utterly distinct interpretations; the one presupposed in our 
theorem is not the one which permits this rearrangement. These logical pre- 
liminaries occupy us in §2. 

One final remark regarding the precise formulation of this theorem in terms of 
the common presumption h : What right have we to assume in a given application 
that the concrete circumstances in the n ,th trial are the same as in the m /th ? 
It would clearly be more fitting to let the presumption in the first case be h n , 
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that in the second be h m . The answer to this question is that in the case in 
point we assume that a certain h can be formulated for which a n /h n a n /h 
(n = 1,2, - • • ) : this is part of the assumption that the trials are all made “under 
essentially similar conditions.” While it is an assumption external to the theory 
of probability, being a statement of the observers attitude towards a physical 
situation, its precise formulation is made possible in the language of the theory, 
which thus fulfills exactly its appropriate function and nothing more. 

These remarks have bearing on Theorems 11 and 12 below. 

2. A Logical Distinction 

It has been explained (AAP §2) that the present theory makes use of two 
distinct classes of propositions. There are firstly the contemplated propositions, 
these being the concrete statements of the outcome of particular physical or 
biological events verifiable in principle by the performance of appropriate crucial 
experiments: They are denoted by lower case Latin letters and their finite 
• V ) combinations. There arc secondly the asserted propositions, which can 
always be denoted by connecting a pair of symbols for contemplated propositions 
by means of a single one of the assertive symbols (C, <) or their derivates 
( = , <, ||, etc.). All the axioms and theorems of the present theory have a 

standard form: both hypothesis and conclusion are sets (finite or infinite) of 
asserted propositions; for in last analysis they are but statements of the laws of 
consistency governing any aggregate of logico-probabilitv assertions which a 
given individual at a given moment can make. y 

It will be convenient henceforth to depart from one convention of notation 
made hitherto: We will apply the logical symbols (~ • V), as well as XI and 
yi . to asserted propositions, thereby obtaining new asserted propositions of the 
same logical type. Thus for example 

(i) ~ (a/h < h/k ); (ii) (a = 1) V (/> = 1;; 

OO 

OH) XI On = 1), i.e, (ai = l)(a 2 = 1) ••• ; 

n-1 

are regarded as mere abbreviations for assertions which may be couched re- 
spectively in the following intuitive-logical forms: 

(i) The individual at the moment considered refuses to regard a/h < b/k . 

(ii) Either it is asserted that a is true, or else it is asserted that b is true, or 
else that both a and 6 are true. 

(iii) For each n = 1, 2, • • • it is asserted that a n is true. 

• Two comments may be made in passing: Firstly, in view of Axiom I, (C) may be re- 
placed throughout by (<); for a (Zb which coincides with a ~ b C 0 is coextensive with 
a ~ 6/1 < 0/1. Secondly, in the assertion a/h < b/k, on the left h is in a sense asserted, 
on the right on the other hand, k is regarded as asserted. Such temporary or localized 
assertions are not of the kind which form hypotheses or conclusions in our axioms or theo- 
rems; that is why we have distinguished them by the appellation of presumptions. 
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It is to be emphasized that this notation is introduced purely for convenience 
as an abbreviation: without it all the forthcoming results would subsist. We 
shall assume the intuitive-logical rules for dealing with these symbols, and use 
parenthesis in a self-explanatory manner. 10 

We now come to the point where a certain logical distinction must be explicitly 
noted: A disjunction of asserted propositions is fundamentally different from the 
assertion of the corresponding disjunction of the contemplated propositions . Thus 
if a and b are contemplated propositions, the asserted proposition (a = 1) V 
(6 = 1) is fundamentally different from the asserted proposition (a V b) = 1. 
Similarly, the two following assertions are absolutely different. 

£(«„ = 1); (Za„) = l. 

n— 1 n**>l 

Thus when (a = 1) V (6 = 1) occurs in the hypothesis of a theorem, we can 
always split the theorem up into two theorems, the first with a = 1 in the 
hypothesis, the second with 6=1: What is common to the conclusion of both 
theorems is then taken as the conclusion of the original theorem with the hypoth- 
esis (a = 1) V (6 = 1). Similarly, if ^ n (a n = 1) is given by hypothesis, to 
prove the conclusion amounts to proving that it follows from each hypothesis 
a n = 1 (n = 1,2, • • •)• This is essentially different if the hypothesis is (a V b) 
= 1 in the first case, a>.) = 1 in the second. This point is so fundamental 
in the foundations of probability and has been so generally ignored that we shall 
consider in detail some of the paradoxes to which its disregard may lead. 

Firstly there is the frequently heard objection to the possibility of any theory 
of probability, typified by the remark that proposition a is either true or false; 
in either case such an assertion as a/1 x ~a/l is untrue; hence it is an impossible 
assertion. To be sure, we always assert that a is either true or false in the sense 
that we always assert (a V ^a) = 1 ; but in the above reasoning this is falla- 
ciously confused with (a = 1) V (~a = 1) and since the conclusion ~(a/l w 
~a/ 1) is a consequence of a = 1 as well as of ^ a = 1, its general validit}' is 
regarded as established. Instances of like kind lead us to the view that the 
distinction upon which we are dwelling is indeed a sine qua non in the theory of 
probability. 

Secondly, one might attempt the following proof of the Axiom of Alternative 
presumption (AAP §3), or better, of the following generalization: 

Hypothesis, (i) a/hb n < r/s (n = 1, 2, • • •)• 

00 00 

(ii) h C 2 &» » i-c., ( h £ &») = h - 

n-1 »- 1 

10 Clearly we could carry the transcription into logical notation one step further and 
express all our axioms and theorems as implication statements between the (C, -^-asser- 
tions. Thus we would be in the presence of three distinct logical types of propositions: 
the contemplated propositions, the (C, -<)-assertions, and the axioms and theorems of 
probability. But it is unnecessary and may be confusing to carry the symbolization so 
far in a work of this nature. 
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(iii) hbj = 0(i ^ j). 

Conclusion, a/h < r/s. 

For (ii) can evidently be written 

(Z hb n ) = h, 

n-l 

which, if the fundamental distinction were not observed would be confused with 
(iii) £ ( hb n = A ), i.e., 23 (A C 6 n ). 

n-l n-l 

This latter can, as we have already explained, be split into the sequence of 
hypotheses A C b n (n = 1, 2, • • • ). But in each case hb n = A and we have 
a/A = a/hb n < r/s , and thus the conclusion, being true in each case, follows in 
general. The invalidity of this proof due to the confusion of (iii) with (ii) is 
what has forced us to list Axiom P as an unproved assumption. As a matter of 
fact the above infinite extension of Axiom P appears to be false, as the following 
example would show. 

Consider two sequences of propositions (ai , a 2 , • • •) and (a[ , a 2 , • • •) satis- 
fying the conditions 


( 1 ) 


CL — CLn y 
n— 1 


= Lali 

n-l 


(a V a') — h 0; 


( 2 ) 

( 3 ) 


a<a, = a[aj = 0 


O' 5* j); 
0) j ~ 1 1 2, • • • ) ! 


a,a, = 0 

a{/h £& dj/h £& a'i/h a'j/h. 

No a,- or a,- = 0 as this would lead by (3) and AAP Theorem 1 to this relation 
for all di , a,- , hence to h = 0 contrary to (1). Further, the evident relation 
a,- V o/ V al/h a, V a, V a' k /h in combination with (3) gives, by AAP 
Theorem 2 (i.e., Axiom D sharpened) 

a, -/a, V a] V a]/di V a,- V a* a*/a, V 0 / V at 

from which it appears (AAP Theorem 20) that a,/o< V a,- V a k is appraisable and 
of numerical probability 1/3. Hence, if r/s is appraisable and of numerical 
probability 5/12, we have a, /a,- V a] V a k < r/s. On setting b n — a„ V (h n -i V a/, 
(n = 1, 2, • • •) and noting the relations a/hb n = ab n /b„ = a n /a n <k n -ia^ n we find 
that Hypothesis (i) of the theorem we are testing is verified; and (ii) is a con- 
sequence of (1), (iii) of (2). Hence the conclusion a/h < r/s, hence p*(a/h ) g 
5/12. 

On replacing a etc. by o' etc. in the above reasoning, we obtain p*(a'/h) § 
5/12. Hence by AAP Theorem 18 we have p*{h/h) = p*(a V a'/h) £> p*(a/h) 
+ p*(a'/h ) I 5/6. And since p*(h/h) = 1, we have a contradiction. 
Returning to the sequence of trials of E, let a n denote the contemplated experi- 
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mental proposition “the n ,th trial leads to success.” We have now to cast into 
unambiguous logical form the definition of the statistical weight or frequency of 
success w. According to the First Assumption of Collectives: If r(n) is the 
number of the true propositions in the set (a t , • • • , a„), then lim„_„ r(n)/n = w. 

First of all, how is this definition of r{n) to be understood? At the two ex- 
tremes there are the following interpretations, denoted for brevity by U(n, r) 
and V(n, r ): 

U(n, r ): £ (a., • • • a, T ~ a» r+1 • • • ~ a,„ = 1), 

<*) 

V(n, r): (2 o.i • ■ • a, r ~ a„, +l . . . ~ a,„) = 1. 

(«) 

Here (*) = («i , • • • , s n ) denotes any permutation of (1, • • • , n) and the £(*> 
calls for the formation of all the terms for all possible (s) and their combination 
by disjunction (V): that only n\/r\(n — r)\ of the terms are distinct is im- 
material. But between these two extremes are a host of intermediate possi- 
bilities; thus in the ease n = 3, r = 2 there are formulations such as 

[(aia 2 ~ a 3 V aia 3 ~ a 2 ) = 1] V [a 2 a 3 ^ n x = 1]. 

It will be realized at once that V (ft, r) is in a certain sense the weakest of all 
these expressions; it turns out to be the natural one for the theory of probability. 
But there is still a further modification in the direction of weakening which can 
be made, as we shall now see. 

The explicit wording of the definition of w would now appear to be: “For 
every positive integer /i there exists a positive integer m such that assertion 
V(n, r) holds for all n = m, m + 1, m + 2, • • • , and all r between nw — n/n 
and nw + n/n.” This suggests the precise logical rendering: 

oo oo oo nu'+n/fi 

nznzw v(». r>. 

M— 1 m—1 n— m nw—n/n 

But. this is capable of further weakening; for 

nw+n/ji 

£ ( r ;) (£«,,••• a, r ~ rt„ r+l • • • ~ a,.) = 1} 

is only one possible interpretation of the statement : “the number of true proposi- 
tions in the set (gu , • • • , a n ) is between nw — n/n and nw + n/n” Another 
rendering is the assertion which we will call W (w, m* suggested by modifying 
the preceding formula into 

n«4 n/g 

|EWE<1.|- a-r ~ a, r+I • • • ~ O.J = 1. 

nw—n/ft («) 

Some evident algebraic manipulations allow it to be put into a simpler form. 
Let t — t(w, u, n) denote the least integer S nw — n/u, and / = f(w, n, n) the 
least integer ^ n(l — w) — n/y,. Let 
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(p, q) - (pi, , pt, qi, ,qi) 

denote any set of t + f distinct integers chosen from (1, • • • , n). Finally, 
employ ?) to denote the disjunction ( V ) of all the terms formed by taking 
all possible choices of (p, q ) (w, ju, n being fixed) in the summand. Then the 
definitive formulation of the weakest interpretation of the assertion “the number 
of true propositions in (ai , • • • , a n ) is between nw — n//x and nw + n/V” is as 
follows 

W(w , n, n): (X dpi ••• a Pt ~ a qi • • • ~a g/ ) = 1. 

( P,Q ) 

(Note that only n\/t\f\(n — t — f)\ terms in the disjunction are distinct). In 
terms of this we have the assertion characterizing w: 

PT(w): nsn TT(to, n). 

M—l m—1 n— m 

We are now in a position to consider the following paradox: When 0 < w < 1 
there are infinitely many true propositions in (cu , a 2 , • • ■ ) and infinitely many 
false; let the former be denoted in their order of occurrence by (a T , , a T2 , • • •) 
and the latter by ( a Pl , a ^ 2 , • ■ • ). Then any number 0 (0 ^ 0 1) being given, 

an explicit process is easily formulated which combines these two sequences into a 
single sequence — which is but a re-ordering of (ai , a 2 , •••) for which the 
frequency of the a Ti is 6. How then can a frequency be taken as the numerical 
probability of success of El 

The whole question hinges on the meaning of a ri . If the statement “a Tl is 
the first true proposition in (ai , a 2 , • ■ •)” be taken to mean “true in Nature” 
i.e., as experimentally verifiable but of unknown verity, then the frequency 
of true propositions has nothing to do with the definition W(w) of w. If it 
means “asserted as true,” i.e., = 1, then W(w) does not allow a ri to be defined. 
For W(w) allows us only to conclude that for some w, n> n for which t(w, n, n) > 
0, we have the assertion W(w , p, n); in one sense this tells us that at least one 
a< in the set (a x , • • • , a n ) is true, but in precisely the same sense as the assertion 
(a V ~a) = 1 tells us that at least one of (a, ~ a) is true: it leaves the verbiage 
“the first proposition in (a, ~ a) which is asserted as true” without meaning. 
In last analysis it is but the first paradox which we have considered in more 
complicated form. 

If W{w) were replaced by 

oo oo oo 

II 52 n 52 (<tpi • • • a p - t ~ o tI • . . ~ a g/ = 1 ) 

j»-»l m—1 n-M» (p, q) 

the definition of (a,, , dr, , • • •) and (a Pl , a, t , • • •) would be possible. Thus if 
w — 1/2, ^ = 4, and n = iv ^ m, we have 

2!) (o»>i • • • ®j>i ®«/ — i)* 

(P. 9) 
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Now t = least integer ^ nw - n/n = 2v - v - v so that t = »; similarly, / = v. 
Thus we have 

(ai • • • a, ~ a, + i • • • ~ a*, = 1) V • • • V ( 03 , ■ ■ ■ a\, ~ a 2 „ • • • ~ aa,_i = 1). 

The disjoined terms are thought of as arranged lexicographically according to 
subscripts in the set of first factors such as a x ■ ■ ■ a, , which are themselves 
supposed to be written in increasing order of subscript. Thus we may speak of 
the first term asserted as true, i.e., such that a Pt ■ ■ ■ a ~ a p , + t ■ ■ ■ ~ a PU = 1, 
and then set n = pi : a Tl is defined. Similarly for later terms. 

Thus this paradox like the rest is resolved bv maintaining the logical distinc- 
tion which is the subject of this section. 

Before closing we shall consider an extension. Let h be the common pre- 
sumption made in envisaging the outcomes of E: We are considering the se- 
quence of eventualities a„/h. We wish to formulate an assertion W k (w) which 
is the extension of W{w) and characterizes w regarded as the frequency of 
successes of E on the presumption that h is true. Such an assertion is evidently 
furnished by replacing (• • •) = 1 in the above by the assertion Ac (• • •) (or 
equivalently *•(■••) = h). Everything else being as above, we set 

W h {w, n,n): ha a P , • • • a,„ ~ a q/ 

(p.v) 

and correspondingly, 

Wk(w): II 2 II W h (w,n, «). 

ji**l m— 1 n=m 

Finally, if £og«^i is used for the disjunction of all the terms formed by 
letting w range from 0 to 1, the assertion: “there is a frequency of successes on 
the presumption h” shall be formulated as 

W h : £ W h (w). 

3. Symmetry and Independence 

Definition 1. Any finite or countable set of propositions (ai , a 2 , • • •) shall 
be said to be a symmetric set with respect to the proposition h(?* 0 ) when for every 
possible positive integral t 

(1) flij • • • aijh fl/j * • • cijjh 

holds for every choice of the t distinct integers (i \ , • • • , it) and the t distinct integers 

0'i , • • • >.?<)• 

Here h 0 denotes the assertion ~ (h = 0). 

Let <p(xi , ■ ■ ■ ,x m ) denote a finite combination of the symbols Xi , • • • , x m 
with the aid of the logical constants (~ • V ), the convention being that the 
formal laws of Boolean algebra hold for these symbols; such a <p(x i , ■ ■ • ,x m ) 
may be called a Boolean polynomial in these m (propositional) variables. If by 
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application of the formal Boolean identities alone, i.e., without assuming an}' 
individual properties of Xi , • • • , x m , it may be reduced to 0, 1, or some other 
given proposition not involving the variables, we will say that it is identically 
equal (s) to this proposition. 

Theorem 1 . If (ai , a* ,-••) is a symmetric set with respect to A, then for any 
<p(x \ , • • • , x m ) (m not exceeding the number of propositions in the set) the relation 

(2) j • • • y a i m )/h ^(fly i i • • • > fly«)/A 

holds for every possible pair (z\ , • • • , i m ) and (j \ , • • • , j m ) of m distinct positive 
integers each . 

Elementary algebraic manipulations show that any <p(x i , • • • , x m ) can be 
expressed as the disjunction of disjoint monomials x kl • • • x kt • • • ~x kt + t ; 

thus when (2) has been established for monomial <p(xi , • • • , x m ) its general 
validity becomes an immediate consequence of the theorem of total probability 
(AAP Theorem 6, sharpened). The relation 

fl»i • • • ^ 1 * * * ~ «<!+,/* « a h •••<*!, ~ «i <+ 1 * • * ~ 

is proved by induction for all s. Assume it true for all values of the first sub- 
script t and all values of the second between 0 and 8 inclusive and apply AAP 
Theorem 7 (sharpened) to 

d%i • • • A*, ~ a u+i ‘ * * ~ a 't+» a u+»+ i/h dji • ■ • fly, ^fl/i+i * * * ^ Qii+flit + a+i/ht 

(flu • • • a it ~ flt, + 1 • • • — flt, + . , flq • • • flq — fl*, + x • • ■ ~ fl„ +JI fli, + , +I , A 

respectively replacing eq , bi , Ai , etc.). The required relation is an immediate 
consequence. 

Corollary. // (ai , a 2 , • • • ) is symmetric with respect to h , Men any subset of 
(ai , a 2 , • • • ) and any subset of (~ai , ~a2 , • • • ) is likewise. 

Definition 2. Any finite or countable set of propositions (ai , fl2, •••) 
sAaZZ be said to be an independent set with respect to the proposition A( 5^0) if firstly 
hai j* 0 or h, and secondly 

(3) a t /Aa $1 * • • a it « a,/A 

/or every possible t and every choice of t + 1 distinct integers (i, ii , • • • , ?* t ). 

We must prove that (3) has meaning in every case, i.e., that ha • • • a,-, 0. 

This is assumed in the hypothesis when t = 1. Proceeding inductively, 
let it be assumed for the value t; we then will show that ha il • • • a #<+1 ^ 0. 
If Aa,*, • • • a, t+1 =0 the following relations would occur: 

flt,+i/A flf^i/Aatj • • • fl», = Aa,^ • • • fli t+ j/Aa tl • • • a,, = O/Aa^ • • * a*, 

and hence Aa t<+1 = 0 (AAP Theorem 1) contrary to hypothesis. 

A precisely similar process shows that ha ix • • • A, and furthermore that 
if (ii , • • • , it+f) are any t 4- s distinct positive integers 

Aa,j • • • a it ~ a f<+l • - • ~ fli <+ , 5* 0 or A. 
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From this relation Theorem 2 follows immediately: 

Theorem 2. If (a \ , a * , • • • ) is an independent set with respect to h and if 
<p(x \ , • • • , x m ) is any Boolean polynomial not identically 0 or h ) then for every m 
distinct (i x , • • • , i m ), , • • • , a»J ^ 0 or h. 

Theorem 3. If (ai , a 2 , • • •) is an independent set with respect to h and if 
<p(x i , • • • , Xm) (?^0, h) is as above , /ftcw /or any m + 1 distinct (i, , • • • , i m ) 

(4) a l /fup(a il , • • • , a,J « 

As in the proof of Theorem 1, <p(x i , • • • , r m ) is expressed as the disjunction 
of disjoint monomials x kt • - • x k$ ~ x kt + t • • • ~ + , . Once the relation 

(5) a/ha iy • • • a it ~ a it + l • • • ~ a it+t « a,/fe 

has been established the truth of (4) will follow by an immediate inductive 
application of Axiom P. 11 

We assume the truth of (5) for all values of the first index t and all values of 
the second between 0 and s inclusive, and seek to prove it when the second index 
is replaced by s + 1 . On account of the assumption we have 

«« /ha ix • • • a it ~ a it+l • • • ~ o l<+# a t<r , +1 « a { /h 

^ ai/ha H • • • a it ~ a lt + l • • - ^ a t , +f ’ 

The desired relation follows on applying AAP Theorem 10 (sharpened) with a, , 
a u+«+i 9 ha^ • • • a it ~ a, t + 1 • • • a tt+n replacing the a, k, /?, respectively, of that 
theorem. 

Corollary. If (ai , a 2 , • • •) is an independent set with respect to h y then any 
subset of (ai , a 2 , • • • ) and any subset of (~ai , ~a 2 , • • • ) is likewise . 

The notion of symmetry corresponds with that of events all equally probable 
and such that any combination of results of one set is as probable of occurrence 
as the same combination of another set. The notion of independence on the 
other hand corresponds with the idea that knowledge of the occurrence of some 
of the events does not change the probability ascribed to that of the others. 
A set can be symmetric without being independent, for symmetry does not 
exclude fup(ai , • • • , a m ) = 0, h: sets in which eu = a« = • • or in which V • • • 
Va m = 0 may be symmetric but can not be independent. On the other hand 
sets may be independent without being symmetric; for example a x , a 2 , etc. 
may denote success of respective trials of unconnected events but events of 
different kind and thus in general, different probability. Hence the significance 
of the following 


11 The theorem employed here is the following: 

If hdCj » 0 /or all i 5 * j and if a /ha < r/s (i - 1 , • ■ • . n) % thru a/ he < r/s where c = 
Cj \/ • • • V c n . 

This is proved inductively from the case n - 2 , in which it is a self-evident consequence 
of Axiom P(ci and h(a V c t ) replacing b and h). The sharpening and strengthenings are 
immediate. This theorem belongs properly in AAP §4, just before Theorem 13. 
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Theorem 4. If (a x , a 2 , • • • ) is an independent set with respect to h and if 
ai/h x aj/hfor all i andj t then (a x , a 2 , • • •) is a symmetric set with respect to h. 

For we have by hypothesis 

ai l /ha ii <iijh a^/h a ii /h £& a ix /h ajjhaj 2 . 

On applying Axiom Ci (sharpened by AAP Theorem 2) with A, a t * 2 , a tl , A, a* 2 , 
a ;i in lieu of hi , a x , hi , /i 2 , a 2 , b 2 , the result a tl a, 2 /ft a ix ajjh is obtained; the 
proof of the general relation (1) proceeds by induction. 

In the classical theory the only relations of probability are those concerned 
with numerical probability. The notions of symmetry and independence are 
less restictive insofar as equiprobability ( a/h ^ h/k) implies equal numerical 
probability (p(a/h) = p(b/k)) and not conversely; but they are more restrictive 
in that the appraisability of every eventuality is assumed. We give the follow- 
ing definitions and theorems (in essence familiar) mainly for completeness. The 
proofs are supplied immediately by means of the laws of total and compound 
probability (cf. AAP, §5, Theorems 23 to 28). 

Let (a x , a 2 , • • • ) be any finite or countable set of propositions, let h ^ 0 
be a further proposition, and assume that all the eventualities with respect to h 
(i.e., remainder classes with respect to the principle ideal (~h) in the Boolean 
ring determined by (hi , a x , a 2 , • • • )) are appraisable. 

Definition 3. The set (a x , a 2 , ■ • • ) shall be called numerically symmetric 
with respect to h when for all indices as in Definition 1, 

(5) p(a it • • • ajh) = p(a n ■ ■ ■ a it /h). 

Theorem 5. If (a x , a 2 , . . •) is a numerically symmetric set urith respect to h, 
then for any Boolean polynomial <p(x x , • • • , x m ) 

p{<p(a h , • • • , a im )/h) = p(<p(a h , • • • , a tm )/h). 

Corollary, The numerical symmetry with respect to hof (a x , a 2 , • • • ) implies 
that of any sub-set of (a x , a 2 , • • • ) and any sxib-set of (~a x , ~a 2 , • • . ). 

Definition 4. The set (a x , a 2 , • • •) shall be said to be numerically inde- 
pendent with respect to h if firstly 0 < p(a t /A) < 1 for all i % and secondly (the indices 
being as in Definition 2), 

(6) p(ai/ha ix • • • a it ) = p(a l /A). 

Theorem 6. If (a x , a 2 , • • • ) is numerically independent with respect to h and 
<p(x i , • • • , x m ) any Boolean polynomial (^ 0, h) then for every m distinct (i \ , 

• * • > *»•) 

0 < p(<t>(a ix , • • • , a im )/h) < 1. 

Theorem 7. If (a x , a 2 f • - • ) and <p(x i , • • • , x m ) are as in Theorem 6, then 
for any m + 1 distinct ( i , ii, ••• , i m ) 

p(ai/hp(Oi x , - • • , a im )) = p(a { /h). 
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Corollary 1. Under these conditions p(a u ■ • • dijh) = v((iijh)p(a,jh) • • • 

P(a.«A). 

Corollary 2. The numerical independence with respect to h of (a\ , a 2 , • • • ) 
implies that of any subset of (aj , a 2 , • • • ) and of any subset of (^rq , , • • • ). 

Corollary 3. // (ai , a 2 , • • • ) is a numerically independent set with respect to 

h and if for all i and j, p(a,/h) — p(a j/h), then it is numerically symmetric. 

4. Theorems on Sequences 

Theorem 8. // (®i , • • • , a n ) is symmetric with respect to h and if precisely 

r( 0 g r ^ n) of its elements are implied by h in the sense that (§2) 

V h (n, r): h C a M • • • a Hr ^ a Sr+l ... — a 8n , 

(») 

then ai/h is appraisafdc and p{a x /h) = r/n (i = 1, • • • , n). 

There is no loss of generality in assuming that a { d h , i.e., Aa, = a, (i = 1, 

• • • , n) ; for this property can always be secured by replacing (ai , • • • , a„) by 
(hai , • • • , Aa n ) which evidently also satisfies the hypothesis; since ha t /h = a t /h 
the conclusions are the same. Proceeding on this assumption and excluding the 
trivial case of our theorem in which r = 0, we have on multiplying hypothesis 
Vh(n> r) through by h 

A = ••• fl'r ~ a« r+1 • • • — a 8n . 

u) 

The summation X<„) ' s for all permutations (.s) : (s x , • • • , s n ) of (1, • ■ • . n). 
as above. 

There are evidently v = nl/r\(n — r) \ distinct terms in this equation (i.e., 
terms not reducible to one another by the identities of Boolean algebra) ; let them 
be denoted in some conventional order by (/q , • • • , ?/„). Of these terms there 
will be clearly r = ( n — 1) !/ (r — 1)! ( n — r)! distinct ones involving a pre- 
assigned di as factor; let them be (u i} , • • • , a lT ). We have moreover ?qtq = 0 
for all k 5* l, and of course ?q V • • • V u v = h 0. Finally, as a result of the 
symmetry (cf. Theorem 1) ut/h ui/h for all k and l. Thus (*q , • • . , u v ) 
forms a p-sealc (AAP, §5, Definition 1) and if we set b ~ V ... V n lT we 
have by AAP Theorem 20 that b/h is appraisable and p(b/h ) = t/v = r/n . 
Thus our theorem will be proved once it is established that b/h — aUh, i.e., 
that hb = ha t . This is shown on multiplying the* equation 

U\ V • - • V u ¥ = b V u n V • • • V u iv _ T = h 

through by a, : clearly if n,, does not have a, as a factor, it docs have » 
so that aiUj v = 0, etc. 

Corollary. // («i , • • • , an), A a/&d (a! , • • • , a n ), h f each satisfy the hypothe- 
sis of Theorem 8 for the same value of r, then di/h & ajh '. 

Theorem 9. If (oi , • • • , a n ) is symmetric with respect to h and if at least r 
(0 S r S 1) o/ ?7.s elements are implied by h in the sense that 

r) * h GZ ^ • • • u#r 

(*i» * * *» *r) 
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( where the summation takes in all possible sets of r distinct integers in (1, • • • , n)), 
then for each value of i, (a</A) ^ r/n . 

Again we assume a< C h (i = 1, - • • , n) and disregard the trivial case r = 0. 
Multiplication by A puts X*(n, r) into the form h = X) a n • * • a » r • We set 

(1) c p = 2^ ^ i • • • ~ 

(«> 

here as in F*(n , r) the summation is for all permutations (s): («i , • • • , s n ) of 
(1, • • • , ft). Simple algebraic manipulations establish 

n 

(2) ft = 23 C„ ; c,c» — 0 (p ^ (r); hc„ = c p . 

p-r 

Let p be a value for which c p 0: since h ^ 0, such values will occur. We 
will show that (a x , • • • , a n ) is symmetric with respect to c p . In order to prove 

(3) a %1 • • • dijcp ^ a/j • ■ • djjcp 
we first introduce the Boolean polynomial 

, X n ) = #1 • • • Xt > X ai • • • X a . | • • • £* n 

(•) 

and apply Theorem 1, whereupon the equation 

^(•£*1 9 9 9 9 9 ; ^*< + 1 » * * ’ J ^ 1 ' ' ' > X it 1 J'U + l ) ’ * * > •Ln)/^ 

is obtained (all subscripts in each set being distinct). But this may be written as 

(4) c p a * j • • • a{ t /h CpOji • • • a Jt /h. 

Now if either c p a M • • • a t< = 0 or c p a yi • • • a u =0, (4) shows that both these 

equations hold, and (3) becomes evident. In all other cases we apply Axiom D 
(sharpened) to (4) together with c p /h « c p /h (with a x — a 2 = c p , hi — h 2 = A, 
hi = a tl • • • a* t , b 2 = a ;i • • a, J whereupon (3) is established. 

This symmetry and the relation (1) show that (ai , ••• , a n ) satisfies the 
hypothesis of Theorem 8 with (p, c p ) replacing (r, A); it follows that a,/c p is 
appraisable and p{a t /c p ) = p/n (i = 1, • • • , n). 

Let <r be any given positive integer, and {u x , • • • , n w „) an no- scale. Set 
n = «i V • • • V Mr*--! , « = «i V • • • V n*, ; then p(v/u) = (ra- — l)/n<r = 

r/n — 1/no (AAP Theorem 20). Hence for each p for which c p ^ 0 we have 

( ii/c p > v/u (AAP Theorem 16). 

Returning to (2), we may write h = 23* c p where the summation 23 ' includes 
only those terms of (c r , • • • , c„) which 0. By applying Axiom P 11 to 
ai/Cp > v/u we derive the result that c p = ajh > v/u . Hence by defini- 

tion of p*{ai/h) we have for all values of the positive integer o that p+(ai/h) ^ 
r/n — l /no, which leads at once to the conclusion of our theorem. 

Theorem 10. If (oi , • • • , a n ) is symmetric with respect to h and if h implies 
the truth of at least t and falsehood of at least f of its elements in the sense that 
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tj f) • h C dpi * * * ^Vt ^ ^Q\ * * * '***' ® 9/ 

(P.9) 

{where the summation takes in all possible sets of t + f distinct integers from 
(1, • • • , n)), then 

(5) 1 g p m (a,i/h) g p*(a.i/h) g 1 - 

n n 

The first inequality in (5) results from the* application of Theorem 9 (r = t) 
inasmuch as it is clear that 

h CZ yi flpj • • • Gtpj ^ * 4 * ^ (Iqj C ^ y • 

( P.Q ) («) 

To obtain the last inequality in (5) we have but to replace (ai , • • • , a n ) by 
(^ai , • •• , ^a n ) (cf. Theorem 1, Corollary) and apply AAP Theorem 17 to 
the resulting inequality 

f/n g p^fii/h) = 1 - p*(a { /h ). 

Theorem 11. Lrd the infinite sequence (ai , a 2 ,•••) be a symmetric set with 
respect to A, and fc/ /Ac limiting frequency ( statistical weight) of its elements implied 
by h be w in the sense of the assertion 

W k (w): II L fl 4, »), 

ji— 1 m— 1 n“m 

in which Wh(u\ /*, a) coincides with the assertion X h (n, t , /) in Theorem 10 in 
which t = /i, n) ?.s‘ the least integer ^ nit’ — n//x and f — f(w, p, n) is the 

least integer ^ n(l — w) — n/p. 

Then ai/h is appraisable and, p(a,/A) = w (i = 1, 2, • • • ). 

Let us choose a value of p and hold it fast. Then in virtue of the hypothesis 
W^w) there exists an integer m for which Wh(w, p, n) is valid. For definite- 
ness we select the least m for which this is true (we may as well represent it 
by m); then we have for this m and, e.g., for n = rn the assertion Wh(w, p, n). 
Hence by Theorem 10 we conclude that 

s p Mi) a p . (ai/h) < i - 

n n 

This yields on referring to the definitions of t(w, p } n) and/(it\ p, n) 

w — * ^ pAdi/h) g p*{ai/h ) ^ w + -. 

M M 

This equation, being true for every p = 1 , 2, • • , leads at once to the conclu- 
sion of our theorem. 

Corollary. Let (ai , a 2 , • • • ) be symmetric with respect to h and let the 
limiting frequency of its elements implied by h exist and lie between W\ and w 2 in 
the sense of the assertion TF A (ie). Then ai/h is appraisable and W\ ^ 

p(di/h) £ w 2 (i ~ 1. 2. • • • ). 
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Theorem 12. Let (ai , a 2 , • • • ) be symmetric with respect to h and (b\ , b % , • • • ) 
be symmetric with respect to k. Let the number of a 1 s implied by h eventually become 
and remain greater than the number of Vs implied by k in the sense of the assertio 7 i 

8; Z n E l(AC ••• c 23 ~b tl • • • ~b u _ r )\. 

m—0 ?i —m r— 0 

Then for every i, j: ai/h > bj/k. 

As usual (si , • • . , s r +i) is a set of /• + 1 distinct integers chosen from 
(1, • • • , ft), all possible sets of this kind being taken in the similarly for 

(h , • • • , t n „ r ) and the corresponding 

Let m denote an integer for which • • is true by assertion (for definite- 

ness, the least m). Let n denote the greatest of ( m , i, j). With this determina- 
tion of n we have the assertion I }. Let r denote a value for which 

assertion ! | is made. Then we have simultaneously 

h C 2 a*\ • • * 1 » ~b tx • . . ^6, n _ r . 

We are now in a position to apply Theorem 9 to each of the sets (a 2 , • • • , a n ) 
and bi , • • • , — b n ), the latter of which is symmetric by the corollary to 
Theorem 1, and so obtain 

P*(cn/h) ^ 1 -"t \ Pt(~bj/k) ^ n - ' . 

* n * n 

But p*(^bj/k) = 1 — p*(bj/k), and hence p*(a»-//0 > p*(bj/k), from which 
the conclusion of our theorem follows (AAP Theorems 17 and 16). 

In concluding this section we may consider the question of replacing in the 
hypotheses of these* theorems the requirement of symmetry by that of nu- 
merical symmetry. At first sight such a paraphrase would have the advantage 
of weakening the condition of symmetry; but this advantage is in our opinion 
far offset by the disadvantage that appraisabilitv has to lx* assumed in the 
hypothesis and it is indeed one of the chief functions of the theorems of this 
section that they afford the property of appraisabilitv in their conclusions. 
Furthermore, symmetry rather than numerical symmetry appears to be the 
natural assumption to make in the applications. Nevertheless the quanti- 
tative conclusions subsist when numerical symmetry is assumed instead of 
symmetry. We confine ourselves to a statement of the following examples. 
The proofs, winch proceed along rather similar lines to those of the earlier 
theorems and with the use of the classical .propert ies of numerical probability, 
are omitted. 

Theorem 13. If (a x , • • • , a n ) is numerically symmetric with respect to h and 
if assertion Xh(n , /, /) is made , then t/n ^ p{ai/h ) ^ 1 — f/n. 

Theorem 14. If (ai , a 2 , • • • ) is numerically symmetric with respect to h 
and if assertion W h(w) is made , then p{ai/h) = w. 

Theorem 15. // (a\ , a 2 , • • • ) is numerically symmetric with respect to h and 
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(61 , 62 , • • • ) is numerically symmetric with respect to k ami if assertion 12 is 
made , then p(ai/h) p(bj/k). 

In the theorems of this section the symmetry rather than the independence 
of the sets of propositions (ai , a 2 , • • • ) appears to he the important notion. 
That such an appearance is deceptive when regard is had to the applications 
(the trials of event E) is realized when the possibility is considered that the 
symmetry of (a x , a 2 , • • • ) with respect, to h does not guarantee that of (a n + 1 , 
a n +2 , • • • ) with respect to ha x • • • a n : i.e., the results of the first n trials of E 
being known, we may not be in a position to apply our theorems to the others. 
Thus it would appear that the hypothesis of Theorem 4 affording both sym- 
metry and independence is prescribed in such applications. 

Columbia University 
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OPERATOR-THEORETICAL TREATMENT OF MARKOFF’S PROCESS 
AND MEAN ERGODIC THEOREM 

By K6saku Yosida and Shizuo Kakutani 
(Received November 15, 1939) 

Chapter I. Introduction 

It is the purpose of the present paper to give a consistent treatment of the 
problems of Markoff’s process and mean ergodic theorem from the standpoint 
of the theory of iteration of bounded linear operations in Banach spaces. 

Let 12 be an abstract space where a measure of Lebesgue type is defined, and 
consider a simple Markoff’s process, by which a moving point t e 12 is transferred 
stochastically inside 12. If we denote by P(/, E) the transition probability that 
a moving point / e 12 is transferred into a Bond set E of 12 after the elapse of a 
unit-time, then we have always P(/, E) ^ 0 and P(t, 12) = 1, We shall further 
assume that P(t, E) is completely additive as a set function of Borel sets E if 
t is fixed, and that P(t 9 E) is Borel measurable in t if E is fixed. Under these 
assumptions, the probability P ( '°(/, E) that a moving point / e 12 is transferred 
into a Borel set E of If after the elapse of n unit-times is given recurrently by 

P u '\l, E) = [ ds)P(s, E ), « = 2, 3, ; P"\t, E) = Pit, E), 

where the integration is of Radon-Stieltjes type. 

The problem of Markoff consists in the 1 investigation of the behavior of the 
sequence of the iterations P (n) (/, E) and their arithmetic means Q (TI) (/, E) = 

- ELi P {m \t , E) for large n. 

"YX 

In the special case, when 12 is composed of only a finite* number (= N) of 

points ^with equal measure , our Markoff’s process is reduced to the classical 

one, and our problem is nothing but the investigation of the behavior of the 
iterations P n of a matrix P = (p» y ), i, j = 1, 2, • • • , AT, such that pa ^ 0, i, 
1,2, ... ,jV,and£r»i p i} = 1, / = 1,2, This case was first treated 

by A. Markoff in his classical papers, and in the last ten years many contributions 
to this problem were given by J. Hadamard, M. Predict, R. von Mises, A. 
Kolmogoroff, W. Doeblin, J. L. Doob and others. These results are all collected 
in a recent monograph of M. Fr6chet [3], which is so complete* that we find almost 
no need of giving further discussions on this case*. We shall only remark that 
this case may be treated exactly in the same manner as in the general case. 

In the general case*, when 12 is a continuum, 1 this problem was discussed by 

1 We shall confine ourselves in this paper only to the ease when il is the closed interval 
0 t ^ 1. This is not an essential restriction. 
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B. Hostinsky, M. Fr^chet, J. L. Doob, W. Doeblin and N. Kryloff-N. Bogoliofi- 
boff. B. Hostinsky [1] treated the case when P(t, E) is given by a continuous 

density p(t , s ): P(t , E) = / p(t , s ) ds, where p(t , 5 ) is a continuous function of 

two variables t and s in 12 X 42; M. Fr6chet [1], [2] considered the case when 
p(t, s ) is bounded and measurable instead of being continuous; J. L. Doob [1] 
weakened this condition by requiring only that p(t, s) is uniformly (in t) in- 
tegrate in s, that is, that there exists for any c > 0 a nrj > 0 such that mes(i?) < 

1 } implies / p(t , s) ds < e for any t c 12; and lastly, W. Doeblin [1] discussed the 

j k 

case when the existence of the density p(l , s) is not necessarily assumed. He 
has only assumed that 


(D) 


there exist an integer d and positive constants b, rj such that mes (E) < r\ 
implies P {J) (t, E) ^ 1 — b for any t e 12. 


It is clear that the condition (D) of W. Doeblin is rnoni g(‘ii(»ral than that of 
J. 1,. Doob, and under this condition, W. Doeblin has obtained, by a direct 
(point-set-theoretical) method, a considerably precise result. 

In the present paper, we shall discuss these problems by another method, 
which is due to N. Kryloff-N. Bogoliouboff [1], [2], and which may be called 
an operator-theoretical method. Indeed, we shall treat these problems by 
considering P (w) (/, E) as a kernel of an integral operator in some special Banach 
spaces. This may be done in two ways: firstly, 


x— >T(x) = y: y(E) = f x(dt)P(t f E) 

is a bounded positive 2 linear operation which maps the Banach space (M) 3 
into itself; and secondly, 

x— > T(x) = y: 2/(0 = f P(t, ds)y(s) 

Jq 


is a bounded positive linear operation which maps the Banach space (M*) 


4 


* A bounded linear operation T f which maps a semi-ordered Banach space into itself, is 
called to be positive if x ^ 0 implies T(x) ^ 0. 

3 (M) is the space of all the (real- or complex-valued) completely additive set functions 
z(E) defined for all Borel set E of Q. For any x(E) e (M), its norm is defined by: || x || * 
total variation of | x{E) | on U. In (M), a real-valued completely additive set function 
x (E) is called to be positive (and is denoted by x ^ 0), if x(E) ^ 0 for any Borel set E C Q. 

4 (M*) is the space of all the (real- or complex-valued) bounded Borel measurable func- 
tions x(t) defined on U. For any x(t) « (M*), its norm is defined by: || x || — l.u.b. | x{t) |. 

t < Q 

In ( M*) t two functions, which differ from each other at least at one point, are considered 
to be different; it is to noted that the Banach space (M*) is essentially different from (Af), 

where the norm is defined by: || x || ™ ess. max. | x(t) |. In (M*), a real-valued bounded 

t < 0 

Borel measurable function x{t) is called to be positive if x(t) ^ 0 for any t c ft. 
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into itself. If, in particular, P(f, E) has the density p(t , s), then these operations 
become 

x-*T{x) = y: y(E) = J (^J^x(dt)p(t, s)^jdsy 
T(x) = i/: 2/(0 = / p(f, s)x(s)ds) 

J Q 

consequently, in the former case, T may also be considered as a bounded positive 
linear operation which maps the Banach space (L) 5 into itself: 

* T(x) = i/: 7/(s) = f x(t)p(l,s)dt. 

In all these cases, 7’ and T are both of norm 1 , and it will bo easily seen that 
the iterates T n and T n of T and T respectively, which are defined by the iterated 
kernel P (n) (/, E): 

x-+r n (x) =y: y(E) = [ x(dt)P {n) (t,E '), 

Jq 

x-+T n (x) = y: y(t) = [ P M (t, ds)x(x), 

Jn 

have also the same properties. Thus our problem is transformed into the in- 
vestigation of the behavior of the iterates T n of a bounded positive linear opera- 
tion T , which maps the Banach space (M), (/>) or ( M *) into itself. 

N. Kryloff-N. Bogolioilboff [1], [2] introduced the condition that 

. / there exist an integer m and a strongly completely continuous' linear 

\operation F, which maps (M) into itself , such that || T m — V || < 1, 

and under this condition they hav e obtained a remarkable result. In the present 
paper we shall develop this idea of X. Kryloff-X. Bogoliouboff and shall obtain 
a more precise result. This investigation will be carried out in §4, and our 
principal results may be summed up in the following two statements: 

(1) the condition (D) implies the condition (K), 

(2) under the condition (K), all the results of W. Doeblin can be obtained even 
in a more precise form . 

Besides the ergodic kernel (= ensemble final due to \V. Doeblin) we shall 
introduce a new notion of ergodic party and it will be shown that this also plays 
a fundamental role in the investigation of the asymptotic behavior of the 
sequence P <n) (/, E) for large n. 

In order to obtain these results, we shall develop in §§2 and 3 a general theory 
of iteration of bounded linear operations in Banach spaces. Although the 

* ( L ) is, as usual, the space of all the (real- or complex-valued) measurable functions 
x(t) which are absolutely integrable on U. For any x(l) e (L), its norm is defined by: 

ll*||* / | x(t) 1 dty and in (L), an integrable function x(t) is called to be positive if we 

Jq 

have x(t) ^ 0 almost everywhere in t. 
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iteration of bounded linear operations in concrete Banach space (for example, 
in Hilbert space) was discussed by many authors, such a theory has not hitherto 
been developed in general Banach spaces. We shall show now that this is pos- 
sible under general conditions, and the results thus obtained will find their full 
applications in §4. 

Thus §§2 and 3 may be considered as preparations to §4. Nevertheless, 
these are also the principal chapters of this paper. Indeed, Theorem 1 (mean 
ergodic theorem) and Theorem 4 (uniform ergodic theorem) are among the main 
results of our paper. In order to explain the meaning of these theorems, let 
us recall the mean ergodic theorem of J. v. Neumann: 

Let S be a one-to-one measure-preserving transformation of a space il into 
itself. Then 

x — > T(x) = y\ y(t) = x(S(t)) 

is a positive; unitary transformation which maps the Hilbert space (I 2 ) (defined 
on U) into itself, and the mean ergodic theorem of J. v. Neumann says that, 

for any x e (L 2 ), the sequence j x n \ (n — 1,2, ■ • where x n — ~ (T + T 2 •••-(- 

T n )x, converges strongly to some element x c (L 1 ). 

This theorem may be generalized in two ways: firstly, ( L 1 ) may be substituted 
by an arbitrary Banach space (B), and secondly, T may be substituted by an 
arbitrary quasi-weakly completely continuous 6 linear operation which maps the 
Banach space* (B) into itself. The posit iveness of T and the existence of the 
inverse operation T 1 are both not assumed. This theorem is called the mean 
ergodic theorem in Banach spaces and will be proved in §2.' 

Moreover, if T is quasi-st rongly completely continuous, 6 i.e., if T satisfies 
the condition (K) of N. Kryloff-N. Bogoliouboff, then the strong convergence in 
the mean ergodic theorem may be substituted by the uniform one. This is a 
generalization of the results of M. Fr^chet [1], [2], C. Yisser [1] and N. Krvloff- 
N. Bogoliouboff [1], [2], and will be called the uniform ergodic theorem in Banach 
spaces. We shall prove this in §3. This theorem is extremely powerful in the 
investigation of concrete Markoff’s process in §4. 

In concluding the introduction, we express our hearty thanks to Yukio Mimura 
and Shftkiehi Iyanaga for their constant encouragements during the preparation 
of this paper. 

Chapter 2. Mean Ergodic Theorem in Banach Spaces 8 
(Generalization of J. v. Neumann's mean ergodic theorem) 

In this chapter we are concerned with weakly completely continuous and 
quasi-weakly completely continuous linear operations in general (real or com- 

• This notion will bo explained at the beginning of §2. 

7 Recently, the generalizations of the mean ergodic theorem were given also by N. 
Wiener [1], [2], G. Birkhoff [2] and N. Dunford [1]. We shall discuss these results in §2. 
See the remarks after Theorem 1 of §2. 

8 K. Yosida [2], S. Kakutani [1], K. Yosida and S. Kakutani [1]. 



192 


k6sAKU YOSIDA AND 8HIZUO KAKUTANI 


plex) Banach spaces. By definition, a bounded linear operation T, which maps 
a Banach space ( B ) into itself, is called to be weakly completely continuous if 
it maps the unit sphere || x || ^ 1 of ( B ) on a weakly compact set of ( B ). More 
generally, T is called to be quasi-weakly completely continuous , if there exist an 
integer m and a weakly completely continuous linear operation V, which maps 
(B) into itself, such that || T m — V || < 1. 

Theorem 1. Let T be a bounded linear operation which maps a Banach space 
(B) into itself . Let us further assume that 

(2.1) there exists a constant C such that || T n || ^ C for n = 1, 2, • • • , and that 

for any x e ( B ), the sequence j x n } ( n = 1,2, • • *)> where x n = * (T + 

T 2 + • • • + L n )x, contains a subsequence which converges weakly to a 
point x e ( B ). 

I r nder these assumptions , 

(2.3) the sequence 1 J n ) (n = 1, 2, • • • ) converges strongly to a point I\ 
and if 

we denote by 1\ the operation x — * then r J\ is a bounded linear operation which 

maps ( B ) into itself and 

(2.4) TTi = TxT = T\ = 3T, , || T, || ^ C. 

Proof. Let x be an arbitrary point of ( B ). By (2.2), there exists a subse- 
quence (v = 1, 2, • • • ) of {av} ( n — 1, 2, • • • ) which converges weakly 
to a point x of (J5). We shall first prove that we have 

(2.5) T(x) = x . 

This is an easy consequence of the relation: 

|| T(Xn) ~ X„|| 

- (T 2 + 7* + ... + r r + ')x - 1 (T + 2’ 2 + ■ • • + T) x 
n n 

\(T n+1 -T)x g— || x ||, 
n n 

which is valid for n = 1, 2, • • • . Indeed, putting n = n v in (2.(5) and making 
v tend to «, we have (2.5) at once; for {x n , J and \T(x np )} converge weakly to 
x and T{x) respectively. 

We shall next prove (2.3). For this purpose, decompose x into two parts: 
x = x + (x — x). Then we have, by (2.5), 

(2.7) = £ + - (T + T 2 + . • • + 7 m )(* - £), 

n 

and consequently, in order to prove (2.3), we have only to prove that the 
second term of the right hand side of (2.7) converges strongly to 0 as n — » « . 
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Let the range of the linear operation I — T (I is the identical transformation) 
be R, and denote its closure (in the strong sense) by R. Since R is a linear sub- 
space of (jB), R is also closed in the weak sense. Since the sequence 

jj - I (r + t 2 + . . . + r>| x 

= (/ - T) (i + T + T 1 + . . . + 1 T n ~ l ) x 

converges weakly to x — x, and since the right hand side clearly belongs to R, 
x — x belongs to R. Consequently, in order to prove (2.3), we have only to 
prove that 

(2.8) -- (T + T 2 + ... + T n )x converges strongly to 0 

n 

for any y e R. This may be performed in two steps: 

1st case, y e R. Taking a point z e ( B ) such that y = z — T(z) t we have 

1 (T+T 2 + ... + r n )y \ | = I 1 (T + T 2 + • • • + r)(z - T(z)) 

n 71 

= i 1 (r - r +1 )z! S g — 1| z n — . o. 

| n || n. 

2nd case, y t R. For any t > 0 there exists a point y' e R such that || y — 
y' || < «. For this y' we have 

~(T + T 2 + ... + Dy g 1 -(T + T 2 + ... + T n )y' i 
n n 

+ i 1 (T + T 2 + • • • + r)(j/ - y') 

I U 

g 1 (T + T 2 + ... + T n )y' 1 + Ce. 

n II 

Since the first term of the right hand sid(‘ converges strongly to 0 as n — > «> 
(by the result obtained in the 1st ease), we have 

ito - (T + T 2 + ■ . . + r)y ^ Ce; 

n— *oo n 

and, since e > 0 is arbitrary, we have (2.8). Tlius (2.8) is proved for any 
y c R and hereby (2.3) is completely proved. 

Let now Ti be the transformation x — * x. r l\ is clearly linear and bounded: 
|| jf \ 1 1 i£ C. Since (2.5) is always true, we have T7\ = T x . Thus T n T x = 

T\ and - (T + T 2 + ■ ■ ■ + T n )l\ — 7\ for n == 1,2,--, and consequently 

71 

T\ — T\ . In order to prove the relation : T{T — T \ , we have only to start 
from the inequality: 
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- (T + T* + . • • + T n )T(x ) - 1 (T + T 2 + ... + T n )x 
n n 


** n*n- 


0. 


Since the terms on the left hand side converge strongly to l\T(x) and T\(x) 
respectively, we have T x T(x) = T x (x) for any x € (13). 

Thus the proof of Theorem 1 is completed. 

R£MAKK 1. r l\ is a projection operator which maps (B) on the proper space 
(Bi) of T belonging to the proper value l. 9 That is, T x does not vanish identi- 
cally if and only if 1 is a proper value of T } and T x (x) = x if and only if we have 
T(x) = z. 

Remark 2. In virtue of (2.1), (2.2) is surely satisfied if T is weakly com- 
pletely continuous. Hence 

Corollary 1. Let T be a weakly completely continuous linear operation which 
maps a Banach space ( B ) into itself. If there exists a constant C such that 

|| T n || ^ C for n = 1, 2, • • • , then the sequence of operations < - ( T + T 2 + • • • + 

1 

T n )> (n = 1, 2, • • • ) converges strongly to a bounded linear operation T x which 

maps (B) into itself and which satisfies (2.4); i.e., mean ergodic theorem is valid 
in ( B ). 

The conditions of this Corollary are clearly satisfied if (B) is a Hilbert space 
and if T is a unitary operation in it. (Since Hilbert space itself is locally weakly 
compact.) Thus Theorem 1 is, in two respects, a generalization of the mean 
• ergodic theorem of J. v. Neumann [1], [2]. (See also K. Hopf [1].) In the first 
place, our theorem is true in general complex Banach space, while the proof of 
J. v. Neumann is valid only in the case of a Hilbert space. In the second 
place, we do not assume that T is isometric, and the existence of the inverse 
operation is not required. The positiveness of the operation T is also not 
required. We have only to assume that the conditions (2.1) and (2.2) are satis- 
fied. The first condition (2.1) is always satisfied with C = 1 in the case of 
ergodic theorems and Markoff’s processes; and the second one (2.2) is satisfied 
in every weakly compact Banach space (for example, in regular Banach space 
and especially in (//) (p > 1)) for any bounded linear operation 2\ Conse- 
quently, mean ergodic theorem holds true in (//) (p > 1) under the trivial con- 
dition (2.1). This result was also obtained independently by F. Riesz [1]. On 
the contrary, in the Banach space (L) = (L 1 ), the condition (2.2) is not always 
satisfied for an arbitrary bounded linear operation 7\ In order that a bounded 
subset S of (L) be weakly compact, it is (necessary and) sufficient that the 
functions belonging to this subset S are uniformly integrable, that is, that there 
exists for any c > 0 a positive number 8 > 0 such that mes (E) < 8 implies 


9 It is to be noted that in general Banach space (B), there does not necessarily exist, 
for any closed linear subspace (B')> a projection operator (of norm 1 or of finite norm) 
which maps ( B ) in (/?'). 
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/ | x(t) | dt < t for any x(t) t S. This condition is surely satisfied if there 

Jg 

exists a function x Q (t) t (L) such that \ x\ g x 0 (that is, | x{t) | g x 0 (t) almost 
everywhere in t) for any x(t) c S . Hence we have 
Corollary 2. Let T be a bounded linear operation which maps the Banach 
space ( L ) into itself . If there exists a constant C such that || T n || g C for n = 
1, 2, • • • , and if there exists , for any x(t) e (L), a function x 0 (t) e (L) such that 

T n (x) g T 0 ^or, more generally , ~ (T + T 2 + . • • + T n )x S x^jfor n = 1, 2, • • . , 

then for any x(t) t ( L ) the sequence ( T + T 1 + • • • + 7 vl )x| (n = 1, 2, • • • ) 

converges strongly to some, function x(t) e (L) ; i.e., mean ergodic theorem is valid 
in (L). 

In order to prove this, wc k have only to notice that there exists also an To 
such that T u {— x) g To i.e. — x' Q g T n ( x) for n = 1,2,-.. 

This theorem was proved by F. Riesz [2] and an analogous theorem was also 
stated by Garrett Birkhoff [1] for abstract (L)- spaces. The result of G. Birk- 
hoff is more general in formulation, but it was pointed out that in essential the 
two theorems are equivalent. 10 

Moreover, if T is an integral operator with tin* probability density kernel 
p(t, s): 

t-> T(x) = y : y(b) = f x(l)p(t, s) dt 


(p(t f s) H for any t, s; 



for any t ), 


then a (necessary and) sufficient condition that T be weakly completely con- 
tinuous is that p(/, s) is uniformly (in /) integrable in «, that is, that there exists 

for any € > 0 a positive number 6 > 0 such that mes(Jfc’) < 6 implies i. p(t, 

s) ds < c for any t. This condition was investigated by J. L. Doob [1] without 
being noticed that the linear operation T becomes weakly completely continuous 
under this condition. We have once 11 treated this case of the condition of J. L. 
Doob as an application of the mean ergodic theorem. But, on looking precisely 
into the detail of the fact, we have found that, in this case, the linear operation 
T satisfies even the (in some sense stronger) condition (K) of N. Kryloff-N. 
Bogoliouboff, and that the uniform ergodic theorem is true in this case. (In- 
deed, the condition (Iv) of N. Kryloff-N. Bogolioftboff follows from the condition 
(D) of W. Doeblin, which is weaker than that of J. L. Doob.) 12 
Remark 3. Recently Garrett Birkhoff [2] proved that in every uniformly 


10 S. Kakutani [2]. 

11 K. Yosida and S. Kakutani [1 ]. 
« K. Yosida [3]. 
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convex Banach space mean ergodie theorem is valid for any bounded linear 
operation of norm not exceeding unity. This is also a generalization of the 
mean ergodie theorem of J. v. Neumann, since Hilbert space is uniformly con- 
vex. But this result of G Birkhoff is contained in our Theorem 1 ; for, every 
uniformly convex Banach space is regular and consequently locally weakly 
compact. 18 (It is, however, to be remarked that the proof of G. Birkhoff dis- 
tinguishes itself by its extreme simplicity.) 

Remabk 4. We can also prove the theorem of the following type: 

Corollary 3. Let S and T be two bounded linear operations which map a 
Banach space ( B ) into itself , and assume that these are commutative between them - 
selves: ST = TS . If there exists a constant C such that || T n || ^ C and || S n || ^ 
Cforn = 1 , 2, • • • , and if , for any x € ( B ), the sequence {x m v} (m, n = 1 , 2, • • • ), 
where 


x mn = ~ (S + + .. ■ + ^)(T + T 2 + ... + r)x, 

mn 

contains a subsequence {x m , n ,} (m p <*>, n, — > *>) which converges weakly to a 
point x of (B), then we have lim x mn = £ strongly for any x e ( B ) ; and if we denote 

m,n-+ oo 

the transformation x — x by U, then l ' is a bounded linear operation which maps 
(B) into itself and we have 

US = SU = UT = TV = U 2 = U and || U || ^ C. 

Proof. It will be easily seen (exactly as in the proof of Theorem 1) that we 
have S(x) = T(x) = x. Hence we have only to prove that the sequence 

j— OS + S i + •• • + S m )(T + T* + • • • + T n ) (x — converges strongly 

) 

to 0 as tn — » * and n — > oo simultaneously. In order to prove this, denote by 
R the set of all the points z t (B) of the form: z = (x — S(x)) + (y — T(y)) 
with x, y e ( B ). R is clearly a linear subspace of (B) and x — x belongs to its 
strong (= weak) closure R; for, we have 

// _ J_(S + 5 2 + ... +S")(r + T*+ ... +nlx 

( mn ) 

= - i(S + S 2 + ... +S")}* 

+ (i(5 + S 2 +... +5-) 

_ i. (s +<s* + . . . + s"*)(t + r 2 + . . . + nl* 

mn ) 


u S. Kakutani [3]. See also D. Milman [1]. B. J. Pettis [1]. 
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- (I-S)(l + - -S + m ~ -S 2 + ... + -S"- 1 )* 

\ m m m ) 

+ - (S + S 2 + ... + S")(I- T) 
m 

and the left hand side converges weakly to x — £•. Consequently, we have only 

to prove that { — (8 + S* + • • • + S”‘)(T + T* + • • • + 7’>1 converges 
(ran J 

strongly to 0 for any 2 € R. This is clear if z e R , and the general case z e R 

may be treated in exactly the same manner as in the proof of Theorem 1. 

Mean ergodic theorem of this typo was first discussed by N. Wiener [1], [2J. 

N. Wiener treated the case when the inverse operators and T~ l both exist, 

and has also obtained the individual ergodic theorem of G. D. BirkhofFs type. 

Recently N. Dunford [1] has also announced the theorem of the same kind. 

Theorem 2. I'micr the same assumptions as in Theorem 1, we have : for any 

complex number X of absolute value 1, there exists a bounded linear operation 7\ , 

which maps (B) into itself , such that 

1 (T T l T n \ 

(2.9) - L + ^- + ••• + ^ J converges strongly to 7 \ , 

(2.10) 1\T = TT X = XT x , Tl = 'l\, || T x \\ ^ C, 

(2.11) X 7 ^ m implies T x 7\ = 0, 

(2.12) T\ ^ 0 if and only if X is a proper value of T. 

In this case , 7 \ is a projection operator which maps (B) on the proper space (B\) 
of T belonging to the proper value X, and T\(x) = x if and only if we have T(x ) = 

k 

\x. If we further pul T = T — X, 7\. for any system { Xi , X 2 , • • • , X*) of 

i - 1 

complex numbers of modulus l with X,- ^ X, (i ^ j ) and 7\, ^ 0, then we have 

(2.13) T U T « T'T Xi = 0 for i = 1, 2, • • . , k, 

(2.14) TV = T'T = T’\ 

(2.15) r = Zx?3\ j + r forn = 1,2, • ••, 

»-i 

. . fx is a proper value of T if and only if it is a proper value of T and 

( ^ lb) \X * hfori = 1,2, ••• ,k. 

Proof. (2.9) is clear from Theorem 1 if we consider 7'/X instead of T. From 
this (2.10) follows at once. To prove (2.11), multiply (2.9) by T„ from the 
right. Then we have, by (2.10), 


•( 


/ + ” — 1 T+- 


n 


'T 2 + ... + 
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1 / 2 n \ 

- ( ^ + • • • + ?’m converges strongly to 2x2V 

Since, in case \ the left hand side converges strongly (even uniformly) to 

a zero operator, we have ( 2 . 11 ). ( 2 . 12 ) is clear from the Remark 1 to Theorem 

1 . (2.13), (2.14) and (2.15) may also be proved by easy calculations. To 

prove lastly (2.16). let A, | A | s* 0, be a proper value of T and assume that 
A ^ A, for i = 1, 2, " * , fc. Then there exists a point x 0 e ( B ) (x Q 0) such 
that T(x 0 ) = Ax 0 . Therefore, multiplying the both sides by 7\, from the left, 
we have, by (2.10), \iT\.(xo) = A7\.(a; 0 ) and consequently (since A 5 ^ A* we have 

k 

T Xi (x 0 ) — 0 for i = 1, 2, • • • , A*, so that we have Ax 0 — T(x 0 ) = 2 A*7\i(xo) + 

»-i 

7 v (x 0 ) = T'(x 0 ). Hence A is a proper value of T'. Conversely, let A be a proper 
value of V . Then there exists a point x 0 e ( B ) (x 0 s* 0 ) such that T'(x 0 ) = 

Xxo. Since we have T(i ,) = 7’Q T'(xo)) = ^7’7’'(r„) = Jr*fa) (by (2.14)) = 

Ax 0 , A is also a proper value of T. in order to prove that A ^ A, for i = 1,2, 

• • • .A;, assume that A = A, for some 4 i. Then we have 4 


1 /T , 7’ 2 , , 7’"\ . 

- I - + -» + ••• + n ) Jo = T 0 for n 

n \x, x? x;v 


1 . 2 , 


and consequently (by (2.9)) 7 \ v (j 0 ) = x 0 ^ 0, which leads to a contradiction, 

since T\.(xo) = 7’x,.Qr(x 0 )) = Jr x ,r(x.) = 0 by (2.13). 

The proof of Theorem 2 is hereby completed. 

Theorem 3. /a Theorems 1 and 2, condition (2.2) way he substituted by 
the condition that T is quasi-weakly completely continuous. 

Proof. We have only to prove that, under the condition (2.1) and the as- 
sumption that T is quasi-weakly completely continuous, there exists for any 
x € ( B ) a subsequence {x^J (v = 1, 2, • • • ) of \x n \ (n = 1, 2, • • • ) which con- 
verges weakly to a point x t ( B ). In order to prove this, put T n = V + /> 
with || D || = a < 1. Then we have 

(2.17) T prn = V p + D\ 

where V v = T pm — (T m — V) p is w( 4 akly completely continuous with V\ = V 
and || D p || ^ a p . u Hence, putting 


14 If V and W are weakly completely continuous, then V -f W, TV and VT arc also weakly 
completely continuous for any bounded linear operation 7\ Thus the totality of all the 
weakly completely continuous linear operations constitutes an ideal in the ring of all 
bounded linear operations. Expanding T ,pm — ( T m — V ) p , the term T vanishes and there 
remain only those terms (finite in number) which contain at least one F-factor. Con- 
sequently V p is weakly completely continuous. 

It is to be remarked that the same is also true for strongly completely continuous linear 
operations. 
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**. = -(T + T 2 + ... + 'Dx 
n 


for brevity's sake, we have for n > pm 
Xn = ~ (T + T 2 + • • . + Dx 


= ~(T+T*+ + T pm )x + -* T pm (T + T 2 + ... + T n-PM )J 

n n 

— %n,p m "I" T (x„,n—pm) ~ Xn.pm "t" V p(.X n ,n—pm) “1“ ix niTl — pm ) • 

Since || £„.„_pm || ^ C*j| x j| for any n > pm (by (2.1)), there exists, for any p, 
a subsequence \n y \ (p = 1,2, • • - ) of |n) (n = 1,2,...) such that 
I Vp(x nw , n '-p m )\ (i> = 1, 2, ••• ) converges weakly to a point x p t(B). Con- 
sequently we have 

lim | /(/„,) - f(x p ) i ^ lim |/(.r„,.„J | + lim \f(D P ix„,.„^ pm )) | 

P-»oo V— »00 P~*<30 

for any bounded linear functional fix) defined on (B). Since 


\f(x„,. im )\ Z ^ ! | / 11-—.C || x || — ► 0 


and 


\f(D“(x n _,,))! g |!/!M|/r;|. 


X ti , ,n,—pm || ^ \\f'\ -OL P C • ! 


we have 


(2.18) Hml/CrJ -/(*„) | ^ ||/|| -a'-G’ll r || 

P->00 

for any bounded linear functional f(x) defined on (B). 

Applying the diagonal method, we may assume that (2.18) holds for any 
bounded linear functional f(x) defined on (B) and for p = 1, 2, • • • . Of course, 
x p may depend of p. Let us now consider the sequence !*f p j (p — 1, 2, • - . ). 
From (2.18) we have 

i /(■?„) -/(■?,) ; ^ (<*" + or) • ; I / 1 1 G Y j j .r | ; , 

and since /(.r) is an arbitrary bounded linear functional defined on (B), we have 
|| x p - x q || g (a v + oc q ) -C- 1| x || for any p and q. Consequently, (since a < 1), 
\x p \ (p = 1,2, • • • ) is a fundamental sequence in (B). If we put x — lim x p , 

p—*oo 

then we have, for any p, (from (2.18)) 


lim |/Cr n „) — fix) | g lim | /(•»•».) — f{x p ) | + \f(x P ) — fix) 


^ ll/l!-« P -C'|| a:|| + H/ll-ll - x||. 
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Since p is arbitrary' and since the right hand side tends to 0 as p — > « , we have 
lim | }{Xn,) — fix) | = 0. Since fix) is an arbitrary bounded linear functional 

*-+eo 

defined on ( B ), we have thus proved that the sequence {x n ,} ( v = 1, 2, • • . ) 
converges weakly to x. The proof of Theorem 3 is hereby completed. 

Remark. All what we have obtained in Theorems 1 and 2 is also valid for 
quasi-weakly completely continuous linear operations. We can also prove 
several propositions concerning the conjugate operators of such bounded linear 
operations. 16 But we shall not go into the detail, which is not essential in the 
further discussions of this paper, and we shall proceed to the case of strongly 
completely continuous and quasi-st rongly completely continuous linear 
operations. 

Chapter 3. Uniform Ergodic Theorem in Banach Spaces 16 
(Generalization of the theorems of Fr6chet-KrylofT-Bogoliohboff) 

In this chapter we shall discuss strongly completely continuous and quasi- 
strongly completely continuous linear operations. By definition, a bounded 
linear operation T of a Banach space ( B ) into itself is called to be strongly 
completely continuous if it maps the unit sphere || x || g 1 of ( B ) on a strongly 
compact set of (B). More generally, T is called to be quasi-st rongly completely 
continuous , if there exist an integer m and a strongly completely continuous linear 
operation F, which maps ( B ) into itself, such that || T m — F || < 1. 

Since every strongly completely continuous linear operation is a fortiori 
weakly completely continuous, all what we have obtained in §2 is also valid 
for the case of strongly completely continuous or quasi-strongly completely 
continuous linear operations. Moreover, we can show that in the present case, 
the strong convergence in Theorems 1, 2 and 3 may be substituted by the 
uniform one. These are, as will be seen from the proofs below, the consequences 
of a theorem of F. Riesz and its generalizations to the case of quasi-strongly 
completely continuous linear operations (Lemmas 3.1 and 3.2). 

Theorem 4. Let T be a strongly completely continuous or quasi-strongly com- 
pletely continuous linear operation which maps a Banach space (B) into itself . If 
there exists a constant C such that || T n j| ^ C for n = 1, 2, • • • , then the proper 
values X of T of modulus 1 (if such proper value ever exists) are finite in number 
and each of them is of finite, multiplicity. Let us denote these by Xi , X 2 , • • • , X* . 
Then there exists a system of strongly completely continuous linear operations 
,n k (each of them 0 ), and a strongly completely continuous or 
quasi-strongly completely continuous linear operation S ( which might vanish ), such 
that T n is decomposed into the form : 

(3.1) r = ± \?T k + S n , n = 1, 2, ... . 

i-1 


16 K. Yosida and S. Kakutani [1], K. Yosida [4]. 
I# K. Yosida [11, [4], S. Kakutani [1]. 
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' TT Xi - T Xi T = X T Xi , Tl - T Xi , T Xj T x , =0 (» * j), 

T Xi S = ST Xi =0, UnjlSC, * = 1,2, ...,*, 

11^*11 ^(TT^)n. " = 1.2,..., 

where M and e are positive constants which are independent of n. 

Remark. Theorem 4 is a generalization of the results of C. Visser, M. Frtichet 
and N. Kryloff-N. Bogoliouboff. C. Visser [1] discussed the iteration of strongly 
completely continuous linear operations in Hilbert space, and has obtained 
only strong convergence. M. Frfichet [1], [2] discussed the case of an integral 
operator T with bounded density kernel p(t } s): 

x — > T(x) = y: y(s) = f x(t)p(t, s ) dt, 

and has obtained a considerably precise result after somewhat long calculations. 
It was, however, shown by Y. Mimura and the authors (Lemma 4.5 in §4) that, 
for such integral operation T with bounded density kernel, the second iterate 
T 2 already becomes strongly completely continuous as an operator which maps 
the Banach space (L) into itself. Hence the theorem of M. Fr6chet may be 
considered as a special case of Theorem 4. X. Kryloff-N. Bogoliohboff [1], [2] 
treated the case of an integral operator with general probability kernel P{t y E ), 
which maps the Banach space (M) into itself: 

X T(x) = y: y{E) = [ x(dt)P(t, E), 

J Q 

and have obtained the same results (they announced these without proof) under 
the same conditions as in Theorem 4. It is, however, to be noted, that Theorem 
4 holds true eveirfor the general case when the Banach space ( B ) is arbitrary 
and when the positiveness of the operation T is not assumed. The more de- 
tailed discussions of such operations and their iterations, where the condition 
of positiveness plays its essential role, will be fully developed in §4. 

In order to prove Theorem 4, we shall first prove two Lemmas which may he 
considered as generalizations of the results of F. Riesz [1]. 

Lemma 3.1. If T is qaasi-strongly completely continuous , then the proper 
values X of T do not accumulate to a point not interior to the, unit circle | X | = 1 of 
the complex plane. 

Proof. Take an integer p so large that we have a p < J where T m = V + Z), 
|| U || = a < 1. We have (exactly as we have obtained (2.17) in §2) 

(3.4) T pm = V p + IT, || D p || g a p < J, 

where V p is a strongly completely continuous linear operation which maps (Z?) 
into itself. From this it will be easily seen that we have only to consider the 
case when m = 1 and a < J. 


with 

(3.2) 

and 

(3.3) 
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In order to prove Lemma 3.1 in this case, let {A*} (n = 1, 2, • • • , X n \ m 
(n 5 * in)) be a sequence of proper values of T which converges to a point X 0 
of modulus not smaller than 1. We shall deduce a contradiction from these 
assumptions. For this purpose, let {£„} (n = 1, 2, • ) be a proper element of 

T corresponding to the proper value X n : T(x n ) = \ n x n , x n 0, n = 1 , 2, • • • . 
We shall first prove that these x n are mutually linearly independent. This 
may be done by mathematical induction. Let x x , x 2 , • • • , x n „i be already 
linearly independent and assume that x n depends linearly on X\ , x 2 , • • • , x n -i : 
x n = a ' Xi • Then we have 

n — 1 n — 1 / »— 1 \ 

^»(X« \)Xi \ n X n Ot{\ {X% 1 i Xn ^ *r» | 0. 

i -1 1-1 \ 1-1 / 


Since (a,} (i = 1, 2, • • • , n — 1) do not vanish simultaneously, this is a con- 
tradiction to the assumption that Xi , x 2 , • • • , z n -i are mutually linearly 
independent. 

Thus we have proved that x n (n = 1, 2, ■ ■ ■ ) are mutually linearly inde- 
pendent. Consequently, the (n — l)-dimensional subspace (X n -i) of ( B) f 
which is spanned by X \ , x 2 , • • • , z n _i , is a true subspace of the linear space 
(X„) which is spanned by Xi , x * , - • • , x n . Hence, by a well-known theorem 
of F. Riesz [1], there exists a sequence of points {y n } (n = 1, 2, • • • ) such that 
y n e ( X n ), || y n || = 1 and || y n - x || > $ for any x e (A r n _i). Since each y n is 
of the form: y n = a ‘ x < > we 


and 


y n - t(±) = E «.*. - E ? Tfe) = E a. (l - (X„_0 

\A»/ i-1 i-1 A n i-l \ A n / 

\Am/ t— 1 An, i— 1 A m 


for any n and m. Consequently, the trivial identity: 


implies 

(3.5) 


(0-K0I 


> ^ for n > m. 


On the other hand, since V is strongly completely continuous and since the 
sequence (n = 1, 2, • • • ) is uniformly bounded, there exist two sequences 

of integers {n,} and {»,»} (n, > m , , v = 1, 2, • • • ) such that lim F — 

l| \Xn,/ 

V^| = 0. This is, however, a contradiction with (3.5), since wc have by 
assumption 
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Hfe)- r fe)}-{Kxt:)- K fe)}ll 

s ll 7 , fe)-’'fe)!l + ll T (£)- 

-l D fe)I + i c fe)i! s “(llfe! 


(W)|i 

Vx-./ij 

■fell) 


2 a 

PS) 


<i 


Thus Lemma 3.1 is completely proved. 

Lemma 3.2. If T is quasi-strongly completely continuous , then the proper 
space ( B\ ) of T belonging to a proper value X of T of modulus 1 is of finite dimension. 

Proof. This may be* done in exactly the same manner as in the proof of 
Lemma 3.1. We may again assume that m = 1 and a < \. 

If, for some proper value X with | X | = 1 , the proper space (fi x ) is not of 
finite dimension, then there* exists a sequence of points x n e (fix) such that 
|| x n || = 1, T(x n ) = \x n (n = 1, 2, • • ■ ) and j| x n - x m || > \ for n > m. 

On the other hand, since V is strongly completely continuous, there exist two 
sequences {n„J and \m y \ (n v > m v , v = 1, 2, • • ■ ) such that lim || V(x np ) — 

F -*00 

V(Xmf) ||=0. This will, however, lead to a contradiction since we have 


h < II in. ~ A.. || = || X(i., - X m ,) || = || T(x n ,) ~ T(x m .) 


S II V(i„) - V(x m ,) || + 1 1 D(x„) - D(x mr ) I! 


^ II V(x n .) - V(x m .) || + 2a. 


The proof of Lemma 3.2 is hereby completed. 

Proof of Theorem 1. Now, in order to prove Theorem 4, let us recall 
that Theorem 3 is valid in our case. From Lemma 3.1, then? exists only a finite 
number of proper values X of T on the unit circle | X | = 1. Let us denote 
these proper values by Xi , X 2 , • • • , X* . Then there exists (by Theorem 2) for 
each X, a bounded linear operation 1\ % , which maps (fi) on the proper space 
(fi x .) of T belonging to the proper value X, . r l\ % satisfies all the conditions of 
Theorem 2 and is strongly completely continuous since each (fi X| ) is of finite 
dimension by Lemma 3.2. Let us put 

(3.6) S = T -t \.7’x, 

i-1 


and consider the bounded linear operation fi thus defined. We shall prove that 
this fi is also quasi-strongly completely continuous and that its iterations fi n 
are uniformly bounded. This is an easy consequence of the relation fi n == 
T n — , which follows immediately from (3.6) and the result of Theorem 

2. Indeed, there exists a constant C' = C + II T\ || £ (k + 1)C such that 
|| S n || ^ || T n || + || T x . || ^ C' for n = 1,2,..., and also an integer m 

and a strongly completely continuous linear operation F' = V — 
such that ||fi m - F'|| « II T m - V\\ < 1. 
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Moreover, S has no proper value of modulus 1, so that in order to complete 
the proof of Theorem 4, we have only to prove the following 

Lemma 3.3. //, in addition to the assumptions in Theorem 4, T has no proper 
value of modulus 1 , then there exist two constants M and c > 0 such that 


(3.7) 


r II ^ 


M 


(1 + «)" 


for n = 1,2, 


Proof. It is sufficient to prove the case m = 1. For, if Lemma 3.3 is true 
for the case m = 1, then there exist two constants M' and e' > 0 such that 
!! T mn |! ^ A/'/(l + O” for n — 1,2 ,*., and it is easy to deduce from this 
the existence of two constants M and 6 > 0 which satisfy (3.7). 

Now, in order to prove Lemma 3.3 in the case m = 1, put T = V + Z), where 
V is strongly completely continuous and || D || = a < 1. By a well-known 
result, / — \D (/ is the identical transformation) admits a unique inverse I + 

XD(X) = I + X]n-i X n D n which is regular in I X | < ~, and we have (I + XD(X)) 

a 

( I ~ XT) = (/ + XD(X))(I - XV - XD) = / - XV - X 2 D(X)V m I - 7(A), 

where F(X) = XV + X 2 D(X)V is regular in X for | X | < * , and is strongly corn- 
er 


pletely continuous for each X with | X | < -. By Lemma 3.1, there exists a 

a 

positive number n > 0 such that T has no proper value Xinl — t? < | X | < 


I + 17. Put 2e = min I 


i and consider the domain A: 1 — 2* < I X I < 


1 + 2«. The equation (I — V(X))x = 0 has no non-trivial solution x ^ 0 for 
each X « A. For, if there exists an x 0 ^ 0 with (I — V(X))x„ = 0, then we have 
(I — \T)x o = (/ — \D)(I — F(X))io = 0, and this is a contradiction since T 
has no proper value in A. Consequently, since F(A) is strongly completely 
continuous for any X t A, there exists, by a theorem of F. Kiesz, a unique in- 
verse / — K(X) of I — F(A) for any X t A; and it will be easily seen that I — 
\R(\) = (/ — + A-D(A)) is an inverse of I — XT for each X t A. 

Thus we have proved that I — XT has an inverse for any X t A. Since it is 
clear from the uniform boundedness of j T n \ (n = 1, 2, • • • ) that I — XT has 
an inverse I + Y»-i X n T n for any X with | X | < 1, we have thus proved the 
existence of an inverse (/ — XT’) -1 for any X with | X | < 1 + 2«. Consequently, 
by a theorem of M. Nagumo [1], (/ — X7’) -1 is regular in X for | X | < 1 + 2e 
and the series of C. Neumann: (/ — X7’)~ l = I + converges in the 

uniform sense in | X | < 1 + 2«. Hence .t here exists a constant M such that 
the inequality (3.7) is valid for n = 1 , 2, • • • . 

The proof of Lemma 3.3 and herewith the proof of Theorem 4 are completed. 
Cobollary. Under the same assumptions as in Theorem 4 we have : 

(i) For any complex number X with | X | = 1 , there exists a strongly completely 
continuous linear operation T\ , which maps ( B ) into itself, such that 
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Ill / 

T T 1 . 

r\ 

lu( 

— -4- - — -f 
X T X s 

■■■ + x „) - n 


S* for 

n 


» = 1 , 2 , 


where M is a constant which is independent of n, and 7 \ rfoc.s* 710/ vanish identically 
if and only if X is a proper value of T. 

(ii) In order that the sequence [T'\ (n = 1, 2, • • - ) converge in the uniform 
sense to a zero operation , it is necessary and sufficient that T has no proper value 
of absolute value 1. 

(iii) In order that the sequence {?’") (n = 1,2,..) converge in the uniform 
sense to a bounded linear operation 1 \ ^ 0, it is necessary and sufficient that 1 
is a proper value of T and that T has no other proper value of absolute value 1. 

In (ii) and in (iii), if the sequence \T n \ (n = 1 , 2 , • • • ) converges in the uniform 
sense , then it is of the order of geometrical progression ; that is, there exist a constant 
M and a positive number e both independent of n , such that we have || T n || 
M/( 1 + c) 71 and || T n — r J\\\ ^ M/( 1 + e)" respectively for n = 1 , 2 , • * • . 

Chapter 4. Markoff's Process 17 


§4.1. Introduction. Let us denote by P{t , E) the transition probability that 
a point t of the unit interval 12 = (0, 1) is transferred, by a simple Markoff's 
process, into a Borel set E of 12 after the elapse of a unit-time. We have always 
P(t , E) ^ 0 and P(t, 12) = 1. We shall assume that P(t, E) is completely 
additive for Borel sets E if t is fixed, and that P(t, E) is Borel measurable in t 
if E is fixed. Then the transition probability P (71) (*, E) that a point* e!2 is 
transferred into a Borel set E of il after the elapse of n unit-times is given 
recurrently by 

P w (t, E) = [ ds)P(s, E) = [ P(t. ds)P {, ‘- l, (s, E), 

J n 

O-D n = 2, 3, ••• , 

P"\l, E) = P(t, E), 

where the integration is of Radon-Stieltjes type. 

(Consider the complex Banach space (M) of the complex-valued com- 
pletely additive set functions x{E) defined for all Borel set E of 12. For any 
x(E) € (M), its norm is defined by: \\x\\ = total variation of | x(E) | on 12. 
Then we have 

Lemma 4.1. The integral operator 
( 4 . 2 ) x-+T(x) = y: y(E) = [ x(d*)P(f, E) 

is a bounded linear operation which maps the Banach space (M) into itself and 

IITII-1. 


17 K. Yosida and S. Kakutani [1], K. Yosida [3], S. Kakutani [4]. 
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On the other hand, if we consider the complex Banach space (M*) of all the 
complex-valued bounded Borel measurable functions x(t) defined on U, with 
|| x || = l.u.b. | x(t) | as its norm, then we have 

t t Q 

Lemma 4.2. The integral operator 

(4.3) x -> T(x) =?/: 2/(0 = [ P(t, ds)x{s) 

Jq 

is a bounded linear operation which maps the Banach space ( M *) into itself and 

imi = i. 

Lemma 4.3. For any x(E) 6 (M) and y(t) e (M*), ivc have 

(4.4) x{dt) ^ P(t, ds)y(s) S j = xi(ds)y(s), 

where x t (E) = [ x(dt)P(t, E). 

Jo 

These three Lemmas are clear from the properties of P(l , E). 

Remark. By virtue of Lemmas 4.1 and 4.2, P (n) (£, E) can be defined recur- 
rently by (4.1). Hence P in \t, E) is completely additive for Borel sets E if t 
is fixed, and P (n) (t , E) is Borel measurable in t if E is fixed. Clearly we have 

(4.5) P (n) (f, E) ^ 0, P tn) (*, 12) = 1, n = 1, 2, - . • . 

Moreover, by the repeated use of Lemma 4.3, we have 

(4.6) P (m+n) (t,E) = [ P im) (t, ds)P {n) (s, E) 

for any m and n, and it will be easily seen that the iterated operators T n and T n 
are defined by the kernel P (n) (t, E). We have clearly 

(4.7) II T n \\ = || T"|| = 1, a =1,2,.... 

It is now the purpose of this chapter to investigate the asymptotic behavior 
of the sequence {P (r0 (/, E) j for large n. We shall treat this problem by con- 
sidering P <n) (<, E) as the kernel of the integral operators T n and T n . Since the 
Banach spaces (M) and (M *) are not conjugate to each other, these two operators 
T n and T n are not the conjugate operators to each other in the strict sense 
which was given by S. Banach [1]. But in essential, these play the same r61e. 

Our problem is not quite easy if we have no further assumptions on the 
kernel P(£, E), Our fundamental assumptions are the conditions (D) and (K) 
which were stated in §1. The first condition (D), which is due to W. Doeblin 
[1] is more general than those given by B. Hostinsky, M. Fr^chet and J. L. Doob. 
The second one (K) is due to N. Kryloff-N. Bogolioilboff [1], [2] and was intro- 
duced by them independently of W. Doeblin. We shall show (§4.7) that the 
condition (D) implies (K), and under the condition (K) all the results of 
W. Doeblin will be obtained in a more precise form (§§4.2-4.6). Our principal 
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results are stated in Theorems 5-12. Theorem 5 is a restatement of the uni- 
form crgodie theorem (Theorem 4 of §3), and this is a starting point of all 
the discussions of this chapter. Among other theorems, Theorem 6 is to be 
noticed. The formula (4.23) will show how the notions of the Banach spaces 
(M) and (M*) are essential in our problems. As a corollary to Theorem 6, 
we shall obtain the new notion of ergodic parts (Theorem 7); and the decom- 
position of il into ergodic kernels ( = “ensembles finals” of W. Doeblin) and the 
dissipative part (Theorem 8) is also a direct consequence of Theorem 6. More- 
over, using the fact that under the condition (K) each proper value of T of 
modulus 1 is a root of unity (Theorem 9), the subdivision of the ergodic parts 
(and ergodic kernels) into cyclic parts will be easily obtained (Theorem 11 and 
its Corollary). 

The classical results concerning the Markoff’s process with a finite number 
of possible states may be easily obtained from our Theorems. In order to 
obtain these results, we have only to take a kernel P(t, E) of the special type. 
This will be carried out in §4.8. In this way, the hitherto known results con- 
cerning the Markoff’s process with a finite number or a continuum of possible 
states are obtained in a more precise form by a unified method. 

§4.2. Spectral decomposition of P <7l) (f, E) under the condition (K). 

Theorem 5. 1 7 rider the condition (K), P in) (t, E) is decomposed into the form : 


k 


(4.8) 

p in \t. . 

E) = 

£ X?Px.«, E) + S M (t, E), 

t-1 

» = 1, 2, • 

where |X, 

I (* = 1,2, ... ,, 

k) are 

the proper values of T of modulus 1, and 

(4.9) 

l.u.b. 

1 n 
-E 

p (m) a, e) _ E) 

VII 


t « O.fCQ 

n m — 1 


i n 


(4.10) 

t P M (t,ds)P Xi (a 
*0 

,E) = 

= [ P Xi (t, ds)P M (s, E) 

Jq 

II 

X 

> 

iUj E), 

(4.11) 

/ P K (t,ds)P x ,(s 

,E) - 

= Px (t, E) or 0 according as i 

4 • 

- j or i 9 * j, 

(4.12) 

[ P K (t, ds)S(s, 

J 0 

V — / 

II 

Cq 

Jt 

p= 

E) = 0, 


(4.13) 

1.1 
t . 1 

u.b. 

2,*CQ 


. ) 


* - 1, 2, 

• • • , k\ n — 1, 2, • • • 

, where M and e are positive constants which 

independent of n . 






Proof. This theorem follows directly from Theorem 4 (uniform ergodic 
theorem) of §3. We have only to notice that, by Theorem 4, only the decom- 
position of the operators T n is given and that the decomposition of the kernels 
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P (n) (t, E) is not yet obtained. But, since the convergence lim - T m /\? = 

n~*ao U 

T\ { is uniform, the decomposition of the kernels is simultaneously obtained. 
Remark . The uniform limit 


lim^E 

n-+ oo Tl m—»l 


E) 

X" 


— P\(t, E) 


exists for any X with | X | = 1. By putting X = 1 and remembering (4.5), we 
see that Pi{t, E) is not identically zero. Hence X = 1 is a proper value of T. 
If we put Xi = 1, then the integral operator 7\ defined by the kernel 

(4.14) Pi(t, E) = lim - $2 P {m) (t, E) (uniform limit) 

n-*oo 'll m— l 


is a projection operator, which maps the Banach space (M) on the proper 
space of T belonging to the proper value 1. More precisely, we have 


(4.15) 


| T + t- + • ‘ ’ + r 

I n 


- Ti 



n = 1 , 2 , 


with a positive constant M. This is a result of N. Kryloff-N. Bogolioilboff. 
(The existence of the mean sojourn.) Moreover, the integral operators T\ i 
(i = 1, 2, • • • , k) defined by the kernels Px^t, E) are all strongly completely 
continuous. 


§4.3. Structure of the kernel Pi(t, E). By (4.5) and ('4.14'). we have 

(4.16) Pi(t,E)^0. P,tt. 0) ■ 1. 
and the proper value equation in (M) : 

(4.17) T(x) = x: x(E ) = f x(dt)P(t, E) 

J o 

admits a non-trivial solution x ^ 0. In fact, by (4.10) of Theorem 5, for any 
to « fi. Pi (to , E) is a solution of (4.17): 

(4.18) Pi(/o,P) - [ Pi (<o, dt)P(t, E), 
and Pi(t , E) is not identically zero. 

In this section, we shall study the general form of such a solution of (4.17). 
and using the results thus obtained, the structure of the kernel P\(t , E) will be 
determined. 

In order to make our discussions clearer, we shall make use of some elementary 
notions from the theory of semi-ordered Banach spaces. A completely additive 
real-valued set function x(E) e (M) is called to be positive and is denoted by 
x ^ 0, if we have x{E) ^ 0 for any Borel set E of ft; and for any pair of real- 
valued set functions x(E) f y(E) e (M), denote by x £ y the relation x — y ^ 0. 
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Then the relation x ^ y determines a semi-ordering of the real Banach space (M). 

For any real-valued set function x{E) t (M), its total variation x(E) is a posi- 
tive element of (M), and if we put 

*+c® - am + *(«), =*<*(© - %m> 

then these are also the positive elements of (M). These are called the positive 
and the negative variations of x (on E) respectively. We have x = x+ — x_ , 
x = x+ + x_ and, from the trivial relation: ( — x)+ = x_ , we have 
x — (x — y)+ ~ y — (y — x)+ . This last common element is called the mini- 
mum of two elements x and y, and is denoted by x A y. lH The special case 
x A y = 0 requires our special attention. It is to be remarked that for two 
positive elements x and y of (M), x A y = 0 is equivalent to the condition that 
there exist two disjoint Borel sets E\ and i? 2 of U such that x{E x ) = x(ft) and 
y{Et) = y(Q). This fact is needed in the following discussions. It is also to be 
noted that we have always x + A = 0, (x — ?/)+ A (y — x)+ = 0 and 

(4.19) (x - (x A y)) A (y - (x A y)) = 0. 

Lemma 4.4. If x a?id y are two real-valued solutions of (4.17), then x , x+ , x_ 
and x A y arc also solutions of (4.17). 

Proof. It is sufficient to prove this for x. Since P(t , E) ^ 0 for any Borel 
set E CZ 12, we have 

x(E) g f x(dt)P(t, E), 

and, since P{t , 12) = 1, here must stand the equal sign. 

Lemma 4.5. There exists a system of completely additive set functions \x a (E ) } 
(a = 1, 2, •••,/) € (M), with the properties : 

(4.20) T(x a ) = x a , x a ^ 0, x a (12) = 1, x a A X/j = 0 (a ^ ft, 

such that any x(E) c (M) which satisfies 

(4.21) T(x) = x, x £ 0, x(12) = 1, 

is uniquely expressed as a linear combination : 

t i 

(4.22) x(E) = 2 c«Xa(E ), c a > 0, X = L 

a— 1 a—1 

Proof. Let l be the maximum number of elements x x , x 2 , • • • , x* € (M) 
which satisfy (4.20). The existence of such an l is clear from the quasi-strong 
complete continuity of the operation T. For, such Xi , x t , ■ ■ ■ , x t are clearly 
mutually linearly independent and the proper space of T belonging to the 
proper value 1 is of finite dimension by Lemma 3.2 of §3. 

*• Indeed, it will be easily seen that x A y is the minimum of x and y in the sense of 
lattice, that is, * A y £ x, * A y £ y, and for any z t (Af) with * & x, t ^ y, we have 
* £ * A y. 
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We shall prove that this system (x«(2?) } (a = 1, 2, • • • , Z) is just the required 
one. In order to show this, let x(E) be an arbitrary element of (M) which 
satisfies (4.21). We shall show that x(E) is a linear combination of xi , x 2 , • • • , 
Xi . For this purpose, consider the minimum x a = x A x a of x and x a for 
a = 1, 2, • • • , Z. By Lemma 4.4, x a is also a solution of (4.17). We shall 
first show that each x a is a constant multiple of x a : x' a = c a x a . Indeed, if 
this is not true for some a, then x a and x” = x a /\ \ x a || are not equal, and 
consequently ( x a — 2 *«) + and (x« — x a )+ are both 9 * 0. Again by Lemma 4.4, 
these are also the solutions of (4.17). Hence, if wo put x a i = ( x a — x«)+/ 
II (x« - x«)+ II, x «2 = (x« - *<*)+/ II (x* - x a )+ ||, then the system of Z + 1 
elements X \ , x 2 , • • • , x««i , x a i , x a2 , x a +i , • • • , x* clearly satisfies (4.20), and 
this is a contradiction to the definition of Z. 

Thus we have proved that each x a = x A x a is expressed in the form: 
x a = c a x a , where c a is a real number with 0 ^ =2 1. Next we shall prove 

that we have x = x a = c a x a . For this purpose, we shall show 

that x' = x — yVq-i xl satisfies x' A x« = 0 for a = 1, 2, * • • , Z. In order 
to prove this, it is sufficient to show that we have (x — xl) A x a = 0 for 
a = 1, 2, • • , Z. This is, however, clear if c a — 1; for, x* = x A x e = x a 
implies x = x« (since x(S2) = x a (12) = 1), and x' = x — x a = 0. And, in case 

< 1, this follows from (1 — c a )((x — x a ) A x«) ^ (x — xl) A (1 — c a )x a = 
(x — xl) A (x a — xl) = 0 (by (4.19)). Thus x' A x a — 0 is proved for a = 
1, 2, • • , Z. Consequently, if we have x' 9 * 0, then the system of Z + 1 ele- 
ments x'/|| x' ||, Xi , x 2 , • • • , X; will again satisfy (4.20), and this is also a 
contradiction. 

Thus we have proved that we have x' = 0, and consequently x = x„ = 

CaX a . Since the uniqueness of the expression and the condition 
]CL-i c « = 1 are both clear, the proof of Lemma 4.5 is hereby completed. 

Corollary. \x a (E)\ (a = 1, 2, • • • , Z) is a base of all the solutions of the 
proper value equation (4.17); i.e., any x e (M) which satisfies (4.17) is uniquely 
expressed as a linear combination of x 1 , x 2 , • • • , X/ . 

Proof. Clear from Lemmas 4.4 and 4.5. 

Theorem 6. Pi(Z, E) is expressible in the form: 

(4.23) Pi(t, £0 = 2 y a (t)x a (E), 

a-1 

where [x a (E) ( (a = 1, 2, • • • , l) is the system of completely additive set func- 
tions ( (M), which was defined in Lemma 4.5, and {y a {t ) ! (a = 1, 2, • • • , l) is a 
system of hounded Borel measurable functions t (M*), which satisfy 

i 

T(Va) = 2/a, 2 /«(<) ^ 0, 2 2/«(<) = 1, 

a-1 



or 0 according as a 


or a 9 * f$. 


(4.24) 
and 

(4.25) 
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Moreover, \y a (t ) } (a = 1, 2 ,•••,/) i* a 6a.se o/ all the solutions of the proper 
value equation in ( M *): 

(4.26) T(y) = y: j/«) = / ds)2/(s), 

and any solution of (4.26) with y{t) ^ 0 can be expressed uniquely in the form: 

i 

(4.27) y(t) = H C a y a (t) 

a-1 

anY/i non-negative constants c a (a = 1, 2, • • • , /). 

Proof. Since f\((, 1?) is a solution of (4.17) for any te Q, the expression 
(4.23) follows directly from Lemma 4.5. If we take a Borel set E' a such that 
x a (E f a ) = 1 and x 0 (E a ) = 0 for any 0 ^ a (the existence of such E' a follows 
from the fact that x«(ft) = 1 and A x a = 0 for any 13 9 ^ a), then (4.23) 
becomes i J i(/, i?l) = ^ a (0- Hence each y*(/!) is a hounded Borel measurable 
function of t. We shall next prove (4.24). Since the second and the third 
relation of (4.24) are clear from (4.16), we have only to prove the first one. 
From (4.10) of Theorem 5 we have 

f P(t , ds)P 1 (s, E) = P x (l, E), 

Jn 


or, by (4.23). 

Z( l PH, ds)y a (s))x a (E) = Z yJ.t)x a (E), 

a-1 \ J U / a-1 

and, if w(» put /? = E' a , then we have 


f P(t, ds)y a (s) = (0 - 

Ju 


Thus (4.24) is proved. In order to prove (4.25), start from the relation 
T(x a ) = x a . Since T(x) = x is equivalent to 7\(x) = x, we have 7\(x„ ) = 


[ x a (dt)Pi(t. E) = x„(£), 
J n 


and, putting E = Ep, we have the required relation (4.25). 

Thus the first part of the theorem is proved. The second part may be 
proved as follows: Let y{t) be a solution of (4.26). From (4.26) we have 
(exactly as in the preceding case) 


and, by (4.23), 


y(t) = f Pi(t, ds)y(s), 

Jq 

= ]C ya(t) ( [ X <x (ds)y(s) y ] = Z) c a y a ( 

a-1 VO / a-1 
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with c« = / x a (ds)y(s). Since y(s) ^ 0 implies c a ^ 0, the proof of Theorem 6 
is hereby completed. 

§4.4. Ergodic decomposition of 12 under the condition (K). Let us consider 
the sets E a = E t [y a (t) = 1], a = 1, 2, • . • , l. By (4.24), these are mutually 
disjoint Borel sets. 

Theorem 7. There exists a system of mutually disjoint Borel sets \E a \ 


(« = 1,2, •• 

• , l), such that 


(4.28) 

X a (Efi) = 1 

or 0 according as a = p or a ^ f$, 

(4.29) 

P(t,E a ) = l, ttEa, 

(4.30) 

l.u.b. 

t « B a ,EClQ 

-i.P (m \t,E) - x a (E) I*-, n = l,2, 

n m-i I n 


where M is a constant which is independent of n. 

Remark. (4.29) means that, for any a, each point t e E a is transferred by 
the Markoff’s process P(t , E) inside E a , and (4.30) means that the uniform 
limit 


lim - E E) = />!«, E) 

n-*oo n m— 1 

is independent of the initial point t e E a . Because of these properties, 
E a (ct = 1, 2, • • • , Z) will be called the ergodic parts of 12. 

Proof of Theorem 7. (4.28) and (4.29) are the consequences of (4.25) and 

(4.26) respectively. In order to show this, we have only to prove 
Lemma 4.6. If x(E) is a completely additive real-valued set function c (M) such 
that x(12) = 1 and x(E) ^ 0 for any Borel set E C 12, and if y{t) is a hounded 
Borel measurable real-valued function e ( M *) such that 0 g y(t) <[ 1 for any 
t € 12, then 


L 


x(dt)y(t) = 


1 


implies 


x(Eo ) = 1, where E 0 = E[y(t ) = 1], 

t 

Proof. If we put 

E - - * [i - ; s » (,) < 1 - .-hi 

then we have ft = Eo + E»-i a °d 
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1 = f x(dt)y(t ) = f x(dt)y(t) + f x(dt)y(t ) 

J n j r o «-i J R n 

£ x(Eo) + E ( 1 - W n ) 
n -i \ n + 1/ 

00 

^ j(J?o) + E *(®») = = 1. 

n — 1 

Since the equality holds only if \vc have x(E n ) — 0 for n = 1 , 2, • • • , we have 
x(E<>) — 1. Thus Lemma 4.(5 and hereby (4.28) and (4.29) are proved. 

(4.30) is a restatement of the relation (4.9) of Theorem 5 (7 = 1, X, = 1): 

l.u.b. | - E P M (t, E) - P i(t. A 1 ) . g n = 1,2..... 

/ t fl.lf cfl I w m-1 n 

if we only observe that wc have 

Pi(t , E) = .r a (/?) for ( e E a . 


As is easily seen, 2J« is not necessarily the set of the smallest measure with 
the property (4.28). Indeed, there might exist a Borel set E C E a such that 
mes ( E ) < mes ( E a ) and x a (E) =1. If we denote by E a ( CZ £ a ) the Borel 
set of the smallest measure among those which satisfy (4.28), then E a is deter- 
mined up to a set of measure zero and E C E a , mes (E) > 0 imply x a (E) > 0. 
We shall show that, if we take suitably the sets E a C E n (a = 1, 2, • • • , Z), 
then the following theorem is true: 

Theorem 8. The Borel sets E„ (a = l, 2, • • • , l) and S ~ il — 5^ z a -i E* 


satisfy 



(4.31) 

/',(/. £«) = l. t«£ m , 


(4.32) 

P{t>Ea) = 1, teE.. 


(4.33) 

( for any 1 1 E a and E C E a , mes (E) > 0 implies 
s Pi(/, E) > 0 and consequently there exists a posi - 
ytive integer n = n(t y E) such that P (n \t , E) > 0, 

(4.34) 

l.u.b. I E P {m) (t , A) ^ - 
t c a n m— i R 

* 


where M is a constant which is independent of n. 

Remark. (4.31) means that, for any a, each point t c E a is transferred 
finally into E a (in the sense of arithmetic mean), and (4.32) means that each 
point teE a is transferred inside E a . Moreover, by (4.33), E a is indecom- 
posable into two sets with the property ( 1.32). In Theorem 12, we shall obtain 
a more precise result than (4.34): 
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Because of these properties, E a (a — 1, 2, • - • , l) and S2 will be called the 
ergodic kernels and the dissipative part of 0 respectively. It is to be noted that 
the ergodic kernels are only determined up to a set of measure zero (even under 
the condition (4.32)), while the ergodic parts E a arc strictly determined by 
E a = E[y(t) = 1J. 

t 

Proof of Theorem 8. Let E° a (C2 E a ) be the Borel set of the smallest 
measure among those which satisfy (4.28). E° a clearly satisfies (4.31) and (4.33) 
(since Pi(t, E) = x a {E) for t e E a ), but (4.32) is not always automatically satis- 
fied for any t e E° a . In order to obtain the required Borel set E a , we shall 
construct a sequence of Borel sets E° a 3 E\ D E\ • • • D El 3 • . • by mathe- 
matical induction. Let Ea be already defined and assume that we have 
x a (Ea) = 1. Then we define El* 1 as the set of all t*El which satisfies 
P(t , El) = 1. Since 

[ X a (dt)P(t } El) = f x a (dt)P(t , El) = Xa(El) = 1, 

we have (by Lemma 4.6) x a (El H ) = 1. If we now consider the set E„ = 
Iln-i El , then E a = £* is the required set. For, we have 

x a (K) = lim Xa(El) » 1 

n — *qo 

and 


P(t, Ea )• = lim P{t, Eo) = 1 for itEZ. 

n -*ao 

Thus we have proved the existence of the Borel set E a C E a which satisfies 
(4.31), (4.32) and (4.33). Since (4.34) is clear from 

i 

P(t, A) = 22 y a (t)x a ( A) = 0, ttil, 

a— 1 

the proof of Theorem 8 is completed. 

§4.6. Proper values of modulus 1 of the operator T. 

Theorem 9. Under the condition (K), each proper value of modulus 1 of the 
operation T is a root of unity. 

Proof. Let X, | X | = 1, be a proper value of the bounded linear operation T } 
which maps (M) into itself. By Theorem 5, X may also be considered as a 
proper value of the bounded linear operation T, which maps ( M *) into itself. 
Indeed, (since P\(t, E) is not identically zero) if we put x(t) = P\(t, E) for a 
suitable Borel set E , then x(t) is a non-trivial solution of the proper value 
equation: 


(4.35) 


T(x) =* Xs: \x(t) = f P(t, ds)x(s). 
Jq 
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x(t) is clearly a complex-valued bounded Borcl measurable function € (M*). 
We shall prove that X is a root of unity. 

In order to prove this, we shall first show that the real-valued bounded 
measurable function x(t) ss | x(t) | e (M*) attains its maximum. From (4.35), 
we have 

x(t) g f P(t , ds)x(s) 

and consequently 

x(t) ^ f P (n) {t , ds)x(s), n = 1, 2, • • . . 


Taking the arithmetic mean and considering its limit, we have 

x(t) g [ Pi(/, ds)x(s) 

or, by (4.23), 

*(0 ^ 2 vM ( [ x a (ds)x(s) ) ss 21 i«2/a(0, 

a— 1 / a-l 


where £ a = / x a (ds)x(s ) is a real non-negative number. Let £ be the maxi- 
ma 

mum of £« (a = 1, 2, •• , i). Since ]T) z a -i ,V«(0 555 1 by (4.24), we have 
x(t) ^ £ for any 1 1 0. We shall prove that this £ is attained by x(t) at some 
point fo 6 12. Indeed, by the definition of £, there exists at least one integer a 

such that £ = / x a {d$)x{s), and since x a {E) 0, :r a (12) = 1 and x(s) ^ £ for 

any s € 12, there must exist, by Lemma 4.6, a point foe 12 such that ic(fo) = £ 
(or more precisely, the set E 0 — E[x(s) = £] satisfies x a (Eo) = 1). 

a 

We have thus proved that there exists a point to til, such that z(t«) = 

| x(to) | = max | x(t ) | = £. W T e shall next prove that t he set 

oil 

(4.36) E(n) = E[x(t ) = X" *(/„)] 

l 

satisfies 

(4.37) P (,) (t, E(n)) = 1 
for n = 1, 2, • • • . From (4.35), we have 

X"*«o) - f P (n \k, ds)x(s) 

and, dividing by X n a*(fo) and taking the real part, 

l-j[ !*■«.. 


n = 1, 2. • • • . 
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Since P M (to , E) £ 0, P in) (to , it) s 1 and R - 1 f° r an y 4 «°> w ® 

have (4.37) by Lemma 4.6. For, we have 

Thus we have proved (4.37) for n = 1, 2, • • • . From this follows the exist- 
ence of two positive integers m and », such that E(m)-E(n) A 0. For, if we 
have E(m)-E(n) = 0 for any couple of integers m, n (m A n), then we have 

(4.38) P (n, (<o , E(l)) = 0 for m A l, 
and consequently, by (4.37), 

P,(lo, E(l)) = lim 1 E P <m, (fo, E(l)) = 0. 

n —♦oo ft m— 1 

Since P\(Us , E) is completely additive for Borcl sets E, this implies 

Pi(<o , E E(l)) = 0. 

/-I 

This is, however, a contradiction, since we have, by (4.37) and (4.38), 

P (m, (<o,I>(0) = l, m-1,2, ..., 

1-1 

and consequently 

Pi (to, E E(l)) = lim 1 E (<o, t, E(l)) = 1. 

i—1 m-*co ft m— 1 (—1 

Thus we have E (m) ■ E(n ) A 0 for a certain couple of integers m, n (in A n). 
Consequently we have (by (4.36)) \ m x(U) = \ n x(to)(A 0) or \ m ~" = 1, and 
hereby the proof of Theorem 9 is completed. 

§4.6. Decomposition of each ergodic part (and ergodic kernel) into sub- 
ergodic parts (and subergodic kernels). 

Theorem 10. Under the condition (K), there exists a positive integer N such 
that P ( ' nN) (t, E) is decomposed into the form: 

(4.39) P (nN) (t, E) = P*(t, E) + S* w (t, E), » - 1, 2, ... , 

in such a way that we have 

[ P iN) (t, ds)Pt(s, E) = f P*(t, ds)P {li) (s, E) 

Ja J a 

= / P?(t, ds)Pt(s, E) = Pi(t, E), 

Ja 


(4.40) 



(4.41) 

and 
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I P?«, ds)s*(8, E) - f S*(t, d8)P*(s, E) = 0 
Jo J a 


(4.42) 


l.u.b. E) 

itO.BCQ 


< - M 
~ (! + «)*’ 


1 , 2 , 


where M and e arc positive constants which are independent of n. 

Proof. In Theorem 9, we have seen that each proper value X of modulus 1 
of T is a root of unity. Since T has only a finite number of such proper values, 
there exists a (sufficient large) positive integer N such that X A = 1 for any 
proper value X of modulus 1 of T. Hence the bounded linear operation T N 
corresponding to the kernel P {N \t ) E ) has no proper values of modulus 1 other 
than 1, and Theorem 10 is a direct consequence of Theorem 5. 

Remark. It is to be noted that we have, by (4.39) and (4.42), 


(4.43) 


l.u.b. \P lnN \f,E) -P*(t,E) 

ttU.KCU 


< _JL_ 

~ a + «)"’ 


n = 1, 2, 


with positive constants M and t. 

Moreover, just as in Lemma 4.5, there exists a system of real-valued com- 
pletely additive set functions (x*(E) j (t = l, 2, •••,/.) * (M) with the prop- 
erties: 

(4.44) T s (Xi) = x* , x* ^ 0, x*(U) = 1, x? A x* = 0 (i * j), 


such that each x*(E) t (M) which satisfies 


(4.45) T N (x*) = x*, x* ^ 0, x*(Q) = 1 

is uniquely expressed in the form : 

(4.46) x*(E) ='t t c*xt(E), c* £ 0, = 1. 

i — 1 »— 1 

In particular, just as in Theorem 6, P*(t y E) is expressed in the form: 

(4.47) P?(i, E) = £ y*(t)x*(E), 

t- 1 


where { y* (t) | (i = 1, 2, • •• , L) is a system of real-valued bounded Borel 
measurable functions « (M*) which satisfy 

(4.48) T N (y*) = yt, y*(t) is 0. £ y*0) - l. 


Let us denote by E* the set E[y*(t) = 1], i = 1, 2. • • • , L. These will be 

t 

called the subergodic parts of Si. Exactly as in Theorem 7, these are mutually 
disjoint Borel sets, and we have 
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(4.49) 


x* (E*) = 1 or 0 according as i — j or i # j, 

P iN '(t, E*) = 1 , t<£*, 


l.u.b. | P <n! °(t, E) - x*(E) | 
Kiii'.Bc a 




M 

(!+«)“' 


n = 1, 2, 


with positive constants M and t. More precisely we can prove 

Theorem 11. The totality of all the subergodic parts E* ( i = 1, 2, • • • , L) 
is divided into l classes (Et ,, El, , • • • , E* d ) (a = 1,2 , ■ • ■ ,1), where d a is a 
divisor of N with d« = /•«. in a wo?/ //tat 

(4.50) P(t, <. +1 ) = 1, f «#, , * = 1, 2, • • • , d a (a da+l = a,), 

(4.51) l.u.b. | P in ^(t, E) - x* a ,(E) | g ** , « - 1, 2, , 

(l+<)‘ 


where M and t are positive constants which are independent of n. 

Moreover, all E*, ( i = 1 , 2, • • • , d a ) belonging to the same class are contained 
in the same ergodic part E a , and if we denote by x*, {E) and y*, (0 the corresponding 
elements of (M) and (M*) respectively (which are obtained by the arguments given 
above), then we hare 


(4.52) 

(4.53) 

(4.54) 

(4.55) 


T(xt,) = x*, tl , i = 1,2,-.., d a (a da +i = ai), 

T(</« 1+1 ) = yt, . * — I, 2 ,--, d a (a da+ 1 = ai), 

*.(£) = ! ZjZ.(E), 

(la »- 1 

i/a(0 = 

t=*l 


Remark 1. (4.50) means that, for any a, each point / 1 2E,-i E *, ' s trans- 
ferred, by the Markoff’s process P(l, E), cyclically in E*, , f ?* 2 , ■ ■ ■ , E*^ ; 
and (4.51) means that, in each E*, , P (d “\t, E) defines a Markoff’s process, 
whose n th iterate P it. E) is uniformly convergent to a limit which is inde- 
pendent of the initial point 1 1 El, . 

Remark 2. The equality E a = E*, is not necessarily true. Indeed, 

Da = Ea — £<-i #*, is the set of all t e!l such that y a (t) s= */*,(<) = 1 

and y*i(t) < 1 for i = 1, 2, • ••,</„ . Fiom the proof of (1.51), we see that 


(4.510 


l.u.b. | P w (t, 

HE a ,ECQ 


u u 

m - E y* ai (l)x* ai (E) I g 


M 

(1 + t) n ’ 


n = 1,2, 


with positive constants .V/ and e. 

Proof of Theorem 11. We begin with some preliminary considerations. 
Since T N T(xf) = YT‘ v (x?) = T(x*), T(x*) satisfies (4,13) for i = 1, 2, • • • , L. 
Hence there exists a system of real constants c t/ , i, j = 1, 2, • • • , L, such that 
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(4.56) T(x*) - Z c, y x* , Cij ^ 0 , Z C</ = 1 . 

Thus T may be considered as a linear transformation on the system {xt(E)\ 
(i = 1, 2, • • • , L). Consider the matrix C = (e t; ), t, j = 1, 2, ■ • . , L. This 
matrix clearly satisfies 

(4.57) C s = unit matrix. 

We shall show that C is a matrix compost'd of only 0 and 3, which defines a 
permutation of the indices 1,2 ,•••,/,. Indeed, denoting by c-f” 15 the tj-ele- 
ments of the matrix C {N ~ l) , we have ~ ]) = 1, = 1 for 

i = 1, 2, • • , L. Since 0 ^ c^ t ^ 1 for any k and i, there must exist, for 
each /, an index such that r^, = 1. In other words, each column of the 
matrix C must contain 1 at least once. Since c k% = 1 for each k, we must 
have A\ ^ k, for i 5^ j. Hence, (Aq , A~ 2 , • • • , k L ) is a permutation of the 
indices (1, 2, • • , L), and consequently we have c kl = 0 for k 5* ki . 

Thus we have proved that C defines a permutation of the indices 1,2, • • • , L. 
Hence the indices 1,2, • • • , L are divided into f'(g /,) classes, and each class 
is permuted cyclically inside itself by the matrix C. Let these classes be K a 
{a — 1, 2, ■ • • , l') and the number of the indices belonging to K a be d a . B} r 

(4.57) , each d a is a divisor of N. 

For each a, consider the set of all the indices which belong to K a . By a 
suitable numbering «j , « 2 , • • • , (*d a of these indices, we must have c aiai + t = 1 
and c ai a, = 0 for j i + 1 (/ = 1 , 2, • , d a ; once for all, we put a da +i = «i). 

(Consequently, we have (4.52). 

After these preliminaries, we shall proceed to the proof of Theorem 11. We 
shall first prove' that wo have' l = V and that there is a one-to-one correspondence 
between the ergodic parts E a and the classes K a in such a way that (4.52), 
(4.53), (4.54) and (4.55) are true. ((4.52) is already proved.) 

For this purpose, recall that each x a (E ) satisfies T(x a ) = x n . Hence x a (E) 
satisfies (4.45), and consequently xJE) is uniquely expressed in the form: 

(4.58) x a (E) = Z c*x?(E) = Z Z c* a ,x* a ,(E). 

i* 1 a- 1 i-I 

We shall first prove that there exists a class K a such that c* = l/d tt for 
? € K„ and c* = 0 for i cK n . I11 the first place, it is clear that cf is inde- 

pendent of i in each class K„ . For, since T(x n ) = x n and T(x a% ) = x ai+l , 
we have, from (4.58), 

r a (E) = Z Z c* a ,x* ai+l (E), 

a— 1 t-»l 

and this implies c* t = c*, +1 for i — 1, 2, ■ ■ ■ ,d a . In the second place, all 
indices i with c* > 0 belong to the same class K a . For. if this is not the case, 
then x a (E) will bo decomposed into two non-trivial parts x' a and x" a , which are 
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both invariant under T: x a = x'„ + x " a , x'„ > 0, x" a > 0, x' a A x" a = 0, 
T{x' a ) = x' a , T(x'a) = x'a . If we put x al = x' a /\\ x' a || and x ai = x"/\\ x„ ||, 
then the system of l + 1 elements x x , x * ,' • • • , a:„_i , , x a * , -£<>+1 Xi 

will satisfy the condition (4.20), and this is a contradiction to the definition of l. 
Thus there must exist a class K a such that c* = c > 0 for i e K a and c* = 0 
for i iK a . Since 1 it is clear that we have c = 1 /d„ , the relation (4.54) is 
hereby proved. 

Thus to each x a (E) (a = 1, 2, • • • . 1) there corresponds a class of indices K a . 
Conversely, as is easily seen, to each class K„ there corresponds a completely 

additive set function xJE) = -1 Z<-i xj f (i?) (which clearly belongs to the 

system determined in Lemma 4.5) in such a wa} r that the correspondence 
x a (E) *-> K a is one-to-one. Hence we must have l = V , and the one-to-one 
correspondence between the ergodic part E a and the class of indices K a is also 
established. 

We shall next prove (4.55). From the relation 

Iff Pi(t, ds)P lm \s, E) = P,«, E) 
we have, by (4.23) and (4.47), 

~ £ Z t vUO (f xlMs)P {m) (x, E)) = Z y a (t)x a (E), 

jy 1 «-i »-i \Jn / a— i 

or, by (4.52), 

4 £ £ £ ylM)xl i+m (,E) = Zj/«(0 Xa(E). 

IS m—1 a—1 t—1 a— 1 

Using the fact that d a is a divisor of N, we have 

£ (jl = £ VaUUaiE), 

or, by (4.54), 

£ (£ ytiit) \x tt (E) - Zl/o (t)x a (E)-, 

a-l \i-l / «-l 

and this implies (4.55) (put E = E a ). 

In order to prove (4.53), we start from the trivial relation: 

[ P{t, ds)Ptis, E) = f Ptit, ds)Pis, E). 

J o J n 

By (4.45) and (4.52), this becomes 

it (I Pit,ds) y : i i8))x: i iE) = ii »:.«) (/ 

«-i 1 Vo / «-i »-i Vo / 

= £ £ 

a—1 i—1 
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and, putting E = F* <+1 , we have 

/ Pit, d8)yt {+l (8) =j/* ( (0; 

i.e., (4.53) is proved. 

Thus we have proved (4.52), (4.53), (4.54) and (4.55). From (4.55), it is 
clear that each E* ai is contained in E a , and (4.50) is a direct consequence of 
(4.53) (use Lemma 4.6). 

Lastly, we shall prove (5.51). For any positive integers n and k we have, 
by (4.6) and (4.37), 

P lnN+id ‘\t,E) = [ P {nN) (t, ds)P MJ (8, E) = f Pt(t, ds)P ikdJ (8, E) 

J Q Jq 

+ f S* M (t, ds)P (kd ‘\s, E). 

VQ 

Since we have 


/ pr«, ds)P (ki ‘\ S , E) = f x* tti (ds)P (kd °\ S , E) = x: ( (F) 

Jq 

for any £ ci?*,. , and since, by (4.40), 

I / ds)P {kd '\ S} E) < l.u.b. I E) I 

I J Q tiQ.BCQ (1 + e) n 

for n = 1, 2, ■ • • , we have 


i e ) - *: 4 («) i =§ 

for < e F*. , = 1, 2, • • • , A r /d„ ; n — 1, 2, • • • , where M and « are positive 

constants which are independent of n and k. Hence we have (4.51), by a suit- 
able change of AT and «. 

Thus Theorem 11 is completely proved. 

Remark 3. We can also define subergodic kernel E* { in each subergodic part 
E* { ; namely, E* ( is the set of the smallest measure which satisfies x* ( (E* ( ) = 1. 
If we suitably take E a and EZ { (which are all determined only up to a set of 
measure zero), then we have 
Corollary. 

(4.59) E a = 

i - 1 

(4.60) Pit, E* a(+l ) = 1. t t E* ai . 


Proof. (4.59) is clear from (4.54), and (4.60) follows from (4.29), (4.50) 
and the second relation of (4.59). 
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It is to be noted that these E a and E*. are exactly the final sets (ensembles 
finals) and their cyclic subsets which were discussed by W. Doeblin [1]. 
Theorem 12. 


(4.61) l.u.b. P M (t, A) g T ^- Yn , 

t*Q (1 + €) n 

where M and e are 'positive constants which are independent of n. 
Proof. Since each x* t (E) satisfies 

d a 

a£i(A) ^ X *«,(A) = d a -x„( A) = 0, 

i-1 

we have 


1 , 2 , 


P*(t, A) 



y?(t)x?( A) 


= 0 


for any / eil, and consequently we have, by Theorem 10, 


l.u.b. P inN> (l, A) g , 

(1 + *)" 


n = 1 , 2 , ... . 


Since P {n \t> A) is monotone decreasing in n, we can deduce from this easily the 
relation (4.61) (by a suitable change of M and «). 


§4.7. Deduction of the condition ( K ) from the condition (D). 

Lemma 4.7. Let us denote by I(s 0 ) the closed interval 0 ^ s g . Then 
Q(t, s ) h= P(t, I(s )) is Borel measurable as a function of two variables i and s in 
0 £ f, « £ 1. 

Proof. By assumption, Q(t , s) is Borel measurable in t if ,s is fixed, and if t 
is fixed Q(t, s ) is monotone increasing in s and is continuous on the right: 
lim Q(t , s) = Q(t , 6' 0 ). 

We shall prove that, for any a, the set E(a) = E [ Q(t , s) < a] is Borel 

(M) 

measurable as a two-dimensional point set. For this purpose, put E t (a) = 
E[Q(t, s ) < a]. Since Q(t, s) is monotone increasing in «, we have /? #l (a) 3 

2? #J (a) for s\ < s * , and consequently 

E(a) = E #.(«) X /(«), 

« c 12 

where X denotes the Cartesian product. Since Q(t, s) is continuous in s on 
the right, the section of E(a) by the straight line t = t 0 is, if not empty, a semi- 
open interval of the form: 0 ^ s < s 0 . Hence we have 

E(<x) = E E,(a) X I(s), 

rational 

• « 0 

and this shows that E( a) is Borel measurable as a two-dimensional point set. 
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Lemma 4.8. 19 Let K(t , E ) and n(t, E) be two kernels with bounded density : 
K(t,E) = f k(t,s)ds, \k(t,s)\ g || if ||, 

N(t, E) = [ n(i, s) ds, | n(t, s) | g || N ||, 

where k(t, s) and n(t y s ) are both bounded measurable functions defined on 0 ^ t f 
s S 1. If we consider the corresponding integral operators K and N , which map 
the Banach space (M) into itself , then the integral operator NK defined by the 

kernel Lit k{t , u)n(u, s ) du^j ds is strongly completely continuous as an operator 

which maps (M) into itself. 

Proof. For any x(E) e (M), put y = K(jc) and 2 = N(y) = NK(x). The 
set function z(E) is absolutely continuous: 


z(E) = [ z'(s) ds, 

J E 


and its density z\s) is given by 


z'(s) = jf y(du)n(u , s) = id x(dt)k{t , u)^n(a, .s) du. 


Hence || # || ^ 1 implies 




[ ! z'(* + 6) — z'(s) | ds ^ || K 1 1 f ( f ; n(u, s + 5) — a(u, s) | diAds 

J—O0 00 \ Jo / 


if we put n(u, s) = 0 for s < 0 and * > 1. 
Consequently, we have 


lim / j z'(.s + 5) — z'bs) | ds = 0 

8 — »Q */— ao 


uniformly for all jt(E) c (M) with || x j| ^ 1. Hence, by a theorem of A. Kol- 
mogoroff [1] and M. Riesz [1], (if wc consider z\s) as an clement of the Banach 
space (L)) the totality of all z'(s) corresponding to the unit sphere || x j| g 1 
of (M) is strongly compact in (L). In other words, NK is strongly completely 
continuous as an operator which maps (M) into ( L ). Since (L) is isometric 
to a closed linear subspace of (M), NK is also strongly completely continuous 
as an operator which maps (M) into itself. Thus the proof of Lemma 4.8 is 
completed. 


19 K. Yosida, Y. Mimura and S. Kakutani [1]. 
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Lemma 4.9. If Pit, E) satisfies the condition (D), then we have 

(4.62) P U) (t, E) - f q(t, s) ds + R(t, E), 

J g 

where q(t , s) is a bounded (-0 Borel measurable Junction dejined for 0 ^>[t, 
8 £ 1, and 

(4.63) 0 :g R(t, E) ^ 1 - b 

for any t e 12 and E Cl 12. 

Proof. Define Q(t , s ) newly by 

Q(b •) = P id \t, 1(8)). 

By Lemma 4.7, Q(t, s) is Borel measurable as a function of two variables t 
and s. Since Q(t, s ) is monotone in s for any t, Q(t , s) is almost everywhere 
differentiable in s for any fixed t. If we put 

p(t, s) = lini n (q (t, s + ^ - Q(t, s)^ 


and define q(t y s ) by 


q(t, s) = min (pit, s), 


then q(t, s) is bounded (-D and Borel measurable as a function of two variables 
t and s. We shall prove that the kernel R(t , E) defined by 


m, E) = P“\t, E)- f q(t, s ) 

Jg 


ds 


satisfies (4.63) for any 1 t 0 and E C to. 

For this purpose, we have only to notice that there exists for any t e fi a Borel 
set N t of measure zero such that 

P w (t, E)= f p{t, s) ds + P w (t, NrE) 

J E 

for any Borel set E C 12. Then we have 

0 £ R(t, E) = [ ipit, s ) - qit, «)) ds + P W) «, NrE) 

Jg 

= f pit, s) ds + P w it, NrE) 
g P {d) it, Etiv) + N t ), 
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where E t (rj) = E yV(t> «) > ^J- Since clearly mes (E t (ri)) < rj for any t eft, 

we have mes ( E t (rj ) + N t ) < rj and consequently, by (D), 0 ^ R(t, E) ^ 1 — b 
for any t c ft and E C ft. 

Theorem 13. The condition (D) implies the condition (K). 

Proof. By Lemma 4.9, we have 

(4.64) l^^Q + R, || /e || g 1 - b, 

where Q and R are the two integral operators which are defined by the kernels 
Q(t, E) — f q(t, s) ds and R(t, E) respectively. If we expand T im = (Q + R) m 
in 2 m terms: 

T dm = 0" + Q ml R + Q m ~ 2 RQ + • . . + QR m 1 + R m , 

then the terms which contain Q at least twice as factor an' all strongly com- 
pletely continuous. In order to see this, consider for example the term 
RQRQ m By (4.22), QR and Q m i arr both integral operators with bounded 
density kernels. Hence, by Lemma 4.8, QRQ m 3 and consequently RQRQ m * 
are strongly completely continuous. Since* the number of terms which con- 
tain Q at most once as factor is m + 1, and since the norm of each such term 
is ^ (1 — b) m ~ l by (4.(51), we see that there* exists, for each m, a strongly com- 
pletely continuous operator V m , which maps (M) into itself, such that 

|| Z - " - V„|| £ (m + 1)(1 - 6)"- 1 . 

Since the right hand side converges to zero as m — » « , tin* proof of Theorem 13 
is hereby completed. 

Remark. The converse of Theorem 13 is nof true. To see this, take an 
arbitrary point So « fi, and define P(t, E) by 

P(t, E) = 1 if so e E, 

= 0 if So i E, 

for any ttil. This kernel Pit, E) defines a strongly completely continuous 
integral operator, but the condition (I)) is clearly not satisfied. 

§4.8. Markoff’s process with a finite number of possible states. Consider a 
Markoff’s process with a finite number ( = N) of possible states. Let pa 
(i,j = 1 , 2, • • • , N) be the transition probability that the i th state is transferred 
to the j th state after the elapse of a unit-time. Then the transition probability 
p\? that the instate is transferred to the j 4 * state after the elapse of n unit- 
times is given recurrently by 

pi? = L PikPk?~ l) , Pi? = Pi , , 


(4.65) 
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and we have always 

(4.66) p\?Z 0, ±p\r = 1, 

j-1 

for i, j = 1, 2, • • • , N; n = 1, 2, • • . . 

We shall investigate the asymptotic behavior of p<“ ) for large n. This problem 
was discussed by many authors (see the introduction at the beginning of the 
paper), and sometimes direct methods were successful in this case. We 
shall, however, treat this problem as a special case of our general Markoff's 
process. 

Consider the finitely valued function pit, s) defined in the square 0 ^ t, 
s ^ 1 by 

(4.67) p{t, s) = N-pa for *-L g « < 1, J Li |s<|, 

i, j — 1, 2, • • • , N (in case t = N or j = N, < is to be replaced by ^). Then 

P{t, E) = I pit, a ) ds defines a simple Markoff’s process on the interval 
Jb 

Q = (0, 1), and we have 

(4.68) P M it,E) - f p M it,s)ds, 

J S 

where 


(4.69) p {n \t, a) = N-pif for *-_i ^ t < Li 

t, j = 1, 2, • • • , W (in case i = N or j — N, < is again to be replaced by ;§). 

Thus the Markoff’s process P — (p< } ) (i, j — 1, 2, • • • , N) is reduced to the 
continuous case P = Pit, E). Since it is clear that the corresponding integral 
operator T is strongly completely continuous in this case, we have, by the 
results obtained above, 

Theorem 14. (i) The limit 

( 4 . 70 ) lim I ± p\?> = P \r 

n-*oo ft m—1 


exists for any i and j , and there exists a constant M such that 


(4.71) 


1 V „(*») _(■©) 

z - Vu 


ft*- 1 


s* 

ft 


i,j = 1,2, ... ,jV;n = 1,2, 


(ii) JTiere exiate a system of mutually disjoint ergodic parts E a (a = 1,2, ... ,1) 


such that 
(4.72) 


£ = i *7 *«&, 
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( 4 . 73 ) pif } is independent of i in each S a . 

(iii) Each ergodic part E a contains an ergodic kernel E a such that 

( 4 . 74 ) £ p\? = 1 if itEa, 

i « *a 

( 4 . 75 ) 22 Pii = 1 if itEa. 

i « s a 

(iv) A = 12 — 22«-i is called the dissipative part of il and we have 

( 4 . 76 ) p\? g fJL-. j t A, i = 1, 2, • • • , N; n = 1, 2, 


iw7/i positive constants M and e. 

(v) To each ergodic part E a there corresponds a positive integer d a such that 


M 


(4.77) \p\r'-d.p\?\Z- {V jr t)n 


i(E a ,j = 1,2, • • • ,N;n = 1 , 2, 


twYA positive constants M and e. Moreover, each E a contains d a ( mutually dis- 
joint) suhergodic parts E* a , , E* t , • • • , 2?!^ #«cA 

(4.78) £ po = 1 i'EZ t , k = 1, 2, • • • , d a («„ 0+ , = af). 

(vi) If we further put /?** = E a ■ Et k for any a and k y then we have 

(4.79) £ p,i = 1 if i t E* k , k = 1, 2, • • • , («d„+i = a,). 

i • si t+l 


Added in proof . Recently, N. Dunford and B. J. Pettis [1] obtained some 
new results concerning weakly completely continuous operators defined on the 
space (L). Among others, they proved that if K and N are weakly completely 
continous operators which map (L) into itself, then NK is strongly completely 
continuous. This result is more precise than Lemma 4.8. 

Mathematical Institute 
Osaka Imperial University. 
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ON TYPES OF “WEAK” CONVERGENCE IN LINEAR NORMED 

SPACES 

By Ingo Maddaus, Jb. 

(July 28, 1939) 

Introduction. In his paper “On a generalized notion of convergence in a 
Banach space,” B. Vulich (Vulich 1, pp. 150 174) has pointed out that it is 
often possible to introduce a metric into a given concrete space with a given 
notion of convergence of a sequence of elements such that convergence in 
accordance wit h the metric is equivalent to the given convergence notion. How- 
ever, it is not always possible to do this in terms of a metric which is a distance 
function (Vulich 1, p. 163). Consequently, Vulich has introduced a generalized 
metric by associating with each finite* set or complex of a given linear set 1 a 
non-negative real number or norm. A set of six axioms imposed on this gen- 
eralized metric and a limit notion defined in terms of it give rise to the concept 
of A-normed spaces. 2 The K-n ormed spaces are found to be special cases of 
Banach spaces (Banach, p. 53), and the A'-convergenee of a sequence of elements 
to a limiting element is found to imply Banach convergence to the same element. 
That is to say, A-convergence of a sequence to an element is stronger than 
Banach convergence of the sequence to the same element. 

In this paper, also, the notion of the* norm of a finite complex is employed. 
However, this norm is subjected to only three of the six axioms used in the 
definition of the A-normed spaces of Vulich. A limit notion for sequences is 
defined in terms of this norm. Among other things it is shown that point-wise 
convergence of a sequence of continuous functions to a continuous function on 

1 By a linear set will be meant the usual one given in Banach’s book on page 26. 

2 A linear set X is said to be A-normed if there is associated with each finite set or 
complex of its elements a non-negative real number or norm, written || (x x , x t , • • • , x n ) l|, 
which satisfies the following axioms: 

Axiom A. If x x = x, , then || (xi , • • • , x x , • • • , x, , • • • , x n ) || * || (xi , • • • , , 

X t +\ , ••• , Xj , • • • , Xn) II* 3 II ( Xi , • • • , Xt , * * * , 1 t Xjj. if • • • , Xn) 1 1. 

Axiom B. || (x) || * 0 implies x — 0, where 0 is the null element of the linear set. 

Axiom C. || (xi , ••• , x H , x[ , ••• , x n ) || ^ || (xi , ••• , x n ) || + || (*I , • • • , x n ) ||. 

Axiom D. || (xi , • • • , x n ) || ^ || (xi , • • • , x n , x«+i) ||. 

Axiom E. || (xi + x[ , • • • , x n 4- x' H ) || ^ || (*i , • • • , x n ) || *f II (x[ , • • • , x n ) ||. 

Axiom F. || (axi , • • • , ax n ) || 33 I a Ml (zi > "'*»?«) II- 

By x n — *k x it is meant that given any e > 0 there exists an N (e) such that n ^ N(e) 
implies || (x n — x f • • • , x n + P - x) || < e for all p ^ 0. The sequence (x„) is said to be 

A-convergent if given any e > 0 there exists an N(e) such that if n, m ^ N(e) then 

II (x n - x m , • • • , Xn+r - x m ) 1 1 < c for all V ^ 0. 

A linear set is said to be a A-normed space if it is A-normed and if the limit notions 
are given by the definitions of the previous paragraph. 
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the finite closed interval reduces to the convergence of the sequence to the same 
function in terms of the norm of this paper. In all concrete cases considered it 
is seen that convergence of a sequence to an element in accordance with the 
limit notion to be defined is weaker than Banach convergence of the sequence 
to the element. Linear functionals and operations which arc continuous in 
terms of this limit notion are studied. 

1. Axioms and fundamental notions. Consider a linear set X of elements x 
such that there is associated with each finite subset or complex of elements of X 
a non-negative real number, called the norm of the complex and written 
|| (£i , x 2 , • • , x n ) || for the elements x x , x 2 , • • • , x n . This norm will satisfy 
the following axioms : 

Axiom A. If Xi = xj , then || On , . • • , x, , • • . , xj , • • • , x n ) || = || , • • • , 

Xi — 1 > Xi+i , ■ • • , Xj , • • • , Xn) || — || (#i , • • • , X x y • • • , i ' ' ' j X n ) 1 1 . 

Axiom B. || (x) || = 0 implies x = 0, where 0 is the null element of the linear 
set X. 

Axiom 3. If a x , (h , • • • , «„ are real constants, then || (a x x x , 02 X 2 , • • • , 
a n x n ) || ^ max | o t - j • || (x x , x 2 , • • • , x n ) ||. 

A linear set with the norm of a finite complex defined and satisfying Axioms 
A, B, and 3 will be said to be H-n ormed. 

Definition 1. A sequence \x n \ of elements of an H - normed set X will be 
said to be convergent in the //-sense, or to be //-convergent, if given any c > 0 
and any infinite subsequence |.r n J of {.r n j there exists a Kq = K(e , {#„*!) such 
that k y s ^ K 0 imply 

(1) || (.Xni X Ha y • • • , X tik *^n M ) || < ('• 

Definition 2. A sequence {j*} of elements of an //-normed set X will be 
said to be convergent to the element x € A' in the //-sense, or to have x as its 
//-limit, written x n —* H * or //-lim x n — x , if given any r > 0 and any infinite 

n— 00 

subsequence }x njb | of j£ n ) there (‘xists a Kq — K((\ i.r nA .|) such that k ^ A’o 
implies 

(2) || (t„, - x, ■■■ . x nic - .r) || < r. 

An //-normed set for which the limit notions are given by Definitions 1 and 2 
will be referred to as an //-normed space. 

It is evident that in an //-normed space if a sequence converges or converges 
to an element x then every subsequence does likewise. 

Remark 1.1. It should be noted that our Axioms A and B are the Axioms 
A and B of ZC-normed spaces and Axiom 3 is a consequence of the axioms of 
jRl- normed spaces fVulich 2, p. 61). Axioms A, B, and 3 are independent 
(Vulich 2, p. 60), and the examples which will be given in §2-5 will illustrate 
that there are //-normed spaces which are not /L-normed according to the 
same norm. 
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The set of all real numbers forms an //-normed space if || (x x , x 2 , • • • , x n ) || = 
inf (| Xi |, | x 2 |, • • • , | x„ |), where by “inf” is meant the smallest of the numbers 
involved. If in this same set x n —> H x means that given any e > 0 there exists 
an N(e ) such that n ^ N(e) implies that | x n — x | < e, then we have 

Theorem 1.1. In the set of all real numbers x n —+ u x is equivalent to x n — >* x . 

Proof. For any infinite subsequence \x nk \ of {x n }, || (x ni — x, . - - , 
Xn k x) || == inf (j x ni x |, • • • , | x n/e X I) ^ j x nk x ] . If x n >/j x then 
this last expression approaches zero as k — > oo . To prove the converse assume 
that x n — x does not imply x n —>» x. Then there exists an infinite subsequence 
| x nh ) of { x n } and a positive number X such that | x nk — x | > X > 0 for k = 

1, 2, • • • . Then 0 < X < || ( x ni — x, • • • , x Vk — x) || for every integral k. 

This contradicts the assumption that x n x . 

Remark 1.2. In general any linear set for which an F-metric (Banach, p. 35) 
is defined is an //-normed space if || (x x , • • • , x n ) || = inf [(xi , 0), • • • , (x„ , 0)]. 
By Theorem 1.1 x n — x is equivalent to x n — * x in accordance with the / -metric. 
Hence, any linear normed space 3 is also an //-normed space, and when the norm 
of a finite complex is defined as in this paragraph norm convergence of a sequence 
to an clement is equivalent to //-convergence to the same element. Under the 
same circumstances norm convergence' of a sequence is equivalent to //-con- 
vergence of the sequence. 

The following theorems relate to //-normed spaces. 

Theorem 1.2. If x n —»/, x and x n = x' n for every n, then x' n — > /f x . 

Theorem 1.3. If x n — > 7/ x, then for any x ' e X, x n + x' x + x'. 

Remark 1.3. In Remark 3.1 an example will be given which will show that 

Xn — x and y n -> 77 y do not imply that x n + y n — > /7 x + y. 

Because of Theorem 1.3 it is evident that the topology of an //-normed 
space is a uniform topology. 

Theorem 1.4. || (ax i , • • • , ax n ) || = | a | • || (x x , • • . , x n ) ||. 

Proof. || (ax x , • • • , ax n ) || ^ | o | • || (x x , • • • , x„) || = | a | • || (aa~ l x i , • • • , 

aa^Xn) || ^ | a | • | a | • || (ax t % • • • , ax n ) || = || (ax x , • • • , ax n ) ||. This com- 

pletes the proof. 

Theorem 1.5. If |a n ) is a sequence of real numbers such that | a n | ^ M , 
where M is independent of n y and if x 7l —> H 0, then a n x n -+ H 0. 

Proof. Choose any infinite subsequence {a njfc x njk ) of {a n x n j. Then || (a ni x Wl , 

• • • , a nk x nh ) || g M || (x ni , • • • , x„J ||. Since x n ~+n 0 it follows that the right 
hand side of this inequality approaches zero as k — > <*> . 

Corollary 1.51. If {a n } is a sequence of real numbers such that a n —* B 0 and 
if x n — 0, then a n x n -> 77 0. 

Corollary 1.52. If a is a real number and x n — .r, then ax n —+ H ax . 

* A linear normed space is a linear set A' with the property that there is associated with 
each element x a non-negative real number or norm, designated by || x ||, which is such 
that (1) || x || - 0 implies x - 0, (2) || * 4- y || ^ || * || + || y II, (3) || tx || » | t |*|| x || 
for each real t . A sequence | x n ) of X is said to be convergent to x < X in the norm or Banach 
sense if 1 1 x n — x 1 1 — » 0 as n — ► « . 
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2. The space ( CH ). Consider the set of all continuous functions defined on 
the closed interval (0, 1), and let the norm of a finite complex of elements he 
given by || , • ■ • , x n ) || = max inf (| x x (t) |, • • • , | x n (0 |). With this norm 

the set becomes an //- normed space and it will bo designated by (CH), 

Theorem 2.1. In the space (CH) a necessary ami sufficient condition that 
x n —>// x is that x n (t) — > *(0 for each / € (0, 1). 

Proof. Because of Theorem 1.3 it suffices to prove this theorem for the 
case x n — »#/ 6. 

Necessity. Assume on the contrary that for some /,> , lim | x n (to) | = 2X > 0. 
Then there is a subsequence [x nk \ of jx n } with the property that | x nk (to) | > X 
for each integral A*. Therefore, || (x ni , • • • , x n]e ) || ^ inf (| x ni (to) |, • ■ • , 
I x nk (to) |) > X > 0 for each integral k. Consequently, 9 is not an //-limit of 
\x n ), in contradiction to the assumption of the theorem. 

Sufficiency. Assume that there is a subsequence of [x n \ , which will also be 
designated by | x n \, such that || (xi , • • • , x n ) || is greater than a positive number 
X for n = 1, 2, • • • . Designate inf (| x x (t) |, • • • , | x n (t) |) by f n (t). For a 
fixed value of n it is easily shown that/ n (0 is a continuous function on the closed 
interval (0, 1). Hence, there exists a t n such that f n (t n ) = max|/ n (f) | = 

|| (^i , • • • , x n ) ||. By the Weierstrass-Bolzano Theorem it is possible to choose 
a subsequence of {2 n } and a point / 0 such that lim t nk = t Q . 

k -° 0 

Each/ n (*o) ^ X. For if < X there would exist an interval I about U 

such that if t el then f n ’(t) < X. Now t choose n k > n' and such that t nk el; 
then fn k (t nk ) < f.i’(tn k ) < X, which is a contradiction. But f n (t) g | x n (t) | for 
all n and t , so | x n (U) | > f n (to) ^ X, in contradiction to the assumption that 
x n (t) — > 0 for all t e (0, 1). 

Remark 2.1. If x x , x 2 , • • • , x n and x [ , x' 2 , • • • , x n are two finite complexes 
of an //-normed space it does not follow that j| (ji + , a* 2 + x ^ , • • • , 

Xn + x») II g II (Xi , Xi , • • • , x„) II + II (x [ , x’t , • • • , x' n ) ||. For consider the 
following complexes from the //-normed space (CII ) : x = 2, x = 5 and x f = 5, 
x' = 2. In this case the inequality sign is actually reversed. If the sign of x x 
is changed then the inequality sign is again reversed. Therefore, unlike the 
norm of the /£- normed spaces of B. Vulich, the norm of a finite complex of a 
//-normed space does not satisf.y a “triangle property/’ nor does it satisfy a 
“triangle property” with the sign reversed. 

Remark 2.2. In the space (CII) it can readily be shown by methods similar to 
those employed in the proof of Theorem. 2. 1 that a necessary and sufficient condi- 
tion for the convergence of a sequence in the //-sense is: | x n (t) — x m (t) | -+ 0 
for each t e (0, 1). There are numerous familiar examples from the space (CH) 
which illustrate that //-convergence of a sequence does not imply that the 
sequence has an //-limit which is of the. space. That is to say, an //-normed 
space is not necessarily complete with respect to the //-convergence notions. 

Remark 2.3. The norm of a finite number of elements of an //-normed space 
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is not necessarily a continuous function of its arguments; i.e., x! l ' ) — > a x {,) for 
i = 1, 2, • • • , p does not imply lim || (xi l \ • • • , a;l P> ) || = || (z (1) , • . . ,x <p) ) ||. 

n— oo 

For consider the following sequence from (CV/): 

x w (0 = z n (0) = 0 for 2/n ^ t ^ 1, 
x n (l/n) = n, 

and x n (0 linear elsewhere (n = 1, 2, • ■ - ) (Caratheodory, p. 171). This se- 
quence is such that x n — >/, 0. Let a second sequence he given by x n {t) = 1 for 
each n and for t e (0, 1). Then x n 1. Moreover, || (x n , x n ) || = 1 for 
each n ) whereas || (0, 1) || =0. 

3. The space (////), p ^ 1. The norm of a finite complex which was used in 
the previous paragraph to make the set of all continuous functions on the finite 
closed interval an //-normed space was obtained by operating on the greatest 
lower bound of the absolute values of the elements involved with the norm 
which is generally employed to make the set of all continuous functions a 
Banach space (Banach, p. 11). To define j| (ji , • • • , x u ) || in an analogous 
manner for the set of all functions defined on the closed interval (0, 1) and 

whose pth powers are summable set it equal to 
^ i tv 

I x n(i) |)] P (ftf , where by “inf” is meant the greatest lower bound of the func- 
tions involved at every point of (0, l). 3 4 With this interpretation of the norm 
of a finite complex the sot of functions considered is an //-normed space. This 
space will be referred to as the space ( L P H ), p § 1. It will be seen from what 
follows that the //-convergence of a sequence of elements of (////), p ^ 1, to 
an element of the space is extremely weak. 

Lemma 3.1. If !/„) is a sequence of summable. functions defined on (0, 1) and 
such that 

(1) f n (t) ^ 0 for each n } 

(2) lfn(t ) } is non-increasing , 

(3) lim f f n (t) dt = 0, 

n— oo JO 

then lim f n (t) = 0 except on a set of zero measure. 

oo 

Theorem 3.1 . In (7///), p ^ 1 , x fl —* H x is equivalent to either of the following 
statements: 

(1) For any subsequence of lx*), inf | x„ k (t) — x(l) j = 0 except on a set 
of measure zero which depends on the subsequence . 

4 All the work of this section would go through without difficulty if the “inf” should be 
defined as the greatest lower bound of the functions involved except on a set of zero 
measure. 
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(2) For any subsequence {a;**) of \x n } there is a set E of zero measure such 
that for to 4 E there is a subsequence {x» 4 j of {x n J such that lim x nk (to) = x(to)- 

1 1-* oe * 

Proof. Because of Theorem 1.3 it is sufficient to prove this theorem for the 
case x n —* u 8. We first show that x n — > H 8 implies condition (2). Let/n(£) = 
[inf (| x s (t) |, • • • , | x n (t) |)] p for each t e (0, 1). If $ is constant then by Lemma 
3.1 lim fn(t) = 0 except on a set E n of zero measure. Let E = E a ; then 

n— oo 

E is of zero measure and it is the set mentioned in the statement of the theorem. 
For consider any to of the complement of E ; lim fn(to) = 0 for each s , and in 

n“ oo 

particular for s 0 = 1. Hcnco, there exists an integer si > So such that 
| x,,(<o) | < 1. Consider |/V +1 ) ; lim = 0, and so there exists an integer 

n— oo 

s 2 > Si such that | x aj (to) | < J. In this way an increasing sequence {$*•} of 
integers can be built up in such a way that | z u (to) | < 1/i. Then lim x, { (to) = 0. 

Therefore, E is the set mentioned in statement (2). Since x njt —> H 8 is a conse- 
quence of x n — > H 8, and since we may apply the above argument to {x**}, our 
contention is proved. 

It is obvious that statement (2) implies statement (1). 

Now suppose that (1) holds when x = 8. Let {x nk \ be a subsequence of 
{x n } and let fk(t) = [inf (| x ni (t) (, • • • , | x nh (t) |)] p Then (1) states that 
inf \x nk (t) | = lim [fk(t)] 1,p = 0 except on a set E of zero measure. Hence, 

* *- 00 ^ 

lim fk(t) = 0 except on E and lim f fk(t) dt = 0. Therefore, x n —> H 8 . 

*-co )b-oo Jo 

Remark 3.1. The following example from ( L P H ) shows that in an //-normed 
space the //-limit of a sequence is not necessarily unique. Let {x n J be defined 
by x n (t) = $(1 + r n (t)), where r n (t) = sgn (cos 2 mt). 1 * If E n = E(x n (t) = 1), 
then [E n \ is a sequence of sets of closed intervals with no points common to 
any pair. This sequence has the property that the measure of the points 
common to each E nk of any subsequence \E nk \ is zero. Consequently, each 

{s»i*} of {x n } has the property that lim / [inf (| x nx (t) |, • • • , | x nk (t) |)] p dt = 0, 

k "* 00 Jo 

and so x n —> H 0. Now consider the sequence \x n — 1}. By a study of the 
complements of the E n sets — the sets on which x n — 1 = — 1 — it is readily 
seen that x n — 1 8. By Theorem 1.3 it follows that x n —+ H 1. Hence 

the sequence {x n } has the //-limits 8 and 1. 

Consider the sequence {x n j just defined together with the sequence {xl}, 
where x' n = 1 — x n . Since \x n } has the //-limits 8 and 1 it follows that //-lim 

n— 00 

x n + H-lim x'n may equal either 0 or 1. But ft-lim (x n + x' n ) = 1, so in an 

*—oo n— oo 

^-normed space x„ — * H x and y n —> H y do not imply (x„ + y n ) —* H x + y. 


5 The r„ functions are closely related to the well known Rademacher functions. 
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Remark. 3.2. By giving different interpretations to || (xi in the 

set of all functions defined on (0, 1) and whose pth powers are summable the 
//-limit notion will be found to have different meanings. For example, in the 
case of all summable functions defined on (0, 1) let || (x t , • • • , x n ) || = mav inf 

0£tgl 

(| Jo Xl ^ ^\ 9 1 j / Xn ® ^\) * ^ le sot/ sl,mma bl« functions on (0, 1) 

is an H-n ormed space according to this norm and it will be designated by 

(LH) i . Since / x(t) dt is a continuous function of t on (0, 1) it is evident from 

Jo 

Theorem 2.1 that x n —> H x is now equivalent to lim f x n (t ) dt = f x(t) dt for 

n— oo Jo Jo 

every t e (0, 1). 


4. The space (c//). Consider the set of all convergent sequences { £» j of real 
numbers. Let an element x n of the set be designated by {£ ni } and let || (xi , 

• * • j x n) || = sup | a? |, where by “sup” is meant the least upper bound of the 

numbers involved, and a? = inf (| fc. |, ... , | £ ni |). Then the set is an H - 
normed space and it will be designated by (cH). 

Theorem 4.1. A necessary and sufficient condition that x n —+ H x in ( cH ) is 
that 

(a) lim ( ni = for t = 1,2,..., 

n— oo 

(b) lim lim = lim & . 

n— oo t— oo t— oo 

Proof. This theorem can be derived from Theorem 2.1 since ( cH ) can be 

put into a 1-1 norm preserving correspondence with a subset of (CH). The 

correspondence is j £»■) to f(t) where /(I /i) = £ t ,/(0) = lim £< and/(J) is linear 

<-00 

elsewhere. 6 


5. The space (l p H), p ^ 1. Consider the set of all sequences {£,•} of real 
numbers such that X)T-i | £» | p < °o . Let any element x n be designated by { £„<}, 
and let 1 1 (xi ,•••,£„) 1 1 = [2“-i I a " l”] 1/P , where a? = inf (| ],•••, | £ ni |). 

Then the set is an H-n ormed space and it will be designated by (l p H), p Sj 1. 

Theorem 5.1. A necessary and sufficient condition that x n —>h x in ( l p H ) is 
that lim £»» = iifor i = 1 , 2, • • • . 

Proof. This theorem can be derived from statement (1) of Theorem 3.1 
since (l P H), p 1, can be put into a 1-1 norm preserving correspondence with 
a subset of (L V H), p ^ 1. The correspondence is {£<) to f(t), where /(0 = 
i(i + l)£i for 1/(1 + i) < t < l/i and f(t) = 0 elsewhere. 

• The proofs of Theorems 4.1 and 5.1 were suggested by the referee. They are used here 
because they are much simpler than those originally given by the author. 
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6. Weak sequential convergence. In the last four sections certain concrete 
sets of elements have been considered as H - normed spaces by giving definite 
meanings to the norms of finite subsets of elements. Each of these sets may 
also be considered as a Banach space by proper definition of the norm for single 
elements. Banach has given necessary and sufficient conditions for weak 
sequential convergence 7 in each case considered (Banach, pp. 134-137). An 
examination of our Theorems 2.1, 3.1, 4.1, and 5.1 will readily show that the 
necessary and sufficient conditions for x n x are in each case weaker than the 
necessary and sufficient conditions for weak sequential convergence. That is 
to say, x n — >j 5 r x for the sets considered has been made weaker than weak se- 
quential convergence by the interpretations given the norms of finite com- 
plexes. In this section different interpretations of the* norms of finite complexes 
on the same sets considered in the previous sections will be given, and the 
resulting //-convergence notions will be found to be equivalent to weak se- 
quential convergence. 

To this end it is advisable to prove first a general theorem on Banach spaces 
and then to give appropriate interpretations to the norms of finite complexes in 
the different cases to be considered. Let E be a Banach space and let E be 
its conjugate, or the space of all linear limited functionals defined on E (Banach, 
p. 54). If {f n } is a sequence of and /is a single linear limited functional defined 
on E y then f n — »/ will always be taken to mea n f n (x) — > f(x) for every x e E; 
i.e.,/„ — >/ will mean that )/ n J converges weakly to/ (Banach, p. 122). Bounded 
sets of E will be weakly compact if every sequence chosen from a bounded (in 
the norm sense) set of linear limited functionals defined on E is such that there 
is a subsequence \u of l/ n j and another linear limited functional f 0 defined 
on E such that f njt — ► /o . It should bo noted that if /* — >/ and ||/|| g M % 
where M is independent of n, then ||/|| ^ Iim ||/„ || ^ M (Banach, p. 123). 

In the Banach space E let || (xi , • . • , x n ) || = max G n (f), where /is a linear 

l l/l l-i 

limited functional on E and where G n (f) = inf (| f(xi) |, • • • , |/(.r n ) J). G n (f) 
is a real valued function defined on E. Because of the introduction of this norm 
for a finite complex the elements which form the Banach space E also form 
an //-normed space (EH). In this section the notions of //-convergence will 
be in terms of this norm. 

Lemma 6.1. ///. —> f then G n (f s ) -> G n (f). 

Proof. This lemma follows readily from the fact that each G n (f) involves 
only a finite number of elements of E and from the definition of /, — * /. 

Let F be the subset of E such that if / € F then || / || = 1. Let F 0 be the 
closed extension of F in the sense that if f n t F and f n — * / then / C F 0 . 

Lemma 6.2. If the Banach space E is such that in E bounded sets are weakly 

compact y then max G n (f) is attained by some element / 0 C F 0 . 

I l/l l-i 

7 The sequence !«»} of a space X is said to be convergent to an element x t X in the 
weak sequential manner if for every linear (homogeneous and additive) and continuous 
functional /(x) defined on X , lim/(x„) « f(x) (Banach, p. 133). 
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Proof. Consider any G no (f) and a sequence |/,j of elements of F, and let 

lim (?*„(/,) = max G ni) (f). Each G no (f,) is actually equal to the absolute value 
•-« l I/I l-i 

of f. at some point of E; for by definition each C'„ 0 (/„) involves only a 
finite number of elements of E. Therefore, C n „(/„) = | /„(*,) |, where i assumes 
one of the values 1, 2, • • • , n u . Since the sequence |/,J is infinite there is 
some one x, 0 and an infinite subsequence \f, p J of j/„| such that GnM',) = 
\f» p ( x io) I f° r ea °h integral p. Since each \\f Hp || = 1 there is a subsequence 
( f* Pi \ of \f» p 1 and an /o , of unit norm or hiss, such that /, — >/ 0 . By Lemma 

0.1 it follows that lim (I nQ (f tp ) = (7 no (/ 0 ). This completes the proof. 

J- oo 1 

Theorem 0.1. If E is a Banach space such that in £ bounded sets are weakly 
compact thru x n — > If x is equivalent to the weak sequential convergence of {x n } to x. 

Proof. This theorem is a consequence of Lemmas 0.1 and 0.2 and its proof 
follows almost word b} r word the proof of Theorem 2.1. 

It is well-known that the sets of elements which form the space's ( CH ), ( L V H ), 
(i l p H ), (p ^ 1), and (c//) are also elements of separable 1 Banach spaces if the 
norm for single elements is properly chosen. Banach states (Banach, p. 123) 
that each separable Banach space E has a conjugate space* whose hounded sets 
are weakly compact as sets of functionals over E. Consequently, if the norm 
of a finite complex is defined as in this section for any one of the concrete Banach 
spaces just mentioned, then*,, — > lr x is equivalent to the weak sequential con- 
vergence of |x n } to x. 

7. Comparison of limit notions. It is of interest to note how the gap between 
the //-convergence in //-normed spaces and the ^-convergence in K - normed 
spaces may be bridged. It is first necessary to introduce a new limit notion. 

Definition 1°. A sequence Jx n | of elements of an //-normed set X will be 
said to be convergent in the (7-sense, or to be (7-con vergent , if given any e > 0 
and any infinite subsequence j J njfc } of | there exists a Kq = K(e , {x njb }) such 
that for k ^ Ko then* exists a P 0 = P(c, A\ \ •****!) such that k ^ K 0 , s K o 
and p ^ P Q imply 

(1 ) || (X nje ~ Xn f f • • • , X nk + p — X n f) 1 1 < 6. 

Definition 2°. A sequence {x n } of elements of an //-normed set X will be 
said to be convergent to the element x e X in the (7-sense, or to have x as its 
(7-limit, written x n —>g x or (7-lim x n = x, if given any e > 0 and any infinite 

n«“o o 

subsequence {x„J of {x„J there exists a K 0 = K(e, {x„ t }) such that for k ^ K<, 
there exists a Po = P{c, k, { x n „ ) ) such that k ^ K a and p P 0 imply 

(2 ) || fan * *»*•*» ■*') 1 1 ^ e • 

Theorem 7.1. In a K-normed set x n — >k x is equivalent to x„ — x. 

Proof. If x» — > 0 x then given any e > 0 there exists an N(e) and if n ^ N (e) 
there exists a P(e, n) such that n ^ N(e) and p ^ P(e, n) imply 
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|| (in x , • • • | in+p i) 1 1 ^ But for allO~; i ^ p, j| (i« i ) ■ • • > *Cr+< «r) || ^ 

jj (x* — s, • • • , £»+,, — a?) || < e, because of Axiom D of /£-normed sets. Hence, 
the required inequality holds for every i ^ 0, and so x n —>k x. 

To prove the converse note that x n — >* x implies x n{ — »* x for every sub- 
sequence {x n< } of {x„(. From this fact it is immediately evident that x n —>* x 
implies x n —* 0 x. 

Theorem 7.2. If in a K-normed set a sequence |x n j is K-convergent then it 
is G-convergent y and conversely. 

In the proofs of Theorems 2.1, 3.1, 4.1, 5.1, and 6.1 we made use of a property 
which when generalized to cover all cases may be written as 

Property 1. || (i t , • • • , x n , x„+i) || g || (zi , ■ ■ ■ , x n ) ||. 

This property is actually Axiom D of X-normed sets with the inequality sign 
reversed. Since the norms of the spaces ( CH ), ( L P H ), ( l p H ), (p ^ 1), ( cH ) 
and (EH) satisfy Property 1 it is evident that they are not if-normed spaces. 

Theorem 7.3. In an H-normed space whose norm satisfies Property 1 x n —> H x 
is equivalent to x n — x. 

Proof. The proof of this theorem depends on Property 1 in much the 
same manner that the proof of Theorem depends on Axiom D . 

Theorem 7.4. In an H-normed space whose norm satisfies Property 1 if a 
sequence is G-convergent then it is H-convergent y and conversely. 

Remark 7.1. Consequently, the (?-convergenee notions may be used in 
place of the //-convergence notions and the if -convergence notions in the 
mutually exclusive classes of H- normed sets satisfying Property 1 and of 
K- normed sets, respectively. 

8. Zf *- normed spaces. By an Z/*-normed space will be meant an II - normed 
space whose elements also form a linear normed space and in which convergence 
of a sequence {x n \ to x in the norm sense (Banach convergence), i.c., || x n — 
a: || — ► 0 — written x n — > B x — implies x n — x. If an //-normed space satisfies 
Property 1 and if it is linear normed with respect to the norm of a finite complex 
when that norm operates on single elements then it is evidently an Z/*-n ormed 
space. The X-normed spaces are not necessarily //-normed spaces (Vulich 1, 
p. 163) for the /f-limit notion is in general stronger than the limit notion in 
the norm sense. 

Remark 8.1. The example of Remark 3.2 is an //-normed space satisfying 
Property 1. Moreover, the set of elements of that example form a linear 

normed space when the norm \\x\\ — max / x(u) du is used, and so it is 

0£<‘j£l Jo l 

an //*-normed space. However, this is not the usual norm employed to make 
the set of summable functions on (0, 1) a linear normed space — the usual norm 

is || x || = J | x(u) | du. Nevertheless, it is evident that the space (LH)\ is 

an //*-normed space when x n — x is in accordance with the second norm just 
given and when x n —*h x is with respect to the norm of a finite complex of (LH)i . 
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By an //-normed space will be meant an H*-n ormed space in which the //-limit 
is unique and satisfies the condition : x n — x and y n — y imply ( x n + <y n ) 

( x + 2 /). 

Remark 8.2. The space ( L P H ), p ^ 1, is an //*-normed space which is not 
H- normed. 

Lemma 8.1. If [a n \ is a sequence of real numbers such that a n —+ B a and if x 
is an element of an H -normed space whose norm satisfies Property 1, then a n x — * H ax. 

Theorem 8.1. If \x n ) is a sequence of dements of an H -normed space X whose 
norm satisfies Properly 1, if x n — ►// x where x e A r , and if \a n \ is a sequence of real 
numbers such that a n — a , then a n x n —*u ax. 

Proof. a n x n — ax = ( a n x n — a n x) + ( a n x — ax). From Theorem 1.5 it 
follows that the first expression on the right approaches 0 in the II- sense, and 
from Lemma 8.1 it follows that the second expression does likewise. The 
theorem follows from the fact that the space is //-normed. 

Remark 8.3. An //-normed space whose norm satisfies Property 1 does not 
have the property that the derived class is closed; that is to say, if X™ —+H x n 
for n = 1,2,-*-, and if x n x , it does not follow that there exists a sub- 
sequence {Xn“|, where m\ < m* < ■ < m n < • • • , such that x x. For 

consider the following example from the space of all continuous functions defined 
on (0, 1) with the norm defined as in §6. It has been shown in §6 that in this 
space x n —* H x is equivalent to the weak sequential convergence of {x n } to x; 
i.e., x n — >// x is equivalent to x n (t ) — > x(t) for each / c (0. 1) and to the existence 
of a constant M > 0 such that max | x n (t) | ^ M (Banach, p. 134). Let (x n ) 

be defined as follows: 

Xn(t) = x n (0) = 0 for 2 1 n ^ t ^ 1, 

x n {\/n) = 1, 

x n (t) linear elsewhere. This sequence obviously has 6 as its weak sequential 
limit. Let x™ be such that 

xZ{t) = x n (t) for 0 ^ t ^ 2/n, 

Xn(t) = 0 for 2/n + 2/m ^ t ^ 1. 

Xn(2/n + 1/m) = n , 

xZ(t) linear elsewhere. For each fixed value of n, x^ — > x n in the weak sequential 
sense. But since weak sequential convergence implies boundedness of the norms 
of elements it follows that it is impossible to find a sequence of integers m\ < 
m 2 < • • • < m n < • • • such that x™ n —* H 0. 

9. Linear operations. Let X and Y be two sets of elements. If to each 
x c X there is made to correspond an element y € Y then an operation y = U(x) 
is defined. X will be called the domain and Y the range of the operation. 

Definition 3. If y = U(x) is an operation which transforms X into all or a 
part of Y, then if 
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(1) A" and Y are H- normed spaces y = U(x) is said to be ////-continuous at 
the point x 0 if x n — x 0 implies U(x n ) —> H U(x 0 ), 

(2) X is an //-normed space and Y is a linear normed space y = U(x) is said 
to be //B-continuous at the point x 0 if x n —> H Xq implies l J (x n ) — > lt l 7 (x 0 ), 

(3) X is a linear normed space 4 and Y is an //-normed space 4 y = l r (x) is said 
to be B// 7 continuous at the point Xo if x n — > n x 0 implies l J (x n ) —> H U(xo), 

(4) X and Y are linear normed spaces y = V(x) is said to be 4 BB-continuous at 
the point x 0 if x n x 0 implies V(x n ) —> H r(x 0 ). 

If in any one of the 4 above cases the specified continuity condition holds for 
every point of A r then the operation is said to be continuous in that sense on A r . 

Theorem 9.1. If X is an H* -normed space , Y is an II -normed space , and 
y = l r (x) is H II -continuous, then it is BH -continuous. 

Proof. x n — * n x implies x n — x in an ZZ*-normed space 4 , so by the ////-con- 
tinuity of y = l\x ), x n — > u x implies C(x n ) -* u V{x). 

Theorem 9.2. If X is a linear normed space , Y is an If*-normed space, and 
y = U(x) is BB-continuous, then it is B II -continuous. 

Theorem 9.3. If X is an II -normed space, Y is an I 1^ -normed space, and 
y = U(x) is H B-continuous then it is H II -continuous. 

Theorem 9.4. If the additive operation y = U{x) transforms an II -normed 
space X into a space Y of the same type and is HI! -continuous at a single point , 
then it is II II -continuous on X. 

Theorem 9.5. Statements similar to that of the previous theorem hold when 
y — U(x) is HB - , BH- , or BB-continuous at a single point, X is H-normed, linear 
normed, or linear normed , respectively , and Y is linear normed , II -normed, or linear 
normed, respectively . 

Theorem 9.0. If y — U(x) is an II H -continuous and additive operation from 
an H-normed space X to an H-normed space Y , then it is homogeneous. 

Proof. The proof of this theorem depends on the uniqueness of the //-limit 
notion in /7-normed spaces. 

Theorem 9.7. Statements similar to that of the previous theorem hold when 
y = U(x) is additive and HB-, BH- , or BB-continuous, X is H-normed, linear 
normed, or linear normed , respectively, and Y is linear normed, H-normed, or linear 
normed, respectively. 

In case the operation is from a domain X to the set of all real numbers, which 
set is readily seen to be an /7-normed space when the norm of §1 is used, it will 
be called a functional and will be designated by y = f{x). Since in the /7-normed 
space of real numbers (see §1) the II- and B-convergence notions are equivalent 
(see Theorem 1.1), the four types of operations of Definition 3 reduce to two 
in the case of functionals. These will be referred to as the II- and B-continuous 
functionals. 

10. General forms of //-continuous and linear functionals. Remark 10.1. 
Let X be an //*- normed space. By Theorem 9.1 every //-continuous functional 
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oil X is fi-contiiiuous on X . Consequently, the general form of the //-continu- 
ous and linear functional on X must be of the same nature as but less general 
than the general form of the //-continuous and linear functional on X . 

10.1. The space ( cH ). The elements of this space form a Banach space (c) 

when the norm of a finite complex operates as a norm for single elements. Then 

(cH) is an //*-normed space. The general form of the //-continuous and linear 

functional for the space (c) is f(x) = C lim £ t + C£ x (Banach, p. 60). 

1— 00 

Theorem 10.1. The general form of the // -continuous and linear functional on 

(cH) is f(x) = C lim ft + C,-ft . 

»— 00 

Proof. By Remark 10.1 every //-continuous and linear functional on ( cH ) 
is of the form of the //-continuous and linear functional on the same elements 
taken as a Banach space but with additional restrictions on the constant CVs. 
Assume that/(x) is //- continuous and linear and that there is an infinite number 
of non-zero constant CVs involved in its representation. Consider the sequence 
{j n } of (cH) where £ rll = 0 if n ^ i and £„ w = sgn 1 /C n . This sequence is 
obviously such that .r n d. But for an infinite number of values of n,f(x n ) = 

1 , so lim f(x n ) = 1 . ( ’onsequently, x n —> fI 6 does not imply f(x n ) —> B 0. There- 

n-*oo 

fore, the possibility of the general form of the //-continuous and linear func- 
tional on (cH) involving more than a finite number of non-zero constants has 
been eliminated. Consequently, we are confined to a consideration of the 
form C lim £» + . This functional is readily seen to be //-continuous 

»«oo 

and linear. 

10.2. The space ( VTI ), p ^ 1. Remarks similar to those preceding Theorem 
10.1 apply here. 

Theorem 10.2. The general form of the H -continuous and linear functional 
on V ^ 1, *'»/(*) = Z.-i C.ft . 

Proof. The proof of this theorem is similar to the proof of Theorem 10.1. 
Remark 10.2. If K is a finite complex then by U(K) is meant the complex 
of the images of the elements of K by y = l \x) (Vulich 1, p. 165). Yulieh has 
proved the following theorem for operations defined on /C-formed spaces: A 
necessary and sufficient condition that the additive operation y = U(x) be KK - 
continuous is that then* exist a constant C > 0 such that for every complex K 
of the domain || l T (K) || ^ C || A" ||. A similar statement cannot be made for 
////-continuous and additive operations on //’“-normed spaces. For in the 
space p ^ 1, let K be the complex (xi , x 2 ) when* = 0 if p i and 

ftp = 1, and let/(x) = ft +- St ■ Then || (x, , x 2 ) || = 0 and \\f(xi)J(xt) || = 1. 
Hence, there exists no constant C > 0 such that j j /(A”) |j ^ C || K ||. 

10.3. The space (CH). The elements of (CH) form a Banach space (C) when 
the norm of a finite complex operates on single elements only. Then (CH) is 
an H*-normed space. The general form of the H-continuous and linear func- 
tional defined on the elements of (CH) when they are taken as the Banach space 
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(C) is /(*) = l x(t) dg(t) y where g(t) is a function of bounded variation and 
x(t) is of (C) (Banach, p. 61). 

Theorem 10.3. The general form of the H -continuous and linear functional 

on ( CH ) is f(x) — / x(t) dg(t) y where g(t) is a function of bounded variation which 

Jo 

is constant except for a finite number of discontinuities. An alternate form is 

fix) = zr-i cm. 

Proof. It will be shown first that g(t), which must be of bounded variation 
because of Remark 10.1, cannot be continuous and non-decreasing (or non- 
increasing) on (0, 1) with g(t) > g(0) (or g(t) < g(0)) for t > 0. Suppose that 
g(t) is of this form. Define a sequence {x„} of continuous functions as follows: 

x n (t) = x n ( 0) = 0 for 2/n g ^ 1, 

r 1/n 

x n (l/n) = J~ l , where I = / tdg(t) y s 

Jo 

and x n (t) linear elsewhere. Obviously, x n — 0. It will be shown that lim 


r /.l pl/n *2fn 

x n (t) dg > o. Write / x n (t) dg = / x„(t) dg + / x„(l) dg. On the 

Jo Jo J 1 fn 

pi In pi In 

interval (0, 1 /n), x n (t) = ntl~\ Then / x n (t) dg= nl~ l tdg = nl~ l l = 

Jo Jo 

n. On the other hand, on the interval (1/n, 2/n), x n (f) = —nl~ l (t — 2/n), 

/•2/n i*2/n i»2/n 

whence / x n (t) dg = —nl~' / (/ — 2 /n) dg = —nl~' I tdg + 2/~’ 

«M/« * I/n » 1/n 

i*2/» i»2/n /»2/n 

/ dg. Since in (1/n, 2/n), J ^ 2/n, it follows that / tdg ^ 2/n / dg, 

«Ji/» •'l/n »l/n 

i*2/n /»2/n i»2/n 

and so / x n (t) dg ^ — 2/“* / dg + 2/ _1 / dg = 0. (Consequently, 

»l/w ^ 1/n J 1/n 

r 


2/n /»2/n i»2/n 

Xnit) dg £ — 2/~‘ / dflr + 2/ -1 / 

1/n * 1/n » 1/n 

£ n (0 dg ^ n, and therefore, if g(0 is of the form specified at the beginning 


of this proof, x(f) is of (C77), and /(a:) = / z(0 dg(£), then there is a sequence 

Jo 

{a;*} such that x n —> H 6 but for which \f(x n ) j does not approach zero as n — > oo . 
Then/(x) is not //-continuous. So, in general if f(x) is //-continuous and linear 

it may not be of the form / x(t) dg(l), where g(t) is continuous and such that 

Jo 

for some interval (to , t'), g(to) < g(t) (or g(to) > g(t)) for t > to . Since if this 
were the case the sequence \x n } used above could be constructed on the in- 
terval (fo , tf) and then a contradiction would follow. 

Therefore, g(t) must be constant except for at most a denumerable number 
of points of discontinuity of the first kind. Assume that g(t) is of this nature 


• By the integration by parts theorem for Stieltjes integrals it is readily shown that the 
denominator does not vanish. 
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and thafc/(x) is an //-continuous and linear functional on ( CH ). Let {a„J be a 
sequence of points of (0, 1) which approaches some a 0 from the right (or left) 
and which has the property that at each a„ the function g(t) has a discontinuity 
of measure b n ^ 0. Each a„ may itself be the limit point of points of discon- 
tinuity of g{i). Let such points be designated by a np and let the measure of 
the discontinuity of g(t) at a np be b np ?£ 0. About each a n choose an interval 
I n such that the left-hand end point of /„ is to the right of a 0 , such that the 
length of I n g min (length , 1/n), and such that if a np t I n then £*_i | b np | £ 

| b n |/2 B . Define a sequence of continuous functions as follows: let x„(a„) = 
sgn l/6n ; on the complement of /„ let x n (t) = 0, and finally let x n (t) be linear 

elsewhere. Then x n 6. [ x n (l) dg = , [g(a np + 0) - g(a pp - 

0)]x n (a n p) + b n x n (a n ) = b np x n (a np ) + 1. If each b np x, n (a np ) < 0, then 

x n (t) dg — 1 5^p— i | b np || x n (a np ) | ^ 1 J^p-i I 1/2 | b n | > 1/2. If 

each b n pX n (a np ) is not less than zero then / x n (t) dg is obviously greater than 

Jo 

1/2. Therefore, although x n 6 it does not follow that/(z„) — > B 0. Hence, 
if f(x) is to be //-continuous and linear it is impossible that g{t) be other than 
constant except for at most a finite number of points of discontinuity of the first 

kind. In this case f(x) = f x(t) dg = 1 x tti)\g(ti + 0) - g(t { - 0)] = 

Jo 

C % x{ti). Since only a finite number of terms are involved in this form f(x) 
is obviously //-continuous and linear. 

Remark 10.3. It is evident from this theorem that there are /^-continuous 
and linear functionals which are not //-continuous. Therefore, the converse of 
Theorem 9.1 is not true. 

10.4. The space ( L p H),p ^ 1. Theorem 10.4. If y = C(x) is a continuous 
transformation from ( L P H), p 1, to a space Y in which the limit nation is unique, 
then y = U(x) is a constant . 9 

Proof. Let x c (////), p ^ 1, and let y n (t) = *(/)■ 1/2(1 + r(/)), where 
r n (t) is the function defined in Remark 3.1. As in Remark 3.1 it is seen that 
y n 0 and y n —>h x. Since y = ( r (x ) is continuous it follows that V(y n ) 
IJ(9) and U(y n ) — > H(x). Because of the uniqueness of the limit notion in 
F, U(x) - (/(*). 

Corollary 10.41. If y = f(x) is an H-continuovs and linear functional from 
( L p H) y p ^ 1, then f(x) as 0. 

11. General forms of different types of linear operations. If for the set of all 

continuous functions defined on (0, 1) the norm for single elements is taken to 
be max | x(t) |, then the set is a Banach space and it will be denoted by (C). 

With respect to this norm the space (CH) is an //*-normed space. It has been 

• This theorem and its proof were supplied by the referee. It is a generalization of a 
theorem originally given by the author. 
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shown (Fichtenholz, p. 32) that the general form of the BB - continuous and 
linear operation from (C) to (C) is given by 

(1) y(s) = U(x) = f x(t)d t K(s,t), 

Jo 

where K(s } t) is a function of two variables defined on 0 ^ s, t ^ 1 and is such 
that 

(1°) K(s, t) is of bounded variation as a function of t for each s and var 

o&zi 

K(s, t) ^ C, where C is a positive constant independent of s, 

(2°) K(s, 0) = 0; K(s, 1) is continuous in s, 

(3°) K(s, t) is continuous in measure 10 with respect to s in the interval (0, 1) 
for each s = s 0 . 

If y(s ) = U(x) is ////-continuous and linear from (C7/) to (CH), then y(s 0 ) = 
V(x) is a //- continuous and linear functional defined on ( CH ) and it may be 

represented by y(so) = l T (x) = / x(t) d t K(so , t), and so y(s) = U(x) is of form 

Jo 

(1) with restrictions on K(s , t) which will now be examined. 

Theorem 11.1. The class of all BH -continuous and linear operations from 
( CH ) to (CH) is equivalent to the class of all BB-continuous and linear operations 
from (CH) to (CH). 

Proof. Because of Theorem 9.2 it is evident that the class of all ////-con- 
tinuous and linear operations from (CII) to (CH) is a subclass of the class of 
all ////-continuous and linear operations between the .same spaces. Therefore, 
since each BH- continuous and linear operation is of the form (1), in order that 
an operation be ////-continuous and linear without being ////-continuous and 
linear it is necessary that some one of the conditions 1°, 2°, 3° on K(s % t) be 
weakened. But these conditions are necessary and sufficient not only for the 
////-continuity and linearity of y = U(x) but also for the continuity of y(s) = 
U(x). Hence, if one of these conditions is weakened y(s) will no longer be 
continuous. Therefore, every ////-continuous and linear operation must satisfy 
conditions 1°, 2°, and 3° and our theorem is proved. 

Theorem 11.2. Th j general form of the H II -continuous and linear operation 
from (CH) to (CH) is given by ( 1) where K(s , t) satisfies conditions 1°, 2°, 3° and 
also 

(4°) for s constant K(s , t) is constant in t except for at most a finite number of 
points of discontinuity of the first kind. 

Proof. If y(s) = U(x) is of form (1) and if K(s, t) satisfies conditions l°-4°, 
then y(s) is continuous because of conditions l°-3 () . Moreover, if x n —+ H x, then 
y n (s) — * y(8 ) for each s e( 0, 1) and so y n — y. For consider any s = s 0 , then 

I Vn(& q) — y(s o) | ^ / [x n (t) — x(0] d t K(s 0 , t) . The last expression is the 

I Jo 

10 K(s, t) is said to be convergent in measure with respect to s for s — s 9 on 0 ^ l £ 1 
if K(8, t) as a function of t approaches K(s Q , t) in measure when 8 -> « 0 . 
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absolute value of an //-continuous and linear functional (sec Theorem 10.4 and 
condition 4°), and therefore, x n —> H x implies y n (so) —* ?/(s 0 ). This proves our 
contention. 

If y( s ) = C(x) i* an ////-continuous and linear operation from (CH) to ( CH ), 
then it is of form (1) and K(s, t ) satisfies l°-4°. For consider any s = .% , then 
j/(s 0 ) = U(x) is merely an //-continuous and linear functional on (CH). Hence, 

7/(,sn) = / x(t) d t K(. so , <) and K(x » , l) must satisfy 4 () be cause of the restriction 
Jo ^ 

of Theorem 10.4. Then ?/(.s) = f x(f) d t K(s, t). Since g(s) = ( w (x) is ////- 

Jo 

continuous and linear and (CH) is ail //*-normcd space*, it follows from Theorem 
9.1 that y(fi) is ////-continuous and linear. By Theorem 11.1, y(s) = T(.r) is 
also BB - continuous and linear and so K(s, t) must satisfy conditions 1° 3 1 . 

Theorem 11.3. The general form of the H B-eontinuous and linear operation 
from (CH) to (CH) is given by (1) where KU s\ t) satisfies conditions l°-3° and also 
(5°) there exists at most a finite number of points t\ , U , • • • , t q such that for any 
value s = -So the points of discontinuity of K(s n , t) arc to be found among the points 
U(i = 1,2 ,•••,<?). 

Proof. As in the proof of Theorem 1 1 .2 it is readily seen that any ////-con- 
tinuous and linear operation is of the* form (1). If ?/ = l.'(z) is ////-continuous 
and linear, then by Theorem 9.3 it is ////-continuous and linear, and so by 
Theorem 11.2 K(s, t) satisfies conditions 1° 3°. Suppose that 5° is not satisfied 
by K(s, t). Then there exists a sequence |.s n j of points of the interval (0, 1) 
such that the points of discontinuity of the first kind which an* contributed by 
\K(s n , 01 infinite in number, that is to say, there is an infinite sequence 
| t v } of points such that each is a point of discontinuit y of some K(s n , /). Choose 
a subsequence of jCi such that {/„ p } approaches some to from the right 
(or left). About each t Vp as center and associated with each I\(s„ , t) there is 
an interval I(t yj) , s n ) such that within it there is no point of discontinuity of 
K(s n , t) except perhaps t Vp itself. The existence of this interval is assured by 
the ////-continuity of each ////-continuous operation. Let I Vp ho an interval 
I(t Vp , s n) which does not contain to and whose* right-hand end point is to the 
left of t Vp + (t Vp — f 0 )/2 and which is such that the measure a n Vp of the discontinuity 
of K(s n , t) at t Vp is not equal to zero. Define a sequence j.r,.i of continuous 
functions as follows: 

*n(tr p ) = Sgn 1/a;, 

Xn(t) = 0 for t not of /, r . 

and x n (t) linear elsewhere. Then x„ - 0. Moreover, y n (s) — / .r„(0 d t K(s, t) 

Jo 

is such that | j/„(s«) | = | x n (t, p ) |-| K(x„ , t Vp + 0) — K(s„ . t, p — 0) j = | sgn 

l /a? I • | a? I = 1 . Therefore. I! y„ l| — - max | //„(«) | = 1 , and so x„ — 0 does 
” ' p og.si 

not imply y„ —>n 0. This is a contradiction and so 5° must hold. 
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Let y(s) = U{ x) be of the form (1) and be defined on (CH), and let K(s, t) 
satisfy conditions 1°, 2°, 3°, and 5°. Because of conditions l°-3°, y(s) is con- 
tinuous. Moreover, y(s) = f x(t) d»K(s, t) = T'.l-i x(ti)[K(s, U + 0) — K(s, 

U — 0)] = x(ti)Ci(s ) by condition 5°. From 1° we know that there exists 

a constant C > 0 such that | C<(s) | g C for each i and for s « (0, 1). Then 
1 2 /»(«) - y(s) | ^ C I - *(*<) I- If x n ->H X, then since only a finite 
number of points are involved in the last summation, || y n — y || — * 0. 

Philadelphia College op Pharmacy 
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CHARACTERIZATION OF COMPLEX COUPLE SPACES 

By Abistotle D. Michal and Max Wyman 
(R eceived February 13, 1940) 

Introduction. In considering generalisations of classical complex analysis for 
complex Banach spaces it seems desirable to consider complex couple spaces. 
For such spaces many of the classical theorems can be shown to hold. 1 The 
following paper attempts to characterize such spaces. This is done by means 
of a conjugate operation. 

1. Characterization of Hermitian couple spaces. 

Definition 1.1 . Two complex Banach spaces B \ , B 2 shall be called equiva- 
lent 2 if there exists a single* valued function f(z) on B\ to B 2 with the properties 
(a) f(z) is linear 0 in z , and is homogeneous of degree one, 

(h) f(z) ranges over the whole of B« , and is solvable in z , 

(c) Il/(z)!l = IMI- 

If conditions (a), (b) are satisfied we say , B 2 are linearly homeomorphic. 
Let E be a real Banach space with a real inner product [. x , t/] 4 From E we 
can construct a complex Banach space E(c) as follows. Let E{c) be the set of 
all couples jz, //} where z, y are elements of E. We define 

(1) \xi , //i} - jz 2 , y 2 \ if and only if x x = z 2 , //, = y 2 , 

(2) \x x , ijx J + jz 2 , ?y 2 } = \Xx + .r 2 , Ih + Z/ 2 ), 

(3) (a + ib) }z, y j = \ax — by, bx + ay} where a, b are real numbers, 

(4) ii \x, v \ ii = dkir + iuii 2 ) 1 

Definition 1.2. A complex Banach space B is called a Hermitian couple 
space, if it is equivalent to a space of type E(c). 

Definition 1 .3. Let B be a complex Banach space. A bilinear function 
[Z, ( T ] on B 2 to the complex numbers is called a Hermitian inner product 5 if 

(i) [zTr ] - [r, Z], [(a + u>)z , n = (a + mz. n 

1 For work in general analysis see Taylor (3), Michal and Martin (4), and Michal, Davis 
and Wyman (6). 

* For the notion of equivalence of real Banach spaces see Banach (1), p. 180. 

* We use the term linear to mean additive and continuous. In real Banach spaces this 
is enough to ensure homogeneity of degree one. This is no longer so in complex Banach 
spaces. 

4 For postulates of a real inner product see Michal (5). In addition we make the restric- 
tion that || s || « lx, z]h 

5 These are of course the same postulates given for an inner product in Hilbert space. 
See Stone (2) and the references to Von Neumann's papers given there. 
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(ii) [Z, Z] £ 0 and [Z, Z] = 0 if and only if Z = 0, 

(iii) II Z II = \Z, Zt 

Theorem 1. A necessary and sufficient condition that an arbitrary complex 
Banach space Bbe a Hermitian couple space is that 
(a) B must possess a Hermitian inner product [Z, V] 

(0) there exist a function Z 6 on B to B such that 

(ft) [z A , z 2 ] = % , U 
(ft) z = z. 

Proof of necessity. For a space E(c) of couples z = {a:, 2/} the existence of 
a Hermitian inner product 7 [z, u] was shown in Michal, Davis and Wyman (6). 
The function z for such spaces is the “ordinary complex” conjugate z = {x> — y \ . 
Let Z = f(z) be the mapping function which makes B equivalent to E(c). We 
define 

(a) [Z, ('] = f ~\L')], where the inner product on the right is that of 

E(c) L 

(b) Z = /(*). 

By straightforward calculation [Z, l ] is a Hermitian inner product for B ) 
and condition (0) is satisfied. To prove the sufficiency we make use of the 
following lemmas. 

Lemma 1. Let B be a complex Banach space satisfying (a), (0) of theorem 1. 
Then Z is linear in Z, and 

(1.1) (a + ib)Z = (a — ib)Z t for a, b real. 

For all Zi , Z 2 , Z 3 we have 

(1.2) LZi + z, , Z,\ = [Zr + Z , , Z 3 ] = IZ, , Z 3 ] + [Z 2 , Z,\ = [2, + 2, , 2,1 

Thus Z\ 4- Z, = Z\ + 2 , , and Z is additive in Z. From || 2 || = || Z, || we can 
conclude that Z is linear in Z. Similarly property (1.1) is shown. 

Lemma 2. The totality E of all elements W for which W = W is a real sub- 
Banach space of B and is such that j| W || is generated by a real symmetric inner 
product . 

Clearly under the operations of B, E is a real normed linear space. If \Wi\ 
is a Cauchy convergent sequence of E there is an element W of B such that 

II W — Wn || < | • From || 2 || = \\Z |j we obtain || W - W n || < and 

hence || W — W || < «. Thus W = W and W is an element of E. Thus E is 
a complete space, and hence is a real Bartach space. 

8 We have used the notation Z as a function on B to B. This should not be confused 
with the complex conjugate notation of ordinary complex numbers. See (ft ) where both 
occur. 

7 If x, y , $*, i? are elements of E , and z * \x, y], u =* {$*, rj\ are in E(c) } then the Hermitian 
inner product [ z , u] of E(c) is given by [2, u] ** [ x , f] *f [y, nl + i{[y t fl — l*> v]) t where 
[; x , y ] is the inner product of E. 
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For any Wi , IF* of E we have 

(1.3) Wi , Wt\ = [Wi , W 2 ] = [W, , Wt] = [W, , W l \. 


This completes the proof of lemma 2. 

From the E of lemma 2, let us construct, the Hermitian couple space E(c). 

jZ + Z i2 - iZ\. . t , _ D . 

— 2 — ’ ' 2 J 18 an foment of E(c). Then B is 

equivalent to E(c ) and the r(‘quired mapping function is 

\Z + Z iZ - iZ\ 

2 ’ “ 2 / 


For any element Z of B, 


(1.4) 


m = 


The additivity and homogeneity of degree one of f{Z) arc easy to verify. 
|| Z || J = [Z, Z] we readily obtain that 


ii m 




Z + Z 


+ 



From 


Finally the equation f(Z) = J , TF 2 J has the unique solution Z = W\ + iTFj 
for any W\ , W r 2 of E. Thus B is a Hermitian couple space. 


2. Characterization of complex couple spaces. If E is an arbitrary Banach 
space, the couple space E(c ) is a complex Banach space under definitions (l)-(4) 
if and only if the norm of E is generated by a real inner product. In a previous 
paper (Michal, Davis and Wyman (0)) the authors raised the question of giving 
a definition to replace (4) which would eliminate the restriction on the norm of 
E. A definition was communicated to us by E. W. Paxson which could be used 
if E wen' separable. Later on A. E. Taylor 8 gave us verbally a definition which 
places no restriction on E. This result is stated in the following theorem. 

Theorem 2. Let E he an arbitrary real Banach space , and let x, y eE. The 
totality E'(c ) of couples {.r, y j form a complex Banach space under definitions (1), 
(2), (3) and 

(40 || |x, y] || = sup ( l'(x ) + i 2 (j/)) ! . 9 

mod I s " 1 

The truth of this theorem is easily verified. Complex spaces which are linearly 
homeomorphic to spaces of the type E'(c ) are called complex couple spaces. 

Theorem 3. A necessary and sufficient condition that an arbitrary complex 
Banach space B be a complex couple space is that there exist a function 2 on B to 
B with the properties: 

I Z\ -p Z 2 = Z\ + 2 2 , 


8 Both Taylor and Paxson have seen the manuscript of Michal, Davis and Wyman (6). 
Taylor had also seen Paxson’s result. 

9 l(x) means a linear functional on E to the real numbers. The superior is taken over 
all linear functionals whose modulus is one. 
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II iZ = -*Z, 

III Z = Z, 

IV II 2 II = II z ||. 

The proof follows essentially the same lines as the proof of theorem 1. Z 
will now trivially satisfy lemma 1, and the first part of lemma 2 will be satisfied. 
From E we construct E'(c) and the latter will be linearly homeomorphic to B . 

The continuity of the mapping function f(Z) = 

from \\f(Z) || £ V2 || Z ||. 

California Institute of Technology 
Pasadena, California. 


4* Z %Z — iZ 


} 


follows 
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SEQUENCES DEFINED BY NON-LINEAR ALGEBRAIC DIFFERENCE 

EQUATIONS 1 

By Oris E. Lancasteb 
(R eceived March 7, 1938) 

An algebraic difference equation 

(1) *(y(,x + m), y(x + m - 1), • • . , y{x), x) = 0, 

# a polynomial with rational coefficients in its arguments x, y(x), y(x 4 1), • • . , 
y(x -H w), defines a sequence 2 

y(a), 2 /(a + 1 y(a + m - 1), y(a + m) y • • . 

when the values of y{x) are assigned at the m points a, a 4 1, • • • , a 4 ra — 1. 
Obviously every equation (1) defines an infinite number of sequences: one for 
each set of values y(a) y y(a + 1), • • • , y(a + m — 1). 

We propose to obtain some of the properties of such sequences by studying 
the difference equations which define them. In the study of infinite sequences 
one is mainty interested in their ultimate behavior. Hence we are here in- 
terested in the behavior of the solutions of the difference equations, for integral 
values of x, in the neighborhood of infinity. Although, at present, it is not 
possible to write out explicitly the solutions of most non-linear difference equa- 
tions, it seems that it might be feasible to determine whether a given equation 
defines sequences that approach zero as x becomes infinite by considering the 
solutions of the linear difference equation formed by omitting the non-linear 
terms. (We assume that at least one linear term appears.) For when y(x) 
approaches zero the linear terms are infinitesimals of the first order, while the 
non-linear terms are infinitesimals of higher order. Therefore, it would be 
expected that the behavior of such sequences is largely determined by the linear 
terms of the difference equation. With this idea in mind, we attempt to gain 
information about the sequences defined by a non-linear difference equation by 
considering the solution of the difference equation formed from its linear terms.* 

It is clear that once we have criteria for determining w r hen a difference equa- 
tion defines sequences which approach zero we can easily determine whether 
one defines sequences that approach a constant limit a. For, if after the applica- 
tion of the transformation y(x) = #(x) + a, the transformed difference equa- 

1 The author’s thanks are due to Professor G. D. Birkhoff for his counsel during the 
preparation of this paper. 

1 When the equation (1) is non-linear in the variable y(z + m) some convention must 
be made as to the one of the values of y{x 4 wi) that is to be taken at each step. 

* The investigations of Latt&s (1), Horn (2) and Perron (3) have also had as their basis 
the same idea. 
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tion defines sequences that approach zero, then the original equation defines 
sequences that approach a. 

Besides determining conditions sufficient to insure that the sequences of a 
difference equation converge to a definite limit, we study the effect of the degree 
of the equation, of the order of the equation, and of variable coefficients upon 
the rate of convergence of the sequences. Lastly we determine difference equa- 
tions whose rational sequences converge most rapidly to irrational numbers of 
the form 0 l,p , where p is an integer and 0 is a rational number. 

For the discussion we write (1) in the form 

( 2 ) , fon+m—l , * * * , S n , 7l) ~ 0 , 

where /S n +i denotes the value of y(n + i) when n is an integral value of x. The 
sequences are then denoted by | S n } . Of course, when we speak of the solutions 
of the equation (2) it is understood that n is a continuous real variable, and 
y(ri) = S n . 


1. Sequences that approach zero. 

Definition. The phrase “the difference equation of the linear terms ” shall 
denote the difference equation formed from the given equation by omitting all 
terms that are of higher than the first degree in the arguments S n , S n + 1 , • • • , 
Sn+m , where it is understood that the linear equation is to be of the same order 
as that of the non-linear equation. 

For example, the difference equation of the linear terms of the* non-linear 
equation, 

S n + 2 S n Sn+i + nSnSn +2 + S n + nS«+i + n = 0 
is 

O-aSh +2 + nS n +i + S n = — n 2 . 

The characteristic equation of this linear equation is 

O.p 2 + lp + 0 = 0. 

It follows from the above definition that besides the usual possibilities for 
infinite and zero roots of the characteristic equation, the characteristic equation 
of the equation of the linear terms always has an infinite root if AS n + m does not 
appear linearly in the non-linear equation and a zero root if S n does not appear 
linearly. 

Theorem 1. If in a non-linear algebraic difference equation a coefficient of a 
linear term is of as high degree in n as the coefficients of the non-Hncar terms, and 
if there are solutions of the difference equation of linear terms which approach zero 
as n becomes infinite , and if the characteristic equation of the difference equation 
of linear terms has finite, non-zero roots not equal to one in absolute value , then there 
are sequences defined by the given equation that approach zero as n becomes posi- 
tively infinite. 
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The truth of this theorem follows immediately from the following theorem 
of Horn (2) . “In the system of non-linear difference equations 

(3) y,(x + 1) = Gi(x, yi{x), ... , y m (x)), (* = 1, 2, • • • , to ) 

let Gi be a function of x, y\{x), • ■ ■ , y m (x), which vanishes at the point x = «, 
Vi = 0, ■■■ , y m = 0 and is analytic in a neighborhood of it: 

Gi(x, y x (x), ... , y n {x)) = — + a,ij/i + a in y m + ... (i = 1 , • • • , to ). 

X 

If s — a\ , • • • , s — a m are the elementary divisors of the determinant 

| da — s6 t) |, 

let the system be transformed to the system 

(4) yi(x + 1) = diy x {x) + /,( l/x, yi(x), • • • , y m {x)) (i = 1, • • • , m) 
where 

AdA, 2/1 , • • • , Vm) = X) ^x.V I ,x 1 ....,x m (lA) X 2/i* ■■■ ytr 

(X = 1, Xi = Xj = • • • = X m = 0: X + Xi + • • • + X m 2) 

and 


0<|oi|^|o»|^---^|o M |<l<| a^+i | ^ g | a m |. 

If it is possible to choose h so small and x 0 so large that 

I /.(1A> 2/i , • • • , 2/m) | < hq 

and 

I /.(l A, 2/i , • • • , Vm) ~ /,(1 A, 2/i . • • • , 2/m) | 

(5) ^ 0(1 2/1 - 2 / 1 1 + • • • + 1 2/m - 2/m I) for j > x 0 , \ y, | ^ h, \ y[ | g h 

(i = 1,2, ■■■ , to), 

where q ^ f | a< |*(1 — | a,- |*), (i = 1, 2, • • • , y); q ^ | a, I'd a,- | l — 1) 

(i = /i + 1, , to), g < q/m and if y, ^ h/2, then there exists a unique solu- 
tion 4 * y,(x), ( i = 1, • • • , to) of the system for which | y, | g h for x > x 0 , 

Vi(x 0 ) = Vi (i = 1,2, ■■■ ,y) and lim 2 /.A) = 0.” 6 

X-»00 

4 In order to obtain a unique solution Horn admitted only constants for the arbitrary 
periodic functions of period one. The theorem holds when any periodic functions are 

admitted if the if* are defined over the interval (j 0 , x 0 -M). 

6 Although the theorem above is “translated” directly from Horn's paper (2), we see 
that if two or more of the o’s are equal then the system (3) cannot in general be brought 
to the form (4). Since, however, an obvious extension of his work shows that the theorem 
holds for the case of equal o’s, we assume the theorem for the general case. If some of 
the a’s are equal the equations (4) are of the form 

y>(x 4* 1) - aii h + fo/t-i(a) 4- /( l/x, y \ , • • • , y m ) 

when o< — o»_i . 
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We prove Theorem 1 by showing that the conditions of Horn's theorem are 
all fulfilled. Since, by hypothesis, a solution of the equation of the linear 
terms approaches zero as n x , 4>(S n + m n) vanishes at the point 

n = oo, S n = 0, • • • , S n + m = 0. Hence (2) may be written in the form 

d>mS n +m ~t” dm—\S n + m ~. 1 + • • • + doS„ 

( 6 ) 

*4“ y S n +m—l > ‘ ‘ > S n j d) “f* d—id 0, 

where 4>i is a polynomial whose terms are of higher than first degree in the 
arguments 1/n, S n , • • • , S v + m . It follows from the assumption that the roots 
of the characteristic equation of the equation of the linear terms are finite> 
that a m 0. And when a m j* 0, (2) treated as an algebraic equation in S n + m 
has a solution 

(7) $n+m == f{S n +m— 1 > • * * y S n > ft) 


which vanishes at the point S n +m- i = 0, •• • , S n = 0, n = » . That is, the 
expansion of / in terms of 1/n, S n , • • • , <S n+m ^i does not contain a con- 
stant term. 

We show that equation (7) defines sequences that approach zero, from which 
it follows that equation (2) defines sequences which approach zero. Replacing 
S n+m in 4>i bv/, we have (7) in the form 


S n +m = [0<>S« + dlSn+l + • • • + d m -\ S n + m -\ 

(8) a- 


“H 4*1 (/, 1 i * * * > Sn , d) "f“ d — 1 d ] ] 


where the terms in the expansion of 4>i are of higher than first degree in 1/n, 
S n , • • • , Sn+m - 1 . Upon setting u x (n) = S n , w 2 (n) = S n +\ , • • • , u m (n) = 
<S n +m-i , we obtain from the equation (8) the system of difference* equations 

Ui(n + 1) = w,+i(n) (i = 1, 2, . . . , m - l) 

(9) Um(n + 1) = — — [aoUi(n) + • • • + a m _in m (n) 

dm 

+ 4>i (/, u m (n), ••• ,u\(n),n) + a_i n -1 ]. 


The auxiliary equation of this system, 


(10a) 


-p 1 0 0 

0 -p 1 0 

0 0 0 0 


Oo 

dm 


d\ d 2 di 
dm dm d m 


0 

0 


0 

0 


dm— 2 dm- 1 

— 1- p 

dm d m 


= 0, 
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is equivalent to the characteristic equation of the equation of the linear terms, 
viz. 

(10) a m p m + a m _ ip m 1 + • • • -f- a 0 = 0. 

When the roots of (10) are distinct, we transform the system (9) into the 
canonical form 

(11) Zi{n + 1) = piZi(n) + Z\(n) y • • • , z m (n)) (i = 1, 2, • • • , m) 

and when (10) has equal roots, into oik* of the same form, except that when 
a,- = a,_ i the j ih equation is 

Zj(n + 1) = PjZjin) + + ¥,(l/w, z l (n) } • • • , z m (n)). 

The (i = 1, • • • , m) satisfy the condition (5), since the terms in their ex- 
pansions, except the one a_i/n, are of higher than first degree in the variables 
1/n, Zi(n), • • • , z m (n). Therefore, there are sequences z l (n) which approach 
zero as n — > * , and consequently, sequences | S n ) defined by (7), that approach 
zero. q.e.d. 

It follows from the proof of Horn’s theorem that an algebraic difference equa- 
tion (linear or non-linear) cannot have more than one solution that approaches 
zero as /i — » if the roots of the characteristic equation of the difference equa- 
tion of the linear terms are greater than one in absolute value. Hence if there 
is only one solution of the difference equation of the linear terms that approaches 
zero as n becomes infinite there is at most one solution of the non-linear differ- 
ence equation that approaches zero. However, if there are an infinite number 
of solutions of the difference equation of the linear terms which approach zero 
and if the roots of the characteristic equation are not equal to one in absolute 
value, then there are an infinite number of sequences of (7) that approach zero. 
Of course, it is clear that if a sequence is to approach zero the initial conditions 
S no +i (i = 0, • • • , m — 1), which determine it, must be chosen sufficiently 
small. Moreover, if only one of the roots of the characteristic equation (10) is less 
than one in absolute value , then only one of these initial conditions is arbitrary . 
If two roots are less than one in absolute value then two conditions are arbitrary, 
etc. If all the roots are less than one in absolute value, then all sequences 
defined by (7) converge to zero, for an arbitrary choice* of initial conditions in 
the region | S no+ < | ^ h/ 2, (i = 1, • • , m — 1). We call such a region a region 
of strong convergence. 

When there is only one sequence defined by a non-linear difference equation 
that has a zero limit, it may be the trivial one S n = 0 for all ti . In fact, it is 
always such a sequence unless the equation has a term of zero th degree in the 
arguments S n , S n +\ , • • • , S n + m . In the future we exclude such sequences. 

The hypotheses of Theorem 1 exclude all the difference equations which do 
Tint, contain both the linear terms aA and a m S n +m , («o ^ 0, a m j* 0). We 
have the following result concerning those in which Oo = 0. 
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Theorem 2. If in a non-linear algebraic difference equation a coefficient of a 
linear term is of higher degree in n than the coefficients of the non-linear terms, and 
all solutions of the difference equation of the linear terms approach zero as n becomes 
infinite, then there are sequences defined by the given equation that approach zero 
as n — ► oo . 

Proof. When all solutions of the difference equation of the linear terms 
approach zero all roots of the characteristic equation must be less than one in 
absolute value, hence a m ^ 0. Some or all of the other a/s may be zero. If 
Oq y* 0, this theorem is just a special case of Theorem 1 : hence we assume that 
Oo = 0. That is, we assume that the difference equation has the form 

“I” m—1 + ‘ * * + akS n + k + 0l($ n +m , * * * , S n , n) 

(12) 

+ a-ift 1 = 0, k > 0. 

We replace /S n + m in by one of its values 

$ n +m = f(&n+m — 1 y * * * y S n y n), 

which vanishes at the point \/n = 0, S n + m -\ = 0, • • • , S n = 0, and then set 
u\(n) = S n , • • • , u m {n) — S n +m — 1 • This gives the system of equations 

m (n + 1) = iti+i(n) (i + 1, 2, • • • . m — 1) 

(13) U m (« + 1) — [dkUk+l (») + •••+ CU-iMm 

Om 

+ $1 (/, ui (? i), • • • u m (n), n) + a_i ri~ l ] 

When the non-zero roots of the characteristic equation of the equation of the 
linear terms of (12) are distinct, we apply the linear transformation 

Ui(n) = Zi(n) (i = 1,2,...,*) 

(14) Ui(ri) = a% t k+iZk+\{?i) ~b Ui ,k+2Zie+2(n) ~b • • • -b Ui ,mZm(n ) 

(i = k + 1, • • • , m) 

where the a,, (i, j = k + 1, • * * , m) are so determined that the transformed 
system of difference equations has the form 

Zi(n + 1) = 2»+i(n) (i = 1, 2, ... , *) 

(15) 

Zi (» + 1) = p<Zx(n ) + ^i(zi(n), • • • , z m (n ), n) (i = * + 1, • • • , m). 

In order to clarify the proof we divide it into two parts. First we assume 
that the 'K do not involve n explicitly. Under this assumption, for a given 
8 > 0, however small, it is possible to choose h so small that 

I *i(zi(n), ■ ■■ , z m (n )) | < «{| zi | + • • - + | z m |) (i — k + 1, • • ■ ,m) 

when | Zi | ^ h (i = 1, 2, • • • , m). Therefore 
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| z%{n + 1) | < | Pi || ti(n) | + 4{| Zi(n) | + • • • + | z m (n) |} g (| p» | + mb)h 


(i = k + 1, • • • , m). 

If | Pj | ^ | Pi |, (j i), wc set | p, | + mb = <n and choose b so small that 
or i < 1 . Then, 


| z t (n + 1) | < <Tih < h 
It follows from the equations (15) that 

I z x (n + 1) | g h 

and 

| z k (n + 2) | < <nh, 

hence 


(i = k + 1, • • • , m). 

a = 1,2, ... ,*), 


| z t (n + 2) | < (Tih (i = k } • • • , m) 

| z t (ft + 2) | < A (i = 1, 2, . . . , k - 1), 


and so on until 


In general 


| z%(n + k + 1) | < v\h (i = 1, • . . , m). 

| z t (n + Ik + 1) | < <r[h (i = 1, • • • , m). 


Hence the z t {n + Ik) (t - /«) approach zero as l becomes infinite, conse- 

quently, there are sequences of (12) which approach zero as n becomes infinite. 

Now if n appears explicitly in the ty, , for a given b > 0, we may choose h so 
small and n 0 so large that 


(16) | 'J'* | <5(| Zi(n) | + • • • + | z m |) + M/n (i = k + 1. • • • , m) 

for | z t | < h {i = 1, • • • , m) and n ^ . Hence for the initial conditions 


| z,(tt 0 ) | < h, 

I z t (n 0 + 1) | < | Pt || z t (n 0 ) | + 5(| Zi(/?o) | + • • • + | z m (th) |) + M/n 0 

< (| p» | + nib)h + M/ri 0 (i = k + 1, • • • , m) . 

If | pj | ^ | p» | for i j, we set | p, | + mb = a i and choose b so small that 

(t i < 1. After ?*o and h have been determined so that (16) is satisfied, we in- 
crease 7*o until on + M/hrio = <r* < 1. Then 

| z*(wo + 1) | < <*\h + M/n o < <r 2 h < h (i = k + 1, • • • , m) 

| Zi(no + 1 ) | < h (i = 1 , . • • , k) 

and 

| Z|( 7io “h A 4" 1) | < & ih M/tiq < (t = 1, • • • , tti). 
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The z/s may never exceed h in absolute value, and when l is so large that 

M 

h<T2 (no + l) <r * Cx 

we have 

\z t (n 0 + 2k + l + 1) | < | pi | | z, | + 8 ( | Zi | + • • • + \z m \) 

+ < alh (i = 1 , • • • , m ) . 

n o + l 

(Continuing step by step we see that the z, (i = 1, • • • , m) are bounded by an 
expression which slowly approaches zero as n becomes infinite: hence they 
approach zero. 

When the characteristic equation has equal roots, we employ a transforma- 
tion (14) in which the a tJ (t\ j = k + 1, • • • , m) are so determined that when 
Pi = pi—\ the / th equation of the transformed system is of the form 

(17) zt(n + 1) = piZi(n) + €Z,_i(a) + ^/(zi , z 2 , • • • , z m , w), 

where e is chosen so small that | p, | + e < 1, | p t | ^ | p t |, i j, and the 
remaining equations an' of the form (11). Treating this new system by a 
method analogous to the one used above, in which | p } | + e plays the role 
corresponding to that of | p, |, we see that it has solutions which approach zero. 
Hence our proof is complete. 

Theorems 1 and 2 exclude difference equations in which the degree* of n in the 
coefficient of the non-linear terms is higher than the degree of n in the coeffi- 
cients of the linear terms. In regard to such equations we have the following 
theorem. 

Theorem 3. An algebraic difference equation , whose terms are of at least first 
degree in the S n + t , defines sequences which approach zero as n becomes infinite , 
if all roots of the characteristic equation of the equation of the linear terms arc less 
than one in absolute value 

Proof. As in the proof of Theorems l and 2, we replace S n+W by one of its 
values that vanishes at the point S n = 0, • • • , S n +,„- 1 = 0, and then we apply 
a linear transformation which transforms this new equation into a system of 
equations of the form (11), (15) or (17). 

Case I. The coefficients of the linear terms in the S n +t are constants. 
When all roots of the characteristic equation are distinct and different from 
zero, the system has the form 

Zi(n + 1) = pMn) + *i(zi(n), • • • , z m (n), n) (t = 1, • • • , m ), 

where all terms of the (i = 1 , • • • , m) are of at least second degree in the z % . 
Hence there exists an h such that 

| *i(zi , ••• ,z m ,n) | < Mn l (| z 2 | + • • • + | z OT |) 2 (i = 1, . • . , m) 
when | Zi | < h (i = 1, • • • ., m), where M and l arc constants. If | py | ^ | p» | 
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for all i y wc choose a number o such that | p, | < a < 1 , and then choose no 
so large that 

| m 2 Mn l o<r t,Q | + | pj | :g a. 

Such a choice of no is possible since lim n l a n = 0, if | a j < 1. Now for 2 , in 

n — *oo 

the region | z f | £ h £ a"° (i = 1, • • • , m) 

I 2 <(n 0 + 1)| ^ | Pi || 2 ,- 1 + MnomV' 10 

g (| p, | + MnW g <t" 0+i (t = 1, 2, • • • , m) 

I 2,(«fl + 2) | ^ | p, ||2,(no + 1) | + M(iio + 1 /mV 1 " 0 * 1 
g (|p, | + M(n 0 + 1 j'fflV'V'" 

< (| p,- 1 + MriomV" 0 )a" oH < a n ° +2 (i = 1, • • • , m), 

and in general 


i 2,(«n + p) i < <r" 0+ '’ (i = 1, 2, • • • , m). 

Hence the 2 , (no + p) approach zero as p becomes infinite, and consequently 
{<S„J —* 0 as n — » «. 

When some of the p, equal zero the transformed system of equations is of the 
form (15). Again we choose a such that ; p, j < a < 1, but now we take n 0 
so large that 

nfM (lino)' < j"° + J p, i ^ <7, when* p is the maximum of k and 2. 


Then for | z,(n 0 ) | ^ <r"° (t = 1, • • • , /«) 

I 2 <(n 0 + 1) | ^ | p, || 2 < | + MnW<r~ n ° 

£ (| p, | + Mn[rr?o "°)o g <7 noU 
| 2i(no + 1) | =§ *"• 

I 2,(?Jo + 2) | ^ | P> II 2, j + M(rio + 1) , ??! 2 <t 2 ” o1 ‘ 

g ff" 0 (| p, | + Mw 2 (p«o)'<;" 0 ) ^ cr” 0 " 

i z,(n 0 + 2) I g (r" 0 
and 

| 2.(n 0 + A; + 1) | g | p, || 2< | + M(n 0 + k)'m'<T io, ° n) 
£ (| P/ 1 + Mn\»n 0 )V> no Z a"° n 


(i - k + 1, • • • , m) 
(i = 1,2, ... ,k): 

{i = k, ■ ■ • , m) 
(i = 1,2, ... ,k - 1): 

(i = 1, • • • , m). 


Consequently, 

| z, (no + k + 2) | g | p,- 1| 2, | + M(no + k + l)W (n ' >+ ‘ +,) £ «r" 0+2 


(* = k + 1, • • • , m) 
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| Ziin, + 2k + 1) | g «7 B(+s 

(*=!,• 

• • , to). 

Continuing step by step we have 



1 Zi(n» + pk + 1) | g <7 n<,+p 

(i = 1, • 

■ • , to). 

Hence the z,(no + pk + 1) approach zero as p — ► 

, and the corresponding 


sequence { S»} — ♦ 0 as n — » » . 

As in the proof of Theorem 2, the above treatment, with suitable modifica- 
tions, applies to the case where the characteristic equation has multiple roots. 

Case II. The coefficients of the linear terms in <S n+ ,- are polynomials in n. 
The transformed system of equations may be written in the form 

2 .(n + 1) = z,+i(n) (i = l, ... ,k) 

(18) Zi{n + 1) = p,Zi{n ) + 6n(l/n)zi(n) + • • • + 6im(l/n)z m (n) 

+ -( 21 ( 71 ), • • • , 2 m (n), n) (t = k + 1, • • • , to), 

where the b tj are convergent series in 1/n, whose constant terms are zero, and 
all terms of the 'I', (t == k + 1, • • • , to) are of at least second degree in the 
arguments z, (i = 1, • • • , to). We first choose ni so large that 

| pi | + mb = p < 1 

where b ^ | 6<,(l/n) | (i, j = 1, • • • , to) for n > »i . Then the argument in 
case I holds where | p, | is replaced by p and n a is chosen greater than n\ . Hence 
our proof is complete. 

2. Sequences with finite limits. The only possible finite limits for the se- 
quences defined by an algebraic difference equation, with constant coefficients, 

(190 *(S n+m , S »+m— 1 ; * * * f Sn) 0 

are the roots of the algebraic equation 

(200 S, ■■■ ,S) = 0, 

where the latter is obtained from the former by replacing S n+i (i — 1 , • • • , to) 
by S. Likewise, the only possible finite limits for the sequences defined by an 
algebraic difference equation 

(19) ^(-Sr.+m , • • • , S n , n) = 0 
are the roots of the equation 

(20) 4>((S, • • • , S) = 0, 

where = lim » - ® #i(£„ +m , • • • , S „ , n) and q is the highest power of » 

n-*oo 

appearing in . 

If S = a is a root of the equation (20), and if the difference equation 

(21) #(&*.,•••,&,,»)- 0, 
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obtained from (19) by the transformation S n = 3„ + a, satisfies the hypothesis 
of theorems 1, 2 or 3, then (19) defines sequences which approach a. For the 
sake of brevity, we shall call the difference equation (21) the “transformed 
equation. 9 1 

Theorem 4. If a is an algebraic number, then there exist algebraic difference 
equations that define sequences which approach a. 6 

To construct one: it is sufficient to take an algebraic difference equation, 
involving arbitrary parameters in such a manner that the equation (20) has a 
root a, and then to choose values for the parameters so that there are sequences 
defined by the transformed equation (21) which approach zero. 

To illustrate the method, we construct a difference equation of second order 
that defines sequences which approach f}\ where is a rational number. The 
difference equation 

(22) aS n S n +i + bS n +iS n +2 — 1 — (b + a — c)fi = 0 

may define sequences which approach 0* or — (ft, since its limit as n — » x is 
S 2 = p. Applying the transformation S n = S n + p, we obtain for the equation 
of the linear terms of the transformed equation 

(23) bB n + 2 + (b + « — 2c) + aSn = 0. 

If we choose a, b and c such that the roots of the characteristic equation of (23) 
are less than one in absolute value, there are sequences of (22) which converge 
to /S 1 . For example when a = 1, b = 0, c = 6, the roots of the characteristic 
equation (23) are 1/2 and 1/3, hence some sequences of (21) will converge to 0*. 
In particular, the difference equation 

(24) S„S n +i + 6S. + iS.+, — 6S*+i — 2 = 0 

defines sequences which approach \/2. For the initial values So = 1, Si = 2 
and So = 1.4, Si = 1.4 the sequences arc 


and 


1, 2, 7/6, 9/7, 1021/756, • • • ; 


1.4, 1.4, 59/42 = 1.404+, 34908/24780 

= 1.4087+, 4804998967/3395410200 = 1.4122+, . . . 

respectively. If instead of the above values we take a — 1, b — 54, c = 35, 
0 = 2, we obtain the difference equation 

(25) 54S» + iS„ + j — 35S* +i + S n+ iS„ — 40 = 0. 


• The truth of this theorem follows immediately from the work of Schroder (4) on the 
approximation of the roots of an algebraic equation by the iteration of rational functions. 
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For the initial conditions So = 1, Si = 2 and So = 1.4, & = 1.4 the sequences are 
1, 2, 23/38, 30647/22356 = 1.3264- , 1.4052+, ... 

and 

1.4, 1.4, 1333/985 = 1.4105+, 48074279/34011495 = 1.4134+, • • • 
respectively. 

The sequences defined by (25) converge more rapidly to the y/2 than the 
corresponding sequences defined by (24). The question arises, is there a differ- 
ence equation whose sequences approach a given algebraic number more rapidly 
than those defined by all other difference equations? Under the conditions for 
which the generalized Poincare theorem (3) holds, the smaller the absolute values 
of the roots - all greater than zero— of the characteristic equation of the equation 
of the linear terms the more rapid the convergence to zero of the solution of 
the difference equation. Hence we were led to predict the following theorem. 

Theorem 5. Of the family of non-linear difference equations of the form 

(inSn) S n +m 4" a m — x(n) S n + m —i 4" • • • 4" ao(n)S n 

(26) 

4" ^(jSn-f m y * * * f y n) — d(jl) , 

where 4> is a fixed polynomial whose terms are of at least second degree in the S n +i , 
the a,(n) (i = 0, 1, • • • , m) and 0(n) are polynomials in n, a m (n) ^ 0, and the 
coefficients of a m (n) are fixed while those of the a t (n) (i = 0, 1 , • • * , m — 1) and 
6(n) are arbitrary; the one that defines sequences which converge most rapidly to 
zero , for arbitrary initial conditions from a sufficiently small region surrounding 
the origin , is the one in which the a t (n ), (i = 0, 1, • • • , m — 1) and 0(?i) are 
identically equal to zero. 

Proof, (a) First, 0(n) must vanish. When 0{n) fk 0 the sequences cannot 
approach zero more rapidly than n ~ k , where k is an integer. For if this were 
true, the left member of (26) would approach zero more rapidly than the right 
member which is impossible. The proof of Theorem 3 reveals that there are 
equations of form (26) which define sequences that approach zero as rapidly 
as Mn l <r n . Therefore if the sequences have the maximum rate of convergence, 
6(n) s 0. 

(b) Second, the degree of n in a m (n) must be greater than or equal to the 
degree of n in all the other a\s. Otherwise, there is no region of strong con- 
vergence. 

(c) Third, if the coefficients of the terms of highest degree in n of ao(n), • • • , 
a m (n) are aoo , aio , • • • , Omo , respectively, then the difference equation of the 
family whose sequences converge most rapidly to zero is the one for which 
atno 0 and a t0 = 0, (i = 0, 1, • ■ • , m — 1). 

To prove this we refer back to the notation and the statements in the proof 
of Theorem 3. When there is one Oto that is different from zero there is at least 
one pi that is not equal to zero. It is only necessary to consider the case where 
all of the pi are less than one in absolute value. For it is possible to show, by 
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a slight alteration of the inequalities in the proof of Theorem 3, that of the 
sequences defined by two difference equations, identical except for the pi of 
maximum absolute value, those defined by the difference equation with the 
smaller p» converge more rapidly than some of those defined by the other equation. 

So we assume that 1 > | p/| > | p t | (i j ), and consider the equations (18). 

We choose n 0 so large that 

m 2 M(pn)V < K|p, l/3) m+1 

(|p«|*|p ri; j, r =l,...,m ) 

< 6/2 when pi = p*_i , 

where c is the e of equation (17); 

m\ b^n) \ £ mb Z Ml Pi l/3) m+1 ; 


and 


p / + mb = p < 1 j 


niM{pn) l a n + p < a < 1, n no . 


When the initial conditions are | z t (tto) | g a-” 0 , the last two conditions are 
sufficient to insure that the sequences approach zero such that 

\zi(no + pk + 1) | < <r"°+ p . 

When z/flo) = <r n ° and | z,(n o) | ^ <r"°, (i = 1, 2, • • • , m) we have in succession: 

m— 1 r m— 1 

1 2,(710 + 1) I ^ 1 2,(n 0 ) 1 1 P, I - b E I z r(no) I - M(no) 1 E I z r(n 0 ) 

r-i Lr-i 



£ I 2 ,(n 0 ) 1 1| p, | - (| p, |/3) m+1 ] £ 2 ,(ti 0 )(2| p, |/3), 

| z, (no + 2) | £ | z,(n 0 + 1) 1 1 p,- 1 

- 6 E I + D|- M(n 0 + D' [E 1 2r(n 0 + 1) |] 2 

£ 1 2, (no + 1) |[|p/| - ( |P 3 yl ) m ] S 1 2 , (n 0 + 1) I- (%'), 

1 2,(«o + D | £ |2,(no) | (I - 2, 3, , m + 1) 

Under the above restrictions, 


I g<(n) | 

I *y(«) I 



n no 
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Thus, 

| Zj (no + m + 2) | 

^ I Zjfao + m + 1) | |j pj | 


^ I Zj(no + m + 1) | [j Pi | - 

^ I Zj(n o + m + 1) | 

S 2 ,(n 0 ) (2| pj |/3) m+2 . 

Continuing, we obtain 

| g, (no + m + l) | £ z,(no)(2| p, |/3) ,+m l = 0, 1, • • • . 

Therefore, if some p< is different from zero, some sequences defined by the 
difference equation converge to zero more slowly than the sequence (2 | p, |/3) n . 
While if pi = 0, t = 1, 2, , m, all sequences, with initial conditions 

I Zi(n 0 ) | ^ a w °, converge to zero more rapidly than the sequence (| p, |/3). 
Thus for the most rapid convergence of all sequences, with arbitrary initial 
conditions, a t0 = 0 (i = 0, 1, • • • , m — 1). 

(d) Fourth, the a<(l/n) s 0 (i = 0, 1, • • • , m — 1). For assume this state- 
ment is false and set S n = n n T nj where X is so determined that in the new 
equation one other linear term is of the same degree in n as a m (n). The quan- 
tity X will be negative. Remove the common factor n x \ Now, although this 
new equation is not an algebraic equation, the inequalities are stronger than 
they were for the proof of (c) above. Therefore the argument of (c) applies. 
Hence by a repetition of the argument if the sequences have the maximum rate 
of convergence a,(l/n) s 0 (i = 0, 1, • • • , m — 1). q.e.d. 

Let us again consider the example. According to Theorem 5 there is a 
difference equation of the form (22) that defines sequences which converge more 
rapidly to y/2 than those defined by (25). It is the one for which a = 0, 
6 + a — 2c * 0. That is, the equation 

2jS„+l$n+2 £n+i ~2 = 0, 
or 

(27) 2 S n S n+l - Si - 2 = 0. 

For. the initial values So = 1 and So = 1.4 the sequences are 

1, 1.5,1.4166+, 577/408 = 1.414215+, 665857/470832 = 1.414213562376+ ••• 
886731088897/627013566048 = 1.4142135623730950 ...+,... 


{6 — M (no + m + 1)* ^ I *r(wo + m + 1) | } 

HC I *r(wo + ttt + l) |~| 
|«f(no + to + 1) | J 

(|p/l/3) m+1 (^ l )" W ] 
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an 

7/5 = 1.4,99/70 = 1.41428+, 19601/13860 = 1.414213564, 

768398401/543338720 = 1.4142135623730950499+ 

respectively. The asterisk indicates the first incorrect decimal of the terms. 
The sequences defined by this equation converge to the limit very rapidly. If 
we assume the error of the n th term is t and set S n = 2* + t, then 

S n+ i = 2* + 2"*t 2 - 2 _ V + • • • . 

Hence, when S n is sufficiently close to the limit the error is approximately 
squared with each successive term of the sequence. We say that the order of 
rate of convergence of the sequences is 2. 

The difference equation (27) is of first order, and we know from the work of 
Schroder (4) on iteration of rational functions that it is possible to set up a first 
order difference equation with constant coefficients, whose sequences approach a 
given algebraic number a with an order of rate of convergence k, where k is any 
integer. That is, there exists a first order difference equation with the property 
that when S n is replaced by a + e, then 

S n +i = a + Ci€* + C 2 ** +1 + • • • , 

where Ci is a constant independent of €. (If k = 1, | Ci | < 1). 

Is this true for difference equations of higher than first- order? 

Theorem G. For a given integer k and an algebraic number a, there exist alge- 
braic difference equations of the m th order that define rational sequences which 
approach a with an order of rate of convergence k. 

Proof. Let 

(28) Sn+m = HSn , * * * , $„+ m _ I , n) 

be an algebraic difference equation, where 4>, a rational function in its arguments 
S n t • • - f Sn+m-i , R, has the Taylor\s expansion 

$ = do + Rio (S n — a) + an(S n +\ — «) + ••• + ai m _i(AS n + m _i — a) 

(29) 2 

+ 0200 (Sn — ac)~ + ano(S n +l <*)($„ — «) + ••• 

which converges in some neighborhood of the point <S n = a, • • • , S n +i»-i = a, 
n = oo. (The a ’ s are rational functions of n.) 

There are sequences defined by (28) which converge to a with an order of 
rate of convergence k, if, when S n = ot + e, S „+ 1 = a + die, • • • , S n + m -i = 
a + 0 m ~ i€* w ~\ where the 0, (i = 1, • • • , m — 1) are constants independent of e, 
then S n + m = a -f 6 m e km + C 2 €* m+1 + • • • . This is true, when Oo = a and 
a Wlt . s 0 for all values of l for which 

( 30 ) k il + *'■ + • • . + k il < k m 


(ii , t* , • • • , ii < m) 
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and when an,,...,i, 9 s 0 for some values of t'i , • • • , ii such that k <l + k'* -f • • • + 
k H = k m . Hence, if there exists a rational function $ such that $•(<*, • • • , a, n) m 
a and 



for all j ’ s such that 

ji + kj% + k 2 jz + • • • + k m l j m < k m 


then the theorem is true. 

We state that if a is a simple root of an algebraic equation f(z) = 0, then 
$(Sn t Sn+l , • • • , Sn+m—l , ft) 

- s[ s - + 1 {<-■>' k Tmk +/ “ <&) 4" ■)] 

. 1 To , 'y 1 L_ iy m±i) / J_ Y“ 1 \ 

+ mL" +1+ & l ( ' jl \f(S n+ i) dS n J f(S nfl )j 

+ /*" 1 (<Sn+l)^l ^/Sb+ 1 , ^ j 

vie- iy 7 J (<Sn+m-l) / 1 d V 1 

j I V/'(S„ +m _l) dSn+m-lJ 

7 '(s.+.-i)} + ( Sw — 1 ■ i)] 


mL 


+ • • • H I + 

m l 


is a function 7 satisfying the above conditions, where the (i = 0, 1 , • • • , m — 1) 
are arbitrary polynomials which are finite at the point S n +i = a (i = 
1, • • • , m — 1) and n — «, /' is the first derivative of / with respect to its 
variable, is the j th power of /, and ((l//'(z)) d/dz) J is a symbolic operator 
which subjects 1 /f'(z) to the operation of differentiation and multiplication j 
times. For example 

(i ivi = i £(1*11 d n - ( l X\\\ 

\f dz) f f dz \f dz \f dz If dz \f) J/ / ‘ 

First, <f>(a, a, a, n) = a, for when S n+i = a, (i = 1, • • • , m — 1), all 
terms, except the first in each of the brackets, contain a factor /(«) and hence 
vanish. Second, the A: m — 1 partial derivatives with respect to S n vanish at 
the point S n +i = a, (i =* 1, • • • , m — 1), since the derivatives of the expressions 
in the last m — 1 brackets are zero and Schrdder has proved that the k m — 1 
derivatives of the expression in the first bracket vanish when <S„ = a. Simi- 
larly, the k m ~ l — 1 partial derivatives of 4* with respect to <S„+< vanish when 


This is a generalisation of a formula developed by Schrfider. 
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£ n + 1 = a. And lastly, all second partial derivatives with respect to two different 
S n +» vanish identically. q.e.d. 

Assumption. In order to assure that the sequences under consideration are 
rational we shall assume, in the future, that S n + m enters the equation only in 
the first degree. 

3. The effect of the order of a difference equation and the degree of n in the 
coefficients upon the order of rate of convergence of the sequences. It follows 
from the work of Schroder, and from the above theorem, that it is possible to 
increase the order of rate of convergence of sequences, defined by difference 
equations, by increasing the degree of the equations. Now we ask the ques- 
tions: When the degree is held constant, how does a change in the order of the 
difference equation affect the order of the convergence of the sequences? What 
is the relation between the degree of n in the coefficients of a difference equation 
and the order of convergence of the sequences? 

As a partial answer to the last question we have the following: 

Theorem 7. The order of rate of convergence , r f of rational sequences defined 
by a first order difference equation whose coefficients are polynomials in n, cannot 
exceed the order of convergence of rational sequences defined by some first order 
difference equation of the same degree with constant coefficients y provided r ^ 2. 

Proof. Again without loss in generality, we consider only sequences which 
approach zero. Thus reducing our problem to that of showing that, “if S n is a 
null sequence defined by a difference equation of order one and degree q } then 
the order of rate of convergence r of S n is <q + 1 and it is equal to q for some 
equations of this type which have constant coefficients.” 

When the coefficients are constants, the maximum rate of convergence of the 
sequences defined by first order difference equations of the </ th degree is q. If 
the sequences do converge to zero with this maximum rate of convergence then 
the Taylor’s expansion of the left member of the equation 

S n+ 1 = *(Sn), 

gives 

S n +1 = CLqSn + G fl +lSn +1 + * * * 

w r herc a q ^ 0. If the coefficients of <i> were polynomials in n then the a, would 
be rational functions of n . In order for the sequences of such an equation to 
have the maximum rate of convergence a,- se 0, (i = 1, • • , q — 1); a q {ri) ^ 0, 
and a q (n) must be a rational function of n in which the degree of the numerator 
is less than the degree of the denominator, viz. 

a q {n) = a\ri~ x + a\+iri' x ~ l + • • • (X > 0), 

and the equation may be written in the form 

(31) S H+ i = 7T\SU(ax + a x+ in“‘ +•••) + n\ +i (n)S n + n\ +t (n)Sl +■■■}. 
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Hence if the order of rate of convergence of the sequences may be increased by 
allowing the coefficients to be polynomials in n, the order of convergence of the 
sequences of (31) must be greater than that of the sequences defined by the 
equation 

5»+i = ci\S q n . 

That is, the order of rate of convergence must equal or exceed the order of con- 
vergence of the sequences of 

(32) T n+l = axH +1 . 

Now when the sequences converge with an order of rate ^ 2, we may choose no 
so large and then S no so small that 

a\ l | a\+i n 1 + ax+ 2 ft 2 + • • • | < */2 < n > no , 

n x ax l | a 9+ i(n)<S„ + a s+2 (n)S’ + • • • | < «/2 < J, n > Wo , 


with such a choice the sequences defined by (31) are term by term greater in 
absolute value than the sequences defined by the difference equation 

(31') 3 n+l = n~\xx(l - t) Si. 

The solution of this equation for S no = S no is 

S no+p = - *) <4P ~ 1,/4 (p + ^ - iy\p + n 0 - 2 )~ u ■ ■ ■ (no)^ 4 ”" 

and the solution of (32) is 


rp ___ Uq+l)P-l)/q Q<«+ 1 )P 

J n 0 +p — «X *J»0 


But 

lim (%&) = lim (Sno y 9+ vr- V+ vp-,^ (1 _ + no _ 1} x 

p—*oo \&n 0 +p / p-* co 

■ (p + n 0 + 2) x? • . . (no)' 4 ” -1 = 0. 


Therefore the sequences of (31'), and consequently those of (31), do not converge 
to zero as rapidly as those of (32), so they cannot have an order of rate of con- 
vergence q + 1. Q.E.D. 

Although we have been unable to generalize Theorem 7 we should like to 
conjecture that it holds for m th order equations. 

Now let us concentrate upon the relation between the order of difference 
equations and the order of the rate of convergence of their sequences. 

Theorem 8. There exist algebraic difference equations of higher than first order , 
that define rational sequences which converge to certain algebraic* numbers with a 
higher order of convergence than the sequences defined by any first order difference 
equations of the same degree. 

Proof. Take the general equation of the m ih order and q th degree with con- 
stant coefficients, 


a m-1 m— 1 

£e e 

y-i t!-o 


2 (Co* 1 »,...t i Sn+* l Sn+*- 1 • • • &*+»*,) + Co = 0, 

ii&i- 1 
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or 

(C0j 1 t 2 ...»ySn+t l Sr»+»j • • • &»+«,) 4" Co 


(Co»i*V“»j Sn+ij&n+tj * ’ * Sn+is) 4" Com 

y-i 0 » 2 ^<1 

and demand that it define sequences which approach the number 0 Vq with an 
order of rate of convergence k } where k is an integer to be determined, 0 is a 
rational number, and 0 j,q is irrational (j = 1, ••*,</— 1). That is, set S n +i = 
0 4- 0j€ ki (j = 0, 1, • • • , m — 1), expand the right member of (33) in powers 
of € and demand that the constant term equal 0 llq , and that the coefficients of * 
vanish for t — 1, 2, • • • , k m — 1. These demands impose k m linear homogeneous 
relations upon the coefficients of the given equation (33) ; as can readily be seen 
by dividing the numerator by the* denominator. The k m linear relations may 
contain some of the 0, (i = 0, • • • , m — 1) and some fractional powers of 0. 
In order to insure that the coefficients of the difference equation (33) be rational, 
the coefficients of 0, and the fractional power of 0 in these linear relations must 
vanish. 

The maximum value for k is determined by the number of the relations that 
the coefficients of (33) may satisfy, that is, bv the number of coefficients. This 
number 8 is 

^ m ( m 4- 1) - * * (jn + j - 2) (m 4~ 2j — 1) + ^ 
y-i j! 

q 

Since, when m = 1 it is 52 [2] 4“ 1 = 2</ 4- 1, the coefficients of a first order 

i-i 

difference equation may be chosen so as to satisfy at least 2 q linear homogeneous 
relations. Therefore k may be at least 2, for when k = 2 the coefficients are 
only restricted by 2 q relations, q relations which insure that the constant term 
in the power series in e equal 0 1/Q and q relations which insure that the coefficient 
of € equal zero. Hence if a difference equation of higher than first order defines 
sequences whose order of rate of convergence, k y is greater than that of sequences 
defined by a first order difference equation, k must be at least 3. 


(33) 


a m— l m— l m— . 


Sn+m — 


>-i <i-o <>&<! 

q m — 1 iHi—j 


iiMlL 


m — 1 


LIE - E 


* In order to see this, write 


m— 1 

E 

< 1-0 


E 


E 

<i— o 


E + E 

*i-° 


The number of terms in the first sum on the right is m(m -f 1) 
fore, the total number of terms of j th degree is 


m(m + 1) 


■*• (m +j - 1) m (m + 1) 

jl , + 0 — 1)1 


(m 4; - 2) 

m(m 4“ 1) 


E 

* * (m 4 j — l)/jl. There- 


(w+j — 2)(m 4* — I) 


j! 
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Now consider difference equation of the second order. When m » 2 the 
number of terms in (33) is 

± (2,- + X) + 1 = ?A+i> + , + 1 -(, + 1)'. 

,-l i 

If a sequence converges to p Uq with an order of rate of convergence 3, the coeffi- 
cients must satisfy 18y relations — q relations to make the first term of the series 
in t equal f) Ut , 2 q to make the coefficients of e and « 2 vanish; 6g to make the 
coefficients of «*, t, t vanish (twice as many here since 6i may be irrational and 
may appear in each of these relations) ; and 9 q to make the coefficients of t, 
t and « 8 vanish (0i and 0? may enter in each of these three relations). Since 
there are (g + l) 2 coefficients in the difference equation, if g ^ 17 these 18g 
relations may be satisfied, for then the number of homogeneous linear equations 
is less than the number of undetermined coefficients. Hence, for q ^ 17 there 
exists a second order difference equation which defines sequences that approach 
p 1 ' 9 with an order of rate of convergence 3. 

Now if we can prove that no first order difference equation of 17th degree 
may define sequences which approach p' m with an order of rate of convergence 
3 our proof is complete. It follows from Theorem 7, that there is no loss in 
generality if we only consider equations with constant coefficients. The general 
first order difference equation of 17th degree is 

La,Si 

a _ J—0 

^ n + 1 16 

£ b,si 

J-0 

If this equation defines sequences which converge to 0 1/17 with an order of con- 
vergence 3, when we set S n = p im + c and expand the right member in powers 
of €, the constant term will be equal to 0 1/17 and the coefficients of c and t equal 
to zero, viz. 

do + (fli + b 0 )p l/l7 + (02 + bi)l? t17 + • • • + (ai7 + bn)P = 0 

a\ + (2 at 4* b\)p 1/17 + (3a* + 26j)j8 2/17 + • • • + (17an + 166ie)/3 le/17 = 0 

a% 4* (3a* + bi)p 1117 + (6a* + 2>bz)f? 117 + • • • + (136ai7 + 120 &m) /? 18/17 = 0 

If the a's and V s are to have rational values they must satisfy the following 

equations 

fli + bo = 0, Of + &i = 0, • • • , «ie + bn = 0, do 4* (an + hie)j9 38 0 

Qi ■» 0, 2a% 4 * b\ 5=5 0, 3d| 4" 2 &i = 0, • • • , 17ai7 4 * 166m ** 0 

a% = 0 , 3as 4" 6 * = 0 , 6^4 4* 3 63 = 0 , • • • , 136ai7 4" 1206 m *= 0 , 
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which have the unique solution a,- = 0, b,- = 0 (* = 0, 1, • • • , 17) (j = 0, 1. 
• • • , 16). Therefore no such equation exists. q.e.d. 

Next we show that the sequences defined by a first order difference equation 
may converge to an algebraic number more rapidly than those defined by all 
other difference equation of higher order and of the same degree. 

Theorem 9. The difference equation of second degree that defines sequences 
which converge most rapidly to the irrational number $ where 0 is rational, is the 
one of first order. 

Proof. Consider the general second degree difference equation of the m th 
order 

l pm — 1 m m ”1 

(34) I El c rij n~ r S n+i S„ +i + E CriU^Sn+i + n~ r c r = 0. 

r-0 L 7-0 J 

When it defines sequences that approach 

(35) 


-1 m 


2 iC C 0ijfl + £ C 0l l£ + Co = 0. 

J-0 


i-O 


and the transformed equation is 


(36) 


l p m— 1 m m * 

Zn' E E Crij (5n-f ' 5n-f t + S n +] + Sn+i) + S C n<Sn+* I 

r -0 U’-O *“0 


+ 


l pm— 1 mm ” 

iC 71 Z Z c rxjP + 2 c ri(fi + C r =0 

r— 1 L-j— 0 tg£ j i— 0 _ 


If a difference equation of the form (36) defines sequences which converge 
to zero with the maximum rate, then, according to Theorem 5 


(350 

and 


E E C m& 4- E C n|8 J + c r = 0 

J-0 »gj *-o 


(r = 1, 2, • • • , J) 


(37) 

where 


m 

E tijCrjiP* + c ri = 0 0‘ = o, 1, • • • , m - l)(r = 0, 1, • • • , 1) 



Therefore when 0* is an irrational number and the coefficients of the difference 
equation are rational numbers, c,,- = 0, (j = 0, 1 , • • • to — 1) (r = 0, 1 , • • • , l) 

m 

And since from (35) and (35') E c '< = 0 (r = 0, 1. • • • . 1), c, m = 0 (r = 0, 1, 

*-o 

Now assume our theorem is false, then there is a difference equation of the 
form (34) of higher than first order that defines sequences which approach 
0* with an order of convergence 2. Writing (36) in the form 
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iC “7 jLd X) Cr*y(5n+y5n+* + 0* Bn+j 9 + 0* S n +i) 

n W" : a /N.; 


S r— o n r H ifc; 

n+m ~ — f 


E E C m ,(Sn4^ + 

i—O w J -O 

we can see that if S n +m = d m t” when S n+i = 6 it' (i = 0, 1, •••,»»— 1) 

<V»y = o (i, j = 0, 1, • • • , w - 2) (r = 0, * • • , J) 

Cf,m- 2 ,m-l == 0 (r = 0, 1,2, • • • , i)- 

These results combined with the equation (37) and (35) give 

c rmj = 0 (j = 0, 1, • • • , m - 2) (r * 0, 1, . • . , Z) 

and 

(Cr,m— l,m "f" Cr t m— l,m— 1)$ “f“ C r — 0 (r == 0, 1 , • • • , t) 

2Cr,m-l,m-l + Cr,m-1,» = 0 (f « 0, 1, • • • , i). 

Therefore the unique equation of the form (34) which defines sequences that 
approach with an order of convergence 2 is 

2jS n +mS*+m-.l — Sn-fwi-l — 0 — 0 

but. this equation is equivalent to the first order difference equation 


2 S n+1 S n - Si- 0 = 0 


Q.E.D. 


In summarizing we can only say that, in general, there is no direct relation 
between the order of a difference equation and the order of rate of convergence 
of its sequences. 

4. Minimum degree for a first order difference equation whose sequences 
approach 0 llp with a given order of convergence. 

Theorem 10. There exists a first order difference equation of q th degree , q = 
kp, that define sequences which converge to 0 llp , where 0 is rational and 0 jlp is 
irrational (j = 1, 2, • • • , p — 1), with an order of rate of convergence 2k, and no 
first order difference equation of degree kp may define sequences which converge to 
0 llp with an order of convergence greater than 2k. 

Proof. The transformed equation of the first order difference equation of 
g th degree, 


(38) 


“E OjS’n 

a _ i-o 
0—1 

E Mi 

y-o 
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is 

£ a,(s n - p iip y 

(39) Sn +1 = -g /3 1/p . 

£ 6 ,( 3 . - 

j-0 

If the coefficients a, , 6, (j = 0, 1, • •, r/i) (i = 0, 1, • • • , m — 1) may be 
determined so that the coefficients of 5» in the numberator of the left member 
of (39) vanish (t = 0, 1, • • • , r), then (38) defines sequences which approach 
0 1/p with an order of convergence r + 1. Setting the coefficients of ( t = 
0, 1, • • , r) equal to zero we obtain the following linear homogeneous equation 
in the a\s and b’ s: 

£ + b i ^ +l)lp ) + a,? 1 ” = 0 

i-0 

(40) + M ;/P ) + = 0 

£ ^ (a, i /3 (j - r),p + M u ~ r+,) ' P ) + (^|3 <,_P) ' P a« = 0. 

Since by hypothesis (3 Jli> is irrational (j = 1, 2, • • • , p — 1), and since the a ’ s 
and ft’s are to be rational each of the equation (40) divide into p equations. 
Therefore, the demand that the sequences approach p l,p with an order of con- 
vergence 2k imposes 2 kp linear homogeneous relations upon the 2kp + 1 coeffi- 
cients of (38). Hence there is always a solution. 

Assume that the second part of the theorem is false, then the a’s and b’ s will 
satisfy the relations (40) when r = 2k } that is to say, they will satisfy (2k + 
l)p linear homogeneous equations. These (2k + 1 )p equations divide into p 
systems of equation. One with 2A; + 1 unknowns, 

<zo + + pa p + )3 2 &2p-i + ft 2 (h v + • • • + tfbkp-x + 0* a q = 0 

(” 7 *) + ( 7 ) 0 «, + ( 2 ” + ') ^ /?*, + ... 

( P 2k ') *'-■ + ( 4 j + (%t ') ^ b ”-' + (a) ^ + 4 ■ • 

+ ( kP 2k 0 + ( 2 *) * 0 
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and (p — 1) of the form 

bj + «y+i + Pbj+p + 0a,+p + 1 + • • • + 0*~ x 6y+<*- i)p + ay+<*-i)p+i = 0 

(0 *> + C T ') ««* + C t ") ^ +( j+ ! +1 ) *»«. 

+ ...+(* + »- to) 

I /y + (Jfc — l)p + l\ J _ rv 

(42) + v i r^ 1-0 

(4K + Ci'j + C i p ) **. + C + ?* + *) 

+ - + C' +< »" 

+ (' + u l)p + ’) «*««*-»- - 0 

(J = 0, 1, 2, • •• , p — 2). When j = 0 the last equation of the system may 
not appear but in all eases there will be at least 2k equations in each of the last 
p — 1 systems. Therefore, since all of the systems of equations have at least 
as many equations as unknowns there are no non-trivial solutions unless a 
determinant of one of the systems is zero. The determinants of the coefficients 


are all of the form 





(0 Or) i 

f 3 + p\ 

< 0 ) 

( J+p „ + ‘) 

(3 + ™p\ 

' V o ) 

(j + mp + l 

\ o 

(0 ap < 

(j + p\ 

< 1 / 

(j + p + 1^ 

(j + mp ^ 

fj + mp + 1 

V 1 

0) ('?')< 

( 3 + p\ 

< r ) 


(j + 

(j + mp + 1 


Such a determinant is equal to 



1 

i 

i 

1 


i 

j + 1 

j + p 

j + mp + 1 

r! 

/ 

(j + D 2 

(j + pY 

0 + mp + l) 2 


/ 

o + iy 

(j + pY ■■■ 

0 + mp + l) r 


which is different from zero, for it is a Vandermonde determinant. Therefore, 
we have a contradiction. q.e.d. 

It is not difficult to see that the equation of <y tb degree, q = kp , which de- 
fines sequences that converge to 0 llp with an order of convergence 2 k is unique. 
The solutions of the first 2k equations of the last p — 1 systems (42) are all zero 
and the solutions of the first 2k equations are of the form c*fc. Hence, when the 
factor k is removed from the numerator and the denominator, we obtain the 
equation. 
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Theorem 11. There is a first order difference equation of degree kp + 1 that 
defines sequences which converge to @ Vp , where £ is rational and & jlp is irrational 
(j = 1,2, ... , p — 1), more rapidly than those defined by any first order difference 
equation of degree q, where (k + 1 )p > q > kp + 1. 

Proof. Consider the difference equation (38) for q = (k + 1 )p — 1. First, 
assume that the sequences defined by this equation approach p llp with an order 
of convergence 2k + 2. Then the coefficients satisfy 2k + 2 relations (40). 
These 2k + 2 relations give (2k + 2 )p homogeneous linear equations in the 
a’s and b f s. And the linear equations divide into p systems of 2k + 2 equations 
each. One of the systems contains 2k + 1 unknowns and the other p — 1 
systems each contain 2k + 2 unknowns. None of these systems have non- 
trivial solutions for the determinants of the coefficients are composed of columns 
of binomial coefficients which we proved, in the proof of Theorem 10 to be non- 
vanishing. Hence our assumption is false. 

Second, assume that the sequences have an order of rate of convergence 
2k + 1, then the a\s and the b* s must satisfy 2k + l relations (40). These 
2k + 1 relations give p systems of homogeneous linear equations (41) and (42). 
One system contains 2k + 1 unknowns and the other p — 1 systems contain 
2k + 2 unknowns each. The solutions of the first system must all be zero, 
while each of the other p — 1 systems may be solved for 2k 4- 1 of their un- 
knowns in terms of one of the others, for again, all determinants of the coefficients 
are different from zero. 

We construct a matrix of 2(k + 1) columns and (2k + 1 )(p — 1) rows, from 
the coefficients of the p — 1 systems of equations, where the coefficients of afi’, 
ai+if3 J , • • « , i(3 J lie in the same column (i = 1, p + 1, - • * , kp + 1) and 


the coefficients bfi’ y bi+ifi J , • • • , bt+ p -i(3 J lie 


in the same column (l = 0, p, 2 p, 


• * • , kp). That is, the matrix 


1 1 

1 1 

1 

1 

0 (!: 

(?) cr)- 

CO 

C p r) 

0 0 

GO Ci 1 ) •• 

GO 

■) 

1 1 

1 1 • • • 

i 

1 

0 e: 

etoer)- 

^ kp + 1 

) (\ + 0 

» (l) Ci 1 ) ( p i 2 ) ' 

(kp + 1 

V 2k 

) C*a 2 ) 

l l 

1 1 

1 

1 


‘)(V)(V)- 

^(fc + 1 )p - 

- 2^ + l)p — 1^ 

fp-2\/p- 

\ 2k J\ 2k 

l )C V)(V) ::: 

((k + 1 )p - 

C 2k 

H 

1 

* hS 
+ 

1 
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Since the binomial coefficients obey the law 

Ci.MO-C: 1 ) 

any one of the rows of this matrix is linearly dependent upon the first 2ft + 1 
rows. Hence the rank of the matrix is 2ft + 1. 

This tells us that if we solve the first system of equations for 2ft + 1 of the 
unknowns in terms of a* that the second set of equations has the same solutions 
where the subscripts are increased by one, and so on. If we solve p — 1 sys- 
tems of equations in terms of a*p+ i , dkp+ 2 , • • • , a(*+i) P -i respectively, then the 
given equation (38) takes the form 

</>.(£») Ivifi >V l 

or ;-o 

^ n +l p — l 

<h(S n ) akp+jSn 1 


nr 


(43) 


_ 01 OSn) 

<h(s n y 


where <t>i(S n ) and <fo(S n ) are of degrees ftp + 1 and ftp respectively. Since the 
equation (43) is unique, our proof is complete. q.e.d. 

The two previous theorems have dealt only with difference equations with 
constant coefficients. In the following theorem we assume that the coefficients 
are polynomials in n. 

Theorem 12. There exists some first order difference equations with constant 
coefficients that define rational sequences which converge to 0 1/p , where (3 jlp is irra- 
tional (j = 1, 2, - • , p — 1) more rapidly than the sequences defined by any first 
order difference equation whose coefficients are polynomials in n. 

Proof. If the difference equation 

£ 71* £ ai,S’n 

(44) S. +1 = 

£ n‘ £ bijS’n 
i-0 7-0 

defines sequences which converge to (} Up with an order of convergence X, then 

2 (ai,fit ,p + bi,P u+l)lp ) + a tq F lp =0 « - o, 1, ■ • • , 0 

;-o 

£ j(a*j0 U ~ VIP + M' /P ) H- qa ig ^- 1,,p = 0 (i = 0,1,..., 1) 

7—0 

(45) — 

%{r- l)^°'“ r+,>/P + W' 3 ~ r> "’} 

+ (r - l) " °. (• - 0, 1, • • • , Z). 
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When Z = 0 we know from the previous theorems that there is a maximum order 
X for the rate of convergence for the sequences. That is, the number of rela- 
tions for the determination of Oo, and b 0j cannot exceed X. The relations (45) 
are similar for all values of i . Hence when l > 0, the number of such relations 
cannot exceed X, without all a»> and vanishing. 

When q = kp we know, after Theorem 10 that X = 2k. Each of these 2k 
relations (45) gives, for each i, q linear homogeneous equations on the coeffi- 
cients. Since the relations are the same for all i, when the last system of equa- 
tions are solved in terms of a ir (i = 0, 1 , • • , Z) (45) reduces to 

i 

01 (Sn) ^ 1 71 d{r 

or »— 0 

^n+1 = j 

02 (Sn) ^ ^ 71 dir 

i-n 


or 


S n + 1 = 


01 ( S n ) 


02 (S n ) ’ 

where 0i and 02 are polynomials is S n with constant coefficients. 

When q = (A: + l)p — 1, then as in the proof of Theorem 11 for l = 0 

p - 1 

03 (Sn) XI ao*p+; Sn 1 

O 7—0 

*«+* ^ I 

<t><(Sn) E ao^-sr 1 

7-0 


are similar for all f 

*(Sn) E E a^ST 1 

_ t— 0 7-0 

4-0 7-0 

or 

q _ <t>»(S n ) 

n+1 " ms”)’ 

where and <fn are polynomials with constant coefficients. q.e.d. 

Example: When k = 1, the first order difference equation of p th degree whose 
sequences converge most rapidly to li l p , where /3 is rational and & >lp is irrational 
0‘ = 1,2 , • • • , p - 1), is 

(46) pS n+l S p - (p - 1)5: - d = 0 
and the one of (p + 1)** degree is 

(47) (p + l)S n+l S p - (p - l)s: +1 + (p - 1)/?S„ +1 - (p + l)Sw3 - 0. 


and since the relations (45) 

Sn+l 
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The sequences defined by (46) have an order of convergence 2 and those 
defined by (47) have an order of convergence 3. 

It is interesting to note that equation (46) is Newton's algorithm for the ap- 
proximation of p l,p . 

5. Approximation of P' lp . In practical work it is often valuable to know an 
upper bound for the error of a given term of a sequence, i.e., an upper bound 
for the difference between a term and the limit of the sequence, or in other 
words, if the terms of the sequence are written in decimal form it is important 
to know a means of asserting that a given term of the sequence is correct to at 
least R decimal places. 

Theorem 13. If a sequence approaches the real number p lIp , such that when 
I S n — p l,p | = « then | S n +i — 0 llp | £ Ce k , where C is a constant independent of e, 
(i.e. the sequence has an order of convergence k) and if, € is so small that 
2 Ct < c, and if the- first i decimal places of the two consecutive terms of the sequence 
are the same , (i > 0) ; then, the second of the terms cannot differ from $ l,p by o$ 
much as 2*(10)~* , C. And when C < (10) J the second of the terms is correct to 
ki — j — k / 3 decimal places. 

Proof. Let c n denote the error of S n . Since Ce^ 1 < 

t n < 2e n 1 1 — Cctr 1 1 

= 2 | € n ~ Ce* | ^ 2 | | S n - ft" | - | S n+1 ~ ft" | | £ 2 | S n - S n+1 |. 

Now 

| S n - Sn+1 | < (10)-\ 

hence 

€n+l ^ C«n < C2*(10)-*\ 

And when 

C < 10 J 

tn+l < 2 k (10) i ~ ki < 10 * ( ~ <+i,+y . 

Therefore, S n +i is correct to at least ki — j — k/3 decimal places. 

Example: Consider the sequences defined by (27). For this equation k = 2, 
| C | < 1 therefore j = 0. For the sequence with initial condition So = 1, S* 
and Sa differ only in the sixth decimal place, hence Si is correct to 9 decimal 
places. By the same method of calculation S 5 is correct to 21 decimal places. 

Although it is possible to set up a difference equation whose sequences con- 
verge as rapidly as one desired, there seems to be less calculation in the approxi- 
mation of an irrational number & 1/p if the sequences are defined by the simple 
difference equation (46) Newton's algorithm , which may be written in the form 


( 48 ) 


c _ P- 1 e _l 0 

On+l — On "I • 

V pS p 



NON-LINE AE DIFFERENCE EQUATIONS 


279 


We know that the order of rate of convergence of its sequences is 2. Now let 
us determine its region of strong convergence. 

Theorem 14. If p l,p > 0, the sequences defined by (48) converge to /3 l,p for 
all positive initial values So . Moreover, they approach 0 llp monotonically when 
the initial values are > (3 Up . 

Proof. The transformation equation is 

P (3n + 1 + P UP ) (Sn + - (P - 1 <3« + p llP V ~ fi « 0 


or 



(3 l/P (Sn + 0 l ' P ) P - 1 - fi] 
pSn(Sn + P 1IP ) P ~ 1 J 


For positive values of B n the expression in the brackets is > 0 and <1 — 1 /p. 
Therefore, the sequences S n decrease monotonically to zero for initial values 
So > 0. This is equivalent to the statement that all sequences {<S n } of (48) 
determined by initial conditions > /3 1/p converge monotonically to /3 1/p . Hence 
the second part of the theorem is true. 

If 0 < S n < p' lp , then S n+ 1 - S n = (1/p) { -S n + pS\T p } > 0, so that S n+l > 
S n . Hence, either the sequence { £„} is monotone increasing tending to a limit 
^ ff llp , or some term of the sequence is greater than ff l,p and from this term on the 
sequence decreases monotonically to /3 llp . In the first case the sequence cannot 
approach a limit K, 0 < K < 0 llp for the only finite limits for the sequence are 
0 llp and — 0 l,p since the limit of the difference equation is S p = 0. Hence our 
proof is complete. q.e.d. 

Since irrational numbers of the form /3 l/p are usually accurately computed by 
means of a binomial series, it is interesting to compare the rate of convergence 
of the sequence of partial sums of a binomial series with that of a sequence 
defined by a difference equation. 

Theorem 15. A sequence of partial sums of a binomial series cannot con- 
verge to fi l,p with a order of convergence 2. 

Proof. Case I. Positive term series, (1 — 1/a)* =1+ 6* + &*+••• + 
b n + • • • • Assume that the theorem is false, then the sequence of partial sums 
has an order of rate of convergence 2; i.e. if 

p llv — S n = €„ and 0 1!p - S n +\ - **+i then €„+i < Cc* , 


where C is a constant independent of < n . For a rapidly convergent series 
bn+i/bn < r < 1 for n > no . The error e n of the partial sum S n is less than 


K 



and is greater than 5„ + i . 


Therefore 




280 


OTIS E. LANCASTER 


Therefore, if the theorem is false, 


or 


U0(=bT<‘Gte(^y 


(J - n) 1 
(n + 1) a 


< C 


iq - i) ••• q - w + 1) 

n! 


ii(, 



This last inequality cannot hold for all n, if a > 1. But, since the series is 
convergent, a > 1. Hence we have a contradiction. 

Case II. Alternating series. (1 + l/a) / = 1 — + b 2 — fes + • • • . 

Again assume the theorem is false. The error « n is less than b n + 1 and is greater 
than b n +i — b n + 2 . So 

I (n + 2 ) ~ (n + 3 ) a"! ” b '*’ ~ 6 ' 4 * < '■ +l ' 

Therefore if the theroem is false 



< C 


1 y (--)* 

,n + 1/ \a n+l J 




This last inequality cannot hold for all n, for the left member approaches a 
constant greater than zero, (a 1), and the right member approaches zero 
since it is a term of the series. Therefore we have a contradiction. q.e.d. 

Corollary: There are sequences defined by the difference equation (48) which 
converge more rapidly to f3 Vp than the sequence of partial sums of any binomial 
series . 


University or Maryland 
College Park, Maryland 
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By Lawrence M. Graves 
(Received February 3, 1940) 

1. Introduction. In this paper comparatively simple proofs are given for 
some general theorems on the approximation of a given function by “smoother” 
functions. Well known theorems on approximation by polynomials, by trigo- 
nometric sums, and by integral means are special cases. The proofs, given in 
Section 3, are so formulated that there is little more complication in the case 
of functions of m variables than in the case of functions of one variable. 
Theorems on the term-by-term integration and differentiation of the approximat- 
ing sequence are included. In Section 4 certain cases of iteration of the ap- 
proximating transformations are considered. In Section 5 it is shown that 
when the given function is continuous and vanishes on a closed point set E y 
certain types of approximating functions may be required to vanish on a neigh- 
borhood of E while possessing as many continuous derivatives as may be derived. 

Let A denote the interval 0 g g a, , (z = 1 , • • , m), of m-dimensional 
space, and let B denote the interval — a* ^ g a» . Let {Q„(z)} be an in- 
finite sequence of bounded measurable functions defined on B and let ( k n ) be 
an infinite sequence of positive numbers. Then if f(z) is a function defined 
and integrable on A , we may set 


( 1 : 1 ) 


Pn(x;f) = k n £/(z)Q«(z - x) dz 

j»°l /•«■» 

= kn ••• / /(z)Q.(z — x)dz m • • rfzj. 

Jo Jo 


It is observed at once that if the function Q n (x) is of class C (r) on B then P n is 
of class C (r) on A, and if Q n (x) is a polynomial so is P n . For the most part 
we shall wish to assume that the numbers k n are related to the functions Q n 
by the formula 


(A) 


1 /K = f Qn(x)dx = f ... f Qndx m ... dXy . 
Jb J—a\ J-a m 


Interesting examples of sequences Q n (x) are: 

(i) Q«(x) = [1 - L *?]", with £ a\ g 1 ; 


i 


(ii) Qn(x) = II (1 ~ **)", with Of S 1; 

% 

(iii) Q»(x) = U cos" Xi , with a, t/2; 
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(iv) Qn(x) —l for |x<| ^ 1/n, Q„(*) = 0 elsewhere; 

(v) Qn(x) — (1/n* — xj)* for |x<| g 1/n, Q»(x) =» 0 elsewhere. 

In examples (i) and (ii) the polynomials P n (x) related to a function /by formula 
(1:1) are frequently called Stieltjes polynomials. In example (iii) we obtain 
trigonometric polynomials P n (x). In example (iv) the functions P„(x) are 
integral means of /(x) over hyper-cubes. 

We shall wish to consider the following properties which sequences (Q») 
and ( k n ) may possess. We let S, denote the interior of the sphere with center 
at the origin and radius t. 

(B) Each Q n (x) is bounded and measurable and non-negative on the domain B, 
and positive on a subset of B of positive measure. 

( C ) For every « > 0, lim. k n Q n (x ) = 0 uniformly on B — S, . 

(D) Each Q n is of class C (r) on B. 

(E) If R n denotes a partial derivative of Q„ , of total order less than r, then for 
every c > 0, lim n k n R n (x) = 0 uniformly on B — S t . 

When the numbers k n are given by formula (A), examples (i), (ii) and (iii) 
possess all these properties, and so does example ( v ) for n > n r sufficiently great. 
Example (iv) has properties ( B ) and (C). To verify property ( E ) for example 
(i), we notice that if R n is a derivative of Q n of order /z, then R n is 0[n M ( 1 — 
€ 2 ) n ] uniformly on B — S t . Also, with 8 = n ~ m , 

1/in ^ f [1 - E *<\ n dx ^ f [1 - 1 /n] n d.x = bn^ t2 [\ - l/n] n , 

J 8 t 

where b is a properly chosen constant, so that k n is 0(n m/2 ). 

In case the function /is originally defined only on a subset Ao of A, its domain 
of definition may be extended to be the whole of A in a variety of ways. If 
A 0 is the interval hi g Xi ^ c, , we may set 


( 1 : 2 ) 


/(* i f(b t , x 2 , ■ • • , x m ), 

(0 ^ xi < bi , hi g Xi S Ci , i = 2, . . . , m), 


and so on until the extension is completed. With this extension the properties 
of continuity, of m-tuple absolute continuity, and of satisfying a Lipschitz con- 
dition are all preserved. In place of (1:2) we might use 

(1 .3) f{X i , , * * * , Xm) ~ /(2&1 X\ , X 2 , • • * , Xm). 

This extension preserves also the property of absolute continuity in the sense 
on Tonelli. If / is integrable on a measurable subset Ao of A, we may set 
/ a* 0 on the complement of A 0 . For an extension preserving uniform con- 
tinuity or a Lipschitz condition when A 0 is an arbitrary subset of A, the reader 
is referred to McShane 1 [10] or Whitney [11, p. 63, footnote]. When / is of 


1 Numbers in brackets refer to the bibliography at the end. 
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class C <r> (in a suitable sense) on a closed set Ao , an extension preserving this 
property has been given by Whitney [11]. A simpler method of extension 
applicable in special cases has been devised by Hestenes, but is not yet published. 

We shall find it convenient throughout the proofs to set / = 0 outside the 
interval A. Then by making the change of variables 2 ,- = x { + t\ we find that 
for x in A the formula (1:1) may be written 

(1 :4) Pn(x;f) =k n f f(x + v)Q n (v) dv. 

2. Preliminary lemmas. The class of all measurable functions / such that 
|/| p is integrable on A is denoted as usual by If, for 1 g p < <x>. For this 
class set 

(2:D ll/ll,-[/j/rcfcJ F . 

We make the convention that L°° denotes the class of essentially bounded and 
measurable functions, and for this class denote by ||/|| w the essential upper 
bound of | /(a;) | on A. Then if p + q = pq (q = 00 when p = 1) we have 
the Holder inequality 

(2:2) 1/ f(x)g(x)dx S ||/||,.||ff|| t 

I 

holding when / is in If and g is in IS, and the triangle inequality 1 2 

(2:3) 11/ + * II, Si ll/ll, + 11*11, 

holding when / and g are both in If. 

We shall have need for two lemmas, which are readily proved. 

Lemma 1. Letf{x) be in If, (1 ^ p < *>), and setf h (x) = f(x + h). Then 
II A ~ / Up approaches zero with h. 

To prove this note that by the triangle inequality (2:3), || A — / || p ^ || /u — 
AIIp+ IIA* - A ||p when / = /i +/ 2 ,and ||A -/II, ^ 2||/|| p . From these 
inequalities it follows that the class E of functions / for which the conclusion 
of the lemma holds is linear and closed in If. The class E obviously contains 
the characteristic functions of sub-intervals of A . The class of all linear 
combinations of such characteristic functions is dense 3 on L p , and hence E = If. 

Lemma 2. If f(x) is in If, (1 ^ p ^ °o), on A, thenf(x + v) as a function 
of 2m variables , x in A and v in B, is also in If* 

To prove this we note first that if a set E is closed in A, then the set E* of 
points (x f v) of the product space AB for which x + v is in E is likewise closed 

1 See, e.g., Hobson [8], vol. I, p. 588. 

1 See, e.g., Hobson [8], vol. II, p. 251. 

4 Compare Cinquini [6], pp. 59-62. 
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in AB. Consequently if E is open in A, E* is open in AB. If E is an interval 
with measure ju E, then E* has measure 

(2:4) 

Since every open set may be represented as a sum of non-overlapping closed 
intervals, it follows that (2:4) holds for sets E open in A, and hence for sets 
E closed in A. By applying the criterion that a set E is measurable if and 
only if for every e > 0 there exists a closed set E x and an open set £2 such that 
E\CZE <Z Ei and n(Ei — Ei) < e, we see that when E is measurable E* is also 
measurable, and (2:4) still holds. Hence /(x + v) is measurable on AB. Let 
#(*) — I fi x ) I where | fix) | g N, f N (x) = N where | fix) \ > N. Then 

f [ [/v(x + v)] p dvdx = f f [f N (v)] p dvdx 
j a *b j a j a 

= f if K (p)rd».n«s f \M\ p d*-n«- 

j a % Ja 

This with Fubini^ theorem 5 implies the desired conclusion. 

3. The general approximation theorems. For the sake of completeness, we 
include the following theorem, whose proof is an immediate extension of that 
given by Landau [1]. 

Theorem 1. Suppose the sequences (Q n ) and (k n ) have properties (A), ( B ), and 
(C). Let Ao be a closed set interior to A, and suppose that f(x) is bounded and 
meamrable on A, and continuous at the points of A 0 . Then P n (x) converges 
uniformly to f(x) on A 0 . 

Let a > 0 be the minimum distance from Ao to the boundary of A . For an 
arbitrary 5 > 0 there exists a positive e < a such that 

(3:1) \f(x + v) - f{x) | < 5 

whenever x is in Ao and < t. Now from formula (1:4) and property 

{A) we have 

I P»(x) - fix) \=k„\( [fix + v)~ fix)} Q n iv) dv 

I •'B 

(3:2) £ k n f | fix + v) - fix) | Q„(v) dv 

Ja, 

+ K f [|/(x + v) | + |/(x) |]Q»(i>) dv. 
Jb-3, 

The first term on the right is less than 8 for x in Ao by (3:1) and properties 
(A) and (J9), and the second term approaches zero with 1/n uniformly in x , 
by property (C). 

1 Saks [91, p. 77, Hobson [8], vol. 1, p. 577. 
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Theorem 2. Suppose the sequences (Q„) and (k n ) have properties ( A ), (B), 
and (C). Let f(x) be in L p , (1 ^ p < <* ). Then 

(a) lim„ f | P„(x) - f(x ) \ p dx = 0; 

J A 

(b) a subsequence P ni ix) converges to fix) almost everywhere on A \ 

(c) the integrals / | Pnix) \ p dx are equi-absolutely continuous ; 

Jr 

(d) if M is the essential upper bound of | fix) j, then \ P n (x) \ g M on A; 

(e) if g(x) is in L q (p + q = pq r 1 g p g *>), 

lim n [ | g(x) 1 1 P n (x) - fix) j dx = 0. 

J A 

By the use of the first equality in (3:2) and the Holder inequality we have 
I Pnix ) - fix) | P = K I f [fix + V)~ fix)]Q n iv) dv \ 

g K J" I fix + v) - fix)\ P Qniv) dv [ f B Qniv) di^ 1 

= k n f I fix + v) - fix) | P Qn(») dv. 

From this by Lemma 2 and Fubini’s theorem on interchange of order of integra- 
tion we obtain 

[ | Pn(x) ~ f(x) | P dx£k n [ [ | f(x + V) - fix) \ P Qniv) dx dv 

J A "A 

= kn f [ | fix, + v) - fix) I p dxQniv)dv 

+ kn [ f l fix + v) - fix) \ p dx Qniv) dv. 

J B-s t ^a 

The first term on the right converges to zero with c, uniformly with respect to n, 
by Lemma 1 and properties (A) and (B). The second term converges to zero 
with l/n for each €, by property (C). This proves part (a) of the conclusion. 
Part (b) is a consequence of (a). 6 Part (c) follows by simple arguments from 
the triangle inequality 

[ l I Pnix) \ P dxJ P £ [/j Pnix) - fix) | P tf* J'” + [ £ |/(x) \ P cb]'' , 
part (a), and the absolute continuity of J | Pnix) | p dx and J | fix) |” dx. 


• See Hobson [81, vol. II, pp. 23tM5. 
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Part (d) is an immediate consequence of (1:4). In case p is finite, part (e) 
follows at once from the Holder inequality and part (a). In case / is bounded 
and g merely integrablc, we may make an indirect proof, supposing that 

lim sup £ | g(x) 1 1 P n (x) — f(x) | dx - 0 > 0. 

Then for a properly selected subsequence ( P nj ) we have 
lim f | g(x) 1 1 P n ,(x) - fix) | dx = 0, 

J A 

lim P Hj (x) = f{x) almost everywhere, 

| g(x) ||P n/ (£) ~ fix) | ^ 2 M | g(x) | almost everywhere. 

This leads to a contradiction with the theorem on term-by-term integration for 
Lebesgue integrals. 

Lemma 3. Suppose that the sequences (Q n ) and ( k n ) have properties (C) and (D) 
with r ^ 1. Let f(x ) be absolutely continuous in X\ for almost all (x 2 , • • • , x m ), 
and let f and the partial derivative /*. be integrable on A. Suppose also that 
m xt,...,x m ) is integrable . Let Ao be a closed set interior to A. Then 
lim* | P n (x;f Xl ) - P nXl (x;f) | = 0 uniformly in A 0 . 

Since the functions Q n are of class C', differentiation under the integral sign 
is permissible in formula (1:1), and we have 

Pnxfx;/) « -kn f f(z)Qm 1 (z ~ x) dz. 

"A 


Hence by Fubini’s theorem and the absolute continuity of / in x\ we have 
Pn(x;f Xl ) - P»i,(x;/) = k n J [f Xl (z)Q n (z - x) +f(z)Qn„(z - x)] dz 


(3:3) 


Also 


= K r . . . r [f(z)Qn(z - x)]i;zs* dz m . . • dz,. 

Jo Jo 


f /x,(x) dx = [ ... [ [/(x)]*P‘ dx m ... dxt, 

"A Jo Jo 

so that the integrability of /( 0, x* , • • ■ , x m ) implies that of f{a \ , x 2 , • • • , x m ). 
Thus (3:3) with property (C) justifies the desired conclusion. 

Let us recall that a function f{x i • • ■ x m ) of several variables is absolutely con- 
tinuous on A in the sense of Tonelli in case it is continuous in (x\ , • • • , x„), 
absolutely continuous in each x< for almost all values of the remaining variables, 
and each partial derivative /*,. is integrable on A . 

Theorem 3. Suppose the sequences (Q n ) and (k n ) have properties (A), (B), (C), 
and (D) for r gt 1. Let f{x) be absolutely continuous in the sense of Tonelli, and 
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let the partial derivative f Xi be in L P 1 (1 ^ p < <» ). Let A 0 be a closed set interior 
to A. Then 

(a) lim n f | P n »i(x) - f Xi (x) \ p dx = 0; 

(b) a subsequence of ( P n *< ) converges tof x . almost everywhere on A ; 

(c) for E C Ao , the integrals / | P n x<(^) | P dx are equi-absolutely continuous; 

Jb 

(d) if f satisfies a Lipschitz condition on A, the partial derivatives P nx . are uni- 
formly bounded on Ao ; 

(e) if f X{ is continuous at the points of Ao , the sequence (P n *i) converges to f Xi 
uniformly on Ao ; 

(f) if g(x) is in L 9 (p + q = pq, 1 ^ p <; oo), 


lim n [ | g(x) | | PnxM) - f Xi {x) | dx = 0. 


To prove part (a) we use the triangle inequality 


[ L 1 Pnx ' (x;f) ~ fzi(x) r*T - [1. 1 p " (x;/i - ) - ^< (x) i” dx ] /P 

+ [/ j Pn,,(x;f) - P n (x;f Xi ) | P J /P . 


The first term on the right approaches zero by Theorem 2 with / replaced by f Xi , 
and the second term approaches zero by Lemma 3. To prove (b) we may con- 
sider a sequence of closed intervals Ao interior to A but with boundaries ap- 
proaching the boundary of A. The existence of the desired subsequence 
converging almost everywhere on A is then secured by the well-known diagonal 
method. Parts (c) and (f) follow from (a) as in the proof of Theorem 2. Part 
(d) follows from Theorem 2 and Lemma 3, and part (e) from Theorem 1 and 
Lemma 3. 

Theorem 4. Let the sequences ( Q n ) and ( k n ) have properties (A), (B), (C), and 
(D) and (E) for r ^ m. Suppose thatf(x) is absolutely continuous in the set of 
variables (xi , • • • , x m ), and in addition that when one or more of the variables Xi 
is set equal to zero f(x) is absolutely continuous in the remaining set of variables. 
Let t(x) denote a partial derivative of f(x) in which the derivative with respect to 
any one variable Xi occurs to at most the first order , and let T n (x) denote the corre- 
sponding partial derivative of P n {x). Let t(x) be in If, (1 ^ p < <»), and let 
Ao be a closed set interior to A . Then 

(a) lira n f | T n (x) - t(x) \ v dx * 0; 

Jaq 

(b) a subsequence of (T n ) converges to t almost everywhere on A ; 

(c) for E d Ao the integrals / | T n (x) \ p dx are equi-absolutely continuous; 

Jb 


7 That is, m-tuply absolutely continuous. 
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m 

(d) if t is bounded on A, the sequence (T n ) is uniformly bounded on Ao ; 

(e) if t is continuous at the points of Ao , the sequence (T n ) converges to t uni- 
formly on Ao . 

(f) the functions P n (x) are equi-absolutely continuous in the set of variables 
(xi , • • • , x m ) on Aq . 

We shall carry through the proof for the case of two independent variables. 
The method of extending the proof to other cases and of obtaining various 
modifications of Theorem 4 will then be apparent. The hypothesis on the 
function f(x i , x 2 ) implies that it may be represented in the form 

f(xi, Xi) = /(O, 0) + f /«,(*!, 0) dxi 
Jo 

mX% i**2 pX\ 

+ / /*,( 0, Xi) dx 2 + I / /*,*, dXi dx J. 

Jo Jo Jo 

It is easily seen that the hypotheses of Theorem 3 are verified, so that the 
desired properties of P nXl and P nXt follow from that theorem. Now the hypothe- 
ses of Lemma 3 are verified with / replaced by , so that 

(3:4) lim | P„(x; /*,*,) - | = 0 

n 

uniformly on Ao . Also the hypotheses of Lemma 3 are verified with Q n replaced 
by R„ = Qn. t . Now 

P«*,(x;/*,) = K jj Xl (z)R n (z - x) dz 

so that by Lemma 3, 

(3:5) lim I Pnx.Oc;/*,) - P Ml x,(x;/) | = o 

n 

uniformly on Ao . Combining (3:4) and (3:5) we have 
lim | P n (x , fx 2 x\) Pnxi*^{x) f) J = 0 

n 

uniformly on Ao . From this and Theorems 2 and 1 the conclusions of the 
theorem for t(x) = then follow as in the proof of Theorem 3. The final 
conclusion (f) follows at once from (c) with p = 1 and T n (x) = P„ tll . 

4. Iteration of the approximating transformations. In the preceding dis- 
cussion we have considered the linear transformations P n (J) given by formula 
(1:1), which transform certain normed linear spaces 7 = [/] into subsets of 
themselves. In certain cases these transformations are also equi-continuous, 
that is, there esdsts a constant M such that 

||p»(/)|| a; at ll/ll 


(4:1) 
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for every n and every / in C S. They may also have the property that 
(4:2) lim || P n (f) — / 1| = 0 

for every / in C J. When the sequence (P n ) has the properties (4:1) and (4:2) 
and ( K n ) is another sequence of transformations, not necessarily linear, hut 
having at least property (4:2) it follows that 

(4:3) lim || I J q K n f — / 1| = 0. 

R. n 

Thus when the transformations K n are also linear and have property (4: 1), the 
composite transformations K n P n have the same properties (4:1) and (4:2) as 
the factors have. In particular the iterates P* , (# = 2, 3, • • ), have prop- 
erties (4:1) and (4:2). 

We now proceed to discuss some cases to which the argument of the preceding 
paragraph is applicable. 

Case I. The space fF consists of all functions / continuous on a closed rec- 
tangular region A 0 interior to A , and ||/|| is the maximum of |/(:r) I on An . 
We extend the definition of / over the remainder of A ks indicated by (1:2). 
Then by properties (A) and (B) and the formula (1:4), |[P„(/) |( g ||/!|, so 
that (4:1) holds true with Af — 1 . The condition (4:2) holds by Theorem 1 . 
Note that before another transformation K n of the same kind is applied the 
functions P n (x; /) are to be regarded at first as defined only for x in A a , and 
then the same extension of definition over the remainder of A is to be used as 
was used for / itself. This procedure seems to be necessary in order that the 
preceding arguments may be validly applied. In examples (iv) and (v) it is 
easily seen that this precaution is unnecessary for many applications of the pre- 
ceding result. - 

The iteration of the transformations P n seems to be of special interest when 
the P n (/) are the integral means of /, that is, they are defined by the Q n of 
example (iv). For in this case when the function / is of class C (r) on the region 
Ao , the transformed function P n (/) is of class C (r+1) on an arbitrary closed sub- 
region A i interior to A 0 , for n sufficiently large, and hence F* n (f) is of class 
(7 (r+,) on an arbitrary closed subregion A* interior to A 0 , for n sufficiently large. 
Case II. The space 5* consists of all functions / defined and of class If, 
(1 g p < oo) f on a fixed measurable subset A 0 of A. and 

Wf\\=[Jjf\rdxJ P . 

In this case we agree to set / = 0 on the complement of A o . Then by the 
same argument as that used at the beginning of the proof of Theorem 2, we find 

[ \Pn(*)\ p dxgk n f f \f(x + v)\ p drQ n (v)<lr£Jc n f \\f\\ p Q n (v) dv - (l/|| p ? 
Ja j b Ja Jr 

so that (4:1) holds, again with M = 1. Theorem 2 yields the property (4^2). 
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If we take At to be the whole of A and the transformations P»(f) to be the 
integral means of /, the iterated transformations P' n yield approximating func- 
tions of class C < *~ 1) at least on an arbitrary closed subregion Ai interior to A, 
for n sufficiently large. 

Case III. The space (F consists of all functions / absolutely continuous in 
the sense of Tonelli on a closed interval At interior to A, and 

|| / 1| s maximum (| f(x) |, J |/,J dx\. 

x in Aq ^ *Aq J 

i«l, ,m 

We extend the definition of / over A as indicated by (1:3), and let M denote a 
constant sufficiently large to satisfy all the conditions imposed on it. As in 
case I we find | P n (x;f) | ^ ||/||, and as in the proof of Lemma 3 we obtain 


f |P«,,(*;/) -P„(x;f Xl )\dx 

J A o 

= kn [ I P . . r [f(z)Qn(z - *)C‘3‘ dz m ...dzt 
(4:4) •'aoI* Jo 


dx 


£ *. ll/ll f P. • . r [Qn(z - x) I 11 -* + Q„(z ~ x) |' 1_0 ] dz m . . • dZtdx 

* A JQ JQ 


p a S f a m 

J A JQ JQ 

^ 2 11/ 11*0* ••• Orn ^ A/ ||/ 1|/2. 
By case II we have 


/ I Pn(x;f Xi ) \dx£ f \f Xi \dx £M\\f ||/2, 

J A o J A 

and combining this inequality with (4:4) (with xi replaced by x t ), yields 

/ \Pn, i (x-,f)\dx£M\\J\\, 

Ja 0 

so that (4:1) holds. The condition (4:2) follows from Theorems 1 and 3. We 
note that in this case example (iv) must be ruled out, since it does not satisfy 
the hypotheses of Theorem 3. 

In case the function / satisfies a Lipschitz condition, and L(f) denotes the 
minimum Lipschitz constant for / on the interval At , it follows from the proofs 
of Lemma 3 and Theorem 3 that there is a constant M such that 


(4:5) L(P„(f)) Z M[L(f) + max |/(x) |]. 

If (K n ) is another sequence of transformations having property (4:5) and such 
that | K n (x;f) | M -max | f(x) |, then 

L(P q Knf) g M 2 [L(S) + 2 max I f(x) |], 

so that the double sequence of functions P q K n f satisfies for each / a uniform 
Lipschitz condition. 
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0. Appr oximating functions vanish in g where / vanishes. 8 In this section we 
suppose that the function /is continuous on the closed interval A 0 interior to A, 
and vanishes on the closed set A \ in Aa . We may agree to extend the domain 
of definition of / to be the whole of A by the method indicated in (1:2) or by 
that indicated in (1:3). Consider the sequence of transformations K n defined 
as follows: 


Kn(x;f) = f(x) - l/n where /(z) £ l/n, 

= f(x) + l/n where /(z) g -\/n, 

= 0 where — l/n g f(x) g \/n. 

Let the transformations P n correspond to the Q„ of example (v). Then for each 
n there is an integer q n sufficiently great so that the function P Vn KJ vanishes 
on a neighborhood of the set A x , and is of class C (r> on A. 

In case I of Section 4 we find that the K„ satisfy (4:2) so that 

(5:1) lim || P q K n f -/|| =0, 

q. n 

(5:2) i\m\\P, n K n f-f\\ = 0. 

n 

In case III, where the function / is supposed to be absolutely continuous in 
the sense of Tonelli, we consider first the case when / ^ 0. Then each partial 
derivative vanishes wherever it exists on the set where / vanishes. Thus 
Knxi = fx { almost everywhere on the set where / = 0 and almost everywhere on 
the set where / > l/n, and [ K nXi | g \f Xi |, lim n K nXi = f Xl almost everywhere. 
Since each function absolutely continuous in the sense of Tonelli is representable 
in a standard way as the difference of two non-negative functions having the 
same property, we find 

lim f | K nXi (x;f) - f Xi (x) | dx = 0, 

n •Mo 

so that (4:2) holds in this case also. Consequently we obtain (5:1) and (5:2) 
for this case, by the results of Section 4. 

When the function / satisfies a Lipschitz condition, the transformed functions 
Knf obviously satisfy the same Lipschitz condition, and hence by the last para- 
graph of Section 4 the functions PqKnf satisfy a uniform Lipschitz condition. 
The results of this section show that the following theorem is valid. 
Theorem 5. Let f(x) be continuous on a bounded closed set .4o , and vanish 
on a set Aid *4o . Then there exists a sequence of functions <p„( *), eac h of class C <r) 
on the whole space and vanishing on a neighborhood of the set Ai , such that 
lim n ^n(x) = f(x) uniformly on Aq . In case the set Aa is an interval and the 


* Cf. Reid [12], p. 859. 
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function f is absolutely continuous in the sense of Tonelli , the sequence (^*) may 
be required, to satisfy also the condition that 

lim / | fast — f» x | dx * 0. 

n 

> 

When the function f satisfies a Lipschitz condition on the set Aq , the functions <p H 
may be required to satisfy also a uniform Lipschitz condition on Aq . 

Note that the last statement is valid when the set A 0 is an arbitrary bounded 
set, since a Lipschitz function may have its domain of definition extended over 
the whole of space without losing that property. 

The University op Chicago. 


REFERENCES 

(1) Landau, Ober die approximation einer stetigen funktion durch sine game rationale 

funktien, Rendjconti del Circolo Matematico di Palermo, vol. 25 (1908), pp. 
337-345. 

(2) la Valine Poussin, Cours d’ Analyse, 2nd Ed., Tome 2 (1912), pp. 126-37. 

(3) Tonelli, Sulla rappresentazione analitica dellefunzioni di pin variabili reali , Rendicontl 

del Circolo Matematico di Palermo, Vol. 29 (1910), pp. 1-36. 

(4) Tonelli, Sopra alcuni polinomi approssimativi , Annali di Matematica (III), vol. 25 

(1916), pp. 275-316. 

(5) Cinquini, SulV appros&imaz tone delle funztom di due variabili , Annali dt Matematica, 

(IV) vol. 11 (1933), pp. 295-323. 

(6) Cinquini, Su una propriety dei polinomi di Stielljes , Rendiconti del Circolo Mate- 

matico di Palermo, vol. 58 (1934), pp. 57-72. 

( 7 ) Cinquini, Sul problema delV approssimazione delle funztom , Annah della R. Scuola 

>e , . Normale Superiore, Pisa, (II) vol. 4 (1935), pp. 85 -103. 

(8) Hobson, The theory of functions of real variables , 2nd Edition, (vol. I, 1921; vol. II. 

1926). 

(9) Saks, Theory of the Integral (1937). 

(10) McShane, Extension of range of functions , Bulletin of the American Mathematical 

Society, vol. 40 (1934), pp. 837-842. 

(11) Whitney, Analytic extensions of differentiable functions defined m closed sets, Trans- 

actions of the American Mathematical Society, vol. 36 (1934), pp. 63-89. 

(12) Reid, The Jacobi condition for the double integral problem of the calculus of variations , 

Duke Mathematical Journal, vol. 5 (1939), pp. 856-870 



AmrALS of Mathxmatics 
VoL 43, No. 1, January, 1941 


TAUBERIAN CONDITIONS 1 

By Ralph Palmer Agnew 
(Received March 30, 1940) 

1. Introduction. It is the object of this paper to introduce several new 
Tauberian classes and to discuss their relations to each other and to various 
Tauberian classes which have been previously considered. 

As the title indicates, our interest lies in Tauberian conditions themselves 
rather than in Tauberian theorems involving them. In order that our discus- 
sion of Tauberian theorems may be as free as possible from complications which 
would draw attention from the Tauberian conditions, we consider in this paper 
only Tauberian theorems for the C\ ((Vs&ro of order 1, or arithmetic mean) 
method of summability. That the fundamental Fourier transform method of 
Wiener 2 can be applied to give general Tauberian theorems for the classes 
T, T* f Tp , and T' which we shall define is shown by a paper of H. R. Pitt to 
which we refer in §10. It is probable? that the methods of Wiener and Pitt 
apply also to the more general classes Tg of §11. Each of the classic C\ Tau- 
berian theorems to which we refer in §2 is a corollary of Theorem 9.1. 

2. Classic Tauberian theorems. Let ui + ii* + • • • be a series (convergent 
or divergent) of complex terms, and let 

n ^ | n 

Sn = ^ ^ U/c , (T n ~ ^ ^ Sic 71 = 1 , 2 , • • • 

*- 1 n *-l 

be respectively the sequence of partial sums and the C i transform of ^2 Un • 
An elementary Abelian theorem states that if s n —* s , then <r n — ► s; in other words, 
that Ci is a regular method of summability. That a n <r does not imply s n — ► <r 
is illustrated by the series ( — l)” +l f° r which <r n — + §. If, however, <r n — * a 
and the terms of u n satisfy certain auxiliary Tauberian conditions, then s n — > 
<r. The following, in which T denotes a class of series, is a typical Tauberian; 
theorem. 

2.1 If <r n —+ <r and ^u n € T, then s n — * <r. 

The essential part of the conclusion is that s n converges; for if it is known 
that s n converges, then regularity of Ci implies that s n — > <r . 

If f is the class T c of convergent series, then 2.1 is true but trivial since the 
class T is too small to make 2.1 significant. If T is the union of the class T c 
and the class T D of all divergent (non-con vergent) series not summable Ci , 
then again 2.1 is obviously true; but again the theorem is trivial since the defini- 


1 Presented to the American Mathematical Society, February 24, 1940. 

1 N. Wiener, Tauberian Theorems, Annals of Math., vol. 33 (1932), pp. 1-100. 
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tion of f requires that one know whether s n converges before one can decide 
whether u n satisfies the hypothesis of 2.1. If 2.1 is to be useful, there must 
naturally be some series for which it is easier to determine that u n c f than 
it is to determine whether ^ u n converges. For application to a given series 
T Un belonging to some Tauberian class T , the best theorems are those involving 
i for which it is easiest to show that ^ w n c These considerations indicate 
that there probably is no single “best” Tauberian class which will eventually 
supplant all others. 

A simple Tauberian theorem states that if <r n — > a and u * satisfies the 
condition nu n — ► 0 of Tauber 3 then s n — > a . A more general Tauberian theorem 
asserts that if a n — » a and u n satisfies the condition n | n n | < K of Hardy 4 
then $ n — > <r. A unilateral Tauberian theorem states that if <r n — > a and Yh u * 
is a real series satisfying the condition nu n < K (or the condition nu n > —K) 
of Landau 6 then $ n — > <r. The last theorem was extended by Lukacs 8 to cover 
complex series, by the next theorem in which *S' denotes the set of points in 
the complex plane which lie in a sector with vertical angle less than t. If 
<r n —* <r and nu H « S', then s n — > <r. The conditions nu H 0 y n\ u n \ < K, 
nu n < K , and nu„ e S' (as well as some conditions of Schmidt which we discuss 
in §7) are known as order conditions . The Tauberian condition of the next 
theorem is known as a gay condition . 7 If <j n — > a and u n = 0 when n j* n x , 
W 2 , • • • , where ni < n 2 < • • • is a sequence of indices for which lim 
infp^gonp+i/wp > 1, then s n — > <r. “Gap Tauberian theorems” such as the 
above have been called 8 remarkable since there is no order condition on the 
terms u n . 


* A. Tauber. Ein Satz aus der Theorie der unendlichen Reihen, Monatshefte ftir Mathe- 
matik und Physik, vol. 8 (1897), pp. 273-277. 

4 G..H. Hardy, Theorems relating to the summability and convergence of slowly 
oscillating series, Proceedings of the London Mathematical Society, Series 2, vol. 8 (1909), 
pp, 301-320. 

8 E. Landau, tlber die Bedeutung einiger neuerer Grenzwertsatze der Herren Hardy 
und Axer, Prace Matematyczno-Fizyczne, vol. 21 (1910), pp. 97-177. See also E. Landau, 
Darstellung und Begrundung einiger neuerer Ergebnisse der Funktionentheorie, 2nd Edi- 
tion, Berlin, 1929. 

8 F. Lukacs, Bemerkung zu einem Konvergenzsatze des Herrn Landau, Arch. d. Math, 
u. Phys. (3) 23 (1915), pp. 367-378. For further results and references, see L. S. Bosqnquet 
and M. L. Cartwright, Mathematische Zeitschrift, vol. 37 (1933), pp. 416-423; and N. 
Wiener, ibid., vol. 36 (1933), pp. 787-789. 

7 See Hardy and Littlewood, A further note on the converse of Abel’s theorem, Pro- 
ceedings of the London Mathematical Society, Series 2, vol. 25 (1926), pp. 219-236. This 
fundamental paper removes order conditions from the hypotheses of Tauberian theorems 
due to Landau (1907) and Littlewood (1910). For a recent and brief proof and discussion 
of gap theorems, see A. E. Ingham, On the high-indices theorem of Hardy and Littlewood, 
Quarterly Journal of Math., Oxford Series, vol. 8 (1937), pp. 1-7. 

8 For a recent example, see N. Levinson, General Gap Tauberian Theorems I, Proceed- 
ings of the London Mathematical Society, Series 2, vol. 44 (1938), pp. 289-306, p. 289. 
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3. The class T. Let K be a positive constant, and let 0 be an angle for 
which 0 < 0 < k/2. Corresponding to each real angle \p, let S(\p) m S(K, 0, ip) 
denote the “sector with vertical angle < *■” consisting of all points z of the 
complex plane representable in the form 

z = - Ke * + pe .' ( * + *' 

where p 0 and — 0 ;£ <p ^ 0. The sector S(ip) has its vertex at the point 
—Ke'*) the angle at the vertex of the sector is 20 ; the half-line bisecting the 
sector passes through the origin and makes an angle \p with the positive real 
axis; and each sector S(\p) may be obtained by rotating the particular sector 
<S(0) about the origin. The sectors S(ip) are special sectors in that the bisectors 
pass through the origin; however if »S' is any sector with vertical angle < t, 
then it is easy to determine K, 0, and ip so that S' is a subset of S(K, 0, ip). 

Definition 3.1. A series will he said to belong to class T if K, 0, X, 

and ipi , ipt , ip» , • • • exist such that K > 0, 0 < 0 < ir/2, X > 1, and, for each 
sufficiently great index k, 

(3.11) nu n t S(ip k ) = S(K, 0,4/k) k g n < \k. 

The Tauberian condition nu n t S' of §2 implies that there is a fixed sector 
S' which contains all elements of the sequence nu„ ; hence the condition nu n « S' 
may be termed a fixed-sector condition. On the other hand the Tauberian 
condition £ u n « T allows diffierent sectors S to contain different aggregates of 
consecutive elements of the sequence nu n ; hence the condition ^ u„ t T may 
be termed a variable-sector condition. 

A real series satisfies the fixed-sector condition nu n t S' if and only if 

it satisfies at least one of the two unilateral conditions nu n < K and nu„ > — K. 
The condition ^u n tT does not imply either of these unilateral conditions. 
In fact it is easy to show that a real series ^ u„ is in class T if and only if K > 0 
and X > 1 exist such that for each sufficiently great k. say k > k 0 , either 

(3.12) nu„ < K k £ n < hk 

or 

(3.13) nu n > —K k £ n <\k. 

The essential point here is that (3.12) may hold for a certain set of values of 
k > ko while (3.13) holds for the remaining values of k > k 0 . 

4. Some special series in class T. The next two theorems show that if 
u B satisfies one of the Tauberian conditions of §2, then ^u n tT. 

Theorem 4.1. If nu n t S', where S' is some sector of the complex plane with 
vertical angle < r, then 2 **» « T. 

This is obvious since we can choose a sector S(K, 0, 4>) such that S' C S(K, 
0, ^) and then take ^ = ip for each k — 1 , 2, • • • to show that ^ u n t T. It 
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follows that if 2 M » satisfies one of the other order conditions of §2, then 

£ u» « T. 

Theorem 4.2. If < u* < ■ ■ ■ is a gap sequence such that 

lim inf n p+] /n p > 1, 

P-+QO 

and u n = 0 when n 9* n x , n% , • • ■ , then 22 u n c T. 

Choose X > 1 such that lim inf n^\fn v > X, and then choose an index P 
such that 

n p +i > \n p p ^ P. 

For each k ^ n p there is at most one index n in the interval k ^ n < \k for 
which u n 7* 0. We can assume that u n 5* 0 for an infinite set of n for other- 
wise certainly 22 u n € T . For each k = 1,2, .. let yj/ k be the amplitude <p n 
of u n = Pn exp itp n where p„ > 0 , — tt < tp n g 7r, and n is the least index such 
that n ^ k and u n 5^ 0. Then, however K > 0 and 0 < 6 < w/2 are deter- 
mined, the relation 

nu n c S{K, 0 , k S < XA 

holds when & ^ and accordingly 22 € ^ • The series satisfying the hy- 

pothesis of Theorem 4.2 are gap series with no condition whatever on u n when 
n has one of the values n\ , n* , a 3 , • • . 

It is possible to generalize Theorem 4.2 in various ways; for example, the 
following theorem is an immediate consequence of Theorems 4.2 and 6.1. 
Theorem 4.3. // n\ < ni < • • is a gap sequence as in Theorem 4.2 and 

n | u n | < K n j* n\, n* , • • • 

then 22 Un « T . 

Each series 22 u n satisfying the hypothesis of Theorem 4.3 is representable 
in the form 22 ( u * + v *) where each one of the series 22 and 22 satisfies 
a classic Tauberian condition of §2. That T contains important classes of 
series not so representable is illustrated by the fact that T contains each ordinary 
Dirichlet series with non-negative coefficients. 

Theorem 4.4. If a n ^ 0 then 22 ^n~ z t T for each complex z. 

Setting u n = a n 7i~ z and z = x + iy where x and y are real, we find that nu n = 
An exp i*pn where A n = wa*n“ x ^ 0 and <p M = — y log n. If 0 < 0 < w/2 , and 
X > 1 is chosen such that | y | log X < 0, then 

j <pn — <Pk I ^ | y | log X < 0 k £ n < \k 

and it follows that 22 u * € ^ • bi ca8( ' th ( ' argument z in the Dirichlet series 
22 a n n ~* is pure imaginary say z = iy , the hypothesis a n ^ 0 can be relaxed 
(see Theorem 6.2) to give 

Theorem 4.5. If 22 6 22 € 'for each real y . 

In particular, if a„ is real and a n < K (or a n > —if), then 22 for 

each 2 on the line fkz = 1. 
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It would be possible to mention other interesting subclasses of T; we have 
merely given enough to indicate that Tauberian theorems which are proved 
for the class T have diverse applications. 

6. Characterizations of T. The following two quite trivial theorems give 
characterizations of T which are useful in proofs of Tauberian theorems in- 
volving T. 

Theorem 5.1. In order that 52 u n * T y it in necessary and sufficient that 
K > 0, 0 < 6 < 7r/2, a < l < 0, and. fa , fa , • • • exist such that for each suffi- 
ciently great index k 

(5.11) nu n e S(\[/ k ) m S(K, 0, ypk) ak < n < 0k. 

Sufficiency is obvious. To prove necessity, let 52 u n c T and choose K > 0, 
0 < 6 < tt/2, X > 1, and fa , fa , • • • such that for each sufficiently great k 

(5.12) nu n € S(K, 0, ^*) k ^ n < \k. 

If in (5.12) w r c replace k by k ' = [fcX“ 1/2 ] and choose a and 0 such that 

(5.13) X~ 1/2 < a < l < 0 < \ m 
we find that, for k sufficiently great, 

(5.14) nu n t aS (K, 0 , ^v) ak < n < 0k. 

Thus (5.11) holds when is ^ and the theorem is proved. 

Theorem 5.2. In order that 52 u n e T , it is necessary and sufficient thai 
K > 0, 0 < 0 < 7r/2, u < 1 , and ypi , fa , * exist such that for each sufficiently 
great index k 

(5.21) nu n e S(fa) = S(K, 0 , fa) uk < n £ k. 

Necessity is implied by Theorem 5.1. Proof that (5.21) implies (5.11), and 
hence 52 * 7\ differs very little from our proof that (5.12) implies (5.11). 

6. Properties of T. The definition 3.1 of T obviously implies that if 52 u n c T 
and u n — u n for all sufficiently great n, then 52 u n c T. In particular if u\ + 
U 2 + uz + • • • € T, then (u x — A) + ih + w* + • • • e T for each complex 
number A . 

It is easy to show that if 52 SR .u n c T and 52 & Un € t * len 52 € T\ that is, 

that 52 u n belongs to class T if the series of real parts and the series of pure 
imaginary parts belong to the class. However simple examples show that 
] $2u n eT implies neither 52 « T nor Y) Au n t T. The class T is not linear. 

For example, if u n = ( — l) n + 1 and u n = ( — l) n — J, then 52 u n e T and 
52 w» * T; but 52 04 + w'n) e !T fails. 

Theorem 6.1. If 52 6 ^ and n | v n | < Ki , then 52 (wn + v n ) e T. 
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Choose K > 0, 0 < 0 < r/2, X > 1, and fa, fa , • • • , and an index such 
that when k > ko 

(6.11) nu n t S(K, 6, fa) k £ n < \k. 

Elementary computation shows that 

(6.12) n(u„ + v n ) « S(K + K\ esc 6, 6, fa) k £ n < X&, 

and hence that £ («» + v n ) « T . 

Theorem 6.2. //£«„« J 1 and fa , fa , • • • is a real sequence such that 

(6.21) lim lim sup max | fa — fa | =0 

X-*l+ it —♦oo *£n<Xfc 

then 2 u » ex P « 2\ 

Obtaining (6.11) as above, we have, when k > ko and k £ n < \k 

(6.22) nu n = -Re*** + Pn e^ k ^ ] 

where p» ^ 0 and | tp n | ^ 0 < t/ 2. Choose 0' > 0 such that 0" m 0 + 0' < ir/2. 
Let X be decreased and let ko be increased if necessary so that, when k > ko 

and k £ n < \k, (6.22) holds and also \P n — Pk\ < O'. If we set ^ = fa + Pk 

and <p' n = <p n + Pn — Pk (our notation does not take into account the fact that 
<p n as well as p n and <p n depend on k) we obtain 

(6.23) nu n e*" = + p n e <( ^ ) 

where p ft ^ 0 and j ip' n | g | <p n | + | p n — p k | S 0". It can be shown that 

nu n exp ip n e S(K esc 0", 0", ^*) when k > k 0 and k ^ n < \k and Theorem 

6.2 is proved. 

Theorem 6.3. If u n * 2 7 and ai , a * , • •• is a bounded sequence of real 
non-negative constants , JAen X) ana* e T. 

Obtaining (6.22) as above, we find that 

na n u n = — Ka n e i * n + a nPn e i( ^'\ 

If JC' is the least upper bound of the non-negative numbers Ka n , then 
m n u n K'e'* n + 

where p' n ^ 0 and — 0 jg <p' n ^ 6; hence 2 a n u„ t T. 

Theorem 6.3 can be used to show that if £ w. « T, then each series obtained 
by adjoining or removing a finite set of terms at the beginning of the series is 
also in class T; if q is a positive integer and one of the two series 

U\ + Ui + u t + • • • 

«» + u 9+l + w«+» + • • • 

is in class T, so also is the other 
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7. The class T*. The developments of this section are largely extensions 
of the ideas of “langsam oszillierend” and “langsam abfallende” sequences 
introduced by Schmidt.® 

It is well known that if E u„ satisfies the Tauberian condition n | «„ | < K 
then the simple estimate, 

|«t ~ «,| £ E |«»| S K E n~ l 

*-*P+l n-p+1 

^ K (log q — log p + Ok) ^ K log (P/a) + o k , 

in which ak < p < q < fik and o* — » 0 as A: — * <» , shows that the partial sums 
8# of E M » satisfy the Tauberian condition 

(7.01) lim lim sup maximum 1 8, — s p | =0. 

<*“•1— * 0“*1+ fe-* oo a*<p<g<0* 

Since 

maximum | s„ — s* | ^ maximum | s v — s p \ 

k£n<fik ak<p<q<fik 

when a < 1 < 0, the condition (7.01) implies that 
(7.011) lim lim sup maximum | s„ — s* | =0; 

k ~*00 *<£n<X* 

and it is easy to show that (7.011) implies (7.01). 

It is likewise well known that if E is a real series satisfying the unilateral 
condition nu n > — K , then a similar computation shows that 

(7.02) lim lim inf minimum (s, — s p ) ^ 0. 

a-*l— , /3— ♦ 1-f- fc-*oo ak<p<q<(ik 

If (7.02) holds, then obviously 

(7.021) lim lim inf minimum (s„ — s t ) ^ 0. 

X-*l+ fc-*oo *^n<Xfc 

If (7.021) holds, then corresponding to each e > 0 there exists Ao > 1 such that 
when 1 < A < Ao there exists k> — k 0 (\) such that (s n — s*) > — « when k > k* 
and k g » < A*. If 1 < A < A 0 and A -l/2 < a < 1 < 0 < \ in and ak < 
p £ r £ q < (Jk then, for k sufficiently great, ( s , — s p ) > — e and (s, — « r ) > 
— e so that (8 e — s p ) > — 2 e; and hence we can obtain (7.02). Thus the Tau- 
berian conditions (7.02) and (7.021) are equivalent. Schmidt (loc. cit., p. 136) 
has called a real series “langsam abfallend” when its partial sums s n have the 
following property: If q = q(p) is a sequence of indices such that q p for each 
p = 1, 2, • • • and q/p — ► 1 as p — *■ « , then lim infp_„(« s — s p ) ^ 0. Using 
this definition, it is easy to show that the class of “langsam abfallend” series is 
identical with the class of series satisfying (7.021), and hence also identical 
with the class of series satisfying (7.02). 

' Robert Schmidt, tlber divergente Folgen und lineare Mittelbildungen, Mathematiaehe 
Zeitschrift, vol. 22 (1925), pp. 89-152; p. 132 and p. 136. 
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In a similar manner, it can be shown that if a real series E u n satisfies the 
Tauberian condition nu H < K, then E w» satisfies the equivalent Tauberian 
conditions 

(7.03) lim lim sup maximum (s e — s p ) ^ 0. 

<*-♦ 1— , 0-*W- fc-*oo ak<p<q<(lk 

and 

(7.031) lim lim sup maximum ($„ — s*) ^ 0. 

X-.1+ k—oo k£, n<X* 

That (7.02) and (7.03) are essentially different conditions is evidenced by the 
fact that the sequence s» = n satisfies (7.02) but not (7.03), and the sequence 
$ n — —n satisfies (7.03) but not (7.02). 

Numerous Tauberian theorems involving series satisfying such conditions 
as (7.01) • • • (7.031) can be found in a paper of Szasz, 10 a monograph of Kara- 
mata, 11 and references given by these authors. A double series analogue of 
(7.02) has been used by Knopp 12 to obtain Tauberian theorems for double 
series. 

We proceed to show that if E M » 6 T, then the partial sums of E M » satisfy 
a condition more general than (7.01), (7.02), and (7.03). Let E w « « T. Then 
K > 0, 0 < 6 < t/ 2, «o < 1 < do , and — fa , —fa , • • • exist such that for 
each sufficiently great k 

(7:04) nu n = -Re 4 * + Pn e il ~* k+ ^ a 0 k < n < M 

where p« ^ 0 and | <^„ j ^ 8. If a 0 < a < 1 < d < do , then for each real S k 
(7.05) nu n c il * k+,k) « -Ke i>k + Pn e Hfn + lk) 

when ak < n < fik. Let 


(7.06) 


A = t/2 - e. 


If | & k |. I A, then (7.05) and the inequalities p„ ^ 0 and | y>„ + 6* | S 0 + 
A =. t/2 imply that 

(7.07) " ' £Rnw„e' ( *‘ +4 * ) ^ —K ak < n < fik. 

Hence, when | 5* | | A and ak < p < q < 0k, 


(7,08) 


&(«, - s p )e n * k+,k) - E &u n e H * k+>kl ^ —K E - 

»— P+1 »—p+l U 


^ -Klog (/8/a) + Ok 

. ,** 0 * Szasz § .Converse theorems of summability for Diriehlet's series, Trans. American 
Math. Soc., 39 (1936), pp. 117-130. 

11 J. Karamata, Sur les theoremes inverses des procedes de sommabilite, Hermann and 
Cie, Paris (1937), 47 pp. 

1# K. Knopp, Limitierungs — Umfeehrs&tze flir Doppelfolgen, Math. Zeit., vol. 46 (1939), 
pp. 673-689. 
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where o* denotes a quantity which, when a and 3 are fixed, converges to 0 
as k — * oo. 

Setting 

(7.09) Fi(a, 3, k, 5* , = mimimum dL (s„ — s p ) e' ( * k+,l ‘ ) 

ak<p<q<0k 

we see that when | | g A 

(7.10) F i(a, 3, &, 6k , 4'h) £ — K log (3/ a) + o* . 

Setting 

(7.11) Ft(a, 3, fc) = max min Fi(a, 3, k, 6 k , ^*) 

|8fc| A 

we see that 

(7.12) . F t (a, 3, *) fc -K log (3/a) + o* ; 
hence 

(7.13) lim inf F t (a, 3, fc) ^ — K log (3/a) 

0 

and finally, since the left member of (7.13) is monotone increasing as a — > 1 — , 

3 — ► 1+, 

(7.14) lim lim inf F t (a, 3, k) ^ 0. 

a—*l— , 0— *l-r- fc-*oo 

Definition 7.2. Let T* denote the class of series ^ u n whose partial sums 
satisfy the condition : a constant A such that n 0 < A < tt/2 and 


(7.21) 


lim lim inf maximum 

a— *1 — ,0— *l-f- k-* oo — Q o<^4<°o 

minimum minimum ^ 0. 

|5*l^A ak<p<q<0k 


Since (7.21) is merely the result of substituting for h\(a, 0, k) in (7.14), and 
we have shown that (7.14) is implied by the hypothesis that u n e T, we have 
proved 

Theorem 7.3. If ^ * 7\ then ^ w n e 7'*. 

The condition (7.21) would be unchanged in meaning if the subscript k were 
removed from \pk and 8 k ; we retain the subscript because it serves to emphasize 
the meaning of (7.21). It is the “variable sector” feature of the class T which 
accounts for the presence of the V s in (7.21), and it is the presence of the ^'s in 
(7.21) which gives the class T its generality. It should of course be observed 
that, in the parade of limits and extrema in (7.12), the operation of taking 
the maximum over — oo < \p k < oo is the only one which strives to make the 
inequality sign in (7.12) run the right way. The condition that u n c T* 
(as well as the condition T) may be stated roughly as follows: in the 


11 The left member of (7.21) is a monotone increasing function of A; hence if (7.21) holds 
for some A > 0, we can suppose 0 < A < *y 2. 
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infinite succession of “jumps” in the complex plane from «i to St to s$ to • • • , 
jumps which are advanced in the sequence and too close together must not 
be both too large and in directions too nearly opposite. 


8. Properties of T*. It is easy to show that if J2 satisfies one of the con- 
ditions (7.01), (7.02), and (7.03), then 7 T *. That T* includes series 

for which (7.01), (7.02), and (7.03) all fail is illustrated by large classes 
of series and in particular by many real gap series. That 7 T * contains series 
not in T is illustrated by the fact that T* contains each convergent series while 
T does not. For example, if s n = (—1 ) n /(n + 1) 1/2 , then u n is not in the 
class T . It is apparent from (7.21) that if U\ + it* + • • is a series in T* f then 
(ui — A) + U2 + • • • is a series in T* for each complex constant A. 

It is possible to characterize T* by conditions similar to but different from 

(7.21) . If we replace by + * in (7.21) and remove the factor e tr = —1, 

we see that £ u n e T* if and only if A > 0 exists such that 

lim lim sup minimum 

a— ♦ 1— i 0— ♦ 1-f- k-*ao -° 0 <**<oo 

(8.0D 

maximum maximum 9i(s q — 8 p )e n g 0. 

ak<p<q<0k 

It thus appears that, while (7.02) and (7.03) are essentially different conditions, 

(7.21) and (8.01) differ only in appearance. 

Theorem 8.1. In order that ^u n e T *, it is necessary and sufficient that 
A > 0 exist such that 


( 8 . 11 ) 


lim lim inf maximum 

X— *14" k-*ao — «<**<« 

minimum minimum 9t(s„ — sj b )e 1< ^* +a * ) ^ 0. 

|**|<A k£n<\k 


Necessity is a consequence of the fact that if a < 1 < p = X, and /£„,* is a 
real double sequence, then 

(8.12) minimum R n ,k ^ minimum R p , q . 

*£n<\fc ak<p<q<fik 

To prove sufficiency, suppose (7.21) fails. Then, when A > 0, a constant 
H = H( A) > 0 exists such that the left member of (7.21) is less than —H. 
Hence oo < 1 < 0o exist such that, when a and 0 are fixed numbers satisfying 
the inequality «#<«<1 < /3 < 0o , the inequality 

(8.13) maximum minimum minimum 9C(s t — s p )e i( ' l ' t+,t> < —H 

ak<p<q<fik 

holds for an infinite set of values of the index k, say ki < k* < • • • . When k 
has a fixed one of the values ki , k » , • • • there exist indices p* and g* such that 

(8.14) ak < Pk < g* < Pk 
and 

(8.15) maximum minimum £R(* W — 8, 4 )e <( * +1) < —H. 

-«<*<• |I|<A 
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Since (8.14) implies that pk ^ qie < Xp* where X = fi/a > 1, we can show that 
(8.15) contradicts (8.11) and Theorem 8.1 is proved. 

The condition (8.11) is more convenient than (7.21) when one wishes to show 
that 53 u n € T*; but the condition (7.21) which we have featured in the defini- 
tion of T* is more convenient than (8.11) when the condition 53 u * € T* is used 
as a part of the hypothesis of a Tauberian theorem. 

Our definition and discussion of T* naturally applies to series 5 ^ whose 
terms are real. Since much of the existing Tauberian theory applies only to 
series with real terms (though in many cases there is an immediate application 
to scries of complex terms of which the real and imaginary parts separately 
satisfy the Tauberian conditions involved) it may be of interest to see that 
the condition (7.21) can be thrown into a form somewhat simpler when 53 u * 
is real. Using the definition 7.2 of 7 T *, we can prove 

Theorem 8.2. If the terms of 53 u n are real, then 53 11 n * T* if and only if 

(8.21) lim lim sup max minimum ( — l) Jk (s q — s p ) ^ 0. 

a~*l— , 0-* 1+ k -* oo 74 — 1,2 afc<p<g</94 

It can also be shown that (8.21) may be replaced in Theorem 8.2 by the 
condition 

(8.22) lim lim sup max minimum ( — l) J %s n — s k ) ^ 0. 

X— *1+ fc— -*» 7 4—1,2 k^n<\k 

When the conditions (8.21) and (8.22) are made more restrictive by removal of 
the expressions involving j, they reduce' to the characterizations (7.02) and 

(7.021) of the “langsam abfallend” series of Schmidt. 

9. Tauberian theorems for C i summability. We now prove the two follow- 
ing theorems of which the first is a Tauberian convergence theorem and the 
second is a Tauberian oscillation theorem. 

Theorem 9.1. If <r n — ► a and 53 u * € T*, then s n — > a. 

Theorem 9.2. If 0 < A < t/ 2, € > 0, 0 < a < 1 < 0 < oo , > 0, and 

fa, fa , • • • are such that when k > ko , 

(9.21) minimum &(s Q — s p )e' { * k ' Hk) ^ — € \8 k \ g A, 

ak<p<q<0k 

then for each complex number A , 

(9.22) lim sup | s n — A | g [c + C lim sup | a n — A |] cosec A 

n—*oo n ”"*oo 

where C is the greater of the numbers (1 + a)/(l — a) and (0 + 1 )/(0 — 1). 

The first theorem is obviously a corollary of the second, for if 53 € T* and 

<r n — > <r, we can set A = a and choose e as near 0 as we please. We give a 

direct proof of Theorem 9.2 which is similar to (and not essentially more difficult 
than) standard proofs of Tauberian theorems for classes smaller than T *. Let 
k ' as [aifc] and k " « [pk], Then for each sufficiently great k the identity 

(9.23) Si + Si + • • • + s* = (si + S 2 + • • • + s^) + (s*'+i + • * * + s*) 
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can be written in the form 

far* = k'ffk ■ + (k - k')8 k - (s* - sj, 

p-*'+i 

and division by k — k' gives 

(9.25) s* = Ui + VL 
where 

(9.26) VI - Vi - ^ _t, (* - O. 

If we set L = lim sup | <r n |, then 

lim sup | Ui | 5* lim sup [(A; | a k | +&' | <r k > \)/(k — &')] 

^ L lim [(k + k')(k -&')] = L(1 + ct) /{l - a) £ CL. 
Using (9.21) gives for k > k 0 and | 8 k | ^ A 
<%y' ke Wk+M 


~ F^P P 5 +l ( t} ~ *• 


Hence 

(9.27) 


lim inf 9(s*e’ < * t+,t) ^ - CL. 


Starting with the identity obtained by replacing k by k" and k’ by k in (9.23), 
a similar argument shows that 

„«**+»*> g e + CL. 


Hence 


lim sup £Rs*e’ 

*-*oo 


lim sup | £R8j t e’ l * t+ ** ) | ^ « + CL. 
*-♦00 


If we set <pk = arg s k so that s k = | s k | exp up k , this becomes 
lim sup | 8 k 1 1 cos (<pk + y^k + $*) | ^ e + CL. 


*-♦00 


As 5* ranges over the interval - 4 i Ji S i, the angle (v>* + + 5*) must 

assume a value which differs from each odd multiple of t/ 2 by at least A; hence 


lim sup | s* | cos (t/2 — A) g e + CL 
*“♦00 


and 


(9.28) lim sup | s„ | g [t + C lim sup | c n |] cosec A. 

If s n is replaced by 8„ — A, then (9.21) still holds and <r„ is replaced by «•„ — A ; 
therefore (9.28) holds when s n and <r„ are replaced by 8„ — A and <r« — A re- 
spectively, and Theorem 9.2 is proved. 
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10. The Tauberian class of Pitt. In §9 we gave what is perhaps the simplest 
“direct” proof of Ci Tauberian theorems for the class T*. A more indirect 
proof of Ci Tauberian theorems for the class T* leads naturally to the general 
Tauberian classes of Pitt 14 and to generalizations of them. 

Let ^ u n t T* and let e > 0. Then there exist 0 < a < 1 </3, a sequence 
tf'i , ft > • • • > and an index k 0 such that when k > k 0 and | 5* | g A 

$(«, — s p )e' ( * k+ik) > — t ak < p < q < f)k. 

In particular, when k > k a and | fi* | g A, 

(10.01) &(*, - s k )e i( * k+i " > -« k<p <0k 

and 

(10.02) &(«. - «,)e ,<# * > - e ak < p < k. 

Our next step is to let A denote an arbitrary complex number; to replace $ p by 

s p — A and s k by s k — A in (10.01 ) and (10.02) ; and then to set = arg(s* — A) 
(our notation does not take into account the fact that <p k depends on A) so that 
(10.01) and (10.02) become respectively 

— A)e > — € + | s k ■“ A | cos (y?A + \f/ k -f- 5*) k < p < ftk 

and 

(8 P — A)e ,( ** +6 * +r) > - e - ! .s A . -- A | cos (<p* + yj/k + &k) ak < p < k. 

As d k ranges over the interval —A g 8 k ^ A, the angle (<p k + ft + fa) must 
assume a value differing in absolute value from each odd multiple of x/2 
by at least A; if possible, choose 6 k such that | 8 k | ^ A and w* lies in the first 
or fourth quadrants, and then set 0 a = + 5 k ; otherwise choose 8 k such that 

| 8 k | ^ A and w* lies in the second or third quadrants, and then set $ k = fa + 
8 k + x. These choices of 8 k and 0 a give 

(10.03) &(8 P - A)e" k > -€ + | s k - A | cos (x/2 - A) 

for each p in at least one of the two ranges k < p < fik and ak < p < k. 

Let, for eaph p in the interval 0 < p ^ 1, T' p denote the class of series u * 
whose partial sums s n satisfy the following condition: corresponding to each 
c > 0, there exist numbers a and (3 such that a < l < 0, a sequence 0 1 , 0s , • • • , 
and an index k 0 such that when k > k 0 , the inequality 

(10.04) ttsS ,k > -e + p\s k \ 

holds for each p in at least one of the two ranges ak < p < k and k < p < 1 8k. 
The argument leading to (10.04) establishes the following theorem in which A 
is the constant involved in the definition of T*. 

14 H. R. Pitt, General Tauberian Theorems, Proc. London Math. Soc. (2) vol. 44 (1938), 
pp. 243-288. We refer to this paper as G.T.T. To compare the classes of G.T.T. with 
ours, it is necessary to associate a sequence s n with a step function s(x) defined by s(x) » 
*! + «! + ••• + 8[*\ and make an exponential change of variable. 
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Theorem 10.1. If a series u n with partial sums s n is in class T*, then for 
each constant A the series (u\ — A) + u% + • • • with partial sums s n — A is in 
the class T p for which p = cos (x/2 — A). 

It is clear that if p' < p, then TV ^ T p . Let T denote the union of the 
classes T p for 0 < p ^ 1. Then T* C T. If we modify the definition in- 
volving (10.04) by allowing p to depend on €, we obtain a class P of series which 
is identical 15 with the class of series satisfying condition T of G.T.T. pp. 
244-245. 

Definition 10.2. Let P denote the class of series u n whose partial sums s n 
satisfy the following condition : corresponding to each e > 0 there exist numbers 
p, a, and & such that p > 0 and a < 1 < 0; a real sequence B \ , 02 , • * • ; and an 
index A:o such that when k > ko the inequality 

(10.21) a**"* > -* + P |«*| 

holds for each p in at least one of the two ranges ak < p < k and k < p < /3 k. 

Obviously T' C P. Hence the relations T C T* c T' and T'„ C T' imply 
that each Tauberian oscillation theorem of G.T.T. which applies to series in P 
applies a fortiori to series in the classes T, T *, T'„ , and T'. 

11. The classes T" s and T". We now define still more general Tauberian 
classes by removing the requirement that (10.21) hold for each p in a range 
having k at one of the extremes. However we maintain (by restricting the 
sequences a n and p n ) the requirement that (10.21) shall hold for each p in a 
range which is neither too short nor too remote from k. It will be clear that 
P C T" C T” e for each E > 0. 

Definition 11.1. Corresponding to each E > 0, let T E denote the class of 
series ^u n whose partial sums s n satisfy the following condition: there exist a 
constant p > 0; sequences a k and p k such that 0 < a k < 0 k t ka k — > oo , and 

(11.11) lim sup (fiit + a*) / (fit - cue) = F < °c ; 

k -+ oo 

a real sequence 6 k ; and an index ko such that when k > ko 

(11.12) 9l Sp e ,,k > -E + P I s k I ka k £p £ kfa . 

Let T" denote the intersection of the classes T" k for E > 0. 

Theorem 11.2. If ^,u n t T'h then 

(11.21) lim sup 1 8 k | [E + F lim sup | a n |]p''' 

A -*oo n —*oo 

where s k and <r n are respectively the partial sums and. the C\ transform of , 
and the constants F and p > 0 are any set for which (11.11) and (11.12) hold . 

ls It is easy to see that, apart from the difference in scale of the independent variable, 
the definitions differ only in appearance. 
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Using the notation of the definition of T" s , let k' = [Jfca*] and k" = [Jfe/3*]. 
Then the identity 

(11.22) (fli • • • -|- 8k") ($1 8k’) — 8k ‘+ 1 + • • • + 8k" 

leads, for k sufficiently great, to 

k'c k ’)e i,k = f)t Z 8 p e i,k 

> E (-« + P |a»l) = (k" -k'H-E + p\8 k \) 

I Sk | ^ E + I k"* k " - k'<j K ' I /(*" - JfcO 

and our result follows easily by use of the crude inequality | Wav — Wav | ^ 

W | av | + W | av |. 

This proof of Theorem 11.2 is so simple and straightforward as to be almost 
trivial. Indeed it may seem that the general class Tg , at which we arrived 
after several successive generalizations of the original Tauberian class of series 
for which nu n — > 0, is one designed especially to make possible a simple and 
transparent proof. It is a significant fact that direct proofs of Ci Tauberian 
theorems for the class of series for which nu n — > 0 are simple and straight- 
forward; that such proofs for intermediate classes such as the class of series for 
which w | u n | < K or the classes T or 7’* are more devious and complicated; 
and that finally such proofs for the larger classes Tg are again simple and 
straightforward. 

Several corollaries of Theorem 11.2 are easily obtained. In the first place, 
if u * € an d is bounded, then s n must be bounded. If it is true that not 
only u n € Tg but also the series (m — A) + u* + u-a + • • • is in class 

for each A (and, by Theorem 10.1, in particular if u n t T*), then w r e can 
replace s n and <r n in (11.21) by s n - .4 and <r n — A respectively to obtain 

(11.25) lim sup | 8k — A | 5* [E + F lim sup | a n — A \]pT l . 

Jb—*ao n-*oo 

If <t„ — * a and (11.25) holds, then we can set A = a to obtain 

(11.26) lim sup 1 8 t — a | ^ E/p. 

fc— *00 

If it is also true that Z u » * 7 1 " and that E and p can be chosen such that E/p 
is arbitrarily near 0 (and in particular if Z w » * for some p > 0), then 

(11.26) implies that Z u » converges to a. 

12. Conclusion. In conclusion, we use the preceding study of Tauberian 
conditions as a basis for indication that the general problem of obtaining 
Tauberian convergence and oscillation theorems may be divided naturally into 


91 (*"**» - 


(11.23) 


so that 
(11.24) 
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four categories. Order among these categories is not significant, since each 
category is necessary for a complete theory. 

I. The first problem is that of discovery of significant classes S of series 
E u n of such a character that one may decide by inspection of the terms of 
s) u n (and preferably with no knowledge whatever concerning properties of the 
sequence s H of partial sums of E w ») whether E u n c S. 

II. The second problem is that of devising criteria to assist in showing that 

E u » € s. 

III. The third problem is that of showing that S is a subclass of a general 
class G of series for which Tauberian oscillation theorems can be proved by 
straightforward methods. To provide for Tauberian convergence theorems, it 
is also desirable to prove that if E c £, then for each complex A the series 
(tii — -A) "f" ti2 H~ W3 -f- • * • is in class G. 

IV. The fourth problem is that of establishing Tauberian theorems for the 
classes G. 

Problems of type IV are the ones which depend essentially upon the particular 
method of summability used. The attention of this paper has been centered 
almost exclusively on problems of the first three types. 

Cornell University, 

Ithaca, N. Y. 
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ON DIVERGENCE PROPERTIES OF THE LAGRANGE 
INTERPOLATION PARABOLAS 

By P. ErdOs 

(Received November 13, 1939) 

Throughout the present paper, -1 < x[ n) < x ( 2 n) < < x ( n n) < 1 denote the 

roots of the n-th Tchcbicheff polynomial T n (x), and unless otherwise stated it 
is understood that the fundamental points of the Lagrange interpolation are 
the Xi n) / It is well known that 1 2 there exists a continuous function whose 
interpolation parabolas diverge everywhere in (— 1, +1). In the present paper 

we prove that for xo = cos ~7ri, p == q == 1 (mod 2), (p h q) = 1 there exists a con- 
tinuous function /(x) such that L*/(x 0 ) — > <*> 3 . Tur&n and I 4 proved that this does 
not hold for any other point. In this direction Marcinkievicz 5 proved that if 
the fundamental points are the roots of U n (x) = T' n +i(x) then for every contin- 
uous function /(x) and every point x 0 there exists a sequence of integers ni < 
n 2 < • • • such that L n . (/(x 0 )) — * /(x 0 ) . We remark that in the case of the Fourier 
series it is well known that there always exists a subsequence of the partial 
sums converging to/(xo). This fact may be of interest because there is often an 
analogous behaviour of the Lagrange interpolation parabola and the Fourier 
series. 

First we prove some lemmas. 

Lemma 1. 


Am) 


x!" > i, 
ra 3 


form ^ n . 


Pkoof. Write 


a4 ml = cos ti n \ 


= 


2 i - 1 

— 7T , 

2m 


Then we have 


|*| m) 


- x, 


Cn) 


> W 


(m) 




<»> | 


Sill 


2n 


71 n . A 1 

— - — > — q.e.d. 
4 n 2 mn mr 


1 For the employed notations see P. Erdos and P. Turdn, Annals of Math., Vol. 38 (1937), 
p. 142-155. If there is no danger of confusion we will omit the upper index n. 

* G. Grtinwald, Annals of Math., Vol. 37 (1936), p. 908-918. 

* L n (f(x)) denotes the Lagrange interpolation parabola of f(x). 

4 This result was stated in the Annals of Math., Vol. 38 (1937), p. 155 but there was a 
misprint. 

* Acta Litt ac Scient. Szeged, Tom. 8, p. 127-130. 
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Lemma 2. Put x 0 = cos - r, p ms q m l (mod 2) ; then constants ci and c* exist 

9 

such that 

min | x 0 - x l { n> | > -, | !T«(xo) | > c*. 


Proof. 


T„(x 0 ) | = cos ^ cos ~ > c *- 


Put x, < Xo < Xy+{; then 


min | x 0 — x ( i n> I > ~ min ( sin 
-n 2nq \ 


1 . 2j + 1 \ Ci 

-'■■-rr;' 


Lemma 3. 


S' 1 i* n) (x o) | < (log n) i 


where S' indicates that the summation is extended only over the x* B) satisfying 
Proof. 

i »(«)/„ x i _ T n (x 0 ) ^ (log n) 1 

lfc Wl " ritaX* - *> < ~ 

Th 

since | T»(x 0 ) | ^ 1 and Tj,(x*) = n, which proves the Lemma. 

Without loss of generality we may assume that Xo > 0. Let Xy B) < xo < Xy+i . 
Now we prove 


Lemma 4. Suppose 0 < x* n) < xj n> 


( n 
1C ’ 2 


< k < j ) ; then 


Proof. We have 


ir<*o)i= 


\li'\xo)\>r^- k . 


T n (x 0 ) ^ CiV (1 - Xt) 

v / V — / \ ^ 


I Tn(x k )(x 0 - x*) ! rc(x 0 - x*) n(x/+i - Xk) ' 

by Lemma 2. Now x ;+ i — x* < (j + 1 — A) - < — — , which proves the 

n n 

Lemma. 

Lemma 5. 

< 2 *-l,n)-l log log n 
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Proof. By Lemma 4 we have 


Z | li n \x o) I > £" I ^ n, (xo) | > c, Z" 

where the two dashes indicate that the summation is extended only over those 
k for which (2k - 1, n) = 1 and ? < k < j. It is clear 8 that there are at least 
bjti of the xi n) between 0 and x) n) , thus 


£" > E"' — , 

3 — k 3 ~ k 

where the three dashes indicate that the summation is extended only over those 
k which satisfy (2k — 1, n) — 1 and j — k < c 7 n. 

Denote by v(n) the number of different odd prime factors of n. It is well 

Jog ji 

known that v{n) < c$ (This result is an immediate consequence of 

the prime number theorem, but can also be obtained in an elementary way.) 
The number of integers k satisfying j — x < k < j, (2& — 1, n) = 1 equals by 
the sieve of Eratosthenes 




2 r(w) 


> C9 


X 

log log n 


2 H lo * n/1 °* 1 0,tn > c,o £ for x > Vn, (p odd) 

log log n 


since it is well known that 



Cl 


log log n 


Thus 


y>/// 1 > cio 22 - > c, logw 

^ j - k log log n cn&vn r 8 log log n 


q.e.d. 


Theorem 1. There exists a continuous function f(x) such that L„(f(x 0 )) — > <» 
Proof. Write 


fix) = 


V' /n(x) 
n-»o y/\ogn' 


0 


•i.e.lz^WlS V 

n 


b2, 


denotes the number of the k ’ s in the interval j — x < k < j for which 2k — 1 is 

x , 


divisible by p. It is clear that 


DJ 


differs from - by less than 1. 
V 


• E. Landau, Vber den Verlauf der zahlentheoretischen Function. Archiv der Math* und 
Phys., Ser. 3, Vol. 5, (1903), p. 86-91. 
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/«(x) is defined as follows: 

Uxi n) ) = signum ll H) (x 0 ) for (2k - 1, n) = 1, 


i ^£* n) ± 2 s ") “ 


in the intervals ^x* n> , x* n) + and ^x* n) , x* B> - ^s), /„(x) is linear and else- 
where f»(x) = 0. 

First we show that /(x) is continuous. It suffices to show that 

V fn(x) 


— »„ Vlog n 

is uniformly convergent, i.e. that 

f*(x) < { 

»>M«) Vlog n 

If for a certain y, f„(y ) and / m (j/), m > n are both different from 0, we have for 
a certain ki and ki 


i.e. 


But by Lemma 1 


i -(**) | ^ 2 

l x *i ~ x *2 I < 2^- 


I ^ (n) — 'r (m) I N ^ 
Xfcl Xki ‘ > m* 


hence 2m a > 2 2 *, i.e. m > rc 2 for n > 3. Thus 

y < y 1 . 

»> n («) \/10g U r>r(«) V^g 2 2 


Put 


Then 


«<*> - E 4^.. «*<*> - E 4^ r - 

r-n 0 V*Og r r>» V*°g 7 


Ln(/(X o)) = L n (<f>l(x)) + + L.U(X)). 
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First we show that L„(^(i)) = 0. It will evidently suffice to show that for 
every k, <f>i(xl n) ) = 0 or that for r > n, f r (xi n) ) = 0. If for a certain 
r > n,f r (xi n) y 0 we have for a certain l 


which does not hold for by Lemma 1 for 2 2r > r 3 . 

Next we estimate L n (<pi(x)). If for a certain xl n \ f r (x ( k n) ) 5* 0 then for a 
certain l 

ixp-xn <i, 

which by Lemma 1 means that 

2 2f < n 8 or r < 2 log log n for n > no . 

Thus if for a certain x k n \ <pi(x k n) ) ^ 0 then by Lemma 2 


Ixl" ~ *o| > tJ mn r \x\* for r > «* 

Thus by Lemma 3 

L n (<pi(xo)) < Cu X) I l* n) (xo) | < c u (log n)* 
l*k~xol>0<>« n)“i 

Now by Lemma 5 


L n (fn(Xo)) 


X 


\li n \xo)\ >C 


log n 
log log n 


since for ( 2 k — 1, n) ^ 1 /„ (x 0 ) = 0. Thus finally 

L«(f(x o)) > c* _ ClJ (log «)*->«>. 

log log n 

Similarly we could prove that a continuous f(x) exists such that L n (f(xo)) 
converges to any given value. 

Theorem 2. If xo 7* cos - 7r, p = <7 = 1 (mod 2) then there exists for every 

Q 

continuous f(x) a sequence of integers ni < n# < • • such that L n .(f(x 0 )) — >/(x o)- 

Proof. First we prove that there exists a sequence if integers ni < ni < 

such that | T nh (x 0 ) | < ^ 3 . We need the following 


Lemma 6. //# 0 ^ P 25 q 555 1 (mod 2), Men Me inequality 
Q 


Xo - 


2r - 1 
2 n* 


Cl 4 


Aaa an infinite number of solutions . 
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2r — 1 

Proof. If x 0 is rational it is of the form — , thus the Lemma is trivial. 
Hence we may suppose that xo is irrational. It is well known that the equa- 


tion 


Xo - 


< f- has an infinite number of solutions. If infinitely many of 
o* 


the b’e are even the Lemma is proved, if not consider the least positive solution of 

2a d — bf = 1. 

Obviously / = 1 (mod 2) and d < b thus 

f 


Xo 


2d 


£ 1 + JL < 

“ 6* T 26d d* 


which proves the Lemma 
2r - 1 


If 


Xo 


2n* 


< we have 

n* 


r«*(x 0 ) < cos (l - -) < - 
\2 n*/ n 

Consider now a sequence of integers n\ < n? < 
CtA 

We are going to prove that L nk (f(x 0 )) -+f(x 0 ). 

w; 

For k 7 * r we have 


Ci3 
ft * 


with 


Xo - 


2 r - 1 
ft* 


I ifc(^o) ! = 


7\.*(xo) 


Cl3 

P» t (x*)(x* - Xo ) 


M*(X* - Xo) 


Thus 


hence from 


Liw* 0 )i <SZ ,— l — i = o(i), 9 


Mr 


ft / 4 ‘ Xb — Xo 


E «*) 

*-i 


• We have 


V _L_ - V' 1 — 

kt*f Xk ~ *» |**-* 0 |S(lo«B)-> I X* “ Xo I 


1 


+ E' _ 

|**“» 0 l>Oo*n)- 1 \ Xk 


< n log n + cn log n * o(n f ). 


(The dash indicates that k — r is omitted.) 
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it follows that 


lr(x o) = 1 ~ o( 1). 

Thus 

o)) ** f(Xr)lr(x o) "4” 22/(Xfc)Zfc(x o) = (/(x o) + «)[l — o(l)J + o(l) — ►/(x o), 

Mr 

which proves Theorem 2. 

On the other hand we can prove that for every x in ( — 1, +1) there exists a 
continuous /(x) such that 

£ £»(/(*<>)) 

lim = oo . 

*-» n 

The proof is very similar to that of Theorem 1. 

pRINCKTON, N. J. 
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ADDITIVE SET FUNCTIONS AND VECTOR LATTICES 

By S. Bochneb and R. S. Phillips 
(Received March 29, 1940) 

This paper arose out of an attempt to extend known results in the theory of 
countably additive set functions to the finitely additive case. The basic tool 
used in this investigation has been the vector lattice. We have found this 
approach helpful to the understanding of both additive set functions and vector 
lattices. 

An important link between point functions and additive set functions is the 
theorem of Lebesgue that every set function which is absolutely continuous is 
the integral of a point function. Radon and Nikodym extended the theorem 
from ordinary Lebesgue measure to countably additive measure on general sets. 
If the measure is bounded this theorem states that in the Banach space of all 
absolutely continuous functions, step-functions are dense in the norm. It was 
shown recently by one of the authors (2) that the latter theorem remains valid 
for finitely additive Jordan measure in general; however in the course of the 
proof the more general case was reduced to the previous theorem of Lebesgue- 
Nikodym. In section II of the present note a new proof will be given. It will 
not presuppose any essential facts from the Lebesgue theory proper, being based 
on simple but important facts from the theory of vector lattices. These pre- 
requisites are assembled in section I. 

In section III we discuss some analogies between vector lattices and set func- 
tions; here again the approach rather than the result is new. The positive ele- 
ments are shown to be additive set functions on the Boolean algebra of normal 
subspaces. As a consequence finitely additive set functions become completely 
additive on this algebra. It is significant to observe that this extension of the 
original algebra can also be expressed in terms of the stochastic distance. We 
further show that a vector lattice may be embedded in a second vector lattice 
having the same Boolean algebra of normal subspaces and possessing a unit 
element. Finally we consider briefly the question of a generalized base. 

I. Projections in Vector Lattices 

A space L will satisfy the following five postulates: 

I: L is a linear space with real scalars, and a relation x > 0 is defined on /,. 
II: If x > 0 and y > 0, then x + y > 0. 

Ill: If x > 0 and a is a scalar, then a > 0 implies ax > 0 and conversely. 
IV: Relative to the given order relation (x > y means x — y > 0), L is a 
lattice. 

We will write: x v y for sup (x, y ), x a y for inf (x, y); x + for x v 0, x~ for 
— x v 0, and | x ] for x+ + x~; the least upper bound (if it exists) of a set E will be 
denoted by V*x and the greatest lower bound by A*x. 
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V: If a set E is bounded above (below) then Vjsx(A*x) exists. 

Proof of the following theorems can be found in a paper by Freudenthal (3) : 
x = x* — x ; | x | = iv —x = x f v x ~ ; x — » a + x and x — > ax (a > 0) are 
lattice automorphisms; x — > — x is a lattice anti-automorphism; xy y + x Ay = 
x + y; x v (y a z) = (x v y) a (x v z); x a (y v z) = (x Ay) v (x az); a > 0 
implies cN B x = V*c*x, M K ,yXyy = \l R xv\l P y, \J K , P XAy = V b xa\I P y, V BtF (x + y) = 
V*x + V*i/ (if the least upper bounds on the right side exist); and dual state- 
ments for the greatest lower bounds. 

x will be said to be disjoint from y if | x | a | y | =0. Given a subset F of L } 
Y' will be the set of all x e L disjoint from every y e V. Iterating the process, 
we define F" to be (F')' and similarly for Y etc. 

As F" contains all elements of L disjoint from every element of F', Y n 3 Y . 
If Y 3 Z, then F' C Z' . In particular Y f " C Y f . It follows that Y' = F'" = 
F r = ... and F" = F" = F v ' = • • • . The sets F and F' have at most the 
null vector in common. 

A subset E of L which contains along with x an element v such that 2\x \ ^ v 
will be called a Z)-,sr/. 

A subspace of L satisfying postulates 1, II, III, IV, and V for sets bounded 
above (below) in L is called normal 1 if it contains with x all y such that 
0 ^ | y | S | x |. By a direct decomposition of L is meant a choice of disjoint 
complementary normal subspaces— that is, of normal subspaces and T such 
that S A T — 0 (null vector) and L is the direct sum of S and T. 

If x 0 and if Y is a D-set, then we define 

x y = V W€K x a y 

to be the projection of x on F. This is a fundamental notion for this paper. 
If F is a normal subspace, then x Y belongs to F as it is the least upper bound 
of a set of elements in Y. If x ^ 0 belongs to Y , then x Y = V vty x Ay = x. 
Further if x ^ 0, then x — x Y ^ 0. 

The purpose of this section will be to show that Y' and F" define a direct 
decomposition of L and to study the case in which Y contains but a single 
element. 

Theorem 1. If Y is any subset of L y then F' is a normal subspace . 

Suppose y is a fixed element of F and the x % belong to F'. F' is linear because 
| x | a | y | = 0 implies | ax | a | y | = 0 and 0 ^ | x x + x 2 1 a | y | S 
(| 2xi | v | 2x 2 1) a | y | = (| 2xi | a | y |) v (| 2x 2 1 a | y |) = 0. As F' C L, II and 
III are valid in F'. To establish IV and V let E be a subset of F' bounded 
above by z e L. Then by a repeated application of (u v t* + u A v = u + v), 
we obtain 

0 g I V*x I a \y\ £ (V*X + ) A \y\ = V*x + + \y\- V*x+ y\y\ 

= V*(z + v | y | + x + a | y |) - V,x + v | y \ 
g V,(a: + v | y |) + V,(a - + a | y |) - V,(a; + v | y |) = 0. 

1 Garrett Birkhoff (1) calls such a subspace a complete normal subspace; F. Riesz (6) 
denotes it by famille complete. 
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The dual statement for boundedness from below can be similarly shown. 
Finally if | w | S | x |, then 0 | w | a | y | g | x | a | y | =0. 

Lemma 1. // 7 is a D-set and if x ^ 0 « L, then x — x r t Y'. 

Let y £ 0 belong to Y. Then 

0 g (x — x r ) Ay & (x — Xr) A x Ay 
^ (x — X r ) A X r 

— —Xr + X A 2 Xr = — Xr + X A 2V„ r (x A y) 

= — x r + V„r(xA2xAy) 

= — Xr 4- Xr = 0. 

As an obvious consequence of the lemma we have 

(x - x r )r = 0 

and this justifies the name “projection.” 

Theorem 2. If Y is a normal subspace of L, then Y — Y". 

We can restrict ourselves to positive elements since if x t Y, then x + * 7 and 
x~ e Y. If x ^ 0 t Y", then by the lemma the element x — x r belongs to Y'. 
However, it also belongs to Y" since 0 ^ x — x Y ^ x and Y" is normal. Our 
element must therefore be the null element, and hence x — x r . But x was an 
arbitrary element of Y", and x Y belongs to Y. 

Theorem 3. If 7 is a normal subspace of L, then 7 and Y' define a direct 
decomposition of L, namely 

X — {x Y x Y ) 4" (x Y f Xr'). 

Any decomposition x = Xi + x 2 where Xi * 7 and x% t Y' is certainly unique 
because 7 and 7' 'are linear and have only the null vector in common. It is 
therefore sufficient to show that for x ^ 0, x = x r + x Y > . By lemma 1, 
x — x r t Y'. Hence x r > ^ (x — Xr)r» — x — x Y . Since 7 = 7”, we like- 
wise have Xr ^ x — x Y > . Therefore x — x Y + x Y > . 

Fr6d6ric Riesz (6) has demonstrated theorems 1, 2, 3 for the special case 
where L is the space of linear functionals on a semi-vector lattice. 

If 7 consists of a single element y, then 7” will be called a principal normal 
subspace and be designated by P(y). 

From the definition, P(y) = (y)”, it follows that x t P(y) if and only if 
| z | a | y | = 0 implies | z | a | x | = 0. Now x < P(y) and | x | a | y | = 0 
implies |x| = |x|a|x|= 0. Hence if x •€ P(y) and if x ^ 0, then | x | a | y | > 
0. In Freudenthal’s terminology (3), | y | is a unit element of P(y). 

Theorem 4. A necessary and sufficient condition that x belong to P(y) is that 
x = y*x + An\y\ - V B x~ a n | y |. 

If x is of this form, x clearly belongs to P(y). To prove the converse we need 
only consider x 0 *P(y). As the set {n | y |j is a D-set, it follows from 
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lemma 1 that x — M n x aw | y | belongs to P(y)'. Being less than x, it also 
belongs to P{y), and is therefore the null vector. 

Theorem 4 shows that elements of P{y) are approximable by elements 
bounded in | y |. The element y being fixed, boundedness in | y | is the same 
as a Lipschitz condition in the case of point functions. If L is the space of addi- 
tive set functions on a generalized Boolean algebra, P(y) is the class of all 
functions absolutely continuous with respect to the set function y. Theorem 
3 then gives a decomposition of the function into an absolutely continuous part 
and a singular part. 

II. Absolutely Continuous Set Functions 

We now consider a finitely additive Boolean algebra of subsets E of a given 
set G, and on it a (finitely additive) Jordan volume which will be denoted by 
v(E) or | E |. We assume that j G = 1. 

We consider the Banach space V\ of all set functions F(E) of bounded varia- 
tion relative to finite partitions S = (E,). We define F > 0 if F(E) ^ 0 for 
all E and F(E) > 0 for some E. With this definition, V\ has all properties 
I-V of a space L. The properties I— III are trivial. Let \F a ], a is an index, 
be a set of elements which are bounded from above by an element G. In order 
to show the existence of sup a F 0 we take for any set E any integer n, any set of 
indices a = ati , • • • , a„ (which need not be different), and any partition of E 
into disjoint sets E \ , • • • , E„ , and we put 

(1) P(E) = sup*.*,.*, (F ai (E0 + • • • + F an (E n )). 

Since F„ ¥ (E,) ^ G(E,) and G(E) is additive, we obtain F(E) iS 0(E) and 
therefore F(E) is finite. It is not hard to see that F(E) is additive. Also 
putting ai = • • • = a» = a we obtain F(E) ^ F a {E). Lastly if H(E) ^ 
F a (E) for all a, then H{E) = H(E ,) + • • • + H(E n ) 2: F ai (E ,) + • • • + 
Fa n (E n ) and therefore H(E) ^ F(E). The inf. can be obtained in a dual 
fashion. Thus properties IV and V arc also satisfied. 

An element F of Vi is called absolutely continuous if for any t > 0 there 
exists an y > 0 such that | E | < j ? implies | F(E) | < «. The totality of such 
elements F will be denoted by AC. Obviously v(E) tAC. An element G of 
Vi is called singular if to any « > 0 there exists a set E, for which \E t \ < t such 
that for any E, | G(E — E.) | < e. The totality of all such elements G will 
be denoted by S. It is easily seen that AC and S are each linear spaces with 
properties I — IV. 

Now, if F t AC and G « S and F Z 0 and G £ 0, then 

inf (F, (?) = inf s > + *"-e{F{E') + G{E")) = 0. 


Therefore 


*S a AC = 0 


(null function) 
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(2) S' 3 AC. 

On the other hand if G ^ 0, G t Pi , then 

inf (G, v) = inf + v(E")) = 0 
if and only if G t S. Therefore S = (v)' and (v)" = S'. Thus by (2) we obtain 

(3) (»)" 3 AC. 

Our next step is to show that 

(4) ( )" C AC 
and hence 

(i v)" = AC = S'. 

Now (4) asserts that any element F ^ 0 for which 

(5) F = lim n _»ao inf(F, nv ) 

is absolutely continuous (theorem 4). Each element F n = inf (F, nv) belongs 
to4C since 0 ^ F„(E) ^ n | E |. Furthermore F n (E) converges toward F(E) 
uniformly in E since 0 ^ F(E) — F n (E) g F(G) — F n (G), and therefore F(E) 
also belongs to AC. By theorem 1, AC and S are normal subspaces. 

It is now very easy to prove the following theorem : 

Theorem 5. Step functions are dense in AC. 

Since for F ^ 0, 

II F — Fn II: = F(G) - F n (G) 

our argument shows that “bounded” functions are dense in A C in the norm of 
Pi , and so it suffices to prove that step functions are dense in the manifold of 
bounded functions. Introducing the space P 2 (see (2)), since the norm of a 
bounded element is larger in P» than it is in Vi it is sufficient to prove the 
Lemma 2. Step functions are dense in V % . 

If fix) is a bounded integrable point function and if for some E we put 

““ITI l. miv 

then obviously 

1/6*0 - a I 8 dv = jf | fix) I 2 dt; - | a |*. | E |. 


We take a partition 6 — iE,), put E — E, and sum over v. This will give 
(6) 11/ ~ /a |J 2 = 11/ IT - ||/, ||*. 
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Now let F be an arbitrary element of F 2 , 8 a fixed partition, and 8' any parti- 
tion > 8. Since F «* (see (2)) is a step function, and f\ = we obtain 

from (6) 


Taking the limit with respect to 5' we obtain by the definition of the norm 

II*’ - *’«H 2 = l|F|| 2 - || Ft || 2 . 

Thus 


limj || F - Ft || = 0 

and therefore F is the limit in the norm of step functions F, . 

A Banach space X will be said to possess a generalized base if there exists a 
directed set of linear transformations Ui(x) on A" to a finite dimensional sub- 
space of X such that (1) lim»r r i(x) = x for all x t X, and (2) || U, || | M for 
all 8. 

If X is the space AC and 8 — (E„) is a finite partition such that v(E,) ^ 0 
for any v, then define 

VW = H/-—AE.E,). 

v(E r ) 

It is clear from the proof of theorem 5 that lim a f : j(F) = F in the norm topology. 
Further || U t (F) ||i ^ || F || t . Therefore AC possess a generalized base. 

III. The Boolean Algebra of Normal Subspaces 

The class B of all normal subspaces of a vector lattice L with properties 
I -V is a Boolean algebra. This known fact and further information concerning 
B will be derived in the present section from properties of projections. 

In B the element L is the 1 element, the normal subspace consisting of only 
the null vector is the 0 element, and for a set E = (.4] of B, A*A is the set 
intersection and V g A is the smallest element of B containing all elements A of 
E. Also if A is an arbitrary element of B, then the derived clement. A', as 
defined in section I, is the complement of A in B in the sense that A a A' — 0, 
A v A' = 1, and A" = A. It remains only to prove that B satisfies the dis- 
tributive law. This will be done in theorem 8. 

In the next three theorems, a fixed class of elements [A„] of B will be con- 
sidered, and as an abbreviation we will denote by P the normal subspace V„A a , 
and by R the set sum of all elements of the A „ . Obviously PZ)R, and there- 
fore P' C R' and P" = P D R". However since P is the smallest normal 
subspace containing R, R" 3 P. Therefore P — R" and P' = R'. 
Theorem 6. If [A„] is any class of elements of B, then 

(V„A«)' = A a AJ 


( 7 ) 
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and 

(8) (A «A a y - V a A a '. 

The relation P f = R f implies that the following statements are equivalent: 
x c (V a ii a ) 7 ; | x | a | a« | = 0 for all elements of R; x e A* for all a; and x e A«A« . 
This proves (7). (8) follows from (7) by taking the complement on both sides 

and replacing A a by A' a . 

Theorem 7. If [ A a ] is any class of elements of B and if x t£ 0, then 


(9) 

X\/A a ^ aX At 

and 


(10) 

x ^A a = A aX A{ 


Now R is clearly a D-set. Therefore by lemma 1, x — x R € R f = P'. Hence 
Xp* = x — Xp ^ x — x H . But P ID R implies x P ^ x R , so that Xp = x a • 
We have 


x« = Va f A a x a a« = V a [V, a x a a a ] = V a x Aa . 

This proves (9). (10) follows from (9) in the following way: 

XA Aa = X (V . 4 ')' = X - X V . 4 ' = x - V a x H ' = x - V a (x - x A J 

= X - (X - AaZA a ) = A a x Aa . 

Theorem 8. B w a complete Boolean algebra. If [A a \ and B are elements 
of B, then 

(V«A a ) a B = V a (Aa a fl) 
and (AaA a ) vB = A«(i« v B). 

In fact for x ^ 0, we have by theorem 7 

Xy/^Ag/iB) 5=5 V ' aX a = V a (Xx a A Xb) ^ aX Aa A Xb ~ XVvl B A Xb 5=5 X(Vi4 a )AB« 

Before giving the next theorem we need a definition . The sum of any set I? 
of non-negative elements of L will be defined as follows: For a given ordering 
x tt of 2?, suppose Exx« to be defined for all X < /*. Define 23 a£« = 
V*<423x x J + • Continuing this process until the set is exhausted, obtains 

an element 23 x* e L. Suppose that x a is another ordering of E . We next 
show that 23 x * =: 2 • It is easily shown that for any finite set t = 

(ai , • • • , a n ), 23* z' a £ £ x <* - Suppose now that for all X < /tt, 23x x a 
2^ x a — 23* xl where it is any finite set of a ’ s greater than or equal to >x. Hence 
Vx«o»[23x x'a] Y^x a — 21* • As m could also belong to 7r, this proves the 

induction. It follows that 2 x '<* ^ 23 • Similarly we could show that 

22 x '<* S 23 • Cur definition of sum therefore depends only on the set E . 

We will designate this sum by 23* x - 

On the basis of the previous theorem 8 we now have the 
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Theorem 9. If x ^ 0, then x A defines a lattice homomorphism of B on L. 
In particular if [A a ] is an arbitrary class of disjoint elements of B, then 

= 3'A a • 

Theorem 10. If L has a unit y > 0, that is L = P(y), then the homomorphism 
which is defined by y A ( see theorem 9) is an isomorphism. 

Also , for each A e B, A = P(y A ) und thus e = y A can be written in the form 
e = ypw . An element e can be written in the form y A if and only if 

(11) 0 ^ e ^ y and e a y — e = 0. 

Proof: By theorem 9, A — > y A is a homomorphism. Now if ^4 — > 0, then 
a € A t a ^ 0 implies y a a = 0. Since y is a unit this implies a = 0 and hence 
A = 0. Thus A —* y A is an isomorphism. 

Since y A € A, we also have P(y A ) d A. Thus P(y A ) = <p(A) is a function 
from B to B , and <p(A) is always a (proper or improper) part of A. However, 
ip(P(y A )) = P(y A ), and if A if A 2 are disjoint then so are <p(A\) and (p(A 2 ) . 
Therefore <p(A) = A ; that is A = P^). Finally (11) is fulfilled for e — y A . 
If (11) holds then e e P(e) = A and y — e € A', so that e = y A by theorem 3. 

As a corollary to theorem 10 we have 

Theorem 11. If L has a unit y > 0, then the Boolean algebra B of normal 
subspaces A is isomorphic with the Boolean algebra E of elements e of L for which 
(11 ) holds. 

Consider a generalized finitely additive Boolean algebra T of elements r, a 
finitely additive positive set function y(r) on T, and the class L of all finitely 
additive set functions on T absolutely continuous with respect to y(r). Our 
theory suggests a method of extending T modulo null sets to a sigma Boolean 
algebra on which y(r) is completely additive. Now' clearly y is a unit for L = 
P(y). Each r 0 e T defines a function z/(r- r 0 ) which in the notation of theorem 
11 belongs to E. If x > 0 c L, then it is easily shown that x P ( y ( T -r 0 )) = x(r- r 0 ). 
All sets of ^-measure zero correspond to 0 in the Boolean algebra of normal 
subspaces. Finally it is necessary to add certain ideal elements of E which 
do not correspond to elements of T modulo null sets. By theorem 9 the set 
functions x A are completely additive on B . In particular their values on the 
unit of T are completely additive. On sets which do correspond to r 0 , this 
value is precisely x(r 0 ). It is clear that by treating x * and x~ in this w'ay x(t) € L 
becomes a completely additive set function on the extended algebra E. 

Kakutani has obtained a similar result, namely, the given Boolean algebra 
can be embedded in a sigma field of point sets such that the finitely additive 
function can be extended on this new field to be completely additive. The new 
field is in this case difficult to determine. 

Now our extension modulo null sets of T to E is the smallest possible extension 
for which y(r) becomes completely additive. For suppose V were another such 
extension. In this case the elements of E ' defined by (11) for the new lattice 
V do correspond to elements of T'. As T contains T modulo null sets, V is 
lattice homomorphic with L = P(y). Therefore E ' 3 E. 
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We define the stochastic distance p(ri , ra) = y{ri-r\) + y(rl-ra). If we 
complete T in the usual manner by taking Cauchy sequences, we obtain a sigma 
field which is an extension modulo null sets of T and on which y becomes com- 
pletely additive. As the metric extension of a sigma field modulo null sets 
relative to a completely additive set function is precisely the original field modulo 
null sets, it follows that the metric extension is likewise the smallest possible 
extension modulo null sets of T. Therefore E is also the metric extension of T 
modulo null sets. 

Now if L has no unit it is possible to obtain (by means of the choice axiom) 
a set of principal normal subspaces A a = P(y a ) such that M a A a = L, A a a A^ = 
0 if a and y a > 0. Putting x a = xX* — x2 a each element x of L can then 
be represented by the set of components [x«], x a e A a . Not all possible combina- 
tions of components [x a ] will occur in the representation. 

We now define a new vector lattice L * to consist of all possible elements 
x = [x a ], x a € A a . Defining the lattice operations in the obvious way, the 
new lattice satisfies postulates I-V, possesses a unit element, namely and 
the original lattice L can be embedded into it. 

The Boolean algebra B* of normal subspaces of L* is lattice isomorphic with 
the Boolean algebra B of normal subspaces of L. e B* is the direct product 
of the normal subspaces B a C A a . We correspond e B* to \Z a B a e B and 
A «B to [A a A a ] € B*. By theorem 8, (V a B a ) a A a = B $ and V a (A a A a ) = A. 
Hence this is a one to one correspondence. The correspondence clearly pre- 
serves order. 

We wish finally to consider the question of a generalized base (see section II) 
in vector lattices which possess a norm relative to which they are complete. We 
■suppose given a set of normal subspaces A a each possessing a generalized base 
US where the || US || are uniformly bounded. We suppose further that V a A a = 
L, A a A Ap = 0 if a 7 * 0, and that the norm of x vj(x) = v( x A a )- These 
conditions are satisfied by vector lattices of type (L) (1) among which is the 
space Vi . It now follows (5) that L itself possesses a generalized base. 

Princeton University 

The Institute for Advanced Study 
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FREE LATTICES' 

By Philip M. Whitman 
(Received October 18, 1939) 

1. Introduction 

A lattice (sometimes called a structure) is a partially ordered set of elements 
each two of which have a greatest lower and a least upper bound, denoted 
A fl B and A U B, read “A meet B” and “A join B” Postulates 2 for partial 
ordering are that defined between some pairs of elements, satisfy 

(1) A g A for all A ; 

(2) if A ^ B and B ^ A, then A = B; 

(3) if A g B and B g C, then A g C. 

A lattice is said to be generated by a set of elements A", (the “generators”) if 
it consists of the A\ and their finite combinations by fl and U- e.g., Ai U X 2 , 
([Ai U X 2 ] 0 X 3 | U X\ sometimes known as “lattice polynomials.” 

However, these polynomials do not all constitute distinct elements; for in- 
stance, A r * fl A\ = Xi in any lattice by definition of fl; furthermore, in a specific 
lattice we may have additional rules of equality; e.g. A fl (B U C) = 

(a n b) u (a n c). 

The free lattice generated by the A\ is 3 a lattice generated by them in which 
there are no laws of equality except those derivable from the postulates for a 
lattice. This is the most general lattice generated by the A\ , in the sense that 
every other can be obtained from it by a homomorphism- determined by the 
additional rules of equality. 

We are concerned here with the internal structure of a free lattice. Given 
two polynomials, how can wc find which of g ^ (if any) hold between 
them in the free lattice (equivalently, in all lattices)? This question is answered 
in §2. In §3 we show that given a polynomial, there is a shortest polynomial 


1 Presented to the American Mathematical Society Sept. 5, 1939. 

* Equivalently, wc may postulate for a lattice the identities LI: X U X =» X 0 X » X; 

L 2 : x u r- rux,xnr« vnx ; L3.xu(vuz) * (xunuz, xn(rnz) « 

( X n V) n Z; L4: X u (X fl Y) « X fl (X u r) - -Y, note the theorem that X =% X fl Y 
if and only if Y - X U Y, and define X £ Y as equivalent to X - X fl Y or Y - X U Y. 
Cf. Ore, On the Foundation of Abstract Algebra I, Annals of Math., 36 (1935), p. 409. 

* Its existence is guaranteed by a theorem of universal algebra; cf. G. Birkhoff, On the 
Structure of Abstract A lgebras, Proc. Camb. Phil. Soc., 31 (1935), pp. 440-1. Compare free 
groups. 
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equal to it in the free lattice (which can be found by a definite procedure), and 
in §4 it is shown that certain elements cover others. 

The author is indebted to Prof. Garrett Birkhoff for many helpful suggestions. 

2. Conditions for A g B in a free lattice 

Given two elements .4 and B, we should like to know: is ^4 £ B in the free 
lattice? Sometimes this is obviously true; e.g. Xi ^ X\ U X 2 . Sometimes 
we can show it false, for by the abovementioned homomorphism, A ^ B in 
the free lattice implies A ^ B in every lattice with the same generators. Hence 
if we can exhibit a specific lattice where A $ J3, then A % B in the free lattice. 
But this is a trial and error method; we should like some definite procedure for 
settling the question. 

Theorem 1 . In the free lattice generated by a set of elements Xi , 

(4) Xi g Xj if and only if i = j; 

(6) recursively , A ^ B if and only if one or more of the following hold : 

(a) A ss U A* where Ai ^ B and A 2 S B , 

(b) A = .4i fl A 2 where A x g B or A 2 ^ B, 

(c) B ss Bi U B 2 where A g B\ or A g B 2 , 

(d) B 35 B\ fl B» where A g Bi and A ^ B 2 . 

Note. In (5a) it is permissible that A 1 be itself a join; etc. 

We see that this is the sort of condition desired, for. given A and B } we need 
look only at B and part of .4 , and A and part of B. Since the elements are the 
finite combinations of the generators, this process will eventually end with (4). 

Proof. These conditions are obviously sufficient; to prove them necessary 
we proceed by a series of definitions and lemmas. 

Definition of C. (6) Xi C Xj if and only if i = j; (7) A C B if and 
onlv if one or more of (5 a-d) are true with ^ replaced bv C. 

(8) Definition. 4 D B if and only if B Cl A. 

Note. The set of definitions (6)-(8) is self-dual ; i.e., if fl and U, C and 3 
are interchanged the set remains the same. In particular, (7a) and (7 d) are 
dual, (76) and (7c) are dual, and (6) is self-dual. This property will enable us 
to omit many cases in proofs, where we need only make these same changes 
throughout. 

(9) Definition. A B if and only if A C B and A 3 B. 

(10) Definition. The length of A, denoted L(A), is the total number of 
X’s appearing in A, counting repetitions; e.g., L(X i) = 1, L(X 1 U X\) — 2, 

mixt u x t ] n x t ] u Xx) = 4. 

With ^ as inclusion relation and = as equality the combinations of the Xi 
form the free lattice; we now show that they also form a lattice with C and £* 
in these roles; cf. (16). 

(11) Lemma, (a) A C A, (b) A C A U B, (c) A 3 A (1 B for all A, B. 
Thus A U B is an up-per bound to A and B under C. 

Proof by induction on L(A). (llo) is true for L(A) = 1, by (6). If (11a) 
is true for L(A) ^ m, then so are (116, c) by (7c, 6). Hence (11a) holds for 
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L(A) * m + 1, for say A « Ai U At (dually if A s A t fl .4 t ); then Ai C A, 
At C A by induction; A = A\ U A t C A by (7a). 

(12) Lemma, (a) At fl A 2 C X/ z/ arid only if A\ d X ; or Ai d X/ . 

(b) Xj C U Bi if and only if X, d B x or X J d B 2 . 

(c) At U A 2 Cl .5 z/ and only if A x C B and Ai d fi. 

(d) A C Z?i fl Bi if and only if A d B x and A C Bi . 

(e) At 0 A 2 C 7?! U if and only if A x Ci A 2 d B\ or 

Aid Aid Bi or At C /it U B 2 or AidB x \J B 2 . 
Proof. “If” is obviously true by (7). “Only if” is proved by induction on 
m = L(A) + L(B). It is true for rn ^ 2 vacuously. Assume (12) true for 
m ^ k — 1 ; then for m — k, 

(12 a) Ai d Ai d Xj . Then At C Xj or A 2 d X j , as desired, by (76), the 
only part of (7) which applies. 

(12c) AiUA 2 C B. Case 1. At U A 2 C X } . Then At C Xj , A 2 C X, 
by (7a). Case 2. At U A 2 C Bi U B 2 . Then by (7a, c), (z) At d B and 

Ai d B or (ii) A x U A 2 d B x or (in) A\ U A 2 d B 2 . If (it) At U A 2 CZ i3i , 

then At d B\ and A 2 Cl B x by induction (12c); At C B x U B 2 , A 2 C Bi U B 2 
by (7c), as desired. Likewise if (Hi) holds the lemma does, and if (z), then the 
proof is immediate. Case 3. At U A 2 d B x d B 2 . Then (z) At d B x d B 2 
and A 2 d B x d B 2 or (ii) At U A 2 C and At U A 2 C B 2 , by (7a, d). If (z), 
q.e.d. If (zz), then At d B x . A 2 d B x , A x d B 2 , A 2 d B 2 by induction (12c); 
/. At C B x 0 Bi , Ai d Bid Bi by (7 d). 

(126, d) dually. 

(1 2c) At n Ai d Bi U Bi . Then A t CBtU B 2 or A 2 CB 1 UB 2 or At fl 
Ai d Bi or At fl Ai d B 2 by (76, c). q.e.d. 

(13) Lemma. If A d B and B d C, then ACC. 

Proof by induction on m = L(A) + L(B) + L(C). True for m = 3 by (6). 
Induction: 

Case 1. Non-meet d B d C. 

Case la. X, C X, C C. .\z = j by (6). /.X« * X ; . /.X, C C. 

Case 16. X CB 1 UB 2 CC. .\ X d some B { by (126). B { d C by (12c). 
.*.X d C by induction. 

Case lc. Xi d B x fl B 2 d X y . Part of dual of ease 16. 

Case Id. X C B x fl B 2 d Ci U C 2 . 

,\B\ fl Bi d some C, or some Bi d Ci U C 2 by (12c). 

/.X C Ci by induction. A" C Bi by (12d). 

/.X CC 1 UC 2 by (126) or (7c). :.X C C, U C 2 by induction. 

Case le. AiUA 2 CBCC. /.A, C B (all t) by (12c). ..A, C C (all z) by 

induction. /.At U A 2 C C by (12c). 

Case 1/. X C 5i fl J5 2 C Ci fl C 2 . Part of dual of case lc. 

Case 2. Meet dB dC. 

Case 2a. A\d A 2 d B d non-join. Part of dual of case 1. 
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Case 26. A x 04, C A' CC, UC 2 . /.some A < C X by (12a). 4 < C C t U C t 

by induction. .’. Ai fl .4 2 C C, U C 2 by (12e). 

Case 2c. A x D A t C B, U B t C C, U C 2 . 

Ax n .4 2 C some B, or some .4, C B x U B 2 by (12e). 

Bi C Ci U Cj by (12c). .‘./I, C Ci U C 2 by induction. 

:.A\ H il 2 C Ci U C 2 by induction. .\.4, fl /t 2 C Ci U C* by (12e). 

Case 2d. .I, fl A» C B\ fl Bi C Ci U C 2 . Dual of case 2c. 

(14) Lemma. .1 U B is the least upper bound to A and B under C; dually 
far A ft B. 

For it is an upper bound bv (11), and if A C C and B CC, then A U B C C 
by (7a). 

(16) Lemma. ^ is an equality relation . 4 

(16) Lemma. The finite combinations of the X t by fl and U form a lattice , 
generated by the X t , with C as inclusion relation and ^ as equality and A U B, 
A fl B as least upper, greatest lower bounds to A and B . 

Proof. (1), (2), (3) are satisfied [(11), (9), (13)], and A U B is least upper 
bound by (14). 

Proof of theorem 1. Any other lattice generated by the A\ is a homo- 
morphic image of the free lattice, hence g in a free lattice is sufficient for C. 
But by definition of U as least upper bound and induction, C is sufficient for ^ 
and hence ^ for = . Therefore CI and ^ are equivalent in the free lattice. 
Theorem 1 then follows from (6) and (7). 

Now denote A\ U A 2 U • • • U A n by X)" A , > Ai fl • • • fl A n by JIi A, > or 
simply Tl Ai . IT A, if there is no confusion. 

(17) Corollary, (a) U A, C X , if and only if some A, C X 7 . 

(b) Xi if and only if AT* C some Bj . 

(c) I ]AxCB if and only if every A , CB. 

(d) A C U Bj if and only if A C every Bj . 

(e) II.l.eE B, if and only if A , C some B, or some 

Aid'Z.Bj. 

(f) .4, , Bi 3 II Bj all i. 

(g) HA i is the least upper bound to A i , • • , A n under C. 

Proof. By repetition of (12), (11). 

To answer “Is A = 2??,” apply (2) and theorem 1. Conditions (12) or (17) 
are more convenient in practise than (5). (176) is like the condition that a 

prime number divide a product. 

3* Canonical forms 

Having thus found one collection of elements equal to each other, and like- 
wise other collections, we should like to choose as canonical forms one element 
from each collection. 

4 Cf. Schrdder, Algebra der Logik , vol. 1, p. 184, or MacNeille, Partially Ordered Sets y 
Trans. Am. Math. Soc., 42 (1937), pp. 416-60, or it may be readily verified directly. 
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Theorem 2. Of all the elements equal in a free lattice, there is one of shortest 
length, unique except for commutativity and associativity. 

Proof. We show by induction on k = L(A ) + L(B) that if A ^ B, A B, 
then C 3: A a B g* C, and L(C) < L(A) or else L(C) < L(B). Then if the 
theorem were false, say A and B were alleged to be both of the shortest length, 
we could find a still shorter element unless A = Bl It is true vacuously for 
k = 2. Induction: 

Case 1. y~l A . ^ 5! B ■ . Here, but not in the previous section, we assume 
.1 i and B, not themselves joins. 52 A < C 52 B, by (9). A , = JJ, a} C 
52 B„ (all i) by (17c). .'. by (17e), for any i, ( i ) some a' p d 52 By or (ii) 

A, C some B, . Note that (ii) holds if A, = X , , by (176). Similarly, for 

any t, (m) some h p C 52 A y or (tv) B, C some A r . 

If (i) holds for some i, then a' p C 53 B, C 52 A, by (9). A, C 52 A„ , 
j ^ t. . . flp Li 52*. A j C 52 Ay . Also A, C a ' p , so 5 A ,■ C a p U 52 y/ * Ay j 
.'.Op U 52 ; y. A , ^ 52 Ay and the theorem holds in this case; likewise if (Hi) 
holds for some i. 

Otherwise, (ii) and (iv) hold for all i. for all i, A, C some B/«) , By CT 

some Ap«) [f , gi need not be single-valued]. If i 3 : g\f(i)] ^ t, then Ay C 

B/ ( .) C A; (j y* t), 52 m> An = 52 A„ , and the theorem holds; similarly if 
f\g(i)] ^ t. If not, then f[g(i)} = i, g[f(i )] = * for all i. .'.A,- s B/ ( o , 

B, ^ A b( .) all *. But 52 A i ^ 52 B, by hypothesis, :.p 3: A p ^ Bf (p) or 

Bp ^ A e <p) , say the former. .'. by induction, D 3: A p ^ B /( p) ^ D, L(D) < 
L(Ap) or L(D) < L(B n p) ), say the former. Then D U 52**i> A„ ^ 52 A« and 
the theorem holds. 

Cose 2. II A< ^ II B < . Dual. 

Case 3. 52 Ay ^ JI By . .'. 52AyClI B, ; hence every A, C JJ Bj and 

52 A , C every B, . Also JJ B,- C 52 A , , 

.'. JJ Bj C some A p or some B p C 52 A.- . 

Ap C II Bj by above. 52 A,- C B p hv above. 

Ap = II Bj S 52 A, . -'-Bp ^ 52 Ai ^ n B ; • q.k.d. 

We ta/ce unique shortest form as the canonical form. 

(18) Corollary 1. A a 52 A, * 52* (11/ ay) U 52<«* X* (B any subset of 
1, • • • , «) is canonical if and only if (a) no aj, C 52 A n and (6) no A i C52 M i An 
and (c) every Ay is canonical. Dually for H A,- . 

Corollary 1 follows from the proof of theorem 2. From case 3 we might also 
require: no A p ^ 52 A„ , but this is included in (6). 

If 52 A • is not canonical, we can find the canonical element equal to it, for 
if (c) is false, then a p U 52 Ay S 52 Ay , if (6) is false, then 52 m» A* S 
52 A b , if (c) is false then replace it by its canonical form; in any case we get a 
shorter, equal element, to which we can again apply the process. 

We can now build up a diagram of the free lattice step by step, starting with 
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the shortest elements. We could not hope to get it all at once since there are 
infinitely many distinct elements if there are more than two generators. 8 

(19) Corollary 2. If 22 A. < ^ > and ^ A , is canonical, then (a)B< C 

2 > all i> and ( b ) given i, j 3 : A,- C Bj . 

Proof, (o) follows from (12c), and if A, = X, then (6) follows from (12c, b ). 
Otherwise A< = Ui a ) VI Bj by (12c). .*. by ( 1 2c) , either A, C some Bj 

as desired, or some a) V', A, and then by (18a) X) A < is not canonical 

contrary to hypothesis. 


4. Covering theorems 

Definition. A covers B if A > B and no C 3 : A > C > B. 

We present some scattered results on the existence of such pairs of elements. 
Denote the free lattice of n generators by F„ . In this section (but not pre- 
viously) we assume n finite. 

Theorem 3. In the free lattice of n generators, if A >(£*, Xt)n(Z<»Xi), 
then A = X . or X, or X» . 

We first prove a 

Lemma. InF n , A = ^ A x > Z**p X, if and only if given i, j 3 : Aj ^ X, . 

Proof of lemma by induction on L{A). Obvious for L(A) g n. Suppose 
L(A) = k > n, obviously redundant terms having been omitted; e.g., X\ U Xi 
contracted to Xi . Also, by (176), we may suppose no A, is itself a join. Then 
some Ai has at least two factors, say A\ = H a, . Then 

E Xi < E Ai ^ a, U E Ai (all s). 

i*P if* 1 

By induction, given i, j 3: j th term ^ X* . If for some s this term is an A < , 
then the lemma holds; otherwise a 8 ^ X x for all s, and A\ ^ X, . 

Corollary 1. In F n , Z A * = Z? X» an( t if Q^ ven h j 3 : A ,• S X, . 
Z = Z«*p Xi r/ arid only if given i (i p), j 3 : A , X,* , but no A 7 ^ X p . 

Corollary 2. In F n , Z* X, covers Z**p X* . 

Corollary 3. In F n , every A Z* X* is g Z»*p X,/or some p. Proved 
by induction. 

The rest of theorem 3 is now proved in much the same way. 

Corollary 4. If F n , Z»yp X* covers (Hiftp Xi) n (£.y« Xi), any q. 

Corollary 5. In F n , if A > X p , then A ^ X p U (IJ,y p X,). 

Theorem 4. 2“ covers Vl^pX, which in turn covers (VLvp Xi) f) 

Xi), and X p U (H,y P Xi) covers X v , in any lattice generated by the Xi in 
which these elements are distinct. 

For any other lattice is a homomorphic image of the free one. 

The duals of these results are of course likewise true. 

Harvard University 

1 Cf. G. Birkhoff, op, cil., p. 451. The distinctness of his elements in the free lattice 
can also be shown by (12). Note that, taking every sixth element, we get an infinite 
“chain” of distinct elements. 
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CORRECTIONS TO OUR PAPER ON THE EXISTENCE OF MINIMAL 
SURFACES OF GENERAL CRITICAL TYPES 

By Marston Morse and C. Tompkins 

The following corrections should be made in our paper which appeared in 
volume 40 (1939) of these Annals. 

(1) . In equation (5.14) interchange <p(P) and ^(a). 

(2) . The argument on page 454 following equation (5.16) should be replaced 
by the following. The case a = 0 in (5.16) may be discarded. When a ^ 0 
(5.16) occurs only when ^(a) is constant on some interval. In this case the 
harmonic surface defined by \[/(a) is not a minimal surface (see Rad6, loc. cit., 
p. 75). The transformations used in §6 suffice in this case to prove that A(<p) 
is upper reducible at 

(3) . Replace the first two paragraphs on page 460 by the following. A 
directly conformal 1-1 transformation of the disc r g 1 into itself induces a 
transformation T(0) of the circle r = 1 into itself. A curve [p] of Z will be said 
to be equivalent to <p(a) if for a suitably chosen transformation T(0) of the 
above type, the transformation <p(T(0)) “defines” [p]. 

(4) . In the fourth line following Lemma 6.1 replace “the point f(p) of 8” 
by a point f(p) of Q equivalent to [p] and varying continuously with [p]. 

The Institute for Advanced Study, 

Princeton University. 
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ON THE LUSTERNIK-SCHNIRELMANN CATEGORY 

By Ralph H. Fox 
(Received August 10, 1939) 

Introduction. In their st udy of the calculus of variations in the large [36; 37], 1 
in particular, of the existence of geodesics on a surface of the topological type 
of the sphere, Lusternik and Schnirolmann were led [38; 39; 40; 42] to introduce 
new topological invariants the category and the combinatorial or homology 
(mod 2) category. The r61e of the homology category was to furnish a medium 
for the application of homology theory to the calculation of the category of 
manifolds. 

Although the category occupies a unique place in the theory of the calculus 
of variations in the large — a place which invites further study— it is not to this 
application that this investigation is directed. AIv principal objective is to 
study the relationships between the categories and the standard topological in- 
variants (homology and homotopy groups, homotopy type, etc.). This is a 
particularly interesting view-point, first noted by Borsuk [14], because the 
categories seem to have a large measure of independence from these invariants. 

The carrying out of this program is greatly facilitated by “dimensionalization” 
of the categories. Tt is reasonable to expect that such an analysis of the cate- 
gories should prove to be a useful tool. This dimensionalization is relatively 
easy to carry out in the case of homology category and has been implicitly 
indicated by Kilenberg [20, p. 187]; in the case of the homotopy category it is 
necessary to define an “n-dimensional homotopy.” It is hoped that this dimen- 
sionalized homotopy will be of much wider use than in the study of category. 
There is a strong analogy between the homotopy categories and the homotopy 
groups, and between the homology categories and the homology groups. 

In Chapter 1, I redefine the category, making use of open, instead of the 
previously used closed, coverings. This is by no means a trivial change. The 
old definition, as Borsuk [14] has observed, applies to any topological space, 
while the new definition is not so generally applicable. A little reflection will 
convince one that those places for which the new' definition fails are of little 
interest in connection with category. Furthermore, the new’ definition is readily 
susceptible to the dimensionalization mentioned above. Chapter 1 is written 
in such a w r ay that the results are valid for the categories defined in Chapters 
2 and 3. 

In Chapter 2, 1 define homotopy in dimension n and introduce the corresponding 
n-dimensional category . Relations between category, n-dimensional category, 

1 The numbers in brackets refer to the bibliography at the end of the paper. 
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and various classical invariants are developed. Chapter 3 is devoted to the 
homology categories. 

In Chapter 4, I consider invariants which I call the strong categories. The 
strong homotopy category was defined implicitly b} r Borsuk [15]. Just as in 
the case of the categories, a strong category is defined for each of the relations: 

homology in dimension n, homology 

homotopy in dimension n, homotopy. 

The strong categories exhibit a much greater degree of independence than the 
categories; for instance, they are not dependent on either the categories, the 
homotopy type, or deformation retraction. Whether these independencies hold 
over the class of manifolds is an open and vital question. 

Finally, in Chapter 5, I indicate some extensions of the notion of category; in 
particular a connection between the categories and the multicoherence. 

In addition to new results on category many of the previous results have been 
extended, deepened, and recast. 

I have intended this paper to be definitive; I believe that almost all previous 
results (except applications to calculus of variations and differential geometry) 
have been included. The bibliography is believed to be complete. Professors 
Lefschetz and Hurewicz have made many kind suggestions and criticisms. 
Their inspiration has been invaluable. 

I. Homotopy Category 

1. Definitions. Let X and M be separable, metric spaces 2 and let f Q and f v 
be mappings 3 e M x . The mappings f 0 and fi are said to be homotopic in M r 
written / 0 fi in Af, if there is a mapping/ e M xx[0,l] such that f(x, 0) = / 0 (x) 
and /(x, 1) = /i(x) for every x tX. Such a mapping / is called a homotopy 
between fo and f\ . In general it is important to know in what space a given 
homotopy occurs, because a mapping space K x is considered (in an obvious way) 
as a subspace of M x whenever K C M. If there is no danger of confusion the 
phrase “in M” may be omitted. 

When X C M , X is said to be deformable in M into Y Cl M if there is a map- 
ping fo € Y x which is homotopic in M to fi = 3, the identity 4 mapping of X. 
A homotopy between / 0 and 1 is called a deformation of X into Y. 

If there is a point m eM such that A r can be deformed in M into m then the 
set X is said to be contractible in M. Thus X is contractible in M when the 
identity mapping fi of M x is homotopic to a constant 5 mapping fo of M x . A 
deformation of A r into m is called a contraction of X in M. 

A subset A of M will be called a categorical subset of M if there is an open 

* In this paper only separable metric spaces will be considered. 

* By a mapping of M x is meant a continuous function defined on X with values in M. 

4 An identity mapping of X is the function defined by f(x) « x for every x < X. 

1 A constant mapping /o is defined by fo(x) ■■ m for every x e X. It is sometimes con- 
venient to confuse the mapping / 0 and the point m < M . 
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set U of M which contains A and is contractible in M . Since any subset of a 
set contractible in M is itself contractible in M every categorical subset of M 
is contractible in M\ the converse is not true. A covering of X by categorical 
subsets of M will be called a categorical covering of X in M. We shall denote 
the collection of categorical coverings of X in M by C M (X). 

For any covering a of some space let us denote by | <j | the number of sets of a. 
The category , cAit M X, of X in M is here 8 defined to be the smallest of the cardinal 
numbers | a | as a ranges over C M {X). A categorical covering a of X in M 
will be said to be minimal if | <r ( = cat M X. 

2. The Basis for Abstraction. Many theorems on category do not utilize 
fully the special character of the relation of homotopy. In the present chapter 
results of this type will be developed. For this purpose I shall write <-> for any 
relation of equivalence (i.e. one which is symmetric, reflexive and transitive) 
which has the following properties: 

(2.1) If f 0 <-> fi in K then / 0 *-+f\ in M for every M which 3 K. 

(2.2) If 0o and <t > i e X r and /o and f\ e M x are such that 0 O <-> 0i and /o «-> fi , 
then f o 0o «-> /i0i . 

(2.3) If A and B are mutually separated, 6 7 M arewise connected and / 0 and 
fi c M a+b such that | A *-> f x | A and fo\ B f { \ B then / 0 / x . 

(2.4) If f 0 and f\ e M* such that /<> <-> f\ and if x 0 and x x eX are such that 
fo(x {] ) and /i(^o) belong to an arc of M then /o(j*i) and /i(ti) also belong to an 
arc of M. 

(2.5) If 0i and 0, e M* % (i = 1, 2) such that 0 1 <-> 0i and 02 <-> 02 then 0 <-» 0 
where 0 = (0i , 0 2 ) and 0 = (0i , 02) e M A and A" = A\ X A 2 and A/ = M i X M 2 . 

The relation h (homotopy) has these properties. Later we shall meet rela- 
tions h n (homotopy in dimension n), H (homology) and //„ (homology in dimen- 
sion n) which also havt* these properties. In the remainder of this chapter 
(till §13) the definitions in §1 of deformation, contraction and category are to 
be read in the sense that the underlying equivalence relation is any predeter- 
mined <-». In particular, *-> may be /?, h n , H or H n . 

Two consequences of (2.2) are sufficiently important to be explicitly pointed 
out: 

(2.0) If /o and fi e ili A such that /« f\ and A C X then f 0 | A fi\ A. 

(2.7) The relation is a topological invariant. 

To demonstrate (2.0) choose P = A C X and 0u = 0 1 = identity mapping 
of A. Then/o0o — /o | A and jTi0i = fi | A. The proof of (2.7) is trivial. 

6 This definition is applicable only to spaces A', M which have the property that every 
point of X is a categorical subset of A' in M. This restricts the range of the definition 
from the generality of the definition used by Borsuk [14). Moreover, even when they both 
apply, they need not be the same. However, as we shall see later, the definitions coincide 
in the important case that M is an absolute neighborhood retract, (see §14). 

7 Spaces X and Y are said to be mutually separated if they are disjoint and open in their 
union X + Y. 
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From now on we assume that C(M) is not vacuous; this condition is satisfied, 
for instance, when M is locally contractible. 

3. Elementary Relations. The function cat* X is an increasing function of 
X and a decreasing function of M in the following sense: 

(3.1) If X Cl Y then cat*, X eat* Y. If M is open in N then cat* X *£ 
cat* X. 

The proof is obvious. 

Let <r and <r' be two coverings. I shall say that o is a precise refinement of 
<r' if there is a (1, 1) correspondence between the sets of a and </ such that 
every set of <r is contained in the corresponding set of <r'. 

(3.2) There is always a minimal covering belonging to C M (X) which is open . 
If X is closed and cat M X is finite there is a closed minimal covering e C M (X). If 
X is closed and M is a complex 8 there is a closed minimal covering e C M (X) whose 
sets are subcomplex of M in a certain subdivision . 9 

For every categorical covering of X in M is a precise refinement of an open 
categorical covering. Every finite open categorical covering has a closed 
categorical precise refinement. If M is a complex it may be subdivided so fine 
that every simplex is contained in at least one of the sets of a preassigned open 
categorical covering. 

It is easy to verify that 

(3.3) If X is compact, catj* A r is finite. 

4. Further Elementary Relations. There is a “triangle inequality” for 
category: 

(4.1) For any collection { Xa } of subsets of ilfj cat^f (E X a ) ^ £cat*X 0 . 
If, for each a the covering a a belongs to C , w (A’ a ) then the covering a of ^ 

which consists of all the sets of all the (r a \s is a covering belonging to C M (E x.). 
Clearly, | a | = £ I I- 

(4.2) If M is arewise connected and X and Y arc mutually separated 7 then 
cat* (X + Y) — max {cut«A r , cat* Fj. 

Since M is completely normal, X and F are contained in disjoint open sets 

8 In this paper complexes are understood to be finite. 

• But there is no integer k such that there is always a closed minimal covering «Ca#(X) 
whose sets are subcomplexes of M in the k ih subdivision. Let X = M be the 2-dimensional 
Mobius strip mod w, Mm , [2, chapters IV, V, VI, Anhang, 12] obtained from a triangulated 
pseudoprojective space, P m , by removing the interior of a 2-simplex, Q. The category of 
M is clearly 2. The required number, k f of subdivisions of M must be so large that each 
1-simplex of the boundary of Q is subdivided into at least 2m/3 l-simplexes. Thus 2* 
must be ^ 2m/3 so that k must be ^ log 2 2/3 + log* m. 

This example, kindly shown to me by S. Eilenberg, was constructed by Eilenberg and 
J. H. C. Whitehead, to answer the following question of H. Hopf: Can one find, for every 
integer j 9 a multicoherent complex which is “simplicially” unicoherent in the j th subdivi- 
sion? The complex Mm has this property with j the largest integer in log* 2/3 + logjm. 

It would be interesting to investigate these problems further; especially with the added 
restriction that the complex M be a manifold. 
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U and V respectively. Let a be a categorical covering of X in M by open sets 
of U and <r' a categorical covering of Y in M by open sets of V. The covering 
</' of X and Y whose sets are unions of pairs of sets, one from a and one from <r\ 
is open and, by (2.3), belongs to C *( X + Y). But <r" contains a subcovering 
<r'" for which | a"' | = max { | <r |, | a' 1 1. Thus cat* (X + Y) g max {cat* X, 
cat at Y\. But, by (3.1), cat* (X + Y) ^ max {cat* X y cat* Y\. 

A space M will be said to be a divisor of a containing space N if for any space 
X and mappings /and g e M x the homotopy of /and g in N implies their homot- 
opy in M. For example a retract [0] M of N is a divisor of N y by (2.2). 

(4.3) If M is a divisor of N then cat* A' g cat* A'. 

For a categorical subset of X in N , which is C M is then a categorical subset 
of X in M. 

(4.4) If M x and arc mutually separated ami X C M\ then cat*,+* 2 A" = 
cat *,A . 

For Mi is a retract of Mi + M 2 and is open in M { + M 2 . 

(4.5) If X — X\ + A 2 , M = Mi + Mo ami A j d Mi , Xo CZ Mo where M\ 
and M 2 are mutually separated then cat* A' = cat*, A'i + cat* 2 X 2 . 

By (2.4), every categorical subset of X in M is a categorical subset of either Xi 
or X 2 in M. Hence, cat* Xi + cat* A' 2 ^ cat* X. But, by (4.1), cat* A r ^ 
cat* A r i + cat* X 2 so that cat* X = cat* Xi + cat* A" 2 . By (4.4), cat* A\ = 
cat*, Xi and cat* A r 2 = cat*, X * . 

If M is locally arewise connected, so that the components of M are open, 
then, by an extension of (4.5), cat* X = ^ cat*, (X-M t ), the summation 
extended over the components M t of M. Thus no generality is lost in the 
investigation of cat* X if M is supposed connected (hence, arewise connected). 
If one is willing to restrict oneself to locally connected A~, it follows in the same 
way from (4.2) that no generality is lost if A r is also assumed connected (hence 
arewise connected). 

5. Categorical sequences. I shall call a finite sequence {Ai , A 2 , . . . , 
Au = XJ of closed subsets of X a categorical sequence for X in M if A\ C A 2 C 
• • • C Ak , and if A x , A 2 — A 1 , • • • , Ah — A k ~ 1 are categorical subsets of M. 
The length of a categorical sequence {Ai , A 2 , • • • , A h \ is k. 

Theorem 5.1. If M is arewise connected and cat* X is finite then cat * X is 
the minimum of the lengths of the categorical sequences for X in M. Furthermore , 
if X is finite dimensional , a categorical sequence j A \ , A 2 , . . . , A a 1 of minimum 
length can be chosen so that 

dim A 1 < dim A > < • • • < dim A /k . 

First we prove that if \Ai , • • • , A*} is a categorical sequence for X in M 
then cat* X g k . This is obvious for k = 1 ; suppose that it has been proved 
for k g r — 1 and let [Ai , A 2 , • • • , A r \ be a categorical sequence for X in M. 
Since Ai is, by assumption, categorical in M there is an open set A^ containing 
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A\ which is contractible in M . It is easy to verify that \A 2 — Xi , As — X\ , 
• • - , A r — Xi\ is a categorical sequence for X — Xi in M of length r — 1. By 
the induction hypothesis, cat* (X — Xi) |r - 1. Hence, by (4.1) cat* X ^ r, 
completing the induction. 

Next we prove that there is a categorical sequence for A" in M of length ^ 
cat a* A”. This is obvious for cat w X = 1; suppose that it has been proved for 
cat* X rg r — 1 and let \X x , • •• , X r } be an open minimal covering belonging 
to C M (X). Denote by F x the set of points of X which belong to A, for j g i 
but not to Xj for j > i. Thus the sets Fi are closed in A". Since F x and X — 
Xi are closed disjoint sets of the normal space A", there is an open set G x of X 
such that Fi C and 6rV (X — A"i) = 0. If A r is finite dimensional, G x can be 
chosen so that dim X-(G\ — Gi) < dim X. 

Suppose we have constructed j — 1, open sets , • • • , G,„i of X such that, 
for i g j — 1 , 

(5.2) G t 3 Fi ~(«i + ... + Gw), and 

(5.3) G x (X - A.) = 0, 

and, if A r is also finite dimensional, dim X (G t — G x ) < dim A. 

The sets A — X } and F } — £),</(?, are closed in A^. Since ((?! + ••• + 
Gj-Ji) + G/-i 3 F/_i we have 

(**, - X G,)-(X - A',) C (f, - Fj-iMX - Af,) C X r (X - X,) = 0. 

i<i 

Hence there is an open set G } of X containing F } — G x and such that 

Gr(X — Xj) = 0. Thus we construct inductively r open sets Gi , • . • , G r 
which satisfy (5.2) and (5.3) for every i ?g r. If A is finite dimensional, 
dim A (Gi - G % ) < dim A. 

Since Gi — Gy C X\ — Fi C X 2 + • • • + X r , it follows, by (5.3), that 
X (<?.• - Gi) CX.+ ... + x r , 

so that the category of ((?, — G,) in M is ^ r — 1. Hence, by the induc- 
tion hypothesis, there is a categorical sequence {Ai , • - • , Ak~\) for (Gi — 
Gi) in M whose length k — 1 is 2g r — 1. 

Since X-J^r (G t * — G x ) is closed in A, the sets X A; are closed in A r . In 
order to show that { X -A\, - • • , X-Ak-i , A"} is a categorical sequence for A in 
M it remains only to show that X — X-A k ~i is categorical in M. But A — 
X-Ak-i = A" — X ( G x — G x ) is open in X and every component is con- 

tained in one of the sets G t C A", . Since each A\ is contractible in M it follows 
from (3.1) and (4.2) that X — X-.4w is categorical in M. 

If A is finite dimensional the last statement of the theorem follows induc- 
tively from the possibility of choosing the G’s in such a way that dim A. 
Ei*r(Q< - G x ) < dim A. 

From theorem 5.1 we can quickly deduce the Lusternik-Schnirelmann- 
Borsuk theorem, [14, Satz 4; 18; 40, p. 33; 42, p. 132]. 

(5.4) If M is arewise connected and cat a* A is finite then cat* A g 1 + dim A. 
If A is not finite dimensional there is nothing to prove. For finite dimensional 
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X this is an immediate consequence of the existence of a categorical sequence of 
minimum length whose sets are of increasing dimension. 

6. A property of minimal coverings. If M is arc wise connected and the 
finite covering a of X by open sets of M is a minimal categorical covering of X in 
M then 

a) the nerve of a is a simplex and the image of X under the Alexarulroff mapping 10 
intersects every open face of this simplex. 

b) The distributive lattice generated by the sets of a, under the operations of union 
and intersection , is free. 11 

Let <7 = ( AT , • • • , AT} be an open minimal categorical covering of A" in M. 
Since X is normal there is a closed covering \W X , • • • , W h \ with W t C AT , 
(3.2). Let , i = 1, • • • , k y denote the set of points of A" which belong to at 
least k — i + 1 of the sets W \ , • • • , WT . Using (4.2) it is not difficult to see 
that j 7 2 — T\ , • • • , 2\ — Ti) is a categorical sequence for A" — 7\ in M so 
that cat* (A — 7\) g k — 1. Since cat* A = k by hypothesis, 7\ 0. Hence 

AVA r 2 * * • Xk 0, i.e. the nerve of <7 is a simplex (of dimension k — 1). 

The inverse images of the open faces of this simplex under the Alexandroff 
mapping are the sets X M • A, 2 • • • AT, - ]£' A\ ,i g j g k, where the summation 
extends over i 7 ^ i \ , 2*2 , • • • , ij . It is to be shown that no such set is vacuous. 
Suppose, for example, that AT ■ • • A, C AT+i + • • • + A* . Choose a closed 
covering {W 1 , • • • , WT} which is a precise refinement of c, with WT C A, . 

The j closed sets WT — (A,+i + • • • + AT), i — 1 , • • • , j, have a vacuous 
intersection; hence we may choose open sets l \ , • • • , r jf satisfying 

U x . U 2 . . . V k = 0 and WT - (A i+1 + - - - + A,) C r, C A, . 

Let <r' = 1 1\ , r 2 , ■ • • , V j , X ; +i , • • . , AT}. Then j a | = k = cat* A, 
so that a is a minimal covering of (7* (A). On the other hand l T- 1\ • • • I k — 
0, so that the nerve is not a simplex. Hence the set AT • • • AT — (A,+i + 

• • • + AT) is not vacuous. 

To prove the second statement it is sufficient to show that a distributive lat- 
tice generated by elements AT , • • • , AT is free if no relation of the form 
Ax • • • A ; + AT+i + . . . + AT = A ;+ i + . . . + AT holds. 12 

10 By the Alexandroff mapping 1 mean here the one defined, Bay, in [30, p. 93]. 

11 For the definition of distributive lattice the reader is referred to [5]. A distributive 
lattice is free if the only relations are those implied by the axioms for a distributive lattice. 

11 A relation of the lattice is of the form 

x n Xm u ■ l n A na) mif ** Mikt 

» i » i 

Let AT • • • AT be any product of shortest length in this relation and let X t+ i , • • • , AT be 
the rest of the elements. Then, adding AT+i + • • • + AT to both sides, Xi • • * X t 4* AT+i 
-f . . . -f- Xk *» AT+x -b ••• + AT, since every product, with the single exception of 
Xi • • • A 1 , contains at least one of the elements AT+i , • • • , X* . 
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7. Deformation. Now I shall show that deformation can not lower the cate- 
gory. More precisely: 

Theorem 7.1. If X is open in M and can be deformed in M into Y then 
cat* X ~ cat* F. 

By hypothesis there is a mapping / 0 e Y x such that / 0 «-» 1 | A r in M . Let 
a = {T, j be an open contractible covering of Y in M , so that the covering 
fo\c) = ifo\Yi)} = \Xi\ is open in X and hence in M. Since 1 | Yi «-» con- 
stant, 1 | Xi <-> f 0 1 Xi <-* constant. Thus Xi is contractible so that fo\(r) c 
C*(A). 

A property is said to be inductive [2, II, Anhang, 1] if, whenever each of a 
decreasing sequence of compact sets has the property, their intersection also 
has the property. 

(7.2) The property cat*, A" — n for fixed M and compact X is inductive . 

To prove this it is sufficient, in view of (3.1), to show that if J A,) is a sequence 
of subsets of M such that the closure of ]T) A» is compact then there is an integer 
i 0 such that cat* A r , | cat* X for every i ^ i 0 , where 13 X = lim {X t }. 

Since the closure of 2 A\ is compact, A" is not vacuous. There is an open 
set U ( = Xj for some open minimal covering e C M { X)) containing X such 
that cat* U = cat* X . Since the closure of ^ X % is compact, U contains al- 
most all A, . Thus there is an integer i 0 such that X t C l 1 when i ^ z 0 . Hence, 
by (3.1), cat* A* ^ cat* l\ 

A set A CM will be said to be essential in M if no neighborhood of A can be 
deformed in M into a proper closed subset of A. 

From (7.2) quickly follows: 

(7.3) If X is compact , there is a closed subset A of X which is essential in M and 
whose category in M = cat* A". 

By (7.2) and the irreducibility principle [2, II, Anhang, 1] there is a closed 
subset A of A such that cat* A = cat* A, but cat* B < cat* A for every proper 
closed subset B of A. This set A is essential in M, for, if it were not, a neigh- 
borhood U could be deformed in M into a proper closed subset B of A. By (3.1) 
and theorem 7.1 it would follow that cat* A g oat* l T ^ cat* B which is in 
contradiction with the construction of A, since B is compact. 

A closed set A will be said to be essential in M in dimension n if A has a 
closed n-dimensional subset which is essential in M ; A will be said to be essential 
in M in exactly r + 1 dimensions if there is a sequence of integers 0 = fto < • • • < 
n r such that A is essential in M in the dimensions n ^ , • . • , n r and only these. 

We can now prove the following refinement of (5.4): 

Theorem 7.4. If M is arcivise connected and the compact set X is essential in 
M in exactly r + 1 dimensions then cat* A r ^ r + 1 . 

The statement is true for r = 0 by (7.3), (3.3), and (5.4). 

Suppose the theorem has been proved for r < m and consider a compact X 

13 A point x t M belongs to fim (At} if every neighborhood of x intersects an infinite 
number of the sets X i . 



ON THE LUSTEliNIK-SOIINIRELMANN CATEGORY 


341 


which is essential in M in exactly m + 1 dimensions, 0 = no < • • • < n m . 
By (7.3) there is a compact set A C X which is essential in M and such that 
cat M A = catju A". Since X is inessential in M in the dimensions > n^ , dim A = 
k ^ rim . Since A is finite dimensional there* is a categorical sequence [A x , • • • , 
Ak} for A in M of length k such that dim A x < . . . < dim A k (theorem 5.1). 
Since dim Ak~i < dim A ^ n m , the compactum Ak- X is essential in at most m 
dimensions. Hence, by the induction hypothesis, cat* A k ~ x ^ m. By (4.1), 
we have cat* A ^ eat*/ A k ~ i + cat^ (A* — ^4 a:~i) ^ m + 1, completing the 
induction. 

Further discussion of this refinement of (5.4) will follow in §18. 

8. Absolute category. Of particular interest is the (absolute) category cat 
M = eat* of M. From (3.1) and (4.1) follows 

(8.1) If M and N arc open in M + N then cat (M + N) g cat M + cat N . 
From (3.1) and (7.1) follows 

(8.2) If M is open in N , and N can be deformed in itself into M , then cat M ^ 
cat N . 

From (3.1) and (4.3) follows 

(8.3) If M is a divisor of N then cat M S cat N. 

For simplicity of statement I shall restrict myself in the three succeeding 
theorems to absolute category. Removal of this restriction is not difficult. 

9. Product spaces. For the category of a product space the following in- 
equality has been proved by Bassi [4] : 

Theorem 9. If M — M x X M 2 is a rein sc connected and cat M x and cat M 2 
are finite, then 

max ‘cat M x , cat A/ 2 | ^ cat M g cat M x + cat M 2 — 1 

The first inequality is an immediate consequ(*nce of (8.3) since M x X x 2 and 
x x X A /2 where (x x , x 2 ), denotes a point of M , are retracts of M and are homeo- 
morphs of M x and M 2 respectively. 

To prove the second inequality let cat M x = 711 and cat M 2 = n. There exists 
a categorical sequence \A X , . , A m \ for M x in M 1 of length m; likewise a 

categorical sequence \B X , • • • , B n \ for M 2 can be found. Suppose m ^ n and 
define 

C k : = 2 A t X Bj ; k = 1, • • • , m + n - 1. 

t+j-H-l 

It remains only to show that the closed sets C 1 , • • • , C m +„~i = A/ form a 
categorical sequence for M . One has only to verify that the sets C/t+i — C* , 
k =b 1, . . . , m + n — 2 are categorical. But, writing A* = 0, B 0 = 0 for 
convenience, 

Ck + 1 - Ck = S (Ai - Ai-i) X {Bj - 1 ), A = 1 , • • • , to + n — 2. 
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From (2.5) it follows that ( A t — Ai_i) X (By — By- 1 ) is a categorical subset of 
M. Furthermore, if i < i\ j > j', 

[(Ai — X (By ~ By-0 J • [(A,*, - Av-d X (By, - By,-0] 

C (A» — A t _i) • (A{' — At'-O X M 2 

C Ay (Ai> - A t ) X M 2 = 0 

and symmetrically 

[(At - A,_i) X (By - By-OMU^ - Ay^O^-^ir)] 

C Ml X (By - By,)- By, = 0. 

Thus Ck + 1 — C* is the union of mutually separated categorical subsets. Hence, 
by theorem 4.2, Ca+i — Ck is a categorical set. 

10. Homotopy type. Two arewise connected spaces, M and N, are said to 
have the same homotopy type [27] if there are mappings / tN M and g e M N 
such that gf e M M is homotopic to the identity and fg e N* is homotopic to the 
identity. 

(10.1) If there arc mappings f c N M and g e M v such that gf e M M is homotopic 
to the identity then cat M ^ cat N. 

Let <r — | Y t ] be an open contractible covering of N and let Ah = f l (Y t ) so 
that/ -1 (<r) = ! X{\ is an open covering of M. Since g | Y t is homotopic to a 
constant, gf j X t is homotopic to a constant. But gf | A", is homotopic to the 
identity mapping of M x \ Hence f ~\<r) is contractible. 

(10.2) The absolute category is an invariant of the homotopy type ; i.e. if X and Y 
have the same homotopy type cat X = cat Y. 

11. A characterization of category. It has been shown that when M is a 
Hausdorff space for which C(M) is not vacuous the category has the following 
properties : 

(i) If X is a point, cat*, X = 1 

(ii) If A r ZD Y then cat* A” ^ cat* F, (3.1). 

(iii) catjif (52 X a ) ^ j) eat* X a , (1.1). 

(iv) If A r is open and can be deformed in M into Y then cat* X g catj^ F, 
(theorem 7.1). 

It will now be shown that these four properties characterize, in a certain sense, 
the set function cat*r A r . [42; 40]. 

(11) The set of positive-integer valued functions X(X), defined for subsets of M and 
satisfying 

(i) if X is a point then X(X) = 1, 

(ii) if X ZD Y then X(X) ^ X(F), 

(iii) x(£ X a ) g Z MX a ), 

(iv) if X is open and can be deformed in M into Y then A(X) ^ X(F), 
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is partially ordered by the, rule : Xi g X 2 when h(X) g X 2 (X) for every X; the cate- 
gory , cat * X, is the largest element of this partially ordered set 

Let a = { X a ] be an open minimal contractible covering of X in M . By (iv) 
and (i), X(X«) = 1 for each a. By (ii) and (iii) X(X) g X(]T X a ) g £ MX a ) 
= J <r | = cat* X . 

12. Minima of set functions. I conclude this chapter with a theorem which 
may be considered as the topological part of the Lusternik-Schnirelmann 
theorem on category and calculus of variations [38; 39; 40]. Let g be a real 
valued set function defined for the subsets of M and satisfying 

(i*) iflDF then g(X) £ g(Y). 

Denote by ©T the collection of sets X for which cat* X ^ n and let c„ = inf 

X t 3H n 

g(X). A set X of ©? n will be said to be minimal (relative to ©T and g) if g( X) = 
c n • 

Theorem 12. If c m = c n = c (m < n), if there exists at least one closed mini- 
mal set ( relative to ©J n ), and if D is a closed set whose category in M is ^ n — m 
then there exists a closed minimal set (relative to ©J m ) disjoint to D. 14 

There is an open set U D such that eat a/ V — eat* D. By assumption 
there is a closed minimal set X relative to ©?". The closed set Y = X-(M — V) 
is, by construction, disjoint to D. It remains only to show that Y is a minimal 
set relative to ©? n . 

Since X c ©{" the category of X in M i$ ^ n. But X C Y + U so that, by 
(ii) and (iii) of §11, cat* X g cat* (Y + U) ^ cat* Y + cat* U g cat* Y + 
(n — m). Hence cat* Y ^ m so that Y belongs to ©J m . 

Since Y belongs to ©? m it follows that g(Y) ^ c. But, since Y C X, it follows 
from ( i '*) that g(Y) ^ g(X) = c. Therefore g(Y) = c . 

Since Y belongs to and g(Y) = c m , it is a minimal set relative to ©i m . 

II. The 71-Dimensional Category 

13. Homotopy in dimension n. Among the absolute neighborhood retracts [7] 
the contractible spaces are characterized [25] by the vanishing of all their 
homotopy groups. This suggests the possibility of characterizing in an analo- 


14 The proof of this theorem uses only properties (ii) and (iii) of §11 and the existence, 
for any X C M, of an open neighborhood of the same category; it is therefore valid if cat* 
is replaced by a positive-integer valued set function having these propert ies. The applica- 
tion of this theorem to the calculus of variations is the following: Let M be a compact, 
connected, finite dimensional Reimannian manifold, / a function on M of class 0". Let 
g(X) — sup/(x) and lot D be the set of points x of M where all the partial derivatives of 

X € X 

f vanish, i.e. D is the set of stationary points of /. A theorem of Lusternik and Schnirel- 
mann [36; 38; 40, p. 22] states that D intersects every closed minimal set. It follows that 
if c m « c n , and if there is a closed minimal set relative to 9)1" and g } then cat* D > n — m. 
From this and the above mentioned theorem of Lusternik and Sehnirclmann it follows, 
in particular, that every function of class C " on M has at least cat M stationary points. 
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gous way the subsets of an absolute neighborhood retract which are contractible 
in it. On investigation we find the rather surprising result: 

In order that a subcomplex A of a complex M be contractible in M it is not 
sufficient that every continuous sphere / e M s *, for which f(S n ) C A } be homo- 
topic in M to a constant. 

Let A be a 2-dimensional torus and M a complex obtained from A by addi- 
tion of two 2-cells which span a meridian and an equator respectively, there 
being no other identifications. Every continuous n-sphere f eM Sn , for which 
f(S n ) C A f is homotopic in M to a constant. This is clear for n = 1 because M 
has a vanishing fundamental group. For n > 1 it is a consequence of the fact 
that A is an aspherical [28] space. However, A is not contractible in M since 
there is a 2-cycle in A which does not bound in M. 

Thus the contractibility of a subset A of an absolute neighborhood retract 
M can not be determined by continuous spheres alone. We shall see that a 
characterization may be given in terms of continuous complexes. 

However, contractibility is homotopy of a very special kind. The charac- 
terization of contractibility by means of continuous complexes may be extended 
to a characterization of homotopy. This leads to the important notion of 
homotopy in dimension n: 

Mappings 0 and 0 of M x will be said to be homotopic in dimension n or n-homo- 
topic if for every continuous n-dimensional complex / e X P the continuous com- 
plexes 0/ and 0/ eM P are homo topic. If X is of uniform class LC n then a 
necessary and sufficient condition for 0 and 0 to be n-homotopie is that 0/ c* 0/ 
for every n-dimensional compactum K and mapping / e X K . The proof is along 
the lines of [27, §4] using [31, Theorem 5]. I shall write h for homotopy and h n 
for n-homotopv. 

Observe that homotopic mappings are homotopic in every dimension and 
that homotopy in dimension n implies homotopy in every dimension ^ n. 

The characterization of homotopy mentioned above is the following: 

Theorem 13. Let A he a closed subset of an absolute neighborhood retract X 
and let <t> and 0 be mappings of M x . If thjere is a neighborhood l > of A such that 
0 | U and 0 | U are hamotopic in every dimension < l + dim X then 0 | A and 
0 | A are homotopic . 

For every e > 0 there is a continuous complex / c X P (where dim P ^ n if 
X is n dimensional) and a mapping g € / >x such that the mapping fg t X x is 
homotopic to the identity and d(x, fg{x)) < e for eveiy x el, [35]. Choose 
6 < d{A,X - U) so that fg(A) C [I. 

By hypothesis and (2.2), the mappings 0/|/ ‘(T) and 0/|/~ ! (f r ) of f~\U ) 
into M are homotopic. Hence the mappings <t>fg | A and \j/fg | A of M A are 
homotopic. But 0/g | A is homotopic to 0 | A and 0/gr | A is homotopic to 
0 | A. Hence 0 | A and 0 | A are homotopic. 

14. A subset A of M will be said to be h n — deformable in M into B if there 
is a mapping ho eM A t with ho(A) C B, which is n-homotopic to the identity 
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mapping of M A . I shall say that A is h n -contractible in M if there is a point 
m e M such that A can be deformed in M in dimension n into m. 

(14.1) A closed subset A of an absolute neighborhood retract M is contractible in 
M if and only if there is a neighborhood of A which is contractible in M in every 
dimension < 1 + dim M . 

The first part is a specialization of theorem 13. The second part follows 
from 

(14.2) If M is an absolute neighborhood retract in the weak sense lh then a closed 
subset A is a categorical subset in M if and only if A is contractible in M [14, 
theorem 3]. 

If A is contractible in M there is a point m e M and a mapping h c M AX[0 ’ 1] 
such that h(x, 0) = m and h(x , 1) = x for every x e A. Define a mapping 
h! e M q where Q = M X [0] + A X [0, 1] + M X [1] by 

h'(x y 0) = m for x e M 

h'(x y t) = h(x y t) for (x y t) eA X [0, 1] 

h'(x y 1) = x for x e M 

Since M is an absolute neighborhood retract in the weak sense and Q is a 
closed subset of M X [0, 1], the mapping //' may be extended [31, p. 276 remark 
3] to a mapping h " € M° where G is a neighborhood of Q in M X [0, 1]. Let 
U be an open neighborhood of A in M such that V X [0, 1] C G. It is clear 
that h" | U X [0, 1] is a contraction of V in M. Hence A is a categorical sub- 
set of M. 


15. A subset A of M will be called an h n -categorical subset of M if there is an 
open set V of M which contains A and is A„-contractible in M. Clearly every 
An-categorical subset is A„-eontractible in M. In contrast to (14.2), without 
local assumptions on the closed set A, its /i n -contraetibility in M does not imply 
that it is An-categorical in M, even with the strongest (non-trivial) assumptions 
on M. An example to keep in mind is the following: M is a circular ring ob- 
tained from the rectangle | x j ^ 2/x, | y I ^ 1 in the Cartesian plane by identifying 
the points ( — 2/w y y) and (2/7 r, y) y A is the image under this identification of 
the closure of the curve y = cos \/x y | x | ^ 2/tt and n = 1. In fact it is the 
existence of such examples which necessitates the introduction of the notion of 
categorical set. 

A covering of X by A n -categorical subsets of M will be called an h n -categorical 
covering of X in M. We shall denote the collection of such coverings by 
h n Cu{X). The n-dimensional (homotopy) category , A„ — cat* A r , of X in M 
is defined to be the smallest of the cardinal numbers | <r j as a ranges over 


w I call a separable metric space an absolute neighborhood retract in the weak sense if 
it is a retract of every separable metric containing space in which it is closed. Of. [31, p. 
270 footnote (1)1. 
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hnCn(X ). A covering a of h n C M (X) will be said to be minimal if I <r I = h . 
cat a A . 

The results of chapter 1 have been so worded that they apply to the n-dimen- 
sional category. One needs only to substitute homotopy in dimension n for 
«-> and make the implied changes in the succeeding definitions. To see that 
this is so, it is sufficient to demonstrate that homotopy in dimension n is sym- 
metric, reflexive, and transitive, and has properties (2.1) ••• (2.5). With the 
possible exception of (2.5), these verifications are easy. 

Let fa and fa e M f l be homotopic in dimension n and also fa and 0 e Af f 2 be 
n-homotopic. It is to be shown that 0 = (0 x } fa) and 0 = (0 i , fa) e M x , where 
X = X\ X A 2 and AT = A/i X M 2 , are homotopic in dimension n. Let / c A 7 
be a continuous n dimensional complex. Clearly 0/ = (fai r/, 027r/) and 0/ = 
(0m/, 02 tt 2 /), where 7ri and 7r 2 denote the projections of A into Ai and A 2 re- 
spectively. By hypothesis fanif and 0i7ri/ are homotopic, likewise fa^f and 
02 tt ? / arc homotopic. Hence, by property (2.5) of homotopy, 0/ and 0/ are 
homotopic. This completes the verification of (2.5) for n-homotopy. 

16. As analogue of (14.2) we have: 

(16.1) If M is of uniform class' 6 LC n then a subset A of uniform class LC n ~ l 
is an h n -cat£gorical subset of M if and only if it is h n -contractible in Af. 

Since Af is of uniform class LC n there 17 is an e > 0 such that continuous 
n-dimensional complexes gi , g* e M r are homotopic whenever the distance 
between them is less than e. Since A is of uniform class LC n ~ l there is an 
ij > 0 such that every partial realization of a continuous n-dimensional complex 
in A of mesh < ij can be completed in A to a full realization of mesh < e/3. 

Let U be an rj/ 3 neighborhood of A and let / e U P be a continuous n-dimen- 
sional complex. Subdivide P so fine that the image of every simplex is of 
diameter < ry/3. For each vertex p of P choose a point x of A such that d(f(p) f 
x) < iy/3. Define f'{p) = x for every vertex p. Thus /' is a mapping of the 
O-dimensional framework of P into A. The mesh of this partial realization is 
< 17, hence/' can be completed to a full realization /" of mesh < e/3. Thus 

/" eA P and d(/, /") <| + |+ ^<c. Hence / and /" are homotopic in Af. 
o 3 o 

But, by hypothesis, /" is homotopic in M to a constant. Hence / is homotopic 
in Af to a constant. Thus U is /i n -contractible in M. 

(16.2) If M is connected and of uniform class LC l and X is compact then there 
is a minimal covering of h\C M {X) whose sets are continuous curves of dimension 
^ max {1, dim A}. 18 


le A metric space (not necessarily compact) will be said to be of uniform class LC n if 
for every e > 0 there is a 6 > 0 such that every continuous fc-sphere (k 5* n) of diameter 
< 6 can be extended to a continuous ( k + l)-cell of diameter < e. For compact spaces, 
LC n is identical with uniform LC n . 

17 [34, theorem !]. The assumption of compactness is unnecessary. In the statement 
K p should be at most ( p + 1) -dimensional. 

18 cf. [14, theorem 5]. A minimal covering of hnCai A) whose sets are continuous of class 



ON THE LUSTERNIK-SCHNIRELMANN CATEGORY 


347 


Let a be an open minimal covering of hiC M (X) and let a' be a precise closed 
refinement. Let V be a set of a and A the set of a' contained in l . There is a 
compact set B of class LC ° , which contains A -X and is contained in l ', such that 
dim ( B — A'X) ^ 1, [14, Lemma 5; 44]. The set B has a finite number, k , 
of components, and, since M is arcwise connected, B may be enlarged to a con- 
tinuous curve by the addition of k — 1 spanning arcs. Let C denote such a 
continuous curve constructed inductively by adding spanning arcs one at a time 
in such a way that at each stage the number of components is decreased by one. 
This set C is Ai-contractiblc in M because every continuous 1 -dimensional com- 
plex in a component of B is homotopic to a constant in M and such a homotopy 
h(x, t) can be found for which h(x 0 , /) = h(x o , 0) for a preassigned Xo of the 
antecedent and every t e [0, 1]. By its construction, dim C ^ max j 1, dim X\. 
By (16.1), C is an Ai-eategorieal subset of M. The collection of C’s is the re- 
quired minimal covering. 

17. Category and ?i-dimensional category. It is quite clear that 

(17.1) li n eat* A r ^ cat^ X ami , if k g n, h k cat^ X ^ h n cat M X. 

The question: “Under what conditions does equality hold? ,, receives a partial 
answer in 

(17.2) If X is a closed subset of an n-dimensional absolute neighborhood retract , 
M , then h n cut M X = cat a, X. 

Let a be an open covering of h n C M (A") and let a e h n C M {X) be a precise 
closed refinement (3.2). By (14.1), each set of a' is contractible in M. Hence, 
by (14.2), </ is a categorical covering of A" in M so that cat w X S 
| <?' | — h Tl Ciitjf A. 

Another partial answer is given by 

(17.3) Let X be a finite dimensional closed subset of an aspherical absolute neigh- 
borhood retract M. Then cat* A^ = hi cat M X. 

By (16.2), there is a minimal covering a of hiC M ( X) whose sets are finite dimen- 
sional continuous curves. Since each set of a is /q-contractible in the aspherical 
absolute neighborhood retract M } each set is contractible in M [28, Principal 
theorem]. Since M is an absolute neighborhood retract it follows from (14.2) 
that each set of cr is categorical in M. Thus cat* X g | a | = hi cat at A'. 

18. An upper bound for the category. According to Borsuk [11, p. 254] a 
compact space M is called a homotopy membrane in dimension k if every closed 
at most ^-dimension al subset is contractible in M. From (14.2) it follows that 
a homotopy membrane in dimension k which is also an absolute neighborhood 
retract is inessential in all dimensions S k. Hence, from theorem 7. 1 we have 


LC k (k ^ n — 1) can be chosen if X is compact and M is connected and of uniform class 
LC n and has the following property: For every compact set A and open set U D A there is 
a compact set B of class LC k such that A C B C U. It is a little difficult to see what this 
condition means for k > 0. 
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(18.1) If the m-dimensional absolute neighborhood retract M is a homotopy mem- 
brane in dimension k{^ m) then cat M ^ m — k + 1. 

Since the vanishing of the first k homotopy groups of a finite dimensional 
absolute neighborhood retract M implies that M is a homotopy membrane in 
dimension k y [25 Satz 5] and, since the first k homotopy groups of an absolute 
neighborhood retract M vanish if and only if M is simply connected and acyclic 
in the dimensions g k, [26], 

Theorem 18.2. If the m-dimensional absolute neighborhood retract M is simply 
connected and acyclic in the dimension g k(^ m) then cat M £ m — k + 1. 

Theorem 18.2 differs from (18.1) only if M is not a complex, for a complex is 
a homotopy membrane in dimension k if and only if it is simply connected and 
acyclic in the first k dimensions [26, 3']. The simply connected absolute neigh- 
borhood retract B(k, ra), 2 g k :§ ra, of Borsuk [11, p. 256] is a homotopy mem- 
brane in dimension m — 1 but is acyclic only in the dimensions g k — 1. Thus 
cat B(k, m) £ m — h + 2 by theorem 18.2 but cat B(k, ra) ^ 2 by (18.1). 

In the bounds given by theorem 7.4, (18.1), and theorem 18.2 the equality 
sign need not hold, even when M is a manifold. In fact let M = Si X & . 
According to corollary 20.3, cat M = 3. But M is essential in dimensions 0, 1,2, 
and 3 so that cat M g 4 is the best bound obtainable from the above mentioned 
theorems. 

A similar upper bound for the category follows from an unpublished result 
of W. Hurewicz: If M is a simply connected m-dimensional complex and the 
last k Betti groups, with the real number mod. 1 for coefficient domain, vanish, 
then M can be deformed into its (m — k ) dimensional framework. Hence from 
theorem 7.1 and (5.4) we conclude: 

(18.3) If M is a simply connected m-dimensional complex and = 0 for 

i = m — k + 1, • • • , m ( real numbers mod 1) then cat M g m — k + 1. 

In a similar vein : 

(18.4) If M is a connected aspherical absolute neighborhood retract whose funda- 
mental group is free with a finite number of generators then cat M ^ 2. 

For, under the conditions of the theorem, there is a compact at most 1 -dimen- 
sional set which is a deformation retract of M, [21]. As above, the statement 
follows from theorem 7.1 and (5.4). 

19. We note some further results connected with the notion of homotopy type. 

(19.1) If M is a finite dimensional aspherical absoluw neighborhood retract with 
Abelian fundamental group then cat M = hi cat M = 1 + bi(M) f where bi(M) 
denotes the 1-dimensional Betti number of M. 

For, under the conditions of the theorem' M belongs to the homotopy type 
of the 6i(il/)-dimensional torus [28]. The result follows from (10.2) and corol- 
lary 20.3. 

(19.2) * If M is an absolute neighborhood retract and if for every c > 0 there is an 
e-mapping of M into a metric space M f then cat M ^ cat M'. 

This follows from (10.2) and a theorem of Eilenberg [22]. 
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20. Product spaces. From theorem 9 it follows that, if M = Mi X • • • X M k 
is arcwise connected, 

k 

(20.1) max {cat M,} g cat M g 1 + £ (cat Mi - 1), and 

i-1 

k 

(20.2) max [h n cat Mi) g h n cat M g 1 + (An cat Mi — 1). 

t-i 

The simplest examples show that the lower bounds in (20.1) and (20.2) are 
not always attained; I shall now show that it is the same with the upper bounds 
in (20.1) and, for n > 1, in (20.2). 

Let k = 2, Mi = the three dimensional pseudoprojective space P* mi , i = 
1, 2, [2, VI Anhang 6, 7, 8, p. 266] where m x and m 2 are relatively prime. It is 
easy to show, by construction 19 of a categorical covering, that cat Pj,, = hz 
cat = 2. The complexes M ~ M 1 X M 2 and T = Xi X M 2 + Mi X x 2 , 

where (^i , x 2 ) e M , are simply connected. Moreover the homology groups of 
M and T are the same in every dimension, and for each r the natural homo- 
morphism of 0 r (T) into 0r(M) is an isomorphism which covers (3 r (M ) [2, VII, 
§2, 3]. Hence, by an unpublished theorem of Hurewicz, T is a deformation 
retract of M. Since, obviously, h 2 cat T = cat T = 2, it follows from theorem 
7.1 that h 2 cat M = cat M — 2. Thus the upper bound, 3 in this case, is not 
attained. (I do not know whether the upper bound is always attained if the 
further assumption that M be essential is imposed.) 

A lower bound of a different type has been given for the homotopy category 
by Eilenberg [19]. 

Theorem 20.3. If M — Mi X • • ■ X M k is an absolute neighborhood retract 
and essential then cat Mi ^ 2 for i — 1, • • • , k implies that cat M ^ k + 1. 

The proof of this theorem, w hich I omit, depends on the following lemma on 
homotopy : 

(20.4) If A is a closed subset of an absolute neighborhood retract M ami h! e 

is a deformation of A in M then there is a deformation h e y/^ x1011 such that 

h\A X [0, 1] = /?'. 

1 do not know whether the theorem or the lemma retains its validity for 
n-homotopy. 

Notice that the example above shows that the condition that M be essential 
in theorem 20.3 can not be removed, or even be replaced by the condition that 
each Mi be essential. 

Examination of the proof of theorem 20.3 reveals that the condition that M 
be essential can bo replaced by the apparently weaker condition that M can 


19 It is not difficult to verify that the category of a join AB is min I cat A } cat B j . The 
join A and B of two spaces A and B is the space obtained from the product A X B X 10, 1] 
by identifying (x, y , 0) with x and (a?, y, 1) with y for every x « A and y e B. The pseudo- 
projective space PJ, is the join of the 2-dimensional pseudo-projective space PJ. and a 
0-sphere So . 
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not be deformed into M p , the set of points x = (xi , • • • , x k ) of M which have 
at least one coordinate identical with the corresponding coordinate of a fixed 
point p = (pi , • • - , On observing that, for fc = 2, the category of Af p is 
the maximum of cat Afi and cat M 2 (the proof is similar to the proofs of (4.2) and 
theorem 22.2), it follows from theorem 7.1 that 

If M — Mi X Mo is an absolute neighborhood retract then cat M = 2 if and 
only if M can be deformed into M p and cat Mi = cat M 2 = 2. 

This is illustrated by the above example. 

The lower bound in theorem 2.15 and the upper bound (20.1) coincide when 
the category of each component is exactly 2. Hence 

Corollary 20.5. If M = Mi X • • • X M k is an essential absolute neighbor- 
hood retract and if cat Mi = 2 for i = 1, . • . , k then cat M = k + 1. 

Illustrative of this corollary, the product of k spheres S ni , • • • , S nk of various 
dimensions has category k 4* 1. In particular the category of a ^-dimensional 
torus is k + 1. 

Anent the question raised above of the existence of an essential M with 
category < 1 + (cat Mi — 1), the method of Eilenberg [19] yields the 

following characterization : 

If the absolute neighborhood retract M = Mi X • • • X M k is essential and if 
{Bi , B 2 , • • • , /?*} is a covering of M by closed subsets , where cat M B l g cat Mi — 
1; i sss , fc, (so that cat M < c ‘ at M % — (k — 1)), then for some i, 

7 n | Bi maps Bi essentially on M t . (tt; denotes the projection of M into M x .) 

Suppose that for each i> | Bi is essential on M x so that i r, | B x is homotopic 
to a mapping <t>[ e Mf’ such that <t>i(B l ) is a proper subset of M t . By (20.2) 
there is an extension <f>i e Mi of 0,- which is homotopic to ir t . Hence the iden- 
tity mapping (?!,•••, of M is homotopic to 0 = (<t>i , • • • ,<t> k ). But 4>(M) 
is a proper subset of M, which is impossible since M is essential. Hence, for 
some i, t, | B t is essential on Mi . 

It is conceivable that this situation occurs. The natural mapping of a 
fc-sphere onto a fc-dimcnsional projective space ( k ^ 2) is an example of an 
essential mapping which raises the category. (That the category of a fc-dimen- 
sional projective space is k + 1 follows from (31.1). 

21. Covering spaces. If the connected space M is of class LC° and has an 
open covering which is contractible in M in dimension 1 then, to every subgroup 
w of the fundamental group iri (M), there is defined a covering space M u of M 
[43 chapter 8]. Denote by p a fixed point of M so that the points of M u are 
classes [y]« of continuous arcs with initial points p, y and y' belong to the same 
class [y]o, if y'y~ l defines an element of the subgroup a> of wi(M). 

Theorem 21.1. If M u is a covering space of M ) where C(M) ^ 0, and 
denotes the set which lies over X then cat* w X u ^ catj* X. 

Since a set lying over an open set of M is open in M w , it is sufficient to show 
that the set of M u lying over a set A, which is contractible in is contractible 
in M u . Let A be contractible in M and h e M AX 10,11 be a deformation of A in 
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M into p , so that h(A , 0) = p and h(x , J ) = x. For any x e A and t € [0, 1] and 
continuous arc y in M from p to x, define 



for 0 ^ s ^ t, 
for t g ^ 1, 


so that y' y ,t is a continuous arc from p to h(x, t). Observe that [y y ,t] u depends 
on [7] w and not on the particular arc y e [7]^ . 

Define fe' e Mt uX[{) ' l] where A u is the sot lying over A , by fe'([7] w , t) = [y y ,i] u . 
Then fe'([- 7]* , 1) = [y] u and fe'(A w , 0) C p w where denotes the set of points 
lying over p . Thus fe' is a deformation of A into p u . But, by (5.4), is con- 
tractible in M. Hence A* is contractible in M. 

Theorem 21.2. If M u is a covering .space of M where h n C(M) 9^ 0 and X u 
denotes the set which lies over X then h n cat^ X u ^ h n oat* X . 

The proof is analogous to the proof of the preceding theorem. Let A be 
fe n -contractible in M and let A u and p u have the same significance as above. 
Let / e M P , with f(P) C A u , be a continuous ^-dimensional complex. By 
hypothesis there is a mapping fe e A/ 7 '* 10,11 such that fe(P, 0 ) = p and h(x, 1) = 
0/(r), where <t> denotes the mapping of M u downward into M , so that <t>f is a 
continuous n-dimensional complex. For any x e P and t e [0, 1] and continuous 
arc 7 in M from p to <t>f(x) define' 



for 0 ^ g t, 
for < <£ s 1, 


so that y y , t is a continuous arc from p to h(x, t ). 

Define fe' « Af** 10,11 by h'(x , t) = where [7]*, = f(x). Then fe'(x, 1) = 

f(x) and fe'(P, 0) C p w . As we have seen that p u is contractible in M„ it follows 
that / is homotopic to a constant. Hence A u is fe n -contractible in A/. 

In the two preceding theorems the equality need not hold. This follows, for 
instance, from the example: M = torus, A/ w = its universal covering space, 
the Euclidean plane. 


22. Identifications. W e next study the effect of certain identifications on the 
category. 

Theorem 22.1. Let K\ and K 2 be ( closed ) disjoint homeomorphic retracts of 
M where M is connected of uniform class LC° and C(M) 9 ^ 0 (or h n C(M) j* 0). 
Let N be the space ob tamed from M by an identification f e N M of the corresponding 
points of K\ a?id K 2 . Then cat M g cat A r (or fe n cat M ^ h n cat N). 

Let ft denote the space obtained from a sequence j A/*j, ? = • , —1, 0, 

] , . . . of copies of M by identifying the corresponding points of K\ and K\+ l 
for each i 9 where A'l and K\ are the sets of M % which correspond to K\ and K 2 
respectively. It is no loss of generality to suppose that M = M° } K\ = K\ } 
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Kt = Kl • Thus the mapping 4> of St into N defined by <t>(x) = where x° is 
the point of M° which corresponds to x € fit, is an extension of the mapping /. 
But ^ is a covering mapping— that is to say, for every point y cN there is a 
neighborhood U such that , where each V a is open in St and 

0| V a is a topological mapping of V a on U. It follows [43, chapter 8] that St 
is a covering space of N. Hence, by theorem 21.1 (or by theorem 21.2), 
cat St ^ cat JV (or h n cat St ^ h n cat JV). But since Ko and K x are retracts of ilf, 
M = M° is a retract of St. Hence, by (8.37), cat M g cat St. 

That the condition that K x and K 2 be retracts of M cannot be dropped can be 
seen from the following example: M is the 2-dimensional torus, K x a meridian 
of M , K 2 a simple closed curve disjoint to K x which can be contracted in M. 
Ki is a retract of M and K 2 is not. The category of M is 3, as we have seen 
earlier, but the category of N is 2. In fact it is not difficult to construct a 
minimal covering e C(N ) with two sets, which arc images under / of cylinders 
each deformable in M into A'i . 

Theorem 22.2. If K x and K 2 of the preceding theorem are points and if 
1 < cat M < <x> (or if 1 < h n cat M < qc ) then cat M = cat N (or h n cat M = 
hn cat N ). 

Let (X,-} be an open minimal categorical covering of M. We may assume 
that Ki cj: X x and K 2 Cjl X 2 . (From the assumptions that cat M > 1 follows 
the existence of X x and X 2 ). For if, for example, K x C nr-\* , Choose a 

closed neighborhood A x of K x such that /( .40 is a categorical neighborhood of 
K = f(K \ ) in N and replace the covering { A\-} by the open refinement |X,}, 
where 

X[ = X x - A lf 

X- = Xi, for i > 1. 

This operation can be performed simultaneously if necessary on both K\ and 
K« so that we may assume that K x cfc X x and K 2 cjl X 2 . 

Let V i and U« be open neighborhoods of K x and K 2 respectively such that 
f(Ui) and f(U 2 ) are contractible in N, and U X U 2 = Ti-Xi = U 2 -X 2 = 0. 
Let K - /(JSC, + Kt). 

The covering <r = {/(X,) — X, f(l\ + l \) } of N is open and categorical in N . 
Furthermore | cr | = 1 + cat M. But (/(X,) - K ) . (/(X 2 ) - K ) -f(U x + l\) = 0 
so that the nerve of a is not a simplex. Hence, by §6, <r is not a minimal covering 
t C(N ), so that cat N ^ cat M . 

The above proof applies word for word to the n-dimensional category. 

Using induction it follows from theorem 22.2 that the categories are un- 
changed by a succession of point identifications. 

It would be worth while to generalize theorem 22.2, somehow, to the situa- 
tions of theorem 22.1 (and both theorems if possible, to the type of identifica- 
tion + considered bv Borsuk [11]. An upper bound for cat N in this direction 
/ 

is the following (Cf. [4, p. 277. (4)] for a special case); probably too generous: 
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Theorem 22.3 Let M be an absolute neighborhood retract in the weak sense 
and K\ and K 2 be disjoint homeomorphic retracts of M . Let N be the space ob- 
tained from M by an identification f c N M of the corresponding points of K x and K 2 . 
Then cat N ^ cat M + k, where k = cat* K x = cat* K 2 . 

By (14.2), cat* ACi ^ cat JSTi , (for any closed covering of C(K X ) is contained 
in an open covering of C* K x )). By (4.3), cat K x g cat* K x . Thus cat K x = 
cat = cat*ACi — cat* Al 2 = A:. For the same reason cat*# = cat/C = A;, 
where K = /(.fiTi) = f(K 2 ). Since / 1 (A/ — (jK\ + # 2)) is a homeomorphism, 
cat* (N — K) ^ cat* (A# — (ACi + #2)) g cat A/. Hence, by (4.1), cat N g 
cat* (N — K) + cat* K g cat M + k, 

23. Category and the fundamental group. A generalization, due to Hurewicz, 
of a theorem of Borsuk [14] states that for the fundamental group to be free it is 
sufficient that the category be ^ 2. If category is replaced by 1-dimensional 
category the condition becomes also necessary. Precisely: 

Theorem 23.1 The 1 -dimensional (homotopy) category of an LC X -continuum 
M is = 2 if and only if the fundamental group ir x (M) is free and non-vanishing . 

Suppose, first, that h x cat M — 2. By (1G.2), there is a minimal covering 
{Mi , M 2 \ € hiC(M) by open, connected sets. Since M is an LC l continuum, 
M x -M 2 has a finite number of components. It follows from a theorem on the 
fundamental group of a union [43, chapter 7; 29] that w x (M) is a free group 
with a finite number of generators; wi(M ) does not vanish because hi cat M > 1. 

Suppose, conversely, that t x (M) is free and non-vanishing. Since M is an 
LC l continuum, t x (M) has a finite number of generators. Hence the number 
of generators of iri(M) is the coherence r(M) [20, p. 175, theorem 1]. Since 
tti(M) is non-vanishing, r(M) > 0. Hence M = M x + M 2 , where M x and M 2 
arc open and connected and M x -M 2 has 1 + r{M) components [20, p. 172, 
theorem 1]. Then M x and M 2 must both be /ii-contraetible in M, for if an 
element of tt x (M) different from the identity had a representative loop in M x , 
for example, then it would follow, from the above quoted theorem on the funda- 
mental group of a union, that w x (M) had more than r(M) generators. Hence 
\M X , M 2 } eh x C(M) so that h x cat M ^ 2. But hi cat M 5* 1 because w x (M) 
docs not vanish. 

It is really remarkable that h x cat Af = 2 can be characterized by means of 
the fundamental group tt x (M) alone. In fact 

(23.2) The 1 -dimensional homotopy category is not an invariant of the funda- 
mental group } even over the class of complexes . 

Let T3 denote the 3-dimensional torus obtained from the 3-dimensional cube 
Qz of Euclidean 3-space by identifying the opposite faces in the usual way, and 
let W denote the 2-dimensional subcomplex of r l\ which is the image, under the 
identification, of the boundary of Qz. By (17.3) and corollary 20.3, h x cat 
Tz = 4, while from theorem 23.1 and (5.4) it follows that h x cat W = 3. Never- 
theless Tz and W have isomorphic fundamental groups. 

From theorem 23.1 it follows that if the LC X continuum Af is unicoherent, 
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its 1-dimensional category can not be 2. For if hi cat M = 2 then ti(M) is free; 
if M is unicohercnt it follows that tti (M) = 0 [20, p. 175, theorem 1] thus 
hi cat M = 1 which is a contradiction. From this follows (cf. [14]): 

(23.3) Category and n-dimensional category are not invariants of the homology 
groups (< arbitrary modulus) even over the class of manifolds . 

The 3-sphere S 9 and a Poincare manifold L have the same homology groups 
(arbitrary modulus). It is clear that hi cat S 3 = 1, h n cat S 9 = 2 for every 
n > 1 and cat S 9 = 2. Since tti(L) j* 0, hi cat L > 1. Since bi{L) 0, ti(L) 
is not free [39, chapter 7, §48] so that, by theorem 23.1, hi cat L ^ 3. Hence, 
by (17.1), A n cat L ^ 3, for every n, and cat L ^ 3. 

We can now calculate the categories of the compact, connected 2-dimcnsional 
manifolds. It is more or less obvious that hi cat S 2 = 1, A n cat S 2 = cat S 2 = 2 
for n > 1. From theorem 23.1 and (5.4) it follows that for any other compact, 
connected, 2-dimensional manifold A/, A„ cat M = M = 3. 

III. Homology Categories 

24. Definitions. For any coefficient domain 21 and positive integer k a map- 
ping 0 e M x induces a (natural) homomorphism of the A-dimensional homology 
group Pk(X) = ftt(A, 21) of X (with coefficient domain 21) into the A-dimen- 
sional homology group /3 k (M) = ftt(Af, 21). (Homology groups arc defined as 
Vietoris limit cycles [26, p. 521].) Mappings 0 and 0 c M x are said to be 
homologous (21) in dimension n ^ 1, or n-homologous (21), if, for every k, 0 ^ 
k ^ 72 , the same homomorphism of 0*(A, 21) into /3*(A/, 21) is induced by 0 
and 0. In other terms: <t> and 0 are n-homologous (21) if every A-cycle (21), 
0 ^ k ^ n, of X is “mapped” by 0 and 0 into homologous cycles of M [2, p. 21 1]. 

A subset X of M will be said to be H n deformable (21) in M into Y if there is a 
mapping/ eJlf A , with f(X) C F, which is n-homologous (21) to the identity 
mapping of M x . I shall say that X is H n contractible (21) in M if there is a 
point m € Af into which X can be H n deformed (21) in A/. In other words A" 
is //n-contractible (21) in M if every k cycle (21), 0 ^ k ^ n, in X bounds in Af. 

I shall say that X is H n categorical (21) in M if X is contained in an open set 
which is H n contractible (21) in A/. A covering of X by H n categorical (21) 
subsets of M will be called an H n categorical (21) covering of X in M ; the collection 
of such coverings will be denoted by H n C M ( X) = J ff n C Af (A, 21). 

For future use let us observe that 

(24.1) If M is a complex , a subcomplex X is H n categorical in M if and only if 
it is H n contractible in M. 

The n-dimensional homology category , H n catj* X = H n cat (A, 21), of X in M 
is defined to be the smallest of the cardinal numbers | a | as <r ranges over 
H n C M ( A, 21). A covering a of H n Ci *(A, 21) is minimal if | a | = H n cat* (A, 21). 

Mappings 0 and 0 eM x are homologous (21) if they are homologous (21) in 
every dimension. As above, we define H-deformable (21) in M into B , H-con - 
tractible (21) in M , H-categorical (21) in M, and the homology category , H cat* (A, 21) 
in terms of homology (21). 
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25. Relation to previously defined categories. The results of chapter I apply 
also to the homology category. In fact, homology in dimension n and homology 
are symmetric, reflexive, and transitive and satisfy (2.1), (2.2), and (2.3). 
When M is of class AC 0 , (2.4) is satisfied. When X and M are absolute neigh- 
borhood retrac ts, (2.5) is satisfied. For then the Vietoris and singular homology 
groups are the same*. Suppose 0i and 0i e A/? 1 are n-homologous and also 0 2 
and 0 2 e Mo 2 are n-homologous. Let X = A' x X X 2 , M = M x X A/2 , <t> = 
(0i , 0 2), 0 = (0i , 02)- An n-cycle in A r may be represented by a continuous 
complex/ e X J and a combinatorial n-cycle 7' on P. Let P' be a copy cf P f 
t a topological mapping of P' on P and 7' the cycle of P' corresponding to 7 
on P. As in the case of a-homotopy, 0/ = (0i7r,/, 0 2 tt ? /) and 0/ = (0 it: 1/, 0 2 7r 2 /). 
Since by hypothesis 0j7ri and 0 2 7r 2 are ^-homologous to 0^ 1 and 0 2 7r 2 respectively, 
there is a complex Q 3 P + A' and a chain T on Q whose boundary is 7 - 7', 
and mappings c*i e A/? , a 2 1 M% such that oi ! A = 0 l7 ri/, c*i | P’ = 0i? n/r, a 2 1 P = 
02^?/, 02 1 P r = 0-7 r?/r. Thus «=(«!, a 2 )eM (J such that a|P = 0/ and 
a|P' = 0/r. Hence 0 and 0 arc n-homologous, completing the proof that (2.5) 
is satisfied. In view of (24.1) it follows that §9 applies to homology, at least 
if M is a complex. 

It is quite clear that H n cat* A' ^ // eat* A, //* cat* A r g II n cat* X if k g n, 
//» cat* A" g /i n cat* A and II cat* A r g h cat* A(= cat*A r ). Also that 
H n cat* X — II cat* X when M is compact and n-dimensional. 

26. Complete homology category. Mappings 0 and 0 e M x are said to be 
completely homologous if they are homologous (?[) for every choice of coefficient 
domain [2, p. 211]. I shall say that 0 and 0 are completely n-homologous if 
they are n-homologous (?l) for every ?(. As in §24 we may define the complete 
homology category and the complete n-homology category. From (24.1) and [2, §4] 
of [27, Satz 1.3] it follows that the complete n-homology category of X in a 
complex M is = II n eat* (A', Z) where 20 Z is the direct sum of the cyclic groups Z m 
of order m ^ 2. If M is a complex without torsion then the complete 
n-homology category of A' in M is = //„ cat* (AL 9h) [2, §4, Nr. 13]; this state- 
ment may be false if M has torsion [2, §4, Nr. 13]. 

27. Covering spaces. The question naturally arises as to whether the ana- 
logue of theorems 21.1 and 21.2 holds for the homology categoric.*. The fol- 
lowing example shows that it does not: 

Let M be the manifold with boundary obtained from a 2-dimensional torus 
by removing an open 2-cell and lot A r be the 1 -sphere which is the boundary cf M 
[2, VII, §1, Nr. 9]. The fundamental group of M is free with two generators, 
a and fe, corresponding to an equator and a meridian of the original torus. Let 
Af« be the covering space of M determined by the subgroup to of tti(M) generated 
by a 2 . Thus M u may be obtained from a torus by removing two open 2-oells 

I shall use, throughout, the following notation: Z 0 is the group of integers; Z m is the 

cyclic group of order m ^ 2; is the group of real numbers mod 1. 
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with disjoint closures. Clearly X u is the boundary of Af* and consists of a pair 
of disjoint 1 -spheres. It is not very difficult to see that Hi cat* X = 1 while 
Hi cat* X = 2 , the coefficient domain 21 chosen arbitrarily. 

28. Homology categories and intersection cycles. A distinct advantage of 
the homology categories is the opportunity to apply the duality theorem to 
their calculation. In this number, the basis of this calculation is developed. 
Let S3 be a locally compact separable group and let 21 be the locally compact 
separable group of its characters [41, chapter V]. We require further that 93 
be a ring. We consider an orientable manifold , 21 M , of dimension n and a sub- 
complex A. A consequence of the duality theorem is: 

If every r cycle (21) in A bounds in M then every (n — recycle (93) in M has a 
homologous cycle in M — A, (r > Q). 

For there is a natural homomorphism 0 of j 3 r (M y 21) into 0 r (A/ mod A, 21), 
which reduces every r-cycle mod A. The hypothesis that every r-cycle in A 
bounds in M is equivalent, as an elementary argument shows, to the hypothesis 
that 0 is an isomorphism of /3 r (M, 21) into 0 r (Af mod A, 21). Let 0 ' denote the 
homomorphism, induced by 0 , of the group 0 n _ r (Af — A, 93) of characters of 
f} r (M mod A, 21) into the group 0 n _ r (Af, 93) of characters of 0 r (Af, 21). A 
character X of /3 r (Af mod A, 21) is transformed by 0 ' into the character X0 of 
0 r (M f 21). It is easy to verify that 0 ' is the natural homomorphism of 
p n - r (M — A, 93) into 0 n _ r (Af, 93). Since 0 is an isomorphism, there is, for 
every /zc0 n _ r (A/, 93), a character X' of a subgroup of fl r (M mod A, 2Q such 
that n = X' 0 . But there is a character X of 0 r (Af mod A, 21) which is an ex- 
tension of X' [41, chapter 5, §31, theorem 35]. Since 0'X = X0 = /x we have 
shown that 0 ' covers the image group, i.e. 0'(/3 n _ r (Af — A, 93)) = /3 n _ r (Af, 93). 
This last statement means precisely that every ( n — r) cycle (93) in M has a 
homologue in M — A. 

From this corollary of the duality theorem follows: 

Theorem 28.1 //, on the orientable n-dimensional manifold M, there can be 

found k cycles y x , * . . , 7*(93), of dimensions g n — 1 and ^ n — r, such that 
their intersection cycle [33, p. 171] y = 71*72 ••• 7 k is not homologous to zero , 
then H r cat (M f 21) ^ k + 1. 

Suppose Hr cat (M, 21) g k so that, by (24.1), k subcomplexes Ai, • • • , A k 
of M can be found, which cover M and are H r contractible (21) in M. By the 
above argument, k homologues, 61 , 5 2 , • • • , h , of 71 , 72 , • • • , 7 * respectively, 
can be found in M — A \ , M — As , • • • , M — A* respectively. The inter- 
section cycle 6 = 5i-8 2 ••• At is homologous to 7 , so that by hypothesis the 
carrier d of 8 is not empty; on the other hand 8 C ( M — Ai)-(M — A 2 ) • • • 
(M — A k) = 0. This contradiction proves the theorem. 

The corresponding theorem for the non-oricntable manifolds has been proved 
by Schnirelmann [42; 39, p. 33; 40, p. 42] (in the case r = n) though not ex- 
plicitly formulated: 

,l An n-manifold is a connected complex such that the linked complex of any r-simplex 
is a homology (n — r — l)-sphere. 



ON THE LUSTERNIK-SCHNIRELMANN CATEGORY 


357 


Theorem 28.2 //, on the n-dimensional manifold M, there can be found k 
cycles 7x > 72 , • • • , 7* (Z 2 ) of dimensions g n — 1 and ^ n — r, szzcA their 
intersection cycle 7 = 7i*72 • • • 7 * not homologous to zero , then II r eat (ilf, Z 2 ) 
k -T 1. 

The proof is along the same lines; the group Z 2 of integers mod 2 replaces 
both 31 and $8 and mod 2 characters replace the (real numbers mod 1) characters. 
The extension theorem corresponding to [41, theorem 35] is trivial because sub- 
groups of homology groups (Z 2 ) are closed with respect to both the topology 
and division. 

29. Homology categories and submanifolds. In the applications of §28 to 
the calculation of homology categories it is sometimes sufficient to use weakened 
forms of theorems 28.1 and 28.2. The weaker theorem (for the case Z 2 and 
r = n) is due to Schnirelmann [42; 39, p. 32; 40, p. 40]. It is based on a se- 
quence of manifolds with properties somewhat analogous to the categorical 
sequence of §5. 

I shall say that a sequence M {) , M 1 , • • • , M k = M of submanifolds, of dimen- 
sion no , fti , • " , n* respectively, of an n dimensional manifold M is an S-\ se- 
quence (31) if 


IoCI/jC.-.C M k = M and 
0 g no < • • • < n k = n and 

for every i = 1,2, • • • , k — 1, any n t — cycle (31) in 3/, which bounds 
in M bounds also in M t . 

(The last condition is somewhat analogous to the “divisor” of §4.) 

The application of S-sequences to the calculation of homology category de- 
pends on the lemmas immediately below, which are consequences of the duality 
theorems. 

A cycle 7' on a submanifold M f of a manifold M will be said to have been 
extended, to a cycle 7 on M if the intersection cycle 7 -y' of 7 with the funda- 
mental cycle y! of M' is homologous on M to 7'. This definition is for an 
arbitrary coefficient domain if M and M' are orientable, for coefficient domain 
Z 2 otherwise. 

Let M be an orientable a-dimcnsional manifold, 31 and $ as in §28. 

(29.1) If M' is an orientable m-dimensional submanifold of M , with the property 
that every (m — i)-cycle (31) of M ' which bounds in M bounds also in Af\ then 
every i-cycle (33) on M' can be extended to an (n — m + i)-cycle (33) on M. 

The hypothesis that every (m — i)-cycle (31) of M ' which bounds in M 
bounds also in M' means precisely that the natural homomorphism 0 of 
/3 31) into 0 m _,(Af , 31) is an isomorphism. Let 7' be an t-cyclc (33) on AT. 
According to the duality theorem, 7' is a character of /3 m _,(Af', 31). Hence 
7'0~ 1 is a character of a subgroup of 0 m .^(Af, 31). There is a character 7 of 
j8 m _i(M, 31) which is an extension of y f 6~ l [41, chapter 5, §31, theorem 35]. 
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The character y is an (n — m + i) cycle (3$) on M and y-y' is homologous 
to 7' on M . 

If we allow M and AT to be non-orientable we have in an analogous fashion 
(cf. §28): 

(29.2) If M' is an m-dimensional submanifold of the n-dimensional manifold M ) 
with the 'property that every (m — i)-cycle (Z 2 ) of AT which bounds in M bounds 
also in AT, then every i-cycle (Z 2 ) on M 9 can be extended to an (n — m + i) -cycle 
(Z 2 ) on M. 

From (29.1) and (29.2) we derive, by parallel arguments, the following two 
theorems of which we exhibit the proof of the first only. 

Theorem 29.3 If there is an S-sequence (31), Mo , Mi , • • • , Mk = M, of 
length k + 1, in the orientable n-dimensional manifold Af, such that the submani- 
folds M 0 , Mi , • • • , Mk are orientable , then H r cat (Af, 31) ^ k + 1 for any 
r ^ max \?i t — n,_i}. 

lr • ',k 

Theorem 29.4 If there is an S-sequence (Z 2 ), M ( , , Mi , • • • , Mt = M of 
length k + 1, in the n-dimensional manifold M then II, eat (A/, Z«) ^ k + 1 for 
any r ^ max {n< — n,-!). 

1 — 1 ,* • -,k 

Proof of theorem 29.3: Let no , mi , • • • , ma denote fundamental cycles (33) 
of Mo, M 1 , ••• , M k respectively. Applying (29.1) to the n,„i dimensional 
cycle /Xi-i of Af, , i = 1, 2, • • • , k, we construct an (n — n, + n,_i)-dimensional 
cycle (33) m?-i on M which is an extension of m*-i . It is easy to prove inductively 
that the n A _i dimensional intersection cycle m*-i • m *-2 • • • m*~i is homologous to 
M*-i , and thus that the intersection cycle y*~i • m *-2 • • • m* is homologous to mo , 
hence not homologous to zero. Since the dimension of each of the cycles 
M*-i , m *-2 , • • • , mo i s g n — 1 and ^ n — r, it follows from theorem 28.1 that 
Hr cat (M f 31) ^ k + 1 . 

From theorem 29.3 we deduce the interesting consequence: 

(29.5) If a manifold M has dimension ^ 2 and £i(A/, Z 2 ) 1 A 0 then 
H cat (My Z z ) ^ 3. 

For there is a simple closed curve Af x such that the sequence Af 0 = point of 
Afi , Afi , Af 2 = M is an S-sequence (Zo). 

30. Product manifolds. Consider cycles 7! , • • • , 7*, (93) of dimension 
^ Uj — 1 and ^ ?ij — r t on the n ; -dimensional manifold M 3 (j = 1, 2), where 33 
is understood to be Z 2 if the manifolds are not restricted to be orientable, such 
that the intersection cycles 7 1 = y\ • • • 7^ and y 2 = 71 • • • 7 1 2 are not homol- 
ogous to zero. Then the cycles 7 } X m 2 , • • • , 7 ^ X m 2 > M* X 71 , • • • , m 1 X 7 l t , 
y X m 2 on M l X A/ 2 , where y and y are fundamental cycles of Af 1 and Af 2 
respectively, have an intersection not homologous to zero. In fact this inter- 
section is 7 1 X y 2 , cf. [2, VII, §3, 5]. Thus 

(30.1)* If on the orientable n j-dimensional Mj (j = 1, 2), there can be found kj 
cycles 71 , • • . , y i kj • (33) 0/ dimensions ^ n x — 1 and ^ n x — r x swcA that their 
intersection cycles 7 1 and y 2 are not homologous to zero then H r cat (M 1 X Af 2 , 31) ^ 
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k\ + k 2 + 1, where r = r x + r 2 . The same statement holds about notrnecessarily- 
orientable manifolds if 91 and 93 are replaced by Z 2 . 

Similarly one can show that 

(30.2) If there is an S-scquence (?() of oricntable manifolds of length k } + 1 on 
the orientable manifold M J (j = 1, 2) then II r cat (71/ 1 X M 2 , 93) ^ k x + k 2 + 1 
where r = r\ + r 2 (cf. theorem 29.3). The same statement holds if orientability 
is dropped and 31 and 93 are replaced by Z 2 . 

Thus, in particular, the homology (Z 2 ) category of the product of k mani- 
folds is ^ k + 1. This is analogous to theorem 20.3. 

31. The projective spaces. The most impressive application of theorem 29.4 
is to the projective spaces. 

(31.1) For the n-dimcnsional projective space I\ we have Hi cat (P n , Z 2 ) — 
cat P n = n + 1 . 

For there is an S-scqucnce (Z 2 ) P 0 , Pi , • • • , P n of projective spaces. It is 
sufficient to prove that every 1-cycle in J\ which bounds in P i+i bounds in Pi 
[i — 1, • • • , n — 1). This is true for i = 1 because no 1-cycle of P\ bounds 
in P 2 . For i > 1, suppose y is a 1 -cycle in P x which bounds a 2-chain F in 
Pi+i . Choose a point of P l¥ i not on I\ and not on the carrier f of F and project 
T from this point into I\ . The projected 2-chain has y for its boundary. 

Thus II i cat ( P n ,Z 2 )^n + 1 . But II X cat (P n , Z 2 ) ^ cat P n ^ n + 1 by §25 
and (5.4). 

Let us observe that cat P n = n + 1 has, as an immediate consequence, the 
often proved 22 

Theorem 31.2 If the (n — 1 )-dimensional sphere S„_i is covered with n closed 
sets then at least one of these sets contains a pair of antipodal points. 

Let / € Pn n be the standard identification of antipodal points of the n-dimen- 
sional cell Q n and suppose that Mi , A 2 , • • • , .4*} is a closed covering of S n -i , 
the boundary of Q„ , where no A t contains any pair of antipodal points. Let a 

be the center of Q n so that Ja.1i , a.l 2 , • • • , a .4*} is a closed covering of Q„, 

where a.4, denotes the convex join of a and A t . Since |/(a.4i), /(a.4 2 ), • • • , 

f{aAk) | is a covering of P n by closed sets which are contractible in P n , it, follows 
that cat P n ^ /,*. Hence n + 1 ^ k, which proves the theorem. 

32. Complexes with homology category 2. Let 31 now denote an arbitrary 
coefficient domain, and lot K be a connected a -dimensional complex. Suppose 
that // r cat (K, 9f) ^ 2 so that K = K x + K 2 where K x and K 2 are subcomplexes 
of K (cf. 24.1) and every /-cycle (31) in K x or in K 2 bounds in K for 

« [39, p. 26, lemma 1; 8, p. 178; 16; 32; 2, XII, §4, 8, Satz Xlj. Cf. also [17, 24, 23]. An- 
other consequence is If the n-sphere S„ is covered with n closed sets then at least one of these 
sets contains a symmetric continuum, cf. [39, p. 26, lemma 2], where this is used as the basis 
of the calculation of the category of P n . 
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i = 0, 1, • • • , r. Under these conditions the subgroup Si(K ) of ft(A), of these 
elements which can be represented as cycles y] + 7* with $ C A, 0 =1, 2), 
consists of the identity only for i = 0, 1, • • • , r [2, VII, §2, 3]. Furthermore 
the subgroup iV t (Ai*A 2 ) of ft(Ai-A 2 ), consisting of cycles which bound in 
either Ai or A 2 , is = ft(Ai-A 2 ) for i = 0, 1, ••• ,r [2, VII, §2, 4]. (The 
group ft is meant in the sense of [2, V, §1, 5].) Hence, for every i r, the 
isomorphism [2, VII, §2, 8, Satz 5] takes the form 

(32.1) ft(A, 31) = ft-i(AV A 2 , 31); i ^ r. 

Thus we have derived a necessaiy condition for |Ai , A2) c// r C(A, 31). 

From (32.1) for i = 1 follows 

Theorem 32.2 If A is a connected complex and ft(A, 31) 5^ 0 and is not the 
direct sum of groups isomorphic with 31 then H\ cat (A, 31) ^ 3. 

For ft(Ai-A 2 , 31) is the direct sum of t groups isomorphic with 31, where 
t + 1 is the number of components of Ai • A 2 . 

Theorem 32.2 is the analogon of theorem 23.1. The proof of the converse 
breaks dow r n, since we can no longer use the coherence, as in theorem 23.1. 
In fact the converse is false: Let A be the 2-dimensional torus and 31 = Z 0 . 
It is well known that ft (A, Z 0 ) = Z 0 + Z 0 ; nevertheless Hi cat (A, Z 0 ) = 3, 
by theorem 29.4. 

From theorems 29.3 and 32.2 follows: 

(32.3) If M is an orientable manifold of dimension ^ 2 and p is a prime such 
that ft(Af, Z p ) 0, then H cat (Af, Z v ) ^ 3. Thus if ft(Af, Z 0 ) 5^ 0, the complete 
homology category of M is ^ 3. 

For if H cat (M , Z p ) g 2 then, by theorem 32.2, ft(M, Z p ) = Z P + • • • + Z p . 
There Ls a simple closed curve a of M which carries a 11011-zero element z of 
ft(M, Z p ). Since ft(a, Z p ) is the cyclic group of order p generated by z , so 
that the only possible homomorphisms of ft(a, Z p ) into ft(Af, Z p ) other than 0 
are isomorphisms, the sequence {A/ 0 = point of a , M x = a, M 2 = M\ is an 
*S-sequence (Z p ). Hence by theorem 29.3, II cat (A/, Z p ) S 3. The second 
statement follows from §20 because ft(A/, Z 0 ) 0 implies that ft(A/, Z p ) 5* 0 

for some prime p [2, V, §4, 9, p. 235]. 

IV. The Strong Categories 

33. Definitions. We have considered categories associated with each of the 
relations homotopy, homotopy in dimension n, homology, and homology in 
dimension n. These relations will be denoted by h , h n , H = H{ 31), Hn = // n (2Q. 
In this chapter I shall w r rite $ to denote an unspecified relation e the collection 
\hjhnj H, H n }. 

We shall now study a category-like invariant w hich I have called the strong 
category (abbreviated cat*). This is defined by considering coverings of X by 
sets which are ^-contractible (i.e. not in M but in themselves). Roughly, this 
amounts to confusing the set A and the space M in which it is to be ^-con- 
tracted. Hence, it seems advisable to demand not only that the sets be 
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^-contractible in themselves but that they also possess the properties of M 
which were found in the preceding sections to insure a relatively complete 
theory. For this purpose local £>contractibility seems reasonable. However, 
the following definition Is slightly more convenient: Let denote the 

collection 23 of coverings of M by neighborhood retracts of M which are ^-con- 
tractible. (Thus when M is locally 6>contractiblc so is every set of every 
covering of !qC*(M).) An ^-contractible neighborhood retract of M will be 
called a strong ^-categorical set of M . We define the ^-strong category, 24 
$ cat* M y of M to be the smallest of the cardinal numbers I cr | as ranges over 
(There is almost no point in considering a strong category of X in M, 
as, for any decent space X y it would turn out to be independent of M .) Since 
the points of M constitute a covering of ,<pC*(Af), the ^-strong category is 
always defined. If M is an absolute* neighborhood retract, its strong h- cate- 
gorical sets are absolute retracts and its strong /i n -categorical sets are those 
neighborhood retracts whose first n-homotopy groups vanish [25, Satz 5]. A 
strong ^-categorical set need not, even under the most favorable circumstances, 
have an ^-contractible neighborhood. In fact the 2-cell of Alexander [1] im- 
bedded in the obvious way in a solid torus is a strong /n-categorical set, but no 
neighborhood is /^-contractible. 

34 . From the definition follow immediately 

(34.1) If Mi and M 2 arc neighborhood retracts of M x + M 2 then 

vS> cat* (Mi + M 2 ) g to cat* Mi + £> cat* M 2 ; 

and 

(34.2) h n cat* M ^ cat* M and , if k ^ n, h f: cat* M ^ h n cat* M. The proofs 
an* obvious. 

From a theorem of Hurewiez [25, Satz (5] follows 

(34.3) If M is an n-dimensional absolute neighborhood retract then h n cat* M = 
cat *M. 

Similar results are easily obtained for the strong homology categories. Note 
that the complete a-homologv category of a complex M = II n cat* (M y Z 0 ), 
[2, V, §4, p. 228]. 

(34.4) If M is an absolute neighborhood retract } and A and B are strong cate- 
gorical sets of M which have only one point in commoUy then A + B is a strong 

categorical set. Consequently if A' and IV are disjoint to-eatcgorical sets of M 
then A' + B' can be enlarged to a strong ,S > categorical set A' + a + B' by the ad- 
dition of a spanning arc a. 

Since A and B are absolute neighborhood retracts so is A + B [7, p. 226]. 
For $ = h the contractibility of A + B is a consequence of a theorem of Aron- 

« That the collection $C*(M ) is a much more complicated invariant than $ eat* M is 
indicated by an example due to Borsuk [13] of a 2-dimensional complex, P, in 3-dimensional 
Euclidean space which is ^-contractible but for which the least value of | | > 1, as <r 

ranges over $C*(P), is 3. 

u I shall write C*(M) for hC*(M) and cat* M for h cat* (M). 
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zajin and Borsuk [3, p. 194], For = ft n it follows from a theorem of Kura- 
towski [31, p. 277], For § = H or H n it is more or less trivial. 

Remark: The lemma is false if M does not have suitable local properties. 
Example in the Cartesian plane: 

n-i t n J 

B the set symmetric to /I with respect to the origin. Every deformation of 
A + B leaves the origin fixed. 

As a consequence of (34.4) and of the theorem of Aronzajin and Borsuk quoted 
above we have 

(34.5) If M is an absolute neighborhood retract and a is a minimal covering of 
then every pair of sets of a intersects in at least two points. For $ = ft, 
the intersection of any pair of sets of a is not an absolute retract. 

36. Covering spaces. By a modification of the proof of theorem 2.19 and an 
extension of (34.4) can be proved 

(35) If M is a covering space of an absolute neighborhood, retract M then cat* M ^ 
cat* M and h n cat* M ^ ft n cat* M. 

36. Upper bounds for the strong category. The analogue of (5.4), namely 
Theorem 36.1 If M is a connected n-dimensional complex then cat* M g 
71 + 1 . 

was proved by Borsuk [15], who observed that the theorem becomes false if M 
is required merely to be an n-dimensional absolute neighborhood retract. 

In chapters I and II, I made successive refinements of (5.4), the ultimate 
refinement being theorem (18.2). I shall now show that over the class of con- 
nected complexes the analogue of theorem (18.2) does not hold. 

(36.2) There is a connected m-dimensional complex , which is simply connected 
and acyclic in the first k dimension , for which the strong homology (Z 0 ) category 
is > the upper bound m — k + 1 for the category of a complex satisfying these 
conditions. 

In our example m = 2, k = 1 and the strong homology (Z 0 ) category = the 
strong homotopy category = 3. 

Let P 2 m denote, for m ^ 2, the 2-dimensional pscudoprojcctive space [2, VI, 
Anhang 6, 7, 8, p. 266] obtained from the 2-cell r ^ 1 (written in polar coordi- 
nates (r, 0)) by identifying the /n-points (1, 0), (1, 0 + 2ir/m),---, 
(1, 0 + 2tt (m — 1 ) /in ) ) for each 0^0^ 2ir/m. The fundamental group 
tti(P*) of P 2 m is the cyclic group of order m whose generator is carried by the 
simple closed curve a m which is the image, under the identification, of the 
boundary, r = 1, of the 2-cell. 

Since ft (P 2 m , Z (i ) = wi (P 2 m ) [43, chapter 7, §48] it follows from theorem 32.2 
and (5.4) that Ih cat (P 2 m , Z 0 ) = 3. 

Let m and w be relatively prime integers and let X = X m , n denote the complex 
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obtained from P 2 m and P\ by identifying a m and a n and, for simplicity, write 
X = P m + P n . Since m and n are relatively prime it follows from a previously 
quoted theorem on the fundamental group of a union [43, chapter 7 §52] that X 
is simply connected (hence also acyclic in dimension 1). Since ft(X, Z 0 ) 0, 

X is not i/(Z 0 )-contractible, so that II cat* (X, Z 0 ) ^ 2. Suppose \A, B) is a 
covering of HC*iX , Z 0 ). Since H x cat P m = 3, one of the sets A P m , B P m , 
say A P m , carries a 1-cycle y which is homologous to qa m ,1 g q g m — 1, 
where is the generating cycle of Pi(P* m , Z 0 ) carried by a m . On the other 
hand, since P n is not //(Z 0 )-contractible, A P n is a proper closed subset of P n , 
so that the 1-cycle y can not bound on P m + A P n , hence not on A. This is a 
contradiction since A is supposed to be //(Z 0 )-contractible. 

Thus we have shown that cat* M ^ m — k + 1 Ls not true over the class of 
simply connected ra-dimensional complexes M acyclic in the first k dimensions. 
There remains a possibility that this be true if M is further restricted to range 
only over pseudomanifolds (or manifolds). 

In a very special case the validity of the inequality cat* M m — k + 1 
follows from a theorem of Borsuk [12, p. 58]. The simple connectivity in this 
special case is a consequence of the acyclicity. 

(36.3) If the connected complex M is acyclic in dimension 1 and can be imbedded 
in 3 -dimensional Euclidean space then cat* M ^ 2. 

37. Identification of a pair of points. The conditions under which an analogue 
of theorem 22.1 can he proved are apparently much more restrictive. 

(37) Let X be an absolute neighborhood retract and Y the absolute neighborhood 
retract obtained from X by an identification, /, of a pair of distinct points , a x and a 2 . 
If B is a strong $y- categorical set of Y then f~ l (B) is either a strong £>- categorical 
set not containing a x or a 2 or is the union of disjoint strong £>- categorical sets A x 
and A* , ^4i 9 a x , A* 9 a 2 , according as B does or does not contain b = f(a x ) = /(a 2 ). 
Hence , by (34.4), $> cat* X ^ © cat* Y. 

If B does not contain b then f~\B ) is homeomorphic with B , so that f~ l (B) 
is an ^-contractible absolute neighborhood retract contained in X. 

If B contains b then, since B is ©-contractible, there is, for any x ef'\B) an 
arc in B from f(x) to 5. Hence there is an arc in / _1 (B) from x to either a x 
or a 2 . Thus f~ 1 (B) has at most two components. But if f~\B ) were con- 
nected it would contain an arc from a x to a 2 which is contrary to the assumption 
that B is ©-contractible (cf. 2.4). Hence f~\B) = A x + A* where Ai is the 
component of f~\B) which contains a t ( i = 1, 2). Now f\A x and f\A» are 
homeomorphisms so that A t is homeomorphic to/C4,), i = 1, 2. Hence each 
Ai is strong vSVcontractible. But f(A { ) is a retract of B\ in fact the mapping 

p(y) = y for y if (At) 

b for y e B — f(A{) 

is a retraction of B into /(A<). It follows [7, 6] that f(Ai) and hence A » is an 
absolute neighborhood retract, hence strong ©-categorical. 



364 


RALPH H. FOX 


38. Point Identification on an irreducibly closed complex. In direct contrast 
to theorem 22.2, point identification may raise the strong categories. We need 
the following lemma: 

(38.1) If M is an irreducibly closed n-dimensional complex (n ^ 2) with natural 
domain Z m (m = 0, 2, 3, • • • ) [2, VII, §1, 3, 4, 5] and A is a closed subset which 
is H n -i(Z m )-contractiblc in an open subset V of M then M — U is contained in a 
component of M — A. 

Suppose M — l T intersects both A and A where M — A = A + A and 
A and A are disjoint open sets. Let V be a dosed neighborhood of A which 
is A_i(Z m )-contractiblc in ( r . Subdivide A/ so fine that every simplex which 
intersects A is contained in V. Let /x denote an irreducible cycle (Z m ) of M 
and let F be the n-chain which is zero on every w-simplex which meets A + A* 
and agrees with /x on every other n-simplex of M. Since the carrier y of the 
boundary y = F(T) of T is a subset of V it follows from the construction of V 
that there is an n-chain A in ( r whose boundary is y. Hence r — A is an n-cycle 
on M. Since A • (M — ( T ) = 0 while f DZ)r(Af - U) 0, the n-cycle F — A 
is j*0. On the other hand, since f ■ A = 0 and since A does not intersect the 
non-vacuous set A • (M — l r ) the n-cycle T — A is carried by a proper subset 
of M. But this is impossible because M is irreducibly closed. Hence M — V 
is contained in a component of M — A, 

Theorem 38.2 If X is an irreducibly closed n-dimensional complex (n ^ 2) 
with natural domain Z m (m = 0, 2, 3, • • ■ ) and Y is obtained from X by an 
identification , /, of three distinct points a x , a 2 , « 3 , then // w _! cat* (F, Z m ) ^ 3. 

Since n ^ 2 and Y is obviously not acyclic in dimension 1, F is not // n _i(Z m )- 
contractible. It is therefore sufficient to show that there does not exist a 
covering \ Y\ , F 2 } of F by //„_i(Z m )-contractible absolute neighborhood retracts. 
Let b — f(ai) = /(a 2 ) = /(a 3 ) and Xi = f~ l (Yi). Let Fi be the set of the cov- 
ering { Y y , Y<<\ which contains b. By (37), X, = X[ + X\ + X\ , where X\ , 
X\ , X\ are disjoint absolute neighborhood retracts and a, t X[ for j — 1,2, 3. 
Since X\ + X 2 = X the sets X — Xi and X — X 2 are disjoint. By (38.1) 
X — l r is contained in a component of X — X 2 for every open neighborhood l T 
of X 2 . Hence X — X 2 is connected, and therefore is contained in one of the com- 
ponents of Xi , say X{ . It follows that the connected set X\ + Xi + (X — Xi) 
is disjoint to X — X 2 , so that X? + X? + (X — Xi) is a subset of X 2 . Thus we 
have constructed a connected subset of X> which contains both a 2 and a z . 
This is a contradiction with (37). 

39. Category and strong category. Theorem 38.2 enables us to show that 
category and strong category need not be the same, even for pseudomanifolds. 
(39) The gh category and the strong category are not identical over the class of 
pseudomanifolds. In fact for every integer n ^ 2 there is an n-dimensional pseudo- 
manifold J n for which cat J n — 2 but H n - 1 cat* ( J n , 21) == cat* J n = 3. 

The pseudomanifold J n is obtained by identifying three distinct points of the 
n-sphere S n • By theorem 22.2, cat J n ~ 2; by theorem 38.2, H n - 1 cat* ( J n , 21) ^ 
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3, [2, V, §4, 5 and VII, §1, 7]; by actual construction of a covering of C%/ n ), 
cat* J n £ 3. 

From theorem 18.2 and (30.2) we see that the example of the 2-dimcnsional 
complex Xtn, n of §30 shows that category and strong categoiy are not identical 
over the class of complexes. This is an essentially weaker result than (39); 
however the construction of this example is interesting in this connection for its 
own sake, as its properties seem to depend on a different idea. 

Another example* of the same type is the absolute neighborhood retract B 
constructed by Borsuk and Mazurkicwicz [9] whose category is 2 but whose 
strong //i(?I) category is infinite. Borsuk has also constructed [10] plane curves 
of order 3 of arbitrarily large strong category; then* is even a curve of finite 
order whose strong category is > N 0 [10, p. 291]. 

40. Homotopy type and strong category. In contrast to (10.2), I now show 
that 

(40) The strong category is not an invariant of the homotopy type , even over the 
class of 2-dimensional pscudomanifolds. 

In fact I shall construct 2-dimensional pseudomanifolds, J and K , which 
belong to the same homotopy type and such that £> cat* ./ = 3 but cat* K = 2. 

The pseudomanifold J will lx* ./ 2 of §39, obtained from the 2-sphere S* by 
identifying three* distinct points. According to (39) £> cat* J = 3 for any of 
our relations £>. 

Let «i , « 2 , « 3 , «4 be four distinct points of S 2 and let K be the pseudomanifold 
obtained from $2 by identifying a\ with a 2 and with « 4 . Since 0i(K< ?l) does 
not vanish & cat* K ^ 2. But it is easily seen by actual construction of a strong 
^-categorical covering (see figure 1) that $ cat* A' ^ 2. 

In order to show that J and K belong to the same homotopy type it is con- 
venient to imbed in 3-dimensional Cartesian space (see figure 2) as follows: 

Let W u denote the circle {x + 2) 2 + y l = 4, z — u for — 2 ^ u £ 2. Let D u 
denote the circle (j + 2 u) 2 ~f y 2 = u, z = u for — 2 ^ u ^ 0 and the circle 
(x — 2 u) 2 + y 2 = u\ z — u for 0 ^ u ^ 2. Let E u denote the circle 
{x + 4 (u + l)) 2 + y = 4 (u + I) 2 , z = w for -2 ^ u g - 1, the point (0, 0, u) 
for —1 :g u S 1, the circle (a* — 4 (u — l)) 2 + y = 4 (u — l) 2 , z = 0 for 
1 2 * u ^ 2. Let T~ be a topological cylinder in the half-space 2 ^ - 2 joining 
the circles W - 2 and Z>_ 2 = £- 2 , and let T + be a topological cylinder in the half- 
space z ^ 2 joining the circles W 2 and A* = £2 • It is unnecessary to further 
specify T = T~ + 7 T+ since the mappings /, </>, g t and h t , to be described, are 
identities on T. 

It is clear that J = T + Wu + ^ D u and K = T + W u + Eu . 
(the summations extending over -2 ^ ^ 2). In the following description 

the symbol — will mean that the circle on the left-hand side of the symbol is 
transformed into the circle on the right-hand side by a translation and an 
irrotational similarity. 
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The mapping f eK J is defined by : / 1 (T + W u ) is the identity, D u —L+ E u 
for -2 ^ u g 2. The mapping <t>*J K is defined by : / 1 T is the identity, 

W u W 2(u + 1 ) for -2 g R g -1, 

TTo for —1 ^ u ^ ], 

W^ 2 (u-d for 1 g u ^ 2, 

i? M — — > D 2 (u+d for —2 S u ^ —1, 

Acu-i) for 1 2. 

Mappings c J J and h t e A* are defined for every 1 1 [0, 1] as follows: 


W u . 

0i —> W (l+f)u+2l 

for 

-2 g 

u 


-1, 


wv 0u 

for 

-1 ^ 

u 


1, 


Wu-f0u-2t 

for 

1 g 

u 


2, 

D u 

oi . n 

► *Al+t)u+2t 

for 

-2 g 

u 


-1, 



for 

-1 ^ 

u 


1, 


Al+<)u-2f 

for 

1 g 

u 


2. 

w u 

— W (l+*)v+2« 

for 

-2 g 

u 

< 

-1, 


WVou 

for 

-1 g 

u 


1, 


W (l+<)tt-2< 

for 

1 S 

u 


2, 

E u 

— > E(l+t)u+2t 

for 

-2 ^ 

u 


-1, 


E(i+t) u -2t 

for 

1 ^ 

u 


2. 


We observe that g e / XI0,1) is a homotopy between 1 c J J and 0/ c J J and 
that h <K kx10 ' 1] is a homotopy between 1 e K K and f<t> tK K . This completes 
the proof that the pseudomanifolds J and K belong to the same homotopy type. 

Another example of the non-dependence of the strong category on the ho- 
motopy type is the following: X m ,n is the 2-dimensional complex of §36 (m and n 
always relatively prime) and Y is the pseudomanifold which is the union of 
2-spheres which have exactly one point in common. By (36.2) cat* X m%n = 3; 
by actual construction of a covering, cat* Y = 2. Since X m , n and Y are both 
simply connected and fh(X m , n , %o) and p 2 (Y, Z 0 ) are isomorphic, X m%n and Y 
belong to the same homotopy type [27, §7]. This example is weaker than the 
preceding one since it shows the non-dependence of the strong ^-category only 
for ^ = h and only over the class of complexes. 

41. Deformation retraction and strong category. A space and a deformation 
retract of it belong to the same homotopy type. It will now r be shown that 
the strong & category is not an invariant of deformation retract over the class of 
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complexes . This result which is partly weaker and partly stronger than (40) 
implies in particular that the analogue of (8.2) is false for strong category. 

Let J be as in §40 and let L = J + £i—i /„ where I u denotes the convex 
closure of D u , — 1 ^ u g 1 . It is trivial that J is a deformation retract of L . 
It remains only to show that § cat* L = 2. But a decomposition t g> — C*(L) is 
clearly {L x , L*] where L x = h + ]£t-i D u + T + — 2 + ]£«L -2 D u 

and Ldi = 1 4 . 


V. Miscellany 

42. Generalizations. In the preceding chapters no attempt was made to 
define the most general category. We have considered a class of categories 
which is natural and has a meaningful theory. I shall now indicate several 
generalizations which arc natural extensions. 

First: Let K be a neighborhood retract of the arewise connected space Af; 
a set A is categorical rel K in Af if there is an open set containing A which can 
be deformed in Af into K ; a covering a of X belongs to C M (X rel K) if each 
set of a is categorical rel K in Af. The minimum, cat** ( X rel K), of | a | as <r 
ranges over C M (X rel K) has many properties similar to those of cat* X to 
which it reduces if K is contractible in M. 

We note several properties of catA/(X rel K ): 

If Af is an absolute neighborhood retract, a closed set is categorical rel K if 
and only if it can be deformed in M into K. 

If X is closed and Af is an absolute neighborhood retract then cat* ( X rel K) ^ 
1 + dim (X M — K). 

By the method of theorem 20.1 it can be shown that if Af = Af 1 X • • • X Af* 
is an absolute neighborhood retract and T denotes the set of points x = 
(x \ , • • • , x k ) of Af which have at least one coordinate identical with the corre- 
sponding coordinate of a fixed point p = (pi , • • • , p n ), then k cat* ( Af rel T) ^ 
cat M + k — 1. 

This last implies theorem 20.1 because if cat Af, ^ 2 for i = 1, • • • , k and Af 
is essential then cat* ( M rel T) ^ 2. 

Second: Let <£ be a subset of W M . A covering <r of X by open sets of M 
belongs to C M (X || 4>) if </> | A is homotopic to a constant for every <j> e 4> and 
every A c<r. As usual cat* (X || 4») is the minimum of | a | as a ranges over 
Cm(X |! #). Clearly cat* (X || 4>) = cat* X when W = M and <t> consists of 
the single mapping 1. 

In order that a family 4> c S* be /^-compatible [20, p. 158] it is necessary and 
sufficient that cat at (Af || 4>) ^ k. Thus [20, p. 180] the multicoherence 
r k (M) ^ n if and only if there exist n linearly independent mappings / 1 , /a , 
• • • ,/ n € S\ such that cat* (M \\ \ f x , • • • ,/ n () ^ k. 

Furthermore [20, p. 180, theorem 1, and p. 188, theorem 1] H x cat (Af, 9ti) = 
cat* (Af || /Sf), and [20, p. 188, theorem 8] cat* (Af || S x ) 1 + maximum 
number of linearly independent mappings of S x . 


Princeton, New Jersey. 
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ANALYTIC CURVES 

By Joachim Weyl 
(Received August 14, 1939) 

Introduction 

An algebraic curve in the complex A>dimensional space 5ft: lx 0 , Xi ,•••,**} 
can be parametrically represented by setting up Xi/x 0 , x 2 /x 0 , • • • , x k /xo as 
functions of rational character on a closed Riemann surface, the parameter 
being a point on the latter. From this viewpoint the algebraic curve appears 
as the realization of an abstract Riemann surface. 

Our intention is to investigate curves (S, defined parametrically in 9J by 
setting up X\/x 0 , x 2 /x 0 , • • • , x k /xo as functions of rational character on an 
arbitrary Riemann surface 3- 

The methods used to accomplish this aim are based essentially upon R. 
Nevanlinna’s theory of meromorphic functions in the generalized form developed 
for the investigation of meromorphic curves: H. and J. Weyl; Ann. of Math, 
vol. 39, pg. 51G (1938). This paper, of which the present endeavour is but an 
extension, will be quoted so frequently that in future it shall be referred to as 
“M C.” In the present context the meromorphic curves appear as the special 
or— as we shall say — classical case where 3 i> s the finite z-plane, hence x t = Xi(z) 
are meromorphic functions of z. 

In the initial chapter we develop the first and second main theorems for the 
general case. In addition it contains a section concerned with the behaviour of 
the order of a realization of 3 under (Kronecker-) multiplication with some 
other such realization, and under its projection into a lower-dimensional space. 
A final section discusses two specific examples; one where 3 is an w-sheeted un- 
bounded covering surface of the finite 2-plane (Algebroid Curves); the second 
one where 3 is the doubly punctured 2 -sphere (Ring-meromorphic Curves). 

The second chapter is devoted to the defect relations (Third Main Theorem), 
so called because they represent the generalization of that relation holding for 
meromorphic functions. Their validity is shown here, besides in the classical 
case, only for the two specific examples mentioned above. The real addition 
to our theory made in this part is a modification of these relations so as to make 
their validity independent of the hypothesis that the exceptional points satisfy 
no accidental linear relations, a restriction w hich previously had to be imposed. 

The author wishes to express in this place his gratitude and deep indebtedness 
to Professor H. Weyl, whose benevolent advice and frequent encouragement 
were essential in the completion of this paper. 
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I. The First and Second Main Theorems 
1. Preliminary Considerations 

a. ) Concerning the space 9?: 

In connection with the A-dimcnsional projective space we shall make use 
of those concepts and relations between them which were developed for the 
purpose of investigating the meromorphic curves in 9t. The notation employed 
then will be used without changes in the present treatment. To avoid repetition 
I shall refer the reader to the part entitled: “Distances and Means in Projective 
Space” of the paper 1 mentioned previously, and to H. Weyl\s note on unitary 
metrics in projective space 2 . 

b. ) Concerning the surface 

Let % be an arbitrary Riemann surface. Let a compact part Go of the surface 
be designated as conductor and fixed once and for all. 

The quantities to be defined in the course of this investigation will depend 
on a region G whose closure is compact and which contains Go in its interior. 
Such a G shall be referred to as an admissible region. If ft is compact then $ 
itself is an admissible region. Primary consideration will be given to the case 
where both G and Go are connected although the actual treatment allows appli- 
cation to other cases as well. It will be assumed that the boundaries F 0 and T 
of Go and G, respectively, consist of a finite number of simple closed curves 
whose tangents vary continuously. 

We now think of g as a condenser with G 0 as the inner, charged conductor and 
G = 5 G as the outer, grounded one. The electrostatic potential <I>*(p), 
defined in every point p of 5, which arises if Go is kept at the potential 1 and G 
at the potential 0, is harmonic in the intermediate dielectric G — Go and con- 
tinuous on the whole surface. It follows from the principle concerning the 
maximum and minimum of a harmonic function that 

0 ^ $*(p) g 1 

throughout Consequently the density of charge 

* = 1_ 

P 2t dn 

w T here n designates the normal directed toward the interior of the condenser, 
is SO on r 0 and ^0 on T. Strictly speaking we describe p* in the neighborhood 
of any point p on To or T by means of a lqcal uniformizing-parameter t of at 
that point. The designation d/dn , and later on ds — the element of arc-length 
of r 0 or T at p- , have to be understood therefore as referring to the image in 

1 M C. pp. 516-520. 

* H. Weyl: On Unitary Metrics in Projective Space, Ann. of Math., vol. 40, no. 1, p. 141. 



ANALYTIC CURVES 


373 


the <-plane. The operation ( d/dn ) ds however is independent of the choice of 
the local parameter. This applies in particular to 

1 d<f>* 

~ — ds = da * 

2 tt dn ’ 

which is the charge of an element ds of arc-length on T 0 or r. Changing the 
sign in the definition of da* for an element ds on r, we have 

da * ^ 0 on r 0 and I\ 


The quantity 


da* = e 


is the charge of the inner conductor which creates the potential $*. Since the 
outer conductor assumes inductively the same amount of negative charge we 
also have 

[ da* = e. 


The total energy E used to build up the charge e in the conductor G 0 is equal 
to the Dirichlet integral D($*) of the potential taken over G — Go (or the 
whole surface : 


E = /)($*) 


$* a *ds = e. 
, on 


Since <£* is not constant over the whole surface, D(<£*) and therefore e are 
actually greater than zero. The constant C with which the potential difference 
across G — Go has to be multiplied to obtain the charge creating it is usually 
referred to as the capacity of the condenser 5 • 

C(<t>r 0 ~ $r) = c. 

For the particular potential <f>* we have C = c > 0. Therefore we can form 

<f> = (TV, 

which is the solution of the electrostatic problem for the condenser with a 
normalized charge equal to unity on the conductor Go • We obtain 


do = 1 da = 1 
J r 0 


, 1 » j 

on I’o 

8* 

n 

+ 

Cl- 

aris 

8* 

on r. 


with 



374 


JOACHIM WEYL 


If the conductor Go consists of several connected parts we have to think of the 
latter as initially being connected with each other by thin wires which will be 
eliminated again after the total charge has reached a distribution in equilibrium. 
Let a(p) be a harmonic function on ft. We apply Green’s formula 

(1 - 2) s )* -0 


to the whole surface ft. Some caution however is required because d$/dn has 
a jump 


r //d<A /d<A \ T d<i>~ 

bm i.vn/_ - ua; ■ |sd 


across r 0 as well as across T. The indices — and + refer to the values of that 
function at two points lying -so to speak — on opposite banks of these curves. 
The functions w, du/dn, and <f> itself remain continuous at these junctions. 
Application of (1.2) results in 



Next consider a function F, meromorphic on ft, that is a function which in 
every admissible region is of rational character. Then u = log | F | is harmonic 
on ft except for isolated singularities which it has at those points where F either 
possesses a pole or a zero. Before applying (1.3) we therefore cut out these 
isolated points by means of small circles surrounding them whose radii we let 
converge toward zero later on. There are only a finite number of zeros and 
poles of F in any admissible region; for the latter form a closed set of isolated 
points. The resulting equation will be 

(1.4) / log | F | dv - t log | F | do = £»„ 4>(po) - £». 

•'r *ro 

in future referred to as the fundamental equation. The sums on the right will 
have to be extended over all zeros po , and poles p* respectively of F on ft, each 
counted with its proper multiplicity. But only the finite number of them which 
are contained in G actually contribute anything to these sums. 


c.) Concerning the curve 6: 
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An analytic curve £ of class 8 in shall be defined as follows: 

Definition: In each point p of $ there arc given (A + 1) function elements 

(1*5) £»(p) = c i + c'it + • • • , [i = 0, 1, • • • , A], 

t being a local uniformizing parameter of § in the point p, with the properties 

!•) , ci , • - • , Ck) j* ( 0 , 0 , • • • , 0 ). 

2. ) The elements in p', a point sufficiently near p, are obtained from the x t (p) 
by direct analytic continuation on 

3. ) Effecting upon the elements (1.5) the changes: 

a.) Replacement of x,(p) by p(p)x t (p), where the common factor p(p) = 
Po + Pit + • • • does not vanish at p : t = 0, 

0.) Replacement of t by some other local uniformizing parameter r 
t = g\T + g 2 T 2 + • • • , gi ^ 0, 

does not alter the point (c 0 , ci , • • ■ , c k ) which they define in 9f. 

This point shall be called the point p of the curve £. Furthermore we assume 
that £ does not lie in any linear subspace of 

This definition makes it appear natural to look at the surface $ as the curve 
in the abstract of which £ is a concrete realization in the A-dimensional pro- 
jective space 9i. 

In order to obtain a truly geometric description of £ we have to do this in 
terms of quantities and relations which are invariant not only regarding the 
changes a.) and but also under 

7.) an arbitrary non-singular linear transformation of the projective 
coordinate system: 

v< = 23 j h 'i x i > det Oui) * 0. 

A given linear form 

(ax) = 5^5 a,Xi(p), (ao , ai , • • • , a k ) ^ (0, 0, • • • , 0), 

will vanish to a certain finite order h = A(p; a) ^ 0 at p if developed into a power 
series of the local parameter /. We shall call h the multiplicity with which £ 
cuts the plane a: (a 0 , a \ , • • • , a*) in the point p. It is not affected by a.) nor 
j8.), and, for that matter, neither by 7.) because the plane coordinates a, of a 
are transformed under the latter's influence contmgrediently to the point coordi- 
nates x t . 

The determinants 


( 1 . 6 ) 




X<,(p) 

Xi,(p) 

r j) (p) 

••• xfr 0 ® 


where the prime denotes differentiation with respect to t , assume each the factor 
factor p l under a.) while under /3.) they take on the factor 

(d//dr) 0+1+2+ - +(M) , 
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which again amounts to the multiplication with a gauge factor different from 
zero at p:r = 0 . It follows that the elements 

(1.7) == I “|“ “4" • • * y [fl ^ ^2 ^ ^ i{\y 

obtained from the determinants (1.6) by removing all factors corresponding to 
possible common zeros: 

l*(p)x'(p) • • • = f'xu-uiP), 


possess properties 1.), 2.), and 3.); consequently they define a realization 6/ of 3 

( A + l\ 

j J—l dimensions. (£* is the curve (S defined as 


the locus of its generating (Z — l)-spreads. The multiplicities di = di( p) are 
not altered by any of the changes a.), /?.), and 7.). A detailed local investiga- 
tion of the manifolds Si can now be carried through along the lines followed 
in M C, pp. 521-522. 


2. The First Main Theorem 

Let (ax) = 0 and (fix) = 0 be two planes in 91. Into these linear forms 
substitute the function £ t (p) defining a realization tS of 3 in 91. Then the 
function 


F = (ax(p))/(fix(!)) 

will be meromorphic on 3- Hence wc can apply to it the fundamental equation 
(1.4). We introduce the notation 

N(G;a) = 2>(P«) = £ h(r, «)<I>(P), 

where the first sum is to be extended over all zeros po of F, each counted with 
its proper multiplicity; the second one however over all points p of the Riemann 
surface 3- Furthermore we write 

/ log || ax Ip 1 da = m(G; a), 

J r 

[ log 1 1 ax 1 1 1 da = m°(G] a). 

J r 0 

Then (1.4) states that 

(2.1) T(G) = N(G ; a) + m(G ; a) - m°(G ; a) 

is independent of the particular plane a . This is the first main theorem for 
analytic curves 3 . It is to be remembered that 

4> ^ 0 on 3 

d<r ^ 0 on T and To . 

1 A. Dinghas: Bemerkungen zur Ahlfors'schen Methode in der Theorie der meromorphen 
Funktionen, Comp. Math. 5. pp. 107-118, 1937. Dinghas generalized R. Nevanlinna’s 



ANALYTIC CURVES 


377 


From the latter it follows that the compensating terms m(G; a) and m°(G; a) 
are j^O. In the classical case of a meromorphic curve m°(G ; a) proved to be 
independent of G:| z \ < r. In the general case this is no longer true, for the 
distribution of charge da on T 0 will in general depend on G. m° may not even 
be bounded as a function of (r. It will however be bounded when no inter- 
sections of £ with the plane a lie on F 0 , and under these circumstances this is a 
consequence of its continuity as a function of a 0 , ai , • . • , a k . In any case 
the normalization (1.1) of the charge on Go brings it about that the average over 
all planes a is 

5) ? a m°(G; a) = 3 a) = const. 

independently of G. 

The part N(G ; a) is invariant under a transformation y.) while the com- 
pensating terms take on under its influence an additive term lying between the 
bounds =t log K independently of G, K 2 being the quotient of the maximum 
and minimum of the Hermitian form Lo | Lo h^Xj | 2 under the restriction 
LSI*. I 2 = 1- u * s ca ^ ^ wo functions r l\(G) and T 2 (G) equivalent: 

Ti(G) ~ T 2 (G) if | Ti{G) — T 2 (G) | remains below’ a fixed bound for all ad- 
missible regions G. In the sense of this equivalence T(G ) is independent of the 
projective coordinate system. Thus it seems natural to say of two realizations 
of the curve 3 (which are set in correspondence to each other by their co-para- 
metrization through p) that they are of the .same order if their 7 -functions are 
equivalent. 

Next we apply the two averaging processes 3J? a and 9)?^ 4 to the relation (2.1). 
Its left side, being independent of a, will not be affected at all. We shall 
formulate the resulting relations at once for all curves £* (Si = G). Denoting 
by the subscript l that the quantities, thus marked, are to be formed in 9?/ by 
means of the functions (1.7) as their prototypes w r ere formed in 3? by means of 
the functions (1.5), we introduce the conventions 

Wl a Nt(G; a) = NAG), 

WllNtiG; a) = N?(G; a), 

/ log |< ax}J l da = m?(G; a), 

Jr 

and note the relation 

a) - Sr a m?(G; a) = w?(G; a) - m°*(G; a). 


characteristic T(r) of a meromorphic function by weighting, for its computation, the points 
inside the circle \z \ <r with the values of a twice continuously differentiable, real-valued, 
but otherwise arbitrary function X(z), defined in every point of that circle. We preferred 
to generalize in the other direction, using reasonably arbitrary regions but weighting their 
points by the values of certain functions which are harmonic in their interior, thus avoiding 
the occurrence of the latter’s Laplacian when applying Green’s formula. 

♦ M C. pp. 518-520. 
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Then the first main theorem appears in the form of the following three parallel 
expressions 

T t (G) = N,{G; a ) + m,(G ; a) - m° t (G ; «), 

( 2 . 2 ) T,(G) = Ni(G), 

Ti(G) - Nt(G) a) + m?(G; a) - m° t *(G; a). 

In what respects our argument so far, as well as the proofs of future results, 

will have to be modified in order to apply also to curves S which are contained 

in a linear subspacc of 9? is a matter which has been discussed in the appendix 

of the previous paper 6 . This is of importance because the assumption that S 

itself lies in no linear subspace of 9? does not imply a similar behavior on the 

part of the curves (S* with respect to the spaces 9w • 

Let there be given two permissible regions Gi and G 2 : Gi C (? 2 , and let 

and 3>* be the corresponding potentials. Then <f>* ^ <£* because the difference 
, * , * . 

$2 — IS 

firstly ^ 0 in the complimentary region Gi , 
secondly = 0 in Go , 

hence thirdly ^ 0 on the boundary of the intermediate region Gi — Go , in 
the interior of which it is a regular harmonic function. 

Therefore the same inequality holds throughout G\ — Go . Consequently we 
have in each point p 



g cmp) 

hence 


(2.3) 

CiN (G t ; a) g C t N(.Gt ; a) 

or 

N(Gu a) N(Gi) a) 

<S 0. 

CT’ C? 


From <£* it follows moreover that decreases more rapidly in passing 

from a point on T 0 (where both of them are equal to unity) towards the interior 
of the intermediate region. Thus 

d<l>* , , * . , * 

— — — ^ — —— and d(Ti ^ act 
an an 

on r 0 , therefore e x ^ e 2 or C x ^ C 2 . This last inequality together with (2.3) 
yields 

N(Gi ; a) £ N(G 2 ; a) 

whence' follow the same inequalities for T(G) by averaging over all planes a. 

5 M C. p. 537. 
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(2.4) 


T(G l ) T(G 2 ) 

, , £ 0 and a forteriori 

CT l C 2 l 

T(Gi) £ T(G 2 ). 


In the classical case, where 3 is the finite 2 -plane and G 0 and G are circles 
of radii r 0 and r > r 0 respectively around the origin, T(G) = T(r) was found 
to be an increasing convex function of log r. (A function of regular type.) 
The generalization of the first part of this description is contained in the second 
one of the inequalities (2.4). The convexity with respect to log r leads in the 
classical case to the more stringent inequality 

T(Gi) T(G 2 ) T(G 3 ) 

ct 1 ct cr l ^ o 

i i i 

for three circular regions Gi C (?2 C (73 . An investigation of its validity in the 
general case would meet with considerable difficulty. 

Complete analogy between the classical and the general case will be obtained 
if we exhaust 3 by means of a sequence of admissible regions G r . This means 
that r is a real parameter and that the sequence {6r r } has the following properties: 

1. ) G r C G r ' if r' > r . 

2. ) If p be a point of 3 then there exists an r such that p is in G r > for all r' > r. 
Now we define T(r) = T(G r ) as the order of the curve S. In general T(r) 
depends on the way we exhaust 3 by regions G r . This applies in particular to 
the classical case where it might have appeared as though one studied the curve 
in a specific parametrization represented by the parameter z. But for the 
fundamental equation (1.4) the choice of parametrization proves of no im- 
portance since this relation is invariant under one-to-one conformal transforma- 
tions of the underlying Riemann surface 3- 

If 3 is closed, and therefore compact, the curve (£ is algebraic. No exhaustion 
is necessary, the outer conductor can be dispensed with, is identically equal 
to unity, and the first main theorem states that the number of intersections of a 
plane a with the curve & is independent of a. 

In (1.4) it is permissible to let the inner conductor G 0 shrink to a point. The 
resulting form of (1.4) was generally used in its stead by previous authors on 
this subject. 


3. Products and Projections 

The simple results derived in the following sections are new also for the 
classical case. To prove them at once for the case of analytic curves brings 
about no additional difficulties. They will strengthen us in the belief that the 
order T(G) which we introduced is really a natural concept and has all the prop- 
erties which we expect from an “order.” 
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a. ) Products: 

The result obtained in this section is essentially a generalization of the fact 
that two algebraic curves of orders m and n respectively intersect in mn points. 

Consider two realizations £ and 35 of the same abstract curve one of which 
lies in a Anspace, the other one in an h- space. 

£: x 0 ixiiXii ••• :x k = 3 0 (p):xi(p): • •• :x*(p), 

3): yo'-Vi'- ••• -Vh = 2 fo(p):yi(p): ••• 

By Kronecker-multiplication we obtain a third realization 

*</( P) = ^(P)yy(P) 

in a space of ( kh + k + h) dimensions. We shall call it the direct product 
6 X 3D of the realizations £ and 35. 

Now let us compare the orders of these three curves with each other. We 
shall change our notation and for the order T(G ) of £ we shall write T[£] as- 
suming that thus denoted orders of different realizations are taken with respect 
to the same admissible region. 

For the computation of T[£], T[3)] and T[£ X 35] we choose the planes 

a: (oto , oti , • • • , otk) in the A-space, 

0: (0o , 0i , • • • , 0a) in the A-space, 

and y: ya = in the product-space 

respectively. Calculating each order for the same region G we readily obtain 

from 

( 2^0 Xi) ( 2^0 @j Xj ) = > 

(Z i*<r)(z i * i 2 ) = z« 1 2.7 1 2 , cz i «. n (z i a i 2 ) = z. 7 1 i 2 , 

the relations 

2V[S X ®] = JV[<5] + AT[$], 

»[5 X S] = »|®1 + m[®]. 

Hence 

(3.1) T[6] + r[$] - T[(S X $]. 

The order of a direct product of realizations of an abstract curve 3 is the sum of 
the orders of the factors. 

A similar relation does not hold for the orders of higher rank. 

b. ) Powers: 

We apply the theorem (3.1) to the n times reiterated product of the curve 
(5 with itself. Let us define this realization S" of § by the functions 
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0.2) * momi ... mt (p) - 

where mo , m t , • • • , m* run over all non-negative integers whose sum E* m, 
equals n. (The advantage of this choice over . mt (p) = x7°(p) ••• x*‘(p) 
will become apparent as the discussion proceeds.) We calculate the order of 
<5 for a plane (a*) = 0. On the other hand we remark that [(ax)] n = [E* a.-x,]" 
is a linear combination of the monomials (3.2) with the coefficients 


OtmQtni •••»»* — 


n! 


mol mil 


m k 


m o 

Qfo «1 


m h 

OLk . 


Making use of this for the computation of T[G n ] we obtain at once 


and 

since 

The result 


= nW[6] 
m[& n ] = nm[6] 

E I f = {ES l**l*} n - 


T[(Z n ] = nT[(S] 


permits the following interpretation: Every plane 

• ■ -mi. ~ 0 

in the product-space can at the same time be thought of as an algebraic surface 
of order n in the space 3? defined by 

X ^tn 0 m l ...m k Xo°X n i 1 •••*?*= 0. 

In either case the sum is to be extended over all sequences of non-negative 
integers mo , m x , • • • , m k whose sum is n. Viewed in this light r[G n ] is seen 
to describe the behaviour of G with respect to an algebraic surface of order n 
in the same sense that T[iS] describes its behaviour with respect to a plane. 
We found that: The order of G referred to an algebraic suface of order n is equal 
to n times the order of G (: referred to a plane). This implies for instance that 
the average density of intersections of G with an algebraic surface of order n 
is n times the average density of its intersections with a plane. (Without the 
numerical factor \n\/molmi\ • • • m*!)* the final result would have appeared less 
sharply in the form of an equivalence T[G n ] ~ raT[6].) 


c.) Projections : 

The projection from a given (k — n — l)-dimensional linear subspace 31* 
of SR as center into a linear subspace 9?' of n dimensions which does not intersect 
3i* can be described in a suitably chosen projective coordinate system by the 
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passage from the point (x 0 , X\ , • • • , x n , x n +i , . • . , x k ) to the point (rr 0 , £1 , • • • , 

X n t 0 , • • • , 0 ). 

Under the influence of such a projection the curve S passes into a curve S' 
in 91'. If a point p of the original curve lies on 9t* then the elements 

(3.3) x 0 (0, zi(0> • • • , x n (t) 

will all contain a common factor t b (b = b( p)); only after its elimination do the 
power series (3.3) define the corresponding element of the projected curve. We 
consider a plane a of the special form 

aoXo + ol\X\ + • • • + a n x n . 

Then it follows that 


ti( p; «) = a(p; «) - Hp)j 

where h refers to S and h' to S'. Consequently 

h'( p; a) £ h(p; a) and also 

N'(G; a) ^ N(G; a). 

The same inequality for the m-part follows directly from the fact that 


. / i v ( J_Y - 

| I’ VII II 7 "VII o*ll/ | £o oc, Xj | s 


yielding 


T' ^ T + (m° - m 0 '). 

With X* = | Xi I 2 , X' 2 = Eo" I I 2 , we have 

m - m’ = f log (X:X') 
J r 0 

and the final result now appears in the form 


da 


(3.4) T{9T} £ r{9?} + log (X:X')da 

J r 0 

which is independent of the particular choice of the plane a. The notation 
used explains itself. 

The additional term on the right side is certainly bounded as a function of G 
if none of the points which S has in common with 9t* lie on To . In the classical 
case the independence of m° from G prevents this difficulty from arising alto- 
gether. The contents of the inequality (3.4) can be expressed with due qualifica- 
tions in the form: Projection cannot essentially increase the order of an analytic 
curve . 

The relation (3.4) has its counter-part for higher l . For our projection S' 
we can form the I-curves (S')j . They will lie in spaces 9 of dimensionality 
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j - 1, (i ^ n). We majr think of these spaces 3f/ as linear subspaces 

of the corresponding 9ij respectively. The projection of 9t from 9?* induces 
for higher l the projection of 9ii from 9J* which is effected through replacing in 
the determinants 

[**' ••• 

all (k + l)-uples x , x', • • • by the corresponding ones with zeros after the 
(ft + l)st place. This projection throws (Si into 9w where it is seen to coincide 
with (IS') i : The Z-curves (Z ^ n) of the projection are projections of the cor- 
responding (Si . 

Hence writing 

x) = 23 | I* [*1 < it < • • • < ill 

and putting X[ 2 equal to what arises from X] under the projection of 9i t from 
9t* , induced by the production of 9Z from 9i*, we obtain also 

T{dt[\ g T{%\ + [ logiXr.X'jd* 

J Vo 

which by its very form proves to be independent not only of any particular 
plane but also — in the sense of equivalence— of the particular coordinate system 
employed to derive it. 

We are led to a kind of inverse of the above relations when we consider the 
following situation: By projection from the centers 9i* and 91** the total space 
91 be mapped into 91' and 9i" respectively. Bv 9f' V 9?" and 9?' A 91" let us 
denote the spaces into which 9f turns by projection from the centers 9?* fl 91** 
(intersection of 9i* and 9t**) and 9t* U 9i** (sum, union of 9?* and 9J**) respec- 
tively. We assume in particular that 9J* fl 9£** is empty, then 

9f' V 91" = 9i and we have 

dim (9?' A 9?") + dim (9?' v 91") = dim (9i') + dim (»"). 

We shall show that the relation 

W A 9 ?"} + T { »' V 91"} ^ ? T {9i'} + T{9f"}, 

holding with proper qualifications, connects the corresponding orders. Two 
projections from the centers 9i* and 9 {** are called complimentary if not only 

9j* f| = o 

but also dim (9f* U 9i**) = dim (91) - 1. 

Then we have, since 9J' V 91" = 9?, the relation 

dim (91) = dim (91') + dim (»") 

T{ 9?} £ T{ 91'} + T{9T} 


Ct 1 


and 
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The order of an analytic curve does not essentially exceed the sum of orders ob- 
tained when adding the orders of any two complimentary ones of its projections . 
To prove this choose the coordinates so that the vanishing of 

(3.5) x 0 , Xi , • • • , x r 
defines JR* U JR**, whereas 

(3.6) x 0 , xi , . . • , x r , y r +i , • • • , y . , 

(3.7) Xo , X\ , • • • f Xr y 2 r +i ) * * * > f 

are the coordinates associated in the same manner with JR* and JR** respectively. 
The sequence of the x , y , and z together is under these circumstances a full co- 
ordinate system of JR. The quantities (3.5), (3.6), and (3.7) are the coordinates 
in JR° = JR' A $R", JR', and JR" respectively. We choose a plane 

a qXq * 4 “ Ot\X\ 4 “ • • • + OLrX r = 0 . 


Then in the same manner as before 

h° = h(p; a) - fc°(p), h' - A(P; «) - *>'(P), A" = h( p; a) - 5"(p). 

Obviously both 6' and b n are ^ 6°, moreover, since there is no point where all 
coordinates (3.6) and (3.7) are zero, one of the two numbers 6' or 6" is neces- 
sarily zero, e.g. 6" = 0. In combining this with V ^ b° one gets the relation 
6' + 6" ^ b° holding for both alternatives, consequently 

h' + h" £ h + h°. 

This leads to 

N' + N" ^ N + N°. 

The corresponding relation for the m-part 

m! + m" ^ m + m° 
follow at once from the inequality 

X' 2 + X" 2 ^ X 2 + x° 2 , 

where the quantities X°, X', and X" are the projections of X from the spaces 
JR* U JR**, JR*, and JR** respectively. The exact form of the desired result is 
therefore given in the formula 

TjJR'J + T{5R"} £ T{JR} + T{JR' A JR") +7° 

with 

y°= f log (X'X":XX°) do, 

J r 0 

which is independent of the particular plane used to derive it. 
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4. The Second Main Theorem 

We first derive the second main theorem under the hypothesis that in addition 
to our curve = Xi(p) we have a meromorphic function z(p) on $ at our 
disposal. Then 5 may be looked upon as a covering surface of the z-plane. 
Another more appropriate interpretation would be to think of z(p) as a curve 
given in addition to (5, — a realization of g in a one-dimensional space. With 
the abbreviations 

a(xx' • • • x ll ~ n ) = £ oti i ...i l \xx' . ■ . z ( '“ 1) ], I ... <l , [»1 <»*<... < ii], 

we form the expressions 

F _ a(xx' • • • x il ~ v )-y(xx' • • • x (l) ) 

V ' {/3(xx' ... 

interpreting the prime as signifying derivation with respect to z. This is a 
meromorphic function on { 5 . If we hold on to the convention that the prime 
indicates differentiation with respect to the local parameter t, then 

F = a ^ xx ’ 1 ' ’ •y(xx' ••• x a) ) dl 

{j3(xx' • • • x (t ~ v ) j 2 dz' 

The expansion of dz/dt in terms of t at the point p will start with a certain 
power t 1 (J — j(p)). We introduce the quantity 

Zmm = j\g) 

and the customary 

Vi(G) = £ td m (p) - 2 d,(p) + dUpmp), 

the sums extending over all points p of g. The latter may be looked upon as 
a measure of the density of stationary (l — l)-spreads of the realization £ 
over the part G of the abstract curve. Application of the fundamental equa- 
tion (1.4) to the function yields in the same manner as in the classical case the 
second main theorem: 

(4.2) V t (G) + {T l+ i(G) - 2 T,(G) + TUG)} = J Z (G) + {%{G) - *$(<?)} 

where 

w-IA&r), \ih 

and where denotes the same integral extended over To . The expression 
under the integral sign is independent of both the gauge factor and the choice 
of the local parameter. The entire left side of (4.2) does not depend on the 
particular function 2 . The fact that the right member also has the same value 
for two meromophic function 2 and f is realized by applying the fundamental 
equation (1.4) to the function d$/dz. 



386 


JOACHIM WEYL 


In order to obtain a formulation of the second main theorem which does not 
involve the auxiliary realization z(p) of g we argue as follows: According to the 
theory of uniformization the surface $ is one of the spatial forms which the 
Euclidean, the spherical, or the Lobatschewskian plane may assume and is 
therefore endowed with a uniquely determined Riemannian line element d%. 
By means of this line clement we can form the following expressions 

a , ( o).f r ,o e ( x ^tK my 

which depend neither on the gauge factor nor on the local parameter. Now 
consider two realizations iS and 3) of g and form the quotient of two expressions 
(4.1) for (S and 35. We are not even forced to choose the same rank l in both 
cases. By application of the fundamental equation (1.4) to this quotient which 
does not depend on the local parameter we find that 

Vi(G) + \T l+1 (G) - 2T t (G) + T^(G)} - [^(G) - dj«?)} - «(G) 

is independent of the choice of the curve (S as well as of l and therefore deter- 
mined only by the Riemann surface g. From a theoretical standpoint this 
relation 

(4.3) V l {G) + {TUG) - 2Ti(G) + TUG)} « Oi(G) - d?(G) + <G) 

is the more satisfactory form of the second main theorem, although, for the 
purpose of our future estimates the equations (4.2) will prove the more useful 
of the two. If we apply (4.3) to 6 and to the one-dimensional curve defined by 
z , we are led back by subtraction to the previous form. 

In the algebraic case of a compact surface 5 we shall take G = Then 
the integrals along the boundaries vanish and we obtain the well-known Pliicker 
formulae stating that 

Vi + (ni + 1 — 2 Hi + nU 

is a constant independent of l and the curve. 

6. Examples 

A general discussion proceeding along the lines of the previous sections, which 
now would lead naturally to an estimate of first tti(G) and then 12/(G) augmented 
by defect sums, meets with forbidding difficulties. We shall limit ourselves 
therefore to the discussion of two examples which possess the same rotational 
symmetry as the classical case and therefore allow description by polar coordi- 
nates. The regions G which are used to exhaust $ will be bounded by concentric 
circles. All quantities involved in our relations will become real-valued func- 
tions of the radii of those circles. This enables us to apply the methods of esti- 
mation which were employed in the classical case to derive the defect relations. 
For the moment let us specialize the results gained so far to fit the cases of the 
proposed examples. 
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a.) Algebroid Curves : 

In this case 3 is an n-sheeted covering surface over the open 2 -plane without 
relative boundaries. The conductor Go shall be that part of which covers 
the circle \z \ ^ r 0 of the 2-plane. The parts G r of 5 which cover the circles 
| 2 | < r make up the sequence {G r }, used to exhaust 3- A complete treatment 
of this case has been given, though from a different viewpoint, by E. Ullrich. 6 

In our case 


and 


<i>(p) = - log - 
n ro 


for p in Go, 


*0» - 1 108 ^ 
*(P) = o 


for p in G r (2 being its trace in 
the 2 -plane), 

for p in G r , 


da = _ — dip. 
2irn 


ptirn 

Indicating by / the integration around the boundary of G, that is, writing 
Jo 

1 C 2rn 

mi(G ; a) = log II ax ||, 1 dtp = m,(r; a) 


and 




log (oa:| j 1 d<p = mf(r; a), 


we obtain the first main theorem for algebroid curves in the form 

Ti(r) ~ N i(r] a) + wij(r; a) ~ Ni(r ) ~ N*(r ; a) + wi*(r; ®) 

because 

m°{r; a) = m(r 0 ; a), 


formed by integrating around r 0 , is independent of r and therefore bounded, 
which permits us to write the customary equivalences. 

The second main theorem is best stated in the form (4.2) with z as the variable. 
We note immediately that *Sl°(Cr) is bounded for all G r . Hence (4.2) appears, 
written as an equivalence, in the form 

Vi(r) + { T t+1 (r) - 2 T,(r) + 7V,(r )) ~ J(r) + Oi(r). 


* E. Ullrich: Wertverteilung und Verzweigtheit von Algebroiden, Crelle’s Journal fiir 
die reine und angew. Mathematik, Bd. 167, p. 198. 



388 


JOACHIM WEYL 


For the quantity Q*(r) = *12i(G>), we have in keeping with the previously adopted 
notation, 



while J (r) measures the density of branchpoints of 3? over the disc \z \ < r 
of the z-plane. 

b.) Ring-meromorphic Curves : 

As a second example 'we shall consider the curves £ defined by (k + 1) 
functions 

Xo = Xo (z), X X = Xi (z), . . . , x k = s*(z), 

which are meromorphic on the doubly punctured z-plane. Let us assume that 

is the z-plane punctured at z = 0 and z = ° o . The natural choice of our region 
G is a ring bounded by two concentric circles of radii R and r, R > r, respec- 
tively. The first one excludes a neighbourhood of z = <*>, the second one a 
neighbourhood of z = 0. Inside the region G we have to fix the conductor G 0 
which is to contain the charge creating the potential We take, as the most 
convenient one, another ring bounded by the concentric circles of radii R 0 and 
r 0 respectively. 

r < r 0 < Rq < R. 

So far the ring-meromorpliic case escaped the careful treatment which has 
been given to the classical meromorphic as well as to the algebroid cases. The 
customary procedure of letting <f> be set up by a point charge destroys the rota- 
tional symmetry in the present case, thus complicating the situation 
considerably. 

The region G — Go consists of two parts separated by the conductor G 0 ; 
one is bounded by the circles of radii R and R 0 , let us call it e G; the other one, 
*(?, by the circles of radii r and r 0 . Their capacities are 



Using these designations it is found that the capacity of the condenser 3 is 

C = e C + *C. (Capacities connected in parallel.) 

Therefore we find for 4 >(z) the following expressions 

$(z) = { e C/C } log for z in *G, 

$(z) = VC/C) log ill for 2 in i G, 
r 

3>(z) = {1 /C) for z in Go, 

<j>(z) = 0 everywhere else. 
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The charges carried by elements of arc-length on the various boundaries are 
dir = { e C/C} dtp on the boundary of e G, 

dtr = ~ { % C/C\ dip on the boundary of l G. 

Writing down the relations (2.2) and (4.2) with these specializations it will 
be seen that all quantities involved show a characteristic pattern: They are 
the weighted averages of two quantities each having a similar significance, re- 
garding one of the regions e G or 'G alone, as the total terms have with regard 
to the whole region G. The weights are the capacities of the corresponding 
regions repectively. Thus 

(5.1) m = 17CG) ; 'f('G)\ = !?• 7. 

For the compensating terms for example we have 

‘mCG; cc) = ~ jT log || ax(Ren H' 1 d V = m(R ; «), 

a) = ~ log || ax(re" f ) || _1 d^ = m(r; a), 

and similarly for m and 12°. For the terms counting multiplicities let N serve 
as an example: 

W7; «) - Z h(z; «) log £ ■. + c log f = * N(R ; «) 

«>| z |>« 0 | 2 | / I 0 

WOG; a) = 2 h(z; a) log — + c' log - = ’i\T(r; a) 

K|*|<ro T r 

where the constants c and c f must be chosen subject only to the condition 

c + c* = 23 h(z ; a). 

In other words: It is immaterial how the contributions to N , coming from 
intersections of S with a in points over the conductor Go , are divided up among 
*N and X N. The resulting arbitrariness in the functions 

, Ti(r) = e Ni(r) a) + mi(r; a) - rn t (r; a) (r > Ro) 

'Ti(r) = 'Ni(r;a)’+ mi(r;a) — mj(r;a) (r < r 0 ) 

coincides with the one which the very structure of any expression (5.1) allows 
its constituents 7 and These components are not uniquely determined by 
/, for any pair 


7 4- c /*C ; 7 - c/*'C 


(c = const.) 
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will perform equally well in their stead. The condition f(G) > 0 is satisfied by 
all quantities entering into the formulae of the first and second main theorems. 
We remark that under these circumstances a constant c can be found such that 
also 

y* = y + c/ e c > o, y* = y- c /*c > o. 

Disregarding the positive denominator we are given two functions /(x) and g(y) 
such that for all values of x and y for which they are explained we have f(x) + 
g(y) > 0. We then have to find a constant c such that also 

/*(*) = /(*) + c > 0; g*(y) = g(y) - c > 0. 

Denoting by / and g the greatest lower bounds of f(x) and g(y) respectively, 
we see that c = $(g — f) certainly has the required property, for 

/*(*) ^ i(f + g) ^ 0, g*(y) ^ \{f + 9 )^ 0 , 

where never more than one of the equality signs can possibly hold in any given 
case. 

The specializations r = r 0 and R = R 0 respectively show that the first two 
main theorems for ring-meromorphic curves, being originally relations between 
weighted averages, permit the following formulation for the quantities in their 
unaveraged state: The functions (5.2), defined for sufficiently great and suffi- 
ciently small values of their arguments respectively, are independent of the 
particular plane a. They define in pairs the orders 

Ti(G ) = r TAR); T,(r)] 

of a ring-meromorphic curve in the sense that two such pairs are equivalent: 
m«); 'nr)] ~ [ e T*(R); *T*(r)] 

if 

*T*(R) = e T(R) + c log R + 0(1), 

*T*(r) = { T(r) + c log r + 0(1). 

With this same convention the second main theorem appears in the form 

T,(r) + ['T w (r) - e T t (r) + T w (r)} = 0,(r) - 0,(Bb) for r > Ro , 

(5.3) 

% Vi{r) + |T w (r) - f r,(r) + T w (r)| = Oi(r) - Oi(r 0 ) for r < r 0 . 
We finally remark that, since 

e m\‘G; a) = m{R 0 ; a) ~ 0; ’m° = m(r 0 ; a) ~ 0 

we have also 

m°(G; a ) = [m(Ro ; a); m(r 0 ; a)] ~ 0 

and similarly 


Q?(0) = [12/(/2o); 12/(ro)] ^ 0 
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allowing us to replace the equality signs in (5.2) and (5.3) respectively by 
equivalences and dropping the terms m°i and i?i . 


II. The Third Main Theorem 

6. General Relations 

Some of the formulae, leading up to the estimates which finally culminate in 
the defect relations, can be derived in the general case. To do this is the aim 
of this first section. 

Again we consider the function 

w(p) = («*(p))/(0£(p)) = w = Wi/w 2 

which is meromorphic on g. We plot its values w on the to-sphere of diameter 
1 into which the w-plane passes by stereographic projection. Let us denote by 


(It kj 


dw dw 
(1 + ww) 2 


its surface element. ic(p) maps the surface g in a one-to-one fashion upon a 
Riemann surface g„, covering the ic-sphere. Consider now the integral 


( 6 . 1 ) 



(i + ww) 2 


dt dt 


extended over the whole surface g, where t is the local uniformizing-parameter 
and the prime indicates differentiation with respect to t. The differential 
| w' | 2 dt dt is independent of the particular choice of t. Assume that on the 
w-sphere there is a uniform charge of density 1 and that each point on g„, carries 
the charge of its trace on the tc-sphere. Then, if q is the image on g w of p on g, 


*(P) 


(1 + ww) 2 


dt dt 


is the work required to transport the charge of the surface element of g„, at q 
along any path on g from infinity into the point p against the potential 
The integral (6.1) is therefore 1/27 t times the work required to assemble the 
charge of g w on g in such a way that each point carries the charge of its image. 
On the other hand 

2 *(P)A(PJ ot x uh - PxWi) dr w 

the sum extending over all points p of g is the work required to assemble in the 
proper places on g the charges carried by the elements of g w above the surface 
element dr w of the w-sphere at the point w = Wi/w 2 . Hence 


2 w 



w 


(1 + wW) 2 


dt dt 


— — J ^ . ^(p)A(pj ottW2 fitW\) dr w 
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where the second integral is to be extended over the whole u>-sphere. Following 
the argument previously employed 7 we take the average SD?^ 8 on both sides 
and replace w and w' by their expressions in terms of the x<(p). We then 
obtain 

(6.2) i- jf *(p)2MQ s ) dtlt = ~f W all N(G; am - pm) dr u 
with 

I S M <# [xx'],f| 
j So OCiXi |* + | S* Pi x i 1* 

Next we normalize the homogeneous form Wi/w 2 of w so that 

ffllWi + W 2 W 2 = 1. 

Consequently the vectors 

£. = am - Pm , rii = am + Pm , 
form a unitary pair if a and P do, and in particular we have 

So I £< I* = W 1 W 1 + W 2 W 2 = 1. 

Hence replacing a and p in the second integral by £ and 17 it becomes by Lemma 
1. M.C. pg. 519 

± j ^SJl t N(G; |) dr w = mG) 

and therefore 

~ l*(Ma„(Q*)dtdi = %T(G). 

If we introduce upon the w-sphere a charge of density ^ > 0 in each pointi 
varying with w, then the charge carried by an element of surface dr* will be 
jidr* . The density m may also depend on a and ft, but if it does we presuppose 
that it be a homogeneous function of the combinations £» . Under these condi- 
tions (6.2) is replaced by 

(6.3) ~ jf #(p)9K a( ,{Q 2 M (S < ) )dtdt = Wtim; } 

where the S« arise from £< = am — Pm if we replace wi and w t by their values 
So a fX)(p) and £oP,Xj(p) respectively: 

= S# (. a iPj a H Pi)xj(p)' 


7 M C. pp. 528-530. 
1 M C. p. 518. 
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The value of either integral equals again the average amount of work required 
to assemble the total charge of an on in such a way that each point carries 
the charge of its image. With the aid of 

N(G; Q g T(G) + m°(G; f) 

we obtain from (6.3) 

(6.4) i- ^ $(p)an a3 {Q 2 M (S,) } dt dt £ cT(G) + c'(G) 

where 

c = SM©, c' = mrn\G;SMZ)}. 

Again the difficulty arises that in general c' will depend on G. But c' is 

c'=/ log II binder 

•'ro 

and therefore bounded if the mean value appearing under the integral sign is a 
continuous function of Zo , X \ , • • • , x* . (In the cases of meromorphic, alge- 
broid, and ring-meromorphic curves this difficulty docs not exist: c' is finite 
with c .) 

Let us choose the density of charge on the w-sphere in a fashion which closely 
resembles the customary choices made in the theory of meromorphic functions. 

(6.5) = nil a ( ' , *r x ’ 

where the product extends over q arbitrary points a (1) , a (2) , . • • , a (fl) in 9i. The 
exponents, which are assumed to be real non-negative numbers, must be deter- 
mined such that M*m($) is finite. With such a determination of the X* the 
particular form (6.5) of /*(£) will also assure the finiteness of c\ Independently 
of the curve (S we have the relation 

(6.6) analog Q 2 + log m(H.) ! = const. + 2 log f AV^} + 2^„ X 0 log fox}” 1 
for the choice (6.5) of m({).* 


7. The Conditions on the X. 

Let us denote by dw( the volume element of the unitary ^-sphere ©* : p = 
I & | 2 = 1- Then our task is to determine the exponents or — as we shall 
call them — weights X, in such a manner that the integral 


J = 



• For a proof see: M C. pp. 530, 535. 
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converges. This convergence does not depend upon the nature of the curve E 
but merely on the linear dependence scheme of the arbitrary points a (r) in SR. 
It can be shown by the methods employed before (M. C. pg. 536) that J is finite 
for X„ < 1, (v = 1, 2, • • • , q) if the points a (r) satisfy no accidental linear rela- 
tions, i.e. if any (k + 1) of them are linearly independent. From this restriction 
we wish to free ourselves. 

The integral whose convergence we are to investigate can be written in the 
form 

J = [ <Wn($), n({) = II | (a w $) | 2X ' 

J „-l 

where the product n(£) is formed over a finite number of linear forms (a£) whose 
coefficients a* are normalized so as to satisfy the condition | a» | 2 = 1. 
Each of them is furthermore provided with a weight X ^ 0. 

We interprete the as components of a vector in a complex ( k + ^-dimen- 
sional vector space. The sum 2 ^ extended over all planes (a£) which contain 
a given /-dimensional linear submanifold Si of that vector space shall be called 
the load carried by Si . 

First we investigate the somewhat simpler space integral 

(7.1) J dVi! n(£) extended over p 2 ^ r 2 . 

Before proceeding any further it is necessary to express the volume element 
dVt of the real (2k + 2)-dimensional space with complex coordinates & . What 
we are seeking is the generalization of the surface element dz dz employed instead 
of dxdy when the (x } 2 /)-plane is described by the complex coordinate z = x + iy . 
Let our space be spanned by the 2k + 2 real basis vectors 

t / t 

eo , *o , Ci , ti , • • • , e* , e* . 

We split our coordinates £< into real and imaginary parts 

£ = x + iy (i = V“l) 

as suggested by the two-dimensional case. An arbitrary line element 

b = (d£o , , • • • , d(k) 

then has the components 

dx o , dyo , dx \ , dy \ , • • • , dxjc , dy^ 
with respect to the above vector basis. Let the line element 

(id£o , idl*i , • • • , id%k) 

with the corresponding complex components be called b'. We note that the 
transition from b to b' is invariant under an analytic coordinate transformation. 
The real components of b' are 

“"dj/o y dx o , — dj/i f dx \ , • • • , ~~dyk , dxje • 
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If we have (k + 1) line elements 

bo = (rffo , rffi , • • • , d£k) 

= (5£o , , • • . , 6 {*) 


linearly independent in the complex sense then b 0 , b 0 ' , • • • , b* , b* , are linearly 
independent in the real sense. As volume element we use the parallelopiped 
spanned by them: 

dx o dy 0 dxi dyi • • • 

— dy 0 dxo —dyi dx i ••• 

aV z = 

8x 0 8y 0 dx i 

From their definitions it follows that 

b + tV = dfo(co + it o) + • • • + d£k{tk + it'k), 
b — zb' = o(co — it o) + • • • + — ze*), 

hence the desired volume element appears in the form 

(IV z = AA 

where 


A = 


Lemma 1 . The integral (7.1) is convergent if each linear vector manifold of 
dimension (k + 1 — l) carries a load 

At < l (l = 1, 2, . . • , k + 1). 

The proof shall be carried through by means of an induction with respect to 
the number of dimensions. 

Let us assume that among the planes (a (,0 {) = 0 there are at least (k + 1) 
linearly independent ones. Should this not be the case we can introduce addi- 
tional linear forms with the weights X = 0. 

The set 21 of planes a: (a£) = 0 , ]T)o | d% | 2 = 1, in the ( k + 1 ) -dimensional 
vector space (5*+i shall shortly be referred to as the configuration {a}. The 
intersection of any k linearly independent planes (a (y) {) = 0 shall be called a 
vertex 3 . It is our intention to find corresponding to every configuration of 
this kind a cell-division of the {-space such that each vertex 3 is contained in a 
cell & which is cut by no other planes of 21 except those which pass through 3 . 
This can be accomplished inductively, for any plane a of 21 is an and its in- 


0 1 • • • 

5£o Ki ... % 
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tersections h with all planes of 31 different from a form a configuration in this 
lower-dimensional space. Assume therefore that we have found a cell-division 
with the desired property for the configuration {6} in this (5* . Let 3* be one 
of its cells with vertex j, a flat cell, so to speak, which we have to extend into 
space. To this end we perform a unitary transformation 

(£o , £i ,•••,£*)—» (fo , fi ,••• , ft) 

such that (o|) = fo , i.e. such that the fo-axis is orthogonal to the plane (of) = 0. 
Then we define 


(fo , fi , • • • , f*) is in Sk+i if 
D 1.) (0, fi,f 2 , ••• , r*) is in 3*. 
D2.) | ft | 3 | (6f) | for all b in 31. 

This inductive definition begins with 


l = Si- 

Let us call i the center and f 0 = 0 the base of 3*+i • The cells thus defined 
have the following properties : 

(1) They are cones in the sense that (fo , f i , • • • , ft) in 3fc+i implies (Xf 0 , 
• • • , Aft) in 3t+i for any complex constant A. 

(2) They are closed, as evidenced by the equality sign in D 2.). 

(3) They cover the whole space: Let f (0> be any point of our space then 
there will be an | (af (0> ) | such that none of the expressions | (6f <0> ) | (b in 
31, b 7 * a) have a smaller value, consequently f (0) belongs to a cell with the 
base a. 

(4) A cell contains but one vertex j, namely its center. 

If i' were in 3 then the k linearly independent planes defining j' would also have 
to go through j which is impossible unless j' = j. Finally we have 

(5) A plane b of 31 has no point other than the origin (0, 0, • • • , 0) in common 
with a cell unless it passes through its center. 

Assume this to be true for the flat cells 3* m and the manifolds h of the 
configuration {6}. Let b be a plane such that for some point f <0) (0, • • • , 0) 

in 3fc+i we have (6f <0) ) = 0. Either b is the plane fo = 0 or it is not. In either 
case b is seen to pass through j. In the first one this is evident; in the second 
one b intersects the plane fo = 0 in an (£*_ i shortly denoted by 5. We remark 
that it follows from (6f (0) ) = 0 that also fo 0) = 0 on account of D 2.). Hence 
the point f (0) is firstly in the flat cell 3* and secondly contained in S; therefore 
it follows from the induction hypothesis that 5 must contain $, implying the 
same for b. The contention is evidently true for k = 1 since every (Si of our 
configuration is some cell’s center, any two of them co-inciding completely as 
soon as they have a point other than (0, 0, • • • , 0) in common. 
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For any plane b of 31 not passing through j wc even have the quantitative 
estimate 

(7.2) | (H) | £ 6(Zo I fi I 2 )* 

with a positive constant 6 for all points f of a cell 3 with center j. This follows 
at once from the fact that the function (^o | j 2 )*: | (6f) | is a bounded function 

of its arguments on the closed set 3- The quantity 

A - I (6iD |:(22S I »!“’ l = )‘ 

has the same value for all points $ (0) of $ (The “distance” of the vertex $ from 
the plane b): If b does not pass through j we have 0 > 0 and can derive the 
explicit estimate 

5 ^ 2~ k 0. (See Appendix) 

If we unite all cells 3&+i with center $ we obtain the star 3*+i • All points of g 
with exception of (0, 0, • • • , 0) will be interior points of 3 *-h • The estimate 
(7.2) remains true for all points of 3*+i if I choose for 8 the smallest one of all 
those 8 ’ s which correspond to the cells combined into £*+ 1 . 

We designate by ,3 00 the intersection of | | 2 g r\ and 3*+i:3 (<0 = 

| | 2 S rj} ^ 3 *-h • The region over which (7.1) is to be integrated 

consists of a finite number of such stumps 3 (s) - In order to evaluate the part 
of (7.1) extending over any one of them we shall specify the coordinate system 
(fo , fi , • • • , f*) more accurately than has been done so far. We choose a cell 
3*+i the star 3*+i • Let its base be . The corresponding flat cell will 
again have a base (§*_i , and so forth. Now we determine the fo , f i , • • * , 
such that 

is f 0 = 0, 

(Sit-i is fo = 0, fi = 0, 

i = iSi is fo = 0, fi = 0, • • • , 1 = 0. 

We demand furthermore that the f , arise from the £. by a unitary transforma- 
tion. This determines them uniquely to within factors of absolute value 1. 

We refer to the system of the f »-axes as the frame work spanning the cell 3*+i • 

The coordinate system which we introduce in the star 3 *-h is the frame work 
of any one of its cells. 

Let (bf) = 0 be some plane 6 of 21 not going through $. Then the planes, 
fo = 0, fi = 0, • • • , = 0, (bf) = 0, form a system of {k + 1) linearly inde- 

pendent planes in terms of which any plane of our configuration {a} can be 
expressed in linear fashion. We denote by Co , c \ , • • • , c k ~i , the coefficients of 
fo , fi , • • • , Lfc-i , and by Ck the coefficient of (bf) in this representation: 

(uf) s So 1 

Furthermore we have from (7.2) that | bk | ^ 8. 
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Now we perform the substitution 

m = * 

ft = IJoZ 


J*-l = . 

The successive transformations 


(£o , £1 (fo » fi »••• , JV-i , (&?)) - 1 -* (z, r/t , • • • , i/jo-i) 

bring our volume element into the form 

dF { = I bk r dV t = I 6* PW ^2 rfz dV n 
and our integral can now be written as 

/ dVi/m = 1 6* r 2 / (ziruzdi. n + ••• + ciiWx + ci r> r*'dv, 

where A ** J2* A, is the total load carried by the origin. Both integrations are 
to be extended over the stump £ u> . 

The linear forms in the denominator of the second factor will be divided into 
two classes—the first one containing the forms corresponding to planes that do — 
the second one those corresponding to planes that do not pass through 3 . For 
any one of the latter kind we have 

I zrc<t< + cm) I £ y(Eo I r. 1 2 }* £ s' |« | (c* * 0) 

hence 

| Cono + • • • + Ck-iVk-i + Ck | 5' (S' = const. > 0). 


This permits us to write 

(7.3) / ciiyn($) £ c f (zi) k ~ A dzdz-ll I <£>* + . . • + r*'d7. 


where c > 0 is some constant, and the product in tile denominator of the second 
term is to be extended over all those planes a ( ' ,) of 81 which pass through j. 
Again both integrals are to be extended over < 3 (<> . 

Concerning the limits of integration in the new variables we note that from 
2 * I bi | a = 1 and | £< |* g r? follows | z ( £ r 0 since 


(wi‘ _ i*r , , 

SfTST’ STiTTP s 


On the other hand, we have from (7.2) 

wMSir.rj'Msnr.m 
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finally yielding 

I Vo I* + I Vi I* + • • • + | Vk-i | 2 ^ S~*. 

In other words: The stump 3 (,) is contained in the region described by 

M s r« , ZT l | vi I 2 ^ r 2 . 

Integrating (7.3) over this region rather than 3 (,) will increase the integral. 
We introduce polar coordinates for the complex variable 

z “ pe' v (i = V— i) 

and thus obtain 


[ M± 

J a<-> n(( ) 



dV v 

n( v ) 


where the last integral is to be extended over the sphere 


zr 


Vi 


The convergence of the first factor is guaranteed by the condition A < k + 1. 
The convergence of the second factor is the contention of Lemma 1 with k 
replaced by (k — 1), i.e. the induction hypothesis. 

We anchor this induction at k = 1 for which the lemma is evidently true. 
The integral J converges under the reduced assumption which arises from the 
one of Lemma 1 by dropping the restriction that the origin carries a load < k + 1. 
This is shown by modifying the first step of our proof, integrating (7.1) over a 
spherical shell 


(7.4) 0 <ngp £r 0 

rather than over a solid sphere. 

/ dv ( /n (0 - J f \* +l - u d P , 

where the first integral is extended over the shell (7.4). Concerning the limits 
of integration we note that the intersection of < 3**1 with the shell is contained 
in the region 

8ri £ M £ r 0 , ZT 1 I Vi f ^ 

Therefore the part of J extending over the intersection of &*+i with the unitary 
Awsphere ©* will be less than or equal to 


const 


/ 


dV v /n(rj) extended 


over ZT' I Vi I 2 ^ 8 -2 - 


Thus the proof of what we maintained is reduced to an application of Lemma 1 
for ( k — 1) instead of k. Returning to the projective way of expression and 
considering the {< as homogeneous plane-coordinates, the a,-’ 0 as homogeneous 
point-coordinates, we obtain the 
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Lemma 2. The integral J converges if each ( l — 1 dimensional linear sub- 
space of the projective Awspace (1 ^ l £.k) carries a load Aj < l. (The load A i 
of a given subspace is the sum of the weights of the points a (p) contained therein.) 

The proof of this lemma indicates the reason why no restriction need be made 
upon the total load carried by the whole space. It is the load of the origin in 
the {-space and of no influence upon the convergence of the integral J since the 
latter extends only over points | {,• | 2 = 1. 

For the choice (6.5) of m({) the average 9 W{m({) will remain finite if the weights 
A r are so chosen that any given ( l — l)-spread in (l = 1, • • • , k) carries a load 
A i < L This, as we remarked once before, will imply the finiteness of 

c' = m™\G; {)/*({)} 

as well. Let us assume therefore that in the following special cases the X , 
always comply with the conditions of Lemma 2. 

8. The Third Main Theorem for Algebroid Curves 

Once more we turn to the case where g is an n-sheeted unbounded covering 
surface of the finite 2 -plane. We take the set of ( k + 1) functions defining a 
realization of g and substitute them for the x% in (6.6). The prime in 

x\ = 5 1 14 1 2 

we interpret as differentiation with respect to z. Multiplying through by 
da = (1/2t) dip and integrating over the boundary of G we shall obtain, if we 
make use of the concavity of the logarithmic function, 

2fii(r) + 2£„A«m*(r;a) + const ^ log J g SOMOVS) } d<pj = 0(r). 

We indicate the rotational symmetry of the potential by writing 

4>(z) = 4>(p) when | z | = p. 

Then (6.3) yields for 0(p) the relation 

#(p)e e(p, p dp = y jf e Qif) p dp ^ cT{r) + c', 
denoted shortly by 

0(r) = u(T(r)). 

From this it follows in customary fashion that 

0(r) < k log T(r) — 2 log r, 

an inequality holding “almost everywhere,” i.e. outside of certain intervals I, 
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whose logarithmic measure is finite: / — < oo. 10 k is an arbitrary constant 

Ji r r 

k > 1, a meaning which this symbol shall retain throughout this chapter. 
Formulating the resulting relations at once for higher l we have 

Mr) + Kmt(r;a) = j«(r,(r)) 

or, in the form of an inequality holding almost everywhere, 

Mr) + \ a m* (r ; a) < * log 7,(r) - log r 

with weights X G attached to the points a and so chosen that the total load carried 
by any one ( h — l)-spread (1 g h g k{) in is less than A. 

These so-called defect relations constitute the third main theorem, holding 
in this form regardless of any accidental linear relations between the points over 
which the sum on the left is to be extended, i.e. in particular those points for 
which m* is not ~ 0. (Exceptional points) 

The methods 11 used for the derivation of estimates of the subsequent nature 
yield again 


Oito <g log T(r) 

hence 


T,(r) < lT(r) + « log T(r) 

4 


and, introducing the symbols 

A i(r) = V,(r) + J^\ a mt(r-,a), 

a 


we finally obtain 


(8.1) A ,(r) < 


k- 1-1 


k + 1 — l 


T(r) + 


k (k + 1) 
2(k +1-1) 


J(r) + * 


k(k + 1) 


4(k+l- l) 


log T(r) 


holding almost everywhere. To complete our results we have to give an es- 
timate for the density J(r) of branchpoints of g over the z-pla^ie. E. Ullrich 
proves 12 that for the characteristic T*(r) of any algebroid function w = f(z), 
one-valued on g, 


J(r) £ 2 (n - 1 )T*(r). 

This characteristic T*(r), as defined by E. Ullrich, is in the sense of equivalence 
equal to the order of the algebroid curve w x /vh — w defined in the complex 


*• M C. pp. 527-528. 
» M C. pp. 532-533. 
w 1. c. pp. 209-210. 
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one-dimensional projective space {w lf tvt] as a realization of ($• Such a curve 
will certainly be defined by projecting our curve § from some ( k — 2)-dimen- 
sional linear subspace of 9i. Application of (3.5) shows us that 

T*(r) ^ T{r) + const. 

since in our case 

[ log (X : X') da = const. 

J r 0 

The resulting relation 

(8.2) J(r ) g 2 (n — 1 )T(r) + const. 

shows that not only the level of transcendency but also the degree of ramifica- 
tion of an algebroid curve is set by the first order T(r). By means of (8.2) 
we obtain from (8.1) the relations 

V t (r) + £ o X 0 rof(r;a) < ( * + * — T(r) + S(r) 

holding almost everywhere with 

S(r) = 0 (log rT(r)). 

Thus the defect relation appear in the form that was given them by R. Nevan- 
linna: k = 1; n = 1, and E. Ullrich: k = 1. 

9. The Third Main Theorem for Ring-meromorphic Curves 

Instead of the function x<(p), meromorphic on the doubly punctured plane 5, 
which define its realization (£ we use the functions x<(z) defined for i ranging 
over that part of the z-plane which is covered by g. For the choice of Go and 
the exhausting sequence {<7«. r } made heretofore the potential $(z) is a function 
of | 2 | = p rather than of z: 

<f> 0 (z) = <f>(R, r; p). 

From (6.6) it follows that for 

0( P) = log jT m*{QVH iitx"))) d*} 

we have 

20i(p) + 2 X 0 wi*(p; a) + const | 0(p) 


or 


2Qi (Gk.t) + 2 ; a) + const ^ [©(/?); 0(r)]. 

On the other hand (6.3) shows that 

j* *(R, r; p)e e ^p dp £ cT(Gn, r ) + c' 
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with constants c and c'. To set in evidence the fact that the integral on the 
left also possesses the characteristic pattern of all quantities related to ring- 
meromorphic curves we write it as 

l* MR, r; p)e°^p dp = **(r)J 

with 

'MR) = £ ^ £ e^p dp + log | e° ( '>p dp} , 

^(r) « ~ JT e GW p dp + log 1 1'" e 9if) p dp} . 

Thus we finally obtain 

(9.1) [MR); Mr)] £ c[ e T(R); Mr)] + c\ 

The arbitrariness 


’MR) -> ‘MR) + C log I- , <Mr) -> ’Mr) -C log - # 

it o r 

finds again an immediate geometric expression in the freedom of choice of the 
intermediate circle of radius r m . 

Suppose two functions 0(r) and T(r) are defined for sufficiently large values 
of r. Then we agreed 13 to write 


0(r) = <o(T(r)> 


if there exists a centrally symmetric potential U(r) due to a distribution of free 
charge of density exp 0(r): 


I A 

r dr 



exp 0(r), 


such that 


U(r) g cT(r). (e = const. > 0) 

It follows that there exist constants of integration a and 6 such that 

U(r) = f — f exp 0(p)p dp — a log r — b 
J rt r Jr 0 

satisfies this relation, ro being an arbitrary lower bound for the integrations, 
subject only to the condition that 6(r) and T(r) are defined for r ^ ro . 

We note concerning the relation 0 = u(T) that it implies: 

(1) 0(r) = u(T*(r)} for any T*(r) = T(r) + c’ log r + e" with constants c' 
and c" , because the additional terms correspond to free charges of density zero. 

“MC. p. 528. 
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(2) 0'(r) = u(T) for any 0' | 0, because 

U'(r) = f ~ [ exp 0'(p)p dp — a log r — b ^ C/(r). 
Jfo r •'ro 

(3) The existence of constants c' and c" such that 

T*(r) > 0 

because for 


T*(r) = T(r) + - log r '+ - 
c c 


we have 


cT*(r ) ^ [ — f exp 0(p)p dp > 0. 

J r 0 r •'ro 

(4) 0(r) < k log T*(r) almost everywhere if the constants c' and c" are so. 
chosen as to make T*(r ) > 0. 

The additional term of the order of log r has been neglected in the presence 
of the term log T* y compared to which it is of importance only in the cases of 
lowest transcendency. 

We extend the meaning of this symbol to functions 0(r) and T(r) defined for 
sufficiently small values of r by writing 

e(r) = «(T(r)) 

if after an inversion on the unit-circle: r — > 1/r = f we have for the functions 
0(f) and T{f) y defined by 

e(r) = 0(r), T(r) = Tir), 

the relation 

0(f) = 0 ,(?(f)). 

The application to our case is evident since both 'ty and are centrally sym- 
metric potentials, each due in its region of definition (r > R<> , r < r 0 respec- 
tively) to a distribution of free charges of density exp 0(r). By choosing 

r = <rV 0 , while R remains variable, 

or 


R = eR <> , while r remains variable 
we obtain from (9.1) the inequalities 

'¥(«) ^ c{‘T(R) + const, log R + 0(1)} 
*^(r) ^ c{ { T(r) + const, log r + 0(1)} 
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with 

c = 2M$) > 0. 

Consequently 

e(r) = 0>( e T(r)), 0(r) = «(*T(r)), 

and therefore almost everywhere 


• 0(r) < k log e T*(r) 

for r > Ro , 

0(r) < k log *T*(r) 

for r < r 0 , 

with constants chosen such that e T* and 'T* are > 0 (see Section 5). Thus the 
defect relations appear in the form 

0i(r) + Z* Km*(r;a) = |«(T,(r)) 

forr > Ro, 

0i(r) + Za X a m* (r; o) = ^(’T,(r)) 
or as inequalities holding almost everywhere 

for r < r 0 , 

«*(r) + Z« X„»»*(r; a) < K - log T,*(r) 

for r > R a , 

ftiW + ZaX«TO?(r; a) < K - log ’2’f(r) 

Observing that 

[log e T*; log ‘7’*] £ log ['7'*; *7’*] 

for r < r 0 . 


allows us to combine each of the above pairs into a single relation : 


®i(G) + ZaX 0 w**((7; a ) = 2 Ti(0). ( G = Gn, r ) 


Again we might derive estimates of the kind 

T, < IT + S 

r ‘<F- -+V~, T + S 

climaxing in 

(9.2) Vi + ZaXawf < j T + S. 

These relations hold for the averaged quantities as well as for the unaveraged 
ones, if in the latter case we supplement them by the conventions governing 
the pair-wise connection between the unaveraged constituents. S stands 
throughout for a term 0(log T). 
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Applying (9.2) to a ring-meromorphic function, for instance to one of the 
quotients Xi/x 0 which define the realization (S, it is seen that any such function 
must assume every value with the possible exception of at most two. This is 
nothing new considering that every ring-meromorphic function f(z) is changed 
by the substitution 

z = 

into a function mcromorphic and periodic of period 2 in on the open f-plane. 
The validity of Picard’s theorem for / (exp f) = F(f) yields an immediate proof 
of the above statement. If we write f = x + iy it follows that F(f) repeats 
its values in every infinite strip parallel to the x-axis of width 2ir. Hence the 
surface g on which these functions are defined presents itself as a circular 
cylinder of radius 1 around the x-axis. The order of a function on 5 is described 
by a pair of functions *T{x) and l T(x) : 

T = [ e T(X ); T(x)]. 

The first one is defined for X > x* , the second one for x < Xo ; (x x > Xo), and 
they are subject to the condition 

[ 9 T{Xy t *T(x) ] ~ [ e T(X) + cX ; T(x) + ex]. 

Ring-meromorphic curves present themselves in this light as realizations in 
fc-space of the cylindrical surface g in abstracto. 

Appendix 

Suppose we are given a cell-division corresponding to a configuration {a} of 
planes a:X)o|a, | 2 = 1, in an ( k + l)-dimensional vector space (5*+i : 
{£o , fi , • • • , £*}, of the sort described in Section 7. Concerning it we stated 
the following estimate: If b is a plane not passing through the center g of a 
cell £ then 

(i) HbOl-iZUbW £ 

for any point £ of £, where 

f-IWDlUSliHT, 

j l0) being any point on the vertex j. In a conversation H. Weyl proposed to me 
the following proof of this inequality. 

As a coordinate system in £ we introduce its frame work jfo , • • • , f*}. Let 
(H) — 0 be the equation of the plane b; .then we have 0 ~ \ bn \ > 0. For any 
point f for which I |* *= 1 (a restriction which does not impair the gen- 
erality of our argument considering the conical shape of 3) we now write 

\<M 1 


hence 


I f o I S « 


on account of D 2). 
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Consequently 


(2) | feifi + • • • + bki'h |^8+| 6ofo | ^ s(l + | b 0 1). 


But from (7.2), applied to the space f 0 = 0 of one dimension less, it follows that 
I hifi + • • • + h*f* | 2 Si Sf(l — | b 0 | 2 )(1 — | f 0 1 2 ) 

\*Jj 

z *2(1 - I bo | 2 )(1 - s 2 ), (S k > 0). 

The factor (1 — | fo | 2 ) replaces | fi | 2 + • • • + | f* | 2 which it equals since 
yi o | | 2 = 1, while (1 — | b Q | 4 ) makes its appearance because (7.2) was derived 

under the assumption that | h< 4 = 1 ; hence in the present case we have to 
multiply on the right by | bi | 2 + • • • + | b k | 2 = 1 — | b 0 1 2 in order to make 
the relation completely analogous. Combining (2) and (3) we obtain 


(4) 


_J__ > .» 1 ~ I fro 1 
1 _ S 2 - *1 + | 6o I* 


Hence, writing | b n | = cos a k , the right side of (4) will become 5* tg (<**/2) and 
the inequality states that (7.2) will be satisfied for any 5* + i = 5 chosen such that 


1 — S*+i 



Proceeding in this fashion we put successively 

| ho | • \/(| ho | 2 + • • • + | b k | 2 ) = cos ak ^ 0, 
( 5 ) I hi | : -\/(| hi | 2 + • • • + | bk |") = cos nr*_i ^ 0, 


I b k - 1 1 • \/(| h*-i | 2 + | h* | 2 ) = cos ai ^ 0, 
coimting the as in inverse order. Solving with respect to the h’s we have 

I h 0 | = COS a k , 


( 6 ) 


| hi j = sin a k cos a k -i , 


| h*_i | = sin a k sin a k -\ • • • cos a t , 


/3 = | bk | = sin a k sin a k - 1 • • • sin ai . 

From the last equation under (6) it follows furthermore that none of the angles 
a k , a*-i , • • • , <*i can be zero, and (5) completes the information to give 


o < « * i- 

Therefore writing 

0 < tg - U ^ 1 

Mi 
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we have the recursion formulae 

5 i+i = + 8*4}* 

with Si = 1, 5*+i = 5. Furthermore 5< ^ 1; hence 


8.+i 


U 


s< 5=5 VO+4)-i + 4 2 sin a< 

and if we finally form the product we obtain 

A ¥‘ = T=»a IM-r* = 2-ft 

i-1 0{ 0 1 

which together with (7.2) completes the proof of (1). 


Ubbana, Illinois. 
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ON ADDING RELATIONS TO HOMOTOPY GROUPS 

By J. H. C. Whitehead 

1. Let X be an arcwise connected topological space, and let i r r (X) ( r = 
1, 2, • • • ) be the r th homotopy group 1 of X, written with multiplication if r = 1 
and addition if r > 1. Let fi(S n ~') C X (i = 1, . . . , k; n ^ 2) be maps in X 
of an (n — l)-sphere S n , let 6? be a non-singular (open) cell bounded by 
fi(S n ~ l ), as described below, and let 

X* = X + + • • • + &£ ( &i •&* =0 if i j ). 

In a recent paper 2 I described in algebraical terms the relation between w n -\(X) 
and 7r„_i(X*), and also the relation between T n (X) and ir n (X*) in case each of 
fi(S n *) is homotopic to a point. Here we study the relation between Tr n (X) 
and ir n (X*) when the maps f t (S n ') are arbitrary. There is a considerable 
difference between the cases n = 2 and n > 2. In case n > 2 the relation 
between T n (X) and ir n (X*) is expressed in terms of a product a-0 e ir m +n-i(X), 
where ot € ir m (X) f 0 eir n (X ). The case n = 2 is, in many ways, the more 
interesting of the two. Among other things a method is found for calculating 3 
t z (K) algebraically, where K is any simplicial complex. Of course K. Reide- 
mcistcr’s 4 * theory of homology in K, the universal covering complex of K } together 
with a theorem due to W. Hurewicz 6 lead to a theoretical definition of ^(K), 
which may be stated in purely algebraic terms. But since there is no general 
algorithm for deciding whether or no given elements pi , • • • , p n in the group 
ring, 5ft, of K , satisfy given equations 

Ysl VXjPj = 0 (??X/€5R) 

this does not lead to a method of calculating ^(iv). In fact the problem of 
calculating the algebraic structure of 7r 2 (iv) by this method is equivalent to the 
problem of calculating wi(K) effectively, or of defining R constructively. In 
order to calculate ir 2 (K) itself one would also need a construction for a deforma- 

1 W. Hurewicz, Ron. Wetenseh. Amsterdam, 38 (1935), 112-9; 521-8; 39 (1930), 117-25; 
215-24. 

J Proc. L. M. S., 45 (1939), 243-327, §6. This paper will be referred to as S.S. The 
argument given in S.S. obviously applies, with minor alterations, when K is any arcwise 
connected topological space. 

* I.e., given a constructive definition of K , one can enumerate (constructively) a set 
of generators and relations for ir%(K). Moreover, given a map/(*S 2 ) C K, with a specified 
base point, one can express the corresponding element of irt(K) as a product of the gen- 
erators, and conversely. We shall say that a group G has been calculated effectively when 
it has been calculated, and when a finite algorithm has been provided for deciding whether 
or no two given products of the generators represent the same element of G. 

4 See, among papers, K. Reidemeister, Abh. math. Sem. Hamb. 10 (1934), 211-5. 

• Loc. cit. (Paper II), p. 522. 
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tion cell, bounded by a given circuit in K. It should be said that there is no 
theoretical obstacle to calculating Tr r (K), for any r ^ 1, by constructions which 
are similar to those in a combinatorial definition of 6 7ri(iv). Thus the value 
of §6, below, is technical, rather than theoretical, in that it brings now algebraic! 
machinery to bear on the study of 

We shall always use S n to denote an oriented ^-sphere, and E n to denote an 
oriented n-element. The corresponding unoriented spaces will be denoted by 
| S n | and | E n |. Let f(£ n ) CX be a given map, where E n is the boundary 
of E n and E n has no point in common with X , and let & n be the interior of E n . 
By X + S n we shall mean the space consisting of the topological space X and 
the topological space & n , related by the following condition. If Pi , P 2 , • • • C6 n 
is an infinite set of points whose limit points all lie in the closed set f \q) C tl n y 
where q is any point in f(E n ) C X, then the sequence p x , p 2 , • • • C X + & n 
converges to q . Subject to this condition we describe & n as a non-singular cell 
bounded by f(Ji n ). When describing a geometrical construction we shall use 

the term accidental intersection to mean one which can be avoided without 

* 

restricting the conditions of the problem in hand. For example, a point common 
to &i and (i j* j ), in the above space X* } would be an accidental intersection. 
Again, if we introduce a segment s C M n , joining two given points p \ , p 2 , 
where M n is a connected, bounded manifold, then a point, other than p x or > 
which in common to s and til n , would be an accidental intersection. 

2. In this section we recall some elementary definitions in a convenient form. 
To define ir n = ir n (X) we first choose a base point a* 0 c X. Then an clement 
a e r n is given by a map f(S n , a) C X, such that /(a) = x 0 , where a is a speci- 
fied base point in S n . In general the same map f(S n ) will represent a different 
element if another point a' e f~ l (x 0 ) is chosen as base point in $ w . The element 
— a is given by /( — $”, a), where — S n is S n with the orientation reversed. Two 
maps fi(Si , a % ) (i = 1, 2), where a t e S and /»(a,) = x 0 , represent the same 
element of w n if, and only if, ft = where = S 2 is a map of degree? +1 
such that <t>(ai) = 02 , and jt(Si , a x ) is homotopic in X, with/i(ai) held fixed, 
to fi(S\ , ai). Following Hurewicz we may also represent a € ir n by a map 
g(E n ) C X such that g(£ n ) = x 0 , in which case we shall always take the map 
g(i £ n ) = xq as the base point. Such a map will represent the same element as 
f(S n , a) if g = /0, where <t>{E n ) = >S n is a map of degree +1, treating E n as a 
cycle mod f2 n , such that <t>(fl n ) * a. Let a* e ir n (i = 1,2 ;n > 1) be given by 
fi(Ei) C X, with Mfii) = x 0 , and either 

1. I El M El I = I J&r H til I = I E n ~ l I and 
£ r = E n ~ l +...,£?= -E n ~ l + • • • , or 

2. | El M El | = | J&r I - I i and £? - . 

9 Since neither can be calculated effectively, except in special cases, the only difference 
between the logical status of *x(K) and of r r (K) (r > 1) is that *i(K), unlike r r (K), is 
always given by a finite system of generators and relations if K is finite. 
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In either case ai + a 2 e x n is the element given by the map f(El + El), with 
a point 3 * * * 7 on £" as a base point in the second case, where / = /< in El . 

Let SI ** El - E n , SI = E n - El and S n = El - El , where | El | • | El | - 
| j&? | =*: | |. Let /be a given map of K = | | + | El | + | E n | in X , with 

/(a) = Xo , where a € j£ n , and let a* € x n be the element given by f(S* , a). 

Lemma 1. The map f(S n , a) represents the element ai + <*2 • 

This follows at once from the fact that f(K) is homotopic rel. a (i.c. holding 
/(a) fixed) into a mapZi(iS') such that/i(£ n ) = x Q . 

We recall from S.S., §§10, 11, that x n (n > 1) is a group with operators. 
As in S.S., §11, we shall consider the operators to be elements of the group ring 
5R = 9?(xi), rather than elements of the ring 9? n (X, x 0 ), defined in 8 S.S. §10. 
If a e x n , $ € xi the characteristic property of £a is that any of its representative 
maps can be transformed into a representative of a by a deformation in which 
the base point describes (positively) a circuit representing {. By an invariant 
sub-group a n C x n , we shall mean one such that 3i<r n = a n , that is to say 
pa c <r n if ot e <r n , p € 9i. This is a natural generalization of the ordinary defini- 
tion in case n — 1. We shall describe the groups defined on pp. 281 and 283 
of S.S., which we shall now denote by $R(cn , • • • , a k ) and 3i(/i , • • • ,f k ) instead 
of r(«i , • • • , a k ) and r(/i , • ■ • ,/*), as the invariant sub-groups generated by 
ai ,•••,<** and by , • • • , f k . This definition obviously applies to infinite 
sets of elements a x or maps/; , and in the same way we may define the invariant 
sub-group generated by a set of elements together with a set of maps. 

Let an element a e x n (n > 1) be given by a map/(>S w , a) C X and let /(a) = 
f(b) = x 0 . Let s Cl S n be an oriented segment beginning at b and joining it 
to a, and let £ be the element of xi , with base point x 0 , which is represented 
by the circuit f(s ). Then it may be verified that f(S n , b) represents the ele- 
ment £a. For this purpose S. Eilenberg’s definition 9 of £a is particularly con- 
venient. 

3. Let a € x m = x m (X) and 0 e ic n = x n (A r ) ( m , n ^ 1) be given elements 
represented by maps fo(E m ) C X and go(E n ) C X , such that fo(£ m ) ~ 
n ) = Xq , where x 0 is to be taken as the base point for all the homotopy 
groups Xr(-X’). We denote by fo-go the map 

F 0 (E m X E n Y = F 0 (# m X E n + (-1 ) m E m X E n ) C X, 

given by 

Fo(p X q) « go(q) if p*£ n ,q*E n 
- fo(p) if P « E m , q « E n . 

* Since * > 1, J&? is connected and it is immaterial which point on is taken as base 
point (see the concluding remark in this section). 

8 The distinction is that, if p\a « ptot for each a t r n , then pi and p% are identical, by 
definition, if regarded as elements of 9?„(X, Xo), but they may be different elements of 9L 

1 Fund. Math., 32 (1939), 167-75. Eilenberg defines fa in terms of the universal covering 
space of X. 



412 


J. H. C. WHITEHEAD 


We take a point a X b e J? m X £l n as base point on ( E m X E n )\ where a is an 
arbitrary point on if m > 1, and the first point of E m if m = 1, and similarly 
for b € j& w . Let f\ and gi be the images of / 0 and go in homotopic deformations 
ft and g t (0 ^ t g 1), such that/<(£ im ) = gt(E n ) = Xo for each t e (0, l). Then 
fi-gi =* Fi is the image of F 0 in the deformation F t , given by 

Ft(p X q) = 0 t (g) if p c£ m ,qeE n 

«/.(p) ^ P*E m ,q*£: n f 

throughout which /^(a X b) = x 0 . Therefore the element of ir m + n -i(X) deter- 
mined by the map/ogfo depends only on the elements a e ir w , £ € x n . We shall 
denote it by a .ft If m = n = 1 it is clear that 

(3.1) = iiC'iT 1 (it v Cti), 

and if m = 1, n > 1, that 

(3.2) *-0 * (« - 1)0. 

If m + n ^ 2 we have 

(3.3) 0 a = ( — l) mw a*j8 
since E n X E m = {-\) mn E m X tf". 

Theorem 1. // n > 1 the transformation (3 a -(3 is a homomorphism of ir n 

in 7T m + n -i /or each a € 7r m . 

Let 0 = 0i + 02 , where ft ew n (i = 1,2). Let ft be represented by a map 
0t(2??) C X, where 

|«TM«f I = |^i M^2 | = l^ w_1 l, 

= X ” -1 + • * • , = -X 71-1 + - • • , 

and </»(#?) = xo . Then 0 is given by g(E n ), where E n = E i + 2?? and g = gi 
in Ei , and since n > 1 we may take a point in E m X 2?” 1 as the base point 
on ( E m X E n )\ Then the two (m + n — l)-spheres 

sr n ~ l = E m X E n i + (-1 ) m E m X E? 

meet in the (m + n — l)-element E m X E n ~~\ and 

S? +n ~ l + S? + - 1 = ZT X # n + (-l) m 2T X # n . 

Therefore a -ft + a- ft = a (0i + ft), by lemma 1, and the theorem is es- 
tablished. 

If m > 1, n > 1 it follows from theorem 1 and (3.3) that the function a (3 
determines a group multiplication. 10 However it may happen that a p = 0 
even though a ^ 0, 0 ^ 0, as it does when m = 1 and X is n-simple in the 
sense of Eilenberg. 11 

10 Cf. P. Alexatldroff and H. Hopf, Topologie } Berlin (1935), 589-90. ' 

11 Loc. cit. 
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The homomorphism 0 a-0 (n > 1) is not, in general, an operator homo- 

morphism with respect to the operators in In fact if m, n > 1 it may be 
verified that 

S(cc-P) = £a- 

If m = 1, n > l we have 

- 1)18 

= (i^r 1 - i)es 
= «nr l -a8 

. for any q *tc i , and if m, — n = 1 the relation 

tfW )*' 1 = tor^T 1 

follows from (3.1). 

The product a /3 is one among many similar ways in which elements a ejr m 
and 0 ivn may be combined to form an element in 7r m+yi _i . For let a and 0 
be given by/(l? m ) C X and g(E n ) C X, with/(£ 7m ) = g{E n ) =* x 0 , where E m 
and E n are now the interior regions and boundaries of Euclidean metric spheres 
S m ~ l and S’ 1 ' 1 in Euclidean spaces R m and R n . Let p — + r p (p e S m ~ l , r p e G n ) 
be a continuous map of S m ~ l in G n , the group of rotations in R n about the 
center of S n ~\ and let q-+r^(q e S" \ r q e G m ) bo similarly defined. Then a-0 
is a special case of the elements given by maps of the form F(E m X E n )‘ d X, 
where 

E(P X q) - g\r p (q)\ if ptE m ,q*E n 
= /{r*(p)l if peE m ,qeE\ 

Let X = S n (n ^ 2), let m = 2 let a = 0, even when « = 2, and let g(E n ) C S w , 
with g(i2 n ) = x 0 , be of degree 1. Then if n = 2 it may be verified, with the 
help of H. Hopf s invariant, 12 that the map p — ► r p (p e S 1 ) determines an iso- 
morphism between 7ri(6 T n ) and v H +i(S n ). The fact that iri(G n ) and 7r„+i(S n ) are 
both cyclic infinite if n = 2 and of order two 1,1 if n > 2 suggests that the same 
may be true if n > 2. 

4. Let S? and S? (1 < m ^ n) be rn- and /i-sphores with a single common 
point b, and let r = m + n — 1 > 1. Let 7r r i = T r (S?), tt ^ = T r (SS) and 
let 7r m -Xn be the sub-group of ir t = w T (S? + S?) which is generated by all 
elements of the form a-0, where a e x ,„(*$?), 0 « and 6 is the base point 

of 

y TTni* ITfi aild 7Tj» • 

Theorem 2. The group ir r is the direct sum T r (Si) + tc r (S?) + T m -T n . 77ie 
'group iCm'Tn is cyclic infinite . 

l * Math. Ann., 104 (1931); 637-65. 

,# L. Pontrjagin, Oslo Congress (1936): H. Fretidenthal, Compositio Math., 5 (1938), 
299-314. 


(£ « *-i). 


(v, v' c Ti) 
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Let 14 /(S') C iSr + ST be a map representing a given element a* « ir r . We 
take ST , S% and S r to be recti-linear sub-divisions of the boundaries of recti- 
linear simplexes, and we assume that the map / is simplicial. Let x be an inner 
point of an n-simplex in S" . Then f~ l (x) is a polyhedron whose cells may be 
oriented to form an (m — l)-cycle Z m-1 C S r . Let Z m C S' be a chain bounded 
by Z m ~~ l and let yi(/) be the degree with which f(Z m ) covers ST . It follows 
from his original argument, 16 with trivial modifications, that 71 (/) is a ‘Hopf 
invariant of the element a *, and it may therefore be written 7i(a*). Clearly 
a* —+ yi(a*) is a homomorphism of tt, in the additive group of integers. 

We now prove the last part of the theorem. The groups w m (ST) and ir n (ST) 
are cyclic infinite, generated by elements a and 0, say. Therefore any element 
in T m • x n is of the form ka • Ifi = kl(a -ft) , by theorem 1 , where k and l are integers. 
Therefore is a cyclic group generated by a Obviously 

yi(k<X'lp) = dbkl f 

whence ka l(3 = 0 implies k = 0 or l = 0. Taking Z = 1 it follows that 
k(a-0) t* 0 if k 5* 0, or that T m ir n is infinite. 

We have now to prove that x r = it , i + x r2 + 7r m - v n . Let hi(ST + ST) =* ST 
be the map given by 

hx(p) = v if V * ST 

= 6 if p € ST . 

Let 0i(*v) = Vri be the homomorphism of in which each element given by a 
map/(/S r ) C ST + ST is transformed into the element given by the map hif(S r ). 
Clearly = 0 and = a if atTri* Since a*0 = 0, according to 

theorem 1, we have </> i(v m -v n ) =0. If «i + a 2 + a-0 = 0, where a, e *>< , 
ot C ir m (S]T), ft € Tn(ST), it follows that 

ai = (f> i(aci + on + ot'&) = 0. 

Similarly on * 0 and hence a-fi = 0. Therefore the group consisting of all 
elements of the form a\ + on + a-P is the direct sum r r i + ir r s + T m -T n , and 
it remains to show that each element in r r is of this form. 

Let 7i(a*) = k } where a* is a given element in x r , and, replacing a by —a 
if necessary, let 7i(a-0) = 1, where a -0 generates ir m x n . Then 7i(ao) 0, 
where ao = a* — ka fi. Let f(S) Cl ST + ST be a map representing a 0 and, 
as before, let Z m = Z m ~\ where | Z m-1 | = If n > m it follows from 

a fundamental theorem due to Hopf 18 that f(Z m ) can be deformed into a point, 
namely /(Z m “ l ) = x , with f(Z m ~~ x ) held fixed. Therefore an argument used by 
H. Freudenthal 17 shows that on may be represented by a simplicial map /i such 
that f7'(x) is a single point p. Let E n C ST and ET C & be the simplicial 

14 Since xiOSJ 1 +5J)«lwe need not specify which point in is to be taken as the 
base point in S r . 

11 H. Hopf, loc. cit.: also Fund. Math., 25 (1935), 427-40. 

14 Comment, math, helv., 5 (1933), 39-54. 

17 Loc. cit., pp. 309-11. 
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neighborhoods of x and p, and let ^(>S?) = S 2 be a map of degree unity such 
that ^(£>2 — E n ) = b, >p{E n ) = S 2 . We extend \p throughout ST + S 2 by 
writing ^(ry) = y if y t ST . Clearly \l/fi(S r ) is homotopie to /i , with the base- 
point, in /i 1 (b), held fixed. Therefore a 0 is also represented by the map 
But ^/i(ii r ) C £? , ^/i(£i) C and \pfi(S T ~ l ) = 6, where £1 is the closure of 
S r — E? and | *S r 1 | = | E r | = | E\ |. Therefore ao = ai + a 2 and a* = 
<*i + ot 2 + A**-/?, where a\ eir T i is represented by ypf\(E\) C aS™ > and 02 * 7Tr2 
by t//f\(E/) Cl A? . Therefore the theorem is established in case m < n. 

Finally let m = n. With the same notation as before, let a* = ao + ka -0, 
where a* is a given element in ir, and 7 i(a 0 ) = 0, and let 72 ( 00 ) be the degree 
with which f(z m ) covers Si . Clearly 7 i| 02 («o)| = 0, y 2 {<t> 2 (a 0 )} = 72 ( 00 ), 
where <t> 2 is the homomorphism induced by the map h 2 , given by h 2 (&T) = 6, 
h 2 (p) = p if V € S 2 . Therefore 71 ( 0 *) = 72 ( 0 *) = 0, where at = o 0 — <fa(oo), 
and it follows as when n > m that at e ir,i + 7r r2 . But <fa(a 0 ) c 7r r2 and 
o* — a 0 c 7r m -7r n . Therefore a* = at + (o 0 — a*) + (o* — o 0 ) € ir r i + ir r2 + 
TTm-iTn , and the proof is complete. 

5. Let/,(£?~ ! ) CX 0 (2 = 1, • • • , k) be given maps of oriented (n — l)-spheres 
Sr', • • • , Sk~ l in an arewise connected space X 0 . Let 

(5.1) X* = Xo + &; + . - - + , 

where is a non-singular cell bounded by f t (S?~ l ) and there are no accidental 
intersections. Let a? be an open n-simplex, oriented in agreement with S”, 
such that Ai C S" , where Ai = a t ” , the closure of a” . Then X 0 is a retract 
by deformation of 

X - Xo + Z (6? - a"), 

t-1 

and it follows that the homotopy groups 7r r (X 0 ) and ir r (X) arc the same, like- 
wise the relations between tt r (Xo) and x r (X*) and between T r (X) and *v(X*). 
Also the identical map of A? on itself is homotopic in X to /,( aS” - 1 ). Therefore 
we may replace X 0 by X and /,(S l n ~ 1 ) by the identical map of A ? on itself. 
Since 6? may be triangulated and A? C , we may assume, after a suitable 
deformation, that any map f(K ) C X*, of a simplicial complex K , is simplicial 
in f~ l (Ai + ••• + A?). From here to the last paragraph in this section 
we take n > 2. 

Let x 0 e X be a base point for each r r = ir r (X) and let a, be the element in 
fr*-i which is given by 18 U + A? , where U is an oriented segment starting at x 0 
and joining It to a point « A? . Let 9R be a modulus with independent basis 
elements e \ , • • • , c* and coefficients in 9? = $R(iri). Then the transformation 
0, given by 

(5.2) <t>(ptfl + • • • + PkPk) “ PlOtl + • • • + PkOtk (pi € 9fc) 


“ Cf. S.S., p. 279. 



416 


J. H. C. WHITEHEAD 


is a homomorphism of 9R on 9?(ai , • • • , a*). Clearly 9?9Ho = 9Ho, where 
9Ho = 4 _l (0) is the kernel of <f>. 

Let f(S n , po) C X*, with/(po) = Xq , be given. After a suitable deformation, 
we assume that /~‘(A") is a set of oriented n-simplexes «aA"i , • • • , , 

where e<x = ±1 (i = 1, • • • ,k),Ai\ takes its orientation from S n , and/(A“x) = 
e&A” , the map / being linear in A," . After a suitable sub-division of <S" and 
a further deformation 1 ’ of / we assume that no two of the simplexes A "a , A"„ 
have a common point. Let s,x C. S" be an oriented, polygonal segment, starting 
at po and joining it, without accidental intersections, to the point p,\ e A“x , 
such that /(p, x ) = , and let Lx = f{s ,x). Then /(s,x + A?x) = Lx + «<xA? 

and is homotopic to (Lx — L) + (L + e.xA,“). Therefore the corresponding 
element in ir„_i is , where £,x « m is given by the circuit Lx — L . Then 

(6.3) Z2 «<x£<xa. = 0 

i.X 

since £ (Lx + «<xA?) = / { 2 (s.x + A? x ) | , and the singular sphere £ (s.x + A,“x) 

$,X i,X , i,\ 

bounds the cell S n — X) ($»x + -4?\). Therefore 
«.x 

(5.4) *(/) = L^fcx^QK o. 

i.X 

Thus to the map / corresponds an element \p(f) e 9ll 0 . If f(S n ) C X, the set 
of simplexes f~\Ai) being empty, we set = 0. 

Lemma 2. The element \p(f) = ^(a*) de/pends only on the element a* e ir* = 
ir n (X*), tvMc/i is graven 6^/. 

In the definition of ^(/), and in proving the lemma, it is obvious that a map 
of the form f(S n ) Cl X * may at any stage be replaced by one of the form 
f(E n ) C X*, with f(E n ) = x 0 . Therefore the lemma will follow if we can show 
that ^(/i) = ^(/ 2 ), where /,(2??) (i = 1, 2) are two given maps representing the 
same element a* €i r* , both of which are simplicial in f~ l { A " + • • • + A*). 
We assume as we obviously may, that E * and 2?? are two hemispheres of an 
n-sphere S n = El — El , where , with regard to orientation. Then 

the map/(S n , p 0 ) C X*, where p Q e E\ and / = /» in E ? , represents the element 
a* — a* = 0. Clearly \p{f) = ^(/i) — fifc). So we have to show that = 0. 
Let £ n = $ n+1 . Then the map / can be extended throughout 2? n+1 , and we 
assume that/(J? n+1 ) is simplicial 20 in f~ l (A\ + • - • + 4?). 

” Cf. S.S., p. 282. 

10 For it is given that / is simplicial in f~ l (A* % + • • • 4- AJ) C S n , and, among the proc- 
esses of sub-division and canonical displacement of vertices by which f(E n+l ) is made 
simplicial in /“ l (A? 4- • • • 4* AJ), there is obviously one which leaves unaltered. 
Alternatively we can appeal to the following theorem, which is easy to prove, though 
I have not seen it in print. Let K and L be simplicial complexes and let/ 0 (X) CLbea 
map which is simplicial in some sub-complex K* C K. Then there is a sub-division K\ f 
of K t which leaves K* untouched, and a deformation ft(K) C L (0 £ t £ 1), such that 
ft *• /o in K* and }\ is simplicial with respect to Ki . 
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If f(S n ) C X it is trivial that \p(j) = 0. Otherwise let /(A? x ) = u\A? , where 
A a C $ n+1 , let 2 /< be an inner point of A? , and let s be the segment in f~ l (yi) 
which, starting at A? x , terminates at some A C # nM . Let C n41 be the chain 
of oriented (ft + l)-simplexes in f~ l (A ?) which contain points of s. Then 
# n+l = £ n+l + . . and also E n+l = A? x + A ?„ + .•• . Therefore () n+1 = 
A? x + + • • • . Moreover /(C n41 - A ? x - A?,) C A? . Since /(C n+1 ) = 

Ai , whence /(C n+1 ) is algebraically zero, we have /(A? x ) = -/(A*?), or c, x = 
— tin . Also p,x c A? x is joined to p tM 6 A* M by a segment s* C C n41 , such that 
f(s*) = x* . Since the circuit s lX + s* — bounds a cell in i? n+1 , and since 
/(«*) = Xi , the circuit /(«i\) — /($»„) bounds a cell in X*, and hence in X , since 
ft > 2. Therefore £,x = ft M • On repeating this argument it follows that, for 
each i = 1, ■ • • , k, the simplexes A? x C 2J w41 occur in pairs A? x , A? MX , such 
that €tx = ~ c»m X and £;x = £»> x * Therefore the expression (5.4) can be reduced 
to zero by cancelling terms of the form 6 t x(f.x + , where £ t > x = £* . 

Therefore ^(/) = 0, and the lemma is established. 

It follows from an argument in the proof of lemma 2 that a* ^(a*) is a 
homomorphism of 7r* in Olio . 

Lemma 3. xp is a homomorphism on 9R 0 ■ It is an operator homomorphism , 
meaning that ^(pc**) = p^(a*) for any p edt. Its kernel is the sub-group 7r° n C , 
which consists of elements with representative maps in X . 

Let a, given by (5.3), be a given element in W(ai , • • • , a k ) and let 
s%\ + A?\ a S n mean the same as before. Then a is represented by a map 
/(2) C X, where 

2 = 2 (s*x + A?x), 

t.X 

such that f(Ai\) = e.xA? , /(p 0 ) = * 0 , /(p lX ) = x< , and the circuit /(*<*) — f.- 
represents the element £ tX € 7ri . The singular sphere 2 may be regarded as the 
boundary of the cell S n — X) («*x + A ?x). Let c, given by (5.4), be an arbitrary 

i.X 

element of Olio . Then a = 0 and the map /(2) can therefore be extended to a 
map /(£ n — a?x) Cl X, where a?x is the interior of ATx , and hence to a map 

t.X 

f(S n ) C X*. Then ^(<**) = e, where a* € ir* is the element given by f(S n , p 0 ), 
and it follows that ^ is a homomorphism of ?r n 011 9llo . 

Let a* e ir* be represented by a map f(E n ) C X*, with f(£l n ) = x 0 , and let 
/ be simplicial in f l {A\ + • • • + A£). Let A?x mean the same as before, but 
now let s*x be a segment which, without accidental intersections, joins a point 
Pi\ € & n to pi \ , where the points p [\ , pu , • * * are distinct. Let Eo be an 
ft-element such that | E n |- 1 Eo | = | IS" | = | Eo |, let pi be an inner point 
of Eo and let s[\ C Eo be an oriented segment which starts at pi and joins it to 
Pa . Let $ be any element in tti , and let £ be given by a map g(b f b) C X, with 
g(b') = g(b) = x 0 , where 6'6 is a simple segment. Let/ 0 (2?£) = b'b be a map 
such that fo(Po) = /o(^ n ) = Then £a* c tt* is given by the map 

/*(S n , pi) C X*, where = JT + £ 0 \ /* = / in £ n and f* = ^/ 0 in £? . The 
circuit /*(«ix + s*x) - U = /*04) + /(s*x) ~ L- represents the element ££< x 6 vi . 
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Therefore ^(£a*) = ty(a*) and t(pa*) = for any p e 9f, since ^ is a 

homomorphism. 

Clearly ^(ir® ) = 0. Conversely, let a* « ^“‘(O) be given by a map /(S' 1 , p#) C 
X*, which is simplicial in f~ l (Ai + • • • + .4* ). Then, since ei , • • • , e* are 
linearly independent, the expression (5.4) can be reduced to zero by cancelling 
pairs of terms of the form (&x — £.>)?« , where &x = £.> • If £.x — the circuit 
f ( S,X "j- S, M ) = /(.S,x) 4“ /(s Vn) is homotopic to a point in X. Therefore the 

circuit f(s) can be deformed into a point, where s is any segment joining p<\ 
to p t > , without accidental intersections. Let E ? , E% C S n be n-elements 
such that 

A? x + 8 + A7, c^r, £i n C« 

and ££ does not meet po or (j, v i, \ or i, /x), where 6* is the interior 
of 2?* (A = 1, 2). Then it follows from a vstandard argument 21 that f(S n ) is 
homotopic, rel. ( S n — 6£), to a map fi(S n ), such that fi(Ei) = a:*, 
/i(« — 6?) C X. Therefore the lemma follows from induction on the number 
of simplexes in f 1 (A x + • • • + A k ). 

Let a be any element of v n = 7r n (x), given by a map f(S n ) C X, and let 
^(a) « t* be the element of *•* which is given by the same map. Then a — > ^(a) 
is obviously a homomorphism of t h on 7r° . Let a n be the invariant sub-group 
of which is generated by maps of the form f(S n ) Cl A? (i = 1, • • • , k) 
together with all elements of the form a, -0, where ai , • • • , a* mean the same 
as before and 0 € tt 2 (X). 

Lemma 4. <r n is the kernel of the homomorphism ir n ) = T° n . 

Clearly \l/(cr n ) = 0, and we have to show that, given a map /(£ n+1 ) C X* 
with/(i£ n+1 ) C X, then the class of elements 3i { f(E n + l ) } C t h is contained in <r n • 
Let yi to? and let the given map/(£ n+1 ) be simplicial in + • • • + A k ). 

Since f(f2 n+l ) d X it follows that f~ l (y\ + • • • + Vk) is a set of simple, non- 
intersecting, polygonal circuits inside 2? n+l . 1 say that the circuits in 
r\yi + • • • + Vk) bound a set of non-singular, non-intersecting 2-elements. 
This is certainly the case if n + 1 >4 since singularities and intersections 
between 2-cells can then be eliminated by slight deformations. If n + 1 = 4 
(w + 1 §£ 4) since n > 2) let s be any circuit in Then s = E 2 , where 

E 2 C i? n+1 is a non-singular, polyhedral 2-element, which does not meet 
r l {y\ + • • • + y*) — #• For a suitable sub-division of E nH may be represented 
as a rectilinear sul)-di vision of a rectilinear (n + l)-simplex, and we may take 
E 2 to be a star whose center is in general position relative to f~ l (yi + • • • + 2/*)- 
Let Eo+ l be a regular neighborhood 22 of E 2 which does not meet tl Tl+l or any of the 
other circuits in + • • • + yk )• Then i££ +1 may be joined to t} n+l by an 

in + l)-element EV l C JT+ 1 - f\y x + . . . + y kt ), such that | E r +1 1 • | E ? +1 | = 

I #i n+1 M$? +1 1 « | JS 0 n I and | E? +1 |.| E nH | = | E? +l M £ n+1 1 = | E n |. The 

11 See, for example, Alexandroff and Hopf (loe. cit.), p. 503; or S. Lefschetz, Fund. 
Math., 27 (1936), 94-115 (pp. 99-100). 

** S.8., p. 293. 
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closure of | E n+1 | - | | meets E ? +1 in the closure of | £ n41 1 - | E n |, 

which is an n-element with no internal simplex in E n+1 . Therefore the closure 
°f I ~ I *" +1 ! i s an ( n + l)-element. Similarly the closure of 

\ E n | — I Ei | — | £"o 1 | is an (n + 1 )-element and the assertion follows 
from induction on the number of circuits in f ~\y x + ••• + »*). In the pre- 
ceding argument, which also applies when n + 1 > 4, we cannot be certain 
that/(^o +1 ) Cl X, only that C X * — (t/i + • • • + y k ). But we may 

replace A* by a simplex B • C A* , such that y t e B? - h? and f(E% +1 ) C 
X* — ( B x + • • • + Bi). This does not alter r n , a n or ir° n , or the relations 
between them. Therefore the lemma will follow from induction on the number 
of circuits \n f '\y\ + • • • + yt) if we can show that !/(#?")) C a n , where 
A* is replaced by B" in the definition of <r n . However, rather than this, we 
shall simplify the notation by starting again with/(X" 41 ) C X*, /C& B+I ) C X, 
assuming that / \y x + • • • + Vk) — / \y\), say, is a single circuit $ 2 , w T here 
E 2 C X n+1 . The map / is to be simplieial in /“'(A D, while E 2 is a sul>complex 
of some rectilinear subdivision of E n+ \ Therefore if the above simplex B\ is 
sufficiently small, it follows from a straightforward geometrical argument that, 
after starting again, f~ l (A*) cuts E 2 in a simple circuit bounding a 2-element 
El C E 2 . 

Let 

K = El +r 1 (A?). 

I say that the identical map of E n 41 on itself is homotopic in E n 41 — f~ l (a i) 
to a map Ui(E n+l ) C X. For the part of f~\y x ) which lies in any (n + 1)- 
simplex A n+1 C / -1 (AD is a linear segment, whose end points are internal to 
the two n-simplexes in A 1 which cover A” , w r hcnec it is clear that / '(AD is a 
retract by deformation of /“'(A D — / -1 (t/i). Let u be a regular neighborhood 
of K in X n+1 — / -1 (aD and let X? +1 C u + f~\(i D be a regular neighborhood 
of E 2 y which is internal to E n+l (even if u meets F" 41 ), and which contains E 2 
in its interior. Then E n+1 contracts into 23 X? + \ and it follows that the identical 
map Uo(# n+1 ) = E nH is deformable in E n+l — f\y i) into a map u\(E n+l ) = 
Eo +1 C u + {/ -1 (aD — f~\yi)}- The complex K is a retract by deformation 
of u , and hence a retract by a deformation in which each point of K is held 
fixed, 24 and/ -1 (AT) is a retract by a similar deformation, relative to/~'(AD, of 
r\Al) — Therefore the map u x (E n 41 ) can be deformed, in E n+1 — 

f\y i), into a map u t (E n + l ) C X, by deformations of the two parts lying in 
/“'(AD — f~\yi) and in i/, with the common part, in held fixed. Since 

/“'(A?) is a retract by deformation of /“'(AD — f~\yi), it follows that 
X n+1 — /“'(aD is a retract by deformation of X n41 — /“'(yi). Therefore the 
deformation cylinder of the deformation u 0 ua may be deformed into 
E n+l — /“'(oD, and the assertion is justified. It follows that f(E n+1 ) is de- 
formable, in X, into the map g(E n+l ) C X, where g = /u* . 

« S.S., pp. 248, 268, 260 and Theorem 23, corollary 1 (p. 293). 

“ S.S., p. 273. 
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Since n > 2 the circuit /(#*) C A? is deformable, in A" , into the point * 1 . 
This deformation can be extended to a deformation, in A* , of /{/“'(Ai)), and 
hence to a deformation f t (K) C X (0 ^ t ;£ l;/ 0 = /), such that = *i , 

/^{/""‘(A")} = .i". Therefore f(£ n+1 ) is homotopic in X to gi(B n+1 ), where 
gt = ftUt . Let S 2 be a 2-sphere which meets in the single point Xi , and 
let h(& o) = S 2 — Xi be a homeomorphism of 6* = 2?* — on S 2 — Xi . Let 
h*(K) = <S* + A" be the map given by 

h* = h in &l 

«/i in ^(4?), 

and f*(S 2 + A?) C X the map given by 

f*{x) = fih~\x) if x e S 2 — Xi 
— x if x e Ai . 

Then MK) = f*h*(K), and 

gi(£ n+l ) = f*g*(£ n+l ) c X, 

where g*(& n+> ) = h*ih(ti' ,+l ) C S 2 + A? . If we take x\ as the base point for 
ir„(S 2 + AT) it follows from theorem 2 that the element in ir„(«S 2 + A?), which 
is given by g*( E n+l ), is of the form ft + ft + a-ft where ft t ir„(S 2 ), ft « t b (4?), 
atTn-iU?) and 0tir 2 (S 2 ). Clearly g*{t n+l ) is homotopic to a point in 
S 2 + Ai . Therefore ft + ft + a ■ 0 reduces to zero if we fill in the simplex A* . 
Since this has the same algebraic effect as mapping A" on x x it follows that 

ft = </>i (ft + ft + at-0) = 0, 

where 0i means the same as in theorem 2, with S? replaced by S 1 and S n by A" . 
Let us transfer the base point of tt„(X) to x x , which is permissible since <r n is 
an invariant sub-group, and let 0* { T n (S 2 + A jf) } C ir n (X) be the homomorphism 
induced by the map f*(S 2 + A") C X. Then it follows from the definition 
of a/3 that 0*(a-0) = 0*(a)-0*(£) and hence that the element given by 
f*g*(£ n+1 ) belongs to <r n . This completes the proof. 

Collecting these results we have the theorem: 

Theorem 3. The residue group *•* — 7r° is isomorphic to 9R 0 , and 7r n — <r n 
is isomorphic to 7r° n . The homomorphism \f/(i r*) = 9Ro determines an iso- 
morphism 0(tt* — iTn) = 9lto and 0(ir n ) = 7r° determines an isomorphism 

0(^Tn — (Tn) =» • 

Notice that lemma 2 is valid, for obvious reasons, when n ^ 2, provided we 
take ti = wi(X*), which coincides with 7ri(X) if n > 2. Let X* be the uni- 
versal covering space of X * and let X be the part of X* which covers X. By an 
adaption of Reidemeister’s theory, referred to in §1 above, we may interpret 
m as .the group of relative n-cycles in X* (mod X ). Now let n = 2 and let mo 
be the sub-group of m, which consists of the absolute (singular) 2-cycles in X *. 
Then 0(a*) C mo , and 0 is a homomorphism of irt in mo /' If X and X* are 
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simplicial complexes it follows from Hurewicz’ theorem, referred to in §1, that 
M**) =* Wo . 

6. Let T be a given group, whose elements we denote by small greek letters, 
let H be an aggregate of individuals, which we denote by a, 6, a t , bj , • • • , and 
let h(H) C T be a single-valued, but not necessarily (1 — 1), transformation 
of H in T. We shall use h T to stand for the group generated by all the pairs 
(a, £), which we denote by a* , subject to the relations 

(6.1) d^a = == , 

for each fl, b C H and £, rj C T, where a = h(a) and f = From the 

first of these, and induction on | n | (n = 0, dbl, ±2, • • • ), we have 

(6.2) <Z(; a » = , 

and it may be verified that the second implies 

(6.3) = b\a\ (6, e = dtl), 

where f = £a a £ -1 ?/, with a = A(a). If x = a\ • • • hj is any element in Ar , and 
r € T, let 

0 T (:z) = aj* • 6^ . 

Since r({a) = (t£)o: and (r^a^r -1 )^) = r(£a£ 1 rj ), the transformation given 
by a" — > 0 r (x), for each product of generators, leaves the system of relations 
invariant. It therefore determines a homomorphism of hr in itself. Clearly 
0 r _i0 T (x) = 0 T 0 T _i(x) = x , whence 0 T is an automorphism. Also 0 T 0 r > = 0 TT t , 
whence r — ► 0 T is a homomorphism of T in the group of automorphisms of hr . 
Let for any a^eh v , where a = h(a). Since = 

1 and 

= faf'riPri l fa *£ 

= wrWS 

where /3 = A(6) and f = the transformation given by 

*(aj ■ • • &;) = *(aj) • • • 4( K) 

is a homomorphism </>(&r) C r. Clearly </>(^r) is the minimum invariant sub- 
group of T which contains h{H). Notice also that <f>\0 T {x)) = t4>(x)t 1 for any 
xthr, T«r, whence fl T {^ -1 (l)} C tfT’(l). I say that <*>“'( 1) is contained in 
the centrum of hr . For let x and y be any elements in h r , given by 

X = a*{, • • • Om{ m > y — • • &»Vi • 

It follows from (6.3) and induction on m + n that xy = zx, where 

(6.4) . * i* ML • , 
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with 16 f, = <K x )i)i • Therefore <j>(x) = 1 implies f< = , whence e = y. Let 

us now write the Abelian group tfT‘(l) with addition, and let us write 0 r (x) = 
rx for any x e^ -1 (l). Then px « 0 -1 (l) may be defined in the usual way, where 
p is any element in the integral group ring 9f(r). Therefore is a group 

with operators in $R(r). 

Returning to the point in §5 at which we required n > 2, we now take n * 2. 
Let a* t t* be given by /(<S 2 , po) C X*, which we assume to be simplicial in 
/"‘(A*). We shall simplify our notation by rewriting s<x , p<x , «<x and A*x C S* 
(i = 1, • • • , k; A = 1, ••■,?,) as sx , Px , «x and A x (A = 1, • • • , q = 
?i + • • • + qk), where /(Ax) = «xAj x and the segments Si , • ■ • , s„ occur in this 
cyclic order round their common end point p 0 . With a notation explained in 
S.S. p. 279, let 2 = 2i + • • • + 2, , where 

2x = «x + Ax — sx , 

and 2x does not meet 2„ except at p« , and s\ is non-singular and does not 
meet A x except at px . The singular circuit 

/(X) = /(2i) + • • • + /(2 f ) C X, 

in which f(si) is described first, represents the element 

(6-5) £ = £i<*.',‘£r l • • • £«a<;£7 1 « »i , 

where a,- means the same as in §5 and £x is the element given by the circuit 
/(sx) — t , K . If h Tl and tt>(h Tl ) C xi mean the same as before, with T = m , 
H = (ox,---, a*) and h{di) — a, , we have 

£ - *{*(/, 2)), 

where £ is given by (6.5), and 

(6.6) *(/, 2) = a\\ (l • • • 

As in §5, the circuit /( 2) bounds the cell f^S 2 — ^ (sx + Ax)|. Therefore 

£ = 1 and *(/, 2) «^ _1 (1). If f(S 2 ) C X we set *(/, 2) = 0. 

Conversely, if x, given by the right hand side of (6.6), is an arbitrary clement 
in h Tl , we can construct 2 C S 2 and define a map/(2) C X, which represents 
the product £ = </>(x), given by (6.5). If £ = 1 the map/(2) may be extended 
to a map f(S 2 ) C X* and we shall have x = \p(f, 2). Therefore every element 
in <fT‘(l) is of the form \p(f, 2) for a suitable choice of / and 2. 

Corresponding to lemmas 2 and 3 we have the theorem, in which x® (n = 2) 
means the same as when n > 2: 

Theorem 4. The element $(a*) «^ _1 (1), given by (6.6), depends only on the 
element a* t it* , given by f(S 2 , p 0 ). The transformation a* — ♦ \fr(a*) is an operator 
homomorphism of x* on <t>~ l (l), and ^ -1 (0) x“ 

1 Notice the general form of the relations (6.S), namely xyx~ l - (y). 
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In proving this we shall be concerned with as a sub-group of A,, , and 
shall therefore write it with multiplication. The first part of the theorem will 
follow from an argument used in lemma 2, when we have proved that 2) = 1 
if a* = 0. Therefore we assume that = A 3 , where A 3 is a rectilinear 
3-simplex, and that there is a map f(A a ) C X*. We also assume that / is 
simplicial in f~\A\). Let y { be an inner point of A\ . Then, the trivial case 
fiS 1 ) C X excepted, f~\yi + • • • + yk) = L, say, in a linkage which consists 
of non-singular, polygonal segments joining points on A 3 and, possibly, circuits 
which are internal to A*. We shall show that there is a homomorphism 
F(G) C h Tl , where G = in(A 3 — L), such that 2) = F( 1) = 1. 

We take po to be a vertex of A 1 and assume that the projection of L from p# 
on the opposite face is regular, 2 * as the term is used in the theory of knots. 
Replacing A \ , • • • , A\ by smaller simplexes if necessary, we also assume that 
there are no accidental intersections in + • • • + A l ) ; also that 7' 2 = 

/ _I (A? + • • • + Al) cuts the cone swept out by the linear segment pop, as p 
varies over L, in a series of non-singular segments and circuits which arc approxi- 
mately parallel to the components of L. Let Li , ■ ■ ■ , L m be the segments of L 
which are ‘completely visible’ from p 0 . That is to say the projection of 
(p = 1, • • • , m) from p 0 does not pass under any segment of L, and each end 
point of L p is either on A 8 , or is at a crossing of which L p is a lower branch. Let 
yi P = f(Lp) y let p eL p , let p p be the point at which the rectilinear segment p 0 p 
pierces T 2 and let p p be a near-by point on T 2 such that f(p") = x t0 e A \ p . 
Let Cp be a meridian circuit on T 2 , beginning and ending at p" , which is oriented 
so that /(c p ) = A 2 ip , and let l p = pop p + p p p p , where p 0 p p C p 0 p and p p p p is a 
segment on T 2 joining p p to p p . Then the group G is generated by g x , • • • , g m , 
where g p is given by the circuit l p + c p + l p . We write 

F(9p) = dipnp , 

where ri P t tti is given by the circuit f(l p ) — U p . It follows from the same argu- 
ment as when L is an ordinary knot or linkage that the relations determined 
by the crossings in the projection constitute a complete set. 27 Let 

(6*7) Sp9* = Qp9p 

be such a relation (see the diagram, in which e = 1). 

The circuit l p + cc p — l p is obviously homotopic, rel. p 0 , to a circuit of the 
form J M + p p p\ — l \ , where p p p\ is a segment on T 2 which joins p M to p \ . Since 
/(PmPx) C A* itl (i M = ix), the circuit t ip + /(p M Px) — U x represents an element of 
the form . Therefore f(l p + p p p\ — l\)> which is homotopic, rel. p 0 , to 

{/(U “ K} + [U p +/(PmPx) - U\] — \f(h) - U x } , 

See, for example, K. Reidemeister, Knotentheorie, Berlin (1932), 5. 

17 See Knotentheorie, p. 54. This fact is, so to speak, half the content of the proof. 
For it follows from an argument given below that ^(/, X) «= 1 is equivalent to the relation 
corresponding to A* f when the latter is treated a single multiple point of the graph L. 
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represents the element i Similarly f(l, + tc„ — l,) represents the ele- 
ment Therefore 

( 6 . 8 ) = Vi>oci p v7 l n\ ■ 

From (6.3) we have 

fp a *XfX = a '\t a i p *p > 

where f = , and it follows from (6.8) and (6.2) that 

(6*9) a <pV a *X»» X == a 'tV* a ipVp • 

On comparing (6.7) with (6.9), we see that the transformation given by 

' * * 9i») = a i\n * * * 



is a homomorphism F(G) C h Ml . Let 0/(Cr) C xi be the homomorphism of G 
determined by the map / and the base point f(p 0 ) = x 0 . Then <t>/(g p ) = 
Vp^tpVp 1 ) whence <£/ = <f>F. 

Let c be a meridian circuit on T 2 ) oriented so that /(c) = A\ for some value 
of i, and let l C A z — L be any segment which joins po to a point p ef~ l (Xi)-c. 
Let g c G be the element given by l + c — Z, and let $ c tti be the element given 
.by fQ) “ U • I say that 

(6.10) F(g) - o»{ . 

For let pp'l be a segment on T 2 which joins p to some p" . Then ^ is also given 
by (l + PPp) + Cp — (l + pp "). On the other hand 

f(l + PPp) “ U = /(/) + f(pp") - , 

which is homotopic, rel po , to 

{/(0 — u\ + [u + f(ppp) — u j, 
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and since /(pp p ) CZ A\ it follows that the element of ?ri which is given by 
f(l + pp p ) — U is of the form £a? = y, say, whence a,$ = a t *„ , in consequence 
of (6.2). Therefore we may replace c by c and l by l + pp” without altering 
either g of a . To simplify the notation we shall start again, assuming that 
c = c p , p = p” . Then g = gg fi g~\ where § is the element given by l — l p , and 

F(g) = xa <np x'" 1 (i = i p ), 

where x = F(§). It follows from (6.4) that 

F(g) = , 

where £ = <t>(§)y P . But 0(f) = 0F(£) = 0/(0), and since g is given by l — l p 
the element 0(f) is given by /(/) - f(l p ). Therefore £ = <t>(x)y p is given by 
f(l) - f(l P ) + f(l P ) - U , or by /(/) - ft , as stated. 

It follows from the preceding paragraph that F(g*) = 0(/, 2), where g* eG 
is given by the circuit 2. But gr* = 1, since 2 bounds a cell in A z . Therefore 
0(/, 2) = 1, and the first part of the proof is complete. 

The fact that 0 is a homomorphism follows from the argument used to reduce 
the first part to the case where a* = 0. The argument used when n > 2 shows 
that 0 is an operator homomorphism. 

It follows from the definition that 0(^2) = 1, the group 0 _1 (1) still being 
multiplicative. Conversely let 0(a*) = 1 and let a* be given by a map 
f(S 2 ) Cl X* which is simplicial in f l (A\ + ••• + A\). Then the product 
(6.6), determined by the map / and some 2 C S 2 , represents the identity in h Tl . 
Therefore it can be transformed into a product of the form 

(6.11) xiftl'a;? 1 • • • x n R ln x~\ 

.where each R\ is of the form 

or Q-iiQ'jiflit (f — v)y 

by a sequence of operations which consist of cancelling, or of inserting, consecu- 
tive terms of the form aU a 7t . Each cancelling operation can be copied by 
the geometrical process described in lemma 3, which can obviously be reversed 
so as to copy an insertion. Therefore we may assume in the first place that 
the product (6.6) is of the form (6.11). Moreover we may subject the factors 
aj* of (6.6) and, at the same time, the subscripts 1, • •*,</ in 2 = 2 X +•••+■ , 

to any cyclic permutation. Therefore, after transferring Xi , from the beginning 
to the end of (6.11), and inserting XixT 1 between 1 and , for each X = 2, 
• • • , n — 1, we may further assume that X\ = 1. 

The geometrical process by which terms of the form xx 1 are removed in- 
volves an alteration of the map /. We now leave/as it is, but replace si , • • • >s q 
by segments s [ , • • • , s' qj in such a way as to transform 0(/, 2), given by (6.1), 
into 

W, 2') = WxtRVxi 1 ■ ■ ■ x n R‘:x~\ 
where W is of the form aa~ l or aa~ l bb~ l . 
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Firpt let R% « a^aTi. Then #7* *= a*n*T»a<,\ wh$rq ij = £a* # and replacing 
{ by fa? 1 if € = —1, we have R\ « oa«l a 7t- Let 

2' = ~ $1 + * * * + 9q + ~ 8 q , 

where A\ =* A\ (X * 1, • • • , q) and 

s[ = Si - eAi (S.D.), st = s x (X = 2, . . . , q), 

in which (S.D.) means that the segment indicated is to be slightly deformed so 
as to eliminate accidental intersections. Then, remembering that/C4i) = A \ , 
we see that f(si ) — U is homotopic, rel. p 0 , to 

f(si) — t% + ( U — tA\ — U). 

Since f(si) — U represents the element fa* , it follows that the circuit f(s[) — U 
represents the element £a<a7 f £. Therefore 

(6.12) *(/, 2') = aitaJlxiRl'xJ 1 ■ ■ ■ x n R';x~\ 

Secondly let Ri = a^a^aj} aj}, where f = £a<f V Then RJ 1 = o,j-a,|o7, 1 o7{ 1 , 
and if «i = —1 we replace every factor xxRx'xx 1 in (6.11) by aJtXxRx'Xx'ax 
and cancel the first two terms aj{ a # . This operation can be copied geometri- 
cally, and the result is to replace RT l by a i( aJ^aT( a jt . Therefore we may take 
R{ = a i( a J V7{ 1 o7r » Let 

2' = si + A[ — si + • • • + sj + A' q — s t , 

where 

«( = «i + ii - «i + St (S.D.), s't = Si, «x = sx , 

A[ = At, A[ = Ai, Ax = Ax (X = 3, • • • , q). 

Then f(A I) ** A* , f(At) = A* and /(sj) — tj is homotopic to 

{/(«i) — <() + (ti + A* — U) — {/(«i) — <,} + j/(«j) — tj\, 

and therefore represents the element = f. The circuit /(«») — U *= 

/(si) — ti represents the element and we have 

(6.13) 2') = a*f Ci^TlaTiXtRVxt 1 • • • x n R^ H xl l . 

If n = 1 it follows from (6.12) or (6.13) that f(S 2 ) is homotopic to a map in X. 
In general, the terms preceding xt , in (6.12) or in (6.13), can be removed by 
cancelling, and it follows from induction on n that a* eri . Therefore irj is 
the kernel of \p and the theorem is established. 

Corollary. If -Kt(X) — 0, then n(X*) is isomorphic to ^> _1 (1) under the 
transformation 

As an application of this corollary, let X* be a 2-dimensional complex and 
let €* , •••,&* be all the 2-cells in X*, with the notation used at the beginning 
of §5. Then Xt is the linear graph which consists of all the 1-cells in X*. There- 
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fore tj(X) = 0 and MX) is a free group. Therefore, given a product a* • • • Aj , 
of the generators of A,, , we can decide whether or no <h(a\ • ■ • 6‘) = 1. Let 
F be the free group, which is freely generated by the generators of A*, , and let 
« *i(X) have the obvious meaning if x t F. Then the (multiplicative) 
group can be calculated in the form: 

Generators: all the elements of <£~'(1) C F, 

Relations: all relations of the form x = y, where x, y C are of the form 

x = XiXt , y = XiRxt , in which R is of the form a( a aj' or ajbjaj'bf 1 
(a = ^(o), £ = faf l v). 

By this method we not only calculate a-* as an abstract group but, given a map 
/(<$*, po) C X*, with f(po) = x 0 , we can calculate <P(a*) « ^> _1 (1), where «* is 
the element represented by /(<S 2 , p«). Conversely, given ar«4» _1 (l) we can 
construct a map which represents iT\x) t ir* , as in the preamble to theorem 4. 
Therefore, given any simplicial complex K, we can first calculate MX*) and 
then t t(X 3 ) — MX), by means of S. S., theorem 18, where K n is the 
n-dimensional skeleton of K. 

If X* is a polyhedron the kernel of the homomorphism *(*•*) = rl can be 
expressed in terms of Reidemeister’s 28 theory of homology with coefficients in 
91, or in the residue ring 91 — 3, where 3 is any two-sided ideal in 91. For let 
X* be the universal covering space of A"*, and let X = u~'(X), where u(X*) =* 
X* is a regular covering of X* by X*. Let X be the universal covering space 
of X, and hence of X, and let u(X) = X be a regular covering of X by X. Then 2 * 

T S (X) C* T t (X) Pi(X), MX*) CV MX*) & MX*), 

where cm denotes isomorphism and M.F) is the second homology group of P, 
with integral coefficients. More precisely, is isomorphic to MX) in the 
transformation under which a t its , given by /(»S 2 ) C X, corresponds to the 
homology class containing the cycle /(<S 2 ). The homomorphism x(M — is 
the one determined by the map u(X) C X*. It follows that the homology 
classes corresponding to the elements in x '(b) are those which reduce to zero 
in consequence of the relations a\ = • • • = a* = 0. 

In case X is a finite, 2-dimensional complex one can also express x -1 (0) as 
follows. Let X = Xx = X 1 + B\ + • • • + B * m , X* = X + A\ -f • • • + A\ , 
and let X* = K l + A\ + • • • + A\ , where K l is a linear graph. Let us rewrite 
the group A», , which is determined by X and X*, as h(X, X*). Then h(K l , X*) 
is generated by the generators o,{ (i = 1, • • • , k) of h(K l , Xi), together with 
the generators 6,-, (j = 1, • • • , wi) of h(K l , X 2 ), where (,i|CF = MX 1 ). The 
relations for h(K l , X*) consist of the relations R f \ , for h{K l , X p ) (p = 1, 2; 
A = 1, 2, • • • ), together with a system of relations Rm , which are of the form 

= b it an . 


** Loc. cit. 

*• Hurewicz (loc. cit.), paper II, p. 522. 
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Then x _1 (0) is isomorphic to the sub-group of ^~ 1 (1) O h(K l , X\), whose ele- 
ments reduce to 1 on the introduction of the new generators and the addi- 
tional relations R 2 \ and R\ 2 \ . In particular t 2 == tt\ if every relation between 
the generators a is a consequence of the relations Rw . 

By way of application consider the question : Is any sub-complex of an aspheri - 
ccd, 80 2-dimensional complex itself asphericall Let K 2 = K 1 + A\ + ••• + 
A \ + B\ + • • • + Bm be any 2-dimensional complex, let X? = K 1 + B\ + • • • + 
J9£ , K\ = K 1 + A\ + • • • + Al and let us denote arbitrary elements of h(K l , 
Hi), of h(K\ K\) and of h(K l > K 2 ) by x> by y and by z or z ' respectively. We 
recall the general form of the relations for h(K l , K 2 ) which follows from (6.4), 
namely zz'z~ x = gx(z’), where g M = . Since z — * and f —> Of (f eiri) 

are homomorphisms, it follows that z — ► g x is a homomorphism of h(K l , K 2 ) in 
its group of automorphisms. The group h(K\ K 2 ) is obtained from the free 
product hiK'y^Ki) O h(K l , K\) by adjoining the relations xyx~ l = g*(y), yxy~ x = 
g v (x), for every x eh{K l , K \ ), y e h(K l , K\). Thus the above question is part 
of a wider question, which can be stated as follows. Let G\ and G 2 be given, 
groups, and to each x e Gi , ye G 2 , let there correspond automorphisms y ' = 
f*(y)> x ' = gv( x ), of G 2 and Gi , such that the transformations x — > f x and y — > g v 
are homomorphisms of G\ and G 2 in the automorphic groups of G 2 and G \ . 
Then the question is : Under what conditions are G\ arid G 2 , regarded as sub-groups 
of G\ O G 2 , unaffected by the additional relations xyx~ l = f x (y), yxy~* = g y (x ),. 
in which x and y range over all the elements in Gi and G 2 ? 

Balliol College 

Oxford, England. 

*° Hurewicz (loc. cit.), paper IV. Sec also J. H. C. Whitehead, Fund. Math., 32 (1939), 
149-66. 



Axnal* of Mathbmatxcs 
Vol. 42, No. 2, April, 1041 


ON HUMBERT FUNCTIONS 


By R. S. Varma 
(Received December 12, 1939) 


I. Introduction 
The function J m , n (x) defined by the relation 


(i) 


J m,n(*c) 


(*/3) m+n p 
r(m + i)r(n + 1) 0 2 


+ 1, n + 1; - 



was first studied by P. Humbert 1 in the year 1930 and later on, among other 
results, he gave the following operational relations : 2 


( 2 ) 

and 

(3) 


2m— n 


X « 7 m,.( 3 ^ 5 ) 



The function J m , n (x) has been called by Humbert a Bessel function of the 
third kind, but in order to avoid confusion with the ordinary Bessel function of 
the third kind, I shall call it a Humbert function. 

The object of this paper is to investigate 3 some properties of Humbert func- 
tions so far as the convergence of infinite series involving the functions are con- 
cerned. In general we can have the following two types of infinite series in- 
volving the functions: 

CO 

(A) Xi A m , n </ 

n—1 

and 


(B) 


Al n +k,n*J ln+k,n(x) • 

n-»l 


1 P. Humbert: Les fonctions de Bessel du troisieme ordre, Atti. Pont. Acad, della 
Scienza, Anno. LXXXIII (Sess. Ill del 16 Febbraio, 1930), 128-146. 

* P. Humbert: Nouvelles remarques sur les fonctions de Bessel du troisieme ordre, 
ibid, Anno. LXXXVII (Sess. IV del 18 Marzo, 1934), 323-331. 

*The discussion regarding the asymptotic behavior of for large x will follow 

in a separate communication to this Journal. 
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The convergence of these two types of infinite series are discussed in §§2-3. 
An operational relation between a Humbert function and a Kummer function 
1 F 1 is deduced in §4. In the subsequent article an infinite series involving the 
product of a Humbert function and a Weber’s parabolic cylinder function D n (x) 
is summed up in terms of Kelvin’s function bei(x). Finally in §6 the summation 
of an infinite series involving a Humbert function and a Neumann’s polynomial 
0 n (t) are effected by means of parabolic cylinder functions. 



should tend to zero as n tends to infinity. 

Example 1 . The relation (1) can be written as 

i M = (*/3) m+n y . • ( — **/27) r 

T(wt + 1) £o r\(m + 1 , r)r(n + r + i) 

where 


(1, r) = 1(1 + 1 )(l + 2) • • * (l 4* r — 1) 


T(l + r) 

m ' 
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This gives that 



n— 0 


(q,n)(j3,n) 

n\ 



J m,n(x) 


(x/3) m y (a, n)(0, n) y, (+x 3 /27) r 

r(m + 1) " n! ;=o (r!) 2 (w +1, r)(r + 1, n) 


(x/3) m f> (~xV27) f f («,»)(*,»). 
f(m + 1) £o (r!) 2 (m + l,r) n! (r + 1, n) 


the inversion of the order of summation being justified on account of the abso- 
lute convergence of the two series involved. 

But we know that 


y> (a, n)(p,n) 
»-o n\(r + 1, n) 


— 2 F i(a, P; r + 1 ; 1) 


r(r + l)r(r + 1 a_- 0) 

r(r +T- a)l'(r +1 - p) 

R(r + 1 - a - p) > 0. 


Hence 


(7) 


£ (g> ^ W) B ^.n(x) 

(x/3)"T(l - a- p) 


(1 - a - 0, r)(-x 3 /27) r 


r(l + wi)r(l - a)T(l — /S) r-o r!(m + 1, r)(l — a, r)(l — p, r) 
(x/3) m r(l - a - p) v I", _ i 

f(i + m)r(i - «)r(i - p) ‘^L 1 + ’ ’ ^’27 J 


provided that R(a + 0) < 1. 

The series (7) is convergent, since the condition (.4i) here reduces after a 
little algebra, to n a+ * _1 , which on account of the condition R(a + fi) < 1, tends 
to zero as n tends to infinity. 

The generalized hypergeometric series on the right of (7) reduces to Humbert 
functions when m = — a — /3 and when = 0. Hence we obtain as special 
cases of (7), the following relations: 

t - ■/-..-,(*) R<« + » < 1 

n-0 W! \o/ 


Y' 

£i~n\ \3/ 





r(l - a)J m ,-„(x) 


/2(a) < 1. 


and 
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( 8 ) 


Example 2. Another example of the series of the type (A) is the infinite series 
V' /».»(— 3*74) = ( _ x , /4r £ (*/2) ir 


»*H) 


n! 


7=o r!T( w+ r + 1) 


Jr(.X), 


which can be easily established by the help of the definition (1), remembering 
also that 


j r ( x ) = 0 Fx(r + 1; -i* 8 ). 

III. Series of the Type (B) 
When m = In + k, the series (1) reduces to 
(*/3) in+n+ * 


Jln+k,n(x) = 


^ oFi^ln + k + 1, n + 1; — 


F(In -j- w -f- fc)r(fc -|- 1) 

This with the help of the estimate (5) gives that, for large n, 

(*/3) in+ " ' 


Jln+k, n(x) 


-°C 


^g— In — n y.n J‘ 

The series of the type ( B ) therefore converges throughout the x-domain in which 

(x/3) ln+n \| 



lim 

n-*co 

In case the series ( B ) is of the form 

(BO E A ln+ k.n(f) 


ln+k,n e _j n _ n p nwn+ j n+i+1 J 


< 1. 


—ln—n 


J ln+k,n(&) 

the necessary and sufficient condition for the convergence will be that 
(B() 


-^Zn-ffc.n 


J g—Jn— « Jln<fln+ln+k 

should tend to zero as n tends to infinity. 

Example 1. Humbert 4 has investigated four series of the type. Of these we 
mention here 

£ tfT+t) 

n-0 o n n! 

from which, by putting k = — 1, he has obtained the series 


E 

n«-0 


(-s/3 ) n 

n! 


•/„,.(*) = 1. 


4 P. Humbert: Second paper quoted above, pp. 326-327. We can easily establish the 
convergence of the series investigated by Humbert by the help of the estimate of /*».»(£) 
given in this paper. There seems to be an omission of sign by Humbert in the series 
quoted here. 
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I propose to give now another generalization of this particular series by 
proving that 


(9) 




n-o »! [r(fc + i)j* 

which for v = 0 reduces to Humbert’s series just given above. 
To establish (9), consider the known series 8 


(M 


n+$r 


n -0 n\ 

In this put z = — 2/\/p where 

1 


Jn+Uz) = 


_W 

r(ir + lj- 


(10) 

we then get 


pa ’ T(a + 1) 


R(a + 1) > 0 


nH)»!p , ” +, ’”" +, '\ Vp/ P*T(i» + i)‘ 

Interpreting the left hand side by (2) and the right hand side by (10), then 
Lerch’s theorem gives that 

(-)" _»»+ir , . . ,o _ (-s) 1 ” 


Z — r X 

n -0 n\ 


Jn+i,.n+UWx) 


ir(*r + 1)]* 

which can be thrown in the form (9). 

Example 2. An interesting series of the type ( B ) is given by 

(-£sin2 0Y™ 


V >■ 

rto r\r(v + r + 1) 


x* (p+2r) J y+ 2 ft r+ 2 r (3 (3 y/x cos 2 d)J x sin 2 $) . 


This series is important in as much as it gives the expansion of the product 
of two Humbert functions of different arguments in an infinite series involving 
Humbert functions. 

Now if we put m = and n = v , the image (2) reduces to 

J\.A^y/x) r 5 J,(-2/Vp). 


If we use this and follow the method of example 1, this series can be easily 
established by interpreting both sides of the known series 6 


(iz sin 26)^ 2r 
r! r(y + r +1) 


J*+ 2 r(z) = J v (z cos $)J v (z sin 0). 


A special case of the series investigated above is given by putting 0 = ir/4, when 
we get that 


00 

E 

r-0 


(~ i)’ ,+ 2r ,_i(r+2r) 

rlr^ + r + 1) 


F+2r.»+2r(3 x^x) — [tIiv,r(3'V' / :E/2)] s . 


•Watson: Bessel Function, p. 526. 

• W. N. Bailey: On the product of two Legendre Polynomials with different arguments, 
Proc. Lond. Math. Soc., (2), 41 (1936), 215-220. 
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IV. An Operational Image for Humbert Functions 
A theorem 7 8 of operational calculus is that if 

J{x) = <t>(v) 


** -* 5 f **"*(?)*■ 


Taking 


fix) = * 3 


Jm. n(3^i) 


f-p Jn ( 2 \fv ) 


as given by (2), we get that 


J m ,ni 3x m ) = 4- [°° s 2m " J n (— 2s) ds. 

\/ir J§ 


r*.-*J (bt) dt = ^i!L+i^±}) 

J 1 JnWCU 2 »+l a ln-H*+I r(n+l) 


X 1 F 1 ( \n + JX + \ ; n + 1 ; 


• - ?-) 

’ 4a 2 /’ 


R(u — f- X -4“ 1) > 0. 


It follows that 


(12) x~ •' Jm. m (3x w ) = 


. (-r (4/p s rr(m + 
V*r~(n + 1 ) 


— iFi (jn + $ ; » + l ; - 


Rim + i) > 0. 


Similarly if wc use the relation (3) in (11), we obtain that 
x -y~j + 

•C v m,n\OJ' J r- ; 77/ r iX 

\/*T(ra + 1) 


X i/^i + J; m + 1; — 


The result (13) is also a consequence of (12), since J m , n (x) is symmetrical in 
m and n. 


7 P. Humbert: Le Calcul Symbolique (Paris, 1934), p. 28. 

8 Watson: Bessel Functions, p. 393. 
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3.2. We shall now show that there exist operational relations between Humbert 
functions and the various types of confluent hypergeomctric functions. 

Thus if we use Hummer’s first transformation formula, viz., 


(12) becomes 

4m— 2 n 
X 3 

(14) 


iFi(a; p ; z) = e iFi( P - a ; p; -z) 

, fo r «N _= (-nW) m e- ilpt r(m + h) 
m '" 1 ^ * 'y/'irV (n + !) 


X i/'’i (ri - m + %;n + 1 ;^). 


Since Whittaker’s function M kim (x) is defined by the relation 

) = x m ^e ]r iFi( % + m — k;2m + l; x) 
(14) gives as a particular case, that 

,2/3\ . (“")*(4/p 2 ) r * r(,s + r + 2 ) h /4 / 2 


X* J s+r,u(3x ) = 


v'Vr(2s + 1) 


J/ r ,,(4/p 2 ) R(s + r + |) > 0. 


Taking appropriate values of m and n , we can similarly show that Humbert 
functions are operationally related to Laguerre polynomials LZ(x), to Weber’s 
parabolic cylinder functions I) n (x ), Bateman’s functions fc 2 n(-r), and Bessel func- 
tions of the second kind /„(x). 


V. An Infinite Series Involving the Product of a Humbert 
Function and a Parabolic Cylinder Function 


2a/2 

If we put b = — - and t = yy/2 in the known series 9 
V 


-l£* 


sin bl ~ r ~'" S likTiy. D " M ’ 


we get 
(15) 




Consider p as a symbolic operator given by the relation (10). 
n + \ in (12), we get that 


(16) 


2 w-f-2 

x 3 J n+ U3x m ) = 


( _J_" e ~ ilP \-i/p 2 ) n+i . 
V * 


If we now use (16) and the known operational image 10 


Putting m = 


bei {2y/ x) = sin - 


9 R. S. Varma: On functions associated with the parabolic cylinder in harmonic analysis, 
Proc. Benares Math. Soc., 10 (1928), 15. 

10 Balth van der Pol: On the operational solution of linear differential equation and an 
investigation of the properties of these solutions, Phil. Mag. 8 (1929), 861-898. 
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and obtain the originals of both sides of (15), then Lerch’s theorem gives that 
2" 


(17) 


V 

& (2n + 1)! 


x 2nls J^U3x m )Dw(yV2) 


V(2ir) 


x 2/3 e ^bei (4 V®v)* 


Since for large integral values 11 of n, 

Dn(x) = V2 (Vn) n e-' n [cos ( xn 1 - *«*) + 
where w v (x) satisfies both the inequalities 

| Wn(x) I < ^‘ 3 | 5 e iz \ I w„(o) I < in' * 

1*1 V* 

it is easy to see that the series (17) certainly converges, for all finite values of y 
within and on the circle \ x\ = 1. 


VI. An Infinite Series Involving the Product of a Humbert 
Function and a Neumann's Polynomial 


We consider the expansion 

Oo(t)Mz) + 2 £ O n {t)J n {z) - - — 

t — z 


1*1 < m. 


n- 1 


Putting 2 = — 1 /\/: 2 p and finding, in the manner of §5, the original of either 
side by the help of (10) and the known result 12 

i V(2*)l (|)‘ «»> > -1 

we get that 

0.0)Jo.o(f^) + 2 £ 0„«)J| B ,„(|^) 

(18) "" 1 / \-‘ 

-(5) r 1 e* /4 ‘* D-i(y/x/ 1 ) . 

If we use the relation 13 

0.(0 = ^ ! (n-*»} 

where 0 n — » 0 as n — > « , we find that the region of convergence is confined to 
the domain given by 

,11 


!“1 /!{(x)’^»; 


< 1. 


Lucknow, India. 


11 Whittaker and Watson: Modern Analysis (Fourth Edition), p. 364. 

19 R. S. Varma: Summation of some infinite series of Weber's parabolic cylinder func- 
tions, Jour. Lond. Math. Soc., 12 (1937), 25-27. 

19 Whittaker and Watson: Modern Analysis (Fourth Edition), p. 376. 
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ON TWO PROBLEMS OF SAMPLING 

By Brockway McMillan 
(Received January 29, 1940) 


I 

We consider two problems which can be stated in the following terms: we 
have an arbitrarily largo number of urns, each containing a mixture of white 
and black balls. If pk is the density of white balls in the k th urn (probability 
of drawing a white ball from the k th urn), wo suppose that the a priori proba- 
bility that pk < x is given by /*(*), where 

Mx) = 0, xSO; 


( 1 ) 


fk(x) = 1, .r > 1; 
fk(x) ^ f k (x + /«), h ^ 0; 


k = 1 , 2 , ... 


lim./*(:r - h) = f k (x). 
h-+ o+ 

We suppose that these probabilities for separate urns are independent. We 
seek by taking a sample drawing of one ball from each of the first N urns to 
investigate the average density 

Pi + P2 + • • • Pn 
N 


of white balls in these urns. Our two different problems arise from two different 
methods of treating the sample. 

For the asymptotic results which we wish to state, it will be necessary to 
think of the number of urns as being infinite, and to think of the sample as 
being taken from the whole array. The results of a drawing will be specified 
by an infinite sequence of indices, (z k , k = 1, 2, • • •), defined by 

z k = 1 if white is drawn from the k ih urn, 

Zk = 0 otherwise, k = 1, 2, • • • . 

First problem: We suppose that the sample (z k , k = 1 , 2, • . • , N) is known 
exactly, and ask the a posteriori probability Qs{{z k ) y x) that 


( 2 ) 


Pl + + • • • V* ^ „ 

N <X ' 


Second problem : We suppose only that the density m/N of white balls in the 
sample is known, to = + z, + • • • z w , and ask the a posteriori probability 

P\(m/N, x) of (2). 
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We investigate the asymptotic behavior of Q*((z*)> x ) and Psim/N, x) for 
large N. When the functions f k (x) are all the same function, the analytical 
formulations of these two problems become identical. This simpler case has 
been treated by Bochner 1 and v. Mises 2 . Their results carry over to the more 
general problems when the moments of the/*(x) are sufficiently restricted. We 
have, in fact, under conditions to be stated below, that both Q*((z*), x) and 
P N (m/N , x) tend with increasing N to a function P(x) with the properties 

y N P(x) = 0, x < po , 

(3) 

P(x) = 1, x > po , 

where the “probable density” po is defined in terms of the sample and the 
moments of the fk(x). 

We suppose first that the moments 

(4) a k = f xdf k (x), fc = 1, 2, ... , 

are neither zero nor unity: 

(5) (ik( 1 Qk) ?^0, k = 1, 2, • • • . 

We next state a series of definitions, each for A: = 1, 2, • • • . 

1 f x 

g k (x) = - / pdf k (p) 
dfc J — oo 

(6) 

h k (x) = — - — [ (1 - p) df k (p) 

1 Ci/c J— oo 

b„,k = j x n dg k (x) 

(7) t n = 0, 1, 2, • • • 

c n .k = jf x n dli k {x) 

(8) 6* = 6i,/t , Ck = ci.a 

(9) d k = 62.it — (6 *) 2 , Ca* = C 2.it — fe) 2 . 

We note that the functions g k (x) } h k (x) are distribution functions satisfying 
conditions of the form of (1). From this it follows that their dispersions (9) 
satisfy 

(10) 0 £ £ 1, . 0 £ * £ 1, fc = 1, 2, • • . . 

We can now make more complete statements of the results indicated above. 
We recall that (5) is a restriction already imposed upon the/*(:r). 

1 S. Bochner, “A Converse of Poisson's Theorem." Ann. Math. 37, 1936, pp. 816-822. 

* R. v. Mises, “A Modification of Bayes’ Problem." Ann. Math. Stat. 0, 1938, pp. 
256-259. 
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(A) The sample ( z k ) defines a sequence of distribution functions 

( 11 ) Pk(x) =* ZkQk(x) + (1 — Zk)h k {x), k = 1 , 2 , . • , 

whose means r* and dispersions 8 k are given by 

Tk = Zkbk + (1 — Zk)c k 
8k = Zk (Ik (l — Zk)e k . 

If the scries «i + «2 + • • • diverges, and if the sequence ( r k ) has an average, 

1 N 

lim. — r k = r, 

X-+oo JM Jk-1 

then Qn((zic), x) tends as N — » « to P(x) of (3), with p 0 = r. 


( 12 ) 


* = 1 , 2 , 


(B) Here we separate the restrictions on the sample (z*) from those on the 
functions fk(x). We assume that the sample has a density: 

(13) lim. ^ Z Zh = z- 

A — *oo iV jfc-1 

Defining 

(14) l k = min. (d* , e*)> & = 1, 2, • - - , 

we assume that the series /i + Z 2 + • • • diverges. We further suppose that 
the sequences (?>*) and (c*) possess averages in a certain strong sense: i.e., that 
there exist constants b and c such that 3 


(15) 


lim. ^ - 6) 2 = 0, 

A-00 IS fc-1 

lim. ^ 2 ( c * “ c ) 2 = 0. 

A — *oo N k- 1 


Under these hypotheses, both Q^((za), x) and P N (m/N , x) tend to P(x) of (3) 
with 

p 0 = zb + (1 — z)c. 

The strict asymptotic form of these results, as above stated, may be proved 
by an application of the Laplace-Liapounoff limit theorem, in the way that 
v. Miscs 2 treats the simpler problem. We shall use the more powerful methods 
of Bochner 1 , since they enable us to give estimates of the errors involved in 
replacing Qa((^a), x) and P N (m/N , x) by P(.r). We shall, in fact, state our 
results without reference to limits as N — » oc , in forms which will be valid for 
finite samples. 


3 Because the sequences in question are bounded, these are equivalent to conditions of 
the form lim N~ l 7, | 6* — b | = 0. 
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II 

This section reproduces essentially the argument of Bochner. 1 We assume 
(5). We consider a fixed sequence of zeros and ones, the sample ( 2 *, k = 1, 
2, • • • , N). Nearly all quantities with which we deal will depend upon the 
sample considered, but for simplicity of notation we shall not in this section 
attempt to indicate explicitly the fact of this dependence. 

Let us assume for the moment that the sample is 


( 16 ) 


2 * = 1 , k = 1 , 2, • • • , m; 

Zk — 0, k = m + 1, • • • , N. 


By Bayes’ theorem, Qv((zk), x) = Q.v(x) is given by 


n (**\ ^ n(.x') 

- Ml) 

where J s{x) is the compound probability that simultaneously (2) shall hold 
and the drawing yield (16): 


Jn(x) = J ... J Pljh • • • Pm( 1 - Pm+l) • • • (1 - Pn) dfi(pi) . . . df N (p N ). 

P1+P2+ 1 -PN<Nx 

J n{ 1) can be calculated immediately. Recalling (4), we have 
(17) J A'(l) ~ U 1 U 2 • • • a m (l n m -fi) • • • (1 Ujv)* 


In terms of the F k (x) defined by (11), J N (x) may be written 

( 18 ) J n{x) = d\ • • • dm( 1 dm+ 1 ) • • • (1 c I n ) J • • • J dFi(pi) • • • dF s(Pn\ 

Pl + hPArC^x 

from which, by (17), we have 


( 19 ) 


Qn(x) = / • • • / dFi(pi) • • • dFApk ,). 


pH — +pn<nx 


This last clearly holds independently of the temporary assumption (16). 
It is known (Bochner 1 ) that (19) may be expressed in the form 


( 20 ) 

where 

JEr 


qm - 1 r*,(.> 

7 T JLoe W 

Z oo -00 

• • • / exp (iw(pi + p 2 + • • • p N )) dFi(pi) • • • dF w (p w ). 
00 J— 00 


N 


E k (w) = II G k (w) 

k - 1 


This becomes 
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where 

G k (w) = [' e"* p dF k (p). 

Jo 

Consider the functions exp( r iivr k )G k (w), where r k is defined by (12). Because 
e~ {wrk G h (w) = e iw(p ^dF k (p), 

we have the expansion 

e~ iwr *G k (w) = t,—rG„. k 

n-o n\ 

valid for all w , with 

G n , k - [ (x - r k ) n dF k {x), n = 0, 1 , 2, • . • , k = 1 , 2, • • • . 

Jo 

In particular, referring to (12), G 0 , k = 1, <n,i. = 0, ('n, k — s k . Furthermore, 
since 0 ^ r k g 1 , for n = 1 , 2, • • • we have 


0 Sa | Gi+ „, k 



| i+n dF k (x) 



r k \ 2 dF k (x ) 


— Gi tk = s k ^ 1. 


Therefore 

(21) e- <WTt G k (w) = 1 - s* ~ + R k (w) 


where for | w | ^ 1 

(22) | R k (w) | ^ s k | w |V 


By (10) we have then, uniformly in k 

(23) | R k (w) | ^ 3 | u) | 3 . 

Defining 

D(N) = Si + «2 + • • • + s.v , 

we have from (21) and (22), for some w 0 , 0 < iv 0 S 1, and all w with \ w\ g Wo , 
that 

log [e“ < “ (ri+T * + "' rv) ^M] = -D(N) ~ + 0(w , D(AT)). 

z 

From this, (23), and the identity 

| U _ y | = | 11*1" _ 71/" | . | yW-lU" + l r (H-t)IKyllN + _ y<.X-l)IN j 
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follows the existence of constants A > 0, B > 0, such that 


(24) | Ey(w)e~ iv * l+ri+ " ri ” - e - ,ow "* | £ AN | to 

holds for all w, \ w \ ^ w 0 , and all N. 

Since we know only that | Ey(w) | g 1, in place of (20) we consider the 
absolutely convergent integral 


I Ax) = f QAp) dp = - f EAw) 

Jq 7T J — oo 


(sin \Nxw ) 2 


The estimate (24) enables us to conclude that I N {x) differs from 


2 f r it/>(ri+r 2 +. . .r^)— (sin ^Nxw) 

T J-oo 1 A ^ 2 


Defining 


, ”' , ” , ] +0 [/IJS.]- 0 (5W)) + 0 -(s)- 


r(iV) =l( n + r 2 + ...+ r y ), H(N) = 


we rewrite (25) with —w/N in place of w: 

/C)a\ 2 f (sin \xw)“ 


- / [e"* 

7T J-oo 


This is equal to 




i w ( v — r ( Af ) ) — w J // ( N) 


2VtH(N)Jo J-i 

which becomes by integration by parts 
x — r(N) f x ~ rm ( u 2 \, 

2 V^HW) cxp V 4 HTn)) du 


L=r* [\, XP (-^A, 

rH(N) Jo J-i \ 4//(AT) ) 




(x - r(N)f 
4tf(AT) 


This differs from 


x — r(N) 

2 


( 4H(N )) ' 



ON TWO PROBLEMS OF SAMPLING 


443 


by a term which is majorized for x ^ 0 by 

0 (VHW)) + — -ji- f e~ u! du = Q(VWN)) = 0 (^). 

V TT J x+r(N) \ N / 

2y/W(H) 

In terms of the error function 

f(x) = f e~ iut du 

lyj 7 r •'—00 

we have altogether that for x ^ 0 


(27) 


■*« - - **» t^p] i « «* m + » u) • 


We may use this to deduce result (A) stated above. By (10) we have that 
D(N) g N. Defining 


l 7 (N) = | r - r(N) \, 


we have from (27) that for 0 ^ x ^ min (0, r — U(N)) 


(29a) 



while for min (1, r + U(N)) | r ^ 1, 

(29b) | ( Q„(r) dp - (x - r) I a vm + 0 (^jp) + 0 . 


These and (10) imply that for h > V(N) 

Qn{T ~ k) ~ h [° (vat) + ° GW))] 

(30) 

I QJr + » - 1 1 S J |«*0 + 0 (^) + * (5^) J, 

since Qn(x) is non-decreasing in x. This establishes result (A) when r = 
lim r(N). 

Using (24), with further restrictions on the fk(x), we may state an estimate 
analogous to (27) for Qn(x) itself. Essentially, all we require is that 


(31) 


/'+£ 
J w o J— 


0 „ , N sin iVxw , 

2?at(w) dw I 

w I 


vanish as N — » for any 0 ^ a: | 1, and any w? 0 , 0 < w 0 ^ 1. If, for 
example, the distribution functions f k (x) have densities f' k (x) of variations 
bounded uniformly in k , (31) is dominated by OfAT 1 ). We suppose that for 
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any wo > 0 there is a function V(N) which dominates (31) uniformly in 0 
x g 1. We have by (24) then that Qn(x) differs from 

(32) - f s in Nxw 

T i-oo w 


by a term which is dominated by 


" /*t®o " 

0 N / w 2 e~ BD(N)u,t dw + V(N) + 0 

_ J—x O q J 


~lD(N)w* 


The integral (32) can be written 


= OiNDiN)-') + V(N). 


b£*£ 




2y/7UW) !-*-«") CXP (~4 H(Nj) dU ‘ 

If r(N) e > 0 for all N, this last differs from 

, r V2N(x - r(N ))l 

L VD(N) J 

by 

°[£ VH( ~ N> e-*'du] g 0 WH(N)e~ w " 1{ - II) ) 

uniformly in 0 ^ x ^ 1. Under the assumption, then, that r(N) ^ * > 0 
for large N , we have 

(33) QAx) - * \ = V(N) + 0 (ND(N)-*). 


We now turn to our second problem. Again we assume (5). For con- 
venience, we shall speak of a sequence (Zk , k ~ 1, 2, • • • , N) such that Z\ + z% 
+ • • • + z N = m as an m-sequenoe. We seek the probability P N (m/N f x) of 
(2) when it is known that an /^-sequence has been drawn. By Bayes’ theorem 

PAm/N, x) = 

where K m ,s(x) is the probability of the drawing of an ra-sequence simultaneously 
with the occurrence of (2). That is, using' the notation of the last section, 

K m ,„(x) = £ Js{(z k ), x) = £ J»((zk), l)QA(zx), X) 

where the sum Is taken over all the C„ possible wt-sequences. We have, 

f norof Afo 

PAm/N, x) - 

£ JAw, l) 
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which exhibits P N (m/N , x) as a weighted average over all distinct ra-sequences 
of the functions Qs((Zk) f x) studied in the precceding section. The results of 
that section will carry over, then to P N (m/N y x) once certain uniformity re- 
quirements have been met. 4 
Recalling (14), we define 

UN) = min [D((z k ), N)] 

fc— 1 *i+*i+* * •+ztt—m 

and 

T(N) = max | p 0 - r((z k ), N) |. 

*1-+-**H m 

We have from (30) that for h ^ T(N) 

PAm/N, p„ - h) g 1 [0(iV~ J ) + OCLCiV)- 1 )] 

(34) 

| PAm/N, p„ + h) - 1 j g J [T(N) + 0 (AT*) + 0 (UN)' 1 )]. 


This, together with (30), will establish result (B). For any ra-sequence and 
p 0 = zb + (1 - z)c (see (13), (15)) 


I K(za), N) — po \ = 


Tr 2 [ z k(bk — b) + (1 

iV jfe-i 


Zk)(c k - c)] 


_ L_ m h 

+ N b + 




Po 


S ^ 23 t| b k - b I + I c* - c j] + | ~ - 2 j (b + c) 


= X? (&* — b)‘ + ^ X (<** — c) 2 *| + 2 

ik-i J k-i J 


m 

N 


— z 


the last step by virtue of the Schwarz inequality. From this, we see that the 
hypotheses of (B) insure that T(N) — > 0; since they also insure that L(N) —> <» , 
the result follows from (30) and (34). 

An estimate anlogous to (33) for P N {m/N , x) is not possible without a restric- 
tion on the rate at which the limit in (13) is approached, and consequently 
has no meaning for finite samples. In this connection, it might be pointed out 
that the use of the error function \p(x) in stating, for example, inequalities (27) 
and (33) is largely a concession to convention. The right members of these 
inequalities would remain unchanged if y(/(x) were replaced by a step function 
analogous to P{x) of (3). 


Princeton University, Princeton, N. J. 


4 It is, in fact, for this reason that our first problem was introduced. All our attempts 
to apply directly to P^(m/N, x) analysis analogous to that in section II above bogged down 
in a morass of combinatory coefficients. 
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TRANSFORMATIONS OF FINITE PERIOD. Ill 
Newman’s Theorem 

By P. A. Smith 
(Received February 22, 1940) 

We shall give a new proof of a theorem of M. H. A. Newman [3] which asserts 
that periodic transformations of given period p operating in a locally euclidean 
space M can not be arbitrarily “small” (where by a small transformation is 
meant one which displaces points by a uniformly small amount). Our proof 
is quite different from Newman’s and in a sense more direct; for only the space 
M which is being transformed comes into consideration whereas Newman’s 
proof has for its setting the topological product of p copies of M. The methods 
which we shall use enable us to dispense with the locally euclidean restriction 
and to obtain a proof for far more general spaces. Moreover we establish a 
theorem which is slightly stronger than Newman’s since it asserts, for periodic 
transformations operating in M , that there exists an impossible degree of small- 
ness which is independent of the period. In this result, however, smallness 
must be understood in terms of orbits rather than displacements. To these 
considerations which in themselves perhaps justify a new proof of a known 
theorem, we add the following. The question whether or not there can exist 
any group— not merely finite, cyclic — operating effectively in a reasonably 
regular space and defining uniformly small orbits, is an outstanding problem 
in the theory of topological groups 1 and new methods of treating the special 
case under consideration will perhaps not be without interest. 

A Special Case 

1. In order to make clear the nature of the theorem to be proved and to 
reveal the underlying ideas of the proof, which might otherwise remain hidden 
by the details, we shall first consider a simple example. 

Let T be a transformation operating in a space M, — that is a one-one bi- 
continuous transformation of M into itself. The totality of images of a given 
point x of M under positive and negative powers of T constitute the orbit of x 
defined by T. 

Let M 2 be an ordinary 2-sphere in euclidean 3-space. We shall call a cap of 
M 2 any closed circular region on M 2 which Is smaller than a hemisphere. The 
special theorem to be proved is the following: 

Every periodic transformation operating in M 2 defines at least one orbit which 
is not contained in any cap. 

1 For example, a negative answer to this question would establish the existence of one- 
parameter subgroups in locally euclidean topological groups. 
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Proof. Suppose on the contrary that there exists a transformation T of 
period q operating in M 2 such that every orbit defined by T is contained in a cap. 
It is easy to see that for each point x of M 2 there will be a uniquely determined 
smallest cap u(x) containing the orbit of x defined by T and that the center 
o(x) of u(x) will be a continuous function of x. 

We shall make use of the well known fact that every periodic transformation 
operating in a sphere is topologically equivalent to a periodic orthogonal trans- 
formation. From this it follows that there can be introduced into M 2 a tri- 
angulation which is preserved by T and whose 2-cells can be represented without 
repetition by 

E\ TE\ , r- l E* (i = 1, ...,<*). 

We may assume that each E 1 is positively oriented relative to a definitely 
chosen orientation of M. Let us assume for definiteness that T preserves 
orientation. Then the chain 

A = E (E* + TE‘ + • • ■ + r~'E‘) 

i 

is, relative to every coefficient group, a fundamental 2-cycle on M 2 and as such, 
can not be ~ 0 on M 2 . In particular A can not be ~ 0 mod q. 

Let n denote the single-valued continuous mapping x — > u(x) defined over 
M 2 ; it carries A into a singular 2-cyelc A* on M. Moreover n can be obtained 
by performing a deformation: we have merely to slide x to w(x) along that 
geodesic arc which is shorter than a great semicircle, and at a suitable rate of 
speed depending on x. It follows that A ~ A* on M 2 . Now from the way m is 
defined, it is clear that n(x) = n(Tx) and therefore that fiE 1 = nTE\ 
Consequently 

A* = + • . • + r q ~ l E') = qn&E*) = 0 mod q 

so that A ^ 0 mod q , which is impossible. This completes the proof for the 
case in which T preserves orientation; minor modifications yield a proof for 
the orientation-reversing case. 

2. Suppose that the transformation T of period q operating in M 2 admits at 
least one fixed point, say j 0 . Then for points x near a* 0 , the functions u(x) 
and o>(:r) introduced above are uniquely defined and co(x) is continuous. Let x 
vary continuously along a path joining xo to a point say Xi different from x 0 . 
Then w(^) will remain defined and continuous so long as the orbit of x is con- 
tained in a cap (the cap depending of course on x). As a consequence of the 
theorem above, co(x) is not defined for all x. Suppose X\ is a point for which 
o>(x) is not defined. Then as x moves along the path .r ( >xi , we must come to a 
last point x whose orbit is contained in a cap. From elemental' continuity 
consideration, however, it is fairly clear that the orbit of x will be contained in 
a hemisphere H and that at least two points of the orbit of x lie on the great 
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circle boundary of H; if there are exactly two, they must be diametrically op- 
posite each other. 

Suppose again that T is a transformation of period q operating in ilf 2 . It can 
be shown without great difficulty that if the geodesic distance d(x f Tx) is uni- 
formly smaller than 2* r/q, r being the radius of Af 2 , then each orbit defined by T 
would be contained in a cap. Since this is impossible, w T e conclude that there 
exists at least one point x such that d(x ) Tx) ^ 2t r/q. In particular, if T 
admits fixed points, there exists at least one x such that d(x , Tx) = 2w r/q. 

Although these results can be generalized to higher dimensions, a number of 
technical details enter the proof due to the fact that for spaces of higher dimen- 
sions, there is no known method of constructing invariant triangulations. It 
will be seeh in what follows how this difficulty can be met. We shall not, how- 
ever, pay further attention to transformations of spheres but merely state the 
results: 

Let M n be an n-spherc of radius r in euclidean (n + 1) -space. Every periodic 
transformation operating in M n admits at least one orbit which is not contained in 
any cap (a cap being any closed region on M n bounded by an (n — l)-sphcre 
which is smaller than a great (n — l)-sphere). Suppose T is a transformation 
of period q operating in M n . If T admits fixed points , there exists at least one 
point x such that d(x, Tx) — 2 tt r/q where d denotes geodesic distance. Moreover , 
there will exist at least one point y and integer s(2 s ^ q) such that s points of 
the orbit of y lie on some great (s — 2 )-sphere of M (a great 0-sphere being a pair 
of diametrically opposite points). 2 

; More General Spaces 

3. From now on the word space will mean a Hausdorff space in which every 
open set is the sum of a countable family of closed sets (Cf. [3], p. 134). 

We shall consistently use the letter M to denote a space, T a transformation 
operating in M, N a set of points in M and St a covering of M (i.e. a finite covering 
by open sets). We shall write “ T < St over N” if to each point x of N there 
can be associated a set of A x e St such that x + Tx C A x . We shall write 
“T <K 21 over N” if to each x in N there can be associated an A x e St which con- 
tains the orbit of x . 

Lemma 1. Suppose M is locally bicompact, N bounded. 3 For a given in- 
teger q and covering St there exists a covering St' such that every periodic T of 
period q which satisfies the relation T < St' over N satisfies also the relation 
T <$C 21 over N. 

Lemma 2. Suppose M is locally bicompact and H , K are bounded open 


* The methods suggested by the example we have considered can also be made to yield 
the theorem that the orbits of a periodic transformation operating in euclidean n-space 
cannot be uniformly bounded. 

s A set will be called bounded if its closure is bicompact. 
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sets such that R C H. There exists a covering 21 such that if T « 2( over N 
( T not necessarily periodic) then 

E T n R(ZH. 

n 

The proofs of lemmas 1 and 2 art 1 elementary. 

4. Regularity. Cycles and homologies are to be understood in the sense of 
Cech (see [2]). Let M be a space, g a coefficient group for cycles and homologies 
in M and n an integer ^ 0. We shall say that M possesses property p n over 
fi at a point d if there exists a neighborhood D(d ) and an n-cycle ft mod M — D 
with coefficients in g such that (lj for no neighborhood Z)'(d) contained in D is 
ft ~ 0 mod M — D f (over g); (2) for every neighborhood B{d) C Z), there 
exists a neighborhood B'{d) C B such that over g, ft is a basis for n-cyeles mod 
M — B relative to homologies mod M — B' while (3) cycles mod M — B of 
dimension exceeding n are ~ 0 mod M — B'. A neighborhood D(d) and 
relative cycle ft satisfying (1) (2) (3) will be said to constitute an n-dimensional 
fundamental pair (ft, D) for d over g. Clearly if (ft, D) is an n-dimensional 
fundamental pair for d over g, then so is the pair obtained by replacing D by a 
smaller neighborhood of d. 

We shall say that M possesses property q n over g at d if for every neighbor- 
hood A(d) there exists a neighborhood A'(d) C A such that if C is a non-empty 
open subset of A', every n-cycle mod M — A in M — C is ^ 0 mod M — A* 
(all coefficients being in g). 

It will be convenient to call M n-regular over g, if it possesses properties 
p n and q n at each of its points. 4 

We can now state Newman's theorem for spaces of a very general type. 

Theorem I. Let M be a connected locally bicompact finite dimensional space , 
N a bounded open set in M and q an integer ^ 2. Let p be a prime factor of q 
and g p the additive group of integers reduced modulo p. If M is n-regular over 
gp , there exists a covering 31 of M such that no periodic transformation T of period 
q operating in M can satisfy the relation T < 31 over N. 

The covering 31 necessarily depends on q as one can see from simple examples. 
But if one replaces the relation T < ?l by the relation T « SI and sharpens the 
hypothesis on M by requiring that regularity possess a certain uniformity rela- 
tive 02 , ga , 05 , • • • then there can be chosen an 31 independent of q. We shall 
make this more precise. Suppose that there exist a neighborhood D of d such 
that for every prime p there exist an n-dimensional fundamental pair (ft p , D ) 
over gp for d. We shall say that the fundamental pairs (ft p , Z>), p = 2, 3, 5, • • • , 
constitute a fundamental family F(D } d , n). 

Let F(D , d } n) be a fundamental family of fundamental pairs (ft p , /)). For 
each p, conditions (1) (2) (3) in the definition of fundamental pair, are satisfied 

4 Properties p n and q n are slightly weaker than P n , Q* in our paper [41. 
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relative to g p . We shall say that conditions (2) and (3) are satisfied uniformly 
by F(D f d, n) if B' is independent of i?, — that is, if for every B{d) there is a 
B'(d) C By B' independent of p, such that for every p, 12* is a basis over g p for 
n-cycles mod M — B relative to homologies mod M — B' while cycles mod 
M — B over g p of dimensions exceeding n are 0 mod M — B'. Consider a 
neighborhood D'(d) C D. Then for each p,Q p no 0 mod M — D' over g p (condi- 
tion (1)). Hence for each p there exists a covering U of M such that 

(A) S2 P (U) oc/ 0 mod M — D' over g p . 

If for a given D f there exists a U independent of p such that (A) is satisfied for 
each p, we shall say that F(D y d, n) satisfies condition (1) uniformly. A funda- 
mental family which satisfies (1) (2) and (3) uniformly will be called a uniform 
family. It is easy to see that if F(D } d, n) is a uniform family of fundamental 
pairs (ify D)y then the fundamental pairs obtained by replacing D by a smaller 
neighborhood D x of d constitute a uniform family F(D X , d, n). 

If for every point d of M there exists a uniform family F(D, d, n), D = D(d) f 
we shall say that property p n is satisfied uniformly in M. Similarly, property 
q n is satisfied uniformly if for each point d and neighborhood .4(d), there exists 
an A f (d) such that if C is a non-null open subset of A and p an arbitrary prime, 
n-cycles mod M — A in M — C with coefficients in g p are ~ 0, mod M — A 
(over g p ). We shall say that M is uniformly n-regular with respect to arbitrary 
moduli if properties p n and q n are satisfied uniformly in M. It can be shown 
without great difficulty that locally euclidean n-dimensional spaces are uni- 
formly n-regular. 

Theorem II. Let M be a locally bicompact finite dimensional space and N a 
bounded open set in M. If M is uniformly n-regular with respect to arbitrary 
moduliy there exists a covering 21 of M such that no periodic transformation T 
operating in M can satisfy the relation T « 31 over N. 

With regard to theorem I, it is sufficient to prove it for the case in which 
^ = p = a prime. For suppose that q = /ip, p a prime, and that M is n-regular 
over g p . Then if T Ls of period q } T h is of period p and therefore, if ?I is suitably 
chosen, T can not satisfy the relation T h < 31 over N . By lemma 1 there exists 
a covering 21' such that if T < 21' over N % then T « 21 over N. Since the 
second of these relations would imply that T h < 21 over N } T can not satisfy 
the first. Even simpler considerations make it clear that in order to prove 
theorem II we need only show that an 21 exists such that no transformation of 
prime period can satisfy the relation T « 21 over N . 

We remark further that were it not for the fact that in theorem I we assume 
regularity relative to a single group g p , theorem I would be a consequence of 
theorem II and lemma 1. But it will be seen in the proof of theorem II that 
in proving the non-existence of small transformations of any given prime period 
p, only the hypothesis of regularity over g p is used. Thus the proof of theorem 
I is contained essentially in that of theorem II and will therefore not be given 
separately. 
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5. It will simplify matters considerably if we carry out the proof of theorem 
II under the assumption that M is bicompact and then indicate the* modifica- 
tions which will extend the proof to the locally bicompact case. Let us assume 
then that M is a bicompact space satisfying the hypotheses of theorem II, and 
that N is an open set in M . Let m = dim M ; evidently 5 m ^ n. 

Let T be a periodic transformation of prime period p operating in M. We 
shall denote by L r the totality of points of M which are left fixed by 7 T , and 
by {Ifl the totality of special coverings ([3], page 136) of M relative to T. 
For our present purposes, the essential properties of a special covering if are 
the following: (1) the component sets of if are permuted among themselves 
by T so that T induces a simplieial transformation of the complex (nerve of) 
If into itself; (2) the simplexes of U 7 which are invariant under T form a sub- 
complex Uo ; (3) the simplexes of if , and these only, are in 6 L r ; (4) each 
simplex in if — If is of dimension g m. It is evident that a necessary and 
sufficient condition that a if-chain be in ]/ (in the sense of footnote 5) is that 
it be in the subcomplex If. Moreover, every chain in if — if is in M — 
l7 , but the converse is not necessarily true. The totality of coverings if is a 
complete system ([3], p. 137) and therefore can be used for defining all homology 
relations in M . 

A transformation T of prime period p operating in M induces a boundary- 
preserving operation (also denoted by T) on the if -chains in M. Let 5, a 
denote the operators 1 — T and 1 + T + • • • + T p ~\ We shall use the sym- 
bols p, p to stand either for 5, a or <r, 5 respectively. When the coefficient 
group fl is , all tf-chains in if are annihilated by p and p. For if E is a 
if -simplex, then 8E = E — E = 0 and gE = pE = 0 (mod p). From this 
remark follows 

Lemma 3. If ft = where p is the period of 7\ assumed to be prime, then 
every if-chain of the form pX (or pX) is in U 7 — if, hence in M — L. 

Suppose now that B is an invariant set, that is, a set which coincides with 
its image under T. Suppose there exists a if -chain of the form pX which is a 
cycle mod B. If pX is, modulo B , the boundary of a if-chain of the same 
form, we shall write pX ^0 mod B. In particular, if pX = 0 mod 6, then 
pX c* 0 mod B. 


8 The regularity hypotheses on M imply that for each p the modulo p dimension (Alex- 
androff) of M is n. This however, so far as we know, does not imply that dim M *= n. If 
it were definitely assumed that dim M equals n (not merely that it is finite), the proof of 
Theorem II would be somewhat shorter since the existence of the relative cycles in propo- 
sitions A), C), and F) could be established without the use of lemma 4. We prefer to 
consider the more general situation on account of possible connections with the problem 
mentioned in the introduction. For in this problem one is led to consider transformations 
in spaces about whose dimension nothing is as yet known. 

•A U-simplex (UoUi ••• (/*) is in the set A if UJU i ••• U kA ^ 0. A U-chain is in A 
if each of its simplexes is in A. A cycle is in A if each of its coordinates is in A. 
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Lemma 4. Let fl = fl P and suppose that pX h , pXh-i are U r -cycles mod B 
such that 


pX h = pX h - 1 mod B 

(fi being the boundary operator). If pX h c* 0 mod B } then pXk-i e* 0 mod B. 

Proof. Suppose in fact that there exists a relation of the form fipX h +\ = 
pX * mod B. Write 

(1) px h+l = x h - z. 

On operating on both sides of (1) by p we find that pZ = 0 mod B ) hence by [3], 
section 3.11, we may write Z = pW + W L mod B with W L C L. Therefore, 
if we operate on both sides of (1) by 0 we obtain 

0 = P + Q mod B } P = p(X*_! - fiW), Q = 0W L . 

Since Q is in Uo and since, by lemma 3, P is in U r — Uo , the chains P and Q 
have no common simplex, hence P = Q = 0 mod B . In particular ftoW = 
pXh-i mod B so that pX h ~i o* 0 mod JS. 

6. We now prove 7 theorem II for the bicompact case by establishing a sequence 
of propositions concerning chains and cycles associated with transformations of 
prime period. Let M be a connected bicompact space, uniformly n-regular 
relative to arbitrary moduli. Let N be an open subset of M and let m = dim M. 
Let it be understood in propositions A) B) C) D) that T is an arbitrary but 
fixed transformation of prime period p operating in M, and that the coefficient 
group is Op . 

A) Let d be a point of M. Suppose there exists for d an /i-dimensional funda- 
mental pair (12, G) such that G is invariant under T. Let k = m — n -f 1 and 
suppose further that there exist invariant neighborhoods of d: 

GDioD^D.-.D.L 

such that (1) 12 is a basis for n-cycles mod M — G relative to homologies mod 
M — A 0 ; (2) for i = 0, • • • , k, cycles mod M — of dimension > n are M) 
mod M — Ai . Then there exists an n-cycle A mod M — Ak of the form 

\<tT(\i t ) + r'xu 7 )}, t\vl t ) c l t 

such that A ^ 12 mod M — Ak . 

Proof. Since G is invariant, Til is a cycle mod M — G and hence Til ~ xil 
mod M — A 0 where x c . Since Aq is also invariant, this homology holds if 
Til is substituted for 12. On repeated substitution, we obtain: 12 = T p Sl ~ 
afil mod M — A 0 , hence x p = 1, x = 1, so that 

(1) . 512 ^ 0 mod M — Aq . 

1 The proof given here is somewhat shorter and simpler than an earlier proof proposed 
by the author, thanks to valuable suggestions from Professor Norman Steenrod. 
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Assume for the moment that m > n. Let U r be a special covering and i an 
integer in the range 1, • • • , k and h an integer in the range n + 1, • • • , m. 
From the Cech homology theory, there exists a special refinement $B r of U r 
such that the projection into U r of any ^-dimensional 93 r -cycle mod M — Am 
will be the U r -coordinate of a Cecil cycle mod M — Am y hence will (by the 
definition of the A's) be ~0 mod M — Ai (see [2]). It is obvious that 93 r can 
be chosen to be independent of h since the range of h is finite. — Now let U T be 
an arbitrarily chosen special covering. From what has been said, we may 
choose special coverings 

U r = IU 3 lU-i 3 ... ID Uo 

such that for i = 1, • • • , k, the projection into 93 »• of a U,_i-cycle mod M — Am 
of dimension exceeding n but not m, is mod M — Ai . Let 7r t - be a pro- 
jection U,_i —> Hi which is permutable with T, it is easy to see that such 
projections exist (see [3], p. 138). Let po , pi , • • • stand alternately for 5, a 
beginning with po = 6. 

Putting il = , it follows from (1) that poft n (llo) ~ 0 mod M — A n . Hence 

TTipoftn(Uo) ~ 0 mod M — Ao , say (with i = 0) 

(2) /5tt n +»4-i(U»+i) = 7T t+ ip 1 S2 n+t (U i) mod M - A t . 

Now pil2 n4 .i(Ui) is a cycle mod M — A 0 since its boundary mod M — A 0 is 
PoPi(7Tii2 n ) = 6o-7TiO n which vanishes since 5er = (1 — T)(l + • •• + T v ~ l ) — 
1 — T v = 0. From the definition of the IPs we have 7r 2 pil2 n +i(Ui) ~ 0 mod 
M — A i . Hence there exists a relation (2) with i = 1. On repeating the 
construction we obtain relations (2) corresponding to i = 0, • • • , k. Let 

F n +* = WTJfc-1 • * ‘ Tt+lfln+t(Ui) (t = 0, • • • , fc — 1) 

(3) 

= 12 n+ jt(Ujfc). 

Then from (2) w r e have 

(4) jflFn+i = p.-iFn+i-i rood M - Ai {i = 1, • • • , k). 

Now PiY n+ i is a lU-cyelc mod M — Ai , hence mod M — Ak . The particular 
cycle pkY n +k is null. For by lemma 3, this cycle lies in U* — (U*)o . But this 
is impossible unless p*F n +ji- = 0 since n + k = m + 1 whereas by the properties 
of special coverings, the simplexes of U* — (IL)o are of dimension ^ n. We 
conclude therefore that p*F n +* 0 mod M — Ak . Hence by successive applica- 
tions of lemma 4, the relations (4) yield 

p,F n +* cs* 0 mod M — A k (t = fc, • • • , 0). 

In particular poF n 0 mod M — Ak and hence there exists a relation of the form 

0poX n +i(U*) = poF n (lL) mod M — A*. 
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Write 

(5) 0X n +i(lU) = Y n ( IU) - H(U k ). 

On operating on both sides of (5) by po , we find that poll = 8H = 0 mod 
M — Ak . Hence by [3], section 3.11, there exist chains r(U*)> r f '(lU)> the 
latter in L , such that 

(6) H( lb) = <xT(VL k ) + T\W k ) mod M - A k . 

From (3) with i = 0 , wo have Y n ~ U n mod M — A k . Consequently from (5) 
and (ti) we have 

On(lU) - irr(lU) + r L (lU) mod M - /l, 

which, since lb is an arbitrary special covering, establishes A) under the assump- 
tion that m > n. The proof for the case m — n is not essentially different and 
we therefore omit further details. 

B) In the cycle A of proposition A) the chains oT(U r ) and r^U 7 ) are 
U 7 -cycles mod M — A k . 

For in any case 0A equals 

(1) <T0r(lt 7 ) + |8r / '(U r ) = 0 mod M - A k . 

Now pr L (\\ T ) c U 0 r whereas, by lemma 3, <r0V( U r ) C U 7 ' - U 0 r . Hence the 
two chains in the left member of (1) have no common simplex and therefore 
vanish separately mod M — A* . 

C) Let d be a point in L 7 . There exists for d over q p an ^-dimensional funda- 
mental pair (A, A) such that A(tf) is invariant and A is of the form 

\ar(\\ T ) + 1^(10), r L (U r ) cl 7 '. 

For by the hypothesis of uniform n-regularity there exists for d over g p an 
n-dimensional fundamental pair (12, D). Now since d is a point of L r , any 
given neighborhood C(d ) will contain an invariant neighborhood of d. Such a 
neighborhood, for example, is the intersection of C, TC , • • • , T p ~ l C. Thus D 
can be replaced by an invariant neighborhood of d. Moreover, from the n-regu- 
larity of M over g p , there exist neighborhoods Ao , • • • , A k of d satisfying the 
conditions stated in A). The set A = A k forms together with the cycle A of A) 
the desired fundamental pair. 

D) L T is nowhere dense in M. 

For, let L = L T and let L 0 be the maximal open subset of L. Assume, con- 
trary to D) that L 0 t* 0. Then L 0 — L ^ 0, otherwise L 0 would be both open 
and closed, hence identical with M so that T would be the identity. Let d be a 
point in L 0 — L 0 and let (A, A) be the fundamental pair for d of proposition C). 
On account of the ^-regularity of M over g p there exists a neighborhood 
A'(tf) C A such that if C is a non-empty subset of A, n-cycles mod M — A in 
Af — C are ~0 mod M — A'. Suppose in particular that C = A f — A'L. 
Then by the choice of d, C 0. Moreover L C M — C since L(A' — A'L) = 0. 
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Therefore T L (U r ) C M — C for every U r . Let U be an arbitrary but fixed \X T . 
If 93 € { If) is a suitably chosen refinement of if and tt an arbitrarily chosen 
projection 33 —► U, then 7iT L (93) is the U-coordinate of a Cech cycle mod M — A 
in M — C (see proof of A)), hence is ^0 mod M — A'. (That r''(93) is a 
cycle mod M — A follows from proposition C)). Next take for C the non- 
empty set L 0 A Then aY C M — C since in any case &T CZ M — L by lemma 3 
and M — L C M — LqA' = M — C. Hence as above, for a suitable special 
refinement 33i of U and projection 7r x : 93i — > U, we have 7riaF(33i) ~ 0 mod 
M — A'. We may assume that 93 = 93i for both coverings can be replaced by 
a common (special) refinement. If we then take t = tti we have 

TT (*r(S) + r L (»)) — 0 mod M — A' 

and hence the U-coordinate of A is mod M — A'. Since U is an arbitrary 
special covering, this implies that A ~ 0 mod M — A' which is impossible. 

E) Let d be a point in N and let F(I), <7, n) be a uniform familj r of n-dimen- 
sional fundamental pairs (12' ; , D) ( q = 2, 3, 5, • • • ) such that D(d) C N. There 
exists a neighborhood B(d) C D and a covering 93 of M such that if T is a periodic 
transformation of prime period p satisfying the relation: T « 93 over N, there 
exist chains of the form oT(lf) with coefficients in q p such that 

|ar(lf)) 12 p mod M — B. 

To prove this, choose a neighborhood D'{d) C D such that for each prime q, 
il q is a basis for n-cycles mod M — D relative to homologies mod M — D' 
(coefficients in 0 g ). On replacing D' by a smaller neighborhood of d if necessary, 
we may assume that jD' C D. Next, choose a neighborhood D"(d) related to 
Z>' in the same way that D ; is related to D. Now let k = m — n + 1 and 
choose neighborhoods B { {d ), B\(d) (i — 0, • • • , k) contained in D such that 

Bi 3 B <+ 1 (t = 0, 1) 

Bi 3 B[ (t = 0, . • . , k) 

and such that, for each q , cycles mod M — B[ over of dimension > n are 
M) mod M — (i = 0, • • • , k — 1). By repeated applications of lemma 2 
there exists a covering 93 such that if T « 93 over N, then D 3 aD' and 
Bi 3 oBi , so that 

D 3 <rD' 3 D' 3 D" 3 B 0 3 aB'o 3BjDfiiD aB[ 3^1).... 

In particular, if we write G = <tD' and A t = <sB\ , we will have 

(1) D3G34 0 3.1 1 3... 

(2) G 3 D' 3 D" 3 A 0 . 

The sets G } Aq , A\ , • • • depend on T since <r does but the sets D\ D", B t , 
do not. Consider Bk(d). We can choose a neighborhood B(d) C Bk such that 
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if C is a non-empty open subset of B and q a prime, then over , n-cycles 
mod M — B in M — C are M) mod M — B'. 

Now consider a definite T of prime period p such that T « SB over N. Since 
G Cl D, (12 p , (?) is a fundamental pair over g p . Moreover, it follows from (2) 
and the relation between D f and D n that Q p is a basis over g p for n-cycles 
mod M — G relative to homologies mod M — A 0 . Finally, cycles mod M — A* 
over g p of dimension > n are M) mod M — A ,+ 1 ; for, such cycles are cycles 
mod M — Bi since B\ C <tB\ = Ai and as such, they are ~0 mod M — jB,+i , 
hence mod M — Ai+\ since A<+ 1 = C . From these facts and the 

relations (1) it follows that the sets (?, A 0 , • • • , Ak satisfy the conditions in 
proposition A) and consequently there exists a cycle A mod M — A k over g p 
of the form 

(3) krdD + r L (U r )) 

such that A ~ il p mod M — At . 

Let y T denote an arbitrary n-cycle mod M — A k in L r , coefficients in g p . 
y T is a cycle mod M — B k since B k C <rB k = A k . The open set B k — 
is non-empty since L T is nowhere dense (proposition D)). Hence y T ) being in 
L T , hence in M — {B' k — L r B' k ), is M) mod Af — B by choice of B . In short, 
/i-cycles mod M — A* (over g p ) in L T are ~0 mod M — B. Now for each U r , 
r L (U r ) is a cycle mod M — A k in L r (proposition B)). If is a refinement 
of U T and tt a projection $} T U r , the U T -coordinate of A can be replaced by 
the projection of its 3S r -coordinate by tt. But if is suitably chosen, 7iT L ($3 r ) 
will be the U r -coordinate of a Cecil cycle mod M — A k in L T y coefficients in q p , 
hence will be M) mod M — B . Hence we may assume in (3) that (T^U 7 ) ) ^ 0 
mod M — B. Hence ~ {<rr(U r )} mod M — B. This establishes E). 

F) Let U be a covering of M and let T be a periodic transformation such that 
T « U over N. Let N* be a non-empty open set such that N* C N . There 
exists a special refinement U r of U and projection t: U 7 * —> U such that ttT = t 
for all U r -simplexes in N*. 

The component sets of a given U r fall into “cyclic families, ” the sets in a 
given family being images of each other under powers of T. Each family con- 
tains exactly p sets or a single (invariant) set. Let cV T denote the cyclic 
family to which l rT (e U 7 ) belongs. Let v(U T ) denote the totality of cyclic 
families cU T such that at least one member of cU T meets N*. To establish F) 
it will be sufficient to show that there exists a refinement U r of U such that to 
each cyclic family cV T in v(U T ) there can be associated a set T = U(cU T ) of U, 
containing all the sets in cU T . For if ir is a projection U r U carrying each 
set in cl jT ( cU T a member of KU 7 )) into U(cV T ) and arbitrarily defined for the 
remaining sets of U r , it is clear that wT = w for U r -complexes in N*. To show 
that U r exists, let there be associated to each point x in N a set U x of U containing 
the orbit of x . This is possible since T « U over N. Evidently we may asso- 
ciate to each x in N a neighborhood V(x) such that the images of V(x) under 
powers of T are contained in U x . Let V(xi), • • • , V{x n ) be a finite number of 
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these sets forming a covering of N* and let Y be an open set such that N* C Y, 
Y C EV(Zi). Let X be the totality of sets V(xi) together with the single set 
M — Y. Evidently X is a covering of M . Now the closed sets N* and M — Y 
are disjoint. Hence there can be chosen a U r , refinement of X, such that sets of 
U r which meet N* will not meet M — Y. Consider a cyclic family say cU\ 
in KU r ). At least one member of cV T meets N*. That member, how r ever, 
can not meet M — Y, hence it is contained in one of the sets V(xi) say V{x\). 
Hence its images —the members of cU\— are all contained in U X1 . If we define 
the function U{clJ) to be U Xl for the cyclic family cl r \ and similarly for the 
remaining cyclic families of p(U T ), it will possess the desired properties. 

G) There exists a covering 21 of M such that no periodic T of prime period can 
satisfy the relation T <£ 21 over N. 

For let d be a point of N and let F(D, d, n) be a uniform family of rc-dirnen- 
sional fundamental pairs (12 p , D ). On replacing D by a smaller neighborhood 
of d if necessary, we may assume that D C N. Let B(d), 33 be the neighborhood 
and covering of proposition E) and let H(d) be a neighborhood of d such that 
B C B. Since F(D , d, n) uniformly satisfies condition (1) in the definition of 
fundamental pair (section 4) there exists a covering U such that for arbitrary 
prime p, 

(1) il p ( U) oo 0 mod AT — //. 

Let 33 be a covering such that if T is a periodic transformation with T «i 33 
over N , then <tR C B (lemma 2). Let 21 be a common refinement of 33, U, 33. 
We shall show that 21 has the required property. Suppose there exists a T of 
prime period p such that T « 21 over N. Let N* = aH. Then N* C B C N. 
By proposition F) there exists a refinement U 7 of U and projection ir : U r — » U 
such that wT = tv for U r -simplexes in N*. Consider the relative cycle {oT(U r )} 
of proposition E). Let A(ll r ) be the subchain of F(U r ) consisting of these 
simplexes which are in N*. Them r(U r ) — A(U r ) C M — N*. Since' N* is 
invariant under T } we have also 

<rr(U r ) - aA(i\ T ) c M - N*. 

This relation holds if the left member is replaced by its image under tt. But 
since the chain oA(U 7 ) is in N *, its image under tv is pA(U r ) = 0 mod p. Hence 
TralXU 7 ) ^ 0 mod M — N*. Since fi p (U T ) ^ <rr(U r ) mod M — B, hence 
mod M — H, w r e have 7rl2 p (U r ) ~ 0 mod M — H. By definition of Cecil cycle, 
7rf2 p (U r ) ^ SfiVL) mod M — II so that ft p (U) ^ 0 mod M — H which contra- 
dicts (1). This concludes the proof of theorem II under the hypothesis that M 
is bicompact. 

7. We conclude with a word concerning the locally bicompact case. In the 
first place, an examination of the preceding proof shows that in the bicompact 
case, it would have been sufficient to assume merely that M is uniformly n-regu- 
lar over N instead of the whole of M. Now r suppose that A/, N satisfy the 
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conditions of the theorem but that M is not bicompact. M can be converted 
into a bicompact space Mi by the addition of a single point 8 say *>. In M \ , 
N has for its counterpart an open set Ni not containing oo . If M is uniformly 
n-regular, then Mi is at least uniformly n-regular over N \ . Hence there is a 
covering 8li of Mi such that no periodic transformation T\ operating in Mi can 
satisfy the relation T x <$C 9Ii over Ni . Now every periodic T operating in M 
induces a periodic Ti , of same period, operating in Mi and leaving qo fixed. If 
81 is the covering of M obtained from 8li by suppressing the point oo , it is easy 
to see that the relation : T « 91 over N would imply T « 9li over N x . Hence 81 
is the required covering of M . 

The Institute for Advanced Study and Barnard College, 

Columbia University 
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This paper is concerned with some special cases of the general problem of 
determining the homotopy classes of continuous mappings of a polyhedron K 
into a space Y. The well known theorem of H. Hopf solves the problem when 
K is a finite n-dimensional polyhedron and Y = S n is the n-sphere. The solu- 
tion is given in terms of homology. In a recent paper 1 the author has generalized 
Hopf s result simultaneously in the following three directions: 

(a) The hypothesis that K is finite is removed by admitting infinite chains 
and letting cohomologies replace homologies. 

(b) The hypothesis that if is n-dimensional is replaced by a hypothesis con- 
cerning the vanishing of certain higher-dimensional cohomology groups. 

(c) S n is replaced by a more general space Y . 

Although the use of cohomologies in this problem seems quite natural and 
justified, the results become more intuitive and easier to apply in the cases when 
the theorem has a homological interpretation. Such an interpretation is easily 
available when if is finite but does not seem to be possible generally. Section 2 
of this paper gives such an interpretation for a large class of infinite polyhedra. 
Various applications are given in sections 3-10. The results of CM which are 
being used here are collected in section 1. 

1. Let if be a finite or infinite cell-complex, i.e. a locally finite polyhedron 
with a given cell decomposition. if” will denote the sub-complex of if con- 
sisting of all cells of dimension :§ n. Given an abelian group G we shall consider 
infinite chains in K with coefficients in G and denote the resulting n-dimensional 
cohomology group by n H 0 (K). 

Let Y be an arewise connected topological space and let y 0 e Y . We shall 
denote by iri(Y) the i th homotopy group of Y with respect to y 0 as origin. 2 We 
shall assume that ir»(F) = 0 for i < n. If n = 1 we replace this condition by 
the condition that iri(F) (= the fundamental group of Y) is abelian. 

The set of all continuous mappings /(if) C Y will be denoted by Y K . Given 
fo , f\ e Y K we use the notation /o fi to denote that /o and f\ are homotopic. 
(1.1) Given f eY K there is an /' c Y K such that f ^ /' and /'(if”" -1 ) = y 0 [CM, 
p. 241] 

1 Cohomology and continuous mappings, these Annals , vol. 41 (1940), pp. 231-251. We 
shall refer to this paper as to CM. 

# This group was introduced by W. Hurewicz, Proc. Akad . Amsterdam 38 (1935), p. 113. 
The definition given in CM, p. 235, seems to suit our purposes best. 
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Given f tY K such that f(K n ~ l ) = yo we construct an n-dimensional chain 
d n (f) in K with coefficients from x«(F) as follows: 

Let <r n be an oriented n-cell of K. Since the boundary of a 11 is carried by / 
into the point yo , the mapping f(a n ) C Y determines uniquely an element 
d(/, <r n ) of t „(F). We define 

cT(f) = E <*(/, <r?V? 

i 

We have proved that 

(1.2) d"(/) is a cocycle in K . [CM, p. 240, Horn. Th. 1] 

(1.3) If fo , /i € Y k , fo(K n ~') - /i(X n " 1 ) = 2/0 and / 0 a* /i d n (/„) and d n (/0 

are cohomologous in K. [CM, p. 242, Horn. Th. 3] 

Given an arbitrary / € Y K there is by (1.1) a mapping f' e Y K such that 
/ and/'(X n “ 1 ) = y 0 . From (1.3) it follows that the cohomology class of 

the cocycle d n (/') is independent of the choice of We denote this cohomology 
class bv d n (f). It follows from (1.3) that 

(1.4) Iffo , fi e Y* and /, ~ f x then d n (f 0 ) « d n (f i). 

It follows that for each homotopy class 4> of F* the cohomology class d n (4>) 
is uniquely defined. 

The following theorem includes all the further results of CM which will be 
needed in the sequel [CM, p. 243]. 

Theorem 1. Let K be a finite or infinite cell-complex and Y an arcwise con- 
nected topological space such that tt,(F) = 0 for i < n. If n = 1 this condition 
is replaced by the condition that Y is i- simple* for i = 1 , 2, • • • , dim K. 

(1.5) If t+l H T .( 7 ) (K) = 0 for i = n + 1, n + 2, • • • then given a cocycle d n of K 
with coefficients in ir „(F) there is a mapping f eY K such that f(K n ~ l ) = y 0 
and d n (f) = d n . 

(1.6) If x H Vi(X) (K) = 0/or i = n + 1 , n + 2, • • • then , given fo ,f\*Y K such 
that MK^y = /i(lf n ~ 1 ) = yo , we have f 0 ^ /i if and only if d n (f 0 ) and 
d n (Ji ) are cohomologous in K . 

(1.7) // *jy,.(T)(X) = M H rim (K) = 0 for i = n + l, n + 2, - then the 

homotopy classes 4> of F* arc in a (1-1 ) -correspondence with the elements of 
the cohomology group n H rn {j)(K). The correspondence is determined by the 
operation d n ($). 

2. Let "Sf'CfiQ be the n th homology group of iC obtained using finite chains, 
and "DC^F) the n th homology group of Y obtained using finite singular chains. 
In both cases the group I of integers is taken as the coefficient group. 

It is well known that every f tY K induces a homomorphic mapping h ? of 
n< X*{K) into a subgroup of n< DC{Y) and also that if / 0 , f\ t Y K and fo <=* fi then 
h?o = h?i . It follows that for every homotopy class of Y K the homomorphism 
hi is uniquely defined. 

. * See CM, p. 235.’ The condition was introduced by the author ( Fund . Math. 32 (1039), 
pp. 167-175) and it concerns the mutual behavior of in(F) and x»(F). In particular Y is 
t-simple if one of these groups vanishes. Y is 1-simple if and only if r<(F) is abelian. 
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Let us assume that K is connected, Y is arcwise connected and that *{(K) = 
n(Y) = 0 for i < n. If n = 1 the last condition will be replaced by the condi- 
tion that TTi (K) and iri(Y) are abelian. In this case it was proved by W. Hure- 
wicz that the groups t n (K) and n< 3C(K) can be considered identical. 4 Simi- 
larly for T n (Y) and n 3C 7 (Y ). -The homomorphism K} induced by a mapping 
/ € Y K becomes then a homomorphic mapping of 7 r n (K) into a subgroup of rcn(Y). 

Theorem 2. Let K be a connected finite or infinite cell-complex and Y an arc - 
wise connected topological space such that iCi{K) = 7r t (F) = 0 for i < n. If 
n = 1 this last condition is replaced by the condition that K is 1 -simple and Y is 
i-simple for i = 1, 2, • • • , dim K. 

(2.1) If %+1 H Ti (T)(K) = 0/or i = n + 1, n + 2, • • then given a homomorphism 
h mapping tc n (K)[= n< DC*(K)] into a subgroup of 7r n (y)[ = n 3C 7 (y)] there is 
anf e Y K such that h 1 } = h . 

(2.2) If x H Vi ( Y ){K) = Ofor i = n + 1, n + 2, • • • then given f 0 , f y e Y K we have 
h/ 0 = h/ 1 if and only if f 0 c* fi . 

(2.3) If x H Vi tf){K) = tU H ViiY )(K) = 0 for i = n + 1, n + 2, • • • then the 
homotopy classes <£ of Y K are in a (1-1 ^correspondence with the homomorphic 
mappings of ic n (K)[= n X\K)] into subgroups of tt n (Y)[= n 3C 7 (y)]. The 
correspondence is determined by the operation hi . 

Proof. Let koeK n ~ l . Consider the mapping 1 *K k such that l(x) = x 
for every x eK. According to (1.1) there is a g e K A such that go* 1 and 
g(K n ~ l ) = ko . According to (1.2) this leads to a cocvcle 

(?) = E d(g, 

< 

in K with coefficients in ir n (K). 

Suppose now that conditions of (2.1) are satisfied and let h be a homomorphic 
mapping of ir n {K) into a subgroup of 7r n (y). Consider the cocycle 

dr = Z h [dig, <r?)K 

t 

in K with coefficients in ir„(F). By (1.5) of Th. 1 there is an ft F* such that 
fiK"~ l ) = y 0 and d"(f) = d n . We are going to prove that A" = h. 

Since r„iK) and " OC'iK ) are identical, every element a e jr„(iC) can be repre- 
sented as a finite cycle 

E 

t 

where a< are integers and only a finite number of them are ^ 0. Using the 
definition of dig, <r?) and of d(f, <r") it follows that 

Kid) = E on dig, ff”), h/ia) = E «<<*(/, K) 

< < 


4 Proc . Akad. Amsterdam 38 (1935), p. 521. 
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But since d(f, <r") = h[d(g, «•")] it follows that 

A* (a) = h[hg(a)]. 

Since go* 1 we have h? (a) = a; therefore A* (a) — h(a ) and A* = A. This 
proves (2.1). 

Let/o ,/i e Y K and let A", = A ", . Without restricting the generality we may 
assume that fo(ko) = fi(h) = yo • Consider the mapping f,-g « Y K for j = 0, 1. 
Sine effliK”- 1 ) = yo we may consider the cocycles d B (/,gi) in K with coefficients 
in r»(K). Given any n-cell <r" of K we get, according to the meaning of h* , 

d(f,g, *7) = h"[d(g, ff*)]. 

This implies d(fog, a f) = d(fig, o ■?), since hZ = h? . Therefore d"(/ofif) = d n (fig). 

Now, if the hypothesis of (2.2) is satisfied, then by (1.6) of Th. 1 we have 
fog c* fig. Since fog ^ fo and fig c* /i this gives f 0 <^fi . Hence (2.2) is proved. 
(2.3) follows immediately from (2.1) and (2.2). 

3. Let G be an abelian group. Given a finite cycle 

O" = 2 a i ff i 

i 

in K with integer coefficients and an arbitrary cocycle 

d n = E (},*: 

i 

in K with coefficients in G, we define an element a n d n of G by taking 

a n <r = 2 a iP> 

i 

It is easy to verify that if a n is the boundary of a finite ( n + l)-chain or if d n 
is the coboundary of a (n — 1) -chain then a n d n = 0. Consequently given two 
elements a n e n< 3C(K) and d n e n H a (K ) the multiplication a n d n is a uniquely 
defined element of G . For a fixed a n it gives a homomorphic mapping of n H a (K) 
into a subgroup of G . Similarly for fixed d n it gives a homomorphic mapping of 
n DC\K) into a subgroup of G. 

Now, let Y be an arewise connected topological space such that tt%(Y) = 0 
for i < n. If n = 1 we assume that Y is 1-simple instead. We choose G to be 
the group w „(F) which can be considered identical with n< DC ! (Y). 

Let f tY K and let f{K n ~ l ) = y 0 . We shall consider the cocycle 

<T0) -£<*(/>«>? 

* 

and its relation to the homomorphic mapping hj of ”TK ! (K) into a subgroup of 
n TJC l (Y) induced by /. 

Given a finite cycle 

n \ A n 

a = 

< 
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in K with integer coefficients, we clearly have 

h/(a n ) — 2 «. d(f, <Ti) 

t 

and therefore 

a n d n (f) = /*,>"). 

Using (1.1) we find 

(3.1) Given any mapping f e Y K we have a n d n (f ) = h]{a n ) for all a n * n 3C\K). 
Our hypothesis concerning Y is satisfied if Y = S n is the n-dimensional 

spherical manifold. The group i r n (F) = n 3(' ; (F) is then isomorphic to I. 
Using Th. 2 and (3.1) we prove 

Theorem 3. Let K be a finite or infinite connected cell-complex such that 
iTi(K) = 0 for i < n. If n = 1 we replace this condition by the condition that 
ti(K) is abelian. 

(3.2) If l+1 jy xi («n)(X) = 0 for i = n + 1, n + 2, • • • then for every homomorphic 
mapping h of the group "rX* ( K ) into a subgroup of I there is a cohomology 
class d n e n Hi(K ) such that a n d n = h(a n ) for every fl nn 3C / (X). 

(3.3) If x H Xi (sn)(K) = tH Hr t( sn)(K) = 0 for i = n + 1 , n + 2, • • . then given 
d n £ n H r (K) such that a n d n = 0 for all a n c n IK\K) we have d n = 0. 

It follows from (3.2) and (3.3) that if the hypothesis of (3.3) is satisfied then 
the homomorphisms h mapping the group "TK^iK) into subgroups of I and the 
elements d n of n Hj(K ) are in a (l-l)-correspondencc. h and d n correspond to 
each other if and only if 

a n d n = h(a n ) for all a n e H TK*(K). 

Proof of Th. 3. If the hypothesis of (3.2) is satisfied then given the homo- 
morphism h there is by (2.1) of Th. 2 a mapping / e S n such that h 1 } = h. By 
(3.1) we then have a n d n (f) = h(a n ) for every a n t n: 3C I {K). This proves (3.2). 

If the hypothesis of (3.3) is satisfied then by (2.1) of Th. 2 there is for every d n 
a mapping / c Y K such that d n (f) = d n . If now a 'd n = 0 for all a n c n dC(K) 
then it follows from (3.1) that h* = 0. By (2.2) of Th. 2 we then have / ^/o 
where fo(K) = y 0 . This implies, by (1.6) of Th. 1, thatcf n (/ 0 ) = d n (f). There- 
fore d n = 0 and (3.3) is proved. 

The following example will show that in Th. 3 the hypothesis that Tn(K) = 0 
for i < n cannot generally be removed if n > 1. Let 2) be one of D. van 
Dantzig J s solenoids 6 imbedded in S z . Let K 3 be a subdivision of the open and 
connected set S 3 — 2 into an infinite cell-complex. It is clear that l H G (K 3 ) = 0 
for i == 3, 4, • • • and any abelian group G. It has been recently proved by N. E. 
Steenrod 6 that the l 8t homology group of X 3 , constructed using infinite cycles 
and integer coefficients, is not enumerable. Since K 3 is a manifold this implies 
immediately that 2 Hj{K 3 ) is not enumerable. On the other hand since 2 is 
connected it follows from duality theorems that 2< 3C ! (K Z ) = 0. Hence (3.3) 

* Fund . Math. 15 (1930), pp. 102-125. 

* These Annals , vol. 41 (1940), pp. 833-851. 
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does not hold for K = K* and n — 2. Naturally, the condition = 0 is 

not satisfied. 

4 . Two topological spaces X and Y are said to have the same homotopy type 7 
if there are two mappings f tY x and g eX r such that gf e X x is homotopic to 
the mapping 1 tX x defined by the condition l(x) = x for every x t X, and 
similarly fg e Y r is homotopic to 1 « Y Y . 

Theorem 4. Two finite or infinite connected cell-complexes K\ and Kt which 
satisfy the following set of conditions have the same homotopy type: 

(4.1) Ti(f'Li) = in(K 2 ) = 0 for i < n, 

(4.2) r n (Ki) and ir„(K 3 ) are isomorphic , 

(4.3) m *, <w (JCi) = ‘ +l B. tW (KJ = 0 fori = n + l, n + 2, , 

(4.4) = 0 for i = n + 1, n + 2, . • . . 

If n = 1 we replace (4.1) by the following 

(4.1) i Ki and K 2 are i-simple for i = 1, 2, • • • , k f where k = max (dim K\ , 

dim K t ). 

Proof. Let h be an isomorphic mapping of T n (Ki) on ir n (Kt) and let h* be 
the inverse isomorphism. Applying (2.1) of Th. 2 to K 2 l we obtain a mapping 
/ € Kt 1 such that h/ = h. Similarly we obtain a mapping g e iff 2 such that 
hg = h*. Consequently hg f = h*h. It follows that hg f = hi , where 1 e iff 1 
is defined by l(x) — x for all x e K i . Applying (2.2) of Th. 2 we find that 

gf c* 1. Similarly fg c* 1 where 1 ciff*. This proves that ifi and if 2 have 

the same homotopy type. 

5. In the following we are going to characterize complexes which have the 
same homotopy type as S n . The cases n > 1 and n = 1 will be treated 
^separately. 

Theorem 5. A finite or infinite connected cell-complex K has the homotopy 
type of S n (n > 1) if ar\d only if 

(5.1) n(K) = 0, 

(5.2) i( 3C*(K) = 0/orl < i < n, 

(5.3) "3C 7 (if) is cyclic infinite , 

(5.4) 1+1 H Wi (s*)(K) = 0 for t = ra + 1, n + 2, • ■ • , 

(5.5) 'H ri ^)(K) = 0 for i = n + 1, n + 2, • • • . 

Theorem 5i . A finite or infinite connected cell-complex K has the homotopy 
type of S 1 if and only if 

(5.6) ti (K) is cyclic infinite, 

(5.7) K is i-simple for i — 2, 3, • • • , dim K, 

(5.8) •'#.,.<*>(*) = 0/or i = 2, 3, ... . 

7 W. Hurewicz, Proc. Akad. Amsterdam 39 (1936), p. 124. 
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Proofs. Sufficiency, n > 1. By a theorem of Hurewicz 4 it follows from 
(5.1) and (5.2) that t%(K) = 0 for i < n. Therefore 

(5.9) n(K) = Ti(S n ) = 0 for i < n. 

From the same theorem it follows that ir n (K ) and n< X T (K) are isomorphic. 
Therefore 

(5.10) ir n (K) and ir n (S n ) are isomorphic. 

Since S n is n-dimensional therefore 

(5.11) x H a (S n ) = 0 for i = n + 1, n + 2, • • • and any G. 

From (5.4), (5.5), (5.9), (5.10) and (5.11) it follows that the conditions of 
Th. 4 are satisfied. Therefore K and S n have the same homotopy type. 
n = 1. Since (K) is cyclic infinite therefore we see that 

(5.12) tti (K) and ir^S 1 ) are isomorphic. 

Since S 1 is z-simple for every i and ti (K) is abelian it follows from (5.7) that 

(5.13) K and S 1 are i-simple for i = 1,2,-., dim K. 

Since S 1 is 1-dimensional and 7 t»(aS 1 ) = 0 for i > 1 it follows that 

(5.14) l H 0 {S l ) = 0 for i = 2, 3, - • • and any G, 

(5.15) = 0 for i = 2, 3, . • . . 

From (5.8) and (5.12) (5.15) it follows that the conditions of Th. 4 are satis- 
fied and therefore K and S 1 have the same homotopy type. 

The necessity follows from the following two lemmas: 

(5.16) If X and Y arc arcmse connected and have the same homotopy type then 
Ti(X) is isomorphic with x t (F), and X is i-simple if and only if Y is. 

(5.17) If the finite or infinite connected cell-complexes K x and K 2 have the same 

homotopy type then ' H G {K\ ) is isomorphic to and "3 C g (Ki) is 

isomorphic to l "X 0 (i£ 2 ). 

The proofs are left out. 

Since tt i(K) = 0 implies that K is z-simple it follows that if irx(K) is cyclic 
infinite and tt,(X) = 0 for i > 1, then the conditions of Th. 5i are satisfied and 
K has the homotopy type of S l . This is a theorem of Hurewicz. 8 

6. Theorem 5 leads to the following characterization of the finite complexes 
which have the homotopy type of S n . 

Theorem 6. A finite polyhedron K has the homotopy type of S n if and only 
if K has the same fundamental group and the same homology groups {integer 

8 Proc. Akad. Amsterdam 39 (1936), p. 221. 

• If k is n-dimensional, this is a theorem of Hurewicz, loc. cit. In the general case it 
also follows from some unpublished results of Hurewicz. 
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coefficients ) as S n9 If n — 1 there is an additional condition that K is to he 
i-simple for i = 2, 3, • • • , dim K. 

Proof. The necessity follows from (5.16) and (5.17). If K has the same 
integer coefficient homology groups as S n then since K is finite it follows that 
x H q (K) is isomorphic with 'H 0 ( S) for any i and any coefficient group G. This 
shows that if the conditions of Th. 6 are satisfied then the conditions of Th. 5 
(or Th. 5i) are satisfied too, and consequently K has the homotopy type of S n . 

There is no example known to prove that the additional condition in the case 
n = 1 is really necessary in Th. 6. 

7. Theorem 4 will be used again to prove the following theorem concerning 
homotopy groups. 

Theorem 7. Let K n+l be an at most ( n + 1 )-dimcnsional (n > 1) finite or 
infinite connected cell-complex such that Wi(K nH ) = 0 for i < n. If the 
group 7T n (/£ w+1 ) is a free group with a finite number k > 0 of generators then 
7r n+1 (iT +1 ) * 0. 

Proof. Suppose that ir n +i(K n '* 1 ) = 0, then 

(7.1) = 0. 

Since K n+1 is at most (n + l)-dimensional we have 

(7.2) 4 H a {K n+1 ) = 0 for i > n + 1 and any G. 

Let Ki be a complex obtained by taking k copies of S n disjoint except for 
one point which is common for all of them. It is clear that 

(7.3) *i(K n+1 ) = x t (Jf?) = 0 for i < n, 

(7.4) Tn(K n+1 ) and ir n (Ki) are isomorphic, 

(7.5) 'Ho(Ki) = 0 for i > n and any G. 

It follows from (7.1)- (7.5) that Th. 4 can be applied to demonstrate that 
K n + l and Ki have the same homotopy type. Since w n +i (S n ) 5^ 0 for n > l 10 
it follows that w n +i(Ki) 9 * 0 and from (5.16) that 7r n+ i(if n+1 ) 5^ 0. 

Th. 7 can also be proved in the case when w n (K n+1 ) is the unrestricted direct 
product of No cyclic infinite groups. 

8. In the following we shall discuss the situation arising when S r “ n “ 1 is top- 
ologically imbedded into S r . 

Theorem 8. Let S[~ n ~ l be a homeomorphic image of S r ~ n ~ l contained in S r 
where r > n > 0. 

If n > 1 then S r — Sp”* 1 has the homotopy type of S n if and only if 

Ti(s r - sr*- 1 ) = 0 . 


10 L. Pontrjagin, C. R. Acad. Sci. URSS 19 (1938), p. 147; H. Frcudenthal, Comp. Math . 
5 (1937), p. 301. 
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If n = 1 then S r — ST 2 has the homotopy type of S 1 if and only if the group 
ini (S r — Si~ 2 ) is cyclic infinite and S r — ST 2 is i-simple for i = 2, 3, • • • r. 

Proof. The necessity of the conditions follows from (5.16). In order to 
prove that they are also sufficient note that it follows from duality theorems 
that 

(8.1) , 3C°(/S r — ST n *) and "DC 0 ( S n ) are isomorphic for i = 0, 1, • • • and any G. 

Since S r — ST" 1 is a manifold the group l H 0 (S r — 5J“ n_1 ) is isomorphic 

with the (r — i)-th homology group of S r — ST" 1 obtained using infinite 
chains. Since n l is locally connected in all dimensions it follows from a 
recent theorem of Steenrod 6 that this group is isomorphic with r “ l “ 1 3C <? (&I“ n_1 ). 
Therefore 

(8.2) i H 0 (S r - ST n ~ l ) = 0 for i = n + 1, n + 2, . . . and any G. 

Now, (8.1) and (8.2) and the conditions of Th. 8 permit us to apply Th. 5 
(or Th. 5i) and prove that S T — ST" 1 has the homotopy type of S". 

9. A set Y C X is called a retract of X if there is a mapping r e X x (called a 
retraction) such that r(X) = Y and r(y) = y for all y e V. if r c* 1, where 
1 c X x is defined by l(z) = x for all x e X ) then Y is called a deformation retract 
of X. 

We shall consider in S r a homeomorphic image So of S n and a homeomorphic 
image ST" 1 of S r ~ n " 1 , where r > n ^ 0 and So ST" 1 = 0. Assigning orienta- 
tions to So and ST" 1 we obtain then a linkage coefficient whose absolute value, 
denoted by v(So , S[~ n l ), is independent of the chosen orientations. We have 
proved in another paper 11 that So is a retract of S r — *Sp n 1 if and only if 
v(SS , ST" 1 ) = 1. We shall now discuss the analogous problem obtained by 
replacing retracts by deformation retracts. 

Theorem 9. Let So and ST" 1 be disjoint homeomorphic images of S n and 
S r ~ n ~ i contained in S r , where r > n > 0. 

If n > 1 then Sq is a deformation retract of S r — ST" 1 if and only if 
v(SS , aSI"" -1 ) = 1 and t n(S r - S T n ~ l ) = 0. 

If n = 1 then Si is a deformation retract of S r — S[~ 2 if and only if 
£(>Sj , 2 ) = 1, 7ri (S r — ST 2 ) is cyclic infinite , and if S r — ST 2 is i-simple 
for i = 2, 3, • • , r. 

Proof. If So is a deformation retract of S r — ST n i then by the theorem 
quoted above v(So , jS! - '* -1 ) = 1. It also follows that So and S r — ST n ~ x 
have the same homotopy type and therefore the remaining conditions of Th. 9 
are fulfilled in view of Th. 8. 

Now, let v(Sq , ST n ~ l ) = 1 and let r be a retraction mapping S r — ST"~ l 
into So . Let 7? be a basis-cycle for the group n DC T (SS). We shall prove that 
7o is also a basis-cycle for n 3C 7 (£ r — ST" 1 )- In fact, if this is not the case 
there is a singular cycle y n in S r — Sp n_1 such that 70 ^ ky n in S r — ST" 1 

11 Fund. Math. 31 (1938), p. 192, see also K. Borsuk and S.' Eilenberg, Fund . Math. 26 
(1936), p. 215. 
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where k ^ =fcl. This implies 7 ? = K 7 J) ^ kr(y n ) in So contradicting our 
hypothesis that 70 was a basis-cycle for n DC I (&?). Therefore 7 ? is a basis-cycle 
for n TfC*(S r — /Sr" n ~ 1 ). Since r(yo) = 7 ? it follows that h? = hi , where 1 is 
the identity mapping of S r — aSP””" 1 into itself. 

If the remaining conditions of Th. 9 are also fulfilled then, by Th. 8, S r — 
So~ n ~ l has the homotopy type of So. From Th. 5 (or Th. 5i) it then follows 
that (2.2) of Th. 2 can be applied to mappings of S r — aS!"” 1 into itself. Since 
h? * hi , we have r c* 1 so that So is a deformation retract of S r — So~ n ~ 1 . 

10. If we take n — 0 in Th. 8 and Th. 9 then S r — aSU 1 is not connected 
but consists of two connected regions C 1 and C 2 . By duality theorems we have 
*3C*(Cy) = 0 for i = 1, 2, • • • and j = 1, 2. If we further admit that ti (C,) = 0 
then by a theorem of Hurewicz 4 C 7 can be deformed to a point. It follows that 
S r — aSI - 1 has then the homotopy type of S° where S° consists of two points. It 
is also clear that then every SoCZS r — aSI~ 1 such that v(>SS , S I -1 ) = 1 is a de- 
formation retract of S r — aSJ - 1 . Hence we see that 

(10.1) The statements of Th. 8 and Th. 9 concerning the case n > 1 hold also for 
n = 0 provided the relation 7ri(S r — aSP 1 ) = 0 is interpreted as ti(Ci) — 
TTiiCz) = 0 where C\ and C 2 are the components of S r — aSJ -1 . 

In the case n = 1 Theorems 8 and 9 contain the condition that S r — Si’" 2 
should be 2 -simple for i = 2, 3, • • • , r. In the case r = 3 (and also in the 
trivial case r — 2) the author has proved 12 that this condition can be dropped. 
The similar question concerning r > 3 remains unanswered and seems to be 
closely related to the following problem : 

Let Sr" -1 be a homeomorphic image of in aS' where r > n > 0. Under 

what conditions is S r — aSP"” 1 aspherical (i.c. 7 n(S r — = 0 for i > 1)? 

In particular, is S r — aST - ”"" 1 aspherical if n = 1 and iri{S r — S r {~ 2 ) is cyclic 
infinite? 

Again this question has been answered positively only for r — 2, 3. 12 

University of Michigan 

11 Fund. Math. 28 (1937), p. 238. 
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ON PROJECTIVE EQUIVALENCE OF TRILINEAR FORMS 

By Robert M. Thrall 
(Received March 20, 1940) 

1. Introduction. The two fundamental problems in the projective classifica- 
tion of trilinear forms are: (I) the determination of necessary and sufficient 
conditions for the (projective) equivalence 1 of two trilinear forms; (II) the de- 
termination of a set of forms which consists of one and just one representative 
form from each class of equivalent forms. 

In the form 2 * F(x , p, z) = a a piy a Z 0 X& let there be py’s, qz% and rx’s and suppose 
that the numbers p, g, r are the two way rank invariants 8 of the form F. Let 
the variables be so named that p ^ q ^ r. We can measure progress in the 
solution of problems I and II in terms of the sets of invariants (p, q f r ) for which 
they have been solved. 

Problems I and II have been rationally solved (i.e. for the coefficients a a ps 
belonging to any field) for p = 1 and p = 2. For if p = 1, then q = r and is 
the only invariant of F. For p = 2 the trilinear form can be considered as a 
pencil of bilinear forms. Two such pencils are equivalent if and only if they 
have the same minimal numbers and projectively equivalent invariant factors. 4 

If p > 2 problems of rationality enter, and most of the progress here has been 
for forms with coefficients in the field, K, of complex numbers; although in 
[13], the case (p, q, r ) = (3, 3, 3) was discussed for forms belonging to a Galois 
field by rational methods applicable to any field. [14] contains the complete 
solution for forms (3, 3, 3) with coefficients in K. 

In §§2-9 of the present paper, methods similar to those used in [14] are applied 
to the next case (3, 3, 4). The coefficient field is K although many of the results 
are obviously more general. §2 is devoted to definitions and notation for de- 
terminantal manifolds associated with trilinear forms. In §3 the forms (3, 3, 4) 
are divided into generate and non-degenerate cases according to their associated 
determinantal manifolds. §§4~8 give classification theorems for the various 
non-degenerate cases. Theorem 4.3 is basic in this discussion. §5 discusses 
briefly generalization of 4.3 to forms (p, p, 2p — 2). The principal results of 
these sections are found in theorems 6.5, 6.6, 7.1, 8.6. §9 (especially theorem 

9.1) and the appendix contain the solutions of problems I and II for the degen- 

1 For definitions of equivalence and ^-equivalence, see [14] p. 678. (The numbers in 
brackets refer to the bibliography.) 

* Repeated Greek indices indicate summation. 

1 This means that F is equivalent to no form with less than py' s, qz'e and rx* s. For dis- 
cussion of and reference to these invariants, see [14] p. 678. 

4 See [9], and [12] p. 682. « 
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erate cases. In §10 the work of T. G. Room 3 * * 6 on determinantal manifolds is 
applied to the “general” case for 3 ^ p < q ^ r and 3<p = g^rto obtain 
theorems which reduce problem I to a study of projective equivalence of mani- 
folds related to the forms. Also in the section is a discussion of different inter- 
pretations of the concept “general” as applied to trilinear forms. 

2. The determinantal manifolds 6 associated with a trilinear form. Let 

F(z, y ) z) = a a fi 6 yaZpXi s y a z$x a 0 = z&iyfr = y*xiz a i define the elements of the 
matrices || x a & ||, || y&i ||, || z a i ||. Denote by VI = (| p, q U[r — 1]) the manifold 
consisting of points x in projective r — 1 space for which || x a fi || is of rank s or 
less. We write the equations for V x in the form | x«p |. = 0. We call V x = 
VI " 1 the principal manifold of the matrix || x a 0 || and of the form F . 7 The mani- 
folds V 9 y and V\ are defined analogously from the matrices || y^ || and || z a i ||. 
The equivalence of two trilinear forms obviously implies the projective equival- 
ence of their corresponding manifolds 8 F, and in general the converse is also 
true. (See §10.) 

Since the derivative of an n-rowed determinant is a linear combination of its 
n — 1 rowed minors, the manifold V*~ l must be multiple on F*. In general V x 
has dimension r — 1 — (q — s)(p — s) and so will necessarily be non vacuous 
only for values of 6* for which this dimension is positive. In particular cases, 
however, the dimension may be greater than this number. 

3. Trilinear forms (3, 3, 4), general theory. In general, V x = V\ (the princi- 
pal manifold), a cubic surface in 3-space, and V\ and V\ , zero dimensional 
manifolds of order six in 2-space, are the only non empty manifolds associated 
with a trilinear form (3, 3, 4). However, there are degenerate cases in which 
some of the V l ’s exist, or in which V\ or V\ is of dimension greater than zero. 
On this basis we divide our treatment into two parts: 

(A) The non-degenerate cases : V] is empty, and V\ is of dimension zero and 
order six. 

(B) The degenerate cases : At least one of the conditions under (A) is not satisfied. 

Before treating (A) and (B) separately we study three algebraic transforma- 
tions defined by the form F. We say that y and z are images under the trans- 
formation Ti if 

(3.1) CLaMaZ? = 0, 6 = 1,2, 3, 4. 

The transformations T 2 and T z are similarly defined by 

da^ZfiXb = 0, a = 1, 2, 3, and a^iyaX* = 0, = 1, 2, 3. 

4 [3] especially Chapter VII, or [10]. Chapter VII is based upon [10]. For a review of [3] 
see [11]. 

• The definitions and notation are those given by Room [3] Chapter I. 

7 If f » q (r « q — p) F has two (three) principal manifolds, but if r > q £5 p there is 
just one principal manifold. 

8 See [13] p. 386. 
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Considered as linear equations in 2 the number of solutions of (3.1) depends 
upon the rank of || y 0 s ||, and inversely for y and || z a » ||. Thus if y and 2 are 
images under T x , then y tV\ and 2 e V ] . If y c V\ it will have a whole line 
of images 2 , which must all lie on V \ . If y e V\ but iV x y , then it will have a 
single image 2 . Hence, if V\ is of dimension zero, V\ is empty; and, if further 
Vl is empty, the points of V\ and V\ will be in 1-1 correspondence. 

From this it follows that the conditions under (A) above are actually sym- 
metric in y and z although stated in terms of y only. A zero dimensional 
manifold, V\ , of order six is, in general, a set of six distinct points. However, 
these points may coincide in various ways so that the actual number of distinct 
points in V\ may be anything from one to six. The above arguments show that 
under (A) if V\ has k distinct points then V\ likewise has k distinct points. We 
shall show later that y has the same multiplicity in V\ as its image 2 has in V\ . 

Ti is a transformation between points of V\ (the whole z-plane) and points 
of Vl . If 2 € V\ its image under T 2 is a plane, which must be a linear factor 
of V\ ; if 2 e V\ but iV\ its image is a line on V\ ; and if 2 4 V \ , its image is a 
single point of V\ . T% is of the same general character as 7\ . 

4, The non-degenerate cases. Consider the general trilinear form (3, 3, 4) 
in which the coefficients a a ( 3 s are independent indeterminants. The three rowed 
minors of || y& |j define a web, W y , of cubics whose base is the six (in this case 
distinct) points of Vl . Let f&(y) denote the three rowed minor of || y pi || ob- 
tained by dropping the <-th column. Then two generic members G(\, y) = 
hifi(y) and (?(m, y) of W y will meet in nine points of which six, say t/ (1) , • • • , t/ (8) 
have coordinates free of X and n. The w-resultant 9 of G(X, y) and G(ju, y) will 
therefore split rationally into a factor 


H(u, a a es) = IIU V { a ] u a 

of degree G and free of X and m, and a second factor of degree 3. 

If now we give the a a & arbitrary values in the ground field K } for which 
H(u, a a 0 i) ^ 0, some or all of the six points, y (y \ may coincide. If a point, 
P, of V\ arises from an s-fold factor of H then we assign to P the multiplicity 
s in Y\ , thus ensuring that V\ will have multiplicity 6 in any form for which 
H ^ 0. On the other hand this multiplicity s assigned to P is by its definition 
the same as the multiplicity of intersection at P of two generic cubics of the 
web W v . 

We now divide the non-degenerate cases into two sets: 

The linear non-generate cases : W y contains a curve of genus one. 

The nodal non-degenerate cases : W y contains no curve of genus one. In this 
section we shall treat only the linear cases. 

If C is a curve of genus one belonging to W y , we can utilize its Puiseux cx- 


9 See [5] vol. 2 p. 21. 
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pansions to characterize Vl . To obtain uniqueness we choose the particular 
expansion 

y a = E a (t) a - 1, 2, 3 
at a point P = (ci , Ci , c») for which 

Ei(t) = 1, Ej(t) = c,/c< + t, E k (t) = c* 7 P 7 = 0, • • • , * (c w = Cfc/c.) 

where i is the smallest index for which c, y* 0, and j < k unless a vertex of the 
coordinate triangle lies on the tangent to C at P, in which case c« = 0 and it 
may be necessary to take j > k. That this is possible follows from the linearity 
of every branch of C and the general theory of Puiseux expansions. 10 We shall 
call these specialized expansions the canonical expansion of C at P. 

Let the web, W y , be given by 

G(\, y ) = Xj/ a (y) b = 1, ... , 4 

t 

If G(\ } j E(t)) ss 0 mod t* but ^ 0 mod t s+1 then P counts s times in V\ . Let 
P a (t) be obtained from E a (t) by dropping all terms whose degree in £ is $ or 
greater. If C' is any other member of W y (of genus one), then the first s terms 
of its canonical expansion E' a (f) will likewise be P a (t ) and so the polynomials 
P a (t) express properties of the web and not merely of the particular curve C in 
the web. We call the P a (t) the canonical polynomials of W v at P. (We note 
that these polynomials are identically zero unless P eVl .) 

Let P M , y = 1, • • • , h y count times in Vj , (*i + • • • + s h = 6), and let 
the canonical polynomials of W y at P M be P«(0* 

4.1 Definition. The curve K:g(y) = 0 is said to pass through V\ if and 
only if flf(P M (0) 55 0 mod y = 1, • • . , h. 

4.2 Theorem. TJie cubic g(y) = 0 belongs to W y if and only if it passes through 
V 2 

V y . 

For there is just one web of cubics satisfying the six conditions of definition 4.1. 
(4.2 does not hold in the nodal cases.) 

The results of this section obviously hold for the z-spaee as well as the 2/-space. 
The following theorem is fundamental in the solution of problem II for the linear 
case and with a slight modification applies also to linear branches of V\ in the 
non linear case. 

4.3 Theorem. Let F be a linear non-degenerate form and let T\ send P on 
Vl into P' on V ] . If a branch of V\ at P has multiplicity <r, with canonical 
polynomials P,(t), then there exists a linear branch of V at P ' of multiplicity a 
with canonical polynomials P^(r), and a polynomial r = rit) = bit + b%t 2 + 

• • • + 6i 9* 0, such that 

(Bf): F(t, Xafi) = P a {t)Pfi{T{t))xae s 0 mod f . 


10 See for instance [2] pp. 213-231. 
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Proof. Wc take P = (ci , oz , c 3 ), P' = (c( , c* , c 3 ) and for convenience sup- 
pose C1C1 t* 0. 

The four congruences, B, , can be regarded as homongcneous linear equations 
with coefficients in the ring, R, of polynomials in t reduced modulo f. The 
matrix || y»iP a {t) || is by hypothesis of rank 2 (in R). Hence there exists a 
solution 23 = Qff(t) with the following properties: 11 Zi = 1, z-. = c*/c( + E t (t), 
2» = Ca/c'i + E 3 (t ) where the E$(t) belong to R (i.e. are polynomials in t of degree 
less than a). 

The polynomials P„(0> 11 °t all zero divisors (Pi(t) = 1), are solutions of the 
congruences Zai(Q$(t))y a = 0. Hence the rank of || z a i(Q<i(t ) || is <3 (actually 
2 since the case is non-degenerate). To complete the proof of the theorem we 
need merely to show the existence of a r = bit • • • + b„. A t a ~\ h ^ 0 such that 
Qe(t) = Pp(r(t)) where the P'p(t) are “canonical” polynomials for V\ . If E t (t) 

0 mod t we take r = E t (t). Otherwise take r = E 3 (i). [If both Ei(t) and 
Ei{t) were divisible by t 2 the whole line y k — c kl yj = {c k — c i c H )y l would map 
into P' under 7\ contrary to the hypothesis of non-degeneracy.] 

6. Linear non-degenerate forms (p, p, 2 p - 2). The forms (3, 3, 4) belong 
to the series of forms (p, p, 2p — 2) in which the principal manifold is a deter- 
minant, and in which V %~ 1 and FT * are, in general, zero dimensional, of order 

N = A form (p, p, 2 p —2) is said to be non-degenerate if F* -1 is 

zero dimensional of order N, and Vy ~ 2 is empty. A non-degenerate form (p, p, 
2p — 2) is said to be linear if F£ -1 can be defined by canonical polynomials 
satisfying 4.1 with the word “curve” replaced by “hypersurface.” With these 
definitions theorem 4.3 is valid for forms (p, p, 2p — 2) if we replace Fj , F* 
by Vl~ l , F? -1 throughout. The proof of this generalization is stepwise parallel 
to that of 4.3. 

6. The general non-degenerate case. In the general case F* consists of six 
distinct points y (1> , • • • , y i6) , not on a conic and no three on a line. This implies 
the same for V \ , since otherwise T 3 and r l\ could not map the y and z planes re- 
spectively into the same surface F* . Let coordinates be so chosen that y w = 
(1, 0, 0), y (2) = (0, 1, 0), y w = (0, 0, 1), y w = (1,1,1), y w = (e, a, b ), y w = 
(e, c, d ); z (1) = (1, 0, 0), 2 U) = (0, 1, 0), z (3) = (0, 0, 1), z (4) = (1, 1, 1), 

z (&) = (e, a', i>')> 2 <6> = (e, c', d ') ; and so that 

(6.1) y^z^Xaf* = 0 i — 1, • • • , 6 

expresses the congruence of F* and V\ under Ti . Of these six equations, one, 
say the last, must be dependent on the other five; for otherwise there would be 

11 The existence theorem for linear equations in a commutative ring assures the existence 
of a solution with not all Q \ null divisors. By taking <r = 1 we see that Q x is not a null 
divisor (since c[ 3 * 0). But every non-null divisor in R has an inverse in R, so that 
Zfi "" Qfi/Qi is also a solution and has z 1 ** 1. 
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only three independent x a # , whereas r = 4. This means that the coordinates 
of y (>) and z <8) are rational functions of the coordinates of y {,) , z U) , i < 6. 

a ^ b, for if a = b then y (1) , y ( *\ y (6) are collinear. Hence we can solve the 
first five equations of 6.1 for x 2 i and Xu giving 

Xu = x» = Xjs = 0, X 21 = aiXu + 02 X 12 + 03 X 22 + 04 X 32 , 

X31 = ( — 1 — Oj)Xi2 + (—1 — 0 8 )Xi3 + ( — 1 — Os)X28 + ( — 1 — 0 4 )X82 

where 

b — o' b — b' eb — ab' (e — a')b 

a — 6 a — 6 e(a — 6) a(a — 6) 

If now we set = £ 1 , Xxz = £ 2 , = z 8 , ** x 4 and compute we find 

(6.2) t/ (e) = [e(a - a')(b - &')(<»' - 6'), (a - 0(6' - e)(ab ' - a'6), 

(6 - 6')(a' - e)(a6' - a'6)], 

and from the symmetry we obtain z (6) by substituting z, a', 6', a, 6 for y , a, 6, 
a', 6' in 6.2. 

6.3 Theorem. Given t/°, i < 6, and z (l) , i < 5 there exists a unique point 
z <6) /or ivAic/t y (6) is any preassigned point (e, c y d ) na£ an f/ie conic or any of the 
lines determined by y i% \ i < 6. 

For proof it is sufficient to observe that the equations 

pt[ = {ati — eU){bti — etz)(ti — U) 

(6.4) pt* = (a^ - ek)(t s - ^(afc - 6fe) 

p^s ~ (6fi — otz)(t2 — h)(atz — 6fe) 

define an involutorial plane Cremona transformation. If now we set t r = t/ (6) 
and t = « (6) , 6.4 reduces to 6.2, so that 6.2 has a unique solution for a', 6' in terms 
of a, a, 6, c, d. (The excluded conic and lines include all of the principal curves 
of the transformation.) 

Theorem 6.3 enables us to give the complete solution of problems I and II 
in the general case. For we have at once the following theorems: 

6.5 Theorem. There exists a trilinear form with (p, q , r) = (3, 3, 4) for which 
V\ is any preassigned y general set of six points in the y plane. 

6.6 Theorem. Two forms , F and P, for which V\ is general are equivalent if 
and only if V\ is projectively equivalent to VI . 

The projective invariants of the six point plane manifold have been given 
by Coble in [7]. 

6.7 Corollary. Two non-equivalent general forms F and P are g-equivalent 
if and only if V\ is projectively equivalent to V \ . 

Hence, the gr-class containing a form is identical with the class containing the 
form if and only. if V\ is projectively equivalent to V\ (not necessarily in the 
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order of congruence under T\). In general this Is not the case, but if e , a, 6, c, d, 
satisfy certain syzygies it may happen. 

7. The non-general) non-degenerate linear cases. There are approximately 
a hundred different projective types of special zero dimensional manifolds of 
order 6. For instance, there may be six distinct points; all on a conic, three on 
a line, three on one line and the other three on a second line, five on two lines 
meeting at one of the points, the vertices of a triangle plus a point on each 
side, the vertices of a quadrilateral. 12 If two of the points coincide (become 
“infinitely near”) along some fixed direction, there are 11 types of ways in which 
the other four points can be placed relative to the first point and the given 
direction at it, etc. etc. We shall not consider each such case separately, but 
the following theorem enables one to determine when two such manifolds U 
and U' can serve as V\ and V\ for a trilinear form, thus giving the informa- 
tion needed to reduce problem II (for the forms of this section) to a matter of 
direct computation. 

7.1 Theorem. If U and U f are two zero dimensional (non-nodal) manifolds 
of order 6 there exists a trilinear form (3, 3, 4) with V\ = U and V\ = U f if and 
only if the following conditions are satisfied. 

a) the points and branches of U and U* can be put into 1-1 correspondence in 
accordance with the requirements of theorem 4.3. 

b) the resulting relations B a considered as linear equations in the x a p shall have a 
matrix of rank 5. 

c) the Vl thus defined is irreducible , and without a line of nodes . 

Proof: Necessity, a) is a consequence of theorem 4.3; b), there are just 
9 x a 3 of which just 4 ( = r) are independent; c), if V\ were reducible it could not 
be the rational map of the y plane and so one of its factors would have to be the 
image of a one dimensional part of Vj or of a point of V\ , either possibility giving 
a degenerate case. If V\ has a line of nodes its plane sections are rational. 
Hence, the corresponding curves in W y must be rational; and the case is either 
degenerate or nodal. 

Sufficiency, a) and b) are sufficient to define a form (3, 3, 4) with V\ including 
U and V\ including U\ with the inclusion being equality unless the case is 
degenerate. Reference to §9 shows that V\ contains a line of nodes in the 
degenerate cases where it is irreducible. Hence c ) implies that the case is non- 
degenerate (as well as non-nodal). 

This theorem is valid for the general case but is weaker than theorems 6.3 
and 6.5. The following extension of 6.6, which solves problem I for all non- 
degenerate, non-nodal cases, is an immediate consequence of 7.1. 

7.2 Theorem. Two non-degenerate, non-nodal forms F , F are equivalent if 
and only if V\ and V] are projectively equivalent to V\ and V\ , respectively . 


l * If four of the points are on a line, the case is degenerate with the whole line belonging 
to V\. 
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The following two lemmas are useful in applications of 7.1. 

7.3 Lemma. If a line X cuts V\ 3 times in points whose images under T\ lie 
on a line X', then either the case is nodal ; or Fj includes X, V\ includes X', and the 
V\ is reducible . (It is not necessary that X cut V\ in 3 distinct points.) 

7.4 Lemma. If Vl lies on a conic, then the case is degenerate . 

Both of the proofs follow upon direct application of 4.3 and will be omitted. 

7.1 and 7.3 enable us to prove the following theorem: 

7.6 Theorem. Not every quaternary cubic can be written as a three rowed deter- 
minant whose elements are linear forms. lz 

More specifically and in the language of this paper the theorem is 

7.6 Theorem. V\ can be any quaternary cubic excepting one projectively 
equivalent to f(x) = x\ + x\x z + x\xi , characterized projectively by its unode of 
the third kind. 14 

Proof. The surface f(x) = 0 contains just one line, y. Suppose that V\ 
contains the two points Pi and P 2 both of which map into y under T z . Then 
each point of y has two images in the y plane and therefore all of y lies on V\ , 
i.e. m is a line of nodes of F 2 . But f(x) has only one node. We have proved 
that if Vl is f(x) = 0 then V\ has just one point, P. P cannot be a node of W y 
for then every plane section of F 2 would be rational. 

Next suppose that P is not a point of inflexion for all members of the web, 
W y . Then both P and the tangent at P to the curves of the web must map 
into y under T z , which would again require At to be a line of nodes. 

The only remaining possibility is that F 2 be a single point at which the curves 
of the mapping web have a common inflexion tangent, X, and three further 
“infinitely near” intersections. Similarly, V\ is a single point cut three times 
by a line X'. But now X and X' satisfy the hypotheses of 7.3, and so by 7.1 no 
determinantal representation of f(x) can exist. To complete the proof we re- 
mark that representations for the other projective types can be readily 
constructed. 

We conclude this section with some applications of 7.1 which illustrate the 
general method of attack in the special, linear, non-degenerate cases. We ask 
if Wy can be a web of cubics with a common inflexion tangent at one point 
and with a triple intersection at a second point; and the same for W , . 

Choose y coordinates so that W y has the inflexion point (1, 0, 0) with tangent 
yz = 0, and so that the second base point is (0, 0, 1) with common tangent 
yi = 0. Then the canonical polynomials will be P (1) = (1, t , 0) and P <2) = 
(at 2 , t, T). Then choose z coordinates so that the canonical polynomials are 
Q w - (1, n , brf) and Q m = (0, r s , 1). 

If Q m and P n) were images under 2\ , then by 7.3 the case would be degenerate. 
Hence, P (>) corresponds to Q ( '\ i = 1, 2. We have two sets of equations B, , 

u In [8] p. 175 Dickson has proved that every “sufficiently general” quaternary cubic 
can be written as a determinant, but he gives no counter example. Room ([3] p. 65) states, 
incorrectly, that any quaternary cubic is determinantal. 

u See [1] p. 61. . 
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each with a = 3. If we can choose constants 61 ^ 0, 6j; ci 0, ci so that n = 
bit + bit 2 and r* = ci t + cit 2 we will have met condition a) of 7.1. The equa- 
tions are: 


B 


u> 

8 


B 


( 2 ) 

3 


\Xn = 0 

< X21 + 61X12 = 0 

\b1X22 + b 2 Xn + bb\x 13 = 0 
^88 = 0 

< X23 4“ Cix$2 — 0 

v axi 8 + C1X22 + c 2 Xto = 0 . 


Necessary and sufficient conditions for the dependence of these equations are 
fcj = c 2 = 0, Cib\b = abi or Ci = a/bbi . This gives 


0 

X 12 

Xiz 


0 

Xi 

X 2 

-61X12 

— 661X12 

£23 


-Xi 

—x 2 

Xz 

X31 

— (o/ 66 l)X 28 

0 


x 4 

— X * 

0 


Then V\:x ix 3 (x 2 + ^4) + x 2 x\ = 0 is irreducible and has only three nodes so 
that condition c) of 7.1 is satisfied, and the existence of the form in question is 
proved. Incidentally, the canonical form obtained shows that there is but one 
class of forms having Vl and V\ of the above required type. 

We can show, further, that for this particular choice of Vl there can be only 
the one choice of V\ (to within projectivities). For by 7.1 V\ must have just 
two points, each of multiplicity three. By a purely geometric study of the 
surface V\ defined by V\ , it can be shown that there are just two possible kinds 
of mapping webs having two base points each of multiplicity 3. One of these 
is Vl and the other has a base lying on a conic and so is excluded by 7.4. 

However, it is not always necessary that V\ and V 2 be of the same projective 
type. For consider the form represented by 



0 

Xn 

XiZ 

11*^11 = 

Xn 

X\z 4" CLXn 

Xzi 


Xzi 

XZ2 

0 


V\ has canonical polynomials P (1) = (1, t, — £ 3 ), P (2) = (0, t, 1) and V\ has 
e (1) = (1, n , r\ - arj), Q (2) = (r 2 , 0, 1) where n = -t + at 2 - aV, r 2 = -t. 
The members of W v have a common inflexion tangent whereas those of W t 
do not. We note that for a form F to have both Vl and V\ projectively equiva- 
lent either to Vl or to V\ would contradict 7.3. 

8. The nodal non-degenerate cases. A linear system of curves has no variable 
multiple point. 16 Hence, for every member of W y to be of genus zero there must 


1# Bertini’s theorem. [4] p. 26. 
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be a fixed double point (cusp). This double point counts four times as a member 
of V\ but it is only three (linear) conditions on a cubic to have a fixed double 
point. For a cubic to contain the remaining two points (or branches) of V\ is at 
most two further linear conditions. Hence, there is a 10 — 5 = 5 parameter 
family of cubics on V\ of which W y is some 4 parameter subfamily. 

We see readily that there are just five projective types of nodal cases: 

Ni : node plus two outside points. 

Ni : node with one fixed tangent plus an outside point. 

Ni : node with both tangents fixed. 

Na : node with one tangent and a further fixed direction along that branch. 
Ni : cusp (the tangent must then be fixed). 

Let t and u be indeterminants over K and set R = K{u)[t] mod t 2 . 

8.1 Theorem. If P and P' are images under 7\ , then P is a node of W y if 
and only if there exist 'polynomials linear in t and in u such that 

(8.2) F(t , Xafi)PaPfiX a fi see 0 mod t 2 identically in u\ 

* 

furthermore , if P is a node in W v , then P f is a node in W z . 

Proof: We suppose y and z coordinates so chosen that P = (1, 0, 0) and 
P' = (1, 0, 0). If P is a node of W y , then any line pt/i = 1 = Pi , py 2 = t = P 2 , 
P 2/3 = ut = Pz , through P must meet the curves of W y twice at P . Or stated 
analytically, if W y is G(A, y) = A tfi(y) then G( A, P a ) = 0 mod t 2 identically in u. 

Now since || ypb(P a ) || is of rank 2 (in R ), we proceed as in the proof of theorem 
4.3 to obtain solutions Zp = Pp(t) of the equations 8.2 such that P[ = 1, P* = 
P’z = tf 3 (u) where the//? are rational functions of u with coefficients in K . 
A short argument (which we omit) shows that the form is degenerate unless U 
and fz are linearly independent first degree polynomials in u, say f^(u) = cpu + 
dp, 0 = 1, 2. The polynomials P, P' satisfy the conditions of the theorem. 
Further, since pzp ~ Pp is by suitable choice of u, any line through P', 8.2 is 
symmetric in y and z so that P f is a node of W. This completes the proof of 
the necessity of 8.2. The sufficiency is obvious. 

The cases Ni , • • • , Na are sufficiently alike to justify our treating only one, 
Ni , in detail and merely listing a representative of each class in the other cases. 
Suppose then that V\ consists of the points (1, 0, 0), (0, 1, 0), (0, 0, 1) of which 
the first is a node and let Ti map these points into z = (1, 0, 0), (0, 1, 0), (0, 0, 1) 
respectively. Now apply 8.2 and 4.3. We obtain 




0 

Xu 

Xu 

(8.4) 

ll*«ull = 

(I2X12 + dyXis 

0 

Xto 



CiX 12 + CiXiz 

x»i 

0 


Let Xw — x% , Xu = xz , £23 = , Xn = xa . Then V\ is 


Xi xt(ctXi + c&i) + x&iidiXi + diXi) = 0 . 
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V\ contains a line, Z n , of nodes, with the equations x 2 = x 3 * 0 . The members 
of the pencil of planes x 2 = ax 3 cut F 2 twice in Z» and in a further line 

l a : Xia(aC2 + C 3 ) + Xi(ad% + d 3 ) = 0 , x 2 = 0X3 • 

Z n and l a meet at { — ad 2 — cZ 3 , 0, 0, a 2 C2 + ac 3 ). The point (xi , 0, 0, X4) is on 
two distinct lines, l a , l a 1 , unless the roots a, a 1 of 

Xi(a 2 C2 + otCz) + Xi(ad 2 + d 3 ) = 0 

coincide. This happens if 

( 8 . 5 ) (C3X1 + d 2 Xif - 4x1X4 d z C2 = 0 . 

The discriminant of 8.5 is 


16 c 2 d 3 


c 2 c 3 
d 2 d z 


which is zero only if the case is degenerate. Hence, 8.5 defines two distinct 
points, Qi and Q 2 , on l n . The points R x = ( 1 , 0 , 0, 0) and /J 2 * ( 0 , 0 , 0 , 1 ) 
are the only points of V l x . 

8.6 Theorem. Two forms F and P belonging to case N x are g-equivalent if 
and only if the unordered pair of points Q x , Q 2 are projectively equivalent to the 
unordered pair Q \ , Q 2 under a projedivity which sends V l x into V\ . 

Proof: The “only if” is obvious since the points Q and R are defined purely 
in terms of F 2 and V l x . The “if” follows by normalization of 8.4 to a form 
containing a single parameter and then computation of the cross ratio of the 
four points in terms of this parameter. Subcases may arise in which one or 
both of the Q’s may lie on V\ . 

N 2 gives the single class represented by 


0 

Xi 

x 2 

Xi 

Xo 

Xz 

Xi + x 2 

Xi 

0 


Nz gives the single class represented by 


0 

Xi 

J 2 

Xi 

X 2 

Xz 

X 2 

Xi 

Xi 


Na gives a family of (/-classes with parameter a p* 0, — 1 


11 ** 1 ! 


0 

Xi 

x 2 

Xi 

X 2 

Xz 

x 2 

axz 

Xi 


Two forms F f F' in case N4 are g-equivalent if and only if a + 1/a = a' + 1/a'. 

The argument for the cusp case is only slightly different. Necessary and 
sufficient conditions for W y to be cuspidal can be written in the form of 4.3 and 
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8.2 utilizing Puiseux expansions. There is just one class under Nt, repre- 
sented by 

0 x\ xt 

||z«s|| = -Xi Xi Xi 

—Xi —Xs Xi 

In every nodal case the principal manifold contains a line of nodes, and it is 
also a cone in cases N$ and JV5 . 

9 . The degenerate cases. Consideration of the manifolds Fj , V \ , V\ , Vl , 
V\ , Vl , and the relations between them defined by the transformations 7\ , 
T 2 , Tz is sufficient to distinguish between the classes of degenerate forms in 
all save one set of classes, whose members are identical save for different values 
of a parameter and the distinctness of these classes follows from [14], p. 687; 
case 4. 

The classes are first divided into sets of classes according to the nature of V\ 
and V\ . Then among the classes possessing equivalent V\ and equivalent V\ 
we make a second subdivision according to V l x or V\ or both, and if this is still 
not sufficient to complete the classification we consider V\ and V\ . In the 
appendix is a table which contains the matrix || || for a representative of each 

degenerate class (3, 3, 4) and sufficient information to distinguish between the 
different classes. The proof of the completeness of the table is a normalization 
process along the lines of the similar proofs in [13] and [14] (i.e. successive dis- 
carding of forms equivalent to one retained). Because of its similarity to those 
and its length we shall omit the completeness proof. 

We note that the terminology “degenerate cases” is justified in that V\ is a 
reducible cubic in all of the degenerate classes except g\ 1 and gl 2 in which it 
is a ruled cubic with a nodal line. Furthermore, it is also true that no manifolds 
can be V\ for both a degenerate and a linear non-degenerate class, so that it 
would have been possible to have defined “degenerate class” in terms of Vl 
alone, proper account being taken of classes ^11 and g 12. 

As a partial summary of the results listed in the table of classes we give the 
following theorem which solves problem I for the degenerate cases. 

9.1 Theorem. A necessary and sufficient condition for the equivalence of two 
degenerate trilinear forms F and F with (p, q, r) = (3, 3, 4) is that V) and V\ 
be simultaneously projectively equivalent to V\ and V] for t = x, y, z in turn , 
except in the following cases : 

a) IfVl, Fj, V\ consist of 2, 1 , 1 points respectively , F* of three independent 
planes , and T 3 , T 2 map V\ , V\ into ti , t 2 respectively , 16 and the same for F, then 
F ~ F if and only if i) n = ir 2 and 7 fi = or ii) 7 n 5^ ir 2 and fix j* *2 . 

b) If Vl , Vl , Vl consist of 1, 0, 0 points respectively and V\ is a line ; and the 
same for F, then F ~ P if and only if a + 1/a = d + 1 /a where a, & are the 
parameters of F and F in the canonical form given for the classes g {2 in the table . 

16 ti , being planes of V\ . 
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Of the 53 degenerate cases (the infinite family of gr-classes discussed in 9.1b 
are counted as one case, 0i2, but each other case includes only a single p-class) 
consideration of V\ , V \ , F* , and V\ is sufficient to Isolate 37 and to divide the 
remaining 16 into 8 pairs. In four of these pairs: e$, e 3 8; e$ } e&; e&, e & 6;/i2,/ 7 2 
the distinctness is a consequence of different projective situations of V\ on F* . 
The distinction between c 3 6 and c 6 6 is given in 9.1a. Tn the remaining three 
pairs ;/32,/42;/ 2 l;/ 3 l; gz2, ^consideration of Fj and V\ is sufficient, and these 
are the only degenerate cases which require consideration of V\ and V\ . 

10. Trilinear forms with 3^p<q^r or 3<p = q^r. Although not 
formulated in the language of trilinear forms the work of Room 17 on the freedom 
of a projectively generated (determinantal) manifold can be rephrased to give 
the following theorems: 

10.1 Theorem. In general , two forms F and G with 3 ^ p < q ^ r are pro- 
jectively equivalent if and only if their principal manifolds are projectively 
equivalent. 

10.2 Theorem. In general , two forms V and G with 3 < p = q z* r are 
g-equivalent if and only if their principal manifolds are projectively equivalent. 

In a sense 10.1 and 10.2 solve problem I for all cases (p, q , r) not treated in 
[14] and the earlier sections of this paper. However, the qualifying “in general” 
leaves much to be desired and requires some clarification. 

There are at least two current interpretations of “in general.” The modem 
algebraist means by “general” that the coefficients are independent indeter- 
minants over the base field. The traditional algebraic geometer means by 
“general” that the coefficients are given elements of the base field but are not 
in any special relation to each other. In this discussion we shall denote the 
first interpretation by “generic” and the second by “non-special.” The above 
theorems refer to the second interpretation. 

Two completely generic trilinear forms with the same p, q, r are Isomorphic 
but the concept of projective equivalence is meaningless (unless the indeter- 
minants of the two forms are related). On the other hand, projective equiva- 
lence always has meaning for non-special forms, but the concept non-special 
is rather vague and can be made definite for objects of a given category only 
after the relevant properties of these objects are known. 

We can illustrate this by discussing several possible definitions of non-special 
forms (3, 3, 4). We consider first 

10.3 Definition. A form F( 3, 3, 4) is said to be non-special if 

a) V\ is empty. 

b) V\ consists of 6 distinct points not on a conic and no 3 on a line. 

c) V\ is not projectively equivalent to V \ . 

With this definition of non-special the following theorem (cf. theorem 6.6) is 
valid. 


17 13] Chapter VII, especially p. 124, or [10]. 
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10.4 Theorem. In general y F ~ P if and only if V \ , V\ are projectively 
equivalent to VI , V\ , respectively . 

However, 10.4 remains true (cf. 7.2) with a much weaker definition of “in 
general.” We may delete 10.3c and replace 10.3b by 
(10.3b') Vl is zero dimensional of order 6 and W v is non-nodal. 

But this modified definition could hardly have been made without the complete 
solutions of problems I and II for forms (3, 3, 4) at hand. 

The “only if” of 10.4 is valid for any definition of “in general.” The “if” 
follows for any non-degenerate case in which V\ defines a unique W v . This is 
the real reason for distinguishing between the non-nodal and nodal cases. 

The situation for (3, 3, 4) suggests that the non-special need not be of the 
strongest possible type and leads to the question: Just how special can a trilinear 
form (p, q y r) be and still be non-special with respect to theorems 10.1 or 10.2? 
It is certain that the concept “non-special” must include some generalization 
of the concepts “non-degenerate” and “nodal,” and it is possible that no further 
requirements need be made. 

Theorems 10.1 and 10.2 give no clue to the solution of pfroblem II. For 
forms with p = q y Room 18 has a theorem which gives necessary and sufficient 
conditions that a hypersurface can be a principal manifold, but these conditions 
being inductive in nature are not completely satisfactory from our point of view. 
However, in any systematic attempt at solving problem II one would do well 
to take account of the numerous examples and theorems contained in Room’s 
work. 

Appendix. The cases in the table of (/-classes are labeled first with a small 
letter describing Vl and V\ and then a number giving the projective nature 
of Vl . W T hen there are several cases with the same letter and number, sub- 
scripts are attached to the letter. The capital letters after the comma describe 
Vl and are not a part of the label. The key to the letters and numbers used 
follows: 

Vl and V\ are 

a both lines 

b one a line and one a point 
c both points 

d one two points and one a single point 
e both a single point 
/ one a single point and one empty 
g both empty 

vl is 

1 quadric and plane meeting in a conic 

2 quadric and plane meeting in two lines 

3 cone and plane meeting in a conic 

4 cone and plane meeting in two distinct lines 

5 cone and plane meeting in a single line 


18 [3] p. 65. 
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6 three independent planes 

7 three coaxial planes 

8 two planes one double 

9 triple plane 

10 whole space 

11 ruled cubic with nodal line of first kind 19 

12 ruled cubic with nodal line of second kind 19 
In the description of V\ 

P single point 
P t i points, i > 1 
L one line 

L 2 two intersecting lines 
Z 2 two skew lines 
C conic 
Q plane 
E empty 

(In combinations such as LPi read “line plus i points.”) 

TABLE OF DEGENERATE gr-CL ASSES 
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HOMOMORPHISM OF GROUPS 


By J. H. M. Wedderburn 
(Received October 18, 1940) 

As usually given homomorphism between groups is a many-one relation but 
it will be shown below that the treatment of the many-many relation is just as 
simple and in some respects clearer because of the symmetry. 

Let G and H be two groups each divided into mutually exclusive sets 

G = 6i + (h+ ••• = H = H l + H i + 

Gp Gq = 0, Hp ss Hq = 0 (p 5^ q) 

where the notation is not to be taken to mean that the' sets are denumerable; 
the elements of a set G p will be denoted by g p , g p , • • • . Then G is said to be 
homomorphic to H, G ~ //, if 

( 1 ) 9p9q = Qr — ^ Uptlq ^ Hr • 

If QvQq — 9 * y then HpH (J ^ H a ; but H r ^ H a = 0 if r 9 * s; hence r = s, that 
is, (1) implies 

(2) GpGq g G t . 

Again, if h a h b = h c , let g^b = g d ; then H a H h ^ H d . But H a Hb 5 h e < H c ; 
therefore H c ^ H d j* 0 so that d = c and, since g d < G d no matter what elements 
g a and gb are in G a and G b , we have 

Jlahb — he — ^ GaGb Ge 


that is, the relation of homomorphism is reflexive. 

Suppose now that the identity gi is in Gi ; then 

9i9p = 9p = 9p9i ^ GiGp = G p = G p Gi 

for all p, and therefore 

(3) IhH p g H p , HpH x ^ H p . 

If the identity of H lies in H a , it follows similarly that 

H a Hp = H p = HpH a 

and in particular 

H a Hi = = H\H a . 

But from (3) H a Hi £ H a and hence a = 1, so that the identity of H lies in Hi . 
Since G is a group, any g[ has an inverse, say g p , such that 

9i9p - ffi - • 
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Hence GiG p ^ Gi : but G\G P = G p and hence G p = Gi , that is, Gi is a group. 
Since the relation is reflexive, Hi is also a group. Let g p be any element of G p 
(; V 1) and let g p 1 = g q < G q ; then G p G q ^ ft ? ^ and therefore from (2) 
G P G q ^ G\ . But Gpg q ^ G p G q so that G^g q ^ Gi . But G^g q ^ G p G q so that 
Gfffg ^ Gi ; hence 

G p = GjQqg p ^ G\g p ^ G p 

so that 


(4) G p = G l{7p 

for every element in G p . Similarly ZZ„ = ZZi/i p and G p = # p Gi , II p = /ipZ/i , 
so that Gi and Hi arc invariant in G and II. The final result can now be stated. 

Theorem. If G ~ H, then also II ~ G. If Gi contains the identity of G t then 
Hi ~ Gi contains the identity of H. Further Gi and Hi are invariant subgroups 
of G and II, respectively , and G/G\ H /Hi . 

Let Gi be a subgroup of G minimal with respect to the property that there is 
a homomorphism with II given by G/Gi ~ ZZ/ZZi ; and let G 2 be a second such 
subgroup. If we set 

G = E Gigi - E G 2 g- , H = E Hi ^ = E Hthi 
then gi ~ hi in the first homomorphism, and g[ ~ h[ in the second. Let 
B = Gj ^ G 2 , G, = E B yi , G 2 = E &*'t 

C = Hi ^ Hz , H, = E C V i , IU = E G* ; 

then GiG* = E Hyci'i , and 

G = E G 1 G 27 * = E Hyty ,- 7 * 

H = E HJhrik = E CW» 

which gives a homomorphism between G and ZZ by means of B and C. But 
B is a subgroup of Gi which is minimal and hence B = Gi and so G 2 = Gi . The 
minimal subgroup Gi is therefore unique. 


Princeton, New Jersey. 
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AN ANALOGUE TO MINKOWSKI’S GEOMETRY OF NUMBERS IN A 

FIELD OF SERIES 

By Kurt Mahler 
(Received November 16, 1939) 

Minkowski, in his “Geometrie der Zahlen” (Leipzig 1910), studied properties 
of a convex body in a space R n of n dimensions with respect to the set of all 
lattice points. Let F(X) = F(x i , • • • , x n ) be a distance function, i.e. a func- 
tion satisfying the conditions 

F( 0) - 0, F(X ) > 0 if X ^ 0; 

F(tX) = \t\ F(X) for all real t; 

F(X - Y) ^ F(X) + F(Y). 

The inequality F(X) g 1 defines a convex body in R n which has its centre at 
the origin X = 0. Suppose that this body has the volume V. The well known 
result of Minkowski asserts that if V ^ 2 n , then the- body contains at least one 
(and so at least two) lattice points different from 0. This theorem is contained 
in the following deeper result of Minkowski (G.d.Z. §§50-53): “There are n 
independent lattice points X (1) , X (2 \ • • • , X (n) in R n with the following properties : 
(1) F(X {X) ) = <7 (1) is the minimum of F(X) in all lattice points X 0, and for 
k 2, F(X (k) ) = <j {k) is the minimum of F(X) in all lattice points X which are 
independent of X (1) , - • • , X {k ~ l \ (2) The determinant D of the points X (1) , 
. • • , X (n) satisfies the inequalities 

1 S | D | sS nl. 

(3) The numbers <r {k) depend only on F(X) and not on the special choice of the 
lattice points X (k) , and they satisfy the inequalities 

0 < ff (1> <1 <r (2) g • • • g <r (o) , g F<r (1 V 2) . . . </"> :£ 2\” 

n\ 

(A new simple proof for the last part of this theorem was given by H. Davenport y 
Quart. Joum. Math. (Oxford Ser.), Vol. 10 (1939), 119-121). 

From Minkowski’s theorem, properties of general classes of convex bodies 
can be obtained. For instance, there is a convex body G(Y) ^ 1 polar to F(X) ^ 
1, and to this body correspond by the theorem n minima r (1> , r (2) , • • • , r (w) . 
I have proved (Casopis 68 (1939), 93-102), that these minima are related to the 
<r 9 s by the inequalities 

1 g a (/ V w “ M ‘ 1 > g (n!) 2 (fc - 1, 2, ... , n). 
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From this result, applications to inhomogeneous Diophantine inequalities can 
be made, and in particular, generalizations of Kronecker’s theorem can be 
obtained. 

The present paper does not deal with ordinary convex bodies in a real space. 
The n-dimensional space P n with which we shall be concerned has its coordinates 
in a field $ with a non -Archimedean valuation | x | ; a distance function is any 
function satisfying 

F( 0) = 0, F(X) > 0 if X * 0, 

F(tX) = |*l F(X) for all t in 
F(X - Y) ^ max ( F(X ), F(Y)). 

The inequality F(X) S r then defines the convex body C(r), if r > 0. We 
show that every convex body is bounded, and that it has properties similar to 
a parallelepiped in real space. 

In particular, let $ be the field of all Laurent series 

x = a/2 / + a/^is/ 1 + a/_ 2 + • • • 

with coefficients in an arbitrary field f; the valuation | x | is defined as | 0 | =0, 
and | x | = e f if a f ^ 0. Further let A„ be the modul of all points in P n , the 
coordinates of which are polynomials in z with coefficients in f; these points we 
call lattice points . We consider only distance functions F(X) which for all 
X 0 in P n are always as integral power of e. We shall define a certain posi- 
tive constant V as the volume of C(l); this constant is invariant under all linear 
transformations of P n with determinant 1, and the volume of (7(1) and that of 
its polar reciprocal body C'( 1) have the product 1. In analogy to Minkowski's 
theorem, the following theorem holds: “There are n independent lattice points 
X (1) , • ■ • , X in) in P n with the following properties : 1) F(X il) ) is the minimum of 
F(X) in all lattice points X^0, and for k S 2, F(X (k} ) is the minimum of F(X) 
in all lattice points X which are independent of X a \ • • • , 2) The deter- 

minant of the points X {1 \ • • • , X in) is 1. 3) The numbers F(X ik) ) = cr (k \ which 
depend only on F(X) and not on the special choice of the lattice points X, satisfy 
the formulae 


Further, we have similar minima r (1> , • • • , r (n) for the distance function (?(F) 
which defines the polar body C'(l) ; these are related with the <r's by the equations 


Jh)(n-h+ 1) _ 
<7 T — 


(fe — I, 2, • • • , n). 


These two results can be used to study special Diophantine problems in P n ; 
a few of them are considered as examples. All the proofs in this paper are 
based on the methods of Minkowski, and in one final paragraph I make use of 
ideas of C. L. Siegel. 
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I. Convex Domains in Non-Archimedean Spaces 
1. Notation. In this chapter, we denote by 
9? an arbitrary field , 

| x | a non-Archimedean valuation of the elements x of Si, 1 
$ the perfect extension of Si with respect to this valuation , 

P n the n-dimensional space of all points or vectors 

X = ( X \ , • • • , x n ) f 

where the coordinates Xi , • • • , x n lie in 
| X | the length of the vector X, viz. 

I X | = max (| Xi |, • • • , | x n |). 

We apply the usual notation for vectors in P n ; thus if 

X = (x ! , • • • , x n ) and Y = (yi , • • • , y n ), 

and a belongs to then we write 

X + Y = (xi T yi, • • • , Xn + 2/n), 

aX = (ax i, , ax „), 

XY = '£x h y k . 

h - 1 

For instance, the length | X | of X has the properties: 

(1) | X | 2: 0, with equality if and only if X ~ (0, • • • , 0) = 0; 

(2) | aX | = | a || X |, if a is any element of 

(3) \X + FhS max (| Z |, | Y \); 

(4) \XY\*\X\\Y\. 

If D is any sub-ring of St, and X (1> , • • • , X {T) are vectors in P„ , then these 
are called ©-dependent, or ©-independent, according as there exist, or do not 
exist elements Oi , • • • , a T of © not all zero, such that 

aiX w + ■ ■ ■ + a r X M = 0. 

A set of vectors of P„ is called a ©-modul, if with X and Y it also contains 
aX + bY, where a and b are arbitrary elements of ©; the modul has the dimen- 

1 This means that the function | x | satisfies the conditions: 

| 0 | *» 0, but \ x \ > 0 for x & 0, 

I I - I * II V \, 

I * =F y | £ max (| X |, | y |). 
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sion m, if there are m, but not m + 1, ©-independent elements in it. The di- 
mension of a $-modul is at most n, while that of any other class of moduli need 
not be finite. 

2. The distance function F(X). A function F(X) of the variable point X 
in P„ is called a general distance function, if it has the properties: 

(A) : F(X) £ 0; 

(B) : F(aX) = | a | F(X) for all a in $, hence F{0) = 0; 

(C) : F(X + Y) g max (F(X), F(Y)); 

it is called a special distance function or simply a distance function, if instead 
of (A) it satisfies the stronger condition 

(A'): F(X) > 0 for X =* 0. 

If r is a positive number, then the set C(r) of all points X with 

F(X ) ^ t 

is called a convex set; 2 if F(X) is a special distance function, then it is called a 
convex body. It is clear from the definition of F(X) that a convex set C(t) 
contains the origin 0, and that with X and Y also aX + bY belong to it, if a 
and b are elements of ft such that j a | g 1, | b | ^ 1. Further, if 

E w = (1, 0, • • • , 0), E m - (0, 1, ... ,0), ••• ,E (n) = (0,0, ... , 1) 

are the n unit vectors of the coordinate system, then 

X = Xi E w + ... + x n E*\ i.c. F(X) g, max (|s*| F(E <hy )), 

and therefore 

(5) F(X) g r I X I, 
where T is the positive constant 

T = max (F(E W )). 

A- 1,2,- *,n 

C(r) contains therefore all points of the cube 

We prove now that for special distance functions there is a second positive con- 
stant y, such that for all points in P n 

(6) F(X) ±y\X\. 

* We consider only convex sets and bodies as defined; they are obviously symmetrical 
with respect to the origin. 
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Proof: We assume that (6) is not true and show that this leads to a con- 
tradiction. 

By hypothesis, there is an infinite sequence S of points 

X w = (z{ A) , • • . , *«) * 0 (h = 1, 2, 3, • • .), 

such that 


Since 


lim 

h“+ 00 


F(X W ) 


= 0 . 


F(aX) _ F(X) 

\aX\ \X\ 

for all a ^ 0 in St, we may assume that for the elements of S 
lim F(X™) = 0, |X (A) | = 1, 

h—*ao 


so that in particular the n real sequences 

I z* 1 ’ l> I I, I **” I, • • • (As — 1, 2, — , n) 

are bounded. 

Hence we can replace S by an infinite sub-sequence which we again call S: 
X (l> , X m , X (>> , • • • , such that the n real limits 

(7) a* = lim | x™ \ (k = 1, 2, ... , ») 

A— *ac 

exist and satisfy the equation 


max a k — 1. 

*-1,2, • • - ,n 


We call S a sequence of rank m , if exactly m of the limits a \ , a* , • . • , a n do not 
vanish; without loss of generality, these are the m first limits a x , a* , • • • , a n . 
Obviously 1 g m g n. 

If the rank m = 1, then for large h 



say, where 


lim |X* w) i = 0. 


Hence by (5) 

«*“> **") S , «*-,) 

g max (FiX™), T | X*™ |), 
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and therefore for h —* » 

0 g F(E W ) £ 0, i.e. F(E W ) = 0, 

which is not true. 

Hence the rank m 2. Put 

yW v(k) 

A “ v&T Iw ~ »•*•»*«>• 

•Cm *Cm 

Then from (7) for large p, h 

F(X<°' k) Z max ^f) * £ max (P(X <e) ), F(X W )), 

and therefore 

lim F(X ( "' h) ) = 0. 


Q—+QO 

ft -*00 


Two cases are now possible: 
a: The limit 


lim | X <e - fc) | = lim max (| x["- h) . . . , | *?•« |) 

(7 —►00 <7— *oo 

ft "*♦00 ft— ♦oo 

exists and is zero. Hence the n limits in $ 

( 8 ) 

all exist, and in particular 


_(*) 

A o ° *Cm 


(fc = 1, 2, • • • , ») 


= lim 1 = 1, 

ft — *00 


so that 


X* x*) * 0. 

By the continuity of F(X), Z 

F(X*) = lim F = — lim F(X (A> ) = 0, 

\X„ / Om*-» 


which is not true, 
b: The limit 


lim I X ( ' A) I 


ft-* 00 


• If « > 0 is given, then there is a 5 > 0, such that | F(X) - I < « lor | X - Y | < $, 
as follows easily from the properties (J5), (C), and (5). 
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either does not exist, or exists and is different from zero. That implies that at 
least one of the limits (8) does not exist. Now obviously 

lim | Xk 9 ' k) |=0 (ft = m, m + 1, • • • , n), 

0-*OO 

h-*oo 


since for large g , h 

x<!' k) = 0; 1 4 e - k) I = 


& _ * l 

& xL k) 


g — max (| xi e) |, | xi k> |) 

Um 


(k = m + 1, • • • , »). 

Hence the index ju of this non-existing limit (8) is g m — 1. For this index, 


lim x<°- k) 

Q—*CC 

h-+ oo 

either does not exist or exists and is different from zero. Hence there is an 
infinite one-dimensional sub-sequence 

(9) X (a< - k<) (t- 1,2,3,...) 

of the double sequence X {a ’ h) , such that for all i 

where c is a positive constant. Further obviously 

lim F(X lei ' ki) « 0, 

i—*oo 

lim | Xk i,ki) |=0 (ft = m, m -f 1, • • • , n), 


and all m — 1 first coordinates 


x^' ki) 


are bounded for i — » » . 

Let , for every i, be the coordinate 




(A: = 1,2 , • • . , to — 1) 


(ft = 1, 2, • • • , ro — 1) 


of maximum value | Xk'' h<) |; hence 


€< I ^ c, since | £< | ^ | x^ i,k ° 


Then there is an infinite subsequence 

X<‘>U' ki i ) 

of the sequence (9), such that, if 


(J = 1,2,3, ...) 


Z ,0> = = (x( W) , • • • , *; o) ) (j = 1, 2, 3, • • •), 
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then all n limits 

lim | x'k 3) \ = ah (k = 1, 2, • • • , n) 

00 

exist and satisfy the equations 

maX (dl , * * • ) ) 1> Am = = ' ’ ' = = 0, 

and 

0 £ lim F(X ,U) ) £ - lim F(X <e v S>) = 0, i.e. lim W 0) ) = 0, 

/-♦oo C j-+ 00 — *oo 

Therefore the new sequence S' 

v/O) AftlS) \rr(Z) 

A ; A , A , • • • 

has the same properties as S, but is of lower rank. Hence by induction with 
respect to the rank, a Contradiction follows also in this case. — 

By the inequality (6), all points of the convex body C(t) lie in the finite cube 

a convex body is therefore bounded. Conversely, if a convex set is bounded, 
then it is a convex body. For if its distance function F(X) is not special, then 
there is at least one point A r(0) ^ 0, such that F(X {0) ) = 0 ; hence all points of 
the straight line passing through X (0) and the origin 0 belong to the set. 

3 . The character of a convex body. Let C(r) be a convex body, F(X) its 
distance function. If A' 5^ 0 is an arbitrary vector, then the point X = aX\ 
where a is an element of $, lies in C(r) provided that | a | is either sufficiently 
small and positive, or 0. Hence for every index h = 1,2 , - • • , n, the set S h 
of all points 

X = (Xi , • • • , X n ) with X\ = • • • = £ A _i = 0 , x h 7* 0 
of C(t) is not empty and contains an infinity of elements. By (6), 


for the points of S h . Therefore | x h | has a positive upper bound & in this set, 
and to every c > 0 there is a point 

X. (A> = (*$?, ... ,*£’), 

for which 

F(X[ k) ) £ r, - • • • - xi h J u - 0 , ^ | £ {», 
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whereas there is no point X for which 

F(X) g r, *!«•••* x*_i * 0, | x* | > {a . 

The system of the n points 

y(l) y(S) y(n) 

-A c > ) * * * > -A* 

corresponding to e is obviously ^-independent, and any point X of P„ can be 
written as 

X = u u X? + ... + u B .X< n) , 
where the w’s belong to $ and are given explicitly by 

n 

u*. = Z) cthk.Xk (h= 1, 2 ,-•*,») 

with a matrix 

(&U<)k l t-l,> 

of non-vanishing determinant and elements depending on *, but not on X. 
We distinguish now whether the valuation | x | of is discrete or not. 

If | x | is discrete, then there is a constant b > 1, such that for all x ^ 0 in $ 4 

| x | = 6' 

4 If | x | is discreet, then F(X) has a similar property: The set s of its values for X in 
P* has no point of accumulation except 0. This is clear for n * 1, for then all vectors are 
multipla of the unit vector (1). Suppose that the statement has already been proved for 
all spaces of n — 1 dimensions, but that it is not true in P n . There is therefore an infinite 
sequence 2 of points 

- (*(*>, ...,*<*>) 0 fe - 1,2,3, ...) 

in P n , such that all numbers 

F(XM), F(X<»), f(X<*>), ••• 

are different from each other, and that the limit 

lim F(XW) - X 

k~* oo 

exists and is positive. Write 

X<*> - (* - 1, 2, 3, •••) 

where 

- (0, xi», *<*>) (k - 1,2, 3, •••) 

lies in the (n — l)-dimensional subspace P»_i: xi » 0, of P w . By (6), | x[ k) | is bounded in 
2; hence, we may assume that 

lim | *1*) | - it, 
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with a rational integer g depending on x. In this case the set of values | x*!* | 
satisfies the equations 

I | - fe (A « 1, 2, • • . , ») 

for all sufficiently small €. We assume that € is sufficiently small and omit the 
index s. Put 

$ T (X) = r max (| Ui |, . . . , | u n |) = r max (I £ <*hkZk I Y 

A-U.-.n \|m 1/ 

Then obviously 

F(X) £ r, if * r (X) £ r. 

Conversely let X be any point in C(r). Then 

I x i I ^ £i 

and therefore 


since, if necessary, we can replace 2 by an infinite subsequence. If ji * 0, then for all 
sufficiently large k 

F(X<») - F(X<**>), 

so that the sequence X (1) *, X (2) *, X (s >*, • • • has the same properties as 2, contrary to the 
hypothesis on P*_i . 

Hence if 


— — - » q (k) , then lim | q (k) | — 1, 

X\ Jfc-*oo 


so that for all sufficiently large k 

Obviously 


q ik) I = l. 


s X (fc+1> — q {k) X {k) - X ik ^ l) * — qt*>X ik) * 
lies in Pn-i , and for all large k 

F(X<«) - Ffo<*>X<«) * P(X<*+ 1 >). 

Hence 

F(X*<») - max (F(X<«), P(X<*+»)). 


Therefore the sequence of positive numbers 

F(X*M), F(X*< 2 >), F(X*<*>), ••• 

contains an infinity of different elements and has the limit X, so that again a contradiction 
is obtained. 
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Hence, if 

x' = x-i*ix a) = (o,*;, 

then 

F(X’) £ max (F(X), \ u x | F(X a) )) g t, 
and so X ' also belongs to C(r). Therefore 

I *! I ^ b , 

so that 


‘-'-iSi 

I " h 

Continuing in this way, we obtain all inequalities 

1 Wl 1 =2 1, • • • , 

| | — i , 

i.e. we have proved 


MX) £ t, if 

F(X) Z r. 

The domain defined by 


- MX) = max ( 

T \! 

i-H 

VII 

I 


is called a parallelepiped; our result may therefore be expressed in the form: 
If the valuation | x | is discrete , than every convex body C(r) is a parallelepiped. 
As we have proved, the two domains 

F(X) g r and MX) ^ r 

are identical. In general, this does not imply the identity 5 

F(X) - MX) 

for all X , and the function $ T (X) depends on r. Suppose, however, that the 
set of values of F(X) is the same as that of the values of | x |, and that r is also 
an element of this set. 6 Then 

MX) = HX) 

becomes independent of r, and for all X in P n identically 

(10) F(X) = *(X), 

as follows easily from the property (B) of the distance functions. — 

• E.g., if « St is the p-adic field (p ^ 3), n — 2, and 

F(3T) - max (| * |, , 2 | 4 |„) . 

6 It suffices to assume that F(X) does not assume every positive value, and that the 
equation F(X) « V has no solution. 
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Next assume that the valuation j x \ is not discrete, so that its values lie every- 
where dense on the positive real axis. Now the n vectors 

X U) y(2) y(w) 

« f , • • • , A f 

will depend on c, and so does the function 

$ T *(X) = r max (| uu |) = r max 

Evidently 

(11) F(X) g r, if 4 > t ,(X) g r. 

Conversely, suppose* F(X) g r. Then 



and therefore 

Hence, if 
then 


| ^ h 


*1 


w:'r 1+ ‘- 


X'e = X - UuX = (0, Xu, , Xu,), 


F(X',) g max ( F(X ), \ u u \ F(X[ l) )) < (1 + «)r. 

There is a number a, in St such that 

F(X' t ) g |a«|r g (1+ e)r, i.e. F(a7 l X',) ^ r. 

Hence 

| «« l X 2 t | ^ fe , | ^ 2 c | ^ (1 + €){ 2 , 

and therefore 

i«*i = $,-Ua + .) ! , 

I #2« I 

so that, if 

x: = X[- u 2t x^ = X - (u u Xl l) + u 2 ,X« (21 ) = (0, 0, Xu,..., x",), 
then 

F{X") £ max (F(X',), | | F(X? } )) < (1 + e)\. 

Continuing in the same way, we obtain the n inequalities 


Uh, | < (1 + «)* 


(h — 1,2,..., »), 


hence 


(12) *„(X) < (1 + «)”r, if F(X) £ r. 

From (11) and (12), since e > 0 is arbitrarily small: 
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If ike valuation | x | is everywhere dense on the positive axis, then the convex 
body C(t) can be approximated arbitrarily near both from the inside and outside 
by means of parallelepipeds. 

Take now, say r — 1 and put 

$,CX) = $u(X) - max ( £aM«xJY 

1,2,* • ‘,n \| Jb—*1 1/ 

To every point X, there are two elements a and /9 of such that 

*.(X) £ | « | S (1 + e)*.(X) and F(X) £ | 0 | £ (1 + %)F(X). 
Hence from (11) 

*.(*) ^ 1, F^j £ 1, F(X) £ |«| £ (1 + «)*.(*), 
and from (12) 

F (f) ~ lf *■ (f ) - (1 + e) ”’ *' (X) * (1 + t)n * P I - ( 1 + 

and therefore uniformly in X 

(13) (1 + e )- <n+1) <t>,(X) £ F(X) £ (1 + e)<i>,(X). 

In general, these inequalities cannot be improved to an equation analogous to 
(10), e.g. if F(X) = r has no solution. 

4. The character of a convex set. If F{X) is not special, then the set M of 
all solutions of F{X) = 0 contains elements other than X = 0. From (B) and 
(C), with X and Y also aX + bY belongs to M, if a and b are elements of 
Hence M is a $-modul, say of dimension n — m. Obviously m < n; it is pos- 
sible that m = 0, but then F(X) vanishes identically and C(r) is the whole 
space. Suppose therefore, that 1 £ m ^ n — 1, and let 

pim+l) p(m- 1-2) . pin) 

be n — m^-independent elements of M, 

pH) jp(2) ^ ^ # pim) 

m other points of P n , so that the system of n vectors 

pi 1) pi 2) # # # pin) 

is still ^-independent. Then every point X in P n can be written as 

X = Vl P m + • • • + VnP M 
with elements v\ , • • • , v n of S, viz. 

n 

Vk — 2 PhkZk 

k~l 


(h * 1, 2, ... , n), 
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where the constant matrix in ® 


(#**)*, *„1 ,2,, 

has non-vanishing determinant. Since 


we have 


where 


f( t, VkP W ) = 0, 

F(X) « = *( 7 ), 

ijr(y) = = ¥ ( 2 0u**, • • • , £ j8n**») 

\*-i *-i / 


is now obviously a special distance function in the m-dimensional space P m of 
all points V = (v\ , • • • , v m ). Every convex set with m > 0 can therefore 
be considered as a cylinder, the basis of which is a convex body of m < n di- 
mensions. 

5. The polar body of C(r). Let F(X) be the general distance function of §4, 
Y an arbitrary vector in P„ . Then we define a function G(Y) by 

(14) 0( 0) = 0; G(Y) = lim sup (| XY |) for all X with F(X) £ 1, if Y ^ 0. 

In order to determine this function, let 

Q m , Q™, ••• ,Q (n) 

be the n points in P„ , which satisfy the equations 

f 1 for h — k, 


and write 


p(h) qVc) _ 

[0 for h k, 
Y = w x Q w + ... +w n Q ln) ; 


then 

n 

Wh = Z) yutVk (h = 1, 2, • • • , »), 

*-l 

where the determinant of the matrix in $ 

(V*k)h.M.2 n 

does not vanish. Then 


XY — ViWi + • • • + v n w n . 
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Hence obviously 

G(Y ) = oo, unless w m+l = • • • = u>» = 0. 

Suppose therefore that 

(15) w m +i = w m+i = • • • = w n = 0, 
and put 

G(Y) = X(W), 

where W = (wi , ■ ■ ■ , w m ) is a vector in P m . Then from (14), 

(16) X(0) = 0; X(W) = limsup (| VW \) for all V mth'l'(V ) ^ 1, ifW ^ 0, 

so that the relation of X(W) to 'P(F) is the same as that of G(Y) to F(X). 
By §4, 'P(F) is a special distance function, and so is X(W), as follows easily 
from (16) and the properties (A'), (B), and (C) of 'P(F). 

We call G(Y) the polar function to F{X)) for m < n it is not itself a distance 
function, but becomes one in the m-dimensional space (15), where it coincides 
with X(W). The set C'(l/r): G(Y) ^ 1/r, is further called the polar set to 
C(r); it lies entirely in (15) and here is identical with the convex body 
X(F) = 1/r. 

Suppose now that m = n, i.e. both F(X) and G(Y) are special distance func- 
tions; then the polar set C'( 1/ r) becomes a convex body. We shall prove that 
in this case the relation between F(X) and G(Y) is reciprocal, i.e. F(X) is the polar 
function to G(T) and C(r) the polar body to C"(l/r). 

This assertion is evident, if F(X) = | X |, for then obviously G(Y) = | F|. 
Further let 

11 = {a-hk)h,k-\,l n ; — (Phk)h.k-.li n 

be an arbitrary matrix in .t with nonvanishing determinant, and its comple- 
mentary matrix, so that for all X and Y the scalar product 7 

QX.ifY = XY. 

Then the transformed distance functions G'(Y) = G(U K Y) and F'(X) = F(ttX) 
have still the property that the first one is polar to the second, since 

G'(Y) = G(Q k Y) = Urn sup (| X-Sl* Y |) 

r(x)gl 

= lim sup (| QX.Q* Y I) = lim sup (| XY |). 

r(0X)sl r'«)Sl 

Further, if Fi(X) and Ft(X) are two distance functions such that for all X 

Fi(X) £ F t (X), 


1 The vector X' — (x[, , x'j — QX is defined by x' h — aux» for h — 1, 2, • • • , n. 
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then the polar distance functions GAY) and Gt(Y) satisfy the inverted in- 
equality 

GAY) £ G t (Y). 

We distinguish now the same two cases as in §3. If the valuation | x | is 
discrete, then we showed the existence of a matrix 

A = 

in ft 1 with determinant different from zero, such that 

F(X) = <i>(X) = | AX | 

identically in X. The polar function to F(X) is therefore 

G(Y) = | k K Y |, 

and since (A*) K = A, the statement follows at once. — In this case, the definition 
of G(F) can obviously be replaced by the simpler one: 

(17) G(Y) = maxL^L 1 . 

xyd , o r(X) 

Secondly, let | x | be everywhere dense on the positive real axis. Then to 
every S > 0, there are two matrices 

Ai — )/i,a-i,s n and A 2 = («** , )*.*^i.* » 

in ft’ with non-vanishing determinants, such that if 

F i(X) = | AiX I, Ft(X) = | A S X I, 

then for all X 

FAX) £ F(X) £ FAX) Z (1 + S)Fx(X), 
as follows easily from (13). Hence if 

GAY) = I Af r I, GAY) = I A fY I 
are the polar functions to F(X) and F(X), then also 

Gi(Y) g G(Y) g G^Y); 

and 8 

GAY) (1 + 28)G l (Y), 

• There is a number a in St such that 

1 + S g I <* I S 1 + 2i. 

Then by hypothesis 

FAX) £ (1 + S)F,(X ) £ F,( a X). 

Hence 

Gt(Y) s Gi (-) Z GAY), 

1+25 \a/ 

since the polar function to Ft{aX) is G% 
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for all Y. Since 8 can be taken arbitrarily small, the assertion follows again for 
the same reason. — In this case, the definition of G(Y) is easily replaced by 

(17') G(Y) = lim sup . 

Xji o 

By the proved reciprocity of F(X) and G(Y) % the formulae (17) and (17') re- 
main true if G(Y ) is replaced by F(X) and vice versa. 

II. “Geometry op Numbers” in a Domain op Power Series 

6. Notation. We specialize now the fields 9i and ft of §1, and denote by 

f an arbitrary field, 
z an indeterminate , 

X = k[z) the ring of all polynomials in z with coefficients in t, 

9i = k{z) the quotient field of X, i.e. the field of all rational functions in z with 
coefficients in f, 

| x | the special valuation of 9J defined by 

fo, if x = 0, 

1*1 = • , .. „ . . . 

er , if x 9 * 0 is of order f, 

ft the perfect extension of 9? with respect to. this valuation, i.e. the field of 
all formal Laurent series 

x = oljz / 4- oLf — 1 4- «/_ 2 4" • • • 

with coefficients in f; if a/ is the non-vanishing coefficient with highest 
index | 0, then | x | = e f , 

A n the set of all “ lattice points” in P n , i.e. that of all points with coordinates 
in X. 

The valuation | x | is by definition a power of e with integral exponent. We 
assume the same for all distance functions which we consider from now onwards, 
and we shall consider only convex sets or bodies C(r), where r is an exact power 
of e, say r = e\ 

7. The volume V of a convex body C(l). Let F(X) be a special distance 
function, C(e l ) the convex body F(X) S e, where t is an arbitrary integer. It is 
obvious that the set m(0 of all lattice points in C{e l ) forms a f-modul. In the 
special case F(X) = | X \, this set has exactly 

Mott) = + 1) 

f-independent elements. Hence, by the inequalities (5) and (6), m(0 has always 
a finite dimension M(t), and this dimension is certainly positive for large t. 

• The order of a rational function is the degree of its numerator minus the degree of its 
denominator. 
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Obviously 

(18) M 0 (t + 1) = M 0 (t) + n. 

Suppose that t is already so large that 

e‘ +l £ r. 

Then a lattice point in C(e t+l ) can be written as 

X = Xo + zX i , 

where Xo and Xi are again lattice points, and the coordinates of Xo lie in f, i.e. 
I Xo | g i, F(X 

Hence 

F{zX x ) g max (F(X), F(X „)) g e‘ +l , F(X,) g e‘, 

so that Xi lies in m(<). Conversely, if Xi belongs to m(<), then 
F(X) g max (F( 2 X,), F(X 0 )) g e ,+1 . 

Now the two vectors X 0 and zX x , where X 0 and X, are lattice points and | xo | g 
1, are f-independent, and the X 0 form a f-modul of dimension n. Hence 

(19) M(t + 1) = M(t) + n. 

The two equations (18) and (19) show that for large t, the function M(t) — 
M 0 (t) of t is independent of t. Hence the limit 

(20) V = lim «*<«-*•“> 

t -+00 

exists; it is called the volume of the convex body C(l). 10 In particular, if F(X) = 

| X |, then obviously V — 1. 

8. The invariance of V. Let 

11 “ (Uhk)fi ,k—l ,2, . . . ,n and 0 — 

be a matrix with elements in St and determinant D 0, and its inverse matrix. 
The linear transformation 

Y = UX or X = fi'F 
changes F(X) into the new distance function 

F'(Y) = F(X) = F(O'F); 

let C'(e‘) be the corresponding convex body F'(Y) g e‘, and V' the volume 
of C"(l). • Then 

(21) V'=\D\V. 

10 This definition is analogous to that of the volume of a body by means of lattice points 
in an ordinary real spaoe. 
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Proof: We denote by m'(f) the f-modul of all lattice points in C'(e*), by 
M'(t) the dimension of m'(f), and prove the statement in a number of steps. 

1 : The elements of 12 lie in SC, and D belongs to f. 

The formulae F = 12X, X = 12 7 F establish a (1, 1 ^correspondence between 
the elements X of m (t) and Y of m'(0- Obviously, this correspondence changes 
every linear relation 

otiX (l) + . . . + a r X ir) = 0 

with coefficients in f into the identical relation in the F’s, and vice versa; there- 
fore f-independent elements of m (t) or m'(0 are transformed into f-inde- 
pendent members of the other modul. Hence both moduls have the same 
dimension: M(t) = M'(t)> q.e.d. 

2: 12 is a triangle matrix 

On 

fl= 0*1 0 « 0 
k O n l O n 2 • ♦ • O nn 

with elements in X and determinant 

D = anon • • • a nn 0. 

The equation Y = 12X denotes that 

Vi = OnXi , 

2/2 = <h\X\ + 022^2 , 


Vn — Q’nlXl On2»T2 “f" * * ' tl nn X n y 

hence every lattice point Y can be written as 11 

Y = 12X* + F*, 

where X * and F* are again lattice points and Y* = (y* , • • • , y*) satisfies the 
inequalities 

I y* | < | |, | y* \ < | an \, • • • , | y* | < | a„* |. 

Therefore 

I F* | ci, i.e. F f (Y*) £ cir', 

where Ci is a positive constant depending only on 12, and r' is the constant in (5) 
belonging to F'(Y). The set of all vectors F* forms a f-modul m* of dimen- 
sion d, where 

e d - | a M || ass I * * • | a nn j = | D \. 

11 We use the trivial lemma: ‘Too and b ■» 0 in X there is a q and an r in £, auch that 
a - bq + r and | r | < | b |. 
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Let t be so large that 

e‘ £ c,r'. 

Then for X * in m(<) 

F'(Y) = F{Sl'Y) ~ F(X* + Sl’Y*) £ max (F(X*), F’(Y*)) g e, 
and conversely for Y in m'(<) 

F(X* + Sl’Y*) £ e‘, i.e. F(X*) g max ( F(X * + Sl’Y*), F’(Y*)) £ e\ 

There is therefore a (1, ^-correspondence between the elements Y of m'(<) and 
the pairs {X*, Y*) of one element X* of tn(<) and one element Y* of m*. Hence 
M’(t) = M{() + d, q.e.d. 

3: The elements of SI belong to SE. 

The result follows immediately from the two previous steps, since SI, as is 
well known, 12 can be written as SI = , where the two factors are of the 

classes 1 and 2. 

4: The elements of SI lie in 31. 

Now SI = Sl a Sl’ b , where both Sl a and Sl b are of the class 3, so that the statement 
follows at once. 

5: SI has elements in St, such that 

|fl| = l, |a M |gl (A, ft - 1,2, 

Then the same inequalities hold for the inverse matrix SI 1 , so that for every 
point X 

| SIX I £ I X I, I X I = I Sl’SlX I g I SIX I, 

and therefore 

\x\ « | ax | = |n'x|. 


Now to every lattice point X there is a second lattice point Y such that with 
a suitable point Y* 

SIX = Y + Y*, | Y*\ < 1; 

then conversely 

Sl’Y = X + X *, | X* | < 1, 

and 

X* = -Sl’Y*, SIX* — —Y*. 


The relation between X and Y is therefore a (1, ^-correspondence which ob- 
viously leaves invariant the property of f-independence. Suppose that 

e‘ £ r. 


M This can be proved, e.g. by a method analogous to Minkowki’s “adaptation” of a lat- 
tice; Geometrie der Zahlen $46. 
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Then for X in m(<) 

F(X*) <rge', 

and therefore 

F'{Y) = F(a'Y) « F(X + X *) g max (F(X), F(X*)) g 

so that y lies in m'(2); conversely, if 7 belongs to then X is an element 
of m(f). Hence M{t) = M'(t), q.e.d. 

6: Finally, let 12 have elements in St. Then it can be split into 

12 = 12g *f* 12* 

where 14 is of the class 4, while the elements of 12* lie in and have so small 
values that 

12g = 12jl2 

is of the class 5. Then the result follows at once, since 12 = 12«12i . 

Two conclusions are immediate from (21). The convex body C(e‘), i.e. 
F(z~ l X') g 1, is obtained from C( 1) by the transformation X' — z‘X] hence 
it has the volume V(e‘) = c nl V. Secondly, let G(Y) be the polar distance func- 
tion to F(X), and V' the volume of the convex body C"( 1), i.e. G(Y) g 1. Then V 
and V' are related by the equation 

( 22 ) W = 1 . 

For by §5, there is a matrix A with non-vanishing determinant, such that 
F(X) = | AX | and G(Y) = | A*F |, 

hence 

F=(|A|r‘ and V = (| A* I)' 1 = | A |; 
the statement is therefore obvious. 

9. The minima of F(X). To the distance function F(X), there exist n St- 
independent lattice points 

X (B = (x{ k) , ■ • • , *<*>) (*« 1,2, ...,«), 

such that 

F(X {1) ) = <r (1) = e° l is the minimum of F(X) in all lattice points X 0, 
F(X {2) ) = <r (2) = e°* is the minimum of F(X) in aU lattice points X which are 
St-independent of X ( ]\ etc., and finally 

F(X (n) ) = <r (n) = e 0n is the minimum of F(X) in aU lattice points X which are 
St- independent of X {1 \ X (2) , . . . , X (n " l) . 

The numbers <r (l) , <r (2) , • • • , </ n) are called the n successive minima of F(X). By 
this construction, the determinant 

D = | Xk k) 
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lies in 2 and does not vanish; further obviously 

(23) 0 < <r (1) ^ ;£ • • • g <r Cn) and fifi ^ gt ^ g» . 

We shall prove the two equations 

(24) | D | = 1, 


_u> _«) 

<T <S 


in the second one, V is again the volume of C(l). Thus, in particular, D is an 
element of f, and may obviously be taken as equal to 1. 

A: Proof of (24). Every point X in P„ can be written as 

X = Vl X a) + ... + y n X U) , 

where the y's are elements of Jt. Then the coordinates xk of X are linear func- 
tions with determinant D of the coordinates y h of Y - (j/i , • • • , y n ). We 
define a new distance function n(X) by 

n(X) - | Y |. 

By (21), the convex body n(X) g 1 has the volume | D |; we determine it in 
the following way: 

If X is a lattice point, then Y also has its coordinates y h in St. For since 
with Y also X is obviously a lattice point, we may assume without loss of 
generality that 

(26) n(X) = | F | < 1, 

and have to show that no lattice point X 0 satisfies this inequality. Let m, 
where 1 | m | n, be the greatest index for which y m 0. Then 


X-Hya™, X (,) , ... 

h-1 

are 31-independent lattice points, and by (26) 

F(X) g max (| r/, | F(X W ), • • • , | y m | F(X (m) )) < a (m \ 

in contradiction to the minimum property of a {m) . 

Hence there are exactly Mi(t) — n(t + 1) f-independent lattice points such 
that n(X) | e‘, viz. all points corresponding to a basis of f-independent points 
Y with | Y | ^ e‘. Therefore 

|D | - Jim e M ‘ ( ‘ , - jr * u) = 1, q.e.d. 

t-*oo 

B: Proof of (25). Now we use the fact that every point X in P„ can be 
written as 


X = y,z-° l X {l) + ... + y n z-**X (n \ 
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where the y’s belong to if. Let 2(X) be the distance function given by 

I(X) - | F |. 


obviously 


F ( z -o»x w ) = 1 


F(X) g 1, if 2(X) g 1. 


(h = 1,2, •••,»), 


But the converse is also true: If 


F(X) £ 1, then 2(X) g 1, 


and therefore evidently 


F(X) - s(X) -m 


identically in X. 

For suppose that on the contrary for a certain point X in P„ 

F(X) g 1, but 2(X) > 1. 

Then let to with 1 ^ to ^ n be the greatest index for which \y m \ > 1 ; hence 
if to < n 


Write 


Vm+l | ^ 1) ' ■ ' > | Vn | ^ L 


Vh = zyt + yt* (h = 1,2,..., n), 

' where the yt are elements of X, the yt* elements of and 

yl * 0, yZ+i =...=?/! = 0, | yt* | S 1, • • • , | yt* | ^ 1, 


= 2/! = 0, | »r* I ^ 1, - - • , I I SS 1, 


and put 


so that 


Y* = (v* , ••• > yt), Y** = (yt*,--,yV), 


Y = zY* + Y**. 


Obviously, F* is a lattice point, F** a point such that | Y** | ^ 1. Also write 


X* - £ ytz~ Ck X (l>) = £ y*z~ th X (k) , X ** - £ yt*z~ CK X lh) , 

A—l A-*l 


so that 


X = zX* + X**. 


Then from 2(X**) = | Y** | ^ 1, 

F(X**) £ 1. 
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Hence 

F(zX*) £ max (F(X), F(X**)) g 1, F(X*) < 1, 

and 

- F(X°) < <r (m) , 

where X° = This inequality, however, is impossible, since the m lattice 

points 


X° m £ ytz Q *-° h X {h \ X a \ . . . , Z (m_I) 

A-l 


(m) 


are ^-independent, so that by the minimum property of a 

F(X m ) > </ m) . 

Therefore (27) is true, so that by the invariance theorem of 


V = 




* (1) cr (2) ... a (n) 

since the transformation of X into Y has the determinant 

+ ' ••+?»») 


The equation (25) is therefore proved. 

From this equation and from (23) in particular 

<r (1) g 7“ 1/n ; 

i.e. to every distance function F(X) there is a lattice point X 9 * 0 such that 


F(X) g 


1 

y/V' 


Here equality holds if and only if all minima 

(1) _ («) _ _ An) 

(T — a — ••• — (X , 

thus certainly not, if V is not an integral power of e". 


10. The relations between the minima of F(X) and G(Y). To the n lattice 
points X (1> , X (2 \ • • ■ , X (n> defined in the last paragraph, we construct n points 
F (,) , Y m , , K ln) satisfying 


(27) 


X lk) Y 


(n-lfc+1) 


J 1 for h = k y 
(0 for h 7 * k; 


since | D | = 1, these points are lattice points. We further define n positive 
numbers 


(28) 


T <W = 


-(*»— A+l) 


- e J * 


(h — 1, 2, • • • , n), 
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so that 

(29) 0 < r (1> gr 81 S...^ r (n) and j, g j t g ■ • • £ j n . 

Then F(X) and the polar function G(Y) can be written as 


(30) 

F(X) = 

max 

A-l.V 

(<r W) 

»n 

j jg y(n— h+1) 

(31) 

G(Y) = 

max 

(r (W ! 

yjrfa— M-l) 


fc—1,2,* • *,» 


thus in an entirely symmetrical way. For we proved in the preceding paragraph 
that if X is written as 

(32) X = y h z-° k X w , 

fc—*l 

then 

TO = |H Y = ,y n ). 

But by multiplying (32) scalar with Y (n \ ••• , F ll> , we get by (27) 

y h = z 5 * • (X7 <B -* +1> ) (h - 1, 2, . • . , n) 

and therefore (30). The formula (31) is a consequence of (30) by the results 
in §5. 18 

From (27) and (31) 

(33) G(Y W ) = r (h> = e ik . 

We prove now that these numbers r (h) in their natural order are the n successive 
minima of G(Y) in A„ . Obviously it suffices to show that if 

g(l) £<2) ^ ^ ^ ^(n) 

are any n independent lattice points, such that 

G(Z W ) ^ G{Z W ) £ . . . £ G(Z m ), 


18 We can prove (31) directly in the following way: Obviously 

X - 

where the brackets are again the scalar products. Hence from (14) 

G(Y) - max (|XF|) - max^£) (XT<»-* + »)(X<»r) 

where the maximum extends over all points X of C(l), i.e. for which 

| yyc-iH) | S i. (ft - 1, 2, •••, n). 

By choosing X such that there is equality in one of these conditions) but that all other 
scalar products XY^ n ~ h+1) vanish, the assertion follows after replacing h by n — h + 1. 
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then M 

G(Z W ^ G(Y W ) = r w . 

Consider the n + 1 vectors 

* 7 0) y(2) 

A , A , • • • , A j " j " > ' ' * ) " 

At most n of these are ^-independent; hence the scalar products 

X (i> Z w 


(i = 1, 2, fc + l\ 

Vi - i, 2, , /i / 


do not all vanish simultaneously, and at least one of them, say X (,) Z (>) , is 
different from zero. Since it is an element of SC, therefore 

| X (i) Z U) | £ 1. 

Now by (17) 

\XY\* F(X)G(Y), 
for all points X and Y. Therefore 

1 £ \X U) Z U> \ g F(X U] )G(Z U) ) g F(X in ~ h+1) )G(Z M ) = 1~G(Z W ), 


as was to be proved. 

From (28) and (29) in particular 


(34) 


U) 


/ (l)\l/n-l 

and t (1) ^ (<r (t> V) I/n ~ 1 , 


so that if the minimum of F(X ) in J is small, then the same is true for that of 
G(7), and vice versa. 


11. The relation between the homogeneous and the inhomogeneous problem. 

The reciprocity formulae of the preceding paragraph can be applied to in- 
homogeneous problems. Let P be an arbitrary point in P n which is not neces- 
sarily a lattice point; it can be written as 


P = Pl X m + ... + PnX M 


where the p’s lie in 1?. Put 


Ph = -x k + r h 

II 

►—l 

where x\ is an element of SC and 


|r.|S; 

(h = 1, 2, • • • , n). 


14 The minima <r (W of F(X) have the analogous property. 
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Then the lattice point X = (x\ , • • • , x n ) satisfies the inequality 

( n \ (») 

Z r,X w ) £ -- , 

a-i / e 

or by (28) 

(35) F(P + X)S-L 

er w 

This inequality cannot in general be improved , since 
(36) f(j X in) + X s } £ e 4t) 

for all lattice points X y as follows immediately from the ^-independence of the 
n vectors 

X a \ X (2) , ... ,X (n_1) , X {n) +zX. 

These two inequalities (35) and (36) relate the inhomogeneous F-problem to the 
homogeneous G-problem y in analogy with similar relations in many parts of 
mathematics. 

As an application, consider the two polar distance functions 

F(X) = max (| a x x n — Xi |, ... , | a„_ X x n - x n -i |, e~ l | x n |), 

G(Y) = max (| yi |, • • • , | y n ~ i |, e l | a x y x + • • • + a n ~i*/n-i + y n |), 

where t is a positive integer. Assume that the numbers 1, a x , • • . , a n _i are 
^-independent, so that for all lattice points Y = (y x , • • • , y n ) ^ 0 


Ot X yi + * * • + OLn-iy n -\ + 1/n 5^ 0. 

Then, as t — > *>, the first minimum r (i> of G(Y) 


Hence by (35), for every e > 0 and for every point P = (p x , • • • , p n ) there is a 
lattice point X = (x x , • • • , x n ) satisfying the inequalities 

| OL\X n — XI + Pi I <€,..., | Otn-lXn ~ X n ~l + Pn - 1 | < €. 

Thus we have established a result analogous to Kronecker's theorem. 

12. A property of matrices. Let 

ft = (n^)*.*-i.2,...,« 

be a matrix in $£ with determinant 1 ; then there is a matrix 


U *= (Uhk)h t k-l,2,-- t n 
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with elements in I and, determinant 1, such that the product matrix 

OU « fi* - (atk)H.k-lX-.n 

satisfies the equation 


II max (| atk |) = 1. 

Proof: 16 To the convex body C( 1) belonging to the distance function 
F(X) = max ( E a hk x k ) , 

A-1.2.--,» \| Jt— 1 1/ 

there are n lattice points X m , X <2> , • • • , X (n> of determinant D — 1, such that 
the n minima 

F(X W ) = </ 6) (h = 1,2, ... ,n) 

satisfy 

n ^ <’> <■ < 2 > <■ <* <») 0) <2) (») i 

U < (T ^ a S . . . S a , a a ■ • • a =1. 

Let X (k) = ( x{ k) , • • • , x {k) ), and X be the matrix 

X = 

with elements in 2 and determinant 1. We introduce new coordinates 
V\ , • • • , Vn by putting 

X = Vl X a) + • . • + y n X {n) , i.e., x* = E x ( h k) x k (h = 1, 2, . . . , »); 


then F(X) changes into 

TO = F'(F) = max (j E <4j/* |\ 

\l t-l 1/ 

where 


& = (,Uhk)h,km.l ,2, • . • ,n = fix. 


The n points X = X (li> are transformed into Y — E w (h = 1,2, •••, n); hence 

F'{E W ) = <t w {h = 1,2,.... n), 

that is 

(37) max (| aj^ |) = a™ (fc = 1, 2, ... , n). 

A-l,2.-...» 


18 An analogous theorem in the real field was proved some time ago by C. L. Siegel in 
a letter to L. J. Mordell. The present proof and theorem, though not stated in Siegers 
paper, are obtained from it with only slight changes by making use of the results in §9. 
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Hence every minor A* of order m formed from the m first columns and m arbi- 
trary rows of fl' satisfies the inequality 

(38) | A | 2 v a V a) • • • 

On the other hand, any determinant A of order m can be written as 

n 

A = 2 

fc — 1 


where the a* are the elements of its last column, and the 6h their cofactors; 
therefore 


max (| «» |) 2 | A | { max (| a h |) }“ 

We apply this inequality repeatedly to the determinant 

A n = 1 « <r (1 V (2) • • • (r (w) 


of 12' and use (37) and (38); then it follows that there exists 
an (n — l) th order minor A n _i of A n formed from the n — 1 first columns of 12' 
and satisfying 


| An-! I = <r ( V I 2) 

an (n — 2) th order minor A n _ 2 of A n _i formed from the n — 2 first columns of 12' 
and satisfying 

| A„_a I — (T <T ... O’ , 

etc.; a second order minor A 2 of A s formed from the two first columns of 12' and 


(n-l) . 


I A 2 1 = <r ( V 2) ; 

and finally an element Ai of A 2 lying in the first column of 12' and satisfying 

I Ail =' (1> . 


Without loss of generality, we may assume that the determinants so con- 
structed are exactly the principle determinants 

A r = | o** •••,,■ (r = 1, 2, • • •, »). 

We shall now construct a set of matrices of order n 


1 0 
1 




0 


0 g[ m> 0 

0 gjT ) 0 

1 g£i 0 

1 0 
1 


01 

0 

0 

0 

0 


rows 


(m = 1, 2, ... , n), 


\n — m rows 
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where the fir’s lie in X, and Ui is the unit matrix. If 

tom = to'UlUa ••• Urn — (tn — 1 , 2 , • • • , Tl), 

then Si = to', and for h, k — 1,2, • • • ,n 

= atiT" if k * m, and + --+ gZ&a&S + ofiT 1 *. 

The n principal determinants of Sim : 

A r = | |A,jfe-l,2,... f r (f = 1, 2, • • • , 7l) 

are therefore equal to the corresponding ones of S2m_i and so of SI'. 

By construction, the elements of S2i satisfy the inequalities 

\a$\ ^ <r (k) (h,k = 1, 2, , n), 

and therefore also the inequalities 

I o£ r | ^ <r ( ' ,) (A = 1, 2, , n). 

Assume now that f/i , • • • , U m -i were determined such that 

/ s I <4* -1> | ^ <r m (h,k = 1,2, 

(39) 

I a« | = <r k for h — 1, 2, • • • , n; k = 1, 2, • • • , m — 1. 

Then f/ m , as wc shall prove now, can be constructed such that satisfies the 
stronger inequalities 

, A \a»\ (h,k = 1,2 

(40) 

I <4* | ^ for A = 1,2, - ,n;k = 1, 2, • • • , to. 

To this purpose put 

OM* -1 ' 7l + • • • + + aim 11 = thiyi, • • • , 7m— l) = Ui (fc — 1, 2, • • • , »), 

and determine elements 71 , 72 , • • • , 7m-i of $ such that 

t\ — t>2 — • • • = tm— i = 0. 

This system of linear equations has the determinant A*,-! . On solving, 

A m — lTr = ”hAm— l,r (? = 1, 2, • • • , 771 1), 

where Am-i.r is the (m — l) th order minor of Am obtained by omitting the m th 
row and the r th column. Hence from (37), 


A (1) (m) 

Am-l,r < <T • • • <T . / (l) 

A»_i “ <r (r > 






Let the element ^ m) of {/„ now be the number in £ satisfying the inequality 

I - 7r | < 1 (r = 1 , 2, • . • , to - 1), 
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80 that 



Then from the first system of inequalities (39) for h, = 1, 2, • • • , n 
I at? | = | tM m) , • • • , gSS) I - I + • • • + rfS iofcS* + a£T 1) | 




max 



(D 


(m) 

or 

at**-** 



,(m) 




and from the second system for h = 1,2, • • • , m 

- I - 7i)o^r U + • • • + (g ™ i - 7-i)afcl > I < l-«r (M - <r (w . 


Since the remaining inequalities (40) are contained in (39), the matrix U m has 
the required property. Hence if 


r = xt\i\ 


then this matrix satisfies the statement of our theorem. 


13. A property of the product of n inhomogeneous linear polynomials in » 

variables. Let SI = (o**)*,*»i,j be again a matrix with elements in 9i of 
determinant 1. We form the distance function 

F(X |/) = max (e A | x x + a h2 x 2 + • • • + a hn x n |), 

A=l,2,---,n 

where fi , fa , • • • , /„ are n integers such that fa +•••+/« = 0. By the theo- 
rem of last paragraph, there is a matrix U with elements in I and determinant 1, 
such that the product matrix 

ft* - ftF = (a**) 

satisfies the equation 

n 

II max (| a*k |) = 1. 

A- 1 A—1,2,* • • ,n 

Let us choose the integers fl such that 

(41) e -/ ° = max (| at, |) (h = 1, 2, • • • , n) 

A—1,2,* • •,« 

and put 

a*** = (h, k - 1, 2, • • • , n). 

Then by the transformation X = FK, F(X) |/°) changes into a new distance 
function 

F(X | |/°) - F'(F) = max (| a*,V + • • • + «S?y» |) f 

A— 1,2,* * •»» 
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where now all coefficients at* satisfy the inequalities | a hk | g 1, and their 
determinant is still 1. Obviously, for all n ^-independent vectors F (1) = 2? (1) , 
Y (2) = E (2) , • • • , F (n) = E (n) , the value of this function 

F'(Y (h) ) :g 1 (h = 1,2, ... ,n). 

Therefore by the equation (25), necessarily 

^/(yrO)) = = ... = F'(Y in) ) = 1, 

and so all minima of F(X |/°), where thc/ 0, s arc given by (41), have the same 
value 1, and in particular, the first minimum of F(X |/°) has the exact value 

jyyi where V = 1 is the volume of F(X |/°) £ 1. 

As an application, let ai , a 2 , • • • , a n be any n elements of $, and rji , 
fj 2 ) • • • , y n n elements of St satisfying the equations 

dhim + • • • + d*nVh + dh = 0 (h = 1, 2, • • • , n). 

If 2/i , 2 / 2 , • • • , 2/n arc the elements of X for which 

I Vh - rjh | ^ - (A = 1, 2, , n), 

e 

then obviously 

| 0 * 12/1 + • • • + tt*n2/n + I ^ e 1 (h = 1, 2, • • • , n). 
Hence the lattice point X = (£i , x 2 , • • • , x n ) = U J Y satisfies the inequalities 

I a*i^i + • • • + a hn x„ + a h I g e~ y * (A = 1, 2, • • • , n), 
and therefore the inequality 

n 

IT | CihlXi + • • • + ah n X n + 0>h | ^ e 

A-l 

Here the constant e~ n on the right-hand side is the best possible, as Is clear if, 
e.g. 12 is the unit matrix and all a* = l/z . 

14. Distance functions in . The field of all rational functions with 
coefficients in f has valuations different from the “infinite” valuation | x |, 
which expresses the behavior of x at the point z = <*> . 

Let f be any element of f, and p the “finite” point z = f. Then we define a 
valuation | x | p by putting for x 0 

| x I, = <T /p , 

where /» is that integer, for which neither the numerator nor the denominator 
of the simplified fraction (2 — $)~ h x are divisible by 2 — f; we denote by if. 



520 


KURT MAHLER 


the perfect extension of with respect to this valuation; it consists of all formal 
Laurent series 


X — ctf(z — f) / + ct/+i(z — f) /+1 + ot/+i(z — £) /+2 + • • • 

with coefficients in f, and if a/ 0, then | x |, = e~ f . 

Let now F(X) be any special distance function of we use it as the measure 
for the size of X. Further let F(X | p) be a general distance function of St/ . 
Since 

F((z- f)'X|p) = e" / F(X|p), 

this distance function may assume arbitrarily small values, if X lies in the modul 
A n of all lattice points. By (5), there is a constant r„ > 0 such that 

F(X | p) £ I\ | X |, ; 

here for X = (h , ■ ■ • , x„) 

|X|, = max (| xi |, , ... , | x„ |,). 

Hence 


F(X |p) ^ r, for all lattice points X. 

Let t be an integer such that 

e~‘ ^ r p , i.e. t £ l°g(fj> 

and C(e~‘ | p) the convex set of all points X in P„ for which 

F(X | p) <; e~\ 

Then the set m (— t | p) of all lattice points in C(e~ l | p) contains with X and Y 
also aX + bY, when a and b lie in X; it is therefore an I-modul. By the 
general theory of polynomial ideals, 18 this modul has a basis of n lattice points 

P <W = (pT, (fc= l,2,...,n), 


such that every point X in A„ belongs to m ( — t | p), if and only it can be written as 
X = yiP w + • • • + |/n P in) with y x , • • • , y n in X. 


The determinant 

D( — t ) — | Ph k) |*,W t J. ..,n 9* 0, 


and therefore the number 


is positive. 


H~t) = I -D(-t) | 


“ Compare the basis theorem in §80 of van der Waerden’s “Moderns Algebra", Vol. II, 
1st ed. 
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The function F(X) changes into a new distance function 

F'(Y) = F(X) = F(QY), n = (/')*,«, 

by the transformation (42). The convex body F'(Y) | 1 has the volume 

V' = A{-ty l V, 

where V denotes the volume of F(X) 1. By the results in §9, there are n 
lattice points Y (l) , • • • , Y (n) with determinant 1, such that 

F'(Y a) ) • • • F(Y M ) = . 

The transformed lattice points X a) , • • • , X (n) given by 

X (t> = £2F (i) - (x} l> *<*>) (k - 1, 2, . . • , n) 

have the determinant 

•D( — 0 — | Xh k> |*,t-l,2 , 

and satisfy the relations 

F(X W ) . . • F(X m ) = , F(X (k) | p) ^ e~‘ (fc = 1, 2, . . . , «). 

I 

It is not difficult to prove that for large t 

A (-0 = 0(0, \D(-t)\ p = 0(e-‘). 

In the following case, sharper results are obtained. Let 

F(X | p) = max (| a hi Xi + • • • + a h + %n—m+h | p) i 

/i— 1,2,* • • ,m 


where the a’s are elements in such that 

I a** I* g 1 



Then to every positive integer t there are elements A hk in X satisfying 



| dhk ~ Ahk |« S e 



1. 2, • • • , m\ 
1, 2, ... ,n/ 


Hence, if yi , • • • , y n belong to £, and x t , • • • , x n are defined by 


X\ — y l , • • • j X n —m Vn—m > 

(42) Xn—m+h — ( Z f) 2/n— »n- |-A “I" * * * *4“ -4 An— i»2/n— m)j 

(h « 1, 2, ... , m), 

then F(X | p) ^ e~‘. Let F'(Y) = F(X) be the special distance function in St 
derived from F(X) by the transformation (42). Then F'(Y) ^ 1 has the 
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volume | (z — f) mt | V = e mi V. Hence there are n ^-independent lattice 
points F (1) , • • • , Y (n) of determinant 1 such that 

mt 

F'(Y a) ) ... F'Y (n) ) = y. 

The n lattice points -X' (1) , • • • , X (n) derived from these by (42) have the deter- 
minant (z — f) m< and satisfy the conditions 

mt 

F(X W ) • • • F(X W ) = e - , F (X lk) | p) g c"‘ (Jfc - 1, 2, . . • , »). 

Manchester, England. 
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1. Introduction. 1 Let 12 be an abstract space where a completely additive 
measure is defined. As is well known, the totality of all the real-valued measur- 
able functions x(t) which are absolutely integrable on 12 constitutes a Banach 

space L(12) with || x || = 1 | x(t) | dt as its norm. Although the space L(i 2) is 

not necessarily separable, 2 it may always be considered as a semi-ordered Banach 
space. 3 4 Indeed, if we denote, for any pair of elements x(t) and y(t) eL(12), by 
x ^ y (or y ig x) the relation that x(t) ^ y(t) almost everywhere on 12, then 
the following conditions are satisfied (x, y, z , w eL( 12), X = scalar): 

(I) x ^ y and y ^ x imply x — y, A 

(II) x ^ y and y ^ z imply x ^ z, 

(III) x ^ y and. X ^ 0 imply \x ^ \y, 

(IV) x § y implies x + z ^ y + z for any z, 

(V) x n ^ y n , x n — > x ( strongly ) and y n — > y ( strongly ) imply x ^ y, 

(VI) to any pair of elements x and y , there exists a maximum z = x V y such 

that z x 9 z y, and z g z f for a?iy z’ with z f ^ x, z' ^ y, 

(VII) to any pair of elements x and y, there exists a minimum w = x A y such 

that w ^ x, w S y ) and w ^ w f for any w ' with w' ^ x } w' ^ y . 

Moreover, this semi-ordered Banach space L( 12) has the following important 
property: 

(VIII) x ^ 0 and y ^ 0 imply || x + y || = || x || + || y ||; 

in orther words, calling x to be positive in case x ^ 0, norm is additive on posi- 

tive elements. Such a Banach space was introduced axiomatically by Garrett 

1 The principal results of this paper were previously announced in S. Kakutani [7], In 
[7] we have tacitly assumed the condition (IX). 

2 There are two typical cases when L(12) is not separable. The first one is the case of 
the Haar’s measure of a non-separable bicompact topological group, and the second one 
is the case of the linear measure in the plane. In the first case, the total space 12 is of finite 
measure and every measurable subset 12' of 12 with m(12') > 0 determines a non-separable 
Banach space L( 12'). In the second case, the total space is not expressible as a sum of a 
countable infinite number of subsets *of finite measure, while L(12') is separable for every 
measurable subset 12' of 12 with m( 12') < «. 

* It is to be noted that in the first case (see footnote (2)) there exists an element Xo > 0 
(for example, a function a? 0 (0 which is identically equal to 1) such that x 0 A x > 0 for any 
x > 0, while there exists no such element in the second case. 

4 x — y means that we have x(t) ■» y{t) almost everywhere on 12. 
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Birkhoff [3]. He has introduced the space of this type as a generalization of 
the concrete Banach space ( L ) (i.e., the space of all the real-valued measurable 
functions x{t) which are absolutely integrable on 0 ^ t 2* 1), and has discussed 
the iteration of bounded linear operations in such Banach spaces. We shall 
call a Banach space with the semi-ordering satisfying (I)-(VIII) an abstract (L)- 
sjxxce (notation: ( AL )). Every Banach space L(Q) is an ( AL ), and, in contrast 
to general abstract (L)-spaces, this will be called a concrete (L)- space. 

In the present paper we shall discuss the converse problem, i.e., we shall 
investigate how it is possible to represent any abstract (L)-space {AL) by a 
concrete (L)-space L(i2). In other words, given an abstract (L)-space ( AL ) 
with the semi-ordering satisfying (I)-(VIII), it is required to construct a space 
12 and a completely additive measure defined on some Borel field of 12 such that 
the corresponding Banach space L(t 2) is equivalent (= isometric and lattice- 
isomorphic) to the given space {AL). 

This problem is not always possible, if we have no further assumptions on 
{AL). In order to see this, we have only to notice that the property: 

(IX) x A y = 0 implies || x + y || = || x - y ||, 
which is always satisfied for any concrete (L)-space, does not necessarily follow 
from the conditions (l)-(VIII). Indeed, if we consider the {x, y)-plane with 
the usual semi-ordering: {xi , 2 / 1 ) ^ {x 2 , 2 / 2 ) if and only if x\ ^ £2 and 2/1 y 2 
simultaneously, and define its norm by 

II (*, y) II = I s + y I if * ^ 0, 2/^0 or ^0, y £ 0, 

= y/x 2 + y 2 if x ^ 0, y ^ 0 or x^O, 2 /^ 0 , 

then the conditions (I)-(VII) are all satisfied, and yet we havej| (1,0) + 
(0, 1) II = II (1, 1) II = 2 > || (1, 0) - (0, 1) II «J| (1, - 1) II = a/2. 

If, however, the conditions (I) -(IX) are all satisfied, then our problem has a 
solution. This will be proved in Theorem 7. The proof is divided into three 
parts (§§3, 4 and 5), and our principal idea is essentially contained in the papers 
of H. Freudenthal [4] and F. Wecken [14]. Moreover, it is to be noticed that 
every abstract (L)-space with the properties (I)-(VIII) can be provided with 
an equivalent norm which satisfies the additional condition (IX) (Theorem 1, §2). 

In Theorem 9 (§6), we shall prove a mean ergodic theorem in abstract 
(L)-spaces. This is a generalization of a result of Garrett Birkhoff [3] and may 
be considered as one of the most general formulations of the mean ergodic theo- 
rem and Markoff’s process. It is further to be noted that, by virtue of Theorem 
1, the condition (IX) is unnecessary for the validity of this theorem. 

In concluding the introduction, we shall list some elementary lemmas con- 
cerning the semi-ordered Banach space, which' follow directly from the condi- 
tions (I)-(VII) and which are needed in the following discussions. 

Lemma 1.1. X ^ 0 implies \(x V y) — X« V Xy, \(x A y) — X* A Xy. 

Lemma 1.2. (x V y) + z = (x + z) V (y + «), (x A y) + « = (x + z) A 
(» + *)• 

Lemma 1.3. (x V y) + (x A y) — x + y. 
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Lemma 1.4. ii A ij = 0 (i 7 * j, i, j = 1, 2 , • • • , re) imply Xi + x* + 
• • • + x n = Xi V Xi V • • • V x n . 

Lemma 1.5. x = x+ — x_ , wAere i + = iVO,*.= (— x) V 0 and x+ A *- = 0. 
Lemma 1.6. (x V 2 /) A 2 = (* A 2 ) V (y A 2 ), (* A y) V 3 = (x V 2 ) A (y V 2 ). 
These lemmas will be found in H. Freudenthal [4] and L. Kantorovitch [8]. 

2. Change of norm. 

Theorem 1. Every abstract ( L)-space ( AL ) with the semi-ordering satisfying 
the conditions (I)-(VIII) can be provided with an equivalent norm which satisfies 
the conditions (I)-(IX). 

Proof: Put || x ||* = || x+ || + || x_ || for any x « (AL). Then we have 
11*11 ^ 11*11*. 11**11* = 1*1-11*11* and || x + y ||* g || x ||* + || y ||* for 
any x, y e (AL) and X = 0. The first two relations are almost trivial and the 
third one may be proved as follows: || x + y ||* = || (x + y)+ || + || (x + y)_ || g 
II *+ + y+ || + || S- + y- || (since 0 ^ (x + y)+ ^ x+ + y + , 0 g (x + y)_ g 

*- + y -) = II *+ Ij + II y+ II + II *- II + II y- II = II * II* + 11 y II*. Thus 
|| x ||* may be considered as a norm on (AL). Moreover, as is easily seen, the 
conditions (V), (VIII) and (IX) are all satisfied for this new norm || x ||*. 
Hence all what we have to prove is that the two norms || x || and \\x\\* are 
equivalent. 

In order to show this, denote by (AL)* the space (AL) metrized by the new 
norm || x ||*. We have only to prove that (AL)* is complete. For, since we 
have || x || S || x ||* for any x ) the identical transformation: x — » x is a bounded 
linear transformation which maps (AL)* biuniquely on (AL). Consequently 
if (AL)* is complete, then by a theorem of S. Banach [1] (pp. 40-41), this 
mapping must be bieontinuous and there exists a constant C such that || x ||* fg 
C || x || for any x. 

Now, in order to prove the completeness of (AL)*, let {x n } (n = 1, 2, • • • ) 
be a fundamental sequence in (AL)*: lim || x m — x n ||* = 0. We have to 

m,n~*oo 

show that there exists an x e (AL)* such that lim || x n — x ||* = 0. Without 

n-+oo 

the loss of generality we may assume that we have || x m — x„ ||* ^ 2 -B for 
m ^ re. Since || x m — x„ || ^ || x m — x„ ||*forany rreandre, {x„} (re = 1, 2, • • • ) 
is also a fundamental sequence in (AL), and, by the completeness of (AL), 
there exists an x e (AL) such that lim || x» — x || = 0. We shall show that we 

n~* oo 

have also lim || x„ — x ||* = 0. For this purpose, put x n , p = x„ V *«+i V • • • 

n-*oo 

V x„+p for p = 0, 1, 2, • • • ; n = 1, 2, • • • (x„, 0 = x„). Then we have x n , P g 

£n tP +l =5 *n,p + (*n+p+l *n+p)+ &nd || Xn,p+l X KlP || = || (*n+p+l *» +p)+ || — 

|| x„+p+x — x n+p ||* g 2~ <n+p) for p = 0, 1, 2, • • • ; re = 1, 2, • • • . Consequently, 
since II *».h-i “ *».p II ^ £p-o 2“ (n+p) = 2“ <n ~ I) , lim x n . P = x# (strongly) 

p-+oo 

exists and this limit x* clearly satisfies x m g x„ and || x„ — x m || g 2 _<n ~ l) for 
m ^ n. Since lim || x« — x || =0 we have x g x„ and || x* — x || ^ 2~ ( ' l “ 1> 
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for » — 1, 2, • • • . Consequently, || x n — £ ||* S || in — x„ ||* + || £ n — £ ||* = 
|| £» — x n || + || x n — £ || g 2-2~ < "- 1 ' for n — 1 , 2, • • • , and thus we have 
proved that lim \\x n — £ ||* = 0. 

n-*oo 

The proof of Theorem 1 is now completed. 

Thus we have proved that we can introduce in every abstract (L)-space an 
equivalent norm which satisfies the conditions (I)-(IX). Hence we shall 
assume hereafter (in §§3, 4 and 5) that all the conditions (I)-(IX) are satisfied. 

3. Direct decomposition. The principal result of this chapter is stated in 
Theorem 2. In the case of the space of functions of bounded variation, 6 Theo- 
rem 2 has previously been shown by F. Wecken [14]. 

We begin with elementary lemmas. 

Lemma 3.1. || x V y - x' V y || S || x - x' ||, || x A y - V V II ^ 
|| x — x f ||. Consequently, x n —> x {strongly) implies x n V y — * x A y { strongly ) 
and x n A y x A y {strongly) for any y. 

Proof. We shall prove only the first relation, x V y = {x r + {x — x')) V y ^ 
{x f + {x - x')+) V {y + {x - x')+) = x' V y + {x - x') + implies x V y - 
x' V y ^ (x — x')+ and consequently (x V 2/ ~ x' V ^)+ ^ (x — z')+ . Anal- 
ogously, we have {x V y — x' V 2/)- ^ (x — x')-. Consequently || x V y — 

*' V y II = II (a; V y - s' V y)+ 1| + || (x v y - x' v y )- II ^ II (z - z')+ II + 

II (*-*0+11 - II *-*'11 (by (IX)). 

Lemma 3.2. 0 5 ii S S ... g x„ a:„ + i ^ ^ y implies the existence 

of lim x n = x' ( strongly ) with 0 x' £ y. 

n-oo 

Proof: For each n we have (by (VIII)) ]C”-i II ~ II = II (**+1 — 
x<) || = || — xi || g || y — ||. Hence 2?-i II xt+t — Xi || < °° and conse- 
quently lim x n — x' (strongly) exists and 0 ^ x' ^ y (by (V)). 

n-+oo 

Lemma 3.3. For any x 0 and y 0, lim {nx Ay) = P*(2/) {strongly) exists 

n -+oo 

and 0 g P*(y) ^ y. 

Proof: Clear from Lemma 3.3. 

Lemma 3.4. For any x § 0, y — » P*(y) is a projection operator defined for 
ally ^ 0.‘ 

(3.1) P x (y + z)= PM + PM, 

(3.2) y ^ z implies P x (y) S P*(z), 

(3.3) P*(Xy) = \PM for any X ^ 0, 

(3.4) || PM II ^ II y II- More generally , || P,(y) - P.(y') || g || y - y' ||. 
Consequently, y n -* y ( strongly ) implies P x (y n ) — > P*(y) (strongly), 

(3.5) P.(P*(y)) = P,(y). 

5 This is, indeed, one of the most familiar examples of abstract (L)-spaces. In this case 
every principal ideal is separable. See also S. Banach and S. Mazur [2]. 

• In order to define P a (y) for any y c ( AL ), we have only to put P 9 (y) - P»{y+) — P.(y-) 
for any y . It is clear that we have (3.1), (3.3) (for any X ^ 0), (3.4) and (3.5) for any y. 
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Proof: By Lemma 1.2, (nx A y) + (nx A z) = (nx + (nx A z)) A (y + 
(nx A z)) = 2nx A (nx + 2 ) A (y + nx) A (y + z). Hence nx A (y + z) g 
(nx Ay) + (nx A z) g 2nx A (y + z). Making n — *• » we have (3.1). (3.2) is 
clear since y z implies nx A y ^ nx A z for n = 1 , 2, • • • . (3.3) is also 


clear since, by Lemma 1.1, nx A Xy 



for n = 1, 2, • • • . The first 


relation of (3.4) is again clear, and the second one is a direct consequence of the 
fact that we have || nx A y — nx A y' || ^ || y — y' || for n = 1, 2, • • • (by 
Lemma 3.1). Lastly, (3.5) follows from the relation that nx A Px(y) = lim 


m-*oo 


(nx A (ntx A y)) (strongly, by Lemma 3.1) = nx A y for n = 1, 2, • • • . 
Lemma 3.5. 


(3.6) x g x' implies P x (y ) ^ P*»(y), 

(3.7) x A x' = 0 implies P x (y) A P*»(y) = 0, 

(3.8) x A x' = 0 implies P x+X >(y ) = Px(y) + P*'(y), 

(3.9) x» g x (n = 1, 2, • ■ • ) and x„ — *■ x ( strongly ) imply P Xn (y) — ► P,(y) 

(strongly). 7 

Proof: (3.6) is clear since x ^ x' implies nx Ay ^ nx’ A y for n = 1,2, • • • . 

(3.7) is also clear since x A x' = 0 implies (nx A y) A (nx' A y) = 0 for n = 

1, 2, • • • . (3.8) follows from the relation: n(x + x') A y = (nx + nx') A y = 

(nx V nx') A y (by Lemma 1.4) = (nx Ay) V (nx' A y) (by Lemma 1.6) = 
(nx A y) + (nx' A y) (by Lemma 1.4, since (nx Ay) A ( nx ' A y) = 0) for n = 1, 

2, • • • . Lastly we shall prove (3.9): x„ g x implies mx„ A y ^ Px„(y) ^ 

p*(y) (by (3.6)) and consequently || P*(y) - P*„(y) \\ £ \\ P x (y) - mx n A y || ^ 
|| Px(y) - mx A y \\ + \\mx A y - mx n A y II ^ II Px(y) - mx A y || + 
m || x — x„ || (by Lemma 3.1). Now, for any e > 0 take an m 0 so large that 
we have || P,(y) — m<*x A y || < «/ 2 and then no so large that we have 

nto || x — x„ || < e/2 for n > no • Then we have || P x (y) — P Xn (y ) || < e for 

n > no . Since e > 0 is arbitrary, we have P* n (y) — > P»(y) (strongly). 

Lemma 3.6. Por any x S 0 and y 0, Px(y) = 0 is equivalent to x A y = 0. 
Proof: Since we have always P x (y) y, Px(y) =0 implies x A y = 0. 

Conversely, x A y = 0 implies nx A y = 0 for « = 1, 2, • • • and consequently 

P*(y) = 0 . 

Lemma 3.7. x A (y — Px(y)) = 0 /or any xSO and y £? 0. 

Proof: By (3.5) and (3.1), we have P*(y - Px(y)) + P*(y) = P*(y — 
P*(y)) + Px(Px(y)) = Px(y). Hence P x (y - Px(y)) = 0 and, by Lemma 3.6, 
x A (y ~ P*(y)) = 0. 


» It is worth noting that > x (n = 1, 2, • • •) and x„ -*■ x (strongly) do not necessarily 
imply P tn (y) —» P*(y) (strongly). For example, put *„ = -y for n = 1 , 2, • • • . Then we 
have *»S; 0 (» - 1, 2, •••)»*•“**■■ 0 (strongly) and yet P Xn (y) - y does not tend to 

P.(y) - Pt(y) ~ 0. 
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Definition 1. For any x ^ 0 and y ^ 0, x > y (or y < x) means that we 

have y A u = 0 for any u ^ 0 with x A u — 0. 

Lemma 3.8. x > P x (y ) for any x ^ 0 and y ^ 0. 

Proof: x A w = 0 implies (nx A y) A u = 0 for n = 1,2,..., and making 
n — ► a o we have P x (y) A u = 0. 

Lemma 3.9. x > y is equivalent to P x (y) = V- 

Proof: By Lemma 3.8, P x (y) = y implies x > P x (y) = y. Conversely, since 

x A (y — P x {y)) = 0 by Lemma 3.7, x > y implies y — P x (y) = y A (y — 

PM) = 0 and consequently y — P x (y). 

Definition 2. A set I of positive elements of ( AL ) is said to be an ideal 
if the following conditions are satisfied: 

(3.10) x 1 1 and y e I imply x + y e I, 

(3.11) x e I and y < x imply ye I, 

(3.12) x n e I (n = 1,2, - • • ) and x n —* x (strongly) imply x el. 

Lemma 3.10. For any x =£ 0 the set of ally ^ 0 which satisfy y < x is an ideal. 
Proof: We have only to prove the following three statements: 

(3.13) x > y and x > z imply x > y + z, 

(3.14) x > y and y > z imply x > z, 

(3.15) x > y n (n = 1, 2, ... ) and y n -*y (strongly) imply x > y. 

(3.13) is clear since x A u — 0 implies y A u = 0 and z A u = 0, and conse- 
quently 0 ^ (y + z) A U ^ (y + z) A (u + z) A (y + u) A (u + u) = 
y A u + 2 A u (by Lemma 1.2) = 0. (3.14) Is also clear since x A u = 0 im- 

plies y A w = 0 (since x > y) and this again implies z/\u = 0 (since y > z). 
Lastly, (3.15) follows /rom Lemma 3.1. For, y n A u = 0 (n — 1, 2, • • • ) and 
y n ~* y (strongly) imply y A u - lim (y„ A u) = 0 (by Lemma 3.1). 

n-»oo 

Definition 3. The ideal obtained in Lemma 3.10 is called the principal ideal 
with unit x and is denoted by [x]. It is clear that y e [x] and y > 0 implies 
y A x > 0. For each principal ideal, the unit is not unique. For example, 
we have [x] = [Ax] for any A > 0. More generally, any y ^ 0 which satisfies 
x > y and y > x simultaneously has the property: [x] = [y]. 

The totality of all the positive elements of (AL) constitutes itself an ideaL 
We shall call this ideal a unit ideal. The unit ideal is not necessarily principal, 
and we have 

Theorem 2. The unit ideal is decomposed into a direct sum of a (not necessarily 
countable) number of principal ideals . More precisely , there exists a family of 
principal ideals { [x a ] } (« c SD?) such that x a A afe = 0 for any a j3, and any y > 0 
can be uniquely expressed in the form: y = £n-i y<x n > Va n c [x a J, where {a n } 
(n = 1, 2, • • • ) is a countable sequence of indices from 9ft which depends on y 
such that Px att (y) =*= y an (n = 1, 2, • - • ) and P Xa (y) = 0 for other a 1 9ft. 
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Proof: Let all the positive elements of ( AL ) be arranged in the well-ordered 
sequence; Zo , Z \ , z * , • • • , z a , • • • , a < <p. We shall define the transfinite se- 
quence \x a }, a < <p, by transfinite induction. Put x 0 = Zo , and assume that Xp 
is already defined for all P < a. Then put x a = z a if z* A xp = 0 for any p < a, 
and x a = 0 otherwise (i.e., if there exists at least one p < a with z a A xp > 0). 
In this way, x a can be defined for all a < <p. It is clear that we have x a A xp = 0 
for any a p, and that for any x > 0 there exists at least one a < <p with 
x a A x > 0. We shall show that this sequence {x a } (a < <p, omitting those a 
with x a = 0, and this set of indices will be denoted by SO?) is the required one. 

In order to prove this, consider, for any y > 0, the set {Px a (v)\ (««99?). 
Since 0 ^ Px a (y ) ^ V f° r any a e 99? and since P Xa (y ) A Pxp(y) = 0 for any 
« * 0 (by (3.7)), we have £, n _i P* a {y) = P Zai iy) V P* aj (y) V • • • V P*« n (y) ^ y 
for any finite system of indices jai , a 2 , • • • , a n } from 99? (by Lemma 1.4). 
Hence the set of indices a t SO? with P Xa {y) > 0 is at most countable, 8 and if we 
denote these by ja„J (n = 1, 2, • • • ), then the strong limit lim ]C?-i P Xa ( y ) = 

n-* oo 1 

Xn-i Px a (y) exists and Sn-i Px a (y) ^ y . We shall prove that this is an 

n " M 

equality. Indeed, if we have y' = y — X,*-i P Xa (y) > 0, then there must exist 
at least one index a e SO? with x« A y' > 0. This is, however, a contradiction 
since we have 0 ^ x a A y f ^ x a A (y — Px a (y)) = 0 for any a e 90? (by 
Lemma 3.6). 

Thus we have proved that there exists a sequence of indices {a n \ (n = 1, 
2, • • • ) from 99? such that y = 2«-i P*^?/) an d P* a (2/) 888 0 for other a e 99?. 
In order to prove the uniqueness of this expression, let us assume that we have 
y = y» n , o < y Bn t [x Bn ] (n = 1,2,...)- Then we have y ^ y $n and 

consequently P X(i (y) ^ Pxp n (yp n ) — yp n > 0 (by Lemma 3.9) for n = 1, 2, • • • . 
Hence |/3 n } (n = 1, 2, • • * ) is a subsequence of {a n } (n = 1, 2, . • • ). We shall 
prove that the totality of {p n \ (n = 1,2, • • • ) coincides with {a n } (w = 1, 2, • • • ) 
and that we have P Xff ( y ) = 2//s n for n = 1, 2, • • • . For, otherwise, we should 

have y = (J) > IXi *%>) * ye„ = yory = P^iy) * 

(i/) > Zn-i Zte* — 2/> which is clearly a contradiction. 

This concludes the proof of Theorem 2. 

Theorem 3. 7n order that the unit ideal is principal, it is necessary and suffi- 
cient that 99? is at most countable. 

Proof: If there exists a unit 1 such that 1 > x for any x > 0, or equivalently, 
1 A z > 0 for any x > 0, then we have x' a s 1 a x a > 0 for any a c 99?. Since 
Xa A Xp = 0 for any a p, we have 0 < x' ai + x f a% + • • • + x an = x' ai V 
xi s V • • • V x'a n ^ 1 for any finite system of indices |«i , a 2 , • • • , a n ) from 93? 
(by Lemma 1.4). Hence 99? must be at most countable. 9 Conversely, if 99? is 

• We have only to notice that for each n there exists only a finite number of indices a 
such that || Px a (y) || > 1/n. 

• Analogously as in footnote 8. We have only to notice that for each n there exists 
only a finite number of indices a such that || x' a || > 1/n. 
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at most countable: SD? =* {ai , a* , • • • }, then 1 ■ 2 -n || x„f will 

be a unit. Indeed, * > 0 implies the existence of an index <*» with *«, A * > 0 
and consequently 1 A * £ 2 ‘-x.. A x > 0. 

Theorem 4. Every separable abstract ( L)~space has a unit. 

Proof: If we put x« — || x a || -1 .* a for any a e HU, then we have || x' a || = 1 
and x' a A x'fi = 0 for any Hence (by (IX)) we have || x' a — x'g || = 

|| x' a + a* || = || x' a || + || x'p || = 2 for any a^| 3. Since (AL) is separable by 
assumption, 9M must be at most countable and, by Theorem 3, the unit ideal of 
(AL) must be principal. 

Remark. This result may also be obtained directly as follows: Let |x»} 
(n — 1, 2, • • • ) be a countable set which is dense in the positive part of (AL). 
If we put 1 as 2 — n • 1 1 x„ || -1 . x» , then 1 is a unit of (AL). Indeed, for 

anyx > 0 there exists a subsequence |x„,} (v = 1, 2, • • • ) of |x„) (n = 1, 2, • • • ) 
such that x n , —* x (strongly) and x n , A x — * x A x (strongly) = x > 0. Hence 
x n , A x > 0 for some v, and this implies 1 A x 5 2 — - 1 1 x„, || _1 -x„, A x > 0. 

This result was also obtained by H. Freudenthal [4]. 

4. Integral representation. In §3 we have obtained a direct decomposition 
of the positive part of (AL) into principal ideals. Consequently, our problem 
of concrete representation is reduced to the case of a principal ideal, i.e., the 
case when the unit element 1 exists. 10 In this chapter we shall show that the 
positive part of an abstract ( L)-space with unit may be represented by an integral 
in some abstract Boolean algebra with unit. This may be considered as a gen- 
eralization of a well-known result of 0. Nikodym [9] (see also S. Saks [10]), and 
is essentially contained in the paper of H. Freudenthal [4]. The proof given 
below, however, has some interest. 

Let us denote by 1 the unit element which we assume to exist (throughout 
this chapter). Without loss of generality, we may assume that || 1 1| = 1. 

Definition 4. u A positive element e 2: 0 is said to be a characteristic element 
of (AL) if we have e A (1 - e) = 0, or equivalently by Lemma 1.2, 2e A 1 = e. 
The totality of all characteristic elements of (AL) will be denoted by E. It is 
clear that e t E implies 0 e g 1. 

Lemma 4.1. P*(l) t E for any x ^ 0. 

Proof: 2P x (1) A 1 = lim (2 (nx A 1) A 1) (strongly by Lemma 3.1) = lim 

n-»oo n-+ao 

(2nx A 1) - P.(l). 

Lemma 4.2. e t E is equivalent to P e ( 1) = e. 

Proof: By Lemma 4.1, P,(l) = e implies etE. Conversely, e e E is equiva- 
lent to 2e A 1 = e by definition. And if. 2 n e A 1 = e, then 2 B+1 e A 1 = 
2(2 n e Al)Al = 2eAl = e. Hence, P„(l) = lim (2 n e A 1) = e. 

n -*oo 

Lemma 4.3. etE implies 1 — etE. (Clear.) 

w See the last lines of the proof of Theorem 7. 

» Cf. H. Freudenthal [4], 
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Lemma 4.4. Ci < E and e a e E imply ei V 62 « E and ei A £2 « E. 

Proof: 2(e a V Cs) A 1 = (2ei V 2e») A 1 = (2ei A 1) V (2e* A 1) (by Lemma 
1.6) = ei V e a . 2(ei A«s) Al = (2ei A 2e a ) A 1 = (2ci A 1) A (2e 2 A 1) = 
Ci Ae*. 

Lemma 4.5. e„ « E (n = 1, 2, • • • ) arid e„ — » e {strongly) imply e « E. 

Proof: 2e A 1 = lim (2e„ A 1) (by Lemma 2.1) = lim e„ = e. 

n-+ oo n— *oo 

Lemma 4.6. E is a Boolean algebra with e\ V , e?i A 62 and 1 — e a« tfs funda- 
mental operations , and is cZosed in (4L) in the strong topology . 

Proof: Clear from Lemmas 1.6, 4.3, 4.4 and 4.5. 

Theorem 5. For any x ^ 0 Jfore exists a system of characteristic elements 
(e(X)} (0 S X < 00 ), called the resolution of unity , such that 

(4.1) X implies e(\) S e(n) f 

(4.2) X n = X (n 5=5 1, 2, • • • ) and X* — > X impfo/ e(X n ) e(X) (strongly), 

(4.3) e(0) = 0, lim e(\) m e(<*>) = 1, 

X—»oo 

(4.4) e « E and e JS r(X) imply P c (x) I Xe, 

(4.5) ceE and e g 1 — e(X) imply P«(x) ^ Xe. 

Proof: Put e(X) = P(Xi-x) + (l). Then e(X) is characteristic by Lemma 4.1. 
Since (XI — x)+ g (jul — x) + for \ £ p, (4.1) is a direct consequence of (3.6). 
Analogously, (4.2) is a direct consequence of (3.9), if we observe that we have 
(X„l — x)+ = (X„l — x) V 0 — > (XI — x) V 0 = (XI — x)+ (strongly by Lemma 
3.1). The first part of (4.3) is almost evident; for, we have e(0) = fWD = 
Po( 1) = 0. Before coming to the proof of the second part, we shall prove (4.4) 
and (4.5). e e E and e g e(X) imply 0 ^ c A (x — Xl)+ ^ e(X) /\(x — Xl)+ = 
lim (n(Xl — x)+ A 1 A (x — Xl). f ) (strongly by Lemma 3.1) = 0 (by Lemma 

n— *oo 

1.5), and consequently P„((x — Xl)+) = 0. Hence the trivial relation x g 
{x — Xl)+ + XI implies P e (x) ^ Pe{{x — Xl)+) + P«(Xl) = P e (Xl) = Xe 
(by (3.2), (3.1), (3.3) and Lemma 4.2). In the same manner, e « E and 
e 1 — e(X) imply 0 ^ e A (XI — x) + (1 — e(X)) A (XI — x)+ = 

(1 — P(xi_x)+(1)) A (XI — x) + = 0 (by Lemma 3.7), and consequently 
P,((X1 — x) + ) = lim {ne A (XI — x) + ) (strongly) = 0. Hence the trivial 

n-*oo 

relation x + (XI — x) + ^ Xl implies P«(x) = P«(x) + P«((X1 — x) + ) ^ 
P,(X1) = Xe. Thus (4.4) and (4.5) are proved. 

Now, in order to prove the second relation of (4.3), put lim e(X) = e(») 

X-*oo 

(strongly), which surely exists and belongs to E by Lemma 4.5. If we further 
put e'(oo) = 1 — e(»), then e'(°°)«E by Lemma 4.3. Since e'(») 

1 — e(X) for any X > 0, we have P.'(«»(x) is Xe'(°o) and consequently 
|| P«'(»)(z) || ^ X || e'(«) || for any X > 0. From this follows directly that we 
have e'(<») = 0 and e(«) = 1. 
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Thus the proof of Theorem 5 is completed. 

Theorem 6. Each positive element x £ Oof ( AL ) can be expressed in the form-. 

(4.6) x = f X de{\), 

J o 

where the integration is of abstract Radon- Stieltjes type and { e(X) } (0 X < «o ) 
is the resolution of unity obtained in Theorem 5. 

Proof: For any division A: 0 = Xo < Xi < • • • < X„ = A < <» of the interval 
(0, A) with 0 < X, — X,_i < e (i = 1, 2, • • • , n), we have 

n n 

m(A) = yi Xt_i(6(Xt) c(Xt— i)) ^ ]E P («(X»)— Pe(A)(^) 

*•-1 »-l 

^ E X t (e(Xt) - c(X*_i)) B ikf(A) 

•-1 

and 


M(A) - m(A) = E ~ X t _i )(e(X<) - e(X t _i)) 

<-i 

^ c E (e(X,) «(X<-0) = «(«(A) — e(0)) ^ c 1. 

t-i 

These relations follow directly from the fact that we have e(X.) — c(X,_i) g 
e(X t ) and e(X t ) — e(Xi-i) ^ 1 - e(X,_ i) for i = 1, 2, • • • , n. Hence we have 

(by making e — > 0) P e a)(x) = / Xde(X), and, by making A — ► qo, we have 

Jo 

the required relation (4.6) (since A — ► » implies e(A) — ► 1 (strongly) and 
Pei a) 0*0 Pi(z) = z (strongly) by (3.9)). 

The proof of Theorem 6 is hereby completed. 

Remark. Theorems 5 and 6 are also valid even if there exists no unit element 
in (AL); for, we have only to consider the principal ideal [#]. 

5. Concrete representation. In §4 we have seen that any positive element 
of an (AL) with unit can be represented by an integral in some abstract Boolean 
algebra. We shall show, in this chapter, that this abstract Boolean algebra 
(with a unit element) can be represented by a concrete one with a completely 
additive measure, and that the abstract integration can be substituted by a 
concrete one. 

Theorem 7. To any abstract (L)-space (AL) satisfying the conditions (I)- 
(IX), with a unit element there corresponds d totally disconnected (bicompact) topo- 
logical space ft and a completely additive measure defined on a Borel field of ft, such 
that (AL) is isometric and lattice-isomorphic to the Banach space L(ft). 

Proof: We shall first treat the case when the unit exists. By Lemma 4.6, 
the totality E of all the characteristic elements e of (AL) constitutes a Boolean 
algebra with 1 as its unit element. Hence, by a theorem of M. H. Stone [12]- 
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H. Wallman [13], E may be represented by a concrete Boolean algebra K of all 
the simultaneously open and closed subsets of a totally disconnected bicompact 
topological space 12. Let E be the element of K which corresponds to the element 
e of E. Then m(E) = || e || is clearly a finitely additive measure defined on K, 
and, if we put d(Ex , E 2 ) = m(Ex + E 2 — ExE 2 ), then (denoting by e\ and e 2 
the corresponding elements in E), d(Ex , E 2 ) = m(Ex + E% — E\E 2 ) = 
m((Ei + E 2 ) — E 2 ) + m((Ei + E 2 ) — Ex) = || ex V e 2 — C 2 1| + || ex V ^2 — ci || = 
|| (ex — ^ 2 ) V 0 || + || 0 V (e* - e x ) || = || e t — e 2 1| (by IX)); i.e., with this 
metric d(Ex , E 2 ) E is isometric with K. 

We shall next prove that this m(E) is completely additive on K. For this 
purpose, it suffices to show that 110 element E of K can be expressed as a sum of a 
countable infinite number of non-vaeuous disjoint sets \E n \ (n = 1, 2, ••• ) 
of K. Indeed, if we have E = £n-i E n , E e K, E n € K (n = 1, 2, . • • ) and 
E m E n = 0 (m n), then the closed set E is covered by a system of open sets 
{E n } (n = 1, 2, • • • ). Since the space 12 is bicompact, E is covered by a finite 
number of E n , and this is clearly impossible since each E n (n = 1, 2, • • • ) is 
non-vacuous and E m -E n — 0 for m 5 * n. 

Thus we have proved that m(E) is completely additive on K. Hence, by a 
theorem of E. Hopf [5] (p. 2), m(E) can be extended to the least Borel field B( K) 
containing K, and it will be easily seen that the residual class of B(K) modulo 
the ideal of all the sets of measure zero of B( K) forms a Boolean algebra which 
is isometric and lattice-isomorphic to E. 12 Thus we have obtained a space 12 
and a completely additive measure m(E) defined on the Borel field B( K) of 
subsets E of 12 which is isometric and lattice-isomorphic to E (if we neglect the 
sets of measure zero) ; and it is now an easy matter to show (under the condition 
(IX)) that (.4L) is isometric and lattice-isomorphic to the Banach space L(12) 
which is determined by the measure just obtained above. Indeed, the integral 
representation obtained in Theorem 6 is simply the one-to-one norm-preserving 
correspondence of the positive part of (AL) and L( 12), and from this follows 
(by virtue of (IX)) that (AL) and L(!2) are isometric and lattice-isomorphic to 
each other. 

Thus Theorem 7 is proved under the condition that the unit element exists. 
In order to discuss the general case, we have only to appeal to Theorem 2. 
Indeed, we have only to consider the family of spaces {12 a }, a c SO?, corresponding 
to the principal ideals \[x a ]}, aeffi, and to put 12 = • As is easily 

11 For this purpose we have only to show that for any E e B (K) with E = ^"-1 B ni E n € K 
(n = 1, 2, • • • ) and Ei C E* C • • • C E n C • • • , there exists an 2?' e K such that E* 3 E 
and m(E ' — E) — 0. In order to show this, consider the corresponding elements (e») 
(n — 1, 2, • • •) from E. Then we have e x ^ e 2 ^ ^ e n ^ • • • , and || e n || = m(E n ) ^ 

m(E) < <» . Hence lim e n - e' exists and, if we denote by E' the element of $ which 

n-*oo 

corresponds to e', then E f satisfies E' 3 E n {n * 1, 2, • • • ) and m(E') ** || e' || *» lim || e n || — 

n-*oo 

lim m(E n ). Consequently E' 3 *■ E and m(E' — E) - lim m{E 9 — E n ) « 0. 
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seen, L(Q) is the totality of all the measurable functions x(t) defined all over 
12 * 12« , for which there exists at most a countable number of indices {«»} 

(n = 1, 2, • • • ) (depending on x(t)) such that we have £n-i / | x(t) | dt < » 

jQa n 

and x(t) = 0 almost everywhere on other 12 a . It is clear that (. AL ) and L( 12) 
are isometric and lattice-isomorphic to each other. 

The proof of Theorem 7 is now completed. 

If, moreover, the space (AL) is separable, then J3(K) is also separable with 
respect to the metric d(E \ , E 2 ) = m(E\ + E% — E 1 E 2 ). Furthermore, by 
Theorem 4, this (AL) has a unit 1 with || 1 1| = 1. Consequently B(K) has a 
unit element 1 with m( 1) = 1. Hence, by a well-known argument, B( K) can 
be embedded isometrically and lattice-isomorphically in a Boolean algebra of 
all the measurable sets of the unit interval (0, l). 18 

Theorem 8. Every separable abstract (. L)-space (satisfying (I)-(IX)) can be 
embedded isometrically and lattice-isomorphically into the Banach space (L) (= the 
concrete (L)-space defined on the unit interval (0, 1) with respect to the ordinary 
Lebesgue measure). 

6. Mean ergodic theorem in abstract (L)-spaces. 

Definition 5. Let I 7 be a bounded linear operation which maps a semi- 
ordered Banach space into itself. T is said to be positive if we have T(x) ^ 0 
for any x ^ 0. 

Theorem 9. Let T be a positive bounded linear operation which maps an 
abstract (L)-space (AL) (satisfying the conditions (I)— (VIII)) into itself . If there 
exists a constant C such that || T n || g C for n = 1, 2, • • • , and if there exists 

for any x 0 an x Q ^ 0 such that x n m -(x + T(x) + • • • T n ' l (x)) ^ x 0 for n = 

n 

1, 2, • • • , then for any x e (AL) the sequence {x n \ (n = 1, 2, • • • ) converges 
strongly to a point x t (AL), i.e., mean ergodic theorem is valid in (AL). 

Remark. This is a generalization of a result of Garrett Birkhoff [3]. He has 
assumed that T preserves the norm of positive elements (i.e., || T(x) || = \\x\\ 
for any x ^ 0), and has only proved that \f(x n )} (n = 1, 2, • • • ) converges for 
any bounded linear functional f(x) defined on (AL). (Since the weak complete- 
ness of (AL) (see Theorem 11) was not proved by him, the weak convergence 
of {x n } (n = 1, 2, • • . ) was not yet established). 

Proof of Theorem 9. By Theorem 1, we have only to discuss the case when 
the conditions (I)-(IX) are all satisfied. Hence we shall assume, appealing to 
Theprem 7, that (AL) is represented isometrically and lattice-isomorphically by 
a concrete (L)-space L(i 2). 12 may not be k sum of a countable infinite number 
of subsets of finite measure. By a theorem of K. Yosida [15] and the author [7] 
(see also F. Riesz [10]), we have only to prove that, for any x * L( 12), the se- 

u Cf. S. Bochner and J. v. Neumann, On compact solutions of operational-differential 
equations I, Annals of Math,, Vol. 36 (1935), p. 264, Footnote 17. 
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quence \x n ) (n = 1, 2, • • • ) contains a subsequence which converges weakly to 
some x *L(i 2). Since any x eL(Q) can be represented as a difference of two 
positive elements: x = x+ — , we have only to discuss the case x ^ 0, and 

our theorem is reduced to the following 

Theorem 10. Let {z n (0} = 1, 2, ••• ) be a sequence of non-negative 

measurable functions from L(12). (12 may not be a sum of a countable infinite 

number of subsets of finite measure.) If there exists a function x 0 (t) e L(Q) such 
that x n (t) g x 0 (t) almost everywhere on 12, then the sequence {x n (0} (n = 1, 2, • • • ) 
contains a subsequence which converges weakly to some function x(t) e L(Q). 

Proof: When 12 is the interval (0, 1) or (— oo, + <»), this theorem is well- 
known, and the general case can be reduced to this case. To show this, con- 
sider the family K of all the sets E n , a = E t [x n (t ) > a], where a is any positive 
number and n = 0, 1, 2, • • • . Each E n , a is of finite measure since we have 

otm(E n ,a) ^ / x n (t) dt < oo for any a > 0 and n = 0, 1, 2, • • • . Moreover, 
Jq 

since we have E n , a = lim E n , rk , where a is any positive number and {r*} ( k = 

k-*oo 

1, 2, • • • ) is a monotone decreasing sequence of positive rational numbers which 
tends to a, K is separable with respect to the metric d(E x , E 2 ) = m(E x + E 2 — 
E\E *). Hence, by a well-known argument, K may be represented isometrically 
and lattice-isomorphically by a family of measurable sets in the interval 
(- 00 , + 00 )- 

Thus the characteristic functions of the sets of K and consequently the func- 
tions {£n(0} (n = 0, 1, 2, • • • ) may be considered as the non-negative measur- 
able functions of L(12o), where 12 0 is the infinite interval (— oo, +°o). It is 
clear that we have x n (t) g Xq{() (n = 1, 2, • • • ) almost everywhere on 12b . 
Hence by a well-known result, the sequence {z n (2)} (n = 1, 2, • • • ) contains a 
subsequence {x n ,(01 ( v = 1> 2, • • • ) which converges weakly to a function 
x(t) eL( 12o). Since x(t) belongs to the smallest closed linear manifold which 
contains {z n (0} ( n = I» 2, • • • ), x(t) may also be considered as to belong to 
L(12), and it is again clear that the sequence {zn„(0! ( v = 1, 2, • • • ) converges 
weakly to x(t) as a sequence of elements of (AL). 

Thus the proof of Theorem 10 and thereby the proof of Theorem 9 is com- 
pleted. 

Remark 1. The proof given above is based on the representation theorem 
(Theorem 7), and in proving Theorem 7 we have made use of the transfinite 
induction (see Theorem 2). In order to avoid such a transfinite method, we 
shall prove the following Theorem 11. As will be shown later, Theorem 11 
will give us another proof of Theorem 9. Theorem 11 is interesting in itself 
and will perhaps become a useful tool in the allied problems. 

Theorem 11. Let (AL) be an abstract (L)-space (satisfying the conditions 
(I)-(IX)) which is not necessarily separable , and let {x n \ (n = 1, 2, • • • ) be an 
arbitrary sequence of points from (AL). Then there exists a separable closed linear 
subspace (AL)' of (AL) which contains {z n } (n = 1, 2, • • • ) and which is also 
closed in the sense of lattice (i.e., yi,y%e (AL)' implies y x V 2 / 2 , yi A 2/2 € (AL)'). 
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Proof: Let Y be the set of all y t ( AL ) which is obtained from {*»} (n = 
1, 2, • • • ) by operating a finite number of times the following operations: 

(6.1) taking a sum: y = yi + yt , 

(6.2) multiplication by a rational number: y — \yi, 

(6.3) taking a maximum: y = yi V yt , 

(6.4) taking a minimum: y = y\ A yt - 

Y is clearly a countable set, and yi, yttY implies yi + yt, \yi , yi V yt , and 
yi A Vt « Y, where X is a rational number. Let now (AL)' be a closed cover 
of Y (in the strong topology of (AL)). We shall prove that this (AL)' is the 
required one. Since it is clear that (AL)' is separable and contains {x„} (n = 

1, 2, • • • ), we have only to prove that (AL)’ is linear and is closed in the sense 
of lattice. 

For this purpose, let yi , yte (AL)' and let X be an arbitrary real number. 
Then there exist two sequences of points {y<„} (n = 1.2, - - - ; i = 1,2) from Y 
and a sequence of rational numbers { X n } (n = 1, 2, • • • ) such that y in — > y, 
(strongly, i = 1,2) and X„ -> X. Consequently, y ln + yu -* J/i + yt (strongly), 
Kym Xj/i (strongly), y ln V ytn -* Vi V yt (strongly) and y u A ytn -> V\ A yt 
(strongly). Since y in + ytn , Kym , ym V Vu and y in A yu belong to F for 
n — 1, 2, • • • , yi + yt , Xyi , j/i V yt and y i A yt must belong to (AL)' which 
completes the proof of Theorem 11. 

Proof of Theorem 9. By Theorem 11, there exists a separable closed linear 
subspace (AL)' of (AL) which contains {x n \ (n = 0, 1, 2, • • • ) and which is 
also closed in the sense of lattice. It is clear that (AL)' itself is also an abstract 
(L)-spacc. Hence (AL)' can be embedded isometrically and lattice-isomorphi- 
cally into the concrete (L)-space (L) by Theorem 8. Thus (*„} (n = 0, 1, 

2, • • • ) may be considered as a sequence of measurable functions {£»(<) J (n = 
0, 1, 2, • • • ) of (L). If we now consider the case x Si 0, then 0 ^ x n (t) sS x 0 (t) 
almost everywhere for n = 1, 2, • • ■ . Hence, as we have observed above, 
there exists a subsequence \x„ t ] (v = 1, 2, • • • ) of { x „ } (n — 1, 2, • ■ ■ ) which 
converges weakly (as a sequence of points of (L)) to a point x t (L). Since x 
belongs to a closed linear manifold which is spanned by |a:„} (n = 1, 2, • • • ), 
$ may also be considered as to belong to (AL)', and it is clear that the sequence 
{z„,| (y = 1, 2, ••• ) converges weakly to x as a sequence of points of (AL)'. 
Thus we have proved that there exists a subsequence (v = 1, 2, • • • ) 
of {x„} (n = 1, 2, • • • ) which converges weakly to i e (AL)' as a sequence 
of points of (AL)', and it is again clear that the sequence {x n ,( (v = 1, 2, • • • ) 
converges weakly to x as a sequence of points of (AL). 

The rest of the proof may now be carried out exactly as in the preceding case. 
We have only to apply the mean ergodic theorem in Banach spaces (K. Yosida 
[15], S. Kakutani [7] or F. Riesz [10]). 

Remark. Since the space L(i io), where flo is the interval (0, 1) or (—«,+» ), 
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is weakly complete, we can prove in the same manner that each concrete 
(L)-space L(Q) is weakly complete. Hence, by Theorem 7, 

Theorem 12. Every abstract (L)-space is weakly complete. 

For the case of the space of functions of bounded variation, this theorem was 
obtained by S. Banach and S. Mazur [2]. 

Mathematical Institute, Osaka Imperial University 
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TWO ESTIMATES CONNECTED WITH THE (a, 0) -HYPOTHESIS 1 

By Peter Schbrk 
(Received April 22, 1940) 

Small italics denote integers. The “number function” D(x) of a set D of 
positive integers d is the number of the d ^ x. 

Let A f B ) C be sets of positive integers o, 5, c respectively and A{x) y B(x ), 
C(x) their respective number functions. Let C be the set of all the numbers 
of the form a, b or a + 6. 

The so-called (a, /3)-hypothesis reads: Let a and P be two positive real num- 
bers with a + P < 1. Let A(x) ^ ax and B(x) ^ Px for x = 1, 2, • • • , n. 
Then C(n) ^ (a + j8)n. 

This hypothesis has been treated among others by Landau, Besicovitch, and 
Schur. 2 The proofs of their theorems have the principle in common that the 
number function C(n) is estimated more or less explicitly through integer ex- 
pressions in the number functions of the two sets A and B ; and it is only after- 
wards that estimates of these number functions are used. An analysis of 
Besicovitch’s paper shows that Landau’s and Schur’s theorems can be derived 
from the estimate contained in his proof. 3 * * * * 

The problem of constructing such integral estimates of C(n) through expres- 
sions in the number functions of A and B seems interesting for two reasons: 
On the one hand one can hope to reach a deeper understanding of the (a, P)- 
hypothesis. On the other hand this problem seems more natural, since it in- 
volves no hypothesis about the sets A and B. 

Until now two estimates of this kind are known besides that of Besicovitch. 8 
These three estimates are sharp. In each of them the number of terms can be 
made arbitrarily large by increasing n. 

In this paper two new estimates are presented each containing only a restricted 
number of terms. Like the earlier three inequalities they are valid for numbers 

1 This paper was presented to the American Mathematical Society on February 24, 1940. 

*E. Landau: Die Goldbachsche Vermutung und der Schnirelmannsche Satz, Nachr. 
Ges. Wiss. Goettingen, 1930, pp. 265-276. 

A. S. Besicovitch: On the density of the sum of two sequences of integers, Journal 

London Math. Soc. 10 (1935), pp. 246-248. 

I. Schur: Ueber den Begriff der Dichte in der additiven Zahlentheorie, Sitz. Ber. Preuss. 

Akad. Wiss., 1936, pp. 269-297. 

Also: E. Landau: Ueber einige neuere Fortschritte der additiven Zahlentheorie, Cam- 
bridge Tracts 85 (1937). 

* P. Scherk: Bemerkungen zu einer Note von Besicovitch, Journal London Math. Soc. 
U (1939), pp. 185-192. 
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not lying in C and interconnected by Khintchine’s “Umkehrformcl” (Inversion 
formula). 4 

We decompose the positive numbers into intervals, such that all the integers 
in intervals of one kind belong to C, those in the others not: Let 

go = 0 i£ k 0 < gi < ki < g t < ki < • • • ; 

z C 0 for g { < z ^ ki) z cjl (J for k{ ^ z ^ 0i + 1 [i = 0, 1, 2, • • •]. 

t | C | t ^ C | ( c 

17o = 0 h g\ ki go k t g 3 

We abbreviate r(«) = A(z) + B(z). 

If ko ^ n ^ g x , then C(n ) ^ T(n). The proof of this statement is simple.* 
Two facts follow from it: 1) The (a, ^-hypothesis is true for ko < n gi [and 
therefore up to jfcj. 2) If we suppose a + /3 ;> 1 instead of a + 0 < 1, then C 
contains all the positive integers up to n. 

If we go from the first segment & 0 3* n g g t to any higher one ki S n S g<+i 
[i ^ 1], then there exists no longer a general inequality of the form C{n) ^ 
r(n) — f(i), where /(f) depends upon i but not on A and B. 6 

The following theorem, however, can be proved: If A:,- ^ n g g i+x , and if 
C(n ) < r(«), then there is a number l + 1 g ki belonging to both A and B 
such that 

C(n ) £ r(i) + r(n - l - 1) - (i - 2). 

This estimate contains the (a, /8)-theorem for the interval k x < n £ g t . For 
such an n satisfies at least one of the following two inequalities 

C(n) r(n) and C(n) ^ T(l) + T(n — l — 1) + 1. 

The second theorem is connected with the analogous decomposition of the 
positive integers according to whether or not they belong to B. It can be 
formulated as follows: Let 

(1) »+l(tC, C(n ) < T(n) + B(n). 

Then there is a number m < n with 

m + 1 C, n — m C A, 

4 A. Khintchine: Zur additiven Zahlentheorie, Matem. Sbornik S 9 , 3 (1932), pp. 27-34. 
One of the inequalities being symmetrical, only one other estimate is related to it. 

* See the beginning of the proof of the first theorem. This fact was already used by 
Schnirelmann. Schnirelmann: Ueber additive Eigenschaften der Zahlen, Math. Annalen 
107 (1933), pp. 649-690. 

• One can readily find examples which show that r(n) — C(n) can be made arbitrarily 
great while % remains fixed: Let 

1 ^ r < v, A - B =• {1, 2, • • • , r, 2v + 1, 2v -f 2, • • • , 3t>}. 

Hence C - {1, 2, • • • , 2r, 2v + 1, 2v + 2, • • • , 3v 4- r, 4» + 2, 4t> + 3, • • • , 6r) ibi - 3» + r 
and T(fci) - C(ki) «* 2(t> + r) - (2r + v + r) =■ v - r. 
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such that 

(C(») - C(n - m)) + (C(n) - C(m + 1)) 

( 2 ) 

^ 4(m + 1) + A(n — m — 1) + B(n) — (i — 1). 

Here i + 1 equals the number of numbers r g n with r + 1 C(Z 5 and either 
r C B or r = 0. 

Both theorems can be slightly refined, but they are already sharp in the given 
form, in the sense that there is a pair of sets A, B such that in each of the in- 
finitely many estimates of this kind m can be chosen such that equality holds, 
but that for any choice of m in none of them the greater sign is valid. 7 

Throughout this paper we abbreviate D{x } y ) = D{y) — D(x) for any number 
function D(x ) 8 and T(x y y) = T(t/) — r(z). Thus (2) can be written 

C(n — m, n) + Cirri + 1, n) 

( 3 ) 

^ A(m + 1) + A(n — m — 1)+ B(n) — (i — 1). 

Lemma: 9 Let fc + lcJlC, 0 £ g < h £ k. Then 

(4) h - g S A(g y h) + B(k - h y k - g). 

Proof: Let a C A y b C JS. From a = k + 1 — b would follow k + 1 = 
a + b C C. Therefore, the numbers a with g < a and the numbers k + 1 — b 
with g < k + l — fc^Aare different from each other. Their number 

A{g y h ) + B(k - h y k - g) 

is not greater than the number h — g of all the numbers z with g < z g h. 
Upon adding the formula symmetrical to it to (4), we obtain 

(5) 2 (h - g) ^ r(p, h) + T(k - h y k - g). 

Proof of the first theorem: 

The ki and g x have the same meaning as in the introduction. If k 0 > 0, then 

C(k 0 ) = fc 0 ^ r(fco) 

according to (4) with g = 0, h = k = k 0 . If & 0 = 0, this estimate is trivial. If 

(6) C(x) £ r(z) 

and if x + 1 cfl (7, then (6) also holds for x + 1 instead of x. 

We may suppose (6) is not valid for all the x Cf C. Then there is a ji ^ 1 
such that (6) holds for all the x ^ g n with ,x cfl C but not for x = k ii . We 
shall show that there exists an inequality of the desired kind for all the x §: 
belonging to an interval ki ^ x ^ g x + 1 . 


7 Cf. the example given in 3. 

• When x < y, D(x y y) obviously indicates the number of the d C D with x < d £ y. 

9 This lemma is a well known special case of Khintchine's “Umkehrformel” ; cf. 2, 3, 4. 
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There is a number h with g h g h < k n such that 

(7) r(/j) g C(h) < C(h + i) < r tf, + 1). 

Thus h + 1 must lie in the intersection A - B of A and B. The formula (5) 
with 

k = k h , g = 0, h = k h - h 

gives 

2 C(h , k, t ) = 2 (*,, - u) * r (k h - k) + rtf , , k it ) 
hence, because of (7) 

2 C(k h ) = 2C(h) + 2 Ctf, , k h ) > 2r(h) + T(k h - h) + m , k h ) 

* rtf,) + r (k h ) + T(k h -h- i). 

Since Ctf;,-,) ^ r (&,-,) — ] we obtain 

C(k h ) > rtf,) + T(k u -h- 1) + 1. 

The numbers ,&„,•••, k ii and h , l 2 , • • • , U may already have been 
constructed [i ^ 1] such that l, + 1 C A ■ B and 

(8) C(x) £: T(l t ) + r(x - U - 1) - tf - 2) 

for x = k H . If (8) holds for x and if x + 1 C, then (8) also holds for x + 1 
instead of x on account of U + 1 C A • B. 

If (8) is not valid for all the x (£ C with x > k H , then there exists a number 
ji+i > ji such that (8) holds for all the x cjl C with kj- < x ^ (I n+i but not for 
x — k li+l ; and there is a number m with g H+l ■'S rn < k Ji+l such that 

T tf,) + T(m — U — 1) — tf — 2) =£ C{m) < C(m + 1) 

< rtf,) + r(m - U) - tf - 2). 

Therefore 

l i+ 1 + 1 = m - U CA B. 

From (5) with 

k = kj i+l , g — l {+ 1 "hi, h — &, i+ , 

we have 

2 C(m, k ii+l ) = 2 (k ii+l - m) = 2 ((k ii+l - U) - tf,+, + I)) 

^ t(u+i + 1, k ii+l - u) + m , fc,- <+1 - u +1 - 1) 

^ rtfi+i > k)\+i h 1) 4" rtf, > ^»+i 1) 2. 

On account of (9) we obtain 

2C(k u+l ) = 2 C(m) + 2 C(m, k ii+l ) Z 2(T(U) + r tf*,) - ( i - 2)) + 

+ T(l i+1 , k ii+l - U - 1) + T(U , A:, i+l - l w - 1) - 2 

- rtf,) + rtf <+1 ) + r(k u+l -u- l) + r(fc,- i+l - i (+i - i) - 2(i - i); 
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and since ( 8 ) should not be true for x = k )i+l 

C(k u+1 ) 2 : T(l i+l ) + T(kj i+l - l i+l - 1) - (» - 1). 

That accomplishes the induction, and j{ | i gives our theorem . 10 

Proof of the second theorem: 

In the following a, b, c denote numbers of A, B, C respectively. 

The number n + 1 satisfies the condition ( 1 ). Let 

n = So ^ r 0 > Si > n > s s > ... > r,_! > s,- > r,- ^ s,+i = 0 , 

x C B for s,-+i < x r, ; x B for rj < x £ 8j [j = 0, 1, 2, • • • , t], 

B B B B 

i 1 i i 1 ■ " i 1 — i i 1 — ■ ii " i i 1 — i 

8i f 1 = 0 r » s* r,-i s 2 n si ro n = s 0 n + 1 

From a n — r 0 follows r<><c = a + roSfi; therefore 

C(r 0 , n) ^ ^4(n — r 0 ) = A(n — r 0 ) + B(r 0 , n). 

Let 

(10) C(x, n) ^ -A(n — a:) + B{x, n) 

hold for x = r x . Then (10) is true for all the x with Sx+i ?a x ^ r x . For (4) 
with 

k = n, g = n — r x , h = n — x 

19 If k,-, < x < fc,-, , * (j: C then 
d') C(X) Z r(g h ) + r(x - g h - 1) + 1. 

Since in view of ( 8 ) 

(20 C(X) s r(fi) + r(* - h - l) + l, 

it is sufficient to show that the right term of (20 is not smaller than that of (F). Thus (10 
follows from 

(30 2r ( 0 J! , li) £ rfo, , h) + T(x- h- l,x - gj 1 - I). 

Since, on account of the lemma, the right term of (30 is not greater than 2(7(jry, , h), we 
have only to show 

r(fln , li) S C(g t i , h). 

But this is evident; for, on account of (7), C(li) — r(fi) and Cfah) ^ r(j,,). 

The following example shows that there is no estimate analogous to (2'), from whioh the 
(a, /3)-hypothesis would result for the interval k/ t < x £ Qi%+i- 

A - { 1 , 2 , • • • , t - 1 , It, 2t + 1 , • • • , 3f - 1 , 41, 4f + 1 , • • • , 5 < - 1 } 

B - ( 1 , 2, ••• , t — 1 , 2 f, 2 f + 1 , ••• , 3< — 1 , 41 + 1, 4< + 2 , ••• , 5« — 1 ) 

There has not been found any example showing the same for (10. 


[t & 2]. 
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gives 


C(x, n) — C(x, r x ) + C(r x , n) ^ r x — x + A(n — r x ) + B(r x , n) 

^ A(n — r x , n — x) + B(x, r x ) + A(n — r x ) + £(r x , n ) 
= A(n — x) + B(x, n). 

On account of (1) there exists, therefore, a number ji with 1 £ ji £ i such 
that (10) is valid for x = r x [X = 0, 1, • . . , j x - 1] but not for x = r h . Then 
(10) holds especially for x = s,-, . Let mi be the greatest number x with r,-, ^ 
x < Sy, for which (10) is not true; thus 


( 11 ) 

Since 


A{n — mi) + B(m x , n) > C{m x , n) ^ C(m x + 1, n) 

A(n — m x — 1) + B(m,i + 1, n). 


B(mi , n ) = B(mi + 1, n) = B(r h , n) 

we have 

wti -f- 1 cjl C, n — wti Cl 4. 11 

Furthermore 


(12) C(r„ , mi) ^ A(mi - r„), C(n - m x + ry,, n) ^ /l(n - mi, n - ry,). 
For if r,-, 0, then r,-, C B; 

a ^ nti — r it gives r h < c - a + r h ^ mi 
and n — rrh < a ^ n — r h gives n — m t + r„ < c = a + r„ n. 

Thus we obtain: 


C(n — mi + ry, , n) + C(m i + 1, n) ^ A(n — m t , n — ry,) + 

+ A{n — mi — 1) + B(wi + 1, n) [see (11) and (12)] 
^ A(n - r h ) - 1 + B(r,-, , n) 

^ C(r,-, , n) [(10) should not hold for x — ry,] 

= C(r,-, , mi) + C(m x , n) 

^ A(m\ — ry,) + A(n — m t — 1) + B(r,-, , n) [see (11) and (12)]. 


Let m, and ry, be already defined, 

0 < k ^ j, < i, Tj , g m« < n, 

m« + 1 <t <7, n — m, C 4, 


11 By iterating the step leading to t»i a descending sequence can be constructed which 
is essentially equivalent to Besicovitch’s ascending one. 
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and let 

C(n — m, + x, n) + C(m, -+- 1, n) 

(13) 

2: A(m « — x) + A(n — m, — 1) + 5(x, n ) — (k — 1) 

hold for a: = r J([ . 

If (13) is true for x = r x , then it holds for all the x with sx+i 2a x < r x . Since 
on account of n — m K CZ A and z C B for s x+ i < z ^ r x every number n — m„ + z 
belongs to C, we have 

C(» - ot, + a;, n - m, + r x ) = r x - a:; 

from (13) with r x instead of a: and (4) with 

k — nit, flf = m, — rx , h = m, — x 

we hence derive 


C(n — + x, n) + (7(m« + 1, n) 

= r x - x + C(n - m„ + r x , n) + C(m, + 1, «) 

^ A(m, - r x , m„ - x) + S(x, r x ) + A(m, - r x ) + 
+ A(n - m« - 1) + 5(r x , n) - (k - 1) 

= A(m, — x) + A(n — m, — 1) + 5(x, n) — {k — 1). 


If we can choose in particular X = i, (13) holds for x = s,+i = 0 and, on ac- 
count of k ^ i and A(m,) = A(m, + 1), we arrive at the assertion (3) with 
m = to, . 

We suppose now that (13) is not true for x = 0. Then there is a number 
jt+ i with j. < j. +l g i such that (13) holds for x = r x [X = j , , j. + 1, • • • , 
j,+ 1 — 1] but not for x = r,„ +l . Thus we have 


(14) 


A(m. - r„ +1 ) + A{n - m, - 1) + 5(r,„ +1 , n) ~ k 

^ C(n - m« + r,„ +1 , n) + C(m, + 1, n). 


According to the above-mentioned (13) holds for x = s,-, +1 . Let l be the 
greatest x with r,„ +l £ x < s,„ +I , for which (13) does not hold. Then we have 

A(m, — l) + A(n — m, — 1) + 5(1, n) — k 

^ C(» — m« + Z, ») + C(w« + 1, n) 

^ C(n — m, + l + 1, n) + C(m, + 1, n) 

^ A(m, — l — 1) + A(n — nit — 1) + 5(Z + 1, ») — (k — 1), 

B(l, n) = B(l + !,»)= 5(r/, +1 , n). 


(15) 
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We put 


m ,+ 1 = n — m, + l, 


*7« +1 £ l < (n — nit) + l = m K +i = n — ( m , — l) < n, 
and (15) can be written 

A(n — m,+i) + A(n — m, — 1) + S(r,-, +1 , n) — k 

I ^ C(m,+i, n) + C(w, + 1, n) 

( 16 ) ) 

^ C(m« +i + 1, n) + C(m, + 1, n) 

„ ^ “ >»«+i - 1) + A(n - m, - 1) + 5(ry„ +l , »)-(«- 1). 


From (16) 


Further 


m k+ 1 + 1 C, n — m« + i C A . 


n — m K+ i + r,-, +l = m, - l + r,„ +I <wj, . 

Since r,, +1 = 0 or r,, +1 C B we have in analogy to (12) 

( C(n - m«+i + r it+l ,m t ) ^ A(n - m,+ i, m, - r,-, +I ) 
(17) i 

i C(n - m, + r /t+1 , m, + i) ^ A (n - m t , m t+l - r,-, +1 ). 

Therefore 


C(vt ' + 1 + 1, n) + C(« - wi I+l + r, K+1 , n ) 

= C(m,+ 1 + 1, «) + C(m K + 1, n) + C(n - m„+i + r,-„ +1 , m.) 

^ A(n - m K+ 1 - 1) + 4(n - m, - 1) + S(*7« +1 , n) - 
— (k - 1) + A (ft - m,+i , m, - r y , +1 ) [see (16) and (17)] 

^ 4(m« - r ; , +1 ) + A(n - m, - 1) + B(r,-, +I , n) - k 
s£ C(n - m k + ry„ +1 , n ) + C(m , + 1, n) 

= C(n — m„ + r,-, +I , m,+i) + C(m lt+ i + 1, n) + ^(w, + 1, n) 

^ 4(n - m , , m« +1 - r,-, +l ) + 4(n - - 1) + A(n - m, - 1) + 

+ B(r jt+1 ,»)-(«- 1) 

«£ A(m ,+1 - ry„ +l ) + A(n - m«+x - 1) + B(ry, +1 ,ri) - k. 
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That finishes the induction . 12 

Yale University. 

12 In analogy to footnote 10 one can prove: Let <x<« }1 ,xCB; then C(n — «/! + 
x, n) + Cfoj , n) £ A(n — 8 ix ) -f A(8 /j - x) 4* B(x } n) + 1. From (11) follows 

(4 # ) C(mi , n) * A(n — mi — 1) + £(mi , n) = A(n — mi) + , n) — 1. 

From (13) with k - 1 and (4') follows 

(S') C(n - mi + s, n) £ A (mi - *) + £(*, s/j). 

Furthermore according to (10) with 8,-j instead of a:: 

(6 ; ) C(s n , n) fe A(n - 8/ x ) + B(«i t , »). 

(4') and (6') together give 

(7') C(mi , J ^ A(n - 8 ix , n - mi) - 1. 

Finally 

C(n — 8jx -f x, n — m i + x) ;> A (w — s ;l , n — m x ) [for x C £] 

(8') * ^ C(mi, s ;i ) + 1 [see (7')] 

w ^ A (mi — x, sy t — x) + 1 [x C £]. 

By adding (S'), (6'), and (8') we obtain the assertion. 
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SUR LE THfiOREME DE LEBESGUE-NIKODYM 

Par Jean Dieudonn^ 

(Received May 16, 1940) 

Introduction. Un des thdorfemes les plus importants de la th<k>rie de l’in- 
t4gralede Lebesgueest le suivant: si E d&igne 1 ’ensemble des fonctions belles 
continues x(t) dans Tintervalle 0 < t < 1, toute fonctionelle lineaire positive 
L(x) definie dans E peut se mettre, d’une manure et d’une seule, sous la forme 

(1) L(x) = y(t)x(t)di + S(x) 

ok y(t) est une fonction mesurable positive, bien definie dans Pintervalle [0, 1], 
k 1 ’exception des points d’un ensemble de mesure nulle, et S(x) une fonctionnelle 
lineaire positive singuli&re , c’est-A-dire jouissant de la propriety suivante: il 
existe un ensemble de mesure nulle H , contenu dans Pintervalle [0, 1], tel que, 
pour toute fonction mesurable positive z(t ), nulle en tout point de H, t on ait 
S(z) = 0. Ce th^orfeme, generalise par O. Nikodym k 1 ’integrate de Radon- 
Stieltjes 1 (oil les fonctions int6gr6es sont definies dans un ensemble quelconque) 
est connu dans la literature sous le nom de tMoreme de Lebesgue-Nikodym. 

Dans un important m4moire sur les Operations lineaires, public recemment 
dans ce journal, 2 M. F. Riesz a montre Pextr6me generality de la decomposition 
qui apparait dans la formule (1). En prenant comme ensemble E , non plus un 
ensemble de fonctions , mais.un ensemble d’etements de nature quelconque, 
possedant seulemcnt quelques-unes des proprietes des ensembles de fonctions 
reelles intervenant dans le theorfcme de Lebesgue-Nikodym (notamment en ce 
qui concerne la structure d’ordre de cet ensemble, et sa structure de groupe 
abilien ), il parvient neanmoins k montrer, par des moyens fort simples, que, 
si U est une fonction lineaire positive definie sur E , toute autre fonction lineaire 
positive L sur E peut se mettre, d’une mantere et d’une seule, sous la forme 
L = V + S, oil V joue le r61e de la fonctionnelle “absolument continue" 

J dt du second membre de (1), et S celui de la partie “singulifcre”, de la 

manifere suivante: S est “disjoin te” de U f c’est-A-dire que Ton a inf (£/, S) = 0 
(autrement dit, il n’existe pas de fonction lineaire positive, autre que 0, inferieure 
k la fois k U et S); et V appartient k la plus petite “famille complete" de fonc- 
tions lineaires positives contenant U (une telle famille etant un ensemble de 
fonctions lineaires positives caracterise par les proprietes suivantes: il contient 

1 Voir par exemple S . Sabs, Theory of the Integral , New York, G. E. Stechert, 1937. 

* F. Riesz, Sur qudques notions fondamentales dans la thborie gMrale des operations 
liniaires , Annals of Math., 41, (1940), pp. 174-206. 
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la somme de deux quelconques de ses 6fements, les minorants d’un quelconque 
de ses gfements, et les bomes sup^rieures de ses parties majorSes). 

Toutefois, la tlfeorie de F. Riesz ne permet pas de donner k la partie “absolu- 
ment continue” de cette decomposition une forme aussi precise que dans la 
formule (1); cela est dfi en premier lieu au fait que le produit de deux elements 
de 1 ’ensemble E n’cst pas d^fini. 

Dans le m&ne temps que je prenais connaissance du m&noire de F. Riesz, 
N. Bourbaki a bien voulu me communiquer un travail manuscrit 8 sur l’ln- 
t4gration rddig6 en 1939, ind^pendamment des travaux de F. Riesz, et qui 
contient, entre autres, une generalisation du theor&me de Lebesgue-Nikodym 
ayant beaucoup de points communs avec les resultats de ce dernier. Chez N. 
Bourbaki, les elements de Tensemblc E sont des fonctions comme dans le cas 
classique, mais sans les restrictions de “mesurabilite” habituelles; en fait, une 
grande partie de ses resultats n’utilise que les proprietes attribuees par F. 
Riesz k son ensemble E. En outre, tandis que les structures d’ordre n’inter- 
viennent, dans le memoire de F. Riesz, que par les notions de borne superieure 
et borne inferieure, les methodes de N. Bourbaki reposent sur un usage pre- 
ponderant des “limites dans un ensemble ordonne filtrant”; 4 le resultat fonda- 
mental auquel on aboutit ainsi (et que je reproduis avec Tautorisation de l’auteur) 
est le suivant: appelons partition d’une fonction positive x c E, toute suite finie 

(xi) de fonctions positives appartenant k E, et telles que = x \ et ordonnons 

* 

l’ensemble 9\z) des partitions de x, en posant (x,) < (Xj) si, pour toute fonction 
Xi de la premiere partition, il existe une suite finie extraite de la seconde, et qui 
soit une partition de ; 3\x), ainsi ordomfe, est filtrant (k droite). Ceci pos6, 
soit <p(ui , u 2 , • • • , u p ) une fonction de p variables r&dles, d^finie dans tout 
i’espace nunferique R v , lipschitzienne (c’est-&-dire telle qu’il existe une constante 
c satisfaisant k Tidentite | <p(ui , u 2 , • • • , u p ) — <p(u [ , u 2 , • • • , u v ) \ < 
c*Max | Uk — Uk |) et positivement homogdne (c’est-&-dire que, pour tout X > 0, 
<p(\ui , \u 2 , • • • , \u p ) = , u 2 , • • • , u v )). Soient d ’autre part I\ , I 2 , 

• • • , I p , p fonctions lin4aires “relativement borifees” sur E (differences de deux 
fonctions lufeaires positives); alors, pour tout x e E et > 0, la formule 

(2) J(x) = £ v(h(x,), h(x <), /„(*.•)) 

d4finit une fonction lindaire relativement borifee sur E (la limite £tant prise 
suivant le filtre des sections de l’ensemble ordonnd filtrant 8\x)); cette fonction 
se note <p(h , h, , I p ). h 

* Ce manuscrit n’est pas destine k une publication immediate, mais constitue un premier 
projet du fascicule des “ Elements de Mathkmatique” de cet auteur, qui sera consacr6 k la 
th^orie de P Integration. Signalons k ce propos que nous suivons ici la terminologie de ces 
“Elements” en ce qui concerne la Th£orie des Ensembles et la Topologie g6n6rale. 

4 Cette notion de limite n’est autre que celle introduite par E. H. Moore et H. L. Smith 
(“A general theory of limits” Amer, Journ. of Math., M (1922), p. 102). 

6 F. Riesz d6finit aussi ces “fonctions de fonctions” linSaires, mais d'une manure tout 
autre et plus d6tourn6e. 
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Ce r6sultat permet k N. Bourbaki de definir une topologie d’espace localement 
convexe sur Tensemble F dos fonctions lin^aires relativemcnt born^es sur E; et, 
k partir de cette topologie, de donner une nouvelle definition de la “plus petite 
famille complete” (au sens de F. Riesz) contenant une fonction lm^airc positive 
U . De plus, cette definition topologique donne un moyen de preciser la forme 
de la partie “absolument continue” de la decomposition de Riesz, en adjoignant 
de nouveaux elements k E par une operation de “completion”, et en definissant 
le produit d'un de ces elements (qui ne sont plus des fonctions, contrairement 
aux elements de E), et d’un element de E\ on montre alors que la partie “abso- 
lument continue” de la decomposition de Riesz peut s^crire U(yx), oil y est 
un des elements de 1 'ensemble E “complete” (U etant convenablement “pro- 
longee” k cet ensemble); on arrive ainsi k une generalisation parfaite du theorfeme 
de Lebesgue-Nikodym. 6 

Toutefois, cette demi&re partie du travail de N. Bourbaki (dont le point 
capital est la demonstration de l’identitl de la partie de F definie par voie 
topologique, et de la “plus petite famille complete” correspondante) suppose 
essentiellement que les elements de E sont des fonctions. II restait k examiner 
la possibilite d'arriver k des r&sultats analogues en demeurant dans la voie 
suivie par F. Riesz, c'ost-A-dire sans supposer le caract&re fonctionnel des 
elements de 1 ’ensemble E; c’est ce que je fais dans ce qui suit. J'y utilise les 
methodes topologiques de N. Bourbaki, ainsi que la formulc (2) (qui ne suppose 
pas que les elements de E sont des fonctions); 7 quant au raccord avec la theorie 
de F. Riesz, qui reste le point deiicat do la demonstration, il se fait en adap- 
tant au cas “abstrait” une idee de J. von Neumann, appliquee par ce dernier 
k la demonstration du theor6mc de Lebesgue-Nikodym classique, et qui consiste 
k passer par Tintermediairc de Tespace des “fonctions de carre sommable.” 8 

1. Nous prenons comme point de depart un ensemble E sur lequel est defini, 
d'une part une structure d ’ordrc, d’autre part une structure d’espace vectonel 
par rapport au corps des nombres reels ; nous supposons en outre que les condi- 
tions suivantes sont remplies: 

(I) E est riticuU (“lattice”), autrement dit, quels quo soicnt x et y dans E, 
il existe les elements inf(x, y) et sup(x, y). 

(II) La relation x < y entraine x + z < y + z quel que soit z. 

(III) Les conditions x > 0, A > 0 (X reel) entrafnent \x > 0. On pose | x | = 
sup (x, — x); on demontre sans peine les identites | x + y | < | x | + \y\, 
| Xx | = | X |- 1 x |; si x + = sup ( x , 0), x~ = sup ( — x, 0) on a x = x + — x~, 
[ x | = x + + x“. L 'ensemble des elements > 0 de E sera designe par 2?+ ; il 

# En ce qui concerne les travaux de N. Bourbaki sur Y Integration on pourra consulter 
un article de A. Weil sur la th6orie des probability ( Revue Scientifique (Revue rose), 1940. 

7 A l’exception de cette formule, tous les r&sultats de N. Bourbaki utilises dans ce travail 
sont donn6s avec leur demonstration. 

8 Voir par exemple, J. von Neumann, On rings of Operators, III , Annals of Math., 41 
(1940), p. 127-129. 
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satisfait aux conditions impos6es par F. Riesz & son “domaine fondamental” 
(Ioc. cit., §1). 

Une fonction r4elle U sur E est liniaire si U(x + y) = U(x) + U(y), et 

(7(Xx) — \U(x); elle est positive si U (x) >0 quel que soit x t E+ ; elle est rehr 

tivement bornie si, quel que soit y « E + , \ U(x) | est born6 pour l’ensemble des 

x t E tels que \x \ < y. Toute fonction relativement born4e est la difference 

de deux fonctions lin4aires positives (N. Bourbaki, loc. cit.). 

On d&ignera par F l’ensemble des fonctions lin4aires relativement bornles; 

si on ecrit U > V lorsque U — V > 0, F satisfait aux conditions (I), (II) et 

(III). D’apr&s la formule (2), on a pour tout x e E+ et tout U tF,\U \(x) — 

sup Z I U (xi) | pour toutes les partitions finies (x<) de x. On designers par F+ 
< 

1’ensemble des fonctions lineaires positives. 

On peut, avec N. Bourbaki, definir sur F une structure d’espace vectoriel 
localement corwexe, & 1’aide de la famille de pseudo-normes N x (X) = | X |(x) 
( x fixe dans E+); F, muni de cette structure, est complet. En effet, soit 7 un 
filtre de Cauchy sur F; quel que soit x *E+ , ii existe un ensemble A 1 7 tel que, 
pour X et Y quelconques dans A, \ X — Y |(x) < «, et k fortiori | X(x) — 
Y(x) | < e. Si A{x) designe l’ensemble des nombres X(x) pour X e A, et 
7(x) le filtre forme par les ensembles A (x) sur la droite numerique R, 7(x) est 
un filtre de Cauchy, qui converge done vers une limitc, qu’on notera X Q (x). 
Montrons que X 0 est la limite de 7 dans F; pour tout X c A, et toute partition 
finie (x.) de x, on a 

Z I Xoixd - X(x<) I = E lim rf . I Y(xi) - X(xi) | < sup E I Y(x<) - X( Xi ) | 

i ‘ i JW> YtA i 

< sup | Y — X | (x) < t 

riA 

ce qui montre d'abord que X 0 — X e F y d’oii XoeF , puis que | X 0 — X | (x) < 
c, ce qui achfeve la demonstration. 

Dans F, tout ensemble majori A possfcde une borne sup6rieure (F. Riesz, 
loc. cit., §11), et toute ensemble minors une borne inf&ieure; si en outre A est 
ordonne filtrant d droite , sa borne sup6rieure est aussi la limite (dans la topologie 
definie ci-dessus) du filtre des sections sur A ; on peut d’ailleurs retrouver directe- 
ment cette propriete en partant du fait que F est complet, et en d&luire ensuite 
le r6sultat de F. Riesz. Si X 0 est la limite de Tordonn^ filtrant A f on a X 0 (x) = 
lim X(z), quel que soit x e E. 

Xi A 

Remarquons encore que, dans F, F+ est un ensemble fermt, et que les fonctions 
X + , X", | X | sont uniformiment continues. 

2. Nous supposerons k partir de maintenant que E est muni, en outre des 
structures pr^c&ientes, d'une structure d f anneau commutatif, e’est-k-dire que 
le produit xy de deux 616ments de E est toujours d4fini, est associate, commu- 
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tatif, distributif par rapport k l’addition et del que X(xy) — ( \x)y pour X r5el; 
enfin, nous faisons l’hypothfcse suivante: 

(IV) Quels que soient y, z dans E, la relation x > 0 entralne 

sup (xy, xz ) = a; -sup (y, z) 

Indiquons d’abord quelques consequences de cette hypothfcse. En premier 
lieu, si y < z, on a xy < xz si x > 0; en particular, si x > 0, y > 0, xy > 0; 
si x > 0 ou x < 0, on a x 2 = (—a:) 2 >0. Si x > 0 et y est quelconque, | xy | = 
x - 1 y |; si done x et y sont quelconques et qu’on pose x' - | x |, y' = | y |, on aura 
I xy | = | x' y - x~y | £ | (J a: + y | — | x~y | ) j = |(x + - x~)y' | = | xy' | = x'y', 
et | xy | ^ | x + y | + | x y \ = (x + + x )y' = x'y', done | xy | = x'y ' - 
| x \ • | y |. De plus xx’ — x'~\ or xx' = (x + ) 2 — (x - ) 2 , done xx' | (x + ) 2 + (x - ) 2 ; 
mais x' 2 = (x + ) 2 + (x - ) 2 + 2x + x~, cc qui montre que x + x“ = 0; on en tire 
que, pour x quelconque, x 2 = (x + ) 2 + (x~) 2 > 0. 

Soit alors X t F+ ; quels que soient X et y r4els, et x et y quelconques dans E, 
on a X((Xx + yy) 2 ) > 0, d’oft aussitfit I’in6galit4 de Schwartz 

(3) I X(xy) | < (X(x 2 )) i (X(y 2 )) i 

et, comme consequence immediate, Fin6galit6 de Minkowski 

(4) (X((x + y) 2 )) 1 < (X(x 2 ))> + (X(y 2 )) i 

3. Consid4rons k present unc fonction lin6aire positive U sur E, sur laquelle 
nous ferons d’abord les hypotheses suivantes: 

(V) La relation U(\ x |) = 0 entraine x = 0. 

(VI) Quel que soit y t E, il existe un nombre fini 1 1 y 1 1 > 0 tel que, pour tout 
x (E, 

(5) | U(yx) | < || if x |) 

La premiere condition exprime que U(\ x |) est une norme sur E; la seconde, 
que, si on d4signe par U v la fonction lin4aire x—*U (yx), U y est continue lorsqu’on 
topologise E par la norme f7(| x |). 

Pour 4noncer notre dernihre hypothhse, dfeignons par S l’ensemble des y e E+ 
tels que, pour tout x e E+ , on ait yx < x. Notre hypothfcse est la suivante: 

(VII) Quels que soient X t F tel que 0 < X < U, et x t E, on a 

(6) X( | x | ) = sup | X(yx) | 

|V|«S 

On en d4duit que, si U (xy) = 0 quel que soit y > 0, on ax = 0; en effet, on a 
alors, pour tout y t E, \ lJ(xy) | < | U (xy + ) | + | U(xy~) | = 0, d’oh U (xy) = 0; 
d’aprfes (6) on en tire {/(| x |) = 0, et cola entralne x — 0 d’aprfes (V). II en 
r4sulte en particulier que, si x 2 = 0, on a x = 0, en vertu de I’in4galit4 
de Schwartz. 
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4. Soit F v l’ensemble des U v , lorsque y parcourt E ; d’aprfe3 ce qui prfecfede, 
l'application y — ► U y est une application biunivoque de E sur F v . Elle est 
6videmment UnSaire; en outre, c’est un isomorphisme de la structure d’ordre 
de E sur celle de F v . En effet, il est clair que y ' < y " entratne U y » < U y *‘ ; 
mais r^ciproquement, U y ’ < V y " entratne y' < y"\ il suffit de montrer que 
U(yx) > 0 quel que soit x > 0 entratne y > 0. Or cette hypothfese entratne 
en particulier U(yy~) > 0, c’est-&-dire f r ( — (y~) 2 ) > 0; comme (y~) 2 > 0, ce 
n’est possible que si U((y~f) = 0, d’oti ( y ~ ) 2 = 0, et par suite y~ = 0, c’est-fe- 
dire y > 0. 

A la topologie de F v correspond sur E celle dfefinie par les pseudo-normes 
Ny{x) = U v { | x |) pour y > 0; cela r&ulte de 1 ’identity | U t | = U\ t \ , que nous 
allons dfemontrer en nous appuyant sur 1 ’hypothfese (VII), la formule (2), et un 
raisonnement empruntfe au m^moire de N. Bourbaki. Il suffit fevidemment de 
voir que, pour tout x > 0, C(\ z | x) < sup 52 I F( zx i) I pour toutes les partitions 

i 

(; Xy ) de x . Or, d’aprfes (VII), on a U(\z\x) = sup | U{zxy) | ; mais 
I u(zxy) I < 1 U(zxy + ) | + | U(zxy~) | < £ | U(zx t ) | 

i 

ou (xi) est la partition de x formtSe des trois dlfemcnts xi = xy + , xi = xy ~ , ar 3 = 
x — x | y | ; d’oii la proposition. 

L’application y — > l r y so prolonge done par continuity, en une application biuni- 
voque du compUtt E v de E , muni de la structure uniforme dyftnie par les pseudo- 
normes N y , sur Y adherence F v de F v dans F. Pour tout y € E v , on dfesignera 
encore par V y l’felfement de F v qui lui correspond; on ordonnera E v en y trans- 
portant la structure d’ordre de F v ; cette structure transports prolonge celle 
de E, d’aprfes ce qui pr£cfede; 1 ’ensemble Et des y > 0 est V adherence de E+ 
dans Ev . En effet, il suffit de voir que, si G v design e 1 ’ensemble des U y tels 
que y € E+ , Gu = Fu fi F + ; or, 1 ’ensemble Fu fl F+, ytant fermy, contient Qu ; 
et d’autre part, si X > 0 appartient k P v , k tout x e E + et tout e > 0 correspond 
un y € E tel que | X — l y |(x) < e, d’oil, puisque | X | = X, et | [J v | = U\ y \ , 

I X — U\v\ I ( x ) < ce qui montre que On en conclut aisfement que, 

si X t Fv , | X | € Gv , d’aprfes la continuity de la fonction | X | dans F. 

Il est clair par ailleurs que la structure d’espace vectoriel de E se prolonge 
k Ev , en une structure isomorphe k celle de Fu ; cette structure et la structure 
d’ordre de E v satisfont aux axiomes (I), (II) et (III). En outre, tout ensemble 
majors dans Eu admet une borne supyrieure , car la borne supyrieure, dans F y 
d’une partie majorye de F v appartient k Fu : c’est immydiat pour une partie 

finie ^d’aprfes la formule sup (X, Y) = -Tt A ^ et il en rfesulte 

que la borne supyrieure d’une partie majorye quelconque de Fu est la limite 
d’un ensemble filtrant k droite sur Fu , done appartient k Pu (qui est fermy). 

5. Pour une valeur fixe de x € E, l’application Hilaire y — ► yx de E dans E 
est continue ; en effet, d’aprfes la condition (VI), on a, pour tout z cE+ , N* t {yx) = 
U{\yx\z) < \\x\\.U(\y\z) = || x || -iVl(y). 
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On peut done prolonger par continuity cette fonction k Eu ; on a ainsi d^fini 
le produit yx pour tout y c Eu et tout x c E (le produit yy ', pour deux yi&nents 
de Eu , n’est pas d6fini en gynyral!) Si x et x f sont deux yi&nents quelconques 
de E, on a ( yx)x' = y(xx' ). En effet, les deux membres sont des fonctions con- 
tinues de y , ygales dans E, qui est partout dense dans Eu , done elles sont encore 
ygales dans Eu . On montre de m^me les propriytys de distributivity 
(y + y')x = yx + y'x , y(x + x') = yx + yx', et quo, pour X ryel, (\y)x = 
y(\x) = Hyx). Si on remarque quo la fonction sup (y, z) est uniformymerit 
continue dans Eu X Eu , on dymontre de la memo manifere que sup ( y f y')-x = 
sup (yx, y'x), et que y- sup (x, x') = sup (yx, yx') en prolongeant 1 ’identity (IV). 

Enfin, les fonctions l '(yx) et V v (x), pour x fixe dans E, sont linyaires en y, 
continues dans E et identiques; elles sont done encore identiques pour tout 
y c Eu • 


6. Nous sommes maintenant en mesure d^nonccr le rysultat final auquel 
nous voulons parvenir. Dysignons par K cc que F. Riesz appelle “la plus 
petite famille complete contenant f/”; cette famille est une partie de F+ qui 
s’obtient de la manure suivante (F. Riesz, loc. cit., §V): on considyre l’ensemble 
K ' des fonctions linyaires positives X telles que X < Xf/ pour une valeur con- 
venable de X > 0; K est l’ensemble des borncs supyrieures de toutes les parties 
majoryes de K'. Nous allons montrer que V ensemble K est identique d V ensemble 
Gu . Toute fonction X e F + se mettant, d’aprta le thyoryme fondamental de 
F. Riesz (loc. cit., th. 14) sous la forme Y + Z, oft Y c K et oil Z est disjointe 
de U, on aura Y = U v avec y eEu , d’apr5s ce qui prycede, et on obtiendra ainsi 
rynoncy gynyralisant entiyrement le thyoryme de Lebesgue-Nikodvm aux fonc- 
tions linyaires abstraites. 

Nous allons commencer par montrer que K Cl Gu ) coinme toute partie ma- 
joryc de Gu admet une borne supyrieure appartenant k Gu , il nous suffira de 
voir que K' C Gu. Autrement dit, nous allons dymontrer que, si 0 < X < Xf/ 
(X > 0), il existe un y c Eu tel que X = U v . 

Remarquons pour cela que, d’aprys (V) et les inygalitys (3) et (4), (f/(x 2 ))* 
est une norme dans E, et que, d’aprys (3), la fonction (y, x) = V(yx) possyde 
les propriytys d’un produit scalaire. Il en rysultc aussitdt que, si on complete 
E, topologisy par la norme (l : (x 2 ))\ on obtient un espaec de Hilbert 9 H. Comme, 
d’aprys (3), on a, pour tout y > 0, 

N' y (x) < (U(y 2 ))\mx 2 )? 

la topologie d6finie sur E par la norme {(’(x 2 ))* est plus fine que cello d^finie 
par les pseudo-normes Ny(x ); il s’ensuit que 1 ’application identique <p de E, 
considyry comme sous-espace de H , sur E, consid6r6 comme sous-espace de Eu , 

9 Par “espace de Hilbert,” nous entendons un cspace satisfaisant aux axiomes A, B, E 
ynonc6s au chap. I du mymoire de J. von Neumann, u Allgemeine Eigenwerttheorie Her - 
mitescher Funktionaloperatoren, i} Math. Ann., 102 (1930), p. 49. Aucune hypoth^se n’est 
faite sur le nombre de dimensions de respace, qui peut £tre, 6ventuellement, fini ou sup6- 
rieur au d6nombrable. 
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se prolonge en une application lin6aire continue de H dans Eu , application que 
nous design erons encore par <p. Remarquons maintenant que toute forme 
lin6aire continue sur H est un produit scalaire (y, x), avec y fixe dans H. Or, 
pour tout x fixe dans E, (y, x) est une fonction continue de y dans H, qui coincide 
avec U(yx) — U(<p(y)x) lorsque y tE; mais U(yx), consid6r6e comme fonction 
de y, est continue dans Eu , done U (<p(y)x) est continue dans H. Par suite, 
(y, x) et U (<p(y)x), qui coincident dans la partie partout dense E de H, coincident 
dans H. 

Ceci posy, l’hypothfese X < XU entralne, pour tout y tE, \X(yx)\ < 
^(Itf M*l) = XiV[„|(a;), autrement dit, l’application x —* X(yx), que nous 
d£signerons par X „ , est continue dans E, muni de la structure dyfinie par les 
pseudo-normes N' y ; 6 fortiori, elle est continue dans E, consid6r6 comme sous- 
espace de l'espace de Hilbert H. Elle se prolonge done dans H, et par suite, 
il existe z y tE v tel que X v = U, y . 

II est imm£diat que l’application y —> z v de E dans Eu est lin^aire. Si y > 0 , 
on a z y > 0 , car alors U ty {x) = X y (x) > 0 pour tout x > 0. Enfin, z y est fonc- 
tion continue de y; en effet, pour tout xeE+ on a N' x (z y ) = U(\z y \ x) — 
U\ ty \(x) = | U, y | (x) — | X v | (x) = X\ y \(x) < XN' x (y ) d’aprfes l’identity d6mon- 
tr 4 e au § 4 . 

Faisons alors d 4 crire & y 1’ensemble S (§ 3 ) ; d’aprfes la condition (IV), cet 
ensemble ordonny est filtrant A droite; il est majori dans Eu , car f/„ < U quel 
que soit y e S; son filtre des sections ‘J a done une limite e dans Eu . En vertu 
de la continuity de z y , cette fonction tend vers une limite z. suivant le filtre 
3 "; pour tout x fixe dans E+ , d’aprfcs la continuity de U (yx) dans Eu , on a done 
U(za) = limy U(z y x) = limy X {yx) ; mais, d’aprfcs (VII), limy X^c) = X(x), 

ce qui dymontre la premiere partie du thyorfcme. 

7 . Il nous reste k voir que Gu C K; d’aprfcs le thyorfcme de dycomposition de 
F. Riesz, tout X tGu peut se mettre d’une manifcre et d’une seule sous la forme 
Y + Z, oil Y t K et oil Z est disjointe de U ; comme KcGu,Z = X— Y 
appartient k Fu , et comme Z > 0, Z t Gu ; la proposition sera dymontrye si 
on fait voir que toute fonction Z tGu , disjointe de U, est nycessairement 0. 

Nous utiliserons pour cela le critfere suivant: si une fonction X appartient k 
Gu , k tout y eE+et tout t > 0 correspond un nombre 17 > 0 tel que les condi- 
tions x c E+ , x < y, U(x) < ij entrainent | X(x) | < e (critfcre d’“absolue con- 
tinuity”; nous en empruntons l’6noncy et la dymonstration au travail de N. 
Bourbaki). En effet, il existe par hypothfcse z e E tel quo | X — U, | (y) < 8 , 
d’ofi, pour la partition (x, y — x) de y, | X(x) — U ( zx ) | + | X(y — x) — U ( z(y — x)) j 
< 5 et a fortiori | X(x) — U (zx) | < 5 ; par suite | X(x) | < 8 + || z |[ • C/(x), ce 
qui est aussi petit qu’011 veut si 8 , puis U (x), sont pris assez petits. 

Si Z appartient k Gu et est disjointe de U, on a par dyfinition inf (Z, U ) =0; 
et, pour tout x t E+ et tout 17 > 0 , il existe une partition (y, z) de x telle que 
U(y) + Z(z) < 17, 10 d’ofi en particulier U(y) < »?; si v < e est choisi de sorte 


10 F. Rietz, loc. oit., p. 183. 
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queles conditions y < x, U(y) < r\ entrainent Z(y) < c, on aura done Z(x) = 
Z(y) + Z(z) < 2c, et comme € est arbitraire, Z(x) = 0, d’oil la proposition, 
qui achfeve de d6montrer le th^orfeme. 

Le m6me raisonnement montre aussi que la condition donn6e ci-dessus pour 
que X eOu , est non seulement nScessaire, mais aussi suffisante. 

8. Si les Aments de E sont des fonctions rtelles JinieSj d6finies sur un ensemble 
A , les axiomes (II) et (III) sont v6rifi6s d’eux-m&nes, et (I) entratne (IV) (on 
suppose bien entendu que Taddition et la multiplication sont 1 ’addition et la 
multiplication ordinaires des fonctions r&illes). L’axiome (VI) est v6rifi6 pour 
toute fonction lin^aire positive U si les 616ments de E sont des fonctions homtes 
sur A. 

Quant k la condition (VII), N. Bourbaki a montr6, dans le travail auquel 
nous nous sommes d6j& plusieurs fois r6f6r6, qu’elle est v6rifi6e dans chacun des 
deux cas suivants : 1° E contient la fonction 6gale k la constante + 1 ; 2° si x c E+ , 
yfx c E . II est vraisemblable que ces deux cas ne sont pas les seuls ok la condi- 
tion (VII) est r6alisde; mais nous allons voir par contre, sur un exemple, que cette 
condition n’est pas une consequence des autres, et que, lorsqu’elle n’est pas 
v6rifi6e, le th^orfeme de Lebesgue-Nikodym peut se trouver en defaut. 

Prenons pour A l’intervalle 0 < t < 1, et pour E 1 ’ensemble des fonctions 
r^elles continues dans A, nulles au point t = 0, et dtrivables en ce point. II est 
immediat que E est un espace vectoriel, et qu’il satisfait aux conditions (I), 
(II) et (III); en outre le produit de deux fonctions de E appartient k E , et la 
condition (IV) est Svidemment v6rifi6e. Les fonctions de E sont bornSes, 
done (VI) est satisfaite pour toute fonction lin^aire positive. 

Prenons alors U{x) = x'(0) + / x{t) dt; il est clair que (V) est v6rifi6e. Par 

Jo 

contre, nous allons voir que (VII) ne Test pas. En effet, pour tout y c E ) on a 

U(yx) = / y(t)x{t) dt; si | y(t) | < 1 quel que soit t €.4, on a | U(yx) | < 

Jo 

f | x(t) | dt, done, pour tout x > 0, | U(x) — f J(yx) | > x'(Q), et si x'(0) ^ 0, 

Jo 

(VII) ne peut 6tre satisfaite. 

Pour montrer que, dans ce cas, le thlorfeme de Lebesgue-Nikodym, tel que 
nous l’avons 6nonc6, n’est pas vrai, nous 6tablirons que V n’ appartient pas d 
Gu . Sinon, en effet, pour tout x c E+ et tout c > 0, il existerait y cE+ tel que 
I U — U v | (x) < c, e’est-^-dire, pour toute partition (xi) de x, I U (xi) — 

t 

U(yxi) | < c, et en particulier, I x*(0) + / (1 — y(t))xi{t) dt | < c pour tout 

Jo 

indice i. Or, on peut choisir la partition (x,) de sorte que, pour un indice k, 
a*(0) = x'(0), et | f (1 - y(t))x k (t) dt \ < c. On aurait done | x'(0) | < 2c, 
quel que soit c > 0, ce qui est absurde, puisque x a 6t6 prise arbitraire dans E. 
Nancy, France. 
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I. Introduction 1 

1. Ordinary Representations. Group ring. The representations of a group 
© of finite order g were first treated by Frobenius 2 in his theory of group char- 
acters. The coefficients of the linear transformations are taken as complex 
numbers, but it does not make any difference if we take them as the elements 
of an algebraically closed field K of characteristic 0. The theory has been 
extended by I. Schur 3 to the case where K is any field of characteristic 0. It 
does not mean an essential restriction, if we take K as an algebraic number field. 

Instead of considering representations of ©, we may consider representations 
of the group ring 4 r of © with regard to K. This r is an associative algebra 
consisting of all symbols 

(1) CL = dlGl + CL 2 G 2 + • • • + (laGg 

where Gi , G 2 , • • • , G 0 are the elements of ®, and fli , <h , • • • , a 0 are arbitrary 
elements of K. The equality of two such elements, their addition, and their 
multiplication are defined in a natural manner. The study of the representa- 
tions of r is closely tied up with the investigation of the algebra r. 

2. Arithmetical questions. We may also study r from an arithmetical point 
of view. Taking K as an algebraic number field, we obtain a domain of integrity 
3 if we take the a, in (1) from the domain 0 of the integers of K. The question 
arises in what manner does a prime ideal p behave when considered as an ideal 
of 3* The behavior of p in 3 is characterized by the structure of the residue 
class ring 3/p- This ring can be considered as an algebra F over the residue 
class field K = o/p of the integers of K taken (mod p). Obviously, F is the 
group ring of ® with regard to the finite ground field K. The study of the 
structure of F then amounts essentially to the same thing as the study of the 
representations of F or of © by matrices with coefficients in the finite field R. 
We thus are led to the problem of extending Frobenius* theory to the case of a 
modular field of reference (i.e. a field of a characteristic p ^ 0). 

3. Modular representations. Modular representations of a group © (i.e. 
representations of © by matrices with coefficients in a modular field) were first 

1 In §§4-10 of the introduction, we give a short account of the theory of modular repre- 
sentations of a group as developed in our paper: On the modular representations of groups 
of finite order, University of Toronto Studies, Math. Series No. 4, 1937 (we refer to this 
paper as M.R.). We tried to make it unnecessary for a reader, who is familiar with the 
theory of representations in general, to read our former paper. An exception is formed 
perhaps by the proof of formula (5) below, but literature for other proofs of this formula 
are mentioned in footnote 10. 

* For Frobenius' theory, see the accounts in L. E. DickBon, Modern Algebraic Theories , 
Chicago, 1926, chapter XIV; G. A. Miller, H. F. Blichfeldt, L. E. Dickson, Theory and 
Application of Finite Groups^ New York 1916, chapter XIII, H. F. Blichfeldt, Finite Col - 
lineation Groups f Chicago 1917, chapter VI. 

* I. Schur, Sitzungsber. Preuss. Akad., 1906, p. 164. 

4 Cf., for instance, H. Weyl, The Classical Groups , Princeton 1939, Chapter III. 
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studied by Dickson.* He proved that Frobenius’ theory remains valid, if the 
characteristic p of the field is prime to the order g of ®. Since the discriminant 
of r is a power of g, this corresponds to the case that the prime ideal p in §2 is 
not a discriminant divisor. If, however, p divides g, then we must expect re- 
sults which differ from those of Frobenius. This was shown first by a theorem 
of Dickson* concerning the splitting of the regular representation (cf. §8 below). 
A coherent theory of the modular representations was given by the authors in 
a previous paper. 7 In the following §§4-9, we shall discuss briefly our former 
results. We prefer, in most of what follows, to use the language of the theory 
of representations (instead of that of the theory of algebras or of the theory of 
ideals). 

4. Decomposition numbers. We choose the algebraic number field K such 
that the absolutely irreducible representations of © in the sense of Frobenius 
can be written with coefficients in K. Let Z \ , Zj , • • • , Z n be the essentially 
different ones among these representations, and let z,- denote the degree of Z, . 
Then n is the number of classes of conjugate elements Si , Sj , • • • , S„ in ®. 

Let p be a fixed rational prime number, and p be a fixed prime ideal divisor 
of p in K. We may assume that the coefficients of all the Z< are p-integers (i.e. 
numbers of the form a/ j9 where a and /3 are integers of K, and /3 is prime to p). 
Let o* be the ring of the p-integers of K, and K the residue class field of o* (mod p) 
which is identical with the field o/p in §2. We denote generally the residue class 
of an element z of K (mod p) by 2. Similarly, replacing every coefficient z in 
a representation Z of © with coefficients in On by its residue class 2, we obtain a 
modular representation Z with coefficients in R. In this manner we may form 
, 2t , • • • , 2 n . These modular representations will, in general, be reducible 
and will then split into irreducible modular representations F , with coefficients 
in R. We indicate by 

(2) «-» 2 d,«F, 

K 

that F, will appear in with some multiplicity d<« . These rational integers 
d{, ^ 0, and are called the “decomposition numbers” of ©. In the sense of §2, 
they describe a connection between the simple invariant subalgebras of r, and 
the prime ideal divisors of p in 3?. 

5. Cartan invariants. Of special importance is the regular representation R 
of © (or f) formed with regard to R as ground field. Since the group ring is 
no longer semisimple in the modular case, the theorem of the full reducibility 
of R does not hold any more. Let L\ , f/ s , • • • , I/* be the distinct indecom- 

* L. E. Dickson, Transact. Am. Math. Soc. 8, 1907, p. 389. 

• L. E. Dickson, Bull. Amer. Math. Soc. 13, 1907, p. 477. 

7 For the following, cf. M.R., and also R. Brauer, Nat. Ac. of Sciences 26, 1939, p. 262. 
We refer to this last paper as R.A. 
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posable constituents of R. Each U, can still be broken up into its irreducible 
constituents in R. This splitting is of the form 



if the notation is chosen suitably. 8 The representations Fi , , • • • , F k are 

all distinct, and there are no other irreducible representations of © in K. Fur- 
ther, the F are absolutely irreducible. 

We denote the degree of F, by /« , that of U, by it, . Then U K appears f, 
times as indecomposable constituent of R and F. appears w« times as irreducible 
constituent of R. 

Let c«x be the multiplicity of F\ as irreducible constituent of U„ 

(4) c«xFx. 

X 

Here, the c«\ arc rational integers ^ 0, the Cartan invariants 8 of © (for p). 
They also can be characterized by means of structural properties of f ; they ex- 
press mutual relations between the different prime ideal divisors of p in 
Between the decomposition numbers and the Cartan invariants, we have the 
following equations 10 

n 

(5) c K \ = dindjx ( k , X = 1, 2, • • • , Aj) 

»— i 

or in matrix form 

(6) C = D'D 

where C = (c K \), D = (du) and D' is the transpose of D. 

There exists a rep resentation ( U K ) of © in K which if taken (mod p) becomes 
similar to U K , ( U K ) = U K . We then have 11 

(7) 

} 

6. Characters. Let M be a representation of © which represents the group 
element G by M(G). We denote the trace of the matrix M(G ) by x(^). Then 
x(G) is a function of the arbitrary group element G } the character of M. The 

8 See R. Brauer and C. Nesbitt, Nat. Ac. of Sciences 23, 1937, p. 236; C. Nesbitt, Ann. 
of Math. 39, 1938, p. 634. Free places in matrices are to be replaced by 0, the * stand for 
quantities in which we are not interested. 

9 E. Cartan, Annales de Toulouse 12B, 1898, p. 1. 

10 Three different proofs are given in M.R. pp. 9-11; T. Nakayama, Ann. of Math. 39, 
1938, p. 361; R. A. pp. 267-268. 

11 Cf. R. A. The use of this fact which has not been mentioned in M.R. can be avoided, 
see footnote 13. 
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value of x is the same for conjugate elements of ®. We may, therefore, consider 
x as a function of the classes of conjugate elements Sj , <£*,*••, <£» ; we set 
Xr = x(&) = x(0) if G belongs to <S, . 

Let N be a second representation of © with the character <p. We consider 
first the case that we have a ground field K of characteristic 0. If the deter- 
minants of M(G) and N{G) do not vanish, then the characters are equal, x — <P> 
if and only if M and N have the same irreducible constituents. Because of the 
full reducibility, this is the same as similarity of M and N. If we admit matrices 
of determinant 0 in M and N, we must add the assumption that M and N have 
the same degree. Otherwise, the (0) — representation may appear with different 
multiplicities in M and N. u 

In the case of a ground field K of characteristic p, these theorems are not true. 
However, the method by which they are proved allows one to show that M and 
N have the same irreducible constituents, if and only if M(G) and N(G) have 
the same characteristic roots for every G in ®. 

We may write G as a product AB of two commutative elements where A has 
an order prime to p, whereas B has an order p s , j8 ^ 0. The characteristic roots 
of M(B) are all 1, being p fl -th roots of unity in a field of characteristic p. It 
follows that M (G) and M(A) have the same characteristic roots. It is, therefore, 
sufficient to require above that M(G) and N{G) have the same characteristic 
roots for every G of an order prime to p. Then the same will be automatically 
true for all G in ®. We call an element G of ® p-regular if its order is prime to p. 

We use the same notations as in §2. We set 

(8) g = pV (p, g') = 1. 

Let K x be the field obtained from K by the adjunction of the p'-th roots of 
unity 1, 8, 8 1 , • • • , S"’ -1 , let pi be a prime ideal divisor of p in K y , and let K y be 
the field of integers of K\ taken mod pi . Then R\ is an extension field of K, 
which contains the modular g'-th roots of unity 1, 8, 5 2 , • • • , the residue 
classes of 1, 8, • • • 8, S 8 -1 (mod pi). We have a (1 — 1) relation between the 
ordinary and the modular g '- th roots of unity since 5“ ^ 8 fi (mod pi) if 5“ ^ 

If F now is a modular representation of ® with coefficients in R or in an ex- 
tension field of R, the characteristic roots of F(G) will lie in R y . Let G be a 
p-regular element of ®. We replace each such root 5” by and define now 
x(G) as the sum of these 8'. In this manner, the character \(G) is defined as a 
complex number for the p-regular elements G; the original value was the resi- 
due class x«?) of x(G) (mod p). It now follows easily that two modular repre- 
sentations (with coefficients in R or in an extension field of R) have the same 
irreducible constituents if and only if the two characters in the new sense 
coincide for p-regular elements. 


u G. Frobenius and I. Schur, Sitzungsber. Preuss. Akad. 1906, p. 1906, p. 209. 
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7. The character relations. Let (Si , £ 2 , • • • , (St» be the classes of conjugate 
elements which contain the p-regular elements. We denote by i; l,) the char- 
acter of U , , by tp'' > that of F, (cf. §5), by f t,) that of Z,- . The value of a char- 
acter for the class (5, will be indicated by a suffix v, e.g. vi‘\ (v = 1,2, - - - , &')• 
The relations (7) and (2) now give 18 

( 9 ) 

» 

<io) r = rc 

X 

(i = 1,2, •••,»; « = 1 , 2, • • • , fc). From these and (5), or directly from (4) 
we have 

(11) V*’ = £c«x* <X) . 

X 

In particular, for the degrees u, , z,- , / x of U. , Z, , F x , respectively, (9), (10), 

(11) for the unit element give 

(12) w* = 22 d»«z», ~ 2^ da/x , u« = 2 1 c«\/x 

• x x 

since w, = i w (l), 2.- = f (0 (1), /x = ^ (X) (1). We arrange rtf' fi f) in 
matrix form 

* = (*?>), H = O^), Z = (tf°) 

(/c row index, X column index in $, II; i row index, X column index in Z; k = 

1, 2, • • • , k; X = 1, 2, • • • , k'; i = 1, 2, • • • , n). Then relations (9), (10) 

and (11) become 

(13) H = D'Z, Z = D4>, II = C#. 

From the orthogonality relations for the ordinary group characters, we obtain 

(14) Z'Z = (g/gM = T 

where g, denotes the number of elements in the class 6, , and where the class 
(£«• contains the elements reciprocal to those of (£« so that 1*, 2*, • • • , k'* is a 
permutation of 1, 2, • • • , k'. Then (14), (13) and (6) yield 

(15) H'<t> = &C<t> = T. 

The equation (15) contains in matrix form orthogonality relations for the 
modular group characters, viz. 

(16) £ = ! Mg, 

P P.ff 

(see also relations (20), (21) and (22) below). 

l * We may avoid the use of (7) here by first deriving (10) from (2) and then (9) from (4), 
(§) and (10), see M.R. 
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8. Corollaries. Since T in (15) is non-singular, the columns of the matrix 

$ which is of type (A, A ') 14 are linearly independent, and hence k S k'. On 
the other hand, the rows are linearly independent (mod p) because a linear relation 
would give a linear relation among the characters of Fi , , • • • , F* , the values of 

these characters being understood as numbers of K , as at the beginning of §6. 
Such a relation is impossible, hence k = k'. The number of distinct absolutely 
irreducible modular representations is equal to the number of classes of con- 
jugate p-regular elements in ®. 1B Further the determinant [ ^ | of is prime 
to p. Since | $ | is integral, and, its square is rational according to (15) we see 
that | $ | is prime to p. 

(17) (| H p) = i. 

The column of H corresponding to the unit element of © consists of Ui , v * , 
• • • , Uk . Since here g v = 1, we obtain from (16) and (17) Dickson's theorem: 16 

(18) u K ss 0 (mod p°), (k = 1, 2, • • • , A). 

We have also now that all matrices which appear in (15) have inverses. Let 
us set, in particular, C~ l = (y«x). It follows from (15) that 

(19) 4>T~ l H' = (5,x) 
which gives the character relations 

(20) E = S.\g (k, X = 1, 2, • • • , k). 

9 

In addition, multiplying (19) through by C~ x = (y«x) and using (13), we have 

(21) - C~\ that is, E g.v? =y*g (*, X = 1, 2, • . • , k) 

9 

and from (19) multiplied through by C 

(22) HT -1 H' = C, that is, E 1 blPvP = W (k, X - 1, 2, ... , k). 

9 

If (p, g) = 1, then we have full reducibility, t/, = F K . The matrix C, and 
then also D, is equal to the unit matrix, and we have = Fi (Speiser 17 ). 

9. Blocks. It is well known and easy to prove that the n elements 

(23) Q P = G (v = 1, 2, • • • , n) 

O in 

form a basis of the centre of the group ring. Each irreducible representation 
of © represents Q, by a scalar multiple of the unit matrix I. We see 

(24) Z<(Q,) = «‘°J, F «(Q r ) = *<‘>7 

14 By a matrix of type (a, 6), we understand a matrix with a rows and b columns. 

14 See R. Brauer, Actual. Scient. 195, Paris, 1935; M.R. 

14 See footnote 6, also M.R. 

17 Cf. A. Speiser, Theorie der Gruppen von endlicher Ordnung, 3rd edition, Berlin 1937, 
p. 223. 
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where (a[ {) is an integer of K } and ^ lies in K . We say that F K and F x belong 
to the same block , if y// ( p K) = for v = 1, 2, • • • , n. Then F K and F\ represent 
the centre of T essentially in the same manner. Thus Fi , F 2 , - • • , F k appear 
distributed into s “blocks” Bi , B 2 , • • • , B a . 

We also speak of the U K which belong to a block B r by counting U K in B r if 
F k belongs to B r . Each matrix !/*(&„) can have only one characteristic root 18 
which necessarily is ^ since F K is a constituent of U K , cf. (3). It follows that 
all the irreducible constituents of U K belong to B r . More generally, if in the 
sequence 

(25) U ky U ay U p , ... , U.,lh 

any two consecutive U p have an irreducible constituent in common, then all 
the Up and their irreducible constituents belong to the same block B r . If 
however U K and U\ cannot be joined by such a chain (25), then it is easy to 
construct a centre element of f which is represented by I in F K and by 0 in F\ 
so that F k and F\ do not belong to the same block. We have here a new char- 
acterization of the blocks. 

Assume now that Z* contains F K as a irreducible constituent. From (24) it 
follows that 


where the bar again indicates the residue class (mod p). All the irreducible 
constituents of Zi belong necessarily to the same block B r . We now say that 
also belongs to the block B r . Two ordinary representations Z t and Zy 
belong to the same block if and only if = a>l J) (mod p) for v = 1, 2, • • • , n. 
Comparing the trace in the first formula (24) in a well known manner, we 
obtain 

(26) 4° = gjtf/tt 


where z< is the degree of Zi . Henc6, and Z , belong to the same block if 
and only if 


(27) 


gj^/zi = g,t U) /zj (mod ()) {v = 1, 2, • • • , n). 


In what follows we shall always take <p' ]) , f <u to be the character of the unit 
representation considered as a modular and as an ordinary irreducible representa- 
tion, respectively, of ©, and B\ to be the block which contains these characters. 

We arrange the Fi , F 2 , • , F k and Z x , Z 2 , • • • , Z„ such that we first take 

the representations of B\ , then those of Bo , etc. Let x T be the number of Zy 
belonging to B r and y T the number of F, belonging to B r . It follows that C 
and D break up 


(28) 


C = 


/Cl 

0 

... 0 \ 

/A 

0 

r 

Cl 

... 0 \ 


Dt 

\o 

0 

... cj 

\o 

0 


18 Cf. R. Brauer and I. Schur, Sitzungsber. Preuss. Akad. 1930, p. 209, §2. 
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where CV is a square matrix of degree y r , and D r is of type (x r , y T ). It is im- 
possible to arrange the representations in such a manner that C T or D r break up 
further. For C T this follows directly from the properties of blocks given above. 
But because of (6), we have 

(29) C r = D' r D r . 

A breaking up of D r would imply one of C r . Since C, is non-singular (cf. (15) 
and (14)), we must have 

(30) x T ^ y T ■ 

We now form the trace of the element F,(Q,) in (24) and find since 0, 
is the sum of g , elements all of which have the trace ^ in the representation 
F , . On the other hand, the trace of F«(ft„) is If F, appears as modular 

constituent of the ordinary representation Z { , then as we have seen is the 
residue class of toi' } (mod p). Moreover, (mod p) depends only on the block 
B r to which F, and Zi belong. We indicate that by setting = 0‘ T) (mod p), 
where 0 lr> depends only on r and not on i. Hence 

(31) g/pf s f/ r T) (mod p). 

Let us set gC~ l = (y«x), that is, y«x = gy ,\ . From (21) it follows that the 
f«x are algebraic integers; that they are rational comes as a consequence of their 
definition. From (31) and (21) we have 

(32) y,\ = /« £ di T) ^ (mod p) 

r— 1 

The sum on the right depends on t and X; we denote it by S(r, X). If F\ also 
belongs to the block B r , then by reasons of symmetry 

(33) = /«<S(r, X) = S\S(t, k) (mod p). 

In particular, if /« or /x are divisible by p, then f,x is divisible by p and hence 
7*x = 0 (mod p). If/, ^ 0 (mod p), then (33) shows that the value of S(t, k)//, 
(mod p) depends only on r. We may, therefore, write 

7«x = fJ\Sr (mod p) 

where S T depends only on t. We may here take S T as a rational integer and 
have 

(34) 7 «x s MxSr (mod p) if F, and F\ in B r . 

If F t and F\ belong to different blocks, then f«x = 0, because of the form (28) 
of C. 

Since <p w is the character of the 1-representation and is contained in the block 
Bi , then (21) and (34) show 
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(35) N = 7 n = Si (mod p) 

where N is the number of all p-regular elements of @. 

10. Decomposition of F. The block properties derived in §9 are those which 
we are going to use in the later sections. But the importance of these blocks 
can better be recognized from other facts which we shall describe briefly. 19 Let 
B r be a fixed block, and consider the elements a of F, for which U K (a) = 0 for 
every U K except for those of B r . These a form an invariant subalgebra , 
and we have 

F = © 2^2 © • • • © 23* • 

The cannot be represented as direct sums. 

In close connection with this fact, we have the following ideal theoretical sig- 
nificance of the blocks. The ideal p of 3f (cf. §2) can be written uniquely as 
the intersection of s ideals $D? T 3) any two of which are relatively prime 

p = Pi , m , • • • , SR.] 

and 9W r cannot be written as intersection of relatively prime ideals 9W T . 
There are exactly k prime ideal divisors % ,%,•••, of p in 3. Here 
can be defined as the set of those elements a of 3 for which F K (a ) = 0. Two 
representations F K and F\ belong to the same block if and only if and 
divide the same SD? r . 

11. Summary of the results. The principal aim of this paper is the proof of 
the following two theorems. 

Theorem 1. Let © be a group of order g = p a g p a prime , {g' } p) = 1. An 
ordinary irreducible representation Zi of a degree Zi = 0 (mod p a ) remains ir- 
reducible as a modular representation , i.e. Zi is equal to one of the F K , and U K = 
F k . Further Zi forms a block B T of its oum. The character f (t) of Zi vanishes for 
all elements of an order divisible by p. 

We denote a block B r of this kind as a block of highest kind. In the notations 
used above, we have here x T = y r = 1. We also shall show that for the blocks 
which are not of highest kind, we have x T > y T , in particular, x r > 1. 
Theorem 2. Let to be the number of classes £„ of conjugate elements in © such 
that (a) the number of elements in is prime to p , (b) the elements of have an 
order prime to p. There exist exactly to blocks B r which contain at least one ordinary 
irreducible representation Zi of a degree Zi prime to p. 

We denote blocks of the type mentioned in this theorem as blocks of lowest 
kind. We also obtain some results for the blocks of intermediate types a, 
which contain only Zi of degree z% s 0 (mod p a ) such that at least one of these 
degrees Zi ^ 0 (mod p rt+1 ). The method which yields theorem 1 can, in a far 
more elaborate form, be used for a study of the blocks of type a - 1 as will be 


W See R. A. 
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shown in another paper. 20 In the case a = 1, i.e. g = p-g', (p, flr') = 1 , each 
block is either of the highest or of lowest kind, so that the results give some 
information about every block. This can be made the basis for a study of this 
class of groups, which yields a large number of new results. 20 In order to attack 
the general group of finite order in a similar manner it would be necessary first 
to refine greatly the theory of blocks. 

Two of the most important tools for the computation of the ordinary group 
characters are formed by the method of the multiplication of characters and the 
Frobenius’ method of constructing characters of © from characters of a subgroup 
$ of ©. These methods can also be applied to modular characters. In part IV 
we study the former method, and in part V, the Frobenius’ method. In part 
VI we consider a number of special cases and examples. We hope that in the 
results of these latter parts of our paper some justification can be seen for the 
somewhat complicated theory as developed in this lengthy introduction. 

II. Blocks of Highest Kind 

12. Condition for the reducibility of . We use the same notations as in 
the introduction. If for one of the (§4) the corresponding modular representa- 
tion hi becomes reducible, then there exists a non-singular matrix M = (ra, ; ) 
in the field K such that M~ l 2iM breaks up into at least two constituents 

^ - (r £.)• 

We choose a matrix M = (m t J ) such that m<y lies in the residue class w<y (mod p). 
Then the determinant of M is prime to p and hence different from 0. Forming 
M~ l ZiM , we obtain a formula 

(36) Z; - M~’ZiM - 

where all the coefficients in \\\ , W 2 , Wi , W 2 , are p-integers of K, and those of 
W t are divisible by p (i.e. each coefficient in W 2 is the quotient a//3 of two integers 
of K such that a = 0, 0 ^ 0 (mod p)). Let Z* ((7) = (wi\ ((?)). According to 
the formulas of I. Schur, 21 we have 22 

(37) E w!\(G)w£ ) (G~ 1 ) - g/zti„ 5*, 

O 

(38) £ wii ) (G)wli ) (G- 1 ) = 0 for i * j. 

a 

In (37) we now take k = a = 1 , X = p = 2 ,- so that — 1 . From the 

form of JF» in (36), we have w Ui (G) = 0 (mod p) for every G, hence g/zi = 0 
(mod p) and consequently g/zi = 0 (mod p). Since g was exactly divisible by 

1(1 R. Brauer, Nat. Ac. of Sciences 26, 1939, p. 290. 

11 1 . Schur, Sitziingsber. Preuss. Akad. 1906, p. 406. 

** We set in — 0 for * 5 * j, 5,-, «* 1 . 
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p a (cf. (8)) we have z< ^ 0 (mod p a ) if Z, is reducible. This shows that if z< * 0 
(mod p°), then Z< is irreducible. This was the first part of theorem 1. 

13. Blocks of highest kind. We now have to show that a Z% with z< = 0 
(mod p a ) forms a block of its own. If this were not so, then we would have a 
Zj with i j such that Z, and Z, have an irreducible constituent in common. 
But since Z,- itself is irreducible, Z< would have to occur as constituent of Z,- . 
Then there would exist a matrix L = (I,-,) with coefficients in R such that 2 * 

(Wi ° 0 \ 

L^L- W 4 Z t 0 . 

\tf 7 w s wj 

Choosing again the element Uj in the residue class U,- (mod p), and setting L = 
(Ui), we then have a formula 

/Wi W 2 WA 

(39) L-'ZjL = ( W* W 6 W, 

\W 7 Ws wj 

where 

(40) W 6 * Zi (mod p). 

We choose now k = X = 1 in (38), for p we take the number of the first row of 
Wi in (39), for a the number of the first column of W 2 . Then (38) yields be- 
cause of (40) and (37). 

o = £ = E ^’(GWi^cr 1 ) = g / Zi (mod p). 

But this is impossible, because z< = 0 (mod p a ). Consequently, no Z,- with j ^ i 
belongs to the same block B r as Zi . The block B r contains only the one ordinary 
irreducible representation Zi, and only the one modular irreducible representa- 
tion Z< = F k . In (28), C T and D r are matrices of degree 1, x T = y T — 1, and we 
have D r = 1. Hence C T = 1, because of (29). From (4), we obtain U , = F„ 

14. Vanishing of the character for p-singular elements of Let H be a 

fixed element of @ the order of which is divisible by p. From the orthogonality 
relations for ordinary group characters, it follows that we have 

E r l<) (c)r u, (H) = o 

4-1 

for every p-regular element G, since G and H 1 cannot be conjugate in ©. Using 
(10), this can be written in the form 

(41) E E di,<p M m li) (H) - 0. 

»— 1 K — l 

* 3 The first row and column on the right side may be missing, also the last row and 
column. 
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Since (41) represents a linear relation between *5 (1) (G)> v 2) (G), , <p w (G) 

which is true for every non-singular element <3, the coefficient of each <p iK) (G) 
must vanish 

£di't (i) (H) = 0 («- 1 , 2 , 

»- i 

If 2 U = as in §13, then du = 1, and d, K = 0 for i ^ j since F K does not appear 
in . Hence £ (,) (ff) = 0. This proves theorem 1 completely. 

In the case (g, p) = 1, it follows at once from theorem 1 that each ordinary 
irreducible representation Zi remains irreducible when taken as a modular 
representation and so 2, is equivalent to some F K . Then k = n and the f (,) 
are identical with the <p (K \ rj { *\ The relations (16) and (20) here become the 
same as the Frobenius relations for group characters (cf. §§3, 8.) 

15. Example. As an example, we mention the simple Mathieu group M 12 of 
order 12.11.10.9.8 = 2*.3 8 .5.11 = 95040, the characters of which have been given 
by Frobenius. 24 The degree of the ordinary irreducible representations are 

1, 11, 11, 16, 16, 45, 54, 55, 55, 55, 66, 99, 120, 144, 176. 

Of these 15 characters, 8 are of highest kind (mod 11), for instance, the character 
of degree 176. From the table of characters, it follows that this character is 
the product of a character of degree 11 and a character of degree 16. Con- 
sequently the characters of degree 16 must also remain irreducible (mod 11), 
since a splitting would imply a splitting of the character of degree 176. The 
characters of degree 16 are not of highest kind. 

For p = 5 we have 5 characters of highest kind, for p = 3 there is one of them 
and for p = 2 there is no such character. 

III. The Elementary Divisors of C 

16. Computation of the elementary divisors of C. In the following section 
work in the ring o» of p-integers of K. If x is an element such that 7r as 0 

(mod p), t ^ 0 (mod p 2 ), then every ideal of o> is of the form (?r) m , and there- 
fore, the theory of elementary divisors holds for matrices with coefficients in 
0» . In formula (15), = T, the determinant of $ is a unit of o* because 

of (17). Consequently, C and T have the same elementary divisors. But the 
elementary divisors of T can be obtained directly from (14), they are the highest 
powers of p which divide the numbers 

(42) g/gi , g/gt , • • ■ , g/g k . 

We now consider C as a matrix with coefficients in the ring of rational integers, 
and denote the elementary divisors corresponding to this case by ci , e * , • • • , e* . 
It follows that the powers of p which divide these integers are exactly the same 

f4 The ordinary characters of the Mathieu-groups have been given by G. Frobenius, 
Sitzungsber. Preuss. Akad. 1904, p. 558. 
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powers which appear in the integers g/g v , v = 1 , 2, . . . , k, if the latter are prop- 
erly arranged. 

In another paper, it will be shown that the determinant of C is actually a power 
of p. Then it follows that the e ¥ are themselves the powers of p which divide 
the numbers (42). For our present purpose this finer result will not be needed. 

17. Blocks of type a. We say that a block B r is of type a, if it contains only 
representations F K of degrees/* s 0 (mod p a ), and if at least one of these degrees 
is not divisible by p tt+1 . 

By (12) 

u K = c*x/x (X = 1, 2, • • • , k). 

Because of the form (28) of C, the corresponding formulas hold, when we restrict 
k and X to those values for which F K , F\ belong to the block B r . 

We can find two unimodular matrices M x and Af 2 such that C * = MiC t M 2 
has zeros outside of the main diagonal, and contains the elementary divisors e K 
in the main diagonal. 26 We have then 

(43) u * = ej* 

where the u* are obtained from the U\ by the linear transformation Mi , and 
the /f from the f\ by the transformation M 2 l ; k , X range over the values cor- 
responding to B r . Since M 2 is unimodular, all the f* are divisible by p a , and 
one of them is not divisible by p a+1 . On the other hand, the u * are divisible 
by p°, according to (18). From (43) it follows that at least one of the elementary 
divisors e K corresponding to B T is divisible by p a ~ a . Let s a denote the number of 
blocks of type a, and a a the number of integers g v (v = 1, 2, • • • , k) which are 
divisible by p a and not by p a+1 . We consider now the s a + s a -i + • • * + s 0 
blocks of type ^ a. To each of them corresponds an elementary divisor which 
is divisible at least by p a ~ a and hence a number g/g, which is at least divisible 
by this number. Then g v will be divisible at most by p a , and we find 

Sq + Si + •••-{• $ a ^ a* Qi • • • + Oo • 

Theorem 3. Let Si , (£ 2 , • • • , (£* be the classes of conjugate p-regular elements 
in © and denote by g v the number of elements in . If a a of the numbers g p 
are divisible by p a and not by p° +1 , and if & possesses s a blocks of type a , then (for 
« = 0, 1 , 2, • • • , a) 

(44) So “|“ Si • • • + s« ^ do + a>i • • • + a a . 

18. Ordinary characters which are linearly independent mod p. 

Lemma: There exist k but not more than k ordinary irreducible characters 
f <0 which are linearly independent (mod p). 

*• The elementary divisors of all the C T together are «i , e % , • • • , e* (in some arrange- 
ment) because of (28). 
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Proof : If a linear relation 

2 a tf < ‘ > s 0 (mod p) 

t 

with p-integral coefficients holds for the p-regular classes, then it holds for every 
class. This can be seen similarly as in §6. From this remark, it follows already 
that we cannot have more than k ordinary characters which are linearly inde- 
pendent (mod p). 

For the proof that there exist k such independent characters, we use a method 
by which one of us showed earlier the existence of k irreducible modular char- 
acters. 26 If the maximal number of ordinary irreducible characters, which are 
linearly independent mod p, was smaller than k } then we could find p-integers 
b 9 such that 

k 

22 brtr l) s 0 (mod p) 

»-l 

and the b y are not all divisible by p. Since a reducible character of © is a sum 
of irreducible character f (,) , we would have 

k 

(45) 22 m 0 (mod p) 

*-i 

for any character f of ©. We want to show that this is impossible if the 6' 
are not all divisible by p. We assume that the corresponding result for al 1 
proper subgroups § of © has already been shown. 

Let § be a proper subgroup of @, let &( , ,*•*,£* be the classes of con- 

jugate p-regular elements of § and let H y be an element of (5^ . If ^ is any 
character of we set \p(G) = 0 if G does not belong to We determine a 
(right hand side) residue system Pi , P 2 , • • • , Pm of © mod According to 
Frobenius. 27 

(46) m = £ HP.GP; 1 ) 

M-l 

is a character of ®. Since (45) hold for every character of ©, it holds for (46). 
The elements G and P p GP p l are p-regular at the same time. If G p is an element 
of Sp , we have from (46) 

(47) fp = X 

where denotes the number of P„ for which P p G p P^ 1 is conjugate to H ff with 
regard to For each H c there exists exactly one p for which 9 * 0 since one 
class @ p in © must contain H , . We denote this p by r(<r). From (45) and 

(47) it follows that 

(48) 22 ( 2 h*) s 0 (mod p) . 

\p-i / 

u See footnote 15. 

17 G. Frobenius, Sitzungsber. Preuss. Akad. 1898, p. 501. 
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This must hold for every character \p of But (48) represents a congruence 
of exactly the same type for as (45) has for ®. According to our assumption 
concerning the coefficients of every ^ must be divisible by p, 

k 

bplpc S= o (mod p) for a = 1, 2, • • • , Z 

p-i 

and since only Z T(<r) 7 * 0 

(49) ^T(<r)Zr(<r) ,«■ == 0 (mod p) for o’ = 1, 2, • • • , Z. 

So far the subgroup ® has been arbitrary. We now try to determine £ for a 
given value p, (p = 1, 2, • • • , &), such that (a) p appears in the form p = r((r), 
and (b) for this <r the number Zp* is not divisible by p. Then (49) implies b p = 0 
(mod p), and if this holds for every p, then we have arrived at a contradiction 
with the fact that the congruence (45) was to be not trivial. 

The condition (a) is satisfied when G p belongs to we may take G p = H „ . 
If we choose $ as a subgroup of the normalizes 91 of G p , then G p is only conjugate 
to itself with regard to §. Then Zp, in (46) can be defined as the number of 
for which P/xpP " 1 = G p . If § has the order h , then hl p9 = N is the order of 91. 
We have only to take care that § contains a p-Sylow group of 91. Then h is 
divisible by the same power of p as iV, hence ^ 0 (mod p) and, therefore, 
condition (b) is satisfied. 

We can, therefore, satisfy the above conditions (a) and (b) by choosing $ 
as the subgroup which is generated by G p and a p-Sylow group of the normalizer 
91 of G p . Here, however, an exceptional case is possible which must be treated 
separately. The group defined in this manner can be identical with ©. 

In this case, the only p-regular elements of © are 1, G> , G p , • • • , Gj~ l , where 
q is the order of G p . We obtain a character of © by associating with (? M where 
« is a g-th root of unity. Then (45) becomes 

2 b»£ = 0 (mod p) . 

We multiply here with e ^ for a fixed and add over all g-th roots of unity. 
Since (< q , p) = 1 we find bp = 0 (mod p) for p = 0, 1, 2, • • • , q — 1, which 
gives a contradiction. 

19. Applications of the lemma. It follows immediately from the lemma in 
§18 that the congruences 

(50) 2 Oifi 0 = v, (mod p) (for v = 1,2, •••,&) 

i— 1 

can be solved with regard to oi , a* , • • • , o» if Vi > V 2 , • ■ • , v* are any given 
p-integers of K. The a< also will be p-integers of K. 

From (10) and (28) the number of f (i> in a given block B r which are linearly 
independent mod p, is at most equal to the number y r of modular characters 
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<p iK) in B r . But since y\ + • • • + y% is the full number k of modular irreducible 
characters, this implies that B r contains y T characters f (t) which are linearly 
independent (mod p). It follows that the matrix D r of type (x T , y T ) in (28) 
still has the rank y r when it is considered mod p. 

From this remark and (10) it follows that the modular characters tp (K) can be 
expressed by means of the ordinary characters with p-integral rational coeffi- 
cients. For a block of type a, all the /* are divisible by p a . Since by (12), 
Zi = X) duft , it follows that all the z% of the block B r will be divisible by p a . 

K 

On the other hand, the Zi of B r cannot all be divisible by p a+1 , since otherwise 
all the /< of B r would be divisible by p a+1 , as we see when we express the <p (K) 
of B r as linear combinations of the f (t) (G) of B r with p-integral coefficients and 
set G = 1. We can define a block B r of type a by the fact that the degrees of the 
ordinary irreducible characters of B r are all divisible by p a but not by p a+1 . In 
the definition in §17 we can replace the modular characters by ordinary char- 
acters. In particular, the blocks of type 0 are the blocks of lowest kind; the 
blocks of type a, the blocks of highest kind (§11). 

If the f (t) of B r are arranged in a suitable order, then the first y T of them will 
be linearly independent mod p. We may then find a matrix V of degree y T 
with p-integral rational coefficients and a determinant prime to p such that 

D ’ Y - (i) 

where M is a matrix of type (x T — y T , yf) and /, the unit matrix of degree y T . 
Using (29), we find 

(51) V'CrV = V'DlDrV = (I, M’) (ffj = / + M'M. 

We work in the Galois field with p elements, replacing every number by its 
residue class (mod p). If M in this sense has rank m, then we can find y T — m 
linearly independent vectors £ of y T dimensions for which = 0. For these 
vectors, we have (I + M f M)$ = £ so that at least y T — m linearly independent 
vectors are obtained in the form ( I 4* M f M)rj where rj is an arbitrary vector. It 
follows that (/ + M'M) has (mod p) a rank r ^ y T — m. Because of (51) 
C r has (mod p) the same rank r. Then exactly r of the elementary divisors of 
C T will be not divisible by p . But m g x T — y r , since M has x r — y r rows, so 

r ^ y T - (x r - y T ) = 2 y r - x r . 

Theorem 4. If the block B r contains x T ordinary and y T modular irreducible 
characters , then the corresponding part C T of the Cartan matrix has at least 2 y T — x r 
elementary divisors which are not divisible by p (and hence equal to 1 according to 
the theorem quoted in §16). 

If 2 y T < z T then this theorem does not give anything. 

tf for a block we have y T = x r , then x T of the elementary divisors will be 
prime to p. But this is the total number of elementary divisors of B r . Ac- 



ON THE MODULAR CHARACTERS OF GROUPS 


573 


cording to §17, this is impossible if B r is of type a < a. Hence B r is of highest 
type, and then x r = y r * 1 (theorem 1). Using (30) we obtain 
Theorem 5: Every block , which is not of highest kind, contains more ordinary 
than modular irreducible characters , 28 

This shows that Theorem 1 characterizes the blocks of highest kind. 

20. Blocks of lowest kind. We now come to the proof of theorem 2 (§11). 
Let rji , rj 2 , • • • , rjk be any given p-integers of K . We solve the congruences 
(50). Let Si, ® 2 , , Smbe these classes of p-regular elements of ®, for which 

the number g p of elements in the class is not divisible by p, then 

(52) m = ao 
where Oo was defined in §17. 

The number coj 0 = g v tl' } /zi (cf. (24) and (26)) is an algebraic integer. If 2 * = 0 
(mod p) and (g P , p) = 1, then j’!‘ ) s 0 (mod p). The corresponding terms in 
(50) can be omitted. We have, therefore, 

(53) 2 55 Vv (mod p) for v = 1, 2, • • • , m 

i 

where the sum is extended over such values of i, for which 2 * ^ 0 (mod p). In 
particular, only characters of blocks of the lowest kind appear. We can pick 
out one character f (W in B r such that z h ^ 0 (mod p). If f (t) is another char- 
acter of B r , then according to (26) and (27) wc have 



„ h (i) „ yW 

9p£p _ Qv%9 

Zi ~ Zh 

(mod p) 



v(*‘) _ 2 < yW 

Sr — S * > 
Zh 

(mod p), 

(p - 1, 2, • ■ • , m) 

since (g, , p) = 1, for v 
obtain formulae 

= 1, 2, , m. 

We substitute 

this value in (53) and 

(54) 

£ m 

(mod p), 

(p = 1, 2, • • • , nt) 


h 


where the f (A) are the characters wc selected in the blocks of lowest kind. The 
number of terms on the left side then is the number s 0 of blocks of the lowest 
kind. The 6* are p-integers which are independent of v . For every given set 
of p-integers iji , V 2 , • • • , Vm the congruences have a solution bh . The number 
of unknowns bh cannot be smaller than the number of congruences, hence, from 
(52) 

oo = m g so . 

But from (44), it follows that $o ^ Oo . Consequently, so = a * , and this is 
exactly the statement of theorem 2, §11. 

*» A second proof for this relation x T > yr is given in §27. It also can be proved by 
considering the representation of the elements of the center of the group ring. 
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In other words this result can be expressed as follows: An elementary divisor 
divisible by p° can appear in C, only if the block B, is of lowest kind. In this 
case there is exactly one such elementary divisor. 

We easily see now that for blocks of type 0, 1, and a there is at least one U, 
of the block whose degree u, ^ 0 (mod p“ +1 ). For a block B r of type a it fol- 
lows from (43) that if all w, =s 0 (mod p 0+l ) then at least one elementary divisor 
of C r is divisible by p 0_a+I . For a — 0 this would mean an elementary divisor 
divisible by p“ +l which is not possible (cf. §16). For a = 1 it means an ele- 
mentary divisor divisible by p° but by the above statement of theorem 2 such 
divisors can appear only for blocks of type 0. In case a = a the remark is 
obvious, since the block is then of highest kind. For values of a intermediate 
to 1 and a we can only as yet say that an elementary divisor of C T is divisible 
at most by p° -1 , and hence from (43) at least one u k is divisible at most by 
p a+fi where 0 a — 1. 

21. Alternative proof of theorem 2. We here begin with the components 
(f«x) of the matrix gC~ l (cf. §9), and again work in the ring of all rational p-inte- 
gere. If the matrix C, (cf. (28)) has the elementary divisors p a ’ , (r = 1, 2, • ■ • , 
y T ), then gCj 1 has the elementary divisors p“ - “\ In the case that B r is not a 
block of the lowest kind, then for any pair F K , F\ belonging to B r the degrees 
/, , /x are divisible by p, and so from (34) y«x = 0 (mod p). Hence all the a „ 
are smaller than a in this case. If B r is of the lowest kind, then since by (34) 
the matrix gCJ 1 = (/«/xS T ), (k row index, x column index) the rank of gC~ l (mod 
p) is 1 or 0 according as to whether S T ^ 0 (mod p), or S r = 0 (mod p). The 
considerations in §17 show that for a block of the lowest kind, at least one of 
the elementary divisors of C T is ^ p°, a, ^ a. It follows that gC7 l has one 
elementary divisor 1, and we have 

(55) S T ^ 0 (mod p) (B r block of the lowest kind). 

Since here gC7' has (mod p) one elementary divisor 1, C r has exactly one ele- 
mentary divisor p“. Consequently, the number of blocks of the lowest kind is 
equal to the number of elementary divisors p“ of C. This, in connection with 
the result of §16 yields theorem 1. 

We add some remarks about the determination of the numbers S T for blocks 

of the lowest kind. From (12) it follows that f, = g~ l 2 y*\U\ . Combining 

x 

this with (34), we obtain 

(™d ? ) 

where X ranges over all values for which <p w belongs to the block B r . If B, is 
of the lowest kind, we may assume/, ^ 0 (mod p). Hence 

(56) g , =S T 'E' f — (modp) (*> (X) in B t ) 

p“ 
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whence S T (mod p) can be obtained, if only the degrees of the characters are 
known. Using (12) and (5), we easily obtain 


(57) 


£" 4 - £" £' - £' cm, - £' uj. 


K,\ 


where i ranges over those values for which f <0 belongs to B r . 


(58) 



(mod p). 


Hence 


The numbers S r can also be determined in a different manner from the ordinary 
group characters f (,) of ©. We set 

(59) V = (vu) = (jt 
We have then, making use of (21) 

* k k k 

Vu 5=2 2 £ Qvdi K dj\<p v = 22 di K dj\y K \ 

F— 1 K—l X — 1 K.X— 1 

(60) V = gDCT 1 !)' = gI)(D'D)~ ] iy. 


Using (34), we obtain 

vu = 2 du djxfJxS T (mod p) 

K,\ 

if f (,) and f (,) both belong to B r . But Yh duf. = Zi , according to (12), and 

K 

hence 


(61) 


Vij = ZiZjSr (mod p) 
vu = 0 


(r (0 and r (>) in B r ) 

(f (,) and f (,) in different blocks). 


IV. On the Multiplication of the Characters 

22. Relations between the problems of determining the ordinary and the 
modular characters of ©. For any group © of order g, we have the two problems 
of finding the ordinary irreducible characters f (l, (f = 1, 2, •• - , n) and the 
modular irreducible characters <p M (k = 1, 2, • • • , k) for a fixed prime p. We 
may assume that p divides g, since otherwise the two types of characters coin- 
cide. We ask now: (a) How much does knowing the ordinary characters help 
in the determination of the modular characters? (b) How much does knowing 
the modular characters help in the determination of the ordinary characters? 
It seems that in general we obtain some valuable information, but that in neither 
case the complete answer can be found. For instance, in the case of a p-group, 
the modular characters become trivial, since there is only the (l)-character, and 
this shows clearly that we cannot expect that the fi 0 are determined uniquely 
by the v, K) ■ For both questions (a) and (b), it is of course of great importance 
to find the matrix D (cf. (13)). 
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If the tp?* are known, then (21) permits the determination of the matrix C, 
so that we also may find the characters ij (<) of the indecomposable constituents 
U , . For the determination of D, we have the formulas (5). In certain cases, 
these formulas are sufficient to find D, cf. the example of the group LF (2, p) 
in §31. But, in general, we must expect several possible solutions for D some 
of which may belong to other groups H, K, • • • which also have as their 
modular characters. There is, of course, only a finite number of possibilities 
for D. If D itself is known, then the values of the ordinary characters for 
p-regular elements G of © can be obtained from (10). There remains then 
the determination of the values of the characters for the other classes. Mod p, 
we can find these values from the values of the characters for the p-regular 
classes (cf. §§6, 18). Further, we obtain conditions from the orthogonality 
relations for group characters. Also the method of multiplying characters can 
be used with advantage. It may be mentioned that in many important cases 
it seems easier to find the modular characters than the ordinary characters. 
For instance, in the case of many simple groups, the analogy with semisimple 
continuous groups can be used in the modular theory. 

Conversely, let us assume now that the ordinary characters f (,) are known. 
It follows from (13) that D = Z$~\ which shows that each column of D is of 
the form 

(62) d<=Eri , ' ) av, 

r— 1 

that is, each column of D is a linear combination of those columns in the tables 
of ordinary characters which correspond to p-regular elements. The a , are the 
elements of a column of $ _1 and, therefore, are not known, but we have some 
information about them. For instance, they are of form fi/g' where p is an 
integer of the field generated by the f (,) and g = p tt g ', (g', p) = 1. The must 
be rational integers =£ 0. Further restrictions are obtained from (13) and the 
form (28) of D, and from the fact that the determinant of D'D is known. But 
these conditions are not enough to determine D uniquely, several cases will 
have to be considered. If D is known, then the modular characters are known. 
The equations (59) and (60) show that the matrix D(D'Dy l D' can be found if 
the f <l) are known, but this does not provide any new information. 

We may add some remarks in this connection. The condition (62) is, of 
course, equivalent to saying that each column of D is orthogonal to each column 
of Z which corresponds to a p-singular element of G. If a vector x = (xi , Xj , 
• *•,£„) is orthogonal to all these columns of Z, then a; is a linear combination 
of the columns of D. Similarly, if y = (pi , y* , • • • , y n ) is orthogonal to all 
columns of D, then y is a linear combination of the columns of Z which cor- 
respond to p-singular elements of ®. 

If a relation 

n 

X) t li, (ff)Pi = 0 (for all p-regular elements G of ®) 


(63) 
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where the 0 t are independent of G, then 0 = (0i,0i, • • • , 0 n ) is a linear combina- 
tion of the columns of Z which correspond to p-singular elements, and vice 
versa. Hence 0 is orthogonal to every column of D. We cut (ft , 0 t , • • • , 0„) 
into 8 pieces corresponding to the s blocks B r , and replace all the 0 t by 0 except 
those which belong to a fixed piece. This modified vector 0 still is orthogonal 
to all the columns of D because of the form (28) of D. Hence the modified 
vector 0 still satisfies (63) 

S f r w (0)A-o 

where i ranges over only those values for which f (t) belongs to a fixed block B r . 

Theorem 6. If a linear relation between the ordinary characters holds for all 
p-regular elements of ®, then the relation remains true if we leave away all terms 
except those which contain the characters of a fixed block B r . 

23. The multiplication of characters. If F and H are two modular representa- 
tions then G — > F(G) X H (G) gives a new representation F X H. Since the 
characteristic roots of the Kronecker product F(G) X H(G) are obtained by 
multiplying each characteristic root of F(G) into each characteristic root of 
H(G ), it follows easily that the character of F X H is obtained by multiplying 
the characters of F and H. Applying this to the irreducible characters 
V? (X> we have that <p (,t) V x> is again a character of ®, reducible or irreducible, and 
we obtain formulas 

( 64 ) <p {K) .<p {X) = 

where the a are rational integers, a ^ 0. There is, of course some connec- 
tion with the corresponding coefficients appearing in the multiplication of 
ordinary characters. If we have 

( 65 ) 

k 

then we express f by means of the </> (cf. (10)) and obtain 

r'Y" - £ a.<w‘V“ - £ 
t"'e w - 2>«r“’ = £<■»*,»“ 

(66) ) d,* dyx = 1C 

«,X k 

We derive some further relations for the a„x M . Of course, they must satisfy 
the conditions for the constants of multiplication of a commutative algebra 

UitXji ~ &Xcji, ®«X»i G/it. = 0>Knffd\ rii* 

M M 

To each representation of © there corresponds a contragredient representation. 
We denote the representation contragredient to F. by F,< . Then 
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where <£,• as in §7 denotes the class reciprocal to 6, . Here 1', 2', • • • , k' 
and 1*, 2 k* are permutations of period 2 of 1, 2, • • • , k. From (64) 
we obtain 

(68) ' a«'xv — o«x M 

since the contragredient of y? (,) •<p (K) is •<p lx ' ) . Further, the regular representa- 
tion R is self-contragredient. Hence the contragredient of U, is an indecom- 
posable constituent of R, and since its irreducible top constituent is F„< , we see 
that U «< and U, are contragredient. This implies 

(69) c„x = c«-x' • 

From (64) and the orthogonality relations (20) we obtain 

(70) ga^ = E 

r-l 

By multiplying the two left hand members through by y^> = 7 P - M and adding 
over n we obtain 

k 

0GW7pp' = Is Q»<P> <Pr <Pp* 

H K«-l 


or 

52 gwtmp' = 52 g*<p { p K) <pp p) 

M >-l 

which shows that the left side remains unchanged, when the three indices k, 
X, p are permuted. Thus 

(71) 52 0*Xm7pp' ~ 2 CtpX/<7fu'» 

In particular, for k = 1, we have a *x M = $x*» , *' = 1, and when we interchange 
p and p' we have 

(72) 7xp = 52 ®p'Xm 7mi 

M 

which shows that the whole matrix C“ x can be found if its first column and 
the constants of multiplication are known. 

If does not contain a character of the block Bi, then the right side of 

(72) vanishes and y xp = 0. 

Theorem 7. 29 If the product of a character qf® with the contragredient character 
of <p if>) does not contain a character of the first block Bi , then the corresponding 
coefficient 7xp of gC~ l vanishes . 

If the block B r of ^ (X) contains more than one modular character then because 
of the form (28) of C, 7 x* = 0, cannot hold for all p ^ X such that <p ip) belongs 


39 This theorem is related to theorem 2 of E. Brauer, Math. Zeitschr. 41, 1936, p. 330. 
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to B r . Further, if #> <w and <p ll>) belong to the same block, and if their degrees 
are not divisible by p, then y\„ ^ 0 according to (34) and (55). Hence we 
have the 

Corollary. If two characters <p (X) and tp ip) belong to the same block and both have 
degrees prime to p, then ip <X) V P) contains a character of the first block. 

We prove two more formulas connecting the c«x , the a,x„ , and the characters, 
and which deserve some interest. Using (9) we derive from (64) 

/ 7 o \ „(«)<«> _ v /• „<«> — X' „ „ < P > 

( 73 ) (pp Tjp CvXVp <Pp — 2Lt Ct&Q'n\f><Pp • 

^ X,p 

We first set p = k, and add over k. By (16) we find 

biv^g/g* = S c,xa«X(><p/ • 

*.X,p 

Here, we multiply by g,ni’\ add over v, and use (20) 

(74) ]£* i»i #> = £ c,xa«x» 

K,X 

where the sum on the left extends over those v for which the class S„ is self- 
reciprocal, = (£„• . 

Secondly, we take /i = k' in (73) and apply the same method. We thus obtain 

(75) 53 Vp a) = 53 c «xa«'x*. 

F-l «,X 

It can easily be seen from (67) that the number of self-contragredient modular 
characters, ^ <X) = <p (X/) is equal to the number of self-reciprocal p-regular classes, 
( v ^ A:). 


24. Upper and lower bounds for the degrees of the indecomposable constit- 
uents U K . The product ry (M) -^ (X ) can be expressed as a linear combination of 
the (p (p) (cf. (73)), and also, using (11), as a linear combination of the rj (K) 

Here it is neither obvious that the coefficients are integers, nor that they are ^ 0, 
but both these facts will follow from (73). Using (20) we find 

QQk\h — Zj QvVp <Pp *Pp 

p 

and comparing this with (70), and taking (68) into account, we obtain = 
^ ““ o*x M . Hence 

(76) = Ea.XMi? (,) - 

10 This formula seems to indicate that X Fx' splits completely into Ui , U% , ••• , Uk 
where U K appears a*x M times, but we have not been able to prove this. 
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' In particular, we have o„> i ^ 1, since F, X F«» contains the l-representation. 
Hence ij <,) will appear in *j a> •< p u) . On comparing the degrees, we find Uyf , ^ u, . 
On the other hand a u , — 1 and hence i? a> will appear in if ( ' ) V , '\ Conse- 
quently Wi | /«u« . 

Theorem 8. For the degrees f, of the F, and m« of the U, there hold the inequalities 

(77) «,/„ ^ M, £ Ml//, . 

Since u, = 2 c«x/x (cf. (12)), it follows from (77) that 
x 

m, ^ c„/« + c«x/x (k 5** X) 


(78) c,x g (ui - c„) £ for k ^ X. 

/x 

In particular, c,x < Mi since we may assume f\ Si /, , further c„ ^ Mi . 

On multiplying (77) by /, and adding, we find 

k k 

Mi £ ft ^ 2 m,/« g A:mi 

K — l K— 1 

The middle term here is g, as follows from (16). If the radical of the modular 
group ring T has the order m, then f\ = g — m. Hence 

Mi(j7 — to) 2> g ^ leui 

(79) g/k k U! ^ g/(g - m). 

The multiplication of characters is used to obtain new characters if some 
characters have already been found. It is often convenient to determine the 

i ) M at the same time with the </> M . Here formula (76) can be used. Formulas 

(77) and (79) can sometimes be used, if we want to show that a character if, 
which we have obtained, is an if (,) and not a sum of several such i/ <0 . 

V. Relations Between the Characters of a Group & and Those 

of a Subgroup § 

25. The induced character. The second important method of Frobenius for 
the construction of characters assumes that the character x of a representation 
V of a subgroup & of © is known. This representation “induces” a representa- 
tion V* of © whose character x* can be obtained. The method of forming V* 
remains valid in case we start with a modular representation, and so does the 
formula for x*, but this last formula requires a somewhat different proof here, 
due to the modified definition of the character of a representation. 

Let h be the order of £>, and let (n = 1, 2, • • • , m; m — g/h) be a com- 
plete residue system of © (mod 


© — &Qi + &Qt + • • • + &Qm • 
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We sei V (G) =• 0 if G does not belong to § so that F(G) is defined for all ele- 
ments of ©, and define 

(80) V*(G) = (FCQ.GQr 1 )) (*c row index, X column index). 

It is easily seen that this is a representation V* of © of degree tm = tg/h where l 
is the degree of V. 

We shall determine the character of V*. Let G be an arbitrary element of ©. 
The element Qfi belongs to some residue class ^>Q Po <„) and the permutations 
Pa'- M — ► Pain) (m = 1,2 , • ■ - , m) form a representation P@ of &. 

We split P a into cycles. The length of each cycle is a divisor of the order 
of G. If G is p-regular, then the length of each cycle is prime to p. Let, for 
instance, (1, 2, •••,<*) be the first cycle of P 0 for a p-regular element G. Then 
V*(G) breaks up completely into the matrix 


W = 


0 ViQiGQT 1 ) 0 

0 0 ViQiGQJ 1 ) 

0 0 0 

V(Q a GQT l ) 0 0 


0 


V(Q a -iGQZ l ) 

0 


and analagous matrices, corresponding to the other cycles of P 0 . We have to 
determine the characteristic equation of W. We set W, = V(Q,GQ7h) 
(v = 1, 2, • • • , a — 1), W tt — V(Q a GQi '). We multiply the »th column of (81) 
on its right side by TL^iW 7-2 • • • TFT 1 , and the rth row on its left side by 
WxW* - - - W,_, (r » 2, 3, ... , a). Then Wj , W 2 , • • • , W a -x in (81) are re- 
placed by the unit matrix, whereas we have 

WxW t ... W a = ViQiGQi^ViQiGQT 1 ) ••• V (Q a -iGQZ l ) V (Q a GQT l ) 

= ViQ^QT 1 ) 


at the place of W a in the last row, first column. Obviously, our changing of W 
amounts to a similarity transformation so that the characteristic polynomial 
remains unaltered. For the new form of W, the characteristic polynomial can 
be easily computed, and we find/(x a ) where f(x) denotes the characteristic poly- 
nomial of QxG a QT l = H. As product of the elements Q„GQ7+i (v = 1, 2, • • • , 
a — 1) and QJGQT 1 , this element H belongs to It is p-regular, since it is 
conjugate to G“ in @. Hence we obtain the characteristic roots of W by taking 
all the a th roots of the characteristic roots of V(H). This is still valid if we 
replace the characteristic roots (which lie in the modular field K) by the corre- 
sponding complex roots of unity. Since « and the order of H are prime to p, 
no diffic ulty arises. It follows easily that if a > 1 then the sum of these complex 
roots of unity must vanish. If a = 1, then W — V (QiGQr 1 ), and the sum in 
this case is the character x(QiGQT l ). Dealing with the other cycles of P a in 
the same manner, we obtain £ x{QfiQ7 l ) f° r the value of the character x*(G) 
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of F*. Here n ranges over all values for which Q^GQ, 1 lies in If we set 
x(G) = 0 for elements G outside of & we may write 

( 82 ) X *(G) = t xiQtGQ; 1 ). 

1 

This is exactly the formula of Frobenius, only the trace argument by which it is 
ordinarily derived from (80) could not be used because of our modification in 
the definition of the modular characters (§6). 

The splitting of the regular representation of $ into its indecomposable con- 
stituents corresponds to a decomposition of the group ring of £ into a direct 
sum of right ideals f p . The products A P Q M (p = 1, 2, • • • , m) of Q p with the 
elements of f p generate a right ideal f* of the group ring T, and T is the direct 
sum of the f* . If f p corresponds to the representation V p of $ then it is known 
that f* corresponds to the representation V * of ©. It follows that the regular 
representation of © breaks up completely into the V* , corresponding to the 
different values of p. Each V* itself consists of one or several of the indecom- 
posable constituents l\. 

We use for $ the same notations as for © but with a ~ sign, so P K are the 
modular irreducible representations of § etc. It follows now that U* breaks up 
completely into some of the U\ . 


26. The formulas of Nakayama. We now can prove easily that we have 
formulas 81 

[ V K) * = a*\i? (X) (for p-regular elements of ©) 

(83) < X 

I <p (X) = 2 (for p-regular elements of $) 

where the a«x are rational integers, a«x ^ 0. Obviously, the only point which 
requires a proof is that the same coefficients a*x appear in both formulas. But 
from the orthogonality relations for the modular group characters (cf. (16), (20)) 
it follows for the coefficients a K \ of the first equation (83) that 

gcc* - E fi M *(G)<p w {G~ l ) 

where the sum extends over all the p-regular elements G of Qd. Using (82) we 
obtain 


m 

= v 1k) (.Q,gq;W x, (G~ 1 ) 

a P -l 

and after a simple rearrangement of the terms 

haA = z 


91 The formulas (83) and (85) are equivalent to those given in theorem 9 of T. Nakayama, 
Ann. of Math. 39, 1938, p. 361. 
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where H ranges over all the p-regular elements of This shows that a«* is 
exactly the coefficient appearing in the second formula (83). This is exactly 
the method by which it is shown for ordinary characters that we have formulas 

£<*>* _ ^ Uj£ h) (for elements of ®) 

J 

f 0) = 2 (for elements of §) 

i 

where the Uj are rational integers, ^ 0. 

Finally, we have formulas 

£ U) * = £ 

X 

n" - £ M-' 

K 

with rational integers 0.\ §; 0, as can be shown in the same manner, or also be 
derived from (83). 

We set A = (a«x), B = 03«x), L = (l i; ). On comparing (84), (85) and (83) 
we obtain 

DB = LD, DA' = L'D 
AC = 

where J5, C have the same significance for § as D, C have for ©. 

The second formula (83) shows that an = 1 , a Kl = 0 for k 1 if the index 1 
always refers to the 1 -representation. Hence ? j (1) appears in the character ij ll) * 
of degree Ui-g/h. Hence 

(86) ui £ uig/h. 

In particular, if $ has an order prime to p, we have U\ = 1, and obtain 
Theorem 9. The degree of the indecomposable constituent of the regular repre- 
sentation of © which corresponds to the 1 -representation, is at most equal to the 
index of the maximal subgroup f) of an order prime to p. 

In particular, if © has a subgroup £> of index p a , then u t ^ p°, and since «i 
is divisible by p°, we have «i = p a . It follows that in this case U i is identical 
with the representation of © by permutations which corresponds to the sub- 
group $ of index p° (cf. the remark at the end of §25). 

In the general case, it follows from (83) that every ij (X) appears in at least 
one ij w *. Hence 

( 87 ) «x ^ (fif//i)-max (u«). 

If £ again has an order prime to p, then «„ = 2, = /« , and we have ux ^ 
(g/h) max (/,). 

27. On the converse of theorem 1. We consider now the case that $ is the 
Sylow subgroup of order p“ of ©. The character £ (1) * has here the value 



(for p-regular elements of ©) 
(for p-regular elements of Jp) 
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g' = g/p a for the unit element and the value 0 for all the other p-regular ele- 
ments. Hence 


2 = g' «x == g 

1 y 


.Using the orthogonality relations (16), we obtain ux/p° as multiplicity of p 00 

In e (1) * 


( 88 ) 


*<«• 



(X) 32 


i<J) From (84) we have 

(89) f u) * = Z a- - iu). 

< 


For p-regular elements, these two characters are identical. By (12) and (10) 
we have «x = Z , f (,> = Z <W W , and thus obtain 

for all p-regular elements of &. Hence, on comparing the coefficients of <p (X) 

(90) Z = 0 (X = 1, 2, ... , fc). 

Assume now that we have a block B r which contains the same number of ordinary 
and modular representations, x T = y r . We choose the index X in (90) such 
that <p w belongs to B r . Then it is sufficient to let i range over those values for 
which f (,) belongs to B r , since for other values of i, d<\ = 0. We may consider 
(90) as a system of y T linear homogeneous equations for the x T = y T quantities 
Zi/p a — U. Since the determinant is D' r and has the rank y , , all the (z</p°) — U 
vanish. But U is an integer, hence z,- m 0 (mod p°). This shows again, that if 
x r = y T then B r is a block of highest kind (converse of the middle part of theorem 
1, cf. §14). 

Using (84), we see that U in (89) is also the coefficient with which f ll> appears 
in f (,) . Hence 

(9D fc = ^Zr (i, (H) 

where H ranges over all the elements of the Sylow group § of order p°. The 
first term here is z</p°. Combining this formula with the results of §22, we 
easily can obtain (90) again. 

The formula (91) shows that if £ U> (H) vanishes for all elements of an order 


u This formula shows Dickson's theorem, p* | ux (cf. footnote 0), and this is essentially 
the way by which Dickson proved his result. 
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p 1 * with m > 0, then U = *«•/?“. Hence in this case f (,) must be a character of 
the highest kind. 

Theorem 10. If an irreducible character f (,) vanishes for all elements of an order 
jf, a > 0, then f (<> is a character of the highest kind. 

This is a converse to the last part of theorem 1. It even would be sufficient 
to assume that all the f <0 (H) are divisible by p a , if H is an element of order 
p'*, n > 0. If all these are divisible by p“, then p“ | z< . This result can 

easily be improved when we take into account the multiplicity with which the 
terms appear on the right side of (91). 


28. An upper and a lower bound for cn . We now consider two arbitrary 
subgroups and 3 of © of orders h and j. Let a(G) and 0(G) be the ordinary 
characters of ®, induced by the 1-representations of § and 3 respectively. 
From (82) we obtain easily that a(G)h is the number of elements M in © for 
which G lies in and similarly 0(G) j is the number of elements N for 

which G lies in N~ l $N. Then G will lie in hja(G)0(G ) of the intersections 

2W = N-'$N]. 

If $)«,* has the order t M , N then 

(92) hj 22 (G) 0(G) = 2 Lif.jv = 22 tiiN-i,i — g 22 tii. i. 

G M,N M,N 

On the other hand, we split ® into residue classes modd § and 3- 

(93) © = 22 

>-i 


The number of elements in is equal to hj/t M ,i where M is any element of 
§R, 3f. Hence, if Af ranges over the elements of &RJS, 22* G#,i = hj, and from 
(92) it follows that 


(94) 


hj 22 a(G)0(G) = g-rhj 

G 

22 «(G)0(G) = g.r 


where r is the number of residue classes of © (modd £>, 3). 

We assume now that £ and 3f have orders prime to p. We may restrict the 
summation on the left hand of (94) to p-regular elements since for the other 
elements «(G) = 0, and may consider a(G) and 0(G) as the modular characters 
of @, induced by the 1-representations of $ and 0f. We may set 

«(G) - 22 <M (,) (G), 0(G) = 22 6xn (X) (G) 

where according to (83), a K and 6x are rational integers ^ 0, and a\ = 1, 6i = 1. 

a(G) = 2 o«c«x<p (X) (G0. 
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It is easily verified by use of (82) that 0(G) = 0(G~') and so combining (94) and 
the orthogonality relations (20), we obtain 

k 

(95) £ a,c.\bx = r. 

«»X<— 1 

In particular, 

(96) c n ^ r. 

Theorem 11. If & and $ ore two subgroups of ©, whose orders are prime to p , 
then the first Cartan invariant c n is at most equal to the number of residue classes 
of © (mod §, 3). 

If, for instance, © is a doubly transitive permutation group of order p°, then 
we may take & = S as subgroup of index p a . Here r = 2, and hence c n = 2. 
Since C is the matrix of a positive definite quadratic form, the coefficient in 

the first row and first column of C -1 is at least -- , and the equality sign is pos- 

Cn 

sible only if c u = 0 for all s > 1, i.e. if the modular 1 -representation forms a 
block of its own. In this exceptional case, we have C\ = (cn), Cn = p°, since 
p a is the only elementary divisor of C i . Then 0 contains a normal subgroup 
§ of index p a , (cf. §29 below). 

In any case, we find from gC~ l = (y K \) and (35) 

N — 7n = g/c n 

(97) Cn s g/N. 

Theorem 12. The first Cartan invariant Cn is at least equal to g/N where N is 
the number of elements of an order prime to p in 0. The equality sign holds only 
if these elements form a normal subgroupj necessarily of index p a . 

From (96) and (97) it follows that rN > g ) except for the case that © contains 
a normal subgroup of index p a . If, for instance, g is divisible by three distinct 
primes g = p a p\ pi ", then we can take for § and 3 the Sylow-groups of orders 
Pi\ and pX' and have r = p a . Hence N > g/p a , except when © contains a 
normal subgroup of index p°. 33 

VI. Special Cases and Examples 

29. Special cases. We first consider the case that © is a direct product, 
© = 31 X S3. If -4 — > F(A ) is a representation of 31, and B — ► K(B) is a repre- 
sentation of 33, then 4 X B F(4) X K(B ) (Kronecker product) is a repre- 
sentation of 31 X 33. This representation F X K is irreducible, if F and K are 
irreducible, and conversely, every irreducible representation of 31 X 33 is of 


** This is a very special case of an unproved conjecture of Frobenius which states that 
when there are exactly r elements X an order dividing r in a group of these elements form 
a subgroup. 
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this form. 84 This implies that the D-matrix of © is the direct product of the 
£)-matrices of 21 and of S3, and that the C-matrix of © is the product of the 
C-matrices of 21 and of 23. 

We next consider the case that © contains a normal subgroup $ of index 
p a (g = pV with (o'> V) ~ !)• Since t? ( 1) = £ (l) * (cf. §26). we see that rj {1) has 
the value p a for every p-regular element. It follows that rj {1) = pV a) , C x = 
(p a ), and <p (1) is the only irreducible modular character in the first block B x . 
Conversely, let © be a group for which the first block B x contains only one ir- 
reducible modular character. Denote by $ the normal subgroup whose elements 
are represented by the unit matrix I in each ordinary irreducible representation 
Zi of the first block. Then Z» is a representation of ©/§, and the index g/h 
is at least equal to the sum of the squares of the degrees z,- of these Zi . This 
sum is equal to u x f x ^ p u , hence g/h ^ p a . On the other hand, each p-regular 
element of © is represented in Z t by a matrix whose characteristic roots are all 
1, and which then is equal to / . This shows that h is divisible by every prime 
power dividing g/p a . Hence h ^ g/p n , so h = g/p a . We sec that © contains 
a normal subgroup of index p rt , if and only if, the first block contains only one 
irreducible modular character. 

Let us assume now that © contains a normal subgroup ^ of order p a , (g = 
pV, (q'i p) — !)• Every representation of ©/ s )3 defines a representation of 
©. In particular, the regular representation of ©/2$ has the character x, 
x(l) = g/p°y x(G) = 0 for a p-regular element G 9 * 1 . This is the character 
£ (1) * of §27. From (88), it follows that this character contains ^ (X) exactly 
u\/p a times. In particular, <p X) must represent the elements of $ by the unit 
matrix. 85 Further, since the regular representation of ©/$ contains each of its 
irreducible constituents <p (X) exactly /x times, we have f\ = u\/p a . The degree 
/x is prime to p, since ^ (X) is a representation of ©/$ of order g', so each block is 
of the lowest kind. We do not know whether the converse is true. 

Finally, let © be a group in which every p-regular element commutes with 
every element of a p-Sylow group. Then we have k blocks of the lowest kind. 
Each of them can contain only one modular irreducible constituent, and C 
necessarily has the form 



The converse is also true. 

In the same manner as for ordinary characters, it follows that every linear 
character of any group © is actually a character of ©/$ where $ denotes the 

84 The first part follows easily from Burnside’s theorem, Proc. London Math. Soc. (2) 3, 
1905, p. 430; the second from A. H. Clifford’s theorem, Ann. of Math. 38, 1937, p. 533. 

18 This follows from the fact that F\ appears as a constituent in a representation for 
which this is true. 
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commutator group of ©. Hence, the number of linear modular characters of 
© is equal to the largest factor of the index of the commutator group which is 
prime to p. For a linear character the formula (77) shows that u\ = Ui . 
This can also be shown directly, as U\ may be expressed as the direct product 
of U\ and <p w (cf. (76), (64)). The linear character <p a) will belong to the block 
Bi , if and only if q> w = 1 for every p-regular element G which commutes with 
every element of a p-Sylow group. The block B r of <p M is obtained from the 
block Bi by multiplication with <p (X) . 

30. The groups GLH( 2, p a ), SLH(2, p tt ), and LF( 2, p a ). As first examples we 

treat the group SLH(2, p°) of all matrices \ n ' ) = G of determinant 1 

yn*i , m&/ 

with coefficients in the Galois field GF(p a ) with p" = q elements. The rth power 
matrices G lr) form a representation © <r) for any fixed r — 0, 1, 2, • • • . Further, 
if $ is a modular representation with coefficients in GF(q), we obtain a new 
representation by applying an automorphism 0 of GF(q) to all coefficients; we 
denote this representation by Ip®. Let 6, now be the automorphism a — * a”' of 
GF(q) (v = 1, 2, • • • , a — 1). We form the representation 

(98) H(r 0 , r, , . • • , r a _0 = © (ro) X X • • • X © ,^ - ,), - , 

(r, = 0, 1, 2, • • • , p — 1). We thus obtain p“ modular representations, and 
state that these are all the irreducible representations. In order to prove this, 
we first notice that there are exactly p° classes of p-regular conjugate elements 
in © since each such class corresponds in a (1 — 1) manner to a polynomial 
x 1 — tr(fi) x + 1, the characteristic polynomial of its elements, and tr{G) can 
be any element of GF{q). Secondly, we prove that the representations (98) 
are irreducible. Let x, , y, undergo the transformation G*’, (v = 0, 1, 2, • • • , 
a — 1). Then (98) belongs to the vector-module SB of all polynomials in xo , 
?/o , • • • , x a ~i , p«_i which are homogeneous of degree r, in x, , y, , (v = 0, 1, 
• • • , o — 1). M We have to show that SB is irreducible, when the elements of © 
are taken as operators. If F now is any element of SB, the module W(F) gen- 
erated by F will contain all the polynomials F t which are obtained from F by 
applying x -* x + ty, y -* y for any t in GF{q) . Then x y —>x, + l p ’~'y r ,y,—*y,. 
Obviously, F t is of the form 

F t - Ho + tH t + • • • + , 

where H„ depends on x,,y,. We now take for t the q different elements of GF(q). 
It follows easily that each H„ is a linear combination of the F t , and hence lies 
in 'SR(F). The last H„ which is not zero obviously is a single power product 
Ayl°yl l • • • yl-i 1 , and hence yl°yV • • • yl^i 1 lies in 911(F). We replace F now 
by this polynomial, apply the transformation x — » x, y — * tx + y, and use the 
same argument. We thus see that every power product of xo , yo , • • • , *«-i , 
Par-i of the correct degrees lies in 2W(F). Hence SDl(F) = SB, i.e. (98) is irreducible. 

M The coefficients of these polynomials can be taken from any extension field of GF(q). 



ON THE MODULAR CHARACTERS OF GROUPS 


589 


Finally, the representations (98) are all distinct. In order to show that, 
assume 

(99) H(r „ , r! , — , Va-i) = H(r ' 0 , r [ , . . . , r'_0 

0^r<^p — 1,0 £ u ^ p — 1, and r< = r< does not hold for all i. We arrange 
the H(ro , r x , • • • , r^i) in lexicographical order by taking H(r 0 , r x , - • • , r*.,) 
as lower than #(«o , «i , • • • , V-i) when the first difference s 0 — r 0 , «i — n , • • • 
So_i — r„_i which does not vanish, has a positive value. We may assume that 
H(n , n , ... , r«_i) is the lowest representation (98) which is similar to another 
of these representations. Certainly not all the r can be equal to p — 1. But 
if all the r, were equal to p — 1 then the right side in (99) would have the maxi- 
mum degree p° which would imply that all the r» = p — 1 = u . This case is, 
therefore, also excluded. 

Assume r 0 = • • • = r,_i = 0, r< ^ 0, i ^ 0. We multiply (99) by ©*' (Kron- 
ecker product). We can express both sides as sums of representations (98) again 
when we use repeatedly the relations 

©° X = ©*’, © (,) *’ X ©*' «-» © (r_1,# ’ + © <r+1) *', (r = 1, 2, . • • , p - 1) 

After the multiplication, //(r 0 , • - • , t\_i, — 1, r,-+i , • • • , r a ^) will appear 

on the left side of (99), whereas this term cannot appear on the right side. 
Because of the uniqueness of the irreducible constituents, we obtain a contradic- 
tion. This shows that the representations (98) are all the modular irreducible 
representations of ©. 

In the case of GLH( 2, p“), we have to add a factor A*, 0 ^ ^ q — 2, A = 

mnmn — ml 2 , on the right side of (98), in order to obtain all the irreducible 
modular representations. 

On the other hand, if (98) is to give a representation of the factor group 
LF{ 2, p a ) of SLH( 2, p a ) modulo its centrum, then — I must be represented by 
I in (98), i.e. the number r 0 + n + r 2 + • • • + r a _i must be even. 37 

31. The Cartan invariants and decomposition numbers (mod p) of LF{ 2, p). 

We restrict ourselves to the case LF{ 2, p), p an odd prime. The irreducible 
modular characters are here © (0) , ® (2) , • • • , © (p ‘~ 1) , the degrees are 1,3, • • • , p. 
This shows, in particular, that the degree of the irreducible modular representa- 
tions need not be a divisor of the order of the group. For the order of the 
radical we obtain 

- 12 o* _ _ „2 _ p(p* - 1) (p + 2)(p + l)p _ p(p + l)(2p - 5) 

9 ~ 1 " 3 P 2 6 6 • 

87 The modular characters of OLH( 3, p), SLH($, p) and LF( 3, p) have been determined 
by C. Mark in his Toronto thesis (to appear in the University of Toronto Studies). 
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There is no difficulty in computing the modular characters, and if they are 
arranged in the order @ (0) , ® <8) , © (p " s> , . . . , ® (p-5)/2 or @ (p ~ I,/s , ® (p_1) 

we have 

2 1 
1 2 1 
1 2 • 


• 2 1 

i 1 3 

for the C parts corresponding to the two blocks. (The coefficients not filled 
in are 0, there is just one 3 in the main diagonal of C i). The first and the last 
u K both have the value p, all the other u K have the value 2 p. 

Using formula (100) we can find D without any ambiguity. There must be 
two Us in the first column. Beside them, we must have a 0 and a 1 in the 
second column etc. We thus find 



In this manner, we may obtain the values of the ordinary characters of LF( 2, p) 
except for the two p-singular classes. There is no difficulty in obtaining these 
missing values. 89 

University of Toronto, 

University of Michigan. 

88 The determination of C according to this method is rather complicated, and we do 
not give the details of the computation. Using the methods sketched in op. cit. in footnote 
20, C and D can be determined easily. 

88 These characters were first given by G. Frobenius, Sitzungsber. Preuss. Akad. 1896, 
p. 1013; the ordinary characters of the binary groups in GF{p a ), a > 1 were first given by 
I. Schur, Jour, reine angew. Math. 132, 85, 1907, and independently by H. E. Jordan, Am. 
Jour, of Math. 29, 1907, p. 387. 


c t = ( 1 ) 38 
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ON POISSON’S SUMMATION FORMULA 

By A. P. Guinand 
(Received October 6, 1939) 

1. Introduction 


A number of papers have been written in recent years on various examples 
and applications of the formula 

(1.1) §/(0) + £/(«) = f f(t) dt + 2j^ cos 2*ntf(.t) dt. 

n-1 JO n-1 Jo 

This formula is usually known as Poisson's summation formula. Other forms 
of the formula are 


QQ oo i* 

Z /(n) = £ 1 COS 2irntf(t) dt, 

— — oo n— — oo J~ oo 


( 1 . 2 ) 

1 

and 

(1.3) Z /(a) = E 

n— oo n— — oo J— oo 

Further, if we write 

(1.4) g(x) =2 f cos 2irxtf(t) dt , 

Jo 

then, with suitable conditions, 

(1.5) /(z) = 2 [ cos 2wxtg(t) dt 

Jo 

by Fourier's integral theorem, and (1.1) can be written 

(1.6) 4/(0) + Z f(n) = ig(0) + Z ?(«)• 

n— 1 n—1 


Several writers have pointed out that it is often difficult to justify the appli- 
cation of the formula even in cases where the formal result can be shown by 
other methods to be true. 1 Most methods which have been used for proving 
such formulae are elaborations of one of the two following types of formal 
procedure. 


» Erdelyi (1), 408, Kober (1), 612. 
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(A). We may regard (1.2) as a Fourier series. 2 If we expand the periodic 
function 


It fin + x ) 


as a Fourier series for — § < x < and then put z = Owe formally obtain (1.2). 

(B). We may regard (1.3) as a result in the theory of analytic functions. 8 If 
f(z) is analytic, and we integrate jt cot xzf(z) around the rectangle R with vertices 
N + § ± on, — N — § ± at, then by Cauchy’s theorem 


Putting 

when 

and 

when 


If N 

/ ircot rzf(z)dz= 2 fin)- 

2rtl n — N 

oo 

7 r cot 7 tz = Tci + 2t ri S e~ 2n *' z 

n— 1 

m < o, 

OO 

7 r cot t rz = — jri — 27 ri 2 e 2nTU 

n— 1 


/(«) > 0, 


and integrating term by term, we formally deduce (1.3) on making N tend to 
infinity and a to zero. 

In addition to these methods two further methods have recently been de- 
veloped which admit of application to functions having various types of singu- 
larities. 

(C) . Ferrar 4 derives a generalization of (1.1) by the use of Mellin transforms 
and the functional equation of the Riemann zeta-function. Conditions are 
applied to the Mellin transform of fix) rather than to f(x) itself. 

(D) . In a recent paper 5 1 gave another method for application to more general 
summation formulae of which (1.1) is a particular case. In this method we 
regard (1.1) as a Parseval theorem in the theory of Hankel transforms of func- 
tions of the Lebesgue class L 2 ( 0, oo ), and prove: 

If f{x) is an integral , and both f(x) and xf f {x) belong to L 2 ( 0, oo), then 


(1.7) lim fin) - f fit) d() = lim ( £ g(n) - f git) dfl, 


* Courant and Hilbert (1), 64-66. 

* Kronecker (1), Landsberg (1). 

4 Ferrar (1). 

* Guinand (1). Put a» - 1 in Theorem 2. 
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where g(x) satisfies 

Jo v Jo y 

and is chosen so that it is the integral of its derivative . 

The formula (1.7) obviously agrees with (1.6) if the series and integrals con- 
cerned converge. However, this is not necessary for the truth of (1.7), and it 
covers a number of examples in which (1.6) is inapplicable. 

In the present paper we simplify the above result slightly, and extend it to 
functions of the Lebesgue classes 2/(0, 00 ),(l<pS»2). We also give examples 
to show the ease with which the result can be applied, and discuss extensions 
to sums involving primitive characters. 

2. Preliminary Lemmas 

Lemma l. 6 If f(x) belongs to Z/( 0, <») for some p satisfying 1 < p ^ 2, and 

p' = p/(p - 1), R( v ) > -1, 

then there exists a function g(x) belonging to L p \ 0, <») defined almost everywhere by 


(2.1) 

g(x) = l.i.m. 2ir 1 

f T (xt) k Jy(2rxt)f(t) dt. 

Further 

(2.2) 

T-*oo J 

f(x) — l.i.m. 2ir i 

T-* oo J 

0 

^ (xt)* J P (2irxt)g(t) dt, 

9 


and if fi(x), g\{x) and f 2 (x), g%(x) are two pairs of such transforms for the same 
values of p and v, then 


(2.3) 




dx . 


Lemma 2. If f(x) is an integral and tends to zero as x tends to infinity , and xf'{x) 
belongs to L p ( 0, °°), (p > 1) then f(x) belongs to L p ( 0, <*>), and x l,p f(x) tends to 
zero as x tends to +0 or infinity. 

Hardy 7 has proved that, if rp(x) belongs to 2/(0, <»), so does 


and 

Putting 


v (x) = [rn j, 


x llv <p(x) —* 0 as x — ► +0 or x 


+(x) = xf(x) 


the result follows immediately. 


00 . 


• Busbridge (1), or Kober (2). We only require the result for v - f . 
7 Titchmarsh (1), 396. 
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Lemma 3. 8 The function x l {[x\ — x) is self-reciprocal with respect to the kernel 
2tx*J\ (2 tx) . That is 

r -» 

2r I {U1 — t} x* t~* J i(2rxt) dt = x" 1 {[x] — x). 

Jo 

Lemma 4. If f(x) satisfies the conditions of Lemma 2 then it has a transform g{x) 
with respect to the kernel 2 cos 2 irx given for x >0 by 


(2.4) 

Further 


r** 00 

g(x) = 2 / cos 2vxtf(t) dt. 
Jo 

f(x) = 2 [ cos 2icxtg(t) dt, 
Jo 


g(x) is an integral , both g{x) and xg f (x) belong to 7/ (0, qo), x w g{x) tends to zero 
as x tends to +0 or oo, and xf'(x), xg'(x) are a pair of transforms with respect to 
the kernel 2ttx* J \(2tx) in the sense of Lemma 1. 

Put 


and 


Gi(x) = l.i.m. 2 f cos 2wxtf(t) dt 
t-+ oo Jo 

Gtix) = l.i.m. 2tt [ (xt)* Ji(27rxt)tf'(t) dt. 

T-* oo Jo 


T-+co JO 

By Lemmas 1 and 2 it follows that these expressions exist almost everywhere, 
and Gi(x), Gt(x) both belong to L p/ (0, 00 ). Now, if x > 0 

F x I I ~ ^ {/" I G 2 (m) | p ' dwp | £ u~ p dw| 1/P 

“.{f, 

Hence the integral converges absolutely, and 

[ G?,(u) — = 2 w f — l.i.m. [ (ui) i Ji(2wui)tf'(i) dt 

Jx U Jx U r—*oo Jo 

J r 00 

du / <* J\{2irut)f'{t) dt 
* J(J 

r 7 * f 80 

= 2ir lim / flf'iOdt / u~*J\{2irut) du 

T-* oo Jo Jx 


8 Titchmarsh (2), 267. We also use the notation 
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= — lim f sin 2vxtf'(t) dt 
irx Jo 

= — lim {[sin 2irxtf(t)]o — 2irx f cos 2irxtf(t) dt) 
ttX ( Jo J 

= — 2 f cos 2 irztf(t) dt. 

Jo 

The inversion of order of integration is justified by absolute convergence, and 
the integrated terms vanish by Lemma 2. Hence the limit (2.4) exists, and we 
may put 

g(x) = — ( G 2 (u ) — = 2 f cos 2wxtf(t) dt 
J x 'll Jq 

for all positive x. Hence g(x) is an integral and G 2 (x) = xg'(x) almost every- 
where. I.e. xf'(x ), xg'{x) are transforms of the required type, and the rest of 
the lemma follows from Lemma 2. 


3. The Summation Formula 


We can now prove: 

Theorem 1. If f{x) is an integral, tends to zero at infinity , and xf'(x) belongs to 
L p (0, oo), (1 < p g 2) then 


(3.1) lim (X/(n) - f f(t) dt) = lim ff(n) ~ [ g(t ) dt 
N—*co (w— 1 JO J N-*ao Jq 


where 


*-♦00 

g(x) = 2 1 
Jo 

Now x -1 {[x] — *1 belongs to L p ( 0, °o 
and (2.3) 


cos 2irx f(t) dt. 

) for any p > 1, so by Lemmas 3 and 4 


f x *{[x] — x\ x/'(x) dx = f x ‘{[x] — x} xf(x) dx. 

Jo Jo 

The left-hand side is 

f {[*] - x) f'(x) dx = ({[x] - x}/(x)]“ - [ f(x) d{[x] - x} 
Jo Jo 

= — lim f f(x) d{[x] — x| 

= - lim { f(n) - f f(t) dt) . 

N-+ oo 1 Jo J 

Treating the right-hand side in the same way, we have (3.1). 



596 


A. P. GUINAND 


However, Theorem 1 does not cover functions having discontinuities, for /(*), 
being an integral, is necessarily continuous. In order to obtain a sufficiently 
general theorem covering such functions we combine Theorem 1 with a known 
form of Poisson’s formula. 

Theoreu 2. If f(x) is of bounded variation in (0, «), and tends to zero at in- 
finity, then 

lim I" £ i{/(n + 0) +/(n - 0)} - f fit) dt \ = £ g(n) - f g(t ) dt, 

N— oo L n -1 •'O J n— 1 *'-♦0 

where 


gi*) - 2 r* 

J — *0 


cos 2 irxt fit) dt 


exists as a Cauchy integral at zero and infinity. 
Titchmarsh 9 has shown that with these conditions 


t W .N+i 

Z i{/(» + o) + /(» - 0) } - / f(t) dt 

n— 1 JO 

Obviously 


lim 

JV-»eo 



dt = 0, 


and we can show that 10 


00 


E 

n—1 


gin) - 4/(0 + 0). 


i/( 0 + 0) = [ g(t) 

J -*Q 


dt. 


Theorem 2 follows immediately. 

Now it sometimes happens that a function f(x) satisfies the conditions of 
Theorem 1 for one set of values of p in the neighborhood of the origin and for 
another set of values at infinity. In order to cover all these possibilities we will 
take as our general theorem: 

Theorem 3. If f(x) can be expressed as the sum of three functions fi(x), fiix), 
fz(x) such that all three tend to zero at infinity , f\(x) and f 2 ( 2 ) are integrals , xf\(x) 
belongs to L Pl ( 0, <*>) for some pi in (1 < pi ^ 2), xf^x) belongs to L p *( 0/<x>) for 
some P 2 in (1 < P 2 ^ 2), and fz{x) is of bounded variation in (0, 00 ), then 


(3.2) 



*{/(» + 0) +/(n — 0)}.— fit) 

Jo 





9 Titchmarsh (2), Theorem 45. 

10 Titchmarsh (2), Theorem 6. The required extension to the case x ** 0 is trivial. 



on poisson’s summation formula 


597 


where 


/ -*oo 

-►0 


cos 2irxt f(t) dt. 


(3.2) holds for fi(x), f 2 (x) and fz{x) separately, and Theorem 3 follows by 
addition. 


4. Examples 

Many examples of Poisson’s summation formula have been noted by various 
writers. 11 Most of these examples can be justified by Theorem 3 without diffi- 
culty. The examples given below are chosen to show the advantage of the use 
of Poisson’s formula in the form (1.7) rather than in any of the forms (1.1), 
(1.2), or (1.3). 

(i). Put 


f(x) = af* 

The conditions of Theorem 3 are satisfied if we put 

fix) = fi(x) + / 2 (x), 

far* (x < 1) 


a < s < i). 


e 

0 (x < 1) 

x~* - e 1_I (x ^ 1), 
1 < Pi < s~\ pi = 2. 


Mx) = 


Hence 


g(x) — 2 t * cos 2irxt dt = 2(2ir)* 1 sin £snT(l — s) x* 

Jo 


and 

lim n~* — ~ — \ = 2(2ir)*~ 1 sin Js*T(l — s ) lim n'~ l — — 1. 

N-+ao (n—1 1 Sj N-+ 00 (n—1 S ) 

The expressions in brackets give the analytic continuation of f(s), and we have 

f(a) = 2(2ir)* -1 sin is*T(l — s)f(l — s), 

the functional equation of the Riemann zeta-f unction. 12 
(ii). Consider 


<p(z) = z _l e” /12 £ p(n)e~ 2xn * 

n~0 


(2 > 0), 


11 Cf. Erdelyi (1), Kober (1), Bochner (1), 37-38, and Titchmarsh (2), 64-65. 

11 Various methods of deriving this result from Poisson’s formula have been given by 
other writers, but none is as direct as the above. Cf. Titchmarsh (2), 65. 
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where pin) is the number of unrestricted partitions of n. Using the generating 
function 1 * of pin), we have 

-I-V^gc 1 

and 

log viz) = log z + H - Z log (1 - e -2 ”*). 

1* n— 1 

Now put 

fix) = -log (1 - e" 2 ”‘) 

in Theorem 1. The conditions are satisfied with p = 2, and 

g(x) = —2 f log (1 — e~ 2rtz ) cos 2 irxtdt 
Jo 

= 2 Z - f °° e~ 2xmU cos 2rxt dt 

m-1 m Jo 

= -E (mV + x 2 )- 1 . 

7T m— 1 

The term by term integration is justified by absolute convergence. If we apply 
Theorem 1 to this sum, we find that for z >0 




z 

2tx 2 


Further 


Hence 




2 rxle 



Z 

2^ 2 ‘ 


g(0) = 

7 T m -1 m 2 Z 2 


7 T 

62* 


00 



log (1 - 


e~ irnr ) 


IT 

12z 


-It [5 ir ‘ + i-&=} 
-Ss^-^ + ^-n 


ia Hardy and Wright (1), 272. 
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oo -I oo i oo 

E i(e 2rn/ ‘-l)-‘= E- E 


n—1 W m«-l 

= E E I e- 2 ' mn/ * 

m— > 1 n “1 71 


= - E log (1 - e~ ixml ‘), 


and the above limit is equal to 


£{W"" - »■* + 4 - »- - i}* 

+ U'z[C d h'°* N ] 


= .K — £ log z, 

where is a constant. Hence 

-Z log (1 - e~ 2rn ‘) - = -E log (1 - <r 2 ™'‘) - g + h- - K + h log 2 . 

n— 1 \LZ m— 1 1^ 


That is 


log <p(z) = log <P + §7 - K. 


Putting z — 1 it follows that K = %y, and 




Hence 


2 -i e „m £ p ( n)e -*n» = 2 i e W12. £ p( n ) e - 


This is a well-known result in the theories of partitions and elliptic modular 
functions. 

(iii). Put 14 

fix) = (z 2 + x 2 )-* 


14 Cf. Watson ( 1 ). 
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then the conditions of Theorem 1 are satisfied with p = 2, and 

g(x ) -2 («* + J 2 ) -i cos 2 vxtdt = 2Ko(2vxz). 

J o 

Hence 

2 Z ^o(2irnz) — i = lim f Z (* 2 + n 2 )“ J — f (z* + i 2 )" 1 dtl 
n-1 « N-+x> Lw—1 JQ J 

= lim [ Z {(z 2 + n 5 r* - + (Z \ ~ log n\ 

N-+ta |_n— l ^ n) ^n — i n )■ 

r .him 

+ < log i\r - | (i + « 2 ) 1 

“ I, { ( *' + »V - i} + 7 - Brn [log{j + (i + Si)' 

= £ {(z 2 + ^l 2 ) - * - -) + T + log £«. 

n-l { nj 

5 . Series Involving Primitive Characters 

Poisson’s summation formula can be generalized by the introduction of the 
primitive characters as coefficients. 1 * We require the following elementary prop- 
erties of characters: 18 

(i) . If x(n) is a character modulo k (k >1) then 

x(m)x(n) = x(mn), 
x(m + rk ) = x(m) 

where k, m, n, and r are integers. Further \(n) vanishes if n is not prime to k. 

(ii) . If x(n) is a primitive character modulo k (k >1) then 

(5.1) Z x (n)e imnilk = «(x)*‘x(m), 

n-l 

where 

(5.2) «(x) -*-»£ X<«)e 2 " </ ‘, 

n—1 

and x(ra) is the conjugate of x(wi). 

Now x( — 1) = ±1, since 

(x(-l)} 2 « x(l) - 1. 

11 Some particular cases of this type of generalization have been given by Ramanujan. 
Cf. Titchmarsh (2), 82. 

19 Landau (1), chapters XXII and XXX. The notation for e(x) used here differs from 
Landau’s by a factor — i in the case x(— 1) «- — 1. 
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Suppose that x( — l) = 1> then 


Z , \ . 2rmn n 
x(n) sin — = 0, 

n— 1 1C 


since 

\(k - r) = x(—r) = x(~ l)x(r) = x(r), 

and consequently the terms n = r and n = k — r cancel. Also the term n = \k> 
if it occurs, is zero since x(i&) = 0. Hence (5.1) becomes 

(5.3) H xM cos = «(x)A:*x(m). 

n-l K 


Now if we put 


in (1.2), we find that 


f(x) 




27r mx 

cos — - 

k 


0 


(-y < x < y), 
(I x | > y) 


21 cos 

— y^n^y 


7r n — oo nk + m 


where the prime indicates that the terms n = ±y are to be halved if y is an 
integer. If we multiply this result by x(ra), and sum from m = 1 to m = k, 
we have 


11 x(m) 'll' cos 


2tT7iu k / \ V' 1 • 2 iry , 7 . x 

lu xW 2- rr— 8in ~>r ( nfc + »»). 


aw JL ^ ^ ^ i w JL 

m— 1 — VjSjn^y AC 7T m— 1 n— — oo HtC j 7fl K 

By (5.3) this is 


«(x)fc* x(™) = E 

— y^n^y 


x(nfc + m) o .„ 2ry ^ ^ 
/■ -« / j i - Sin . \7llC “T~ 771) 

7T m-1 oo nk + m fc 


-* £ 

IT n— — oo 71 k 


Hence 


.(x)fc* £' m = k ± x -^™^- 

1S»S» X n-l n fc 

Now let us consider the integral 

(5.4) 
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We have 


2wx 

k 


■( (£>(»))<-/, (??)* 

" X" s <* (1> + X® + • • ' + *<”» £ r>J i (t) 

= -li{x(l) + x(2) + .--+x(n)}^ 

xx „_i (n 


dt 


2 irnx 


n + 1 


. 2ir(n + l)x 
sm — r 1 - 




fc* xW • 2irna: k . 2tcNx . 

- = £ V“>-r - 5vi“" 1 nr S x(n) - 


n -l W 

If we make AT tend to infinity the integral (5.4) becomes 

fc* ^ x(w) _• 2irnx 
rx «T i n 

That is the functions 






x‘i z' x(»)i, «(x)* m m x(»)i 

lgngx lSngx 


are transforms with respect to the kernel 

J 
k 


2irx' r ( 2xx' 

y, U 


)• 


If we now apply the methods of section 3 we can obtain a result analogous to 
Theorem 1. We can also obtain a result corresponding to the case x( — 1) = — 1. 
We have: 

Theorem 4 . If x(^) is a primitive character modulo k (k > 1 ), fix) is an integral , 
tends to zero at infinity, xf'(x) belongs to L p (0 , <»)> (1 < V ^ 2), and either 

(i) x(-l) = 1, 


g(x) = 2t(x)k~ h cos dt, 


or (ii) x(-l) = -1, 


g(x) = -2i'e(x)fc^ jf sin ^^f(t)dt, 


then 


2 x(»)/(») = 2 x(n)g(n). 

n —1 n — 1 

For real primitive characters x(n) = x(n), and it follows on substituting/^) = 
e -n*ik _ j n cage (i) that «(x) = 1. Similarly in case (ii) f(x) = xe~ rx * lk — 
g(x) gives —it(x) = 1, and we have: 



on poisson’s summation formula 


603 


Theorem 5. If, in addition to the assumptions of Theorem 4, x(n) is a real 
character, and either 
(i) x( 1) - 1, 

g(x) = 2AT J cob ?*? 1 f(t)dt, 

or (ii) x(-l) = -1, 

g(x) = 2 AT 1 jf sin ^- /(<) dt, 

then 

£ xMf(n) = X x(n)g(n). 

n—1 n«“l 

Princeton, New Jersey. 
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ON THE REARRANGEMENT OF CONDITIONALLY CONVERGENT SERIES 

By C. T. Rajagopal 
(Received June 25, 1940) 

This note is concerned with an application of the idea which finds expression 
in 

Littlewood’s Theorem [2]. 1 If F(x) is positive monotone decreasing and 
{Z>n} is a sequence such that 

0 = Do < Di < Z> 2 < • • • < D n -> 00 / 

n —> oo, 

D n ~ Dn — 1 = 0(1), 

then ]T°° ( D n — D n -i)F(D n ) converges or diverges with J F(x) dx. 

In an earlier note [6], I have shown that the idea behind the theorem — that 
of a condensation effected on series by integrating a suitable function over in- 
tervals of the type (D n -i , D n ) —supplies the basis for a unified theory of con- 
vergence criteria for series of positive terms, more comprehensive than Prings- 
heim’s [3] in certain respects. In another note [7], I have shown that the idea 
suggests elegant proofs of certain classic theorems of Pringsheim [4]. I prove 
here that the same idea can be used to generalize the enunciations and simplify 
the proofs of Pringsheim ’s theorems concerning the rearrangement of condi- 
tionally convergent series [5]. 2 

1. Notation 

S ss 2Zn-i (-”l} n l an(a n > 0) is a conditionally convergent series, s n = 
(— ly^a,. ^n-i ( — l) n ~ l a n is a rearrangement of s in which s' p + q = 

( — l)* -1 ^ contains the first p positive terms and the first q negative 
terms of s. 

1.1. The theorems which follow are typical of the results obtained by Prings- 
heim. It is supposed in their enunciations that a n s a(ri), where a(x) is a dif- 
ferentiable function of x, and that limiting relations exist, as specified, between 
p and q. 

Theorem A. If, in S = ( — l) n_1 a n , a^ 1 and na n tend steadily to 

infinity with n, then (— has a sum s' given by 

s' *= 8 + lim (p — q)a 2 q . 

1 The numbers in [ ] denote the references at the end of this note. A slight generaliza- 
tion of Littlewood’s theorem, which dispenses with the condition: D n — D n -\ ■■ 0(1), is 
given in de la Valtee-Poussin, Court d’ analyse, 1 (Louvain-Paris, 1926), 398. A generaliza- 
tion in a different direction is given in Rajagopal [8], §2. 

* All the references to Pringsheim in the sequel are to [5]. 
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Theorem B. If, in 8, lim na n is finite, equal to g (say), then 

n~* oo 


s' = s + I lim (log 2 p — log 2 q). 

Theorem B'. If, in s, lim n-hn-Un ••• l x -\n-a n = g (where k n = log n t 

n — *oo 

kn = log log n, • • •), then 


s' = 8 + | lim il x 2p — l x 2q). 

Theorem C. If, in s, nai tends steadily to the limit zero and if (p — q)ai Q = 
0(1) (p > # —> oo ), McH s' = s. 

Theorems A, B, C, B' are suggested by (26), (30), (31), (34) respectively in 
Pringsheim's paper. The restriction on a„ in all the theorems is of the form: 
lim„-* x /(n)-a n is finite, where f(x) is a positive differentiable function for all 
large x . The distinction between the theorems arises from the fact that in 
Theorem A, lim/(n)/n = 0; in Theorem B, lim f(n)/n is finite and non-zero; in 
Theorems B' and C, lim f(n)/n = <». A question, suggested by Littlewood's 
theorem, is whether we cannot with advantage replace /(n) by/(O n ) in the con- 
dition imposed on a n . An attempt at an answer is contained in Theorems 1 
and la which are found to cover all the cases discussed by Pringsheim. 

In all the theorems and the lemmas proved below it is tacitly assumed 
that 0 < <i„ = D n — D„_i < K (fixed). 


Theorem 1. If f(x) is a positive function with a continuous derivative f'(x) 


such that^Jj-l = o(l) (x 

/(z) 


oo), and if lim = g> then £ (-l)- 1 ^ 

n — *oo D n D n —2 1 


— f D * p dx f 

oscillates between s + g lim / j-— , provided / 

Jd u f(x) Jl 

Proof: 


Dip dx_ 

/(*) 


is hounded. 


D, - D 


D,~t _ f°’ dx , f D ’ 1 1 I ,, n v 

v) L-, m + 1,., m) ^x) J d(x , - i) - 


m) 

Integrating by parts the last term of this identity, we find 


D, 


m) 


- + L- (x 
= C.m + ” (1) C, 


dx 

fix) 


whence, given e > 0 arbitrarily small, we can find no such that 
/ \ i ww - ^ / . \ i dx 


>); 


<» - *> C.m <a - <i<i+ ( ' * 
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If for the sake of definiteness, we suppose p > q, 

P+9 2 <7 


P+9 2 q 

(2) 2 2 (“ 1 Y^CLp + (<hq+l + <* 29+3 + • • • + Ojp—l). 


r— 1 


P-1 


Hence, if 2q + 1 ^ no , summing (1) for v = 2q + 1, 2q + 3, • • • 2p — 1, 
we obtain from (2), 


(3) 


where we can write 


$P+9 


r°i P-i drr 

<*,+(» + .)/__ __ ^ 
>*»+(«- o P‘ m >, 


(4) 


f 1 ”'- 1 dx _ [ Dt > dx f° 2 ' dx _ p’ dx 
ffxi i D „. fix) + ffxi J D 


'du-i m J °u m Jo u .j(x) j DtP .j(x) 

and show that the second and third terms of the right hand member are o(l) as 

P,Q~* *• 

First, when 0 < v — u = 0(1) (w —» °o), 


log ^l = / 7TT dx = ( w_> 00 )• 

/(m) j « /(*) 


Or, 

(5) 

Next, 


7(«) Ju Six) 
m ~s(u). 


r D *n 
'Din - 1 


/?2n “ 02n-l 


dx _ 

f{x) f [Din-i + OiDu ~ Din-l)} 

Din — Din-l 

Pdpt 


in virtue of (5). 
Also, 


0 < 


Din ~ Din-l ^ Din ~ Di n -i 


SiDin) 


< 


/(An) 


= o(l) 


(0 < e < l) 

in-* oo), 

in — ► oo), 


in consequence of the restriction — - = o(l) iN —* ») which results 


fiD N ) 


from a N = o(l) and 




( 6 ) 


(D, - D N -i)/fiD N ) 

Din 


g; whence 


P m - ”<» 


(»— » oo). 


We can now complete the proof by using (6) in (4) and (4) in (3). 
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In certain applications it is useful to have the following complement to 
Theorem 1. 

Theorem la. If, in Theorem 1, we replace the restriction relating to f'(x ) by 
the assumption thatf(x ) tends steadily to « with x, then either s' p+9 — Su (p > q), 
or s' p+q — Sip (q > p), has an asymptotic representation which oscillates between 


J f Dir dx f Dip dx 

, provided I ry— is bounded, 
d u K x ) Jd„ f(x) 


P,Q~* CO 

Proof 


Supposing (as before) p > q, 


ft 


2«+l 


— ft 4 -i Diq+s — ft 


2?+l 


/(•ft«+l) 


/(•ftg+s) 


+ 


I ftp-1 — ft p- 3 

/(ft^r 


= /■**'-* dx 
D 2 q -1 /(x) 


+ o(l) 


(?-> 

f D U~l fa 

As in (4), we can split / it—. into three terms of which the last two are 
j d u - 1 /(x) 

as p, q—* oo, in virtue of the condition: f(x) — > oo with x. 

Hence, as q — > oo , 


oo). 

o(l) 


U2«+l + (hq+3 + 


+ clip— i ~ g 

= 9 J 

J n 


ftg+i 

SO 


— ftg-i 


/(ftg+0 

dx 


+ ••• + 


ftp-i — 


/(ft. 


ftp_* 
-i) . 


«2, /(X) 


+ 0 ( 1 ) 


which oscillates between g lim / 


*** dx_ 
du /(x)' 


Remark. The argument employed to prove Theorems 1 and la shows that, 
under the conditions of these theorems, the sum s' of the rearranged series 
is given by 


(7) 


s' = s + g lim / 


Dlp dx_ 

Dl, f( x ) 


provided this limit exists and is finite. If the limit is infinite, then 
(— l) B_1 a» diverges. 

2.1. We may consider, in the light of this remark, series of the type in 
Pringsheim’s paper, in forms slightly more general than his. The generalized 
series are all of the kind whose conditional convergence we can establish by 

Lemma 1. If, as x — > °° , /( x) decreases steadily to the limit zero and J F(x) dx 

is divergent, then Yl* (— l) n_1 F(D n ) is conditionally convergent. 

Proof: The convergence of the series in question follows from Leibnitz’s 
rule for alternating series. 

To prove that the convergence is not absolute, we observe that KF(D n ) > 
(ft* — D n -i)F(D n ) which, by Littlewood’s theorem, is the general term of a 
divergent series. 
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Examples of the lemma are furnished by (—1)" , where a„ may be 

any one of the functions: 


IK 


(0 < ju £ 1), 


1 


1 


log Dn 1 

log £>„ ’ D n ’ Dn.logDn’ AD n + BIK 


(A, B > 0;\ 

» \1>m>0/' 


A second proposition from which we can infer the conditional convergence 
of a certain type of alternating series is 
Lemma 2. If u n > 0 is stick that 


( 8 ) 


tin / dn | dn ft f \ 

^Td~x ~ M Dn \dV 


(X > i). 


then (i) 53°° u n is convergent or divergent according as m > 0, or ^ 1; (ii) 
53°° (— \) n ~ l u n fdn is convergent for /x > 0, (iii) the convergence in (ii) is condi- 
tional for 0 < n ^ 1. 

This result is at once an extension and an amplification of Gauss’s test. 

u 

(i) and (ii) are immediate consequences of the relation: -f ~ cD n “, eauivalent 

(*n 

to (8) 3 . 

(iii) follows from the fact that u n /d n > u n /k which, bv (i). is the general term 
of a divergent series when /i S 1. 

As an application of Lemma 2, consider the case: 

JJILifcd, + DMfid, + D,) 

JI"_i(7d, + D y )(&d, + D,) 
where a, f), y, 5 are real and the two latter — Z)„/d„ (n = 1, 2, • • •). It is 
clear that 23 u„ reduces to the hypergeometric type when d„ = 1, 5 = 0. 
Further, 


Un = d„ 


Un/dn _ , __ 


d„ 


„ M =l-(y + 5-a- / 3)^-0 ^ 

Un—l/ d n — 1 aJu \D n 

The terms of 23* u n being ultimately of the same sign and the terms of 
(— l) B-1 u„/d„ alternately positive and negative, Lemma 2 shows that 

-i II^M, + D,)(ftd w + D,) 


(9) 


^(-lr'on- E(-ir 


IJlLKyd, + D,)(5d, — D,) 

is conditionally convergent for 0 < y + 6 — a ■— 0 1. 

Remark. a n in (9) can be related to a generalization of Gauss’s function: 

n* 


n(z) = lim 


■--(i + 4 + i)...(. + 0 

= r(l + e) 


(z 9* — 1, 2, • • •) 


* Lemma 2 (i) is, in fact, a particular case of a theorem first proved by me in Bull . Amer. 
Math . Soc . 43 (1937), 411. But the proof of the theorem given there is not applicable to 
Lemma 2 (ii). 
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whose reciprocal is, in Weierstrass’s form: 



C being Euler’s constant. 

The generalization of n(z) referred to is due to Cesaro 4 * . It is given by 


( 10 ) 


IWz) = lim 

n—*oo 




dn\ 

DJ 



—Di —Di 
~dT ’ 



Its reciprocal can be expressed in the form : 


1 

11(0 (z) 


e c <V z 


n(i+« 

n-l \ 


dn \ -zd n lD n 

Dj 6 


where C(<j n) = lim 

n — *oo 




is a constant with some of the elementary 


properties and application of C. 6 

(10) shows that a n in (9) is subject to the condition 


(ID 


lim a x 

n— *ao 


j^y+s-a-ff _ n(d.)(7)-n (dn) (g) 

H(o (“)• ll(o W 


This fact will be used later (§3.1). 

2.2. Taking the series in §2.1, we can find out how they are affected by par- 
ticular rearrangements, supposing that in all of them appearing as examples, 
d n ~ k > 0 (n — * <x>). 

Examples. 1) Let 2" ( — l) n-1 a» = (~ l) n_1 /D»-log D n . Taking 

f(x) = a; -log a: in Theorem 1, we find g — 1/2 k. Hence, by (7), 


2 k 


D ip 


lim f 

p,0f— *00 D 2q 


dx 

a:* log x 


2k 


lim log 



provided this limit exists. 

In particular, if 0 < lim (D 2 p/A«) < 00 , there is no alternation in the sum 
of the series, due to the rearrangement. 

Next, if Dip ~ D\ q (X > 1), the alteration is (log X)/2fc. 

Finally, if D 2p ~ \ Diq (X > 1), the rearranged series diverges to <». 

2) Let (— l) B-1 o» - Zr (-iy~ l /AD n + BD: (A, B> 0; 1 > M > 0). 


4 The function is mentioned in E. T. Whittaker, Modern Analysis (Cambridge, 1902), 

195. The notation in Whittaker is, however, different from the one employed here. 

• E.g., Rajagopal [8], §3. 
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With f(x) — Ax + Bx*, g = 1/2 k so that 


s — s = 


1 


lim 


rDtp 

•'Do- - 


dx 


2k ji,q-*co "D%q Ax + Bx* 


1 

2kA(l - M ) 


lim log 


AD\? + B 
AD\7 + B 


if this limit exists. 

Thus, if Dtp ~ bDt t , the alteration in the sum of the series is (log b)/2kA. 

3) Let ± (-1 ) n -*o B - t (“ir 1 It fix) - = gg and so 

Dip 
°2q 

if the limit exists. 

Suppose that as p > 9 — > °o, 



Dtp _ 1 , a + o(l ) 

Dt g log D iq ' 

Then a simple calculation shows that the alteration in the sum of the series 
is a/2k. 


3 


These examples typify, in the order of their discussion, the three cases: 
lim x _ s 0 /(a:)/x = », 0 < lim f(x)/x < <», lim f{x)/x = 0 . The function f(x) 


/ dx 

- r ~ can be readily evaluated. Under 
JW 


cer- 


tain conditions, it is possible to find s' — s without evaluating the integral. 
The conditions are set forth below in three theorems which reflect the differences 
between the three types of restriction on f(x). 

An * 


Theorem 2. If lim =r — — = g, then s' — s = g lim log 

n-*oo Dn — -t/n-2 p,g-»oo 


/ Dtf\ 

\Dlg/ 


provided 


the limit exists. 

Proof. Take fix) = x in (7) 

Corollary. Setting D„ — n, hn, kn • • • successively, we obtain Theorems 
B and B'. 

Theorem 3. If f{x)/x tends steadily to °° with x, 


a n -f(D n ) 

Dp - Dp 


Dtp — Dig 

fiDtgT 


= 0(1) 


then s is unaltered by the rearrangement . 9 


(p > q -> »), 


8 It is obvious that Theorems 3, 4 and all deductions therefrom can be suitably restated 
in the case q > p. 
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Proof. 


Setting f(x) = x-<fi(x), we have 

f D,f dx_ = 1 [ Dt * dx 

* D 2 q f(x) (p\Dt t + 0(Dt p — Dig) j 

v\Dig + d(Di P - Dig)] ° K) 


(o < e < i> 


(q -* »)> 


The desired result now follows from Theorem la. 

Corollary. The particular case D n = n contains Theorem, C. 
More generally, we may take D n = k n, kn, ■ ■ ■ 

Theorem 4. If, in Theorem 1, }{x) satisfies the additional condition 


lim /'(a:) = 0, 


then s' — s = 0 or ag or oo according as 
Proof. Since 


lim Dip ~ 
P> 4 -« f(Dig) 


= 0 or a or « . 


f D, » dx 

Dig f(x) 


Dip — Dig 

f{Dig) + d{D-l p — Diq)f { Dig + 1){Dij, — D 2 g) } 


(0 < r, < e < 1 ), 


the result sought is an immediate consequence of (7). 

Remark. To bring out the relation between Theorems 3 and 4, wc need only 
vary the form of the hypotheses in the latter to the extent of replacing the 
restriction on f'{x) by the conditions: /(z) tends steadily to °o with x and f{x)/x 
tends steadily to zero. These conditions imply that lim f'(x) = 0 and there- 
fore, our previous proof of Theorem 4 is still valid. 

Corollary 1. When D n = n, a n = l//(n) in the special form of Theorem 4 
noticed above, we have Theorem A. 

Corollary 2. Let D n = l x n (x ^ 1), 


m = (l^ik+ixr^ ... (hx) m Wx) rn t(x) (say) 


where k jg 1, the ms are positive or negative numbers, £(x) has a con- 
tinuous derivative and is such that {(a:) — > °o, l-'(x) = 0(l/x) (x — > °o). Theo- 
rem 4 then gives the following equivalent of (38a) and (38b) in Pringsheim’s 
paper: 


If lim„_ M Ign-hn-kn • • • l x -in-\p(l x n)-a n = g (kn = n, x ^ 1), then s' - s = 0 

,. ,. lx(2p) — l x (2q) _ 

or ag/2 or » according as lun - — . . — = 0 or a or &>. 

p>q-*» yf/{L2q) 

Corollary 3. Let D„ = l x n {x ^ 1), fix) = x 1 p -^(x) (p > 0). We have 
then the result: 

If limn-» M hfli’lin'l^n ••• lz—in ■ (l x n) p • *p(lxn) • a n — g (l$n — n, x gi 1), then 

. _ ,. lx(2p) — l x (2q) „ 

8 r — s = 0 or ag/2 or » according as lun r, »"4 . - _ - „ -T /y ~o~\ — 0 or a or <». 

p>q-+» Ktxtq) r, Y\t**q) 
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This is equivalent to (44) in Pringsheim’s paper. 

Note. Theorem 4 thus includes two of the limiting cases discussed by 
Pringsheim: lim na n = oo as in Corollary 1 , lim na„ = 0 as in Corollaries 2 and 3. 

3.1. I conclude with some applications of the theorems in §3. It is assumed 
in all these applications that d„ ~ k as in § 2 . 2 . 

1) If the series ( — l) B- 1 /Ai-log D„ is rearranged so that D ip — 
0(D* 4 - log D iq ) (p > q —* oo ), then its sum is unaffected by the rearrangement 
(Theorem 3). 

2) If the series V." (— l)" -1 /log D„ is rearranged so that D ip — D Sj ~ 
a -log D tt (p > q —> °°), then the alteration in its sum is a/2k (Theorem 4). 

3) Consider the series in (9), introducing the additional restriction d» ~ k. 
( 11 ) then gives 

lim a-'-P n +, ~“~ g = j_ gwMJjwft) . 

D n — D n ~ 2 2 k Jia^ia) 

so that if 0<7 + 4 — a — /3<l,a»is subject to the hypothesis in Theorem 4> 
with/(x) = x y+s ~ a ~ fi ; and if 7 + 4 — a — p = 1 , a n is as in Theorem 2. Hence 
we are led to formulate: 

Suppose that for the series in (9) d n ~ k, 

(i) If 0<y + S — a — 0<1 and if the series is rearranged so that D 2p — D 2q ~ 
aDl (p > q-> oo ), then the alteration in the sum of the series due to the 
rearrangement is 


n w ( 7)*n(d w )(4) 

2k U idn) {a)-U (dn M 


(ii) If y + 4 — a — 0 = 1 and if in the rearrangement D 2p ~ bD 2q (p > q 


then the alteration is 


log b n (dn )( 7 ).II fdn )( 5 ) 


2k n w W.n (i ,,W' 

In the particular case d n = 1, we have: 
Suppose that the series 


00 ), 


y* / i\n-i (g H~ 1 ) (a + 2 ) » » - (a + n) • (g + 1) (P + 2 ) « ■ • (ft + n) 
i (7 + 1)(7 + 2) • • • (7 + n) • (4 + 1)(5 + 2) • • • (4 + n) 

where a , p, 7 , 4 are real and 7 , 5 5 * — 1, — 2, • • • , is rearranged (i) in the case 
0 < 7 + 4 — a — P < \, so that p — q ~ aq y + 6 ~ a ~ fi (p > q — > 00 ), (ii) in the 
case 7 + 4 — a — 0 = 1, so that p ~ bq (p, q — > 00 ). Then the alterations in the 


a r(i + 7 )>r(i + 4) 

2 7+«-a-0 + a ).p(l + fi) 


and 


sum of the series in (i) and (ii) are respectively 
log b T(1 + 7 )-r(l +4) 

2 r(i + «)-r(i + £)’ 

This result in a somewhat less general form has been proved from first prin- 
ciples by B. C. Das [1]. 


Madras Christian College. 
Tambaram (Madras). 

S. India. 
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ON MEAN ONE-VALENT FUNCTIONS 

By D. C. Spencer 1 
(Received October 20, 1939) 

1. In several recent papers 2 I have shown that many of the properties of 
p-valent functions are possessed by the wider family of functions which are 
p-valent on the average. The present paper is a study of the finer structure of 
functions one-valent on the average in which it is shown that such functions 
possess some of the more striking properties of schlicht functions. The method 
of the paper alsp yields two results of a more general nature which are stated in 
§’s (7) and (8) below (Theorems 3 and 4). The main results have been stated 
without proof elsewhere. 3 


2. For completeness we begin by restating the definition of mean p-valcncy. 
We suppose that/(z) is regular in | z | < 1, and that W is the Riemann domain 
which is the transform of | z | < 1 by /(z). Let W(R ) be the area (multiply 
covered regions being counted multiply) of that portion of W which lies in the 
circle | w | £ R. Then if 

(2.1) W(R) £ pirR 2 


for all R > 0, we say that /(z) is mean p-valent. 

It is convenient to express the inequality (2.1) analytically. Let n(r, w) be 
the number of times (necessarily bounded by some number depending upon r) 
that/(z) takes the value w in | z | < r. We define 


( 2 . 2 ) 

(2.3) 
Then 

(2.4) 


p(r, R) = k~ f n(r, Re'*) tty; 


n{w) = lim n(r, w ) ; 

r-*l 


2ir JL» 

p(R) = p(l, R) = lim p(r, R). 

r-» 1 


IT(fl) = lim [* [’ n(r, Re^RdRd* 
r-*l Jo J—t 

= J ^lim £ n(r, Re’*) dfj d(irR 2 ) = J p(R) d(xR 2 ), 


1 1 am indebted to Mr. K. J. Arnold for making the drawing which is reproduced in Fig. 4 
below, on the original of which 679 values of the function K(z) * 4z/(l + z )* were plotted. 

1 For example, references (2) and (3) at the end of the paper. 

‘Spencer (6). 
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and so (2.1) may be written in the form 

(2.5) j p(R) d(*R 2 ) g p tR 2 (R > 0). 

If we omit the averaging at (2.2) , and suppose that 

(2.6) f* nCRe'*) d(wR 2 ) £ p*R 2 

Jo 

for all R > 0, uniformly in \f/, then we say that / is strongly mean p-valent. 4 
Fig. 1 represents a domain W which is strongly mean 1-valent (a fortiori mean 
1-valent), but which is not schlicht. 



Fig. 1 


3. It will be convenient to sum up here for future reference certain trivial 
deductions from mean 1-valency. 

Lemma 1. Suppose that 

f(z) = a x z + atz 2 + 

is mean 1 -valent, and let 

d = Inf . 

I * I <1 Z 

Then d > 0, and n(w) = 1 if 0 ^ | w | < d. Furthermore, there exists a real 
number 0 stich that n(de' fi ) = 0. 

4 Strong mean p-valency is therefore roughly midway in strength between p-valency and 
mean p-valency. 
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In fact, since /(O) = 0, there exists a circle of radius & > 0, and center w = 0, 
every point P of which is covered at least once by W. Since, by the definition 
of mean 1-valency, it is covered on the average at most once, it follows that the 
circle is covered exactly once by W. Hence d , the distance of the boundary 
of W from w = 0, satisfies rf ^ 5 > 0. 

Suppose now that 

(3.1) n(de 0 ) > 0 

for every 0. To every 0, — ir g fi < t, there then corresponds a circle of 
radius p = p( fi) and center de tfi every point of which is covered at least once, 
and it follows from the Heine-Borel theorem that there is a number € > 0 such 
that n(w) ^ 1 for | w | < d + €. But there is then at least one point Wq , | w 0 1 < 
d + c, for which 

(3.2) n(wo) > 1. 

Otherwise the intersection of W with the circle | w | < d + e would be schlicht, 
and its boundary points in | w | < d + c would therefore be uncovered, contra- 
dicting (3.1). (3.2) implies that some neighborhood of w 0 is covered at least 

twice, and, since every point of the circle \w \ < d + e is covered at least once, 
we see that 

pd+i 

W(d + e)= p(R) d(irR 2 ) > ir(d + «) 2 . 

Jo 

This is impossible by the hypothesis of mean 1 -valency, and hence (3.1) is false. 

4. We come now to the first result: 

Theorem 1. Suppose that 

f(z) = ai* + aaz 2 + • • • 

is mean 1-valent. Then 

(4.1) I « I £ 2 | * |, 

and equality occurs if, and only if, f(z) = a x z/( 1 + yzf, \ y | = 1. 

We write z = re'*, w = f(z) = Re'*. Then Theorem 1 follows quite easily 
from the following lemma, which is a generalization of the Bierberbach-Faber 
Fldchensatz. 

Lemma 2. If f(z) is mean l-valent and if a > 0, then 

(4.2) [ R~*d* £ 0 (r < 1). 

|*l— r 

Lemma 2 when / is schlicht has been given by Prawitz,® who has used 
it to prove (4.1) for schlicht functions. The deduction of (4.1) from Lemma 2 
is the same in our case, and 1 omit the calculations. 


' See reference (2) at the end of the paper. 
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It remains, then, to prove Lemma 2. We suppose that 0 < r < 1. Let 
W (r) be the transform of | z | < r by /, B(r ) its boundary (so that B(r) is the 
transform of | z | = r); and let d(r ) (see Fig. 2) 6 be the distance of B(r ) from 
w = 0. Since the function f(rz) (with picture W (r)) is a fortiori mean 1-valent 



Fig. 3 

and since /(0) = 0, d(r) > 0 by Lemma 1. Let P = Re ** be a point of W(r) 9 
and let W'(r) (see Fig. 3) be the domain composed of the points P f = R~* a e % *. 

• Incidentally, Fig. 2 represents a W which is mean 1-valent without being strongly 

mean 1-valent. 



618 


D. C. SPENCER 


Then W'(r) contains the point w = x , but is bounded (“internally”) by a closed 
(but not necessarily simple) curve B'(r ) lying in the circle | w | ^ [d(r)]"“* a . 
Let W'{r } R ) be the area (multiply covered areas being counted multiply) of 
that portion of W'(r) which lies in the circle | w | < R. Then 

(4.3) \ [ R~ a d<f> = *dr a (r) - W'(r, d _i “(r)), 

and the lemma asserts that this is non-negative. 

We have, expressing (4.3) in terms of p(R), 

l [ R~“d* = (1 - p(r, R~ Va )) dWR*) 

L J \t\mmr JO 

= 2, f (1-P(r, «”*))§, 

Jd-* a (r) K 6 

and so, dropping the parameter r from our notation, 

(4.4) = ™ l (1 ~ = vd~ a - ira £ p(R) 

Integrating by parts with respect to p(R), and observing that the integrated 
part vanishes at the limits d and °° , we have 

Since, by Lemma 1, p(R) — 1 for R < d, we have 

f 1 p(R)dR = f l p(R)dR -d. 

Jd Jo 

But, integrating by parts, 

^pODdR - f\(R)R™ * -^‘pIRIRdR + 1“ PiSlBdB)™ 

-f + Sf — * 

by the hypothesis of mean l-valency. Hence 

f p(R) dR = f p(R) dR — d Ri — d, 

Jd Jo 

and so 

(4.5) / d “p(ft) ^ 1(1 + «) JT" (Ki - d) Ip, = L±?d- - d- = 1 dr-. 
Substituting from (4.5) into (4.4), we obtain 

5 f R~ a d* £ n <T-(r) - *T*(r) = 0, 

2J|»|-r 

and this proves Lemma 2. 



ON MEAN ONE-VALENT FUNCTIONS 


619 


By a suitable choice of a in Lemma 2 it can be shown (as Prawitz has pointed 
out in the case of schlicht functions) that 

| a 3 1 S 3.05 | a x |. 

I have not attempted to prove that | a 3 1 g 3 | a x | (with equality only for the 
Koebe function), but it seems to me that this result must certainly be true 
(though possibly difficult to prove). 

5. The two most important properties of 1-valency (more generally of 
p-valency) are: (i) an invariance to one-valent transformations; and (ii) the 
metrical property that large areas cannot accumulate in small neighborhoods. 7 
Of these mean 1-valency (more generally mean p-valency) possesses only the 
second; the group property (i) is lacking. In fact, mean p-valency is not even 
an invariant to translations, the simplest transformations of all. When / is 
1-valent (schlicht), it is possible by use of the property (i) to deduce immediately 
from Theorem 1 that 

(5.1) d Si i | a, |, 

where d is the distance of the boundary of the map W from w = 0; but when 
/ is only mean 1-valent the argument breaks down completely. The result is 
that I am able to prove (5.1) only for strongly mean 1-valent functions, and 
the precise inequality for mean 1-valent functions remains undetermined. 
However , under mean l -valency the weaker residt is true that d ^ | a x \/A, 
where A is an absolute constant less than 7; and more detailed computations 
indicate (but in their present form do not prove) that the result is still true when 
A is only slightly greater than 4. A discussion of this problem is to be found 
at the end of the paper. 


6. We now take up the result (5.1) for strongly mean 1-valent functions. 
Afterwards we state and prove the two general theorems mentioned in §1 
(Theorems 3 and 4 below), the hypotheses of which are essentially the conclusion 
of Lemma 1 (here only a vestige of mean 1 -valency appears). 

Theorem 2. If f(z) is strongly mean 1 -valent, then 

d ^ \ | a x | 

with equality if, and only if, f(z) = a x z/(l + yz) 2 , | 7 | = 1. 

The following result is almost an immediate consequence of Theorem 2: 
Corollary. If f(z) is strongly mean 1 -valent, then 


I/M I ^ 


laiH «l 

(l + l*l) 2 ’ 


and there is equality if, and only if, 

f(z) = <Zi«/(l + yz)\ 


= 1 . 


7 It is the distribution of the area of the map with respect to w * 0 which determines 
the magnitude of the mean values of | / | and | f | (and so of the upper bounds of the co- 
efficients). 
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In fact, more generally, the inequality 


l/W I 




(i + l z\Y 


is a consequence of d | | ai | /A for any f. I omit a proof of this statement 
since the proof is substantially the same as in the well-known case when / is 
schlicht (see R. Nevanlinna, Eindentige analytische Funktionen, Berlin, 1936). 
In the sequel we shall make repeated use of the following lemma. Suppose that 

g(z) = biz + + • • • 


is regular in | z \ < 1. Let G be the map of the unit circle by g, and let G* be 
the “star” of G with respect to the point g( 0). 8 We write Z* = g~ l (G*), and 
denote by p*(R), pt(R ) the valency functions of G* and Z* respectively.* 
Lemma 3. 

(6.1) lg 1 6i | < f lg Rd[-pt(R)] + f lg ftd[- Pa *(R)] 

Jo Jo 

unless g = biz . 

(6.1), in different notation, is an inequality of Bermant. 10 
The lemma remains true if g is regular only in Z*, but is false in general if this 
condition is not satisfied. 

To prove Theorem 2 we suppose that d = 1, and prove that then | Oi | ^ 4, 
a statement which is plainly equivalent to the theorem. By lemma 1 there 
exists a /3 such that / ^ e 0 in | z | <1. We write 

K»{z) = 4e’V(l + z) 2 . 


This function (Koebe’s function) maps the circle \z \ < 1 on the plane slit along 
a straight line from e® to <*>, and the inverse function K^ l (w) has branch points 
of order 2 at w = e tfi and at <*> . Since f j* e' fi , «> , however, either branch of 
Ki 1 is regular and one-valued on W, the map of | z | < 1 by /. To fix ideas we 
suppose that KJ l (w) is the continuation over W of the branch which vanishes 
at to = 0, u and write 

g(z) = Ki l m\ = b,z+ ... , 
where | bi | = | ai |/4. By Lemma 3 we have 

(6.2) lg L2l! g lg Rd[-p?(R)] + j f lg Rd[—p*(R)], 


8 More precisely, G* is the subdomain of G any point of which can be reached by starting 
at 0(0) and travelling outward along some radius vector. G* does not depend on the par- 
ticular way in which the sheets of G are supposed stuck together. 

9 p* ( R ), for example, is therefore the average valency of G* on the circumference | g | ~ 
R. Both G* and Z * are schlicht, and so p* and pj are bounded above by unity. 

10 For a proof of (6.1) in the above form see Spencer (6). 

11 We might equally well take the other branch (which is infinite at the origin). 
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and it is sufficient to show that 


(6.3) r i&Rdl-pim ^0 

Jo 

(6.4) r lgRd[-ptm S o. 

Jo 

(6.4) is immediate. For Z* is a schlicht domain which contains the point 
z = 0, and lies inside | z | < 1. Therefore by a known inequality 12 we have 

exp jjf lgi2M-p*(£)]} g j f RUl-ptiR)} = ^ jf p* (R) d(rR 2 ) g 1, 

and this is equivalent to (6.4). 

As for (6.3), we prove the following stronger result that 

(6.5) [ Ig Rd[—pi(R)) :g 0, 

Jo 

where Pi(R) is the valency function of G. 

Let (£(/?o) be the set of points in | z | < 1 at which | g | = | K$ l {f \ | > R 0 , 
and write 


A(/3,fl 0 ) = // \j z \zg\rdrd<p = ff 


I fire*) 


<S(*o) 


<&(Ro) 


| f(re iip ) — e 0 \*\f(re i *) | 2 


r dr dip. 


We suppose that Ro is small enough to satisfy any condition imposed by the 
argument. Then Pi(R) = 1 for R ^ R 0 by Lemma 1, and since Pi(°°) = 0 we 
have, integrating by parts, 


( 6 . 6 ) 


2tt [ lg Rd[- Pl (R)] = 2tt f lg Rd[- Pl (R)] 

Jo Jr o 


= [ pi(R) d( 2ir lg R) - 2ir lg ~ = A(fi, Ro) - 2x lg t 

•'fto /to tto 


Next, 


ff I/M 8 

JJ j/-e¥|.|/p 




r dr dip 


Rl 


f l r i/t 

Jo J-r I/ - 


l/|><*0 

i.1 *T 


r dr d<p 


n r fi r 4« 0 +Cfi? 

i/'| 2 rdr^= ^ , p(R)d(irR 2 ) 

r til JtRu-CRl 


4*o-<7«*<|/|<4K 0 +^ftJ 

/nr /*4J?o+Cfio 

- / , d(xR 2 ) = O(fto), 

by Lemma 1 and the hypothesis that d = 1 ; and hence 
(6 . 7) 40, Ro) = l [ r + 0(Ro). 

|/|> 4*0 


11 See Spencer (6). 
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Jo JU|/-e*|.|/> 


■**-££t*^*«* 


-/’ f 


n(77e**) d77d<l> 


l*o J-t 5 Vl - 272 cos ($ - 0) + ft 2 

|/|>4«0 


. f r )_«* 

l«o •L'fiVl- 277 cos <l> + 77* 

Substituting from (6.8) into (6.7) we obtain the formula (valid for all sufficiently 
small 77o): 


(6.9) AOS, Ro) = f f — 7i ^S 
•MKn 4-1 77. \/1 — 


n(Re i{ * +$) ) 


' o lx 77- Vl^2BSS* + W 

Integrating by parts we have 

r near*"*) ,o _ r 


dRd$ + 0(/2o). 


^4*0 /2* \/l — 2/2 cos <t> + /2 2 


— dR = f— j 
> + 77 2 L Vl - 277 c 

"C(C *«)»{; 


/* s*T 

J4B 0 if Ji 


- 277 cos $ + 77 2 •'4*0 If 

d f 1_ 

d77 IVl - 27? cos $ +T7 2 


77 — cos $ 


77 — cos $ 


(6I0) - (£. » «) .4 {vr™} “ 

= £, (£. g dS ) (1 -2Rcos * + »)“> dR 

+ f(0*)jrraii“-T*5»«- 

since (by hypothesis) d = 1 and so, by Lemma I,n=lfor0g/2<1. We 
write 

(6.U) /<*, .) - f (£ l «) ® 


77 — cos $ 

277 cos # + 77 2 ) 3/2 ' 


Then 7(77o , 4*) depends only on R 0 and but not on /. Next, writing 


( 6 . 12 ) 


we have 


C R n(Rp i( * +fi) ) 

7V(77,$ + /3) - / n -W->dR, 

•'472ft 4P 


tf(77,$ + /3) = [I /" ndgT + f (f* ndB) d -^ 

•'41*0 J4fi 0 \ J 472 o / IV! 

g i (77 - 477 0 ) + f (77i - 477 0 ) S = lg 

K J4« 0 
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by the hypothesis of strong mean 1-valency and the fact that n = 1 if R < 1 
(since d = 1). Hence 

/>* 

(6.13) 




uniformly in <$. Since 


R — cos $ 


> 0 


(ft 2 - 2 R cos <i> + 1) 3 « 
if R > 1, we have, by (6.10), (6.11), (6.12), and (6.13), that 
nOtt'"*’ 1 ) , r 1 


(6 .14) / 

J 4A 


dft 


if 

h 


dR . 


4Rq R . \/ 1 — 272 cos <l> + /2 2 ^r 0 R. y/ 1 — 2/2 cos $ + R 2 

Integrating both sides of (6.14) with respect to 4> from - j to x, we obtain the 
inequality 

/ . . .. n y^ = d == . dR d<t> + O(jRo) 

T j 4S 0 R. Vl - 2R cos 4> + ft 2 

(6.15) g [ f 1 . dR d$> + O(fi 0 ) 

•L* J 4So ft. Vl - 2/i cos + ft 2 


- /'/' 1 
Jr o 2 


rdrd*, + O(/2 0 ) = 2 tt lg + 0(Ro), 

Ko 


since when n is replaced by unity, wc may suppose that / = K$ , and so g = 2 . 
Finally, substituting from (G.15) into (G.6), we have that 


JQ 


Letting R 0 — » 0, we obtain (G.5), and this completes the proof of Theorem 2 apart 
from the statement concerning equality. For this we note that equality implies 
by Lemma 3 that g = z, therefore that / = Kp . 

7. Suppose that /( 0) = 0. By Lemma 1 mean 1-valency then implies: (i) 
that n(0) = 1; and (ii) that n(de tfi ) = 0 for at least one We now take for 
hypotheses only (i) and (ii), and obtain the following theorem: 

Theorem 3. Suppose that 

f(z) = aiz + 02 z 2 + • • • 
is regular for \z\ <1, that n( 0) = 1, and that 

I/M I 


d = Inf 
I*I<1 

Then if there is a ft for which n(de ifi ) = 0, we have 


(7.1) 


d > la 1 01 1 ■ 
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The constant 13 is not the best possible. As a matter of fact, a better (and 
in a sense best possible) constant is obtainable by a “subordination” argument 
(Lindelof’s principle). But the theorem is only mildly interesting on its own 
account, and is included here mainly in order to deduce Theorem 4 below. 
The hypothesis that n(de tfi ) = 0 for some ft is necessary. This is seen by con- 
sidering the function 

f(z) = z - z\ 

for which n(de tfi ) = n(0) = 1. 

Since by hypothesis n(0) = 1, n(de tfi ) = 0, we have d > 0. We suppose that 
d = 1, and prove that | a\ | < 13. Then if is a number for which n(e t/J ) = 0, 
the function 13 g = K^ l {f j is regular for | z \ < 1. By Lemma 3 we have, 
therefore, 

(7.2) lg i^J [ lg R d[-pt(R)} + jf lg R d[-plm 

£ [ lg R d[—p* (R)] - J*, say, 

Jo 

where p*(R) is the valency function of G*. We find an upper bound for J *. 

Now every point of the circle | w | < 1 is covered exactly once. For n(0) = 1, 
and if some point Wo , | w 0 | < 1, were covered n- times, where no* 1, then the 
projection of a boundary point would fall on the straight line connecting 0 with 
Wo ; and this is impossible since d = 1. 

We define 


(7.3) 


t$(<p) ==: 


'^{(Stargz = <p, 0 g |z| < «>]}, 
if/s{(S[arg z = v?, 0 ^ |z|.< 1]), 


<p 5* 0, 7T 

(p = 0, TT 


where (£[••-] is the set of points defined by the conditions stated in the bracket. 
Positions lying outside \w\ < 1 of the lines to which cut \w \ = 1 at intervals 
of 5° from 0° to 180° are shown in Fig. 4. We denote by W * the subdomain 
of W any point P of which can be reached by starting at w = 0 and travelling 
outward along some line tp(<p), (p = <p(P ), always in the sense of increasing | z |. 
Then G* = KJ 1 { W * } . Also if we let n * (w) be the number of times W% covers 
the point w, then 

(7.4) nf(w) £ 2 


for all w . 

Next, if Ro is sufficiently small, we have 14 * 


(7.5) 2t tJ* 


-/■ [ 

j Wo J-* 


n ;(Re i{ * +fi) ) 


4J?o J-*R'y / 1 — 2R cos 4> + P 2 


dRd$ - 2tt lg + 0(Ro). 
Ro 


That is to say, 2irJ* is the difference between the logarithmic area of G* and 


19 The branch of KJ 1 which vanishes at w - 0 is again chosen. 
14 By an argument analogous to the one given in §6. 
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that of the unit circle | g | < 1. If we combine (7.4) with the fact that n* ( w ) = 
n{w) = 1 for 1 1 «; | < 1, we see that 

(7.6) J* £ Jo , 

where J 0 is obtained by taking 


n*(w) = 


|l,if M < 1 
{ 2, if | to | > 1 


in (7.5) 

Finally, we may express J? in the form 


where 


Jo « 


JL_ 

27T 



udv(t ), 


u = lg { 1 - 2y/ sin \t (cos it + sin it) + 2 sin %t ] . 

V = t- 2 tan- 1 / y^nl^cosit-sinjf \ 

ll — y / sin it (cos \t + sm +)J 

A computation gives 

(7.7) 1.1541 < J* < 1.1784, 


and substituting the upper bound from (7.7) into (7.2), we get (7.1). 


8. By combining Theorem 3 above with Theorem 3 of my paper (4) 16 , we 
obtain the following theorem: 

Theorem 4. Suppose thatf(z) satisfies the hypotheses of Theorem 3, and that, 
in addition, \f(z) | < M in | z | < 1. Then, if 0 < p < 1, 

(8.1) |arg/| £ Big {1/(1 - p)} +0(1), 
where B = - lg (13M/| ai |). 

7 r 

The constant in the 0(1) depends on M, \ ai |, and the particular determina- 
tion of arg / chosen. 

We write 

f(z) = e“ +, \ 

By Theorem 3 and the hypothesis that | / | < M, we have 

(8.2) lg (| ai |/13) £ u g lg M, 

if | v | > Vo . We cut W (the map of | z | < 1 by /) from w = 0 along a radius 
to a boundary point de' 9 , n(de' ff ) = 0. We denote the resulting domain by W’, 
and write Z' = Z -1 { W' f . The function 

h = {/}-' . e*- ,u 


W We shall refer, to this paper as 7* . 
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is regular in Z', and we apply the method of V 2 to the function h. By (8.2) we 
have that 


lg ^ ^ ! arg h | g lg M. 

Hence, in the notation of V 2 , 

(8.3) 6,(R) £ Rig £J!f 

I I 

uniformly in v, if R > R 0 = e v °. Substituting from (8.3) into Theorem 3 of 
V 2 , we obtain (8.1). 

Generalizations of Theorem 4 are possible. Condition (8.2) is much too 
strong; all that we require is that it is satisfied on the average. For example, 
in Theorem 4 it would be sufficient to suppose that \f |, qua function of arg /, 
is bounded when averaged with respect to arg / (as opposed to ordinary mean 
valency, which implies that | arg / | is bounded when averaged with respect 
to I /I). 

9. Suppose that the projection of a Ricmann domain W lies inside a schlicht 
domain D in the space of the variable w, and that T is regular and schlicht in Z>. 
We write 


w' = R'e™' = T(w), n'{w') = n(w), p'(R') = J- f’ n\R'e *'*') d<f>'. 

Ztt J— x 

The lines R' = constant, < t > ' = constant, define in D a new coordinate system. 
We shall say that W is mean p-valent (T) if for all /£' > 0, 

/ 

p'(R') d(irR' 2 ) g pwR'\ 

Suppose now that 

f(z) = aiz + chz 2 + 

is regular in | z | < 1, that / ^ e 1 * 3 in | z | < 1 (i.e., n(e^) = 0), and define Wp 
as in §7. We cut through all sheets of W& along a radial line from e tfi to °o, 
and denote the resulting set of points by SB* . If there exists a 0, / ^ e ,/3 in 
| z | < 1, for which 933$ is mean 1-valent ( KJ l ), we say briefly that W is metri- 
cally subordinate to K . The following result is true: 

If f is metrically subordinate to K , then 

(9.1) I fli I S 4, 

with equality only if J — K$ . 

In fact, let 



G* = = Bf). 
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Then if p*(R), p*(R) are the valency functions of G*, &* respectively, we have 


(9.2) 


P*(R) 


p*(R) + P*(%)> 
0, if 22 > 1. 


if 0 £ R < 1, 


Furthermore, by hypothesis, 

(9.3) f pt(R)d(R 1 ) g 

Jo 

In particular, therefore, by Lemma 1, p*(R) = 1 if 0 ^ R < Ro , and so (in- 
tegrating by parts) 


|22 2 , if 22 < 1 
jl, if 22 > 1. 


jf lg R 2 d[- pt(R)\ = \gRl + £ »?(*) d ~p 

- * ■ 85 + 2 /' 1C "■«>«’>} f + 2 Jf «*>} f 


= lg 72o + 7i + h y say, 


where by (9.3) 

(9.5) h = 2 £ j£ p^*) d(fl 2 ) - flj} ^ ^ - lg 22? + *2 - 1 

(9.6) h £ 2 £ {1 - 222} ^ = 1 - Rl • 


Using (9.2) and substituting from (9.5) and (9.6) into (9.4), we obtain that 

J * = fig* d[- Pl *(*)] = f\gRd[- ptm + f ’ lg 22 d[- pf(B)] 

Jo Jo j 1 

- £ ig * di- pi («)] + jf 1 ig r d [- Pl *Q] = i £ i g R'di-ptm g o, 

and this is equivalent, by Lemma 3, to (9.1). 

10. The question now arises as to whether the result of Theorem 2 is true for 
mean 1-valent functions. I am not able to answer this question, the difficulty 
being as follows. 
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Let F\ be the family of mean 1-valent functions, and let 

Ji — Max f \g Rd[—pi(R)], J* = Max [ lg Rd[—p*(R)], 

f * F i JQ / e Pi JQ 

where pi(R), p*(R) are the valency functions of G and G* respectively (so that 
J* = Max J*). Then 

(10.1) 0 < Jt < Ji . 

In fact, let W be the domain represented in Fig. 5, when n(w ) = 1 for almost 
all w exterior to A and A , and n(w) — 2 for w e A , n(w) = 0 for w t A . 
The solid curved lines are (we suppose) lines to{<f>)- The boundary of W consists 
of the boundaries of A and A , and slits. Let Di(R), D t (R) be the widths of 
A and A on | w | = R. We suppose: (i) that Di(R) = Dt(R) for all R; (ii) that 



Fig. 5 


all of W is swept out by lines U(<p) as <p varies from 0 to 2ir — that is to say, 
W = W* . Both assumptions may plainly be fulfilled if A , A have suitable 
shapes, and (i) implies that p(R) = 1 for all R > 0, so that W is mean 1-valent. 
Now write w = Re**, dW w = RdR d<f>, and let dW a be the transform of dW w 
by K^ 1 (w). Then if 3? is the distance from the element dW w to the point e v , 
we have by (6.8) with 0 = 0 that 

dW e - dWJ A, say, 

where A = By sliding points w = Re'* from one of the two sheets covering 

A along the circumference | w \ = R into A , we can just fill the latter domain, 
and still have A covered once. For the resulting picture J* = 0. Since 
A (Re**) is a decreasing function of $ as we slide w along the circumference 
| w | = R from A into A , we see that the original J* corresponding to Fig. 5 
must be positive; and (since J* ^ J *) this proves the first half of (10.1). 
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As for the second half, we may plainly suppose (by a trivial rotation of each 
function f) that /3 = 0. Then it is only necessary to point out that an argument 
similar to the above shows that Ji is the area which results from the choice 




1, 

0 ^ R < 1 


(10.2) 

ni(Re :") = < 

2, 

R > 1, 

'2 < # < 2 ; 



o, 

R > 1, 

«I N 

VII 

e 

VII 

1(M 



In Fig. 6, Ci is the transform of | w | = 1, C 2 the transform of any w = 3ir/2 
by lg Ko 1 (w), and Ji — - {Ai — A 2 ). For any function n which satisfies mean 

7 r 

l-valency and differs from ni in a set of positive plane measure, the corresponding 
J is less than Ji . In particular, the function n* corresponding to any W* 
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plainly differs from ri\ in a set of positive plane measure; 16 and this proves the 
second half of (10.1). 

Thus the method of this paper fails to yield the result 

(10.3) d^\ \a x |. 

for the family Fi of mean 1-valcnt functions. 

It is perhaps worthwhile to point out that the area integral J (also ,/*) is a 
function of the parameter fi, and that J(fi) exist for all fi whether n(e *) = 0 
or not. This can be seen from the formula (0.9). Furthermore, 

(10.4) ij['j(j8)d0£O 

if f e . In fact, the integration has the effect of replacing n by p in the 
formulas of §6, and the argument given there (with strong mean 1-valency re- 
placed by mean 1-valency) yields (10.4). From (10.4) we see that we can 
choose afi, fio say, for which 

(10.5) J(fio) g 0. 

But we cannot deduce (10.3) from (10.5). The difficulty is that for this choice 
of fi the function g = Kj'lf} is not necessarily regular in Z*, and we cannot, 
therefore, apply Lemma 3. 

On the positive side it is true, of course, that 

(10.6) d ^ | ai \/A, 

where A is an absolute constant. By Lemma 1 we see that a mean 1 -valent/ 
satisfies the hypotheses of Theorem 3, and therefore that A < 13. But a rather 
crude computation of J\ shows that (10.6) is true with A < 7. Finally the in- 
equality (10.1) indicates that the determination of J* would still further reduce 
A. Although I have not attempted to determine J* , I should like to conclude 
the paper by pointing out certain qualitative considerations which indicate 
(though of course they do not prove) that J* (though positive) is small, and that 

(10.6) is therefore probably true with A = 4. 

We suppose again (without loss of generality) that fi = 0. The two lines 
to (<p), to(<p') which cut the circumference | w | = 1 at $ — 1° and at $ respec- 
tively, $ ^ 1°, together with a portion of | w | = 1 and the real axis, bound a 
certain region of the w-plane which we shall denote by A(<i>). We denote by 
a($) the area of the transform of A($) by lg The function a(<£), labelled 

“area per degree”, is plotted against $ (in degrees) in Fig. 7. We note the fol- 
lowing two facts: (i) «(<!>) is an increasing function of 4>; and (ii) a(<I>) varies 

16 If n* is the “star” function derived from m , and J*(nf) the corresponding it 

is not difficult to show that«/*(n*) <0. If At is the portion of Ai which can be seen 
1 
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remarkably little, the variation being only a quarter (approximately) of its 
minimum. 

Now the domain Wt is limited to a considerable extent by the shape of the 
lines to . Either Wt is schlicht, in which case J* £ 0; or W * covers some region 
D of the w-plane twice, in which case we suppose that D lies inside the region 
A($) and touches the two boundary lines to(<p), of A(3>). Then every point 
of A($) (and its reflection in the real axis) is covered at least once. If now $ is 
small, then the resulting contribution to J* is below average by (i) ; if $ is large, 
the contribution is relatively large, but mean 1 -valency prevents too many 



D’ s from having this location, as can be seen from Fig. 4. In other words, mean 
1-valency tends to prevent the accumulation of area in A’s with large a’s, and 
this is an indication that is small. 

As an example, let us consider the class C of functions / of F\ for which W* has 
the property that either no point of a region A(4>) is covered, or every point of it 
is covered twice. Then by mean 1-valency at most 180 regions A(4>) are occupied 
(since each must be filled twice). If we fill twice the regions A($), $ = 90° + v , 
v = 1°, 2°, • • • , 180°, a precise computation shows that (10.6) is then true for 
this function with A = 4.35; and by property (i) above we see at once that (10.6) 
with A = 4.35 is true throughout the class C. For this result we have used mean 
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1-valency only on the circumference | w | = 1 . If we use it everywhere, we find 
that (10.6) is true in C with A — 4. 


11. In conclusion I should like to point out that results obtained for mean 
1-valent functions may be immediately transferred to mean p-valent functions 
of the form 


(11.1) f(z) = E a n z n . 

n — p 

In fact, the function 

Mz) = {/(*)} I/p 

is regular in | z | < 1 since the mean p-valency of / implies that / = 0 only 
at z = 0. Let ni(w) be the number of times fi takes the value w in | z | < 1, 
and let pi(R) be defined by (2.2) and (2.3) in terms of ni . Then if p{R) is the 
corresponding function for /, it is easy to see that 


(11.2) Pl (R) = l-p(R p ), 

V 

and so 

V (R)d{*R Vp ) g = tR 2 

p Jo p 


(11.3) 


[* Pl (R)d(rR 2 ) = I [* p(R p ) dUR 2 ) 
Jo p Jo 

= 1 f* 


by Lemma 1 of my paper (4). Hence /i is mean 1-valent, and so we have that 

| ctp+i | ^ 2p-| a p |, d = Inf \f(z)/z p | > | a v \/7”, etc. 

I«l<i 
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NECESSARY CONDITIONS IN THE THEORY OF INTERPOLATION 
IN THE COMPLEX DOMAIN 

J. H. Curtiss 
(Received May 18, 1940) 

1. Introduction 

Let C be a closed limited point set of the complex z-plane, and let A c denote 
the class of functions analytic and single-valued on C. Let 


M: 


be an infinite set of points of the finite plane which either lie on C or have no 
limit point except on C . (The points of M need not be all distinct.) A function 
f(z) cA c will be analytic and single-valued at each of the points a* n) , k = 
1, - * • , n, if n is sufficiently large, say n > n(f). There exists a unique poly- 
nomial L n (z;f) of degree at most n — 1, n > n(f), found by interpolation to the 

function f(z) in the points ajc n) , k = 1 , • • • , n. 1 

Certain conditions are easily proved to be sufficient for the convergence of 
the sequence {L n (z; /)} to f(z) on C. The necessity of such conditioas seems 

first to have been studied by Kalm&r 2 in his thesis of 1920. He proved the 

following theorem: 

Theorem A. Let C be a closed Jordan region and let the points M lie on the 
boundary B of C. Then a necessary condition that lim L n (z;f) = f(z) uniformly 

n—» oo 

on C for each function f(z) e A c is that the points M be uniformly-densely dis- 
tributed on B. 

The sufficiency of the condition was proved earlier by Fej6r. 3 A uniformly- 
dense distribution of the points M on the Jordan curve B is defined as follows: 
Let the analytic function w = (p(z) map the complement of C (with respect to 
the extended plane) onto the region | w | . > 1 so that the points at infinity 

1 See J. L. Walsh, Interpolation and Approximation by Rational Functions in the Complex 
Domain, New York, 1935, pp. 49-51. 

* L. KalmAr, tlbcr Interpolation. (In Hungarian.) Matematikai 5s Physikai Lapok, 
1926, pp. 120-149. 

8 L. Fej6r, Interpolation und konforme Abbildung, Gottinger Nachrichten, 1918, pp. 
,319-331. 
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correspond to each other. The mapping is bi-uniform and continuous for 
\w \ ^ 1. The points M are said to be uniformly-densely distributed on B if 
the points <p{a.i n) ) ) k = 1, • • • , n y n = 1, 2, • • • , are uniformly-densely dis- 
tributed on the unit circle in the sense of Weyl; 4 that is, if for any arc of length l 
on the unit circle, 


lim - 23 1 = 


w— *oo U k 


2t* 


M n) ) c i 

Kalmdr 5 also proved the following theorem in the case that the region K is 
simply connected: 

Theorem B. Let the complement K of C he connected and regular in the sense 
that K possesses a Greeks function G(x, y) with pole at infinity . Let <p(z) = 
e ° +lH , where H = II (x, y) is a harmonic conjugate of (7, and let A be the transfinite 
diameter (or capacity) of C . Then a necessary condition that lim L n (z; f) = /(z) 

n-* no 

uniformly on C, for each function f(z) *A C , is that 


lim | «„(z) | 1,n = A | <p(z) | , 


n 


«»(*) = II (* - 4 n> ), 

k~l 


uniformly for z on any closed limited point set interior to K. 

The sufficiency of the condition was also proved by Kalmar in the case that K 
is simply connected. The formulation of Theorem B given here, and the proof 
of the theorem and its converse in the more general case, are due to Walsh, 6 
who has also generalized Theorem A and its converse to the case of any finite 
number of mutually exterior closed Jordan regions. 7 

In the proof of these theorems, lvalmdr and Walsh make use of the uniform 
convergence on C of the sequence \L n (z;f) j only for functions /(z) belonging to a 
certain subclass A' c of A c . This subclass A' c is the class of all functions of the 
type f(z) = 1 /{t — z), where the parameter t assumes the affix of every point 
in K . It is our main purpose in this paper to show that the conclusions of 
Theorem A and Theorem B (with certain restrictions on the set C in the latter 
case) can be derived from an initial assumption which is much weaker than the 
condition of uniform convergence of the sequence {L n (z;f)\ for each/(z) eA c . 
In fact, our hypothesis will be merely that at a single interior point zo of C, 
the following inequality holds: 


(1.1) lim | L n (z 0 ; /) | 1,B ^ 1, f(z) e Ac . 


4 H. Weyl, tlber die Gleichverteilung von Zahlen mod Eins, Math. Ann., vol. 77 (1916), 
pp. 313-352. 

5 KalmAr, loc. cit. 

6 Walsh, op. cit., pp. 154-155, 159-162. 

7 Walsh, op. cit., pp. 168-170. See also G. Szego, Bemerkungen zu einer Arbeit von 
Herrn M. Fekete, Math. Zeit., vol. 21 (1924), pp. 203-208. 
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In the course of our discussion, we shall derive several auxiliary results which 
appear to be of some interest in themselves, and which will accordingly be de- 
veloped in some detail They include several new non-trivial sufficient condi- 
tions for the convergence of the sequence {!/„(«;/) } (Theorems 2.2, 4.1, 5.1, 5.2), 
an inequality which promises to be useful in the study of the fundamental poly- 
nomials u„(z) = IL-i (* - 4 n> ) (§3), and a new sufficient condition that points 
be uniformly-densely distributed on a Jordan curve (Theorem 5.1). In con- 
nection with the inequality, we shall digress briefly to discuss a recent paper by 
Lammel 8 (§4). 

2. Preliminary Theorems 

We shall show in this section that condition (1.1), without the restriction that 
z 0 be an interior point of C, implies the convergence of the sequence {L n (z 0 ;/)} 
for any f{z) eA c - 

Theorem 2.1. Let C be an arbitrary dosed limited point set whose complement 
K is connected . Let the limit points of M all lie on C. Let z 0 be any point of C 
and let K f be an arbitrary closed limited point set interior to K. If 

(2.1) W | L„[z« ; 1 /« - zo)] | 1/n £ 1, t * K, 

n-* oo 

then 

(2.2) lbi ^ )1/n ^p<l, teK', 

n-*ao 0>n\t) 

where p is independent of t. 

The proof is indirect. For a fixed t, if n is sufficiently large, we may write 

Suppose now that for some to e K , 

(2.4) fim ^ ^ = mo £ 1. 

n-* oo 0) n \to) 

If po > 1, we obtain a contradiction at once by reference to (2.1) and (2.3). 
But in any case we may proceed as follows: 

The functions (log | «„(<) \)/n form a normal family of harmonic functions in 
any closed limited sub-region of K, provided that n is sufficiently large, because 
in that case 1 1 — <** n) |, k = 1 , • • • , n, is not only uniformly bounded, but also 
uniformly bounded from zero. Since (log | u n (t) \)/n — > oo as t —* oo, no limit 
function of the family can be identically constant in K. Let the subscript n' 
run through an infinite subsequence of the positive integers such that if » in (2.4) 

• E. Lammel, tlber Approximation regul&rer Funktionen eines komplexen Arg ume ntes 

durch rationale Funktionen, Math. Zeit., vol. 46 (1940), pp. 104-116. 
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is replaced by n', the symbol lim can be replaced by the symbol lim. There 
exists a limit function W(<) defined by the equation 

log W{t) = lim l0K 1 , ttK,t* «, 

n"->oo 71 

where n" assumes an infinite subsequence of the values assumed by n'. The 
Principle of the Maximum for harmonic functions, applied to log W(t), now 
shows that there exists a point h € K such that W(h) < W(t 0 ). We have 


lim 

w "—♦oo 


«n"(Zo) 

1 /»" 

= lim 


n # »oo 


COn"(Zo)«n"(fo) 

<d n "(2o)Wn"(£l) 



W(t o) 
m W«i) 


> 1. 


Thus there exists a number jui > 1 such that for n" > tt(jui), we can write the 
inequality 


Un"(Zo) 


^ Ml 


Substituting into (2.3), we find that 


\L n "[Zo m f 1/(^1 ““ Zo)] | 1/n ^ 


1 


t\ — Zo 


1 In’ 


(Mr" ~ 1) 


i /»' 


n" > n(/xi), 


which contradicts (2.1). Thus for each t in K the first member of (2.2) is less 
than unity. The fact that it is bounded from unity for t c K ' now follows from 
the observation that if n is sufficiently large, the functions whose superior limit 
appears in (2.2) form a bounded equicontinuous family for t e K\ so the superior 
limit is a continuous function of t on K\ 

Theorem 2.2. Let C be an arbitrary closed limited point set whose complement 
K is connected . Let the limit points of M all lie on C. A necessary and sufficient 
condition that 


(2.5) L n (zoif) -/(*) - 0(r"), 


r < 1, Zo tC y f{z) eA c , 


where r depends on f(z ), is that 

lim l^nteoj 1 /(t — Zo)] \ 11 2* 1, teK. 


The necessity is obvious from (2.3). In the sufficiency, we use the fact that 
given a function f(z) *A C , there exists a point set S consisting of a finite number 
of regions, each bounded by a finite number of non-intersecting rectifiable 
curves, such that S contains C in its interior and such that f(z) is analytic and 
single- valued on the corresponding closed set S. 9 Let the set K f of Theorem 2.1 
be the boundary of S. The Cauchy-Hermite formula for L n (z;f) can be set up 
as follows: 


L n (zo;f) = 


2t% 



CQn(go)"] 

Wn(0 J 


dt y 


n > n(/), 


and the remainder of the proof follows at once from Theorem 2.1. 


• Walsh, op. cit., pp. 12-13. 
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We add three remarks concerning these theorems. 

(a) It is not difficult to devise sequences M for which (2.1) obviously holds. 
If the points a* n) , k = 1 , • • • , n, are assumed to be distinct, we have the familiar 
formula 


LnW,f) = 




(ft) 


*-i fa - a n»'M n) r 

Thus a sufficient condition that the sequence M should satisfy (2.1) is that 


( 2 . 6 ) 


<0 n (z o) 


(zo - ai n %'M n) ) 


= Xnj k — 1 , 


W, 


lim x» n £ 1. 


Sequences M which satisfy (2.6) for every point Zo e C are easily shown to exist, 
and have been studied by a number of authors ; an example of such a sequence M 
is given by the “Fekete points.” 10 

(b) If instead of being valid merely at a single point z 0 , (2.1) or (2.2) holds 
at each point z of a closed subset C' of C containing no limit points of M, then 
the functions whose superior limit appears in (2.2) form (for n sufficiently large) 
a bounded equicontinuous family in the two variables z and t , z e C', t c K'. 
Accordingly, in this case the number p in (2.2) may be chosen so as to be inde- 
pendent of both z and t, z e C", 1 1 K', and (2.5) holds uniformly for z e C . 

(c) The proof of Theorem 2.1 does not apply to the case in which K is not 
connected, because then it may happen that the limit function W ( t ) used in the 
proof is a constant. In fact, both Theorems 2.1 and 2.2 are false in this case, 
as may be seen by letting C be a circular annulus whose outer boundary is the 
unit circle, and letting the points ock n \k = 1, • • • , n be the n-th roots of unity. 


3. An inequality 


Lemma 3.1. Let a\ , a* , • • • , a n be n real numbers such that qr\ ^ ak ^ 1, 
k s= 1, • • • , n, where 0 < rj < 1,0 < q < l/rj. Then 


n 


q(ai , a* , • • • , o„) = II (a* + vY ln 

fc-1 


n 


- n al'” 
*- 1 


(3.1) 


v, 

( s. log q ~ log (g + 1) - log (ri + 1) 

11 log + log (?+!) + log (v + 1) ’ 


V + V ^ l/(? + 1) 
1? + V < 1/(9 + 1), 


where 


= log log qn - log [log n + log (9 + 1) + log (y + 1)1 - log (y + 1) 

* log (9 + 1) - log 9 - log (17 + 1 ) 

It should be observed that the right member of the inequality is independent 
of n. 


10 See Walsh, op. cit., pp. 170-173. 
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To prove the inequality, we first remark that the maximum value of the 
function g(<h , a* , • • • , o n ) in the n-dimensional cube qy ^ a k ^ 1, k = 1, • • • , n, 
is assumed at one of the “corners” of this cube. This may be readily estab- 
lished by using the symmetry of g and by examining the partial derivatives of 
the function g(x i , x t , - • ■ , x k , o* fJ , • • • , a„) with respect to the a’s, where 
each of the x ’ s assumes either the value qt] or 1 . We leave the details to the 
reader. 

Suppose now that each a is an x, and that m of the je’s are equal to qr) and 
n — m of them are equal to 1 . Then 

q(Xi ,x t ,...,x n ) = h(m) = (1 + v) {n ~ m)ln (qv + r,) mln ~ {qv) n '\ 

Let the range of variation of m be extended to include all the real numbers. 
Computing the derivative of h(m ) by the methods of elementary calculus, we 
find at once that if log (1 + 77 ) + log (qy + 77 ) ^ 0 , then h'(m) > 0 for all m, 
so in this case the maximum of h(m) in the interval 0 g m ^ n occurs when 
n = ra. Since h(n) = 77 , we obtain the first part of (3.1). On the other hand, 
if log (1 + v) + log (<1V + y) < 0, then there exists a unique root m = m of 
the equation h'(m) = 0 in the interval 0 < m < n, and m is readily found 
to be the maximum point of h(m). The rather artificial-looking expression in 
the second part of (3.1) is simply h(m ), and k — m/n. 

It is apparent from the method of proof and from the order of magnitude of 
h(m) — h([m\) (where [m] denotes the largest integer in m) that the inequality 
cannot be essentially improved. The inequality is more convenient when stated 
in less explicit form. Since k is positive, the second expression in the third 
member of (3.1) is clearly dominated by [log 2 + log (1 + 1 /q)]/\ log 77 |. Thus 
we obtain the following corollary : 

Lemma 3.2. Let a \ , • • • , a n , 77 , and q satisfy the conditions in Lemma 3.1. 
Then there exists a number A q independent of n and 77 such that 

(3.2) II (a»; + 7 j) 1/n — IT al ,n ^ [j~“Tj • 

k - 1 k-l i I0g 7/ 1 

It happens that the right member of (3.2) reflects accurately the order of 
magnitude of the right member of (3.1) for small values of jj, because 
lim ,_ 0 (qv)‘ = 1 /e. 

We now apply these results to the fundamental polynomials w„(z). 

Theorem 3.1. Let z be a point of the complex z-plane such that z ^ a»"\ 
Jc = 1, . . . , n. Let D be a number such that | z — a* n> | ^ D, k — 1, • • • , n. 
If t is a point which satisfies the inequality \ t — z \ ^5, where 0 < 5 < D, and 
ifqbe chosen so that q& £ \ z — ai n) |, k = 1, • • • , n, then a number A q , D exists 
which is independent of n, z, t, and 5, such that 

wo rsi«.wr + (£!,. 
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For the proof, let a* = | z — a* n> |/Z), k = 1 , • • • , n, and rj = 5/Z). The 
numbers a* , 17 , and g satisfy the conditions of Lemma 3.1. Since 1 1 — a | ^ 

| s — a | + 5, we may write 

1 0>n«) r = ft \t - «i w> | 1/n ^ II (I* - ai n) I + 8) 1,n 

*-l fr-1 

= |co n (z) | 1/n + Z) [n (a, + n) m - n al ln 1. 

L*-i *-1 J 

The conclusion of the theorem now follows at once from Lemma 3.2. 

Theorem 3.2. Let C be an arbitrary closed point set of the extended plane ( not 
the entire plane ) mth interior points , and let the derivative of the set M be a limited 
set contained in the boundary of C. Let {zj} be an infinite sequence of finite in- 
terior points of C approaching a finite boundary point (3 of C. Then given any 
€ > 0, there exists a corresponding sequence \t 7 ) of points of the complement of C 
approaching /3, such that for all j > j(e), 

(3.3) | «„(*,•) | 1/n <; j co.fo) r + «, « > <j). 

ForletD = bound | z,- — a* n) |, j = 1, 2, • • • , k = 1, 2, • • • , n, n = 1, 2, • • • . 
Let 3«j/4 denote the distance from z,- to the boundary of C. By choosing j 
sufficiently large, say j > j(t), we can make t, so small that (in the notation of 
Theorem 3.1) Am, D /\ log | < e. There exists for each j a point tj in the 
complement of C such that | tj — z, | < . Moreover, for n sufficiently large, 
say n > n(j), \ Zj — a* n) | ^ , k — 1 ,•••,». The conditions of Theorem 

3.1 with g = |, 6 = «,• , are satisfied for each j > j(t), provided that « > n(j), 
and accordingly we obtain (3.3). 

In general, tj and z> cannot be interchanged in (3.3); that is, given a sequence 
{Zj\ in C approaching a boundary point of C, we cannot conclude that there 
exists a sequence {<,•) in the complement of C such that for ji > j(i), 

(3.4) II Un (Zj) | 1/B - I «»(<,) r I s «, n > n(j), 

where t > 0 is arbitrary. That this situation obtains can easily be proved by 
examples; it is attributable to the fact that an inequality such as (3.1), where 
the right member approaches zero with ij, is not available if g = 0. However, 
if C is a closed Jordan region bounded by a suitably restricted curve (the require- 
ments fall considerably short of analyticity), then the equicontinuity property 
of the sequence { | «„(z) | 1/B } expressed by (3.4) can be established by means of 
Theorem 3.1. We shall not need this equicontinuity property in the investiga- 
tion of this sequence which follows, so we shall not discuss the matter further. 

4. Applications of the inequality 

Let C be a closed limited point set whose complement K is connected; further- 
more, let us assume that C has interior points and that all limit points of the 
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set M lie on the boundary B of C. Suppose now that (1.1) holds at an interior 
point zo of C. There exists a maximal region Ro of C containing Zo ; the boundary 
of Ro is contained in B. If n is sufficiently large, the functions (log | w„(z) \)/n 
form a normal family of harmonic functions in any closed subregion of Ro . 
It is a simple consequence of Theorem 2.1 and 3.2 that each limit function of 
this family, or of the family | u„(z) | 1/n , is a constant, as we now shall show. 

Let W (z) be an arbitrary limit function of the family |«„(z) | I/B ; W{z) is de- 
fined by an equation of the following type: 


log F(z) = lim 

n oo 


log I av(z) I 


z t Ro, 


where n' runs through some infinite subsequence of the positive integers. If 
W (z) is not identically constant in Ro , then by the Principle of the Maximum 
for harmonic functions, there is an infinite sequence {z,} of points of Ro ap- 
proaching a point of B such that for some e > 0, W(zj) < F(z 0 ) - 2e, j — 
1, 2, • • • . But by Theorem 3.2, there exists a subscript J and a point tj in K 
such that 

I «„(</) | 1/n ^ K(z,) I 1 '" + «, n > n(J). 

Therefore 

lim |«n'(</) | 1/n ' ^ lim | u n '(zj) + t = W(zj ) + e < F(zo) — e; 

n '-*00 n '-*oo 


lim I -Mr < lim | Wb .(zo)| 1,b '. 

a *oo n'— *oo 


But the last inequality contradicts (2.2), so W(z) must be a constant. We are 
now in a position to state the following theorem : 

Theorem 4.1. Let C be a closed limited point set whose complement K is 
connected . Let all limit points of the set M lie on the boundary of C . Let Zq be 
some interior point of C, and lei Ro be the maximal region of C containing z 0 . If 

fim | L„[zo ; l/(f - 20)] | ,,B ^ 1, ttK, 

n— oo 


then 

(a) each limit function in Ro of the normal family (log | «„(z) | )/n is a constant; 

(b) for every function f{z) eA c , L n (z;f) — /(z) = 0(r"), r < 1, uniformly on 
any closed point set interior to Ro . 

Part (b) of the theorem is a simple consequence of part (a) of the theorem, 
and of Theorems 2.1, 2.2, and Remark (b) of §1. We leave the proof to the 
reader. 

The theorem is false if limit points of M are allowed to lie inside Ro . For 
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example, if C is the set | z | g 1, and if a* 2 "’ = e iwtkln , k = 1, • • • , n, al tn) = $, 
k = n + 1, • • • , 2n, then 


lim | u in (z) | 1/2n 


i(|z| \z - -ID*, M > i; 


lim L in (z;f) = f(z), \z - 1 1 ^ i/(z) « Ac ; 

n-*oo 


but the sequence {Z/ 2n (z;/)t, /(z) eAc , may diverge if | z — J | > J. 

The problem involved in the proof of part (a) of the theorem is typical of a 
class of problems arising in the study of interpolation by rational functions in 
the complex domain, in which certain properties of the sequence ||a> n (z) | 1/w ) 
are to be derived from other properties of this sequence known for z both in- 
terior and exterior to a closed set C . In dealing with such problems, the in- 
equality (3.3) may provide a useful tool. 11 The writer intends to discuss this 
matter elsewhere in more detail. However, it seems not out of place to mention 
an application of the inequality to a line of investigation which is related to 
Theorem A, but which is concerned with interpolatory series of rational func- 
tions with poles at the points M. 

Recently Lammel 12 has derived necessary and sufficient conditions that a cer- 
tain expansion of the type just described should converge interior to a Jordan 
region R to any function f(z) e A « , where R is the corresponding closed region. 
The points M are chosen on the boundary of R. In studying the necessity, his 
starting point essentially is the condition 


(4.1) 


lim 

n — 


\z - a I < 

CO n (z) | l/ " ~ 


lim 

n— *oo 


1 1 — a | 

MO 


which is to hold for all z e R and all t in the complement K of R, where a is 
some point of R. From this inequality he infers, by a rather complicated argu- 
ment, that 


(4.2) 


lim LI " I 

n-*oo | 6>n(0 | n 


= 1 , 


uniformly on any closed subset of K. But a line of reasoning similar to that 
used to establish Theorem 4.1a (the reader will have no trouble in supplying the 
details) will show that (4.2) is quite an immediate consequence of (4.1) and 
Theorem 3.2. Moreover in deriving (4.2) by this method, the restriction to a 
Jordan region becomes quite superfluous; indeed, R may be any region whose 
boundary is also the boundary of an infinite region. 13 


11 Another application of the inequality similar to the one in this section appears in the 
proof of Theorem 5.1b below. 

1S E. Lammel, loc. cit. 

18 It follows from this that Lammels Theorem 1 (loc. cit., p. 105) is true for such regions 

R. 
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5. The revised version of Theorems A and B 

We shall now prove Theorem A under the revised hypothesis (1.1), and also- 
Theorem B under this hypothesis, but with the necessary additional restriction 
on C that it be the closure of a region R whose boundary is also the boundary of 
an infinite region/ Our method of approach is indicated in the following, 
theorem: 

Theorem 5.1. Let R be a limited region whose boundary B is the boundary 
of an infinite region K. Let all limit points of the set M lie on B. Necessary 
conditions that every limit function in R of the normal family (log | «„(z) | )/n 
should be a constant are that 

(a) lim | w „(z) | 1/n = A, uniformly on any closed point set interior to R, 

(5 1) B->0 ° 

' where A is the transfinite diameter of R + B, 

(b) lim | «„(z) | 1,n = A | <p(z) |, uniformly on any closed limited point set 

n~* oo 

(5.2) interior to K, where w = ip(z) maps K conformally onto the region 
| V) | > 1 so that the points at infinity correspond to each other. 

If R is a Jordan region and if all the points M lie on B, then a further necessary 
condition is that the points M are uniformly-densely distributed on B. 

Put in another way, the theorem states that if the mean radii of the lem- 
niscates | u„(z) | = , n = 1, 2, • • • , passing through an arbitrary point z e R r 

approaches as n — > « a limit which is constant for all z e R, then this limit 
mast be the same as the limit of the mean radii of the minimal covering lem- 
niscates of R + B of respective degrees n. u 

Let f„(z) = (log |w n (z) | )/n. Let liv(z)j be an arbitrary convergent subse- 
quence of the family f»(z). The convergence of this subsequence is uniform in 
some neighborhood N of a point z\ e R, and the neighborhood is independent of 
the particular subsequence under consideration. Since the limit of the subse- 
quence is a constant, the two corresponding subsequences of partial derivatives 
with respect to x and y, z = x + iy, both converge uniformly to zero in N. lb 
Therefore 


Z(2- Off')" 1 

(5.3) lim -. = 0, uniformly, ztN. 

n '—*oo W 

But the sequence (f„-(z)} was arbitrary, so we are able to conclude that every 
limit function of the normal family of analytic functions [22* (z — al n) ) ’]/ n 
is identically zero in N. Therefore (5.3) is still true if n' is replaced by n. 

14 The latter limit is known to be A. Sec M. Fckcte, t)bcr die Vcrtcilung der Wurzeln 
bci gewissen algebraischen Gleichungen, etc., Math. Zeit., vol. 17 (1923), pp. 228-249. 
il W. F. Osgood, Lehrbuch dcr Funktioncntheorie, fifth edition, Leipzig, 1928, vol. I, 

p. 682. 
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Differentiating and using the Weierstrass Double Series Theorem, we obtain the 
equations 


(6.4) 


lira fR 

n-*oo 


a , E (ei - «l n) r 

*- 1 

n 


— 0, v — 1, 2, 3, • • • , 


where the numbers A, are any complex constants. 

Let z = t(w) be the inverse of the mapping function w = <p(z). The function 
<p(w) is analytic and single-valued for | w j > 1 and may be represented by a 
Laurent series of the following type: 


where | c \ 
( 5 . 5 ) 


Z — y//(w) = cw + E CkW *, c^fl, 

J 

= A. 1 ® Thus 


lim 

*-+oo 


z 


1 

<p( z) 


#>'(°°) 


= A. 


M > 1, 


Therefore the function l(z) — log j (zi — z)/<p{z ) |, when assigned the value 
log A at infinity, is harmonic for z eK; and if | <p(z) | is defined to be unity on B, 
l(z) is continuous in K + B. Invert the plane in the point Zi by means of the 
transformation z' = l/(zi — z), and let K’ be the image of K. The function 
Zi(z') = l(zi — 1/z') is harmonic interior to the limited region K' and continuous 
in the corresponding closed region R'. A theorem of Walsh 17 now states that 
given an arbitrary « > 0, there exists a harmonic polynomial P{z') such that 
| Zi(z') — P(z') | < «/4, z' e K'. The polynomial P(z') is an expression of the 
type Ao + E™ &(A,z"), where A 0 is a real constant and the A , are complex 
constants. In particular, we find that | ii(0) — P(0) | = | log A — A 0 1 < e/4. 
If we use this fact when we reverse the inversion, we obtain the inequality 


l(z) - log A - E &[Ay(zi - z) '] 


r-l 



ztK + B, 


or 


log | zi - z | - log A - E $U,(zi - z) '] 


r-l 



z t B. 


Therefore 

I E log i ft - «J B) i - log a - 1 E & \ a, E (zi - cc^r] I < * , 

n k - i n r-i L **-i J I ^ 

n - 1 , 2 , • • • . 


16 Fekete, loc. cit., pp. 237-240. 

17 J. L. Walsh, The approximation of harmonic functions by harmonic polynomials and 
by harmonic rational functions, Bull. Am. Math. Soc., vol. 35 (1929), pp. 499-544; p. 503. 
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Referring now to (5.4), we find that for all values of n sufficiently large, 

| (log | «„(zi) | )/n — log A | < «. Thus all the constant limit functions 
of the family (log | «„(z) |/n have the value log A, which means that 
lim n -, w (log | u n (z) | )/n = log A, z t R. Since the functions form a normal family 
in R, this limit is uniform on any closed point set interior to R. We have estab- 
lished part (a) of the theorem. 

A suitably chosen branch of the function [w„(z)] l/n /(A*^(z)), when defined to 
have the value unity at infinity (in accordance with (5.5)), is analytic in any 
closed subregion of K if n is sufficiently large, and is uniformly bounded in 
modulus in K, the bound being independent of n. Thus the functions: 
[w„(z)] 1/n /(A^(z)) form a normal family of analytic functions in any closed sub- 
region of K, if n is sufficiently large. Let 0(z) be a limit function of this family. 
Since | 0(°o) | = 1, it follows from the Principle of the Maximum that either 
1 8(z) | as 1, or else there exists an infinite sequence j t ,• } of points of K approaching 
a point of B such that lim,_ w | 0(tj) \ < 1. But Theorem 3.2 and part (a) of 
the present theorem show that the latter case is impossible. For if such a 
sequence {£,} existed, then (since lim,.,^ A \<p(tj) || 0(tj) [ < A) there would exist 
a number e > 0 such that | «„<(£,) I 17 ”’ < A — 2 «, n' ^ n'(j), j > j(t), where n' 
runs through some infinite subsequence of the positive integers. However, by 
Theorem 3.2, there exists a subscript J > j(e) and a point Zj « R such that 

|«n'(zj) | 1/n ^ |<0 B '(O) | I/n + f < A — 2t + t, n' > 

If we apply part (a) of the present theorem to the first member of this inequality, 
we obtain a contradiction at once. Thus every limit function of the normal 
family [ «»(z)] 1/n /(A^(z )) is a constant of modulus unity. This establishes part 
b of the theorem. 

The proof of the last part of the theorem is now a consequence of the work 
of KalmAr, 18 who showed in his proof of Theorems A and B that if R is a Jordan 
region and if the points M lie on B, then equation (5.2) implies that the points 
M are uniformly-densely distributed on B. 

Combining Theorems 4.1 and 5.1, we may state our revised version of 
Theorems A and B very briefly as follows: 

Theorem 5.2. Under the hypotheses of Theorem 5.1 concerning R and M, the 
conditions (a) and (b) of that theorem and the uniformly dense distribution of the 
points M are necessary conditions that at some point Zq t R, 

(5.6) 115 | L»[zo; l/(f - zo)] | 1/n £ 1, t*K- 

n— *oo 

Of course these necessary conditions are also sufficient that (5.6) hold. In- 


18 Kalmdr, loc. cit. See also Walsh, op. cit., pp. 168-170. 
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deed, in the light of Theorem B, it is seen that (5.6) or the hypotheses of Theorem 
5.1 are sufficient conditions that 

lim L n (z;f) = /6s), ztR + B, f{z) e A R+B) 

n-+ oo 

the convergence being not only uniform with respect to z, but “maximal.” 19 

The conclusions of Theorem 5.2 would be false if z 0 were a boundary point of 
R } or if R + B were replaced by any more general closed set of C of which Zo is 
an interior point, even if the complement of C were simply connected. The 
reader will have no trouble verifying these statements by means of trivial 
examples similar to the one in §4. 

It is perhaps of interest to observe that an alternative method of proof for 
Theorem 5.1 is available which in no way depends on Kalmdr’s work. The 
procedure consists in using a well-known necessary and sufficient condition of 
Weyl 20 that the points <p(ai n) ) be uniformly-densely distributed on the unit 
circle, together with equations (5.4), to establish the last part of the theorem 
first. Equations (5.1) and (5.2) for a Jordan region may then be obtained 
readily from the Gauss Mean Value Theorem. The validity of these equations 
can then be extended to the more general case by approximating the region R 
by means of its Green’s level curves. 

Cornell University. 

19 Walsh, op. cit., p. 154. 

» Weyl, loc. cit., pp. 313-316. 
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HILBERT DISTANCES AND POSITIVE DEFINITE FUNCTIONS 

By S. Bochner 
(R eceived January 20, 1941) 

I. Hilbert Distances 

If © is any topological space then a continuous complex function of two vari- 
ables f(P , Q) on © X © shall belong to class S J3 (positive definite functions) if 

1) m q ) - f(Q> p) 

2) /(P, P) = f(Q, Q) 
and 

3') for any integer n, any points Pi , • • • , P„ and any complex numbers 
pi , • • * , p„ the relation 

a) z m, pfoiK s o, 

<.j-i 

holds. 

The wider class ^J 0 shall consist of all those functions for which, other assump- 
tions being unchanged, the decisive inequality (1) is assumed to hold only subject 
to the restriction 

(2) E Pi = 0. 

»=1 

Just how much wider the class SJ3 0 actually is will be established under further 
assumptions. The real classes ^ and shall consist of all real-valued func- 
tions of these classes. 

We will call a function p(P, Q ) a distance function if p(P, Q ) = p(Q, P) ^ 0, 
p(P, P) = 0 and p(P, Q ) + p(Q, R ) ^ p(P, P). We call p(P, Q) a proper distance 
if P 9 * Q implies p(P, Q ) > 0. Introducing the real Hilbert space £> of sequences 
{£»}, {2/n} with the customary distance (T^n ( x n — yn) 1 2 y ,2 j we now call p(P, Q) 
a Hilbert distance on © if it is possible to map © into $ in such a way that the 
value of p(P, Q) shall be equal to the value of the latter distance for the trans- 
forms of P and Q. The following decisive criterion has been established by K . 
Menger and I. J. Schoenberg: 1 if © is separable , then p(P, Q ) is a Hilbert distance 
if and only if — p(P, Q) 2 belongs to . Also, Schoenberg discovered the fact 
that a function /(P, Q) belongs to % if and only if e x/(p,Q) belongs to $ for each 

1 See I. J. Schoenberg, Metric spaces and positive definite functions , Trans. Amer. Math. 
Soc. 44 (1938), 522-536. 

2 Positive definite functions on non-compact but commutative groups have been analyzed 
recently in A. Powzner, Doklady U.S.S.R., 28 (1940) 294-295, and D. Raikow, Doklady 
U.S.S.R., 27 (1940), 324-327 and 28 (1940), 296-300. 
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positive X, and he analyzed Hilbert distances on open euclidean and Hilbert 
spaces. 

In the present note we will investigate Hilbert distances for some types of 
general but compact separable spaces. We will obtain new relations between 
the classes and and structural criteria in terms of expansions in orthogonal 
systems. 2 

II. Compact Spaces with Bounded Measure 

Since f(P, Q) is continuous, if © is a finite interval, say, then condition 3') for 
< >P can be replaced by the following condition : 

3) for each integrable p(P) the relation 

(3) JJfiP, Qb(P)p(Q)dPdQ}zO 
holds; 3 and for relation (3) holds subject to the restriction 

(4) / p(P)dP = 0. 

This replacement of sums by integrals is admissible for more general spaces. 

Lemma 1. Conditions 3) and 3') are equivalent if a), © is both separable and 
compact y 0) there exists a Lebesque measure dP on © for which y) all Borel sets are 
measurable , 5) every open set has non-vanishing measure and e) the total space has 
measure 1. 

Proof: We first observe that © and © X © are each bi-compact, and that 
therefore every continuous function/(P, Q) is uniformly continuous and bounded. 
In the proof M will be independent of c. We will give the proof of the 
lemma for functions of , for functions of $ it is even simpler. Let 
f(P f Q) satisfy 3') and let p(P) be any function satisfying (4). Given e > 0 
we partition © into a finite number of Borel sets ©i , • • • , @ n such that/(P, Q) 
oscillates by less than e on each ©» X ©,* . Choosing an arbitrary point P< 

in ©* and putting p, = / p(P) dP we obviously have (2) and 

(5) Pi)PiPi - If f(P, Q)p(P)p(Q) dP dQ < eM. 

Letting e — » 0 we obtain (3). Conversely, if f(P, Q ) satisfies 3), and distinct 
points {P<} and numbers {p, j are given, and if (2) holds, then for e > 0, we pick 
a set of disjoint neighborhoods ©,■ of P, , such that/(P, Q) oscillates by less than 

e on each ©,• X ©, . Putting p(P) = — ^ for P c ©< , and p(P) = 0 

measure ©< 

for P e © — (©! + ••• + ©«), we have relation (2) and (5), and, by a limit, 
relation (1). 

* Whenever the range of integration ia not indicated it is the total aet to which the 
variable refera. 
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In what follows we will always assume that © satisfies the assumptions of 
the lemma. 

Theorem 1. If f(P, Q) belongs to ip, if <p(P) is continuous and c is a real 
constant, then 

(6) g(P, Q ) = f(P, Q ) + v(P) +m~c 
belongs to ^J 0 except for property 2). 

Conversely, if g(P, Q ) belongs to $ 0 , then there exists a continuous function 
<fi(P ) and a real constant c such that 

(7) f(P, Q) = g(P, Q ) - <p(P) -m + c 
belongs to except for property 2), as for instance 

(8) <p{P) = / g(P,Q)dQ 

(9) c = J <p(P) dP = ff g(P, Q ) dPdQ. 

Proof: The first part follows from the fact that (4) implies 

(10) / / <p(P)p(P)p(Q) dPdQ = f <p(P)p(P) dP. j p(Q)dQ = 0; 

the second part follows from the fact that (7), (8), (9) and X = J p(P ) dP 
implies 

//A- , Q)p(P)p(Q)dPdQ = fl g(P, Q) (p(P) - X)(p(Q) - X)dPdQ. 

We call a function f(P, Q) measure invariant if Jm Q ) dQ is independent 
of P. This leads to 

Theorem 2. A function g(P, Q ) belongs to the measure invariant class , 
if and only if it can be written in the form 

(id f(p, q) - m *) 

where f(P, Q ) belongs to the measure invariant class ip and <l> is any point of ©. 

We now assume the existence of a fixed transitive group S of continuous 
transformations of © into itself, and we assume that our measure is invariant 
under the operations of (£. We call a function f(P, Q ) group invariant if for 
all elements s of (£, f(sP, sQ) = f(P, Q), where sP is the transform of the point 
P under the transformation s. In particular f(sP, sP) = f(P, P). Now if P 
and Q are any two points, since our group is transitive there exists an element 
8 such that Q = sP. Thus from now onward property 2) of $ will be automati- 
cally fulfilled for any function f(P, Q) which is group invariant. In order to 
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emphasize the independence of f(P, P ) of the special point P we will designate 
it by /($, <$) where $ is any fixed point which is chosen appropriately. For 
instance if © itself is a group it is customary to take for # the identity element 
of the group. 

If f(P, Q ) is group invariant we also have 

<p(P) - / f(P, Q)dQ = f f(sP, sQ) dQ = I f(sP, sQ) d(sQ ) 

= f f(sP, Q)dQ = <p(sP), 

and this implies that <p(P) is a constant. In other words, if /(P, Q ) is group 
invariant it is also measure invariant. This leads to 

Theorem 3. A function gr(JP, Q) belongs to the group invariant class if and 
only if it can be written in the form (11) where /(P, Q ) is group invariant and 
belongs to 

A function p(P, Q) is a group invariant Hilbert distance if and only if it can be 
represented in the form 

VfW, <*) - /OP, Q), 

where /(P, Q ) is group invariant and belongs to the real class The function 
p(P, Q ) is a proper distance if and only if f(P, Q ) < /($, $) for P ^ Q. 

III. Group Invariant Functions 

In the present section we will supplement Theorem 3 by statements involving 
expansions in orthonormal systems. An orthonormal system (<p»(P)| is of 
course defined by the property 

J <p m (P)<p n (P) dP = $ mn ; 

the orthonormal system we will consider will automatically consist of continuous 
functions and it will be complete both in the space of continuous functions and 
in the space of integrable functions. 

The simplest space © is the torus 0 ^ x < 2tt with the group of translations 
on it. Any continuous function f(x, y) on © X © has a Fourier expansion 

(12) E o». n e ,m *e- <n> . 

m,n 

Group invariance means that f(x, y) - f(x + s, y + s) and this implies 

Om,n — Om, n e 

Thus, a m>B = 0 if m ^ n, and (12) has the form 

(13) ± 
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Now fix, y) belongs to $ if and only if a m is real and ^ 0, and E a n < <* ; 
fix, y) is real if and only if a_ m = a m . Thus, by Theorem 3, p(x, y) is a Hilbert 
distance if and only if it is the square root of an expression 

(14) E Om(2 - e im( *~ v) - = E a m (e imx - e imv ){e~ imx - e~ imv ) 


where 

(15) 


On ^ 0 and E °>» < 00 • 


If we prefer to look upon p{x, y) as a function of the one variable x — y it is 
more appropriate to write (15) in the form 

op oo / \ 2 

(16) 2 E «m(l - cos m{x - y)) = 4 E «U ( sin ^ (z - y) ) . 

m-1 m-1 \ l ) 

This result can be extended to our spaces in general in terms of expansions 
into “generalized spherical harmonics” as given by E. Cartan and H. Weyl. 4 
If © is a space satisfying lemma 1 with a transitive group (S of motions then 
there exists on © a complete orthonormal system of continuous functions of the 
following description: 

(i) corresponding to each k, k = 0, ±1, ±2, ±3, • • • there exist a finite rectan- 
gular system of functions <Pk,mn(P) with 

m = 1, •••,/,/ = l(k); 

(17) 

H = 1, • • • , h, h = h(k), 

and a quadratic system of functions Uk,ma(P) on S with m, a = 1, • • • , l = 
l(k) f such that 

i 

(18) <Pk,mn(.sP') ~ ^ ^ Uk,maXs) ( Pk,an(P') • 

a=l 

(ii) For each fc, Uk,ma(s ) is an irreducible unitary representation of (S, and for 
different values of k the representations are incquivalent. 

(iii) for k = 0, l = h = 1, and (po,n(P) = 1, u 0t n(s ) = 1; also Z( — k) = l(k ), 
h( — k) = /i(fc), and 


V~k,mp{P) — Vk,mp[P) y A:,ma(s) — 'Wfc,ma(s). 

Now the system of functions 

<Pp t mn(P) *<Pq,nv{Q) 

is an orthonormal system on © X ©, and thus f(P } Q ) has an expansion 
(19) £ Qpq ,m/i , nr *Pp ,mp (F) (fq , nr iQ). 


4 H. Weyl, Harmonics on homogeneous manifolds, Annals of Math., 35 (1934), 486-494. 
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Replacing P and Q by sP and sQ respectively and using (18) we obtain as a 
necessary and sufficient condition for group invariance the system of relations 


_ V ^ 

a pq,an, fir — 2—! 2—1 a : 


ll t nv Wp,*Ml ($) Uq , n0 (&) 


and this is equivalent with 


«(S) 

Q'pq,ctn,np'M'q 


,0 n($) — ^2 O>pq,mp,0p Wp, ma ($). 
m— 1 


Since the functions {^(s) J are linearly independent the comparison of coefficients 
on both sides of (20) will show that a pq , mii , n p vanishes if p j* q or if m n, and 
that for p = q and m = n its value is independent of m. This leads to writing 
(19) in the form 


00 /h{k) 

E (E 

*-■—00 \/u,k— 1 


dk,pv <Pk tf ir(P y 


where 


(pk,^(P y Q) = X) <Pk,mp(P)<Pk,mr(Q)- 

m-1 


We can now express the properties of ^ in terms of the coefficients a k , p¥ . Prop- 
erty 1) of simply means that for each it, the matrix 

(23) | a ktflP | Ml *-i 

is hermitian. Property 2) is automatically fulfilled, and property 3) means that 
(23) is non-negative definite. In fact putting in (3) 


p(P) jiZ2 %ii<Pk,mii{P) 


we obtain 


(24) 22 dk'VpXnXy ^ 0. 

Conversely if p(P) is a finite sum of the form 

(25) Z ,i nii<fip,mit(,P) 


the left side of (3) is 


T> ( Z Od.i 


,ftt> 4sp mu */p t i 


and this is 0 if (24) holds. But finite sums of the form (25) are dense in the 
family of all function p(P) and thus (24) implies property 3). Finally by 
property (iii) of {^(P)), f(P, Q) is real if and only if 


(^k,vp — &—k,pp • 
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Thus a function /(P, Q ) of the real class has an expansion of the form 


00 / h(k ) 

( 27 ) do + 2 ( 2 a k tf tp((pk ft iv(P , Q ) + <Pk,tL V {Pj Q ) 

where each matrix (23) is a semi-definite hermitian matrix. Before proceeding 
we require the following 

Lemma 2. There exists an array of real numbers r n%k , n = 1, 2, • • • , k = 0, 
d= 1, d= 2 y " - , with the following properties: (i) 0 S r n , k g 1, (ii) lrnin-^rn,* = 1, 

(iii) for each n only a finite number of coefficients r n , k is ^ 0, and what is decisive , 

(iv) if (21) is the expansion of a continuous function /(P, Q), then the sequence of 
functions 

(28) fn(P f Q ) 2=5 2 k( S a k,pv <P k ,iiv{Pj Q)\ 

k—-ao / 


is uniformly convergent towards /(P, Q) as n — > <*> . 

The proof of the lemma can be carried out along familiar lines and will be 
omitted. 6 

Now, if (23) is hermitian the number 

h 

h k = X) a> kl nv (p k)fiV (^j $) 


is ^ 0 and 


therefore 


^ O'k.nv *Pk,nvi,P ) Q) 


^ X* ; 


E r».*X* g /„($, <t>) ^ A/ 

— oO 


where M is independent of n. Letting n — * °° we obtain 2* ^ M, and we 

hence conclude that the series (21) and (27) are absolutely and uniformly con- 
vergent. Therefore we have for 


/(*, *) - m Q) - \f(P, P) + hf(Q, Q) - m Q) 


the series 

(29) 
where 

(30) **.„(P, Q ) 



CLk,n,ik*,(P , 



Hk) 

2 (fPh.mniP) — <Pk (<Pk .mriP) V , *.m»(Q))' 

m—1 


* See S. Bochner and J. v. Neumann, Almost periodic functions in groups, Trans. Amer. 
Math. Soc., 37 (1935), 21-50, esp. Part III; H. Weyl, loc. cit., p. 498-499. 
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Altogether, on the basis of Theorem 3 the following theorem can now be easily 
verified. 

Theorem 4. A non-negative function p(P, Q) is a group invariant Hilbert 
distance if and only if its square is an absolutely and uniformly convergent series 
of the form (29) in which such matrix (23) is non-negative hermitian and has 
the value (30). 

We observe that our series (29) is a generalization of series (14). 

Theorem 5. The Hilbert distance of Theorem 4 is certainly a proper distance 
if each matrix (23) is strictly positive definite . 

Proof: In fact, if (23) is strictly positive then p(P, Q) can only vanish if for 
each k , m, a 

<Pk,ma(P) “ <pk,ma(Q ) = 0. 

But the latter fact implies that every continuous function on © assumes equal 
values on the points P and Q, and this can only happen if P and Q are identical. 

IV. Some Specific Cases 

Formulas (27) and (29) are greatly simplified if for all values of k we have 
h(k) = 1. In this case we can write 

f(P , Q) = Go + 2 a k(<fk(P> Q ) + <p*(P, Q )) 

fr-i 

where 

l(k) 

(31) <Pk(P, Q) + <PA;(P, Q) = 2 ( <Pk,m(P)<Pk,m(Q ) + <Pk y m(P)(Pk,m(Q)) \ 

m— 1 

also the expression 

(32) L a k { 2<p k (*, $) - ^(P, Q) - n(P, Q)) 

Jfc-l 

for p(P, Q) 2 shows a strong resemblance to the left side of (16). The resemblance 
is most pronounced if © is the (m — 1) -dimensional unit sphere in m-dimensional 
Euclidean space. In this case (31) is but for a numerical factor depending on 
k (and m) the expression 

n x) (co S &) 

where I * X) is an ultraspherical polynomial; X = m — 2/2, and & is the geodesic 
distance between the points P, Q. The expression 

E b k T?\ costf) 

Jfe-0 

with b k ^ 0 and E* b k T k '\ 1) < oo , for the most general positive definite func- 
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tion depending on the geodesic distance alone, has been given previously by 
Schoenberg.® 

More special than the assumption h(k) = 1 is the assumption l(k) = 1. It 
corresponds to the case of the group S being an Abelian group, and in this case 
we simply have 

f(P, Q) - Z + nMM) 

Jfc-0 

with a* ^ 0. 

The symbol sP is a real multiplication of P by s if © is a group space (in which 
case we write x, y , etc. instead of P, Q, etc.) and S is its group of left transforma- 
tions x — > sx . Our assumptions concerning © are now that © is a compact 
separable group, the invariant measure on it being now uniquely determined. 
In this case, h(k) = l(k) and but for the factor l(k) 112 , <pk,»»(x) is Uk,^(x). Since 

i i 

X) Uk t mp(x?) , Uk t rnv(y) = XI V'k,vm(y )Uk,mnix) 

to— 1 to— 1 

we see that, except for the factor Z(fc), 

<Pk.„, (x, y) = Uk^iy-'x), 

and hence we obtain the following result. 

Theorem 6. If S is a compact separable group , then fix , y) is a left invariant 
member of $ if and only if fix, y) = f{y~'x) where 

ao l(k) 

(33) f(t) = 23 23 bk^Uk^it); 

/c=» — 00 /A. V“1 

the matrix \ bk,^ | being non-negative hermitian and the series (33) in k being 
absolutely convergent . 

In order to obtain right invariant functions we have to put t = yx~\ Our 
function is invariant on both sides if f(&~ l y~ l xs) = f{y l x) that is if fit) is a class 
function. For class functions the expansion (33) depends only on the group 
characters 

i 

XkiO = 23 

w-1 

Thus we obtain 

Theorem 7. If (S is a compact separable group, then fix, y) is a group invariant 
member of if and only if 

00 

fix, y) = Yj bkXkiyx -1 ) 

A— oo 

6 I. J. Schoenberg, On positive definite functions on spheres. Bull. Amer. Math. Soc., 46 
(1940), p. 888. 

7 See Bochner-von Neumann, loc. cit. 
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where 6* ^ 0, and 2* &*x*(l) < 00 ; and p(a, 2/) as a group invariant Hilbert dis- 
tance if and only if 

»(,.,)■- 1 4 - ^4^ ) 

icz7/i c* ^ 0; function p(x, y) is certainly a proper distance if all Ck are > 0. 

V. Isometric Imbedding of Riemannian Space into Hilbert Space 

In the present section we will draw a conclusion from Theorem 5. We assume 
that our space © is a coordinate space of class C r , r 2, (continuous partial 
derivatives of order ^ r), or (derivatives of every order) or C u (analytic 
coordinates), and we further assume explicitly that the functions {^*. W# ,(P)} 
belong to the same class. By choosing the coefficients of the matrix (23) suffi- 
ciently small we can obtain a series (29) whose sum will belong to the same 
class on © X ©. Now, by a general theorem, 8 such a distance can be generated 
by a Riemannian metric. Altogether we have the following 

Theorem 8. If © is a compact differentiable manifold ( of arbitrary dimension 
and) of class C r , r ^ 2 , or , or C u , if E is a fixed transitive group of homo - 
morphisms on it , and if the corresponding generalized spherical harmonics {(pk,m^(P ) } 
belong to the same class, then there exists on S a group invariant positive definite 
Riemannian metric of class C r _ 2 , or , or C „ for which the given space can be 
isomctrically imbedded in real Hilbert space. 

Princeton University. 


8 S. Bochner, Differentiable and Riemann metric , Duke Math. Jour., 4 (1938), 51-54. 
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UNITARINVARIANTE HYPERMAXIMALE NORMALE OPERATOREN 

Von Hidbqor6 Nakano 
(Received November 30, 1939) 

Unitarinvariante hypermaximale Hermitesche Operatoren im Hilbertschen 
Raum sind schon in mehreren Formen gegeben. 1 Ich will in dieser Arbeit Uni- 
tarinvariante hypermaximale, normale Operatoren im Hilbertschen Raum § 
in einer anderen Form geben. 

Massoperatoren E(Z) cines hypermaximalen, normalen Operators bilden einen 
abgeschlossenen, Abelschen Ring SR von Projektionsoperatoren, dessen Defini- 
tion in der friiheren Abhandlung 2 * * * * gegeben ist. Zuerst definieren wir die Dimen- 
sion eines abgeschlossenen, Abelschen Rings. Fur einen hypermaximalen, nor- 
malen Operator N kann man die komplexe Ebene G in cine Folge von Mengen Z * , 
Zi , Z 2 , • • -derart zerlegen, dass je zwei der ,Zi,Z 2 , • • • keinen gemeinsamen 
Punkt besitzen, und derails alien Projektionsoperatoren E(Z) {Z CZ n ) gebildete, 
abgeschlossene, Abelsche Ring SR n von der Dimension n ist. Diese Zerlegung 
ist bis auf eine Nullmenge liber E(Z) eindeutig bestimmt. Diese Zerlegung Z „ , 
Z \ , Z 2 , • • • nennen wir das Spektralsystem des hypermaximalen, normalen 
Operators N . Dafiir, dass zwei hypermaximale, normale Operatoren N\ und N 2 
unitar Equivalent seien, ist es notwendig und hinreichcnd, dass die Klassen der 
Nullmengen und die Spektralsysteme von Ni und N 2 miteinander iiberein- 
stimmen. 

1. Dimension von Ring. Abgeschlossene Abelsche Ringe nennen wir kurz 
Ringe. SR sei ein Ring , d.h. je zwei Projektionsoperatoren P und Q in 9? sind 
vertauschbar , P — PQ gehort zu SR, und fur jede Folge Pi , P 2 , • • • in SR gehoren 
Pi + P 2 4- • • • und P\P 2 • • • beide zu SR. 

Definition 1. Ein Projektionsoperator K heisst mit einem Ring SR ver- 
tauschbar , wenn jedes P in SR mit K vertauschbar ist. 

Definition 2. Wenn ein Projektionsoperator K mit einem Ring SR ver- 
tauschbar ist, so bilden KP (P t SR) auch einen Ring, welchen wir den Nebenring 
von SR nennen. 

Da § separabel ist, kann man leicht beweisen, dass die Summe 53 {P} auch 

P c 9t 

zu SR gehort. 8 Diese Summe nennen wir den Maximaloperator des Rings SR. 

1 Vgl. M. H. Stone, Linear Transformations in Hilbert &pace, New York (1932). F. 

Wecken, Unitdrinvarianten selbstadjungierter Operatoren , Math. Annalen, 116 (1939). 

* H. Nakano, tfber Abelsche Ringe von Projektionsoperatoren , Proc. of the Phys.-Math. 

Soc. of Japan, 21 (1939). 

* fi , f t , • • • sei tlberall dicht in und P n i , Pn % , • • • sei eine Folge von Projektions- 

667 



658 


HIDEG0H6 nakano 


Indem man den Maximaloperator von 9t mit M bezeichnet, kann man leicht 
einsehen, dass zwei Nebenringe iC9l und L91 dann und nur dann tibereinstimmen, 
wenn KM = LM ist, da der Ring K$t offenbar mit dem Ring KMW, tiber- 
einstimmt. 

Definition 3. Zwei Nebenringe #9? und L91 heissen isomorph , wenn fur 
jeden Projektionsopcrator P in 91 KP = 0 mit LP = 0 gleiche Bedeutung hat. 

Definition 4. Zwei Nebenringe i£9t und L9t heissen zueinander orthogonal, 
wenn fur je zwei Projektionsoperatoren P und Q in 9t stets (. KP)(LQ ) = 0 ist. 

Man kann leicht einsehen, dass zwei Nebenringe KW und L9? dann und nur 
dann zueinander orthogonal, sind wenn ( LM)(KM ) = 0 ist. 

Definition 5. Wenn n Nebenringe KiW, K 2 % . . . , X n 9t eincs Rings 91 alle 
mit 9i isomorph, und je zwei von K$l, K 2 9 ?, • • • , K n 91 zueinander orthogonal 
sind, und noch n + 1 solche Nebenringe nicht existieren, so heisst n die Minimal- 
dimension von 9?. Wenn beliebig viele solche Nebenringe existieren, so heisst 9? 
von der Dimension oo . 

Definition 6. 9 X soi ein Ring. Wenn fur jedes P in 91 die Minimaldimension 
des Nebenrings P91 stets n ist, so heisst 9? gleichmdssig dimensional mit der 
Dimension n. 

Aus den Definitionen folgt sofort der folgende 

Satz 1. Wenn die Minimaldimension eines Kings 91 grosser als n ist, so ist die 
Minimaldimension des Nebenrings P91 fur jedes P in 9? auch grosser als n. 

Satz 2. Wenn die Minimaldimensionen von endlich oder abzdhlbar unendlich 
vielen Nebenringen L$i, L 2 91, • • • alle grosser als n sind , und LiLj = 0 (i ^ j) 
gilt , so ist die Minimaldimension des Nebenrings (U + /> 2 + • • • ) 91 auch grosser 
als n. 


Beweis: Nach Voraussetzung gibt es n + 1 zueinander orthogonale Neben- 
ringe Kj l) Li9t, Kf ] Li% • • • , K\ nW Li% welche alle mit L&t (i = 1,2,...) 
isomorph sind. Dann sind n + 1 Nebenringe (UK\ l) + L 2 K 2 l) + • • • )91, • • • , 
(LiKi n+l) + L 2 K 2 n+l) + • • • )9t offenbar zueinander orthogonal, und sic sind so- 
gar alle mit (U + U + ... )9J isomorph, denn, aus (UK[ J) + L 2 K 2 3) + • • • )P = 
0 (P € 9?) folgt U K[ J) P = 0, L 2 K { 2 3) P = 0, • • . , und weiter UP - 0, UP = 0, • . . , 
folglich (U + U + • • • )P = 0, und umgekehrt folgt aus (U + U + • • • )P = 0 
(P c 91) offenbar (U K[ 3) + L 2 K 2 3) + • • • )P = 0. Daher ist die Minimaldimen- 
sion des Rings (U + U + • • • )91 grosser als n. 

Satz 3. Wenn die Minimaldimensionen von endlich oder abzdhlbar unendlich 


vielen Nebenringen Za91, L 2 91, • • • grosser als n sind, und je zwei von U , U , • • * 


operatoren im Ring >R, derart dass 

lim II PniU II = l.U.b. II Rfn II 

t— *co R t 9? 

ist. Setzt man P n = P*7 > so ist Pi P2 2a • • • , und alle P n gehoren zu 91. Folglich 

i,i£n 

gehort lim P n » M auch zu 9?, und es gilt || Mf n || « l.u.b. || Rf n || (» -» 1, 2, • • • ). Daher 

n— *oo R c 91 

ist M der Maximaloperator in 91. 
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miteinander vertauschbar sind, so ist die Minimaldimension des Nebenrings 
(Li -j- 1/2 4* • • • )9? grosser als n. 

Beweis: Setzt man 

Ln ~ L n L n (Li -j- L 2 + • • • + L n —l)y 

so gilt 

LiLj = 0 (i j) 

, Li -f- Li 4“ • • • = Li + Li + • • • , 

und nach dem Satz 1 ist die Minimaldimension von L n auch grosser als n. 
Daher folgt dieser Satz sofort aus dem Satz 3. 

Satz 4. Wenn ein Ring 9? von der Minimaldimension n ist , so gibt es zwei 
Projektionsoperatoren P und Q in 9f, derart dass PQ = 0, der Nebenring P9t 
gleichmdssig dimensional mit den Dimension n, die Minimaldimension des 
Nebenrings Qdl grosser als n ist, und P + Q mit dem Maximaloperator M von 9f 
ubereinstimmt. 

Beweis: Wenn 9J gleichmassig dimensional mit der Dimension n ist, so 
braucht man nur P = M zu setzcn. Im anderen Falle bilden alle Projektions- 
operatoren R in 9J, fur welehe die Minimaldimension des Nebenrings R$l grosser 
als n ist, nach den Siitzen 1 und 3 einen Unterring 9i\ von 9t Bezeichnet man 
den Maximaloperator von 9u mit Q, so gehort Q zu 9u , und die Minimaldimen- 
sion des Nebenrings Q9i ist grosser als n , und fur P = M — Q ist der Nebenring 
P9t offenbar gleichmassig dimensional mit der Dimension n. 

2. Unitarinvarianz. Es sei N ein hypermaximaler, normaler Operator mit 
dem Massoperator E(Z). Wenn man mit 9? den aus alien E(Z) gebildeten Ring 
bezeichnet, so kann man nach dem Satz 4 die komplexc Ebene G in abzahlbar 
unendlich viele, messbare Punktmengen Z x , Z\ , Z 2 , • • • derart zerlegen, 
dass der Nebenring E(Zi)M gleichmassig dimensional mit der Dimension 
i(= oo, l, ... ) ist, und G = Z„ + Zi + Z 2 + • • • , Z X Z , = 0 (i * j ) gilt. 
Diese Zcrlegung Z^ , Zi , Z 2 , - - • der komplexen Ebene G nennen wir das 
Spektralsystem des hypermaximalen, norma Ion Operators N . Man kann leieht 
einsehen, dass das Spektralsystem bis auf eine Nullmenge fiber E(Z) eindeutig 
bestimmt ist. 

Satz 5. Dafiir, dass zwei hypermaximale normals Operatoren N 1 und Ni unitar 
aquivalent seien, d.h. dafiir, dass fur einen passenden unitdren Operator N\ = 
U*NiU bestehe , ist es notwendig und hinreichend , dass die Klassen der Nullmengen 
und die Spektralsy stems von Ni und N 2 bis auf eine Nullmenge ubrreinstimmen . 

Mit Ei(Z) und E 2 (Z) bezeichnen wir den Massoperator bzw. von Ni und 
N 2 . Wenn fur einen unitaren Operator U Ni = U*N 2 U ist, so crhalt man nach 
der Eigenwertdarstellung 

[ z d(Ei(Z)f, g) - f zd(U*E 2 (Z)Uf, g) 

Jo j o 
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fiir jedes / im Definitionsbereich von Ni und jedes g in £, folglich nach der 
Eindeutigkeit des Massoperators 

E X (Z) = U*E 2 (Z)U. 

Daher kann man leicht einsehen, dass die Klassen der Nullmengen liber E X (Z) 
und E 2 (Z) und die Spektralsysteme von N x und N 2 bis auf eine Nullmenge 
tibereinstimmen. 

Fur den Beweis der Hinreichendheit brauchen wir folgende Hilfssatze. 
Hilfssatz 1. 9t set ein Ring mit dem Maximaloperator M. Es gibt mindestens 
ein Element f in $ der art, dass filr jedes R(^ 0) in 3t stets Rf 5* 0 ist. Ein solches 
Element f nennen wir ein eigentliches Element in bezug auf 9?. 

Beweis: Da $ separabel ist, gibt es eine Folge von Elementen /1 , f 2 , • • • 
derart, dass $ von /1 , f 2 , • • • aufgespannt wird, und || fi || 2 + || f 2 || 2 + • • • kon- 
vergiert. Alle Projektionsoperatoren R in 9J, fur wclche Rf n = 0 ist, bilden 
zusammen einen Unterring 9t n von 9f. Wenn man den Maximaloperator von 
SR n mit E n bezeichnet, so kann man leicht einsehen, dass 5R n mit dem Nebenring 
ErSSt ubereinstimmt. Daher ist (M — E n )Rfn 5* 0 fur jedes R in wenn 
(M — E n )R 5* 0 ist. Setzt man E' n = E X E 2 • • • E n , so konvergiert 

(M - E[)f x + (E[ - E’ 2 )f 2 + (E' 2 - Et)f 3 + • • . 

nach^einem Element f Q , da || (E'-i - K)U || 2 ^ ||/ 3 || 2 ist, und ||/i|| 2 + 
II/2II 2 + ••• konvergiert. Dieses Element fo ist ein eigentliches Element in 
bezug auf % denn, wenn fur einen R in 9J Rf 0 = 0 gilt, dann ist zugleich 

(M - E[)Rf 0 = 0, (El - El)Rf 0 = 0, (El - El)Rf 0 = 0, . . . , 
folglich muss 

(M - E[)R = 0, (M - E 2 )(E[ - El)R = 0, (M - E,)(E’ 2 - E[)R - 0, . . . 
sein. Da 


(M - E n )(E'^ - E' n ) = (M — E n ){E, . ■ . E n _, - E, ■ ■ ■ E n -,E n ) 

= E x • • • E n -i - E, . • • £„_>£„ = E ’ n . , - E' n 

ist, erhalt man 

(M - E' n )R = 0, d.h. MR = E'„R 


folglich 


MR = R lim E ' n . 

n- r*oo 


Andererseits gilt (lim E' n )fi = 0 (f = 1, 2, ...), und /i . spannen $ 

n-+ co 

auf. Daher muss lim E r n = 0 sein, folglich R = MR = jR(lim E'„) = 0. 

o n-»oo 

Definition 7. Zwci in bezug auf 9i eigentliche Elemente / und g heissen 
eigentlich orthqohal, wenn fiir jedes R in g ) = (/, Rg) = 0 gilt. 
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Definition 8. SR sei ein Ring mit dem Maximalopcrator M . Wenn fur n 
eigen tliche Elemente/i ,/t ,•••,/« (n = x , 1, 2, • . .), von denen je zwei zuein- 
ander eigentlich orthogonal sind, die abgeschlossene lineare Mannigfaltigkeit des 
Maximaloperators aus alien {Rf x , Rf 2 , • - • , Rf n ) (R e SR) aufgespannt wird, so 
heisst /i ,/*,•••, /» ein Basensystem des Rings SR. 

Hilfssatz 2. TFenn ein /fan# SR mit dem Maximalopcrator M gleichmassig 
dimensional mit endlichcr Dimension n ist ) so besitzt SR ein Basensystem, das aus 
n eigentlichen Elementen besteht. 

Beweis: Da die Dimension von SR n 1st, so gibt es zueinander orthogonale, 
mit SR isomorphe Nebenringe ii\SR, K 2 R, • • • , K n SR mit den Maximalopera- 
toren K \ , K 2 , • • • , K n . Wenn man mit /»■ ein eigen tliehes Element in bezug auf 
X t '5R bezeichnet, so sind je zwei der Kifi , /C 2 / 2 , • • • , K n f n offenbar eigentlich 
orthogonal, und Kifi ist ein eigentliehes Element in bezug auf if, -SR. Bezeichnet 
man mit Ki den Projektionsoperator der von alien { RK } (R e SR) aufgespannten, 
abgeschlossencn, linearen Mannigfaltigkeit, so 1st offenbar M ^ K\ + R 2 + 

• • • + K n .Wenn M — ( K\ + K<i + ■ • ■ + Kn) 9 * 0 ist, so bilden alle Projek- 
tionsoperatoren R in SR, fur die [M — ( Ki + K 2 + • • • + K n )]R = 0 ist, einen 
Ring mit dem Maximalopcrator Ro , und es ist M — Ro 5 * Q. Dann ist die 
Minimaldimcnsion von (M — iio)SR grosser als n, was unmoglich ist, da SR 
gleichmassig dimensional mit der Dimension n ist. Daher ist M = K x + K 2 + 

• • • + K n d.h. / 1 , / 2 , • • • , ist ein Basensystem von SR. 

Hilfssatz 3. Wenn ein Ring 5R mit dem Maximalopcrator M ein aus n 
Elementen bestehendes Basensystem f x , / 2 , • • • , f n besitzt , so ist SR von der Mini - 
maldimension n. 

Beweis: Wenn man mit SIR die dem Projektionsoperator SIR entspreehendc, 
abgeschlossene, lineare Mannigfaltigkeit bezeichnet, so gibt es einen hyper- 
maximalen, normalen Operator N in SIR, dessen Eigenring mit SR ubereinstimmt. 4 
Fiirjedes/oin SIR lasst sichjedes Element in der aus alien Rfo(R c SR) aufgespann- 
ten, abgeschlossencn, linearen Mannigfaltikeit in der Form <J>(jV)/<> darstellen, 
wo $(N) eine Funktion von N f und $(N)fo sinnvoll ist. 5 Da Mf x , Mf 2 , • • • , 
Mf n auch ein Basensystem von SR ist, so kann man annehmen, dass f x , f 2 , • • • , 
f n alle zu SIR gehoren, und wir betrachtcn daher nur den Raum SIR. Wenn die 


4 Satz 8 in der Abhandlung: H. Nakano, Ober Abelsche Ringe von Projcktionsoperatoren, 
Proc. of the Phys.-Math. Soc. of Japan 21 (1939). 

6 Vgl.M.H. Stone, Linear Transformations in Hilbert Space, New York (1932). Man kann 
es auch wie folgt einsehen: Alle iiber E{Z) messbare Funktionen $(z), fur die das Integral 

I 1 $(z) I I 2 d || E(Z)fo || 2 konvergiert, bilden nach dem Riesz-Fisherschen Satz einen Hil- 

Jg 

bertschen Raum mit dem inneren Produkt / &i(z)4>i(z) d || E(Z)fo || 2 . Dieser Hilbertsche 
Raum ist mit der aus alien 4>(A)/ 0 bestehenden, linearen Mannigfaltigkeit isometrisch, da 




*1 («)♦*(*) d || E(Z)f 0 || 2 ist. Daher bilden <KAT)/ 0 eine abge- 


schlossene lineare Mannigfaltigkeit, die offenbar von alien E(Z)f Q aufgespannt wird. 
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Minimaldimension von 9? grosser als n ist, so kann man wie im obigen Beweis 
leicht einsehen, dass zueinander eigentlich orthogonale Elemente <pi , <P 2 , • • • , 
<p m (m > n) existieren. Da 9 Jl von alien {Rfi , Rfa , • • • , Rf n \(R « 9?) aufges- 
pannt wird, so kann man schreiben: 

ipl = $il/l + * • * + $ln/n 

(*) (m > n) 

<Pm = $ml/l + • * * + $mnfn 


wo passende Funktionen von N sind, daher sind $./ alle hypermaximal, ihr 

Eigenring ist in 9? enthalten, und je zwei der \ J* 9 Jsind mit- 

\J ~ • * ' > n / 

einander vertauschbar. Da <!>»•/ hypermaximal ist, so gibt es fur jede positive 
Zahl p einon Projektionsoperator Rif ) in 9? derart, dass || QijRiff || ^ p || fiifV || 
ftir jedes / in 3D?, und lim Rj p) — M ist. Sctzt man R (p) = IT Rif\ so gilt 

p— ♦» * ; 

lim 7£ (p) = M. Daher ist /£ (p) 0 fiir eine geniigend grosse, positive Zahl p, 

P-+00 

und $ijR (p) sind alle beschrankt. Aus (*) erhalt man 

/£ (p Vi = *nR (p) fi + • • • + *mR {p) fn 

(m > n) 

= *ml« (J °/i + • . - + *mnK {P) fn 


wobei R (p) <Pi j* 0 (i = 1, 2, - • • , m) ist, da alle <pi , ^ 2 , • • • , <Pm eigen tliehe 
Elemente in bezug auf 9f sind. Daher versehwinden nicht alle Opcratoren$i,f2 (p> 
identisch in ffl?. Nun kann man wie in der Algebra beschrankte Operatoren 'h , 
4> 2 , • • • , 'km in der Form von Determinanten mit den Elementen 4> u /£ (p) derart 
bestimmen, dass 

tylR (p) <Pl + ^2R {P \>2 + • • • + = 0 


ist, und nicht alle 4>i/£ (p) , 4^ R (p) , • • • , 4> m /£ (p) identisch in $? versehwinden. 
Da je zwei der pi , <p 2 , • • • , <p m zueinander eigentlich orthogonal sind, so kann 
man durch Eigenwertdarstellung leicht einsehen, dass je zwei der 'ki/£ (p Vi , 
^ 2 R (p) <P 2 , • • • , ^mR ip) <Pm zueinander orthogonal sind. Daher muss 

= 0, >k 2 ft (P V 2 = 0, • • . , * m ft (P V m = 0 

sein. Da nicht alle Operatoren 4>i R ip \ 'k 2 /£ (p) , • • • ,V m R (p) identisch verschwin- 
den, kann man annehmen, dass M>i R (p) nicht identisch verschwindet. Dann 
gibt es einen Projektionsoperator 7£i ( 5 ^ 0) in 9?, sodass fur jedes / in 9)? aus 
Rif t 6 0, R ip) Rf 0 folgt, da 'ki R {p) auch eine Funktion von N ist. Ftir 
dieses Ri gilt ViR ip) Ri<pi = 0, folglich R x <pi = 0, was unmoglich ist, weil <pi 
ein eigentliches Element in bezug auf 9? ist. 

Hilfssatz 4. Ein Ring 9? mit der Dimension °c hat ein Basensystem fi , 
/»,•••• 

Beweis: fi , fi , • • • seien in § tiberall dicht. Alle Projektionsoperatoren R in 
9?, fiir welche Rfi = 0 ist, bilden einen Ring mit dem Maximaloperator Ri . 
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Es gibt nach dem Hilfssatz 2 ein eigentliches Element <p\ in bezug auf dem 
Nebenring Ri SR. gi= fi + Rm ist dann ein eigentliches Element in bezug auf SR, 
denn, da (Rfi , RRm) = (RRrfi, <pi) = 0 ist, folgt aus R(fi + Ri<pi) = 0 fur ein R 
in 5R/?/i = 0, RR\<pi = 0, und weiter RRi = R , RRi = 0, d. h. R = 0. 

Bezeichnet man mit K\ den Projektionsoperatv>r der von alien \R(fi + R\<p i)} 
(R c SR) aufgespannten, abgeschlossenen, lincaren Mannigfaltigkeit, so ist der 
Nebenring (1 — ifi)SR mit SR isomorph, denn, ware (1 — Ki)R = 0 fur ein 
R(z* 0) in SR, so miisste die Minimaldimension des Nebcnrings K\KSt gleich 1 sein, 
da/i + Ri<pi ein Basensystem von KiRM ist, was nach dem Satz 1 unmoglich ist. 

Alle Projektionsoperatoren R in SR, ftir welche i?(l — Ki)f 2 = 0 ist, bilden 
einen Ring mit dem Maximaloperator R 2 . Es gibt nach dem Hilfssatz 2 ein 
eigentliches Elements in bezug auf dem Nebenring /i 2 SR. fife = (1 — Ki)(f 2 +R 2 <p 2 ) 
ist dann ein eigentliches Element in bezug auf SR, das zu fi + Ri<Pi eigentlich 
orthogonal ist. 

Bezeichnet man mit K 2 den Projektionsoperator der aus alien {ft(l — Ki)g 2 ] 
(R e SR) aufgespannten, abgeschlossenen, linearen Mannigfaltigkeit, so kann 
man auch wie oben schlicssen, dass [1 — (K\ + X 2 )]5R mit SR isomorph ist. 
Xhnlich erhalt man eine Folge von eigen tliehen Elementen gu , g 2 , • • • , von 
denen je zwei zucinander eigentlich orthogonal sind. Bezeichnet man mit M 
den Maximaloperator von SR, so gchoren alle Mfi , Mf 2 , • • • , Mf n zu der von 
alien \Rg x , Rg 2 , ••• , Rg n } (R e SR) aufgespannten, abgeschlossenen, linearen 
Mannigfaltigkeit. Daher ist gi , g 2 , • • • ein Basensystem des Rings SR. 


Beweis des Satzes 5. N\ und N 2 seicn zwei hypermaximale, normale 
Operatoren mit den Massoperatoren. E\(Z) und E 2 (Z ). Jede Nullmenge 
liber einem der E X (Z) sei auch Nullmenge liber dem anderen, und Z^ , 
Zi, Z 2 , • • • sei ein gemeinsames Spektralsystem von N x und N 2 . Wenn 
man die Eigenringe von JVj und N 2 bzw. mit SRi und SR 2 bezeichnet, so besteht 
der Nebenring Ey(Z n ) SRi aus alien \Ei(Z) | (Z C Z n ), und der Nebenring 2? 2 (Z„)5R n 
aus alien \E 2 (Z)}(Z C Z n ){n = «, 1, 2, • • • ). f n ,\ , f n ,2 , • • • , fn, n und g n , i , 
g n , 2 , • • • , g n ,n sei en Basensysteme bzw. von 2?i(Z n )SRi und E 2 (Z n )% 2 (n = 
qo, 1, 2, •••). Ftir beliebige beschrankte Funktionen 



00 , 1 , 2 , 

1,2, 3, 


i ^ 


3 ) 


sind dann je zwei der ^ l] {Ni)E x {Zi)f i , } zucinander orthogonal. Folglich bilden 
alle endlichen Summon aus ihnen eine lineare Mannigfaltigkeit $Ri. SRi ist 
iiberall dicht in da Massoperator E\{Z) auch eine beschrankte Funktion von 
Ni ist. Die zwei Mengenfunktionen || Ei(Z)Ei(Z n )f n .j || 2 und || E 2 (Z)E 2 (Z n )gn,j || 2 
verschwinden ftir eine Menge Z beide zugleich, wenn eine von ihnen vcrschwindet. 
Daher gibt es eine messbare Funktion y n j(z), so dass 


| Ei(Z)Ei(Z n )f n .j 1 1 2 - f | *m(z) ! 2 d 1 1 E 2 (Z)E 2 (Z n )g ntj \ 

Jq 


(n = oo, 1, 2, 

\J- 1.2,3, 


n ^ 
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ist.* Dann ist/i., = 4' n ,j(N 2 )E 2 (Z n )g Hti (j = 1, 2, * * * , n) auch ein Basensystem 
von Ei(Z n )yit , und es gilt 

|| E l (Z)E 1 (Z n )f n . i || - || Et{Z)E t (Z n )f n ,j ||. 

Wenn man jeder beliebigen, endlichen Summe /i = E &»i(Ni)Ei(Z»)f»,i die 

entsprechende Summe /a = E $*j(N 2 )E 2 (Z n )f n ,j zuordnet, so ist diese Zuord- 

n, 7 

nung l&ngentreu, da 

ll/ill 2 = II H*nmEr(Z n )f n , i \\ i = E ||<MM) 2 ? 1 (Z»)/„.,H* 

»./ n,j 

- E f M)\ t d\\E l (Z)E 1 (Z n )f n , i \^ 

n,j J Z n 

= E / 1 4>»,-(z) I 2 d 1 1 E 2 (Z)E 2 (Z n )f n ,f 1 1 2 

n,J •'Z* 

= ii e tnmmM.i ir = n/*n 2 . 

n,i 

Die 2) $nj(N‘i)E 2 {Zn)fn % j sind iiberall dicht in ^p. Daher kann man diese 

n,j 

Zuordnung zu einer unitaren Zuordnung / 2 = eindentig erweitern. Fur 
jede charakteristische Funktion A (z) einer mcssbaren Menge Z ist J^i(Z) = 
A(ATi), i? 2 (Z) = A(iV 2 ). Daher erhalt man 

TO(S«W,fl = p|Z^i)aww^I 

n,j n,; 

= E*.iWAWJ ! (z„)/„ i = ^(z){E^»/(^)^(Zn)/;./} 

n,i n,j 

= e 2 (z)e/{E . 

n,t 

Folglich gilt fiir jede messbare Menge Z 

E t (Z) = U*E 2 (Z)U, 

und hieraus kann man durch Eigenwertdarstellung leicht schliessen, dass 
Ni = U*N 2 U ist. 


Imperial University, Tokyo, Japan. 

• Radon-Nykodymscher Satz . Vgl. S. Saks, Theory of the Integral , Warszawa (1937) , S. 36. 
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ttBER DEN BEWEIS DES STONESCHEN SATZES 


Von Hidegor6 Nakano 
(Received February 13, 1940) 

Der wohlbekannte Stonesche 1 

Satz. U t {— < t < + oo ) set eine Schar unitar er Operator en im Hilbert - 
schen Raum §. Wenn stets 


U t U. = U i+$ 

gilt , und fur jedes f und g in lQ (U t f, g) als eine Funktion von t messbar ist , so gibt 
es eine Zerlegung der Einheit E (\ ), der art dass 

U, = J** itX dE(\). 

wurde von J. von Neumann, 2 M. H. Stone, 3 S. Bochner, 4 F. Ricsz 6 und B. von Sz. 
Nagy 6 bewiesen. Unter diesen Beweisen beruht nur der von Neumannsche auf 
keinem Satz fiber Fourierschc Integrale oder Fouriersche Reihen. In dieser Ab- 
handlung soil der von Neumannsche Bcweis wesentlich vereinfacht werden— 
insbesondere wird ein besonderer Beweis der Stetigkeit von U t in t und die 
damit zusammenhangende Bezugnahme auf die reelle Funktionentheorie ver- 
mieden. 

Beweis . Wie von Neumann Zeigt, kann man durch 

(1) A = ^ e-'Utdt 

Jo 


einen beschrankten Operator erhaltcn. Es gilt dann weiter 

r-0 


( 2 ) 

(3) 

(4) 

Ferner gilt: 

(5) 


A* == f e x Ut dt 

J— oo 

U.A = AU. = e‘ f+ e~ l U t dt 
AA* = A*A, A + A* = 2 AA*. 

aus Af = 0 folgt / = 0. 


1 M. H. Stone, Proc. Nat. Ac. 16, February 1930. S. 173-174. 

• J. von Neumann, Annals of Math. 33, 1932. S. 567-573. 
a M. H. Stone, Annals of Math. 33, 1932. S. 643-648. 

4 S. Bochner, Sitz. Preusz. Akad. 1933. 

• F. Riesz, Acta Sci. Math. Szeged, 6, 1934. 

• B. von Sz. Nagy, Math. Annalen 112, 1936. S. 291-294. 
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Denn wegen (3) folgt fur jedes g 

e-\UtJ,g)dt = 0. 

Da 5 beliebig ist, gilt (U t f, g) = 0 bis auf eine Nullmenge in t. Dann kann 
man naeh Separabilitat von $ leicht beweisen, dass bis auf eine Nullmenge 
in t fur alle g gleichzeitig {Utf, g) = 0 d.h. Utf — 0, folglich ||/|| = 
\\UtfW - 0 . 

Sei nun 

(6) W = -2A + 1. 

Dann folgt aus (4) W*W = WW* = 1, d.h. W ist unitar. Und wegen (5) 
folgt aus Wf ==/,/ = 0. Daher ist W nach J. von Neumann, 7 S. 91, 92 die 
Cayleysche Transformierte eines hypermaximalen Hermiteschen Operators 

II = f \dE{\), 
j— 00 

fur eine geeignete Zerlegung der Einheit E{\). Die ebendort durchgcfuhrten 
Rechnungen ergeben weiterhin 

(•+00 


W -L 

Im Hinblick auf (6) folgt hieraus 


X - i 


X + i 


,dE(\). 


(7) 


r+^>- 


Setzt man 


Vt= f + e i,x dE(\) 

J— 00 

fiir diese Zerlegung der Einheit E(\), so ist V t unitar und stctig in t, und es gilt 


(8) 

v t+ . = v t v. 

(9) 

II 

o’ — > 

i 

a- 

(10) 

A* = f° e‘V t dt 

J— 00 

(ID 

/•+" 

V.A - AV. = e* J 


e-'Vtdt. 


Setzt man fiir eine positive Zahl n(> 1) E n = E(n) — E(—n), und bezeichnet 
den Wertvorrat von E n mit , so gilt fiir jedes / in nach (7) 


A -£rhk dEM - 


7 J. von Neumann, Math. Annalen 102, 1929. S. 49-131. 
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Infolgedessen definiert in 9D? n 

A~ l = [" (1 - i\) dE(\) 

J—n 

eine Reciproke A -1 von A , die ausscrdem beschrankt ist : Fur alle / in ist 

1 


I -A /II ^ 2 n 


114/11 £ 


2 n 


(1), (3), (9), (11) verbindend kann man auch schreiben, dass 

AU 8 = e'A - e' f e~ l U t dt 
Jo 

AV 9 = e'A - e* [' e^V t dt, 

Jo 


daher 


A(U. ~ V.) = -e g f 9 e-*(Ut - V t )dt. 
Jo 


Da die abgcschlossenc lineare Mannigfaltigkeit 9W n beide unitiire Operatoren 
U 8 und V « reduzicrt, so gilt fur jede positive Zahl s 


( 12 ) 

folglich 


^11 (u. - 70/11 ^ | \A(U. - vo/ll Zc‘ f\-\\{U t ~ v,)f\\dt.* 

Setzt man <p(s) = e~* || (f r , — V 8 )f ||, so ist 

0 g ^(s) g jf AO dt, 


/■{«-•[( *«>«<]}* 


und somit 


^ e -2 "* f AO dt g 0. 
2n Jo 


Daher muss nach (12) <p(s) = 0 sein, d.h. U a f = V,f fiir jedes / in 9JJ n . Ftir 
beliebiges / in § gilt auch U 8 E n f = V 8 E n f. Da lim E n = 1 ist, erhalt man 

n — *oo 

U 8 f = V 8 f , was zu beweisen war. 

Hier danke ich Herrn Prof. J. von Neumann fiir freundliche Verbesserungen 
und Bemerkungen. 


8 Wcnn (Af, g) « J ( W t f , g) dt ist, so gilt 

I (Af,g) | £ | / | (W,f, g) | dt $ | J || W,f INI 9 II dt 

Setzt man g ** Af, so erhalt man 

II Af\\ s I J \\Wif\\dt 


S II 9 II 


1/ 


w,f\\dt 
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ON THE TOPOLOGICAL STRUCTURE OF SOLVABLE GROUPS 

By Claude Chevalley 
(Received November 1, 1940) 

E. Cartan has shown that a simply connected solvable Lie group is homeo- 
morphic to some cartesian space. 1 We want to investigate the structure of a 
solvable Lie group which is not necessarily simply connected. 

From a well known theorem, 2 it follows that such a group may be considered 
as the factor group of a solvable simply connected group G by a discrete sub- 
group D of the center of G. Therefore what we have to do is to look for the 
possible “situation” of such a sub-group D in the group G . 

I. Notations. Generalities 

G being a Lie group, to every element L of its Lie algebra 8 there corresponds 
a one parametric sub-group <r = a(t) of G: we have a(ti + fe) = <r(^i)<r(fe), and L 
is the tangent vector at the unit element to the differentiable curve described 
by <r(t). Moreover, replacing L by XL, where X is a real number, does not change 

the geometric curve but replaces the parameter t by ^t. 

A 

Extending to general Lie groups a notion which is well known for matrices, 
we shall denote by exp L the point of parameter 1 on the curve o(t). Therefore 
we have (exp tL) (exp t'L) = exp ( t + t f )L . 

If we transform the elements of the group exp Lt by a fixed element <r, we 
obtain a new one-parametric group exp L't; the mapping L — > V is a linear 
mapping A* of the Lie algebra 8 into itself; the mapping a — > A, is a linear repre- 
sentation of the group G, which is called the adjoint representation. Any central 
element of G is obviously represented by the identity operation. 

Suppose that a describes itself a new one parametric group exp Mu. Then 
V becomes a function of u, and we have V = L + u[M, L\ + • • • , the terms 
not written being of order > 1. 

The mapping L — > [M, L], for M fixed, is a linear operation A m in 8; the map- 
ping M —> Aat is called the adjoint representation 3 of the Lie algebra; we have 

== Aj#'Aat ~ Aj/Aa#' . 

1 It follows at once from the lemma proved by E. Cartan on page 20 of the pamphlet 
“La topologie des groupes de Lie” (Exposes de geometrie, Act. scient. et indus. no. 358, 
Hermann et Cie, Paris, 1936). See also Theorem 83, p. 277 in Pontrjagin f “Topological 
groups” (Princeton University Press, 1939), Theorem 61, p. 225. 

# See Pontrjaginf 1. c. 1), Theorem 83, p. 277. 

* Our notations do not coincide entirely with the usual ones. It is the mapping 
M — ► — Am which is generally called the adjoint representation. 
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Let H be a closed invariant sub-group of G; it is also a Lie group, and its Lie 
algebra § is an invariant sub-algebra— or ideal— in 8. Moreover G/H is also 
a Lie group, whose Lie algebra is the quotient algebra 8/?p. If L, L' are two 
elements of 8, and if L is a congruent to L' modulo i.e. if L' — L e & then the 
elements exp L, exp L' belong to the same coset of G modulo H. 

II. Solvable Groups 

A Lie algebra 8 is solvable 4 when there exists a chain $iC • • • C of 

ideals in 8, beginning with = {0}, ending with § r = 8, such that the factor 
algebras $</£<- i (1 ^ i ^ r) are all abelian. Every sub-algebra or factor- 
algebra of a solvable Lie algebra is again solvable. 

The derived algebra 8' of a solvable Lie algebra 8 = 8n of dimension n > 0 
is always different from 8. Since 8/8' is abelian, every linear sub-space of 8 
containing 8' is an ideal, and we conclude that 8 has an ideal 8 n -i of dimension 
n — 1 . The algebra 8„-i is also solvable if n — 1 > 0 ; it has itself an ideal 
8n— 2 of dimension n — 2 , and we may continue the process. Hence we have a 
chain 8# = { 0 } C 8i C 82 C • • • C 8» = 8 of sub-algebras of 8, where 8i is of 
dimension i and contained as an ideal in 8,+i (although 8, is in general not an 
ideal in 8). If for every i (1 ^ i £ n) we choose an element L, belonging to 8< 
but not to 8,-1 , the n elements L\ , Lt , • • • , L n constitute a base for 8. 

Suppose now that 8 is the Lie algebra of a connected simply connected group 
G. Then every element in G can be written in one and only one way in the 
form (exp tiLi) (exp ULi) ••• (exp t„L n ), where <1 , <2 , ••• , are real num- 
bers. 2 Let 2 )? be any linear sub-space of 8. We may choose the elements 
Li , Lt , • • • , L n in such a way as to satisfy the following condition : if there 
exists in 8 ,• an element of 9J? which does not belong to 8,_i , L% shall be chosen 
in SO?. If L il = Mi , = M 2 , • • • , L ir = M r are the elements L, which 

belong to 2 )?, the elements M \ , Mt , • • • , M r obviously form a base for 21 ?. 

Suppose now that 2 )? is a sub-algebra. Let k, l be two indices such that 
1 £ k < l £ r; then [M k , M ( ] is a linear combination of Mi , M t , • • • , M r ; 
on the other hand, it is also a linear combination of , L,-, , • • • , L< ( _, ; 
hence it is a linear combination of Mi , M t , • • • , A/ 1-1 . It follows that 
Mi, M2, • • • , Mi constitute a base of a sub-algebra 2 Ut of 21 ? of dimension l, 
and that 2 )?i-i is contained as an ideal in 2 )?f : the base Mi , M t , • • • , M, has 
with respect to 21 ? the same properties as the base Li ,L% , • • • , L„ with respect 
to 8. 

Suppose that 8 is the Lie algebra of a simply connected group G. Then the 
elements (exp «iAfi)(exp t^Mi) • • • (exp u t M r ) («i , U2 , • • • , u r real) constitute 
a closed sub-set M of G, homeomorphic to the r-dimensional cartesian space. 
On the other hand, we know that there exists an abstract Lie group M' whose 
Lie algebra is 2 W and that every element in M' can be written in one and only 


4 Or integrable in the sense of S. Lie or E. Cartan. 
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one way in the form (exp u[M\) • • • (exp u' r M r ). It follows at once that M is 
a sub-group of G. 

Therefore: If G is a simply connected solvable Lie group, to every sub-algebra 9 W 
of the Lie algebra of G there corresponds a closed simply connected sub-group M of 
G whose Lie algebra is 30 ?. 

III. Study of a Particular Type of Solvable Group 

Let G be a simply connected solvable Lie group which has the following 
properties: 6 

1) The Lie algebra 2 of G, of dimension n, has an abelian ideal SI of dimension 
n — 1. 

2 ) There exists an element <r of the center of G which does not belong to the 
connected sub-group (J of G whose Lie algebra is SI. 

We shall first prove that there exists an element L e 8 such that exp L = a. 
In fact the group G/A is an abelian connected group of dimension 1 ; hence there 
exists an element L of I?/Sl such that exp L = a, where a is the coset modulo Gt 
which contains a. If L\ is any element of 2 whose coset modulo SI is L, we have 
exp Li = <nj, y e Ct. If t is any real number, exp tLi commutes with exp L\ and 
with a, hence also with 17. On the other hand, (f being abelian and connected, 
there exists one and only one element 4 e SI such that 17 = exp A. In the 
adjoint representation, the operation which corresponds to exp tL\ changes A 
into an element A t such that exp A t = ij = exp A ; hence A < = A, which means 
that [AL]\ = 0; it follows that exp (Li — A) = exp Li (exp — A) = <r; we may 
take L — L t — A. 

Consider now the group © composed of the elements exp tL. Since exp L 
belongs to the center, the adjoint representation maps © onto a group of linear 
operators in 2 which is compact. The operators of this group permute among 
themselves the elements of SI; since the group is compact, we have complete 
reducibility, 8 i.e. we can find a decomposition SI = SL + 8(2 + • • • + SI* of SI 
into a direct sum of linear spaces Sli , SL , • • • , SI* each one of which gives an 
irreducible representation of ©. Since © is a one dimensional group (isomorphic 
to the additive group of real numbers), each 81 . is of dimension 1 or 2; suppose 
that SIi , Sfe , • • • , SI* are of dimension 2, 3 I*+i , • ■ • , SI* being of dimension 1. 

The operation A* which corresponds to L in the adjoint representation per- 
mutes among themselves the elements of SIi ; let A , be one of its characteristic 
roots in SI,- . Then e x * is a characteristic root of the operation which represents 
exp L = <r; hence e Xi = 1 , X,- = 27 m,- \/ — 1 , where n, is an integer. If ^ 0 , 
X i is not real, and — X< is also a characteristic root of A L in 31 ,- ; hence dim 3 L = 2 ; 
if n< = 0 on the contrary, we have dim SI,' = 1. 

‘ The simplest example of such a group is the simply connected covering group of the 
group of motions in the plane. 

• Cf. Pontrjagin, 1. c. 2), Theorem 23, p. 110 and I, p. 109. 
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Moreover, if i fii kjwe can find a base A< , of 81,- such that A t (A< + 
y/ — 1 Bi) = 2im<\/— 1 ( A, + •%/ — l 5,), i.e. 


[A, - , L] — — 2miiBi 
[Bi , L] = 2irn,A< 

If i > k, we have 

[At,L] = 0. 


(n,- 5^ 0). 


Hence the structure of 8 is entirely determined when the integers n,- are known; 
the linear space 8l*+i + • • • + 8U is the center of 8, and 8b + 81* -f • • • + 31* 
is the derived algebra of S. 

It is easy to build from these data a system of finite equations for the group. 
We have n variables t, «,■ , r< (1 | i k), Wi (k < i ^ h) which constitute a 
system of coordinates on the group ; <n , <r 2 being any two elements of the group, 
the law of composition is defined by the formulas 

t(a i , <rt) = t(ffi) + t(<r 2 ) w,(<Tnn) = exp ( — 2 j m,\/ —1 t(a 2 )) (w,(a 1) + w,(<7 2 )) 

where we have set Wj - u, • + \/ -1 t\ if 1 g i g fc . 7 The coordinates of <r are 
(1,0,-.., 0). 

We can also find the explicit formulas for the coordinates of exp X, if 
X = aoL + £<-1 (a.A< + biB,) + a.A< : we find 


f(ex p A') = ao 


if 1 ^ i k 
to, (exp X) 


f(oj + V-1 

27m t \/ — 1 ao 

l a* + V-1 6* 


if Tlido 7* 0 
if riiOo = 0 


if i > k 


Wt(exp X) = a* . 


Hence, the elements X for which the equality exp X = cr holds are those of the 
form L + (aiAi + 6*5,), and only those. 

We shall need later the following consequence of these facts: let r be any 
automorphism of the group G which leaves unchanged the element a; if we 
denote by A r the linear operation 8 on 8 which corresponds to r, A r permutes among 
themselves the elements of the sub-algebra 2)? generated by L and the elements 
Ai , Bi for 1 ^ i ^ k; if X is any element of 99? such that X a L (mod 31), we 
have again exp X — a. 


7 In order to simplify the writing of formulas, we are using complex valued functions w% , 
although the group under consideration is of course a real Lie group. 

8 This operation is defined just as in the case of the adjoint-representation. 
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IV. The Central Theorem 

We want to prove the following result: 

Theorem 1. Let G be a connected simply connected solvable group, with the 
Lie algebra 8. Let D be a discrete sub-group of the center of G. Then D is a 
free abelian group of a certain rank r at most equal to the dimension n of G. It 
is possible to choose a base L\ , Lt , • • • , L„ of 8 which has the following properties : 

1) Every element in G can be written in one and only one way in the 
form (exp <iLi)(exp ttLt) ••• (exp t n L n ). 

2) There exists a subset {ii , it , • • • , i r \ of the set j 1 , 2, ■ • ■ , n j such that the 
elements exp L,-, , exp L t , , . • • , exp L, r constitute a base for D, and that [L< a r 
L i0 ] = 0(1 £ a, 0 £ r). 

We shall prove this theorem by induction on the dimension n of 8. Let us 
assume that it has been proved already for all dimensions < «. 

Since 8 is solvable, it has certainly an abelian ideal of dimension > 0; let 8 be 
an abelian ideal of maximal dimension; we set 8* = 8/81. Let A be the con- 
nected abelian sub-group of G whose Lie algebra is 81; A is an invariant sub- 
group, and G/A is a solvable group of dimension < n. The group DA/ A is 
a sub-group of the center of G/A. 

Consider now the closure DA of the group DA. The connected component 
of the unit element e in this closure is a closed sub-group of G; according to a 
well known theorem of E. Cartan, it is a Lie group; let 81' be its Lie algebra. 
The group DA being abelian and invariant, 31' is an abelian ideal in 8 containing 
81 ; in virtue of our choice of 31, we have 81' = 31, which shows that the connected 
component of t in DA reduces to A . On the other hand, there is a neighborhood 
of « in DA which is compact; this neighborhood can meet only a finite number 
of distinct connected components of DA, from which it follows at once that 
there exists a neighborhood U of e in G such that U fl DA CZ A. Any element 
of DA which belongs to the set U A already belongs to A ; hence the group DA /A 
is a discrete sub-group of G/A. It follows that we can apply our theorem to 
G/A and DA /A : we obtain a base j Lt ,L$ , ••• , L* } of 8/81 with the following 
properties: 

A) Every element of G/A can be written in one and only one way in the 
form (exp <iL*)(exp UL*) • • • (exp t m Ln). 

B) There exists a subset \ii, it, , i,} of the set {1, 2, • • • , m) such that 
the elements exp. L*, , exp I *, , • • • , exp L*, constitute a base for the free 
discrete group DA/ A, and that [L* a , L,*,] = 0 (1 

For each a, we can find an element <r a < D such that its coset <r* modulo A 
coincides with exp L* a . 

We want now to choose in a certain way elements L\ , L t , • • • , L m of 8 which 
will have to satisfy the following conditions: A) The coset of Li modulo 
81 is Lt (1 £ i £ to); B) we have exp L ia = o ia (1 g « g a); C) we have 
[L ia , L it | - 0 (1 £ a, 0 £ s). 

Suppose that we have already chosen L\ , Lt , • • • , Lk in such a way as to 
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satisfy the conditions of the type A), B), C) which concern these elements. We 
want to choose Lh + 1 (If h = 0, we assume simply that no choice has been made 
yet). 

If h + 1 does not occur among the indices ii , i 2 , • • • , i s we choose for Lh+i 
any element of 8 whose coset modulo 21 is L* +i . 

Suppose now that h + 1 = i t +i . We begin by choosing an Lh+i whose coset 
modulo 21 is Lh+i , and we consider the Lie algebra $ spanned by 21 and L' h + 1 ; 
let H be the corresponding connected subgroup of G. It is a closed simply con- 
nected sub-group of G. Moreover exp L f h + 1 lies in the coset exp L*+i modulo A ; 
hence exp L *+ 1 = <n t+l modulo A, which proves that <r it+1 c //; since a it+l 4 A, 
H is a group of the kind which has been considered in §111. It follows first 
that $ contains an element L h + 1 such that L/,+i — Lh + 1 (modulo 21) and that 
exp Lh+i = <ri t+l . Since we have [L* a , Lh+i] = 0 (1 g a ^ s), we have 
[Li y , Z/a+i] € 21 (1 £ 7 £§ 0- Since [L iy , L,y] = 0 for 1 g 7 , 7 ' g /, the elements 
(exp UiLi t ) • • • (exp u it L it ) constitute an abelian sub-group of G. Since 21 is an 
ideal and [L% y , L h + 1 ] e 21, they are represented in the adjoint representation by 
linear operations which permute among themselves the elements of § and 21. 
The elements exp Li y (1^7 ^ t) being represented by the unit operation, we 
obtain in this way a compact abelian group © of linear transformations of § 
into itself. 

It follows from §111 that £ can be represented in the form §1 X 3, where 
3 is in the center of and Lh+i e §1 . Moreover the decomposition has, as we 
saw, the two further properties that: 1) if X e § 1 , X = L' h + i(mod 21), we have 
exp X = exp L h +i = <r, t+1 2) any automorphism of H which leaves <r, l+1 invariant 
gives a linear operation in $ which permutes among themselves the elements 
of §1 • 

This applies in particular to the inner automorphisms of G produced by the 
elements (exp wiL tl )(exp 1 hLi 2 ) • • • (exp u t L it ). Hence the operations of the 
group & permute among themselves the elements of £> 1 . 

But §1 fl 21 is a linear sub-space of §1 whose dimension is exactly one less 
than the dimension of $ 1 . Its elements are also permuted among themselves 
by the operations of ©. Since © is compact, it is completely reducible, and we 
may conclude that there exists an element Lh+i e $1 with the following properties: 
1) Lh+i 3 Lh+i (mod 21); 2) the elements of ® permute among themselves the 
multiples tLh+i of Lh+i . Again because © is compact, it follows that its opera- 
tions leave Lh+i invariant; if we remember the definition of ©, we see that 
[L iy , Lh+ 1 ] = 0 (1 ^ 7 ^ t). Finally, the conditions L h +i t § 1 , L h +i s L*+i 
(mod 21) imply exp Lh+i = exp Lh+i = . Hence the element Lh+i satisfies 

all our requirements. 

In this way, we shall bo able to select m elements L \ , L 2 , • • • , L m satisfying 
the conditions A, B, C. 

On the other hand, the group A is isomorphic to the additive group of R n m , 
and D fl A is a discrete sub-group of A , i.e. a lattice. It follows that we can 
find elements L m + 1 , ••• , L n in 21 such that every element of A can be written 
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in one and only one way in the form (exp t m +iL m +i) • • • (exp t n L n ) and that 
there exists a subset 1 , • • • , i r ) of the set {m + 1, • • • , n\ such that the 
elements exp L t#+1 , • • • , exp L tf constitute a base for D 0 A. 

It remains only to prove that the sets {Li , Z* , • • • , L n ) and {i\ , in , • • • , i r } 
which have been selected have the properties 1), 2) of our theorem. 

Let a be any element of G and a* be its coset modulo A . Then we can write 
a* in the form (exp t x Lf) • • • (exp But this product represents a coset 

modulo A which contains the element (exp hLi)(exp tzL^ • • • (exp tmLm ) since 
L m belongs to the coset L% modulo 8. Hence we have 

(1) <r = (exp hLi)(exp feL 2 ) • • (exp tJLm )f f eA 

and f can be written in the form (exp t m +iL m +i) • • • (exp <„L n ), which proves 
that a is equal to an element of the form (exp t x Li)(exp feL 2 ) • • • (exp t n L n ). 
Moreover t x , U , • • • , t m are uniquely determined by o* (and a fortiori by a) ; 
hence f is determined by <r and also t m + x , • • . , t n . 

If <r e D y we have a* eDA/A and therefore a* can be written in the form 
(exp • • • (exp m ia L * t ), with integral , • • • , m i$ . Since the element 

(exp rriijj • • • (exp = a "V?,* 2 • • • <r? 9 '* belongs to D, the element f of 

formula (1) belongs to D and can be written in the form (exp wii l+1 L,-, +1 ) • • • 
(exp m ir Li r ), which proves that the elements exp L ix , exp L* 2 , • - - , exp L ir 
constitute a base for D. 

We have already seen that [L ia , = 0 for 1 ^ a, 0 ^ s. We shall see that, 

for a > s, Li a necessarily belongs to the center of 8. In fact, let us consider an 
arbitrary operation of the adjoint representation of G; it changes L ia in an 
element L' ia which still belongs to ?I; since <r a = exp L ia belongs to the center 
we have exp Li a = exp L ia . Since A is an abelian simply connected group, 
we conclude that L,- a = L ia , which proves that L ia belongs to the center of 8. 
This completes the proof of our central theorem. 

Remark. We may assume that the set \i x , ii , • • • , i r ) is the set {1, 2, • • • , r}. 
We again prove it by induction on n. Suppose that we have {i x , i * , • • • , i 8 ] = 
jl, 2, • • • , s}. We have seen that L ia+l , • • • , L, r belong to the center of 8. 
It follows that any element exp U a L% a (a > s) belongs to the center of G. Hence 
the property 1 stated in the theorem will still hold if we operate a permutation 
of Li , L 2 , • • • , L n which brings L ia at a-th place ( a = s + 1, • • • , r), and this 
proves our assertion. 

Theorem 9. Let G* be a connected solvable Lie group. There exists a compact 
abelian sub-group T of G* and a subset E of G*, homeomorphic to a cartesian space 
in a certain number of dimensions , such that every element a t G* can be written in 
one and only one way in the form <r = ttj, t *T , rj eE. The mapping (r, rj) rr\ 
is a homeomorpkism of T X E with G*. 

In fact we have G* = G/D where G is a simply connected solvable Lie group 
and D a discrete sub-group of the center of G. We can find a base 
{Li, L 2 , ••• , L n ) of the Lie algebra of G such that every element in G can be 
written in one and only one way in the form (exp t\L x ) • - • (exp tnL n ), and that 
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the elements exp Li , exp L* , • • • , exp L r constitute a base for D. Moreover 
the group A of the elements (exp t\L \ ) • • • (exp t r L r ) is abelian. 

We have D CZ A and A/D is a compact abelian sub-group T of G*. 

The elements (exp t\L\) • • • (exp tJL n ) and (exp t[L x ) • • • (exp t' n L n ) are con- 
gruent modulo D if and only if t[ s t\ (mod 1), • • • , t' r ss tr (mod 1), t ' r + 1 = 
tr+i , • • • , t' n = t n . Let <p be the natural mapping of G onto G*. The set E of 
the elements of the form (exp t r +iL r +i) • • • (exp t n L n ) is mapped by <p in one-to-one 
continuous way onto a subset E of G*. We claim that this mapping is a- 
homeomorphism. In fact, let U be the set of the elements (exp UL X ) • • • 
(exp t n L n ) with \ti\ <£,•••, | fc- 1 < i; U is a neighborhood of E in G and is 
mapped in a one-to-one continuous way by <p ; but we know that <p maps any 
open subset of G onto an open subset of G*; hence <p gives a homeomorphism of 
U with a subset of G*, which proves our assertion. 

It follows that E is homeomorphic to the ( n — r)-dimensional cartesian space. 
Moreover every element of G* can obviously in one and only one way be written 
in the form tij, r € T } rj e E. 

Since the mapping (r, rj) — > ttj clearly maps open sets of T X E onto open 
sets of G*, it is a homeomorphism, and theorem 2 is completely proved. 

Since a compact abelian group is a torus-space (product of circumferences) 
we have the 

Theorem 2°. Any connected solvable Lie group is homeomorphic to the product 
of a torus space and of a cartesian space. 

Princeton University 
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ALTERNATIVE RINGS AND RELATED QUESTIONS I: EXISTENCE OF 

THE RADICAL 

By Max Zorn 
(Received July 29, 1940) 

In a previous publication (1) I have presented a theory of alternative rings 
which led up to the characterization of semisimple systems. The present paper 
is concerned with general hypercomplex 1 alternative rings; its main object is to 
establish the existence of the radical. In other words it is shown that the 
properly nilpotent elements form a (two-sided) ideal. 

The first section contains the proof of several alternative identities, 2 which 
are then applied (sec. 2) to the theory of the inverse element. Though a certain 
amount of duplication 3 could not be avoided, the new arrangement has been 
given in detail because it is phrased almost entirely in terms of “associators” 
(a, 6, c ) = ( ab)c — a(bc ). A new proof of the O-lemma 4 * has likewise been in- 
cluded; the lemma is now obtained by inspection of an identity, and the assump- 
tion about characteristics is removed. This is of interest in connection with the 
theory of Peirce decompositions, which was derived in (1) under the (now 
unnecessary) restriction that the characteristics be different from 2. 

Thus far the theory is entirely self-contained ; this is likewise achieved in the 
third section by formulating two theorems from (1) as assumptions. These 
two propositions are indeed so simple that they may very well serve as axioms. 
On this basis it is possible to treat the rings which in the associative theory have 
been called “vollstaendig primaer”; 6 the existence of the radical is verified in 
this important special case. 

In the last two sections use is made of the theory of idempotents and Peirce 
decompositions as developed in (1); the necessary material is very briefly re- 
viewed in sec. 4. A certain ideal N is constructed in the fifth section, which 
depends formally on an arbitrary but fixed maximal Peirce decomposition. The 
concluding section contains the proof that this ideal consists exactly of all 
properly nilpotent elements and may therefore be regarded as the radical of 
the ring. 

Notations. With one exception (the delta in the Kronecker symbol 6 a) we 
use only italics; i, j, k f l, m , n for indices and the like, a, b } c, d , e, x } y ik , zu for 
elements, capitals S f Sa , Nik , N, A, B for sets. 

I See sec. 4 and also (1) p. 137. 

I I am indebted to P. Jordan for many remarks concerning such and more general 
identities. 

* See (1) p. 142. 

4 See (1) pp. 129, 130. 

• See (2) p. 256 and (3) p. 85. 
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The summation sign is used in such a way that the range of the index is 
described in a parenthesis which precedes the letter ]£. 

Theorems and definitions are numbered decimally within the section and the 
number of the section is prefixed; a theorem is indicated by a parenthesis — 

(3.7.1) — and a definition by a bracket — [1.1] — . A single numeral in a paren- 
thesis, like (2), refers to the bibliography. 

1. We shall constantly have to use the abbreviation: 

(1.1) (a, fe, c ) = ( ab)c — a(bc). 

These “associators” satisfy in every distributive ring the identity 

(1.2) ( ab , c, d) — (a, be, d ) + (a, b, cd) = a(b, c, d) + (a, b, c)d 

which becomes trivial when the associators are worked out according to [1.1]. 

Let us permute the arguments cyclically such that b is the first letter, and 
add the resulting equation to (1 .2); we get 

(1.3) (ab, c, d) + (b, c, da) + [(fee, d, a) — (a, be, d)] + [(a, 6, cd) — (6, cd, a)l 

= a(fe, c, d) + (a, b, c)d + fe(c, d, a) + (fe, c, d)a. 

From now on we ask that multiplication in the distributive ring satisfy the 
alternative law, which can be expressed in different ways: 

(1.4) A ring is called alternative and said to satisfy the alternative law of multi- 
plication if the associator (a, fe, c) is ah alternating function of its arguments. 
The associator must therefore be zero if two of the arguments are equal; it takes 
on the factor —1 if two of the arguments are transposed and it remains un- 
changed if the arguments undergo a cyclic permutation: 

(1.4.1) (a, o, b) = (a, b, a) = (fe, a, a) = 0, 

(a, b, c) + (6, a, c) - (a, 6, c) + (a, c, fe) = (a, b, c) + (c, 6, a) = 0, 

(a, 6, c) = (b, c, a) = (c, a, fe). 

The left hand member of the equation (1.3) would consequently reduce to 
(ab, c, d) + (fe, c, da) ; if we put fe = c, most of the terms will drop out and the 
equation (ab, fe, d) = fe(6, d, a) remains. Exchanging a and b and applying 
the alternative law we get the identity 

(1.6) (a, fea, c) — —a(b, a, c).* 

We add this equation to 

(ab, a, c) — (a, ba, c) + (a, fe, ac) = a(6, a, c) + (a, 6, a)c 


• (1) p. 142. 
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such as to get 

(1.7) ( ab , a, c) + (a, 6 , ac) = 0. 

On this identity we shall base, in the following section, the theory of the inverse 
element. 

From (1.7) we pass to the next identity 

(1.8) ( ab y a, c) + ( ba , a, c) — (6, a 2 , c) = 0 
by way of adding 

(6a, a, c) — (6, a 2 , c) + (6, a, ac) = 6(a, a, c) + (6, a, a)c = 0. 

2. The theory of Peirce decompositions, which was given in (1), rests on the 
“O-lemma” : 

(2.1) If ab = 6a — 0 then for every c the associator (a 2 , 6, c) vanishes . 

Without any restriction this lemma follows by substitution from the identity 

(1.8) ; thus we are entitled to apply all results of (1) about idempotent elements 
! without reservation. This will be of importance in the concluding sections. 

For the remainder of this section we deal with the theory of the inverse and 
assume consequently the existence of a unit element. 

Once more we apply the identity (1.8), this time for ab = ba = 1: 

(2.2) If ab * 6a = 1 , then all associator s of the forms (a 2 , 6, c) and (a, 6 2 , c) 
are zero . 

In order to extend this to associators of the type (a, 6, c) we replace 6 by 6 2 
in the formula (1.7): 

(2.3) (a6 2 , a, c ) + (a, 6 2 , ac) = 0. 

Since in accordance with the alternative law the equation ab = 1 implies that 
ab 2 = a(bb ) = (ab)b — 16 = 6, we get from (2.2) and (2.3) the theorem: 

(2.4) If the numbers a and b satisfy the equations ab = ba = 1, then every asso- 
ciator of the form{a f 6, c) vanishes . 7 

The element 6 (if it exists) has all properties of an inverse element for a; it is 
unique and may be used for the solution of linear equations: 

(2.5) If ab = ba = 1, then the equations ax = c and ya = c have the solutions 
x = be and y = cb; these solutions are unique. 

Indeed, the preceding theorem permits us to proceed as is customary for asso- 
ciative systems. The existence of the solutions follows from formulas like 
a(6c) = (a6)c — (a, 6, c) = lc — 0 = c, and the uniqueness is exhibited by 
similar equations like cb = ( ya)b = y(ab) + ( y , a, 6) = y\ + 0 = y. 

In particular, by considering the cases c = 1 and c = 0, we obtain the 
corollary: 8 

(2.6) If ab = ba =1, then 6 is the unique solution of either one of the two equations 
ax = 1 or ya = 1 ; the element a is not a divisor of zero . 

7 Compare (1) p. 142, lemma 2. 

• For additional information about the inverse in alternative fields see (4). 
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This justifies the definition: 

[2.7] If there exists an element b satisfying ab = ba = 1, then it is called the 
inverse of a and denoted by a" 1 . 

This definition and the foregoing results permit us to state: 

(2.8) aaT 1 = aT l a = 1; (a -1 ) -1 = a; (a, a" 1 , c ) = 0. 

3. In order to postpone as far as possible any reference to outside material 
we introduce the following two assumptions. 

(3.1) Any two elements a, b of an alternative ring generate , by multiplications and 
additions , an associative subring . 

That this assumption is satisfied in every alternative ring has been shown by 
Artin; 9 one particular consequence is that the powers a n with positive exponents 
are commutative and associative with each other. 

(3.2) An element a is either nilpotent , or else there exists a right multiple e = ab 
which is idempotent, such that e = e O. 10 

(3.3) Definition. An alternative ring will be called primitive if (a) it con- 
tains a unit element 1 which is different from 0; (b) the unit element is the 
only idempotent of the ring; (c) it satisfies the two above assumptions (3.1) and 
(3.2). 

In defining next the properly nilpotent elements we deviate from the classical 
definition 11 by including 0. This is done because otherwise we would always 
have to say “properly nilpotent or zero.” 

(3.4) An element a is called properly nilpoUnt if all multiples ax are nilpotent. 
By virtue of (3.1) we see that ( ax) m = 0 implies ( xa) mH = x(ar) m a = 0, such 
that also the left multiples of a are nilpotent; we shall have to use this remark 
later. 

(3.5) If a multiple ax has an inverse then the element a is not nilpotent , 12 

Let a m ~ l 0 = a m ; then 0 5 ^ a m_1 = a m ~ l ((ax)(ax)~ x ) = (a m ~ l {ax)){ax)~' — 
(a m x)(ax)~ i shows that a m = 0 is impossible. 

The theorems (3.6)-(3.9) describe some important properties of primitive rings. 

(3.6) If an element a of a primitive ring is not nilpotent then it has an inverse . 
Indeed there must be a multiple ab which is idempotent, by virtue of (3.2). 
This idempotent must be equal to 1 since our ring is primitive; the theorem will 
be proved if we show that ba = 1. 

First of all we see that ba is not equal to zero; for in that case 1 = l 2 = 
(ab)(ab) = a(ba)b = 0 would ensue. 13 Secondly ba is idempotent because of 
(i ba)(ba ) = b(ab)a = (61)a = ba; consequently we have ba = 1 and b is the 
inverse of a. 

9 See (1) p. 127. 

10 This assumption appears in (1) p. 138 as a theorem, valid in hypercomplex rings and 
incidentally based on the first and a part of the second chain condition. 

11 See (3) p. 46. 

18 Compare (1) p. 142. 

18 This part was omitted in (1) p. 142. 
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(3.7) Every nilpotent element of a primitive ring is properly nilpotent . 

(3.7.1) Corollary. Every element of a primitive ring is either properly nil- 
potent or it has an inverse . 

In other words if a is nilpotent then every multiple is nilpotent. That is an 
immediate consequence of (3.5) and (3.6). For if — to conclude indirectly — one 
multiple ax were not nilpotent it would possess an inverse and (3.5) imply that a 
is not nilpotent. Using this and the remark about [3.4] we find: 

(3.7.2) If an element a of a primitive ring is properly nilpotent, every multiple 
ax and xa is properly nilpotent . 

Thus one of the two essential properties of two-sided ideals is verified for the 
set of all properly nilpotent elements. It remains to show that this set is a 
modulus (i.c. closed under addition and subtraction). This is accomplished if 
we prove the theorem: 

(3.8) If a and b are two properly nilpotent elements of a primitive ring , then the 
the difference a — b is likewise properly nilpotent. 

An equivalent proposition would be: 

(3.8.1) If the element b of a primitive ring is properly nilpotent, and the difference 
a — b is not, then the element a is not ( properly ) nilpotent. 

For in that case the difference a — b has in inverse; let ( a — b)x = ax — bx = 1, 
so that ax = 1 + bx. Since bx is nilpotent, with say (bx) m = 0, the element 
1 + bx has the inverse (i = 0 • • • m) ^ (*“ bx)\ Thus the element a is seen to 
have a multiple with an inverse; and that precludes, according to the theorem 
(3.5), the possibility that a be nilpotent. 

If we observe finally that the set of all properly nilpotent elements is not 
empty we may enunciate the theorem: 

(3.9) The properly nilpotent elements of a primitive ring form a two-sided ideal. 
We call this ideal the radical of the primitive ring and define more generally: 

(3.10) If the properly nilpotent elements of an alternative ring form an ideal, 
then this ideal is called the radical of the ring in question. 

We note without proof: 

(3.11) The residue class ring modulo the radical (if it exists ) is semisimple; 

(3.12) The residue class ring modulo the radical of a primitive ring is an alter- 
native field; 

and 

(3.12.1) If a primitive ring does not contain properly nilpotent elements different 
from zero, or in other words if the zero ideal is the radical, then the ring 
is an alternative field . 

We intend to establish the existence of a radical for all hypercomplex rings; 
for that reason we state as an immediate consequence of (3.2) and [3.10] the fact: 

(3.13) If a ring does not contain any idempotent elements, it possesses a radical , 
which coincides with the ring itself . 

4. In order to complete our proof we shall have to use some of the definitions 
and theorems which were developed in (1). 
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[4.1.1] The set of all right multiples ax of an element a ( I-modulus ) is denoted 
by aS ; 

[4.1.2] The solutions of ax = 0 form a “II-modulu$” denoted by (a\0); 

[4.1.3] The modulus generated by the products ab where a and b are respec- 
tively taken from the moduli A and B is denoted by AB. 

[4.2] An alternative ring is called hypercomplex if it satisfies the following three 
chain conditions: 

(4.2.1) every (necessarily descending) chain a VS is finite; 

(4.2.2) every ascending chain of //-moduli (a'\0) is finite; 

(4.2.3) every descending chain of //-moduli (a»\0) is finite. 

For such rings the following theorems were derived: 14 

(4.3) There exists (at least) one finite set e t ••• e n of idempotents with e^k = 0 
whenever i and k are different such that the ring S is the direct sum 

S = («, k « 0 ...»)£ Sa 

of moduli Sa , the modulus S ik consisting exactly of the elements x ik which 
satisfy 

CjX x k ~ y % ikCj fikjXtk j 

the " component ” of x in the modulus Sa is denoted by x ik and for i 0 ^ k 
is given by eixe k ; this “Peirce-decomposition” has the following properties 

(4.3.1) and (4.3.2). 

(4.3.1) The moduli S 0 » and S t0 , for i = 0 • • • n, consist of properly nilpotent 
elements ; the modulus S m is a subring. 

(4.3.2) The moduli Su , for i — 1 • • • n, are hypercomplex and primitive subrings; 
their respective unit elements are the idempotents Ci . 

The last two properties express the fact that the decomposition is a maximal 
one. Without loss of generality 15 we assume that there are actually idempotent 
elements, and that consequently the number n is not 0. Moreover it can be 
shown by a refinement of the construction in (1) that an additional condition 
can be satisfied, to wit 

(4.4) // e is an idempotent element, then the Peirce decomposition may be chosen 
in such a way that e is a sum of elements d , or 

e = (i = 1 • • • m) 2 d . 

The next theorem deals with the products of the moduli Sa . Like the re- 
maining statements from this section it is valid for general Peirce decom- 
positions. 

(4.6.1) SaSki C Su, 

(4.5.2) SaSa C S ki , 

14 Under the restriction that a + a 0 imply a » 0; we have removed this restriction 
in the second section. 

” See (3.13) and (3.2) 
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(4.6.3) All other products SikSi m are zero. 

The second of these statements is amplified by the formula: 

(4.6.1) Xi k yik + yikXa = 0 if i ^ k; 
this fact is going to be used in the weaker form: 

(4.6.2) If Nik is a modulus contained in , and if i k , then we can say that 

Ni k Sa = SikNa . 

Concerning products of three factors only a part of the “Dreierregeln” 16 is 
necessary for our purposes, which we report in the next theorem: 

(4.7.1) 17 With the exception of products like ( 'Xi4fa)zu every product of type 

{x ik yki)zu is associative , that is, equal to Xi k (y k i£u). 

(4.7.2) 18 A product of type (XikVik)zik , where the indices i and k are different 

retains its value if the factors undergo a cyclic permutation . 

We name finally the rules 19 about powers of the form ( aux) m and (o»**a;) m : 

(4.8.1) (aax) m = (auXu) m ~ 1 (j = 0 - • • n) ; 

and for i ^ k 

(4.8.2) (a ik x) m = ( aikX k i) m ~\j = 0 • • • n) £ a ik x kj + (a tk Xik)(aikX k i) m ~\ 

If we compare, in the latter formula, the components in Su of the two members, 
we see that 

(4.8.3) ei{a ik x) m ei = (ai k x k i) m , and this holds likewise if the two indices are equal . 
The formulas (4.8) will only be used in the last section. 

6. With the aid of theorems developed in 4 and reported about in 5 we shall 
now, for a fixed but arbitrary Peirce decomposition with the properties enu- 
merated in section 4, construct an ideal which later on will turn out to be the 


“ See (1) p. 134. 

17 See (1) p. 136, last paragraph of sec. 3. 

In order to obtain the theorem (4.7.1) from (1) it is necessary to distinguish various 
cases; the following direct proof seems more satisfactory. We sec that if two of the ordered 
index pairs ij, jk , ki are equal, then the three indices are equal; for due to the cyclic sym- 
metry of the situation we may assume in such a case that the first two pairs are identical, 
and that would mean i = j and j = k. In those cases which are not classed as exceptions by 
the wording of the theorem we have to deal with three different pairs of indices, and we may 
consider the elements in question as components of a single element, namely, the sum 
Xij + yj k + z k % = a. But the components of one element a with respect to a fixed Peirce 
decomposition are contained in the subring generated by a and the idempotents ei . 

A single element generates an A-ring (see (1) p. 127); and so does, by virtue of the 
O-lemma, and the A-lemma, any set of orthogonal elements. According to the generalized 
theorem of Artin two A-rings generate an associative ring, and thus the components of a 
single number are seen to be associative with each other. In particular the three numbers 

y yjk * a.nd zm are associative, q.e.d. 

18 See in (1) on p. 135 the more general formula (23). 

»• See (1) p. 136. 
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radical of the ring S. This ideal N will consist exactly of the quantities whose 
components are “singular” according to the following definition. 

(5.1) An element a ik (of S,* ) is called singular if all elements of are nil- 
potent, otherwise regular. 20 

The following statements are easily deduced from the theorems which are 
indicated thereafter. 

(5.2.1) If one of the indices i or k is zero then every element a tk is singular . See 

(4.3.1). 

(5.2.2) For equal indices the elements an constitute the radical of the ring Sn . 
See (4.3.2) and (3.13). 

(5.2.3) If a^ is singular , all elements of SkxCi t k are likewise nilpotent. See the 
remark about [3.4]. 

We define: 

(5.3) The set of all singular elements in S tk shall be denoted by N ik . 

We see that the sets N * 0 and N<h are identical with S t0 and S 0 * respectively 
and are therefore moduli; likewise— according to (5.2.2)— the sets N it are the 
radicals of Sn and are therefore moduli. We maintain 

(5.4) The sets Na are moduli in any case. 

Suppose that both elements a lk and b ik are singular, and consider the difference 
a ik — b ik . Every multiple (a,-* — b ik )x kt is the difference of two numbers, 
namely, a ik x ki and b ik x kt , from the radical of S tl ; such differences are neces- 
sarily in the radical Nn . 

The definition of the sets N ik implies that N tk S kl C Nu , and from (5.2.3) 
we infer also that S lk N ki C Nn . Again we make a statement which is slightly 
more general: 

(5.5) The products N tJ S ]k , SijN jk , N kt S kt and S kl N kl arc contained in the 
modulus . 

For i equal to k nothing new is asserted; for the other cases it is necessary and 
sufficient to verify the following inclusion relations: 

(5.5 1) (N t jS jk )Ski C N u , 

(5.5.2) (S ti N,*)8 kt C N» , 

(5.5.3) (N ki S ki )S k i C Nn , 

(5.5.4) (SkiN kt )S ki C Nu . 

Evidently the last of these formulas is equivalent to the third, on account of 
(4.6.2). According to (4.7.2) the third relation is equivalent to (S ki S k i)N ki C 
Nn y and this would follow from the second formula because we know that 
SaSik C Ski . The second inclusion in turn would be a consequence of the first. 
For a product of this type is associative, 21 therefore instead of (5.5.2) the rela- 


10 Compare (2) p. 257. 
« See (4.7.1). 



684 


MAX ZORN 


tion of Sij(NjkSki ) C Nu may be discussed; and if indeed NjkSki is contained 
in Nji , as is implied by the first formula in this group, then (5.5.2) must be true. 

The first formula, on which the others are thus seen to depend, follows from 
SjkSki C S/i if we remember that according to theorem (4.7.1) the product 
( NijSjk)Ski is associative. 

We define now the set N which we claim to be the radical of the ring. 

(5.6) The set of all elements whose components are singular with respect to the 
Peirce decomposition under discussion is denoted by N; in other terms 
N = (», k = 0 • • • n) £ Nik . 

As announced in the beginning of this section, we have the theorem : 

(5.7) The set N is an ideal. 

First of all we see that by virtue of (5.4) the set N is a modulus; it remains 
to show that the products NS and SN are contained in N. In accordance with 
the rules (4.5) we have 

NS = (£ W,*)(E S lm ) = (i, j,k = 0...n)Z NtjSjk + (» *k)Z N*S* ; 

the relations (5.5) have been derived in order to make evident that the last 
member is contained in N ; the other relation SN C N is verified in the same 
fashion. 

We note that the ideal N does not contain any one of the elements ei (these 
are regular) and is therefore different from the ring S. This would allow us to 
state another special instance of the final theorem, namely: 

(5.8) If a hypercomplex ring is simple and does not consist exclusively of nil- 
potent elements , then the only properly nilpotent element is zero . A fortiori , 
the 0-ideal is the radical of the ring. 

This partial result is of value in the theory of finite alternative division algebras. 22 

6. By means of the following lemma we show that every properly nilpotent 
element is contained in the ideal N. 

(6.1) If one component , say Xki , of an element x is not singular , then we can find 
a left multiple ax — a^x which is not nilpotent. 

Suppose that there is an element a ik such that a, •*:*:*,• is equal to ; the existence 
of such a quantity will be shown presently. We say that a ik x cannot be nil- 
potent, since the formula (4.8.3) makes it evident that the component in Su of 
this product and any of its powers is equal to c,- . In order to prove that the 
element a** exists we note first that none of the indices is zero, since x k i was 
regular. If the indices are equal, then Xu has an inverse in the ring Su which 
solves the equation. If finally i and k are different, we choose first an element 
yik such that yaXki is not nilpotent; the latter product has again an inverse Zu 
in the ring Su , so that zu(yikZki) = e* . Since the last product is associative, 
by virtue of (4.7.1), we see that a t * = Zuy%k is the element we wanted. 


« See (5) p. 402. 



ALTERNATIVE RINGS AND RELATED QUESTIONS 


685 


In the other direction we prove: 

(6.2) Every element of a modulus Na is properly nilpotent. 

Indeed, according to the formulas (4.8.1) and (4.8.2) the power ( a ik x) m is a 
sum of at most two terms which contain the factor (a t *:r* t ) m ~ 1 ; the latter quantity 
vanishes for sufficiently high exponents, and we see that every multiple of a,* 
is nilpotent. This implies in particular that the elements of the ideal N are at 
least sums of nilpotent elements, and wc state less if we say: 

(6.2.1) The ideal N is contained in every ideal which contains all properly nil- 
potent elements. 

Combining this with theorem (6.1), which guarantees that every properly nil- 
potent element is necessarily a member of N, we obtain : 

(6.2.2) The ideal N is exactly the ideal which is generated by the properly nilpotent 
elements of the ring. 

This remark makes it clear that the ideal does not depend on the particular 
Peirce decomposition which has been used in the construction. We have men- 
tioned before that the idempotents e t are not elements of the ideal, since their 
components in Su are not singular; the same holds naturally for any sum of the 
form (i — 1 • • • m) ^ , provided that it is not zero. By virtue of (4.4) we 

may choose a Peirce decomposition for which a preassigned idempotent e turns 
out to be a sum of this type, and that implies: 

(6.3) The ideal N has no idempotent elements. 

If an ideal does not contain any idempotents then all its elements are nil- 
potent; for an element which is not nilpotent has an idempotent multiple; and 
an ideal contains the multiples of its elements. It is obvious, for the same 
reason, that all multiples of any element in the ideal are nilpotent. Thus we 
have finally arrived at the conclusion: 

(6.4) The ideal N, like any ideal of a hypercomplex ring without idempotents , 
consists entirely of properly nilpotent elements. 

If we combine the theorems (3.13), (6.1), (6. 1) and the definitions [3.4] and [3.10] 
we may finally state the 

(6.5) Theorem. Every hypercomplex alternative ring has a radical. 

Conclusion. If one is willing to restrict the class of hypercomplex rings the 
theory becomes much simpler. Mr. Artin has proved the existence of the 
radical for finite algebras of characteristic zero by extending the theory of traces. 23 
By the use of an entirely different method (developed 24 first for Lie rings) I 
have been able to establish the nilpotency of the radical for alternative systems 
which satisfy the ascending chain condition for subsystems; this takes care of 
arbitrary finite algebras and likewise of rings which have a finite number of ele- 
ments. Whether this fact is also a consequence of our three chain conditions 
I do not know. 

“ Not published; see (5) p. 402. 

« See (6). 
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On the other hand it seems very probable that the three chain conditions are 
not the weakest assumptions which furnish a radical. Several intermediate re- 
sults can be established under conditions which are compatible with infinite 
Peirce decompositions; and it seems that there is a less restrictive theory where 
infinite matrices with a finite number of nonvanishing rows play a role. 

University op California at 
Los Angeles 
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SEPARATION SPACES 0 

By A. D. Wallace 
(Received July 17, 1940) 

1. Introduction 

The purpose of this paper is to give a system of axioms suitable for the con- 
struction of a theory of connectivity in the large and for the study of connectiv- 
ity invariants. The postulate system, which is of an essentially new type, is 
based on the notion of separation as the undefined concept. In sections 2 and 
3 we correlate our system with the usual topological concepts, in section 4 
proofs are given for the “expected” theorems, and sections 5 and 6 are devoted 
to some general examples. Section 7 is devoted to transformations and a 
generalization of the Eilenberg- Why burn theorem on the factorization of con- 
tinuous transformations. 


2. Axioms and Definitions 

We envisage an abstract set of elements S together with a binary relation 
X | F between subsets X and Y of S. By a weak separation-space (or an 
s^-space) we mean a system (S, |) in which the following axioms hold: 

Axiom S.I. The null set is separated from every set: (X C S) — * (0 | X). 1 
Axiom S.II. Separation is symmetric : (X | Y) — > (F | X ). 

Axiom S.III. Separation is disjunctive : ( X | Y) — > (X-Y = 0). 

Axiom S.IV. Separation is hereditary : ( X | Y)-(X i C X) — » (. Xi | F). 

For convenience we adopt the conventions: 

(i) The symbol “X | F” is to be read “X is separated from Y” or “X and Y are 
separated .” 

(ii) In a topological space two sets X and F will be said to be u U)pologicaUy 
separated ” if they satisfy the condition of Lennes-Hausdorff, X-Y + X-Y = 0. 

Before examining particular instances of s^-spaces it will be necessary to have 
the 

(2.1) Definition. If X is a subset of an s w -spaee then kX is the set of all points 
no one of which is separated from X: (p e kX ) = (p | X)'. By H{X) is meant 
the class of all sets Y such that Y = kY 3 X, and hX is the set of points common 
to all the sets in the class H{X). 

The topology arising from the adoption of kX (respectively hX) as the closure 
of the set X will be called the k-topohgy (respectively h-topology) of the s w -space. 

0 Presented to the Am. Math. Soc., April 8, 1939 and April 26, 1940. 

1 We adopt the logical notation of Kuratowski [1]. Thus if A and B are propositions 
then A ■ B } A — » B, A + B, A*B, A* are respectively A is equivalent to B, A implies £, A 
or B, A and B, and A is false. The symbol ( X | F)' will be constantly used. 
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(2.2) Example. Let S be any set of elements and let “X | Y" mean that X 
and Y are disjoint. Here the system ( S , |) is an s„-space in which X = kX = 
hX so that the A-topology and the A-topology are each discrete. 

(2.3) Example. Let S be a topological space in which closure satisfies the 
axioms K.I-K.III of (3.3), i.e., S is a TVspace. Define “X | Y" to mean that 
X and Y are topologically separated, X-Y -f- X ■ Y = 0. It is clear that the 
system (S, |) is a weak separation-space with X = kX = hX. 

(2.4) Example. In this example S is Euclidean n-space and “X | F” is to 
mean the existence of an (n — l)-dimensional subspace L such that X and F 
lie in different open half-spaces determined by L. Here we have X C hX = kX, 
and this latter set is the closed convex hull of X. In this connection see §4. 

(2.5) Theorem. In an s w -spacc we have' 

K.U If X <ZY then kX C kY. 

K.IU X C kX, jfcO = 0. 

H.U If X C F then hX C hY. 

H.IU X ChX, hO = 0. 

H.IIU hhX = hX. 

HK X <ZkX <ZhX = hkX = khX. 

Proof: (K.U). If x tkX then ( x j X)' and hence by S.IV it follows that 
(x | F)' so that x t kY. 

(K.IU). For the first part, if x < X then (x | X) 1 by S.III so that x c kX. If 
x e kO then (x | 0)' and hence (0 | x)' by S.II and this Is a contradiction to S.I. 
(H.U). Using the notation of (2.1) we have to show that if X C F 
then H{Y) C H(X). If RtH(Y) then X C F C R = kR. From this it 
follows that R « H(X). 

(H.II„). For the first part it suffices to show that kX C hX by virtue of 
K.IU . But if xtkX it follows that (x j R)' for any RtH(X), so that 
x ekR = R. Thus x is contained in every element of H (X) and thus x « hX. 
For the second part, since kO = 0 we have 0 « H(0) and hence hO = 0. 

Before continuing with the proof of (2.5) we need the 

(2.6) Definition. If X is a subset of an s^-space and X = kX then X is said 
to be k-closed. 

(2.7) Theorem. The common part of any aggregate of k-closed sets is k-closed. 
Proof: Let X be the product of the family of sets [X,] where X„ = kX „ . 

By K.I W we have kX CT kX a — X a so that kX C X. In consequence of K.II«, 
we have X = kX. 

Returning to the proof of (2.5) : (H.IIU). We need only show that hhX C hX. 
By definition, hX is fc-closed, i.e., we have khX = hX. But hX C hX = khX 
and this qualifies hX for admission to the class H(hX), and so hhX C hX. 
(HK). We have proved thus far that 

X C kX C hX - khX. 

From the first inclusion and H.I„ we get hX C hkX and we know that 
hkX C hhX = hX in consequence of K.IU and H.U . From this we have 
hX = hkX and thus the proof of (2.5) is complete. 
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If the operator h (or k) is to be an analog of closure it should be additive. 
This requires that separation be additive. An s w -space satisfying 
Axiom S.V. Separation is additive : (X\ | Y) • (X 2 \ Y) —> ((Xi + X 2 ) | F), 
will be called a separation space or an s-space. 

Examples (2.2) and (2.3) are s-spaces while Example (2.4) is not. For if S is 
the Euclidean plane and X\ , Y and X 2 are respectively the points with co- 
ordinates (—1, 0), (0, 0) and (1, 0) it is clear that S.V does not hold. 

(2.8) Theorem. In an s-space K.I*, and H.I w can be replaced by the stronger 
properties 

K.I k(X + F) = kX + kY 
H.I h(X +Y) = hX + hY. 

Proof: It follows readily from K.I W and H.I* that we have kX + kY C 
k(X + Y) and hX + hY C h(X + F). If xek(X + Y) this means that 
(x | (X + Y)Y and hence by S.II it follows that ((X + Y) | x)' and so by S.V 
either (X | x) f or (F | x)’. From this, using S.I, it is manifest that x c kX + kY y 
proving K.I. To prove H.I we assume that x e h(X + F) but is not a point of 
hX + hY. Then x is contained in every R in the class H(X + Y) but there 
exist sets Ri and R 2 , respectively elements of H(X) and H{Y), which do not 
contain x. Now by K.I we have 

Ri H“ R 2 = kRi -f- kR 2 — k(R\ + ^ 2 ) ^ X F 

and x is not a point of R\ + R 2 . This a contradiction since (J?i + R 2 ) e 
H(X + F). 


3. Topological Characterization of jS-Spaces 

We begin by stating 
Axiom S.VI. If x | X then x | kX. 

Axiom S.VII. If x and y are distinct points then x J y. 

An s-space satisfying the above two axioms will be called an sirspace. Ex- 
amples (2.2) and (2.3) are s*- spaces. While axioms S.VI and S.VII hold in 
Example (2.4) it is not an s^-space since it is not an s-space. The effect of these 
new postulates is shown by the 

(3.1) Theorem. In an Sk-space the conditions K.I-K.III of (3.3) hold and 
kX - hX. 

Proof: It is clear that S.VII and (2.5) imply K.II, In consequence of K.II* 
and K.I of (2.5) and (2.8) we need only show, that kkX C kX. But this is 
immediate from S.VI. Further Kill implies kX e H(X) and so hX C kX . 
From HK of (2.5) we get equality here. 

The fact that K.I-K.III of (3.3) hold in an s*- space does not imply that 
X | F is equivalent to X-kY + Y*kX = 0. 

(3.2) Example. Let S be the unit interval with its usual topology and define 
“(X | F) m (X- Y = 0)”. The system (S, |) is an s^-space with X = hX =fcX. 
If P and Q denote respectively the sets 0 g x < 1/2 and 1/2 < x g 1 then 
(P | Q) f but they satisfy the condition of Lennes-Hausdorff since they are top- 
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ologically separated. It is interesting to remark that S has no s-cut-points and 
indeed any subset R of S which is dense in $ is s-connected (cf. §4). 

This example indicates the need for the following 
Axiom S.VIII. If for each x t X and each y e Y we have ( x \ Y) and (y | X) 
then ( X | 30. 

An st-space satisfying S.VIII will be called an srspace. 

(3.3) Characterization Theorem. In an s, -space we have 
K.I k(X + Y) = kX + kY. 

K.II kX = X if X is null or a point. 

K.III kkX = kX. 

R.I (x ( kX) S (X I xy. 

R.II (X I Y) m ( X-kY + Y-kX = 0). 

Conversely, if the operator k satisfies K.I-K.III and separation is defined by 
R.II then S.I-S.VIII and R.I hold. 

Proof: It remains only to show, in consequence of (3.1) and the definitions, 
that R.II is valid. Suppose that the left member of R.II holds. If X-kY t 6 0 
(say) then there would be a point in X not separated from Y and hence (X | Y)'. 
If the right member holds and the left does not, then by S.VIII we can find a 
point x eX such that (x | Y)'. That is, X-kY 9* 0, a contradiction. It is 
readily seen that the converse part of the theorem is valid. 

It is to be noted that there exist spaces in which closure satisfies K.I, K.II,, 
of (2.5), and K.III and in which separation (as defined by R.II) does not lead 
to R.I. This is simply because in such a space a point need not be a closed 
set, i.e., kx ^ x. Nevertheless we have 

(3.4) Theorem. In an s-space, for any point x and any set X 

(x I X) m (X-kx + x-kX = 0). 

Proof: The right member manifestly implies the left. Assume that the right 
member is false and first suppose that x-kX 0. Then by definition (x | X)’ 
and hence the left member fails to hold. Suppose only that X-kx ^ 0. Then 
there is a p t X which is not separated from x. Consequently we have (x\p)' 
and hence x t kp C kX in virtue of K.I* of (2.5). Again the left member fails 
to hold. 

Topological spaces of the type (3.3) were studied extensively by Kuratowski 
[1] and others and are called 7Vspaces by Alexandroff-Hopf [1]. They may be 
described in terms of closed sets by saying that (i) the null set, the space and 
each point is closed (ii) the sum of two and the common part of any number of 
closed sets is again a closed set. 

4. ^-Connected Sets 

In this section we assume that S is an s-space (Axioms S.I-S.V). Our purpose 
is to demonstrate that the “expected” theorems hold concerning “connected” 
sets. 



SEPARATION SPACES 


691 


(4.1) Definition. A subset of an s-space is said to be s-connected provided that 
it is not the sum of two non-null separated sets . 

(4.2) Theorem. If X is s-connected and contained in Y + Z, Y | Z, then 
X C Y or X C Z. 

Proof: If X intersects both Y and Z then X = X-Y + X-Z and neither 
summand is null. By S.II, S.IV, and S.V it follows that X-Y \ X-Z and this 
is a contradiction to the definition of s-connectivity. 

(4.3) Theorem. If [X a \ is a class of s-connected sets no one of which is separated 

from the s-connected set X ) then the set X 0 = X + 53 X* s-connected . 

Proof: If not, then Xo = Y + Z and Y | Z, neither being null. Then using 
(4.2) we may suppose that X C Y. Since Z-X*j± 0 for some a we have (again 
by (4.2)) that some X a is contained in Z. By S.II, S.IV and S.V this implies 
that X \ X a j a contradiction. 

(4.4) Theorem. If X is a non-null s-connected subset of the set Y then there is 
a maximal s-connected subset X 0 of Y which contains X. The set X 0 is called the 
8-component of Y which contains X. 

Proof: It is readily verified that the set X Q = X + [all s-connected subsets of 
Y which are not separated from X] is an s-connected subset of Y containing X 
and is not a proper subset of any other s-connected subset of Y having these 
properties. Hence X Q is the desired set. 

(4.5) Theorem. If Y is* an s-connected subset of the s-connected set X then 

(i) If X — Y = P + Q, P | Q, then Y + P and Y + Q are s-connected; 

(ii) IfZ is an s-component of X — Y then X — Z is s-connected . 

Proof: (i). If we assume that Y + P— M + N where M | N and neither 
summand is null it follows by (4.2) that we may assume that Y is contained in 
N and hence by S.III that M is a subset of P . Hence, since, 

X=(X-Y) + Y = P + Q + Y = M + (N + Q ), 

on applying S.IV and S.V it follows that M | (N + Q), a contradiction to the 
assumption that X is s-connected. 

(ii) Assume that X — Z =M + N where M | N . Since Y does not intersect' 
Z and Y is s-connected we may assume that Y is a subset of N. By (i) the set 
M + Z is an s-connected subset of X — Y and since Z is an s-component of this 
set and M-Z — 0 we have M = 0. 

A somewhat different form of the first part of (4.5) is as follows: 

(4.6) Theorem. If P and P-Q are s-connected and R | (P — (Q + R )) then 
P-(Q + R) is s-connected . 

(4.7) Theorem. If X + Y and X*Y are s-connected and (X — Y) \ (7 — X) 
then X and Y are s-connected . 

Proof: We have 

(X + Y) - X-Y - (X - Y) + (Y - X) and X = X.Y + (X - Y) 
so that we may apply (4.5). 

In (4.7) the condition (X — Y) \ (Y — X) replaces the classical (and un- 
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necessarily restrictive) “ X and Y are closed in X -f l 7 ” which indeed is not 
applicable in an s-space. To show the efficacy of the condition it may be 
shown, for example, that in order that a connected, locally connected metric space 
R be unicoherent it is necessary and sufficient that for any decomposition R = P + Q 
where P and Q are connected and (P — Q) | (Q — P) (topologically) we have P-Q 
connected. 

(4.8) Theorem. If X is s-connected and X C Xo C kX then Xo is s-connected . 
Proof. The set Xo is of the form X + 23 where each X a is a point of 

kX — X. We then apply (4.3). 

(4.9) Theorem. If X is s-connected so is hX. 

Proof: From (4.8) we know that kX is s-connected. If hX = M -f N 
where M | N then, because X is a subset of hX, we may assume that X is con- 
tained in M. Since M | N it follows that M ■ kN = 0 = N-kM. But 

M + N = hX = khX = k(M + N) = kM + kN 

and thus M = kM ID X so that hX C M and therefore hX = M. Hence 
N = 0 and we see that hX is s-connected. 

If the set I is s-connected and contains the points a and b and no proper 
subset of / enjoys both of these properties then I is said to be irreducibly s-con- 
nected between a and b. It may be shown that if x el, a ^ x ^ b then I — x = 
Ii + It where a eh , b eh , h\ h and both h asd It are connected. This 
enables one to order the elements of I (from a to b) by defining p < q if there 
is an x e I giving the decomposition above with p eh and q e h . We state 
without proof the 2 

Theorem. If I is an s-space satisfying Axiom S.VIII and I is irreducibly 
s-connected between a and b, then, if the elements of I are ordered as above, the 
Dedekind proposition holds. 


5. An Example 

Let S be a space satisfying the first three axioms of Kuratowski (i.e., closure 
satisfies K.I-K.III of (3.3)) and let G = [Z] be a family of closed sets of S. 
Throughout this section we define separation as follows: The sets X and Y are 
separated (i.e., X | F) provided that one of them is null or there exists an element 
Z of G such that 

(+) S - Z = U + V, X <Z U, FC7, U-V + U-V - 0. 

(5.1) Theorem. The system (S, |) is an s w -space and for any subset P of S the 
sets kP and hP are closed and F C kP C hP. 

Proof: It is manifest that the (S, |) is an s„-space. We proceed to show that 
kP is closed. To this end it suffices to prove kP is the common part of a collec- 
tion of sets H = [U + Z] satisfying (+). We define this collection as follows: 
For any x not in kP we know that (+) holds with P = X and x — Y and we 


See Knaster and Kuratowski [1]. 
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let H be the collection of all sets U + Z thus obtained. If we let Q be the 
product of all the sets in H then kP C Q. The reverse inclusion is easily seen 
to be valid. 

If the collection G contains only the null set then for each X in S the set kX 
is the sum of all the quasi-components of S which intersect X. If G contains 
all closed sets and if further S has the property that for any two topologically 
separated subsets of S the condition (+) holds, then the system (S, |) is an 
Si-space and X = kX = hX. Further, condition R.II of (3.3) is valid so that 
separation and topological separation are the same. Thus varying the collec- 
tion G enables us to get anything from an s„-space to the full topology of S. 

For the remainder of this section we suppose that the family G is a multiplica- 
tive ideal in the lattice of closed subsets of S, that is, if Z x and Z 2 are in G then so is 
Zi + Zt, and if Z« is a closed subset of an element of G then Z 0 1 G. 

(5.2) Lemma. If for i = 1, 2 , nwe have 

(+),• S- Z> = Ut + Vi , Xi C V t , YiCVi, 

U { .Vi+ Ui-Vi = 0, Z i( G, 

then there is a Z tG such that (+) holds with X = X x -X 2 ■ ■ ■ ■ X„ and 
Y = Ft + F 2 + ••• + Y„ . 

Proof: Since the general case follows by induction we restrict our attention to 
the case n = 2. Let l r = Ui-Ui and V = V\ + V 2 , and set Z — S — (U + V - ). 
That U-V + U-? = 0 is immediate and clearly X C U and Y C V. Further 
we have 

Z = (S- CO-OS - V) = [( S - Ui) + (S - U t )].[S - V } 


= [(Zi + Vi) + (Zt + V 2 )].[S - Vi]- (S - Vi] 

= (Zi - Vi) + (Zi - Vi). 

Since Vi and V 2 are open it follows (since G is an ideal) that Z tG. 

(5.3) Theorem. The system (S, |) is an s-space. 

Proof: In virtue of (3.1) we need only prove that S.V holds. But if X | Fj 
and X | Yi then (+),• holds for i- 1,2 and X = X x = X 2 . Consequently (+) 
holds with F = Fi + F 2 . 

The condition that G be an ideal is essential here, and even in this event it 
is possible to give examples of Peano spaces in which S.VI-S.VIII all fail to 
hold 

(5.4) Lemma. If P is closed, S is compact metric, and for each p eP we have 
p | Q, then P |Q. 

Proof. For each p eP condition (+) holds with X = Q and p = F. Since 
B is compact and each V is open we can find an integer n such that (+)« holds 
for i = 1, 2, • • • n, and P C V x + V t + • • • + V„ . Thus (+) holds with 
X , = Q and F = P and this completes the proof. 
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(6.5) Theorem. If S is compact metric and P is s-connected then kP and hP 
are connected. 

Proof: If kP is not connected then we have kP = M + N where M and 
N are disjoint closed sets, neither of which is void. There exists a closed 
subset F such that 

<S-F = 4+B, MCA, NCB, A-B + A-B = 0. 

Since F -kP = 0 we have / 1 P for each f e F and thus by (5.4) we conclude that 
F | P. Thus (+) is valid with X = P and Y = F. Since P C A + B we may 
suppose that P-A ^ 0, and thus P-(U — B) ^ 0 in virtue of the fact that 
A 'B = 0. Further since B — B C F C V we have U — B — .U — B. It is 
clear that the sets U — B and V + B are topologically separated being disjoint 
and open, and moreover S — Z = (U — B) + (V + B). But since P is s-con- 
nected and P- (U — B ) is not null we have P CU — B. Further N • ( V + B) 
is not null and so for some q e N C kP we have q \ P, a contradiction. The 
proof that hP is connected is as follows: By (4.9) hP is s-conneteted and by 

(2.5) khP = hP so that by what we have just shown the set hP is connected. 
The following example has many interesting features. 

(5.6) Example. Let S be the unit interval with its usual topology, let s be 
the point 0, and let G consist of all closed subsets of the sequence (1, 1/2, 
1/3, • • • , 1/n, ••• 0). Notice that s = hs = ks but that if X is a closed subset 
which does not contain the point s then kX s while LX = s. Here the only 
fc-closed (A-closed) sets are the null set, the point s and S. 

While the systems studied in this section have long been known in topology, 
going back to Poincar6 (cf. Menger [1, 2], Moore [1]), I am not aware that any 
effort has been made to introduce a topology of separation, or to superimpose a 
topology of any sort on the system. The following proposition has a certain 
intrinsic interest. 

(5.7) Theorem. The relationship of “ not being separated" is a continuous 
function on the space of all closed sets of S in the sense that if X n —*X and Y„ — > Y, 
then (X„ | Y„)' implies (X | F)', S being assumed compact and metric. 

6. A Dynamical Example 

In the present section we borrow the terminology of dynamics (cf. Hedlund 
[1]). Roughly speaking two sets will be “separated” if they are not “joined” by 
a motion. More exactly we consider a metric space S and a family T = [<] of 
subsets of S (not necessarily closed). Further we suppose that through each 
point of S there passes at least one motion (= element of T). A subset P of 
S will be invariant provided that P = t, t-P 0. 

(6.1) Definition. The subsets X and Y of S will be separated (i.e., X \ Y ) 
provided that 

(i) No element of T intersects both ft and Y. 

(ii) No element of T intersects both X and Y. 

If the elements of T are points of S then separation and topological separation 
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are equivalent and the ft-topology and topology of S agree. It may be seen that 
the following is valid. 

(6.2) Theorem. The system (<S, |) is an s-space in which Axiom S.VIII holds . 
For any subset X of S we have 

kX = 'Zt,t.X 0. 

In order that a set be k-closed it is necessary and sufficient that it be closed and 
invariant . The set hX is the smallest closed and invariant set containing X. 

In general a set hx (x e S) will not be a minimal set (in the sense that it may 
contain a proper ^-closed subset). It is readily seen that if the motions are 
connected sets then if P is ^-connected sets kP and hP are also s-£onnected 
and connected. 

7. Transformations and the Eilenberg-Whybum Theorem 

If A and B are s-spaces then the single-valued transformation T(A) = B 
will be called s-continuous provided that 

(X | Y) s (^(X) | T~\Y)) 

for each pair of subsets X, Y of B . 

This definition is justified by the 

(7.1) Theorem. If A and B are compact metric spaces and “ separation ” is 
interpreted to mean li topological separation” then T{A) = B is continuous if and 
only if it is s-continuous. 

Proof: If T is continuous it is readily seen that it is s-continuous. If T is 
not continuous we can find a sequence x n — > x in A such that T(x n ) converges 
to a point y ^ T(x). It follows that we may suppose that the sets T(x) and 
T(xi) + T(x 2 ) + • • • are separated. Hence the sets x and x x + x 2 + • • • will 
be separated in contradiction to the assumption that £ is an accumulation point 
of the set Xi + x 2 + 

The following proposition (while not immediately relevant to our purpose) 
has considerable intrinsic interest. 

(7.2) Theorem. If T(A) = B is continuous where A and B are compact metric 
then the following properties are equivalent ( il separation” meaning u topological 
separation”): 

(i) The image of an open set is open . 

(ii) If X Cl A and Y CL B then ( X | T~ l (Y)) m ( T(X ) | F). 

Proof: Note first that (under our convention above) a set V is open if and 
only if p | (B — F) for each p e V. Hence if T satisfies (ii) it is to be shown 
that if U is open then y « T{U) implies y | (B — T(U)). Now if x e T~\y)- U 
then x and A — U are separated and hence the sets x and A — T~ l T(U) — 
T~\B — T(U)) are separated (in virtue of S.IV). It then follows by (ii) that 
y | (B — T(U)). We suppose now that T satisfies (i). To prove the leftward 
implication of (ii) we see that 

(ZIT-^F))' 


(r'TiX) I T~\Y)Y -► ( T(X ) I Y)' 
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by S.IV and (7.1). To prove the rightward implication we note that if (ii) 
holds then T-'(P) = T = \P) for each PCS, and T(Q) = T(Q) for each Q C A. 
Hence 

( X I T~\Y)) -» (X.T~\Y) + X-T~\t) = 0) 

— (T(Xj. Y + T(X). ? - 0) -> (T(X) | Y ). 

TTc suppose from now on that A is an s-space and T(A) = B is single-valued 
and varying hypotheses will be placed on T and B. 

(7.3) If B is any abstract set of elements and we define for each pair X, Y in B 

(X | F) = (T~\X) | T\Y) 

then the system (S, |) is an s-space and T is s-continuous 
Proof: To validate the second statement it remains only to prove the first. 
Since S.I-S.III are immediate we have to show that S.IV and S.V hold. But 
these are immediate in virtue of the identities (P C Q) = ( T~ l [P) C T~ l (Q)) 
and T~ l (P + Q) = T -1 (P) + T~\Q), and the axioms. 

(7.4) Theorem. If A’ and B are s-spaces, Ti(A) = A' and T t (A ' ) = B are 
singled-valued, and T = 2*7i and T\ are s-continuous, then Tt is s-continuous. 

Proof: If X and Y are subsets of B and X | Y, then we have T~\X) | T~ l (Y). 
But T-'(X) = TT l T7 l (X) and T~ l {Y) = TT'TV'CV) so that since P, is s-con- 
tinuous we have T^\X) | T^ l (Y). The reverse implication follows similarly 
so that Tt is s-continuous. 

(7.5) Theorem. If T(A) = B is s-continuous ( B an s-space ) and T _1 (b) is 
s-connected for each b t B, then T~ l (B 0 ) is s-connected for each s-connected subset 
Bo of B. 

Proof: Suppose that T~ l {Bo) = P + Q where P | Q and neither summand 
is void. Then for any b e B 0 we have ^(b) contained in either P or Q. Thus 
P = T l T(P) and Q = T~'T(Q) so that we get T(P) | T(Q). Since B 0 = 
T(P ) + T(Q) it follows that B 0 is not s-connected, a contradiction. 

The following is a generalization of a theorem due to Eilenberg [1] and Why- 
burn [1]. It is to be noted that no use is made of upper semi-continuous de- 
compositions in the proof of the theorem. 

(7.6) Theorem. If A and B are s-spaces and T(A) = B is s-continuous then 
there exists an s-space A' and s-continuous transformation Ti(A) = A' and 
Tt(A ') — B such that T = T 2 T X where 

(i) for each a’ * A' the set IX 1 {a') is connected and 

(ii) for each b tB the set ^(b) contains no s-connected set containing more than 
one point. 

Proof: Let A' — [o'] be the class consisting of all s-components of all sets 
T~ 1 (b), b tB. For each at A let T\{a) = a' be the s-component of T~ 1 T(a) 
which contains a. For X', Y' C A' define X' \ Y' to mean that TT^-VO | 
T\ X (Y'). Then by (7.3) Ti is s-continuous and A' is an s-space. By (7.4) 
Tt » TiT~ x is s-continuous. If X' is an s-connected subset of Tt(b), b tB, 
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then by (7.5) we know that Ti\X f ) is ^-connected and is contained in 
TT l T7 l (b) = T~ l (b). Thus TT^-X 7 ) is in a single component of T~ l Q>) and thus 
X' is a single point of A 

The University op Virginia. 
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Introduction 

The original purpose of this paper was to apply tensor methods to a study of 
the invariant theory of homogeneous contact transformations. L. P. Eisen- 
hart and M. S. Knebelman (1) have shown how a vector A of 2 q components in 
the phase space of 2 q coordinates x % and may be decomposed into two geo- 
metric objects X and fx of q components each. The transformation laws of X 
and n were such that whereas the new components X of one set were linear 
combinations of the corresponding old components X, the new components fx 
were linearly dependent on both sets X and fx. Because of this transformation 
behavior the decomposition just cited will be described as partial. In this paper 
we shall arrive at a complete decomposition in the sense that the X’s will be 
defined in terms of the X’s only and the m’s in terms of the fx s. The underlying 
formalism of the Eisenhart-Knebelman paper has been employed here and the 
decomposition at which we arrive agrees, when restricted to extended point 
transformations, with their similarly restricted decomposition. 

Our decomposition has been accomplished by introducing the notion of two 
families of complementary subspaces of the phase space and of projection tensors 
in these subspaces. Since the method is independent of any implication of a 
contact transformation on the coordinates it will first be developed in its full 
generality and the decomposition under the contact group will be presented as a 
special application of the general theory. As additional applications we shall 
give two decompositions of tensors under the complex group, one being real and 
the other complex. In section 16 the doubly homogeneous contact group of 
Schouten (2) is derived independently and a complete decomposition for this 
group in terms of an affine connection is given. 


1. The Underlying Systems op Differential Equations 
Two systems of partial differential equations of the solved type 

(1.1) X a f = L\ d Q f = d a f + L' a (x A ) drf - 0 

(1.2) Xif = L Q i d Q f = dif+ L\{x A ) d,f = 0 


for which | L A B | = 





have the ranges (a) = (1, • • • , 
will be called complementary. 


df 

0 and d A f — and wherein the indices 
q), (*) - (q + 1 , ••• ,N), and ( 4 ) = (1, . . . , N) 
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Associated with the systems XJ = 0 and X a f = 0 are their dual Pfaffian sys- 
tems P a = N a Q dx Q = dx* - L% dx = 0 and P * = dx Q = dx* - 2/ p dx p = Q 

5% -L"J 


with the matrix II N B II = 


-Us 




. From these definitions, if /(x) 


is a solution of X</ = 0 its differential df = d a f(dx* — L* r dx r ) will vanish for 
any increment dx' 4 satisfying P a = 0. Conversely, if /(x) is an integral of 
P a — 0 then df = (d</ + Uidpf) dx 1 must vanish identically in dx 1 and /(x) is a 
solution of Xi/ = 0. 

We shall confine our attention to (1.1) in making a few general remarks* 
Assuming for the moment complete integrability, there exist N — q principal 
solutions (3) \x A ) satisfying the initial conditions <p\x q , x 3 ) = x x within a 
suitably small neighborhood of a point (x 0 A ) for which U a (x A ) are regular and 
the most general system of solutions is given by any N — q independent func- 
tions/*^ 7 ) of the principal solutions. Since d & = 6'j it follows that the 

determinant | djf | does not vanish identically. A general system of solutions 
f(x) determines an family of ^-dimensional subspaces S 9 (c) as defined by 
the equations f{x) = c\ A parametric representation may be obtained by 
solving these equations to give x l = ^*(x a , c 3 ), the complete parametric system 
for S 9 (c) being 


(1.3) x* = x“ x l = e). 

Now the functions F' = x* — ^*(x a , c 3 ) when equated to zero represent the same 
family of subspaces S q (c l ) as defined by f\x ) = c and hence must satisfy the 
system (1.1) for all values of x A lying in S 9 (c ), that is, 

(1.4) d a r = vj/, *v, c)). 


Suppose S 9 {c) to be parameterized in a general manner by the equations 

dx Q 

x A = x A (u*). Then the q invariants X a = A Q -- - - are the scalar products of A a 

du a 

dx A 

with the q tangent vectors — of S 9 (c). Under parameter transformations the 

cm® 

X’s constitute a ^-component vector of S 9 (c ) which will be called the projection 
of A a on S q (c'). A distinguishing feature of the parameterization (1.3) may be 
emphasized by writing it in the form 


(1.5) x a = u* x = f'(u a , c 3 ) 

and transforming the x’s by x A = f A (x) so that x* = /“(x*, ^'(x^ > c 7 )). If w e 
insist on invariance of form for the first set of (1.5), namely x* = u*, it may 
be seen that a transformation x A — ► x A induces the parameter transformation 
u — > u given by u* = /“(i/, ^*(t/, c 7 )). The condition for non-singularity is 

0. Reverting to our first notation x* = u* and 


dH a 


dvfi 



er , <r or 

du P dyp dvP 


applying (1.4) this condition on the transformation x — > x 
| Xpf* | = | dfif* + Utdrf* | 0 for points (x A ) of S 9 (c'). 


* A takes the form 
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It has just been shown how every coordinate transformation x A —► £ A satis- 
fying | Xfff* | 5 * 0 induces an isomorphic non-singular parameter transformation 

dx Q 

u a — » u a . Thus the coordinate scalars X« = A 0 — will transform as parameter 

vectors under a coordinate transformation x — ► x and because of the covariantive 
parameterization x a = u a these parameter vectors will have the semblance of 
g-component coordinate vectors. The components X a are A a (x A ) = A« + A r L r a 
where the x’s are confined to a subspace S q (c l ). But since any point (x A ) is a 
point of some such subspace, the quantities X a constitute a ^-component factor 
field of the iV-component vector field A a . Analogous conclusions may be drawn 
from the complementary system (1.2) leading to the complete decomposition 
Aa = A Q L Q a = A« + A r L r a and X,* = A Q L Q i = A t + A p L P i of A a into a q and 
N — q component factor field respectively. The restriction | X ,/* | = 

| djf + L p jdpf | 5 * 0 on the coordinate transformation x A = f A (x ) analogous 
to | Xpf* | t* 0 is encountered. To determine the transformation character of 
the factor fields we shall investigate the behavior of the basic systems of partial 
differential equations under a change of coordinates. 


2. The Transformation Character of the Basic Systems 

Let the most general coordinate transformation x — * x be sought which will 
preserve the solved form of the basic systems. That is, we stipulate the general 
laws 


( 2 . 1 ) 


Xtf = Xtf = TfXrf 



wherein | T$ a | ^ 0 and | T,* \ t 6 0 so that Xgf = 0 will imply Xgf = 
5gf + TJp5 r f = 0 etc. If both sides of these equations be written as linear 
forms in d A f and dx A and the coefficients be identified there will result 


( 2 . 2 ) 

(2.3) 


W = X 0 x< 
Ti'XX = 6% 
L'fiXrX* = -fa* + L\5 8 x' 
Vfdrx* = -L a fa r 


L%X i x r = XjX a 
TfXrX* = «*,• 

L’jXr x a = -fa* + L“,5,x r 


The first line of (2.3) reduces to the inverse of the corresponding line in (2.2) 
when one applies the second line of (2.3). We impose the restrictions 

(R*.4) | Xg£ a | ^ 0 | X$* | * 0 

identical with those of the preceding section on the transformations x A = £ A (x) 
so that Z'fi and Z“j will be determined uniquely by (2.2). The second set of 
(2.3) may be regarded as identities which obviously hold for the identical trans- 
formation i A = x A . Transformations x — » x satisfying (R*. 4 ) will be called 
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admissible and henceforth only such transformations will be considered. Equa- 
tions (2.2) are adequate to establish the chain formulas of differentiation 

(2.5) X e x a = X,r = Xrx'Xtf 

giving the conjugate relationships 

(2.6) 5“„ = X p x a X f x' 5 *, = X^XjX 

for the transformation x A = x A . Comparison with the second line of (2.2) 
gives Tp a = XffX a and Tf = Xjx' and from (2.5) the transitivity of the trans- 
formations L — ► Tj follows readily. The transformation equations (2.1) of the 
basic systems are thus 

Xrf = XjXgx> XJ = XrfZjX 
( ' P a = P’XpX* P ( = FXrX\ 

3. The Group S ^ 2* of Admissible Transformations 

Although the transformations x — » x have been defined as changes of coordi- 
nates, it will be convenient in this section to regard them as point transforma- 
tions in order to facilitate the description of the transitive properties of certain 
objects transforming under them. We shall now establish the group properties 
of the transformations of the set 2: x A - <r A (x) characterized by | X 3 x a | ^ 0. 
We first observe that the identical transformation x A = x A is in 2. Secondly, 
if we first transform from the point (x) to the point (x) by a transformation of 2, 
thereby determining at (x) a unique set of functions L'p(x), and then transform 
to a third point (x) by any transformation x A = a A (x) of a set which we shall 
call 2, where the elements of 2 are characterized by the property that 
| Xfii a | 0, it is always possible to transform directly from (x) to (i) by an 

element of 2, that is, by a transformation x A — x A (x) for which | Xpx a | 0; 

for it is merely necessary to form the determinant of both sides of (,2.5) and 
observe that | Xgi a | is the product of the two non-zero determinants | Xg£ a | 
and | X s x a | and so must be likewise non-zero itself. It remains to show that 
if x —* x is an element of 2 the inverse transformation x <— x is an element of 2, 
that is, we must prove that if | X$x a | ^ 0 then | X 3 x a | ^ 0. But this follows 
immediately from (2.6), 1 = | XpX a |-| Xgx" |. Since it has now been proved 
that the most general transformation x — * x with which we shall be concerned 
is compounded from an inverse transformation of the set 2 followed by a direct 
transformation of 2 we have the 

Theorem 3.1 : Corresponding to any choice of the functions L'g(x) in some arbi- 
trary but definite coordinate system x, the subset 2 of the general group G of analytic 
transformations x A = x A (x) for which \ Xgx a \ 0 when taken in conjunction with 

all the inverse transformations of 2 constitutes a subgroup of G. 

An analogous theorem holds for the subset 2* of G for which | Xji' | ^ 0. 
It follows that the transformations of the intersection set 2 ^ 2* likewise form 
a subgroup of G. 
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4. Factorization of Any Tensor 

The invariance of the independence condition | L A B | 9^ 0 will now be estab- 
lished by proving that after an admissible transformation x — ► £ characterized 

by | d B x A | 0 and | A b x a | = ^ o the new determinant | Z A B | will 

be likewise non-vanishing. The transformation laws (2.7) for the double 
system Xnf * 0 become L Q B d Q f = L A oA B x Q 5 A f and the conditions that these 
hold for arbitrary/ are L 9 B d Q x A = L A qA b x 9 . On forming the determinant of 
both sides it is apparent that | L A B | ^ 0 is a consequence of | L A B | ^ 0, | d B £ A | 
j* 0 and | A b x a | ^ 0 as was to be proved. 

We shall call the matrix || L A B || the factor frame of S N f a name suggested by 
the definitions \ A = A Q L Q A of the factor components X« and X» corresponding 
to . Thus the left members XbJ of our underlying equations are factor 
components of the gradient d A f. In a new coordinate system $ the factor 
components of an arbitrary vector A* are defined by X* = A Q L Q B . For the 
case A^ = d A f we know from (2.7) that \ B = XqApX 9 . To verify that these 
hold for an arbitrary vector A a we rewrite them as ( L A qA b x 9 — L 9 B d Q x A )A A = 0 
and note that the coefficients of A a vanish as a consequence of the definitions of 
A b x a and of the transformation laws (2.2) of the V s. 

Up to this point we have considered only a factorization for a covariant vector 
A^ with factor components X .4 = A q L q a transforming according to the laws 
X a = X p XaX p and X, = \ r XiX r . Because of the condition | L a b | ^ 0 there exists 
a matrix || M A B || conjugate to || L A B || satisfying M a q L q b = 5 A B . As a basis 
for defining the factor components X A of a contravariant vector A a we shall 
insist that \ 9 \ Q = A Q A Q hold for A a and A a arbitrary. This leads to the defini- 
tions X A = M a q A q . From the four sets of relations 

M% + M\L\ = M a i + M a pL P i = 0 

l41) M*i + = a 1 ',- + M\L r f> = 0 

resulting from M A qL q b = b A B these frame components are 

(4.2) X“ = M a „(A fi - L\A T ) = M\(A y - L\A P ) 

where the coefficients M a $ and AT, are defined by the conjugate relations 

(4.3) - L\L r i) = S a 0 M\(b T j - L r 'IS,) = . 

It will now be shown how a factorization of an arbitrary covariant vector 
will induce a corresponding factorization for an arbitrary contravariant vector. 
For if we define factor components X A of A a in two coordinate systems x and 
* by X A = M a qA q and X A = M a qA q the two sides of A a A a = A q A q will be equal 
respectively to the two sides of A a A a = X^Xo , or X“X a + X’X< = X' , (X«X P 1“) + 
X r (X,X^‘) by virtue of our definitions of X A and X A . By insisting that these 
be identities in \ A we obtain the desired laws X“ = A p X„x a and X* = \ r Xri\ 
It involves but a slight extension of this demonstration to define factor com- 
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ponents X x fl of a simple mixed tensor A x fl by \ A a = M a q A 9 b L r b and observe 
that they will transform by — X P C X p x a X^x" , X*, = X'.X^Xjx', X“, = 
A p r Xp?b a XjX T and X’/j = X r p X r x'Xpx p . The generalization to tensors of arbitrary 
covariant and contravariant rank is obvious. 

Let us now return to equations ( 4 . 3 ). Defining and by t a g = d% — 
L a r L r fi and t'j = 5 ‘, — V P L P j the equations ( 4 . 3 ) arc M a p t p = 6 °^ and M'fj = 
8'j . Their form suggests that t a $ , t', , M a s , and M'j are factor tensors and such 
is in fact the case. To establish the tensor character of t“ B it is sufficient to ob- 
serve that (L“ r L r ^Xfix" — (L p ,L‘fi)X „x a follows from ( 2 . 2 ) and ( 2 . 3 ). By use 
of the t’s the transformation laws ( 2 . 2 ) of the L ’ s may be written in the form 

(4.4) L\XfiX p = UfiXrf + L a r Xji r = L p i X„x a + t r ,d,* a . 

It is now apparent that corresponding to any contravariant vector A x there are 
the two sets of factor vectors 

X* tt = A“ - L\A r X*’ = A‘ - L\A P 

X° = M a p X* p X*' = M\X* r . 


These two sets are identical when and only when the tensors L a r L T p and V JL P j 
vanish. 

Referring to the definitions in section 1 of the coefficients N A B of the funda- 


mental Pfaffians, it may be seen that \\ N A qL‘ 


•II = 


Aid therefore 


t a „ 0 

0 6!| 

| N a q | • | L q u | = | t a f | • 1 1' j |. But since | N A B \ = | L A B |, as may be seen by 
multiplying the last N — q columns (index j) and the last N — q rows (index i) 
of | N A B | by —1, we have | L A „ | 2 = | t a B |*| t', | and in new coordinates x, 


7A |2 




Because the t’s are simple mixed factor tensors, | i a $ | = 

| | and | t'j | = | t'j |, and hence | L A B | 2 = \L A B | 2 . From continuity con- 

siderations under an infinitesimal transformation we finally have | L A B 1 — 

| L a B |. Hence from L 9 B d Q x A = L A Q A B x 9 there follows the relation 


d B x A 


5. Covariant Differentiation and the Commutator Symbols 

We now assume the existence in S N of an affine connection L A BC {x) in terms 
of which we define the covariant derivatives of arbitrary vectors by A c .n = 
d B A c — AqL q bc and A x , s = d B A A + A 9 L a B q . Similarly for the factor com- 
ponents of these vectors we define factor covariant derivatives by X C . B = 
X B Xc — XqI q B c and X A lB = X B X A + X Q l A BQ , where the V s are functions to be 
called factor components of connection, undetermined as yet, such that these 
latter quantities X C , B and X A , B will be factor components of the former tensors 
Ac, a and A a , b respectively; X c .b = A h ,qL r c L 9 b and X 9 , B L A Q = A a ,qL q b . 
These conditions determine 


1°bcL A q L a qr L q b L r c "l" L 9 B d()Jj A c 


(5.1) 
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as the relations that must exist between l A B c and L A B c • In a new coordinate- 
system £ we have components of affine connection given by Z q B cSqX a — 
L A qk5 b x q S c x r + 3*b C x a and these induce the transformation law 

(5.2) I^bc^qx — l B x ! A qX *1“ X B A cX 
according to which 

Vg y X^ a = l\Xgx'X y x' + XgXyX a V iy X,z a - Vr.XjxXyx' + XjXyX* 

(5.3) 

VjkXj = Vr.XjX'XtX’ + X,!^ V^XrX' = V '.X&'Xj + XgXgX' 

while l'$y , l*,k , I'iy and l a gn transform as factor tensors. 

The skew-symmetric portion to A BC of the affine connection L A BC = T A BC + 
Q A bc is a tensor with factor components u A uc which may be computed from (5.1) r 

(5.4) *(L\, - L a kq )L q b L R c = JflV - 1 Q cb)L a q - V A bc 

where I a bc = L Q B d Q L A c — L Q c d<)L A B so that I a g y = /',* = 0. The commutator 
(X B X c )f is then (X B X c )f = I Q BC d Q f = M A Q I Q BC L R A d B f = \ A BC X A f where 
\ A bc — M a qI q bc . The quantities \ A BC will be called commutator symbols for 
the operator X B and in terms of them we have by (5.4), fl A QB L Q B L R c = §[(f <, «c ~ 
l Q CB ) — X* bc ]L A q , and hence the factor components u A BC of (l A BC are 

(5.5) ^ U A B C — J[(I BC — l Cb) — X ac]. 

6. Integrability Conditions and Normal Coordinates 

The system Xgf = 0 will be completely integrable if and only if the com- 
mutators (Xfi Xy)f — X "syXpf + \ r fiyX r f are linear combinations of Xgf. Hence 
\'py = M\r$y = 0 are the conditions for integrability. Because of the tensor 
character of Af‘, and the circumstance that | AT, | ^ 0 we may write I'g y — 0 
in place of \'sy = 0 and for this reason we shall call I\ j Y an integrability tensor. 
When I 'ey = 0 there then exist N — q independent solutions f(x) which repre- 
sent <x> K ~ t subspaces S q (c?) of q dimensions when equated to arbitrary con- 
stants c\ 

Let us now consider the more general non-holonomic case wherein I'g y y* 0 
and therefore Xgf — 0 are not completely integrable. In this instance it be- 
comes more convenient to discuss the Pfaffian system dx' — L\ dx ’ = 0 cor- 
responding to Xgf = 0 rather than these latter equations themselves. These 
equations determine an elemental g-spread of directions dx A at points of S N and 
in the holonomic case the totality of these elemental g-spreads envelops the 
subspaces S q (c'). For the sake of generality this non-holonomic view- 
point will be retained henceforth and the holonomic theory will become the 
special case characterized by I'g y — 0. Similar remarks apply to the Pfaffian 
system dx a — L a r dx r — 0 corresponding to the complementary equations 
Xif = 0 whose integrability conditions are /“,* = 0. 

The question naturally arises as to what conditions may serve to assure the 
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existence of an admissible coordinate system y A for which one set of the L’b, 
say L a j{y), vanishes. This is answered by the following 
Theorem 6.1 : The factor tensor conditions 

(6.1) I a ik = X,L“* - X k L a i = 0 

(6.2) L\L r s = 0 

are necessary and sufficient for the existence of an admissible coordinate transforma- 
tion from general coordinates x A to normal coordinates y A for which L a j(y) = 0. 

Proof: Since l“,t and L“ r L r 0 are factor tensors, if there is to exist a coordinate 
system y for which L“,(y) = 0 it is certain that the conditions of the theorem 
must necessarily hold. To show their sufficiency we have in virtue of (6.1) 
that the system X{y = d,y + Z/,d p y = 0 admits q independent principal solu- 
tions y a (x) satisfying the initial conditions y“(x0 , x\) = x a . Let y\x) be any 
N — q functions independent of y a for which | X,y' | ^ 0. We assert that 
y A = y A (x) constitutes a non-singular transformation to coordinates y for 
which L a j(y) = 0. From the transformation law L a r X,x — X,x a it follows 
on identifying x A with y A that L“j(y ) = 0. Furthermore the transformation 
x — » y is admissible, for | Xpy a | = | dgy a + llgd r y | has the initial value | & a g — 
L a rL r g lx*.,* = I 5°0 I by (6.2). Finally from | d„y A | = | Xgy a | • | X,j/' | we see 
that | d B y A | 7^ 0 so that the transformation x —* y is non-singular. A similar 
proof holds for the complementary 

Theorem 6.2: The conditions I'g y = XpL\ — X y L'p = 0 and L'pL'j = 0 
are necessary and sufficient for the existence of coordinates y A for which L'p(y ) = 0. 

7. An Affine Connection for S n 

By means of the equations (5.1) the factor components l A B c of connection are 
uniquely determined by the components L A B c and conversely these latter com- 
ponents are uniquely determined by a choice of l A BC . In this section we shall 
adopt this converse viewpoint and shall define the factor components l A B c in 
the simplest way at our disposal. We first recall from section 5 that four sets 
of the connection components l A BC are factor tensors. We now restrict these 
to be zero 

(Rt.i) Vs, = o r, t = 0 V iy - 0 l% k = 0. 

From w a bc = M( ^nc - 1*cb) - X^ac] as given by (5.5) it follows as a result 
of (R7.1) that the quantities o»“, r = ffl* j y — X a , T ) and = |(fW — \'$k) are 
factor tensors. We therefore make the additional restrictions 

(Rr.j) l iy ~ X j y 1 0k — X 0k 

which leave us with but two undefined sets of components l a 0 y and T,* . Thus 
an entire affine connection for S N is determined by (R7.1), (R7.O and definitions 
of l a fi y and Vjk ■ 
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The restrictions just imposed on the factor components of affine connection’ 
simplify the formulas of covariant differentiation as follows: 


Ay,0 = Xfi\y ~ 


fly 


(7.3) 


Ay,/ — X jAy **“ A p X P y 


A*,/ — X j\k 

Ak,$ = Xfi\k 


A//* 

XrX /JJfe 


A\* = A^X* + X r XV X a f , = Xj\ a + A p A a 


A\,* = X /A* + AT jr A% = X*A a + X P ZV 

We define parallel displacement of a contravariant vector A a along a curve 


x A = x A ($), where $ is an affine parameter, by the equations A A tQ 


dx* 

ds 


= 0. 


For a curve lying in a subspace S 9 , holonomic or non-holonomic, the tangent 

d% A dx^ 

vector T a = — with factor components t A = M A Q --- satisfies the Pfaffian 


ds 


ds 


system t' — M \(~ — L\ = 0. From ~ = L A Q t Q it then follows that 
\ds ds ) ds 


t a = 


dx a 

ds 


dx w 

The factor components of \ A , Q — = 0 may be written 


ds 


L s Q d 8 \ A M Q R + l A Rst R \ s = 0 or + l A R8 t R \ s = 0 so that for parallel dis- 
/ ds ds 


placement along a curve in S q we have 


(7.4) 


dA“ 

ds 


dx^ 

+ 1“ ~ \’ = 0 




J-fx =0 

ds 


dx { T i dx p - 
~ - L\ V = 0. 
ds ds 


For parallel displacement of a covariant vector A A m S 9 the corresponding system 
dx Q 

A a ,q — = 0 has the factor components 


ds 


(7.5) 


d\a % ip dx « 

-j- Apt 7 a j” — " 

as as 


^ — X X r 
ds XrA pt 


dx p 

ds 


_ dx' ~r i dx p 
= 0 - L „ -P = 0. 

ds ds 


A path of S® is defined as a curve whose tangent vector X a 

undergoes parallel displacement with respect to the curve, 
equations of a path of S 9 are 


. ^ A* = 0 
ds ’ X 

From (7.4) the 


(7.6) 


dV /0 dx * dx’ _ _ dx { _ j{ dx" _ 
d? + t " ds ds “ U ds Lf ds~ 


8. The Riemannian S n 


In this section we shall consider only the completely holonomic case for which 
= \ A jk = 0 and shall assume that S N is Riemannian with a metric tensor 
G A b . Representing the Christoffel symbols by r\c = \G AQ (d B G C Q + ddG B Q — 


BqGbc) and their factor components by 



these latter quantities will be given 
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in terms of r\ c and Z/„ by relations of the type (5.1). Wc desire the explicit- 


form 


° t {V} i 


in terms of the factor components g AB = Gq r L q a L rb of the metric 
tensor and for this purpose shall make use of the circumstance that G AB , C = 0- 
and hence its frame components g AB , c = Xcg AB - - {No must 

likewise vanish. Substituting into \{g ABlC + gAc, B - g B c,A ) = 0 and using 
the relations u A B c = \ Kf Be} W) — \ A bc J = 0 expressing the vanishing 
of the factor components of the skew-symmetric portion of V A B c we obtain 
after minor rearrangements \g AQ j + = ^ ~ + 

9coh Q ba), where [BC, A) = \{Xyg ca + X ( $ba — XaQbc)- Combining these 
with - { Q cb }) - W- Q bc we arrive at the desired expressions 


( 8 . 1 ) 


Qaq 


M- 


[BCj A] — %(gBQh Q CA + OcQ^ Q BA QaQ^Bc)' 


We now ask if it is possible to restrict the metric tensor g AB so that the quanti- 
ties N will satisfy the conditions (R 7 . 1 ) and (R 7 . 2 ) imposed in section 7 on 
the general affine connection l A B c . It may be verified that the conditions 
(R 4 J. 2 ) A 07 = 0 \ a jk = 0 gia = 0 

in conjunction with (R7.1) and (R7.2) are sufficient to assure compatibility, for 
on substituting these values into (8.1) we are left with but two sets of non- 


vanishing relations g a 


= [07, a] and g 


■ i r 

vamouiug iciatiuim y a p ) Q ( — { Mf) W J yir i -if — IJ' V ) * J utuumg wmpv- 

( ) u y yj u J 

nents | ^ | and < \ which together with (R7.1) and (R7.2) define the complete 


= [jk, i ] defining the compo- 


factor components 


(V) 


of the Chris toffel symbols r x B e . Under these condi- 


tions there exist holonomic coordinates z for which L B (z) — & B and the metric 


0 

0 Gu(z k ) 

Qc#,k — 0 and ga, y — 0 when written in normal form. 


tensor G AB (z) - g a B {z) is in the product form 


as follows from 


9 . Contact Transformations 

In the study of contact transformations a change in notation is desirable. 
Here we are concerned with N - 2q variables x A commonly denoted by x { 
and pi . We adapt the general factorization notation of the preceding sections 
to the contact group in 2 q variables by choosing the two subranges to be 1, • • • ,q 
and q + 1, • • • , 2q. Vector components will be written in the form (covariant) 
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|| A a || = ||A<, A* || f (contravariant) || A a || = || A*, A< ||. This convention 
is in need of an additional notation to distinguish between covariant and contra- 
variant quantities with indices in the same position but we shall deal only with 
a few tensors whose transformation character is clearly understood so that no 
ambiguity will arise. A similar scheme will be used for non-tensor quantities; 
for example we shall write LVn* = L %} and L 9+t j = L»y . 

The full contact transformation group in 2 q variables x < and p» may be defined 
as the totality of transformations X' = X\x , p), P t = Pi(x, p) for which 
P r dX r — p r dx r regarded as an expression in the 2 q variables x l and p< and their 
differentials is the complete differential of some function of the x 9 q and p f s, that is, 


(9.1) ' ' \ P r (x, p) dX r (x , p) - p r dx r = dW{x } p ). 

More generally/ a Pfaffian form (p Q (u ) du Q in 2 q variables u A will be said to be 
preserved modulo a complete differential under the transformation u — > u if the 
relation (<p Q (u)d B u Q — <Pb{u)) du B = dW(u) holds, the necessary and sufficient 
conditions on the coefficients of du B being (p QB {u)d A u Q d B u R = ^ab(w), where 
<Pab = d A <p B — d#PA . From the general theory of Pfaffian forms the condition 
| <p AB | 0 is necessary and sufficient for the existence of a transformation u — ► x 

sending the Pfaffian <p Q du Q into a canonical form p r dx r . A contact transforma- 
tion x A —> x A may therefore be described as the most general transformation 
preserving the canonical form modulo a complete differential. For the canonical 
Pfaffian U Q dx Q = p T dx r the matrix ofII Afl = d A U B — d fl n A is simply 


(9.2) ||n A a|| 


n„ 

n/ 


o -«/ 

n*y 



6 { i 0 


and the tensor transformation law n AQ 5i,z 0 = U QB d A x Q of its elements contains 
in concise form the familiar equations of definition of the contact group 

(9.3) -djPi = dtfi -5V = d { x j d j pi = da j 


as was first recognized by Eisenhart and Knebelman (1). 

When the function W{x } p) of (9.1) vanishes identically it may be shown that 
Pi(Xy p) and X'(x f p) are homogeneous in the p’s of degrees one and zero respec- 
tively. For this reason transformations x A —> x A for which p r dx r = p r dx r are 
called homogeneous contact transformations and they form a subgroup of the 
full contact group. By introducing two new variables, and p q + 1 = — 1 and 
extending the transformation x A — ► x A to 


x* = £'(x, p ) pi = pi(x’, p k ) 

+ W (x\ Pi ) p t+1 = p 8+1 = -1 

^+1 ^ yfl 

(9.1) 'becomes zl p p dtf = v* dxf. Since any contact transformation in 2 q 
i i 

variables may be written in this way as a homogeneous contact transformation 
in 2q + 2 variables we shall restrict our discussion henceforth to homogeneous 
transformations in 2 q variables. 
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The coefficients || || = || p< , 0 || of the Pfaffian p, dx r form a vector whose 

transformation law U Q d A x Q = gives the relations 

(9.4) PrdX = Vi P r d‘X T = 0 

which are equivalent to (9.3) plus the homogeneity relations Prd'X* = 0 and 
Prd'Pi — Pi and either set fully characterizes the homogeneous contact group. 
We shall need the factor components t a = n Q L° A and r AB — II qkL q a L K b 
for future reference. They are 

IK-* II = l|P<,PrI'"|| 

(9 * 5) II, ||= ** = -Ha-La) - L H L ri ) 

1111 r‘ (B { , - LrjL ri ) (L° - l/*) * 


10. Normal Coordinates for the Contact Frame 
Theorem 10.1: The factor tensor conditions 
(Rio.!) I iik = X j L ik - X k L ij = 0 r ,y - V’ - L* = 0 t* = p r L Ti « 0 

are necessary and sufficient for the existence of a homogeneous contact transforma- 
tion from general coordinates x A to normal coordinates y A for which L°(y) = 0. 

Proof: The necessity of these conditions is obvious from their linearity in 
L'’ and their tensor character. To prove their sufficiency we notice from the 
transformation equations L ,r X k p r = X k x‘ of the frame components L’ k that if 
we identify x A with the desired normal coordinates y A we must choose Y'(x, p) 
as solutions of the system X k Y — d k Y + L Tk d r Y = 0. The conditions P ,k = 0 
assure complete integrability of these equations so that we may find q func- 
tionally independent solutions Y\x, p) satisfying 

(10.2) d*F’ + L rk d r Y' = 0, 

and by the theory of section 1 for equations of this solved type the solutions 
Y' satisfy | | ^ 0. Contraction of equations (10.2) with p* shows that 

the solutions Y' are homogeneous in the p’s of degree zero. Because | d,Y' | ^ 0 
we may define q functions Q<(x, p) as the unique solutions of Q r djY T = p, which 
will be homogeneous in the p’s of degree one. By the contraction Q r (d k Y r + 
L ,k d.Y r ) = 0 we find Q r d k Y r = 0 and hence y i = Y\x, p) and q i — Q,(x, p) 
satisfy the conditions (9.4) for a homogeneous contact transformation. 

We next ask for the most general contact transformation preserving normal 
coordinates. By identifying x A with y A and x A with y A in V'X’p, = L ri Xj? + 
tr’d T x' as given by (4.4), it follows immediately that any transformation from 
normal coordinates y for which V\y) — 0 to a system y for which also L'\y) = 0 

must satisfy — = 0 and therefore must be an extended point transformation. 

dq,- 

Hence the 

Theorem 10.2: The most general homogeneous contact transformation y A —* 
g A preserving normal coordinates for which L' 1 = 0 is an extended point 
transformation. 
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11. 'Restrictions on the Contact Frame 

We shall impose henceforth the restrictions (Rio.i) assuring the existence of 
normal coordinates. If we define a union to be any subspace of <S 2 ® within 
which an arbitrary displacement dx A at a point ( x A ) satisfies p, dx — 0 it may 
be shown that such a subspace may be regarded as a point locus in the point 
space of coordinates x' together with all its tangent hyperplane elements with 
coordinates p< . Thus the maximum dimensionality of a union is q — 1. In 
terms of unions the restrictions (Rio.i) require that any q independent solutions 
of the system X'f = 0 when equated to arbitrary constants shall constitute a 

union of maximum dimensionality q — 1, for in normal coordinates the system 
if 

becomes ~ = Oand its solutions y determine the «o* unions y' = yl consisting 

of the point (yl) in the point space Y q regarded as the envelope of its °o®~ 
hyperplane elements q , . 

By operating on the transformation laws (2.2) with the invariant operator 
: prd r it may be shown that the quantities hjk = L,k — p r dLjk and h ,k — L k + 
p r d T L lk are covariant factor tensors, and since h ,k vanishes in normal coordinates, 
L* + p r d r L’ k = 0. As a second set of restrictions on the contact frame we in- 
troduce 


(Rn.i) —*ik = Ljk — Lkj = 0 hjk = Ljk — p,d T Ljk = 0. 

We next collect for future reference some of the more useful consequences of 
the restrictions of this section. From equations (2.3) we have L r *5y — 
— L"djp r and hence Xji' — X'p, . The transformation laws of factor vectors 
simplify to X,- = \ r Xjt r and = \ r Xrx’ for both the covariant vector || A* || = 
|| \i , A* || and the contravariant vector || \ A || = || A‘, A,- 1| so that an upper 
index of covariance has contravariant character and a lower index of contra- 
variance has covariant character. Under extended point transformations y' = 
y'(y’), <}i = these laws reduce to the familiar form A ,(y) — A r (y)8,y T , 

\’(y) = A r (y)d T y’. The two tensors V JJ, and L a r L r f of section 4 coincide to 
give just one vanishing tensor L lT L r , — 0 and the two mixed tensors t a p and t'j 
reduce to the single Kroencker delta t'j = 5', . The transformation laws (4.4) 
of the I/’s are now 


( 11 . 2 ) 


L{ r d jX — L r j5iX r + djpi L ,r d r x 3 = U’drX + d’x' 


and from (9.5) the factor tensors ir A and tab have the same components as 
n„ and n AB , II ^|| = II Pi, 0 II, II 11 = 110 


conjugate to || L A B || is 


AT, ill” 
Mu Mi 




y the commutator symbols A BC have tl 


. The matrix || M A B || 
In normal coordinates 


0 

S'j -V s 

-La Sj 

he values A ’’,t(p) = A i,lc (y) = \ <3 k(y) = 0, 


Ai,*(y) = Y jLn — YkLij, (y) = —d . 
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12. A Complete Determination of an Affine Connection for Contact 

Transformations 

We carry over into this section the restrictions (R 7 . 1 ) and (R 7 . 2 ) of the general 
theory of section 7. In our present notation these restrictions are 

(Ru.i) h,k = i iik = ii\ - V? = 0, r* = x w * f i w * = X,A 

and so a complete determination of factor components of affine connection will 
result when we have selected the two sets of components l x ik and l t jk . This 
choice will be made by insisting that the covariant derivative of the factor 
tensor tt A b be zero. From (7.3) the only conditions are Xjirk — 7 r r T # — 
*k\j % = 0 and X 3 v k — w r k \ rj i — = 0 , which reduce by the values of 

the tt’s given in section 11 to 

(R 12 . 2 ) l % jk + X*/ = 0 U 3k + \ k3 i = 0. 

These restrictions define the components V and U Jk so that a complete affine 
connection is given by (R 12 . 1 ) and (R 12 . 2 ). 

On expanding A*/ and X*\ as defined in section 5 we find A*/ = —d'Lkj + 
V r h ir and \ kj i = -dj kj + L ir I k3r = -d { L k3 so that V ik = 3%, - L ir I kjr 
and U 3lc = d{L 3k . By contraction with p* we find pXjk = L jk which will be 
interpreted in section (14). The formulas of covariant differentiation coincide 
in pairs to give 

\k,j = XiKk - X Xjk = AV + \ r \ kj r 

X,/ = A - X r X rJ /c X*,, = Xj\ k + X r i*,> , 

where the vector X is either covariant with components (X*) = (Xi , X‘) or 
contravariant with components (\ A ) = (X*, X<). 


13. Holonomic Coordinates for the Contact Frame 

If we operate on (5.1), X D L A B — 1 Q dbL A q — L A q B L Q dIj H B with X c = L^cdgand 
then form (X cXd)L a B — \ <1 cdXqL a b we obtain 1 Q bcdL A q = L A q BB L q b L r cL s d , 
where L A bcd is the curvature tensor L A B cd — dcL db — doL cb + L A C qL Q DB 
L A dqL q cb and the quantities l A bcd — X c I A db — Xd A cb + l A cqI q db — 
1 A dqI Q cb — \ Q cdI A qb are its factor components. Under the restrictions of sec- 
tions 11 and 12 the only non-vanishing factor components of the contact curva- 
ture tensor are 


l* iki — — Ij'ki ~ X i\jk — XiXji -J- X r jj \ji X,j \jk d* X tjX,> XrtiX , 

V jk — lj l k — XlX' 1 j + x\jk "1" X* rXjfc X r * X X *X,r \ r k X , 

and they reduce in normal coordinates y A to 

I'ikiiy) — dk(d'Lij) — di(d'Lkj) + d’Lkrd'Lij — d‘Li,d r Lkj 
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(13.1) 

V*\y) - -d Ui L ik . 


+ L T kd ir 'Llj — Lrld ir 'Lkj 


We next seek the conditions for the existence of holonomic coordinates 
(z A ) = (z\ ti) for which simultaneously L lk (z) = 0 and L jk (z) = 0. 

Theorem 13.1: The conditions 

(13.2) l iik = X‘L ik - X k L ij = 0 v" = L u - L* = 0 ** = pM' « 0 

(13.3) I iik = X,L ik - X k Li, = 0 -Tu = Li,- - L,i = 0 V, k = 0 

are necessary and sufficient for the existence of a homogeneous contact transforma - 
tion from general coordinates x A to holonomic coordinates z A for which L A B {z) = 6 A B . 

Proof: From theorem 10.1 the first set of conditions is necessary and suffi- 
cient for the existence of normal coordinates y A for which L lJ (y) = 0. In this 
coordinate system the left members of the last of (13.3) reduce to (13.1) so that 
if there is to exist a coordinate system z for which L,*(«) = 0 it is at once obvious 
that the conditions (13.3) must necessarily hold. The sufficiency of the condi- 
tions of the theorem may be established by first applying theorem 10.1 which 
asserts the sufficiency of conditions (13.1) for the existence of normal coordinates 
y A . We then apply theorem (10.2) which states that the most general homoge- 
neous contact transformation y —> z preserving V 3 = 0 is an extended point 
transformation, 

T: z { = *V) r, = g r gj T~ l : y< = yV) g, = r. g. 


It remains to be shown that the conditions (13.3) are sufficient for the existence 
of q independent functions z\y 3 ) such that T will constitute a transformation 
to coordinates z A for which L,*(z) = 0 as well as L jk (z ) = 0. To accomplish 

this we note that the transformation law Lj r (y) ( ^ + L»k(z) ) = 

or $ J 

+ L,k{z) ~ reduces to L, r (y) = q% for an extended 

dz* dr. 1 dz k * dz‘ dy r \dy’/ dz k 

‘° ,LM Differ- 


dy 1 


point transformation T, and since 


entiating with respect to and solving for 

dz* 

— d r Lj k and thus arrive at the linear system 
dy r 

(13.4) d/ = 2/(y k ) 

(13.5) d k z; = Z;d T L jk 


/dz\ 

W/ 


we obtain = 

y k \dy>/ 


in q(q + 1) unknowns z' and Z/ to be determined as functions of the q variables 
y*. Since the quantities Z,' may be functions of only y it is necessary that 
d ul Lj k (y) — 0 and these are satisfied by the last of (13.3). The integrability 
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conditions of (13.4) are found by expressing the conditions that Zr(d T L jk — d r L ki ) 
shall vanish for all Z/, namely d\Lj k — L kj ) = 0, and these are satisfied by 
the middle set of (13.3). Finally the integrability conditions of (13.5) are 
di(d'Lj k ) — d k (d % Lji) + d % L r id T Ljk — d'L Tk d r L ik = 0 and these are satisfied by 
the first of (13.3) as may be seen by differentiating in normal coordinates with 
respect to g* . Finally from the general theory of completely integrable sys- 
tems of the type (13.4) and (13.5) there exist solutions Z/ for which | Z/ | = 

| djZ x | 5* 0. This completes the proof of the theorem. 


14. Introduction of a Metric Tensor 


The trajectories of a one parameter homogeneous contact group are solutions 
x A (s) of the system 


(14.1) 



ds 


- diC 


whose vector character is obvious when written in the form II AQ — = d A C. 

ds 

C(x , p) is necessarily homogeneous of degree one in the p’s and hence we may 
take C = 1 providing we exclude the singular locus C = 0 from our discussion. 
Since C is an integral of (14.1) the condition C = 1 will hold at all points of a 
trajectory if it holds at one point. 

We now choose the scalar C to be a solution of XJ = 0, 

(R14.2) d jC -b L ri d r C = 0. 


dx) ■ dx r 

Then the second set of (14.1) becomes = L ri — . These equations have 

ds ds 

been discussed in section 7 where it was seen that they express the vanishing 

dx^ dx' 

of X< as defined by -r- = L A Q \ Q so that these latter reduce to X' = — and 
ds ds 


dx) ’ dx r a 

X,- = J— — Li r — = 0. Thus the displacement dx is restricted to the non- 
ds ds 

holonomic subspace X 9 of S 2q , where X 9 is the point space of points (x l ) and is 
characterized as a non-holonomic subspacc of S 2q by the arbitrariness of the 
differentials dx 1 . Furthermore it may be seen from (7.5) that the equations of 

dp ■ r dxf 

parallel displacement of the vector (tta) = (p« , 0) are — ’ — pX.i = 0, but 

from the last of section 12 these become X< = 0 so that the trajectories under 
consideration have the property that the vector v A undergoes parallel displace- 
ment along them. 

We shall now introduce a metric tensor G A b(x), whose factor components g AB 


will be of the restricted form || g AB || 


0 


0 i 

g « ! 


where gitf' 


SX We 


define g ij in terms of the scalar H = where C is the scalar satisfying 
Xfi = 0, by g iJ (x, p) = (X'H) ,k reducing in normal coordinates to g'\y, q) =* 
d 2ii H (y, q). From these definitions the components g'\x, p) are homogeneous 
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of degree zero in the p’s. There is a theorem (4) which states that a necessary 
and sufficient condition for the Hessian determinant | d i,3 H | to be non-singular 
is that | d u, C | be of maximum rank q — 1. Restricting our discussion to those 
solutions C of Xjf = 0 for which the rank of | d 2,1 C | is q — 1 we have the two 
fundamental requirements, g' 3 = g“ and | g' 3 1 9* 0, of a metric tensor fulfilled. 
On doubly contracting the tensor g' 3 with the covariant factor vector = p< 
we obtain the invariant g T, p r Pt which in normal coordinates is d ir ‘Hq/q, = 2 H 
and hence in all coordinates H = $g r ‘p r p . . The system of trajectories (14.1) 

dx* dj) ■ • 

which may equally well be written — = d'H and -P = —diH is now 

ds ds 

(14.3) ^ = fp, J = -WprP,, 

or in alternative form 


(14.4) 


dx 



We next seek additional restrictions on the frame L A B and the metric g' 1 
which will identify the trajectories (14.3) with the geodesics of the subspace X". 
From equations (7.6) defining the paths of the point space X 9 we arrive at the 
equations of the geodesics by substituting the factor components of the Chris- 
toffel symbols in place of the affine connections components. Thus the geodesics 
are given by 


(14.5) 


dV , fi ) d/ _ dpt _ i dx r _ 

~dr i± \rs}ds-fo~ ~ds <r Ts~ 


and it is this system that is to be identified with (14.3). 


15. Additional Restrictions on the Contact Frame 

We now investigate the possibility of restricting g' 3 to be free of the q’a in 
normal coordinates, d k g' 3 (y A ) = 0, as expressed by g' 3,k = 0. This will necessi- 
tate that H(y A ) = Wiv'^q, be a solution of dji + L r id T H = 0. The condi- 
tions are 

(15.1) hdtf’qtq, = -U4'q. 

and by repeated differentiation we derive the necessary conditions 
d<g* = ~(d k L it g ri + 6%^) - d iik L {f g rt q . . 

If we introduce the curvature tensor restrictions 

(Ru.j) fV = 0 

reducing in normal coordinates to d iil Ljk(y ) = 0 we are left with 

(15.3) d<g’ k = — (d k Lirg T1 + d 3 Lijf k ) 
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which may be solved for the quantities d'Ljk as Christoffel symbols formed from 
Gi,(y A ) - Qa(y k ), d'Ljk{y) = T' ik {y l ), and hence 


(15.4) 


Lij(y l , 5m) = qrT r jk(y l ). 


Conversely, if the expressions (15.3) resulting from (15.4) by differentiation are 
substituted into (15.1) it may be verified that these latter equations are satisfied. 

The restrictions just imposed on g tj and L } k are sufficient to bring the geodesics 
(14.5) into coincidence with the trajectories (14.3), for differentiation of the 
first of (14.3) in normal coordinates gives 


Under the present restrictions the equations (8.1) define 


jk 


by 


{*}- 


%g tT [(Xjg kr + Xkg 1T — Xrgjk) — (gjXkr + gkXn - 0y,X' y *)] which reduce in 
normal coordinates to the familiar Christoffel symbols, {*,-*( 2 /)} = T l ,k(y 1 )* 
Thus the normal form of the equations (14.5) of the geodesics is likewise given by 
(15.5) and because of the vector character of (14.3) and (14.5) this completes the 
proof of their equivalence. It is interesting to note that from the first of (1*4.4) 
and the relations pXjk = 0 resulting from the definitions X = —L' r I ri k of sec- 


tion 5, the first of (14.5) is given by 


The tensor l % ^ 


1 ) 

jkj 


d 2 x 1 
~ds 


f l~ r fiy* 

+ g'W&t + X.g rt - Xtir.)]^ ^ = 0. 


reduces in normal coordinates to d'Ljk — T *y*(y J ) = 0 


and hence in all coordinates V jk = 


jk 


The paths of X q are therefore identical 


with the geodesics. We shall regard the affine connection of S 2q to be that of 
section 12 where the components Z 1 ,* as there defined now satisfy the additional 


relations l 


** - {*#}• 


Because of (R15.2) the curvature tensor l A bcd has but 


one set of non-vanishing components V jk i = —lj\i reducing in normal coordi- 
nates to the Riemann curvature tensor R\ki(y m ) = dkT'ij — diT'kj + r** r r r t/ — 
T' lr T r kj formed from the Christoffel symbols T l jk(y l ). 

The results of this section may be summarized by the statement that the 
three ostensibly distinct systems of invariantive curves consisting of 

dx Q 

1) the trajectories of II AQ — = d A C where XjC = 0, 

as 

2) the geodesics of the point space X q with respect to the metric tensor 

9%, V) - *&*<?)-*, 

3) the paths of X q relative to the connection V ik = d x L k j — L tr I k ,r have 
been combined into just one system. 

16. Doubly Homogeneous Contact Transformations 

Let 2 be a projective space of N — 1 dimensions, S an arbitrary hypersurface 
of 2 parameterized by the equations x x = *p\u a ) ) i = 1, 2, • • • , N, a = 
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1, 2, • • • , JV — 2, and P an arbitrary point of S. The conditions on a set of 
hyperplane coordinates p% that they represent the tangent hyperplane at P 
may be found by insisting that the plane p< cut an arbitrary curve u a — u a (t) 
in two coincident points at P whose parameter we choose to be t = 0. This 
means that PrX r (t) = a< 2 + • • • when written as a power series in t. Hence the 

conditions for t = 0 are PrX r = 0 and p, - rr = 0. But since these must 

du a dt 


hold for an arbitrary curve u a (t) the conditions on the point-hyperplane element 
(*’(«), pi(u)) that it represent a point x'(u) incident with the plane p,( w) which 

dx* 

in turn is tangent to the hypersurface S at x' are p,x T — 0 and p r — = 0 . But 

dually we may regard S as a locus of hyperplanes p,(u) and ask for the condi- 
tions on a point x' that it be a “tangent point” of S. By analogous reasoning 


these conditions are p^c — 0 and x r ~ = 0 . An N — 2 spread of point- 

du a 

hyperplane elements (x'(u), pi{u )) will be said to constitute a 'union after the 

terminology of Lie if the conditions VrX r = 0 . v r — == 0, x =0 are satisfied 

du a du a 


as identities in the arbitrary parameters u a . 

Suppose now that the union of elements x A (u) viewed in 2 either as a point 
locus x * = x\u) or as a hyperplane locus Pi(u) is subjected to a transformation 
x A = x A (x B ). If the new elements as functions of the same parameters u a are 
to form a union with the point locus x 1 = x(x B (u)) and hyperplane locus 
pi = pi(x B (u)) as a consequence of being the transform of a union we must have 

PrXr = X(x, p)prX r , p r — = n(x, p)Pr x = v(x, p)x' ^ for an arbitrary 

parameterization u a . Expanding the last two conditions we have prdiX = p; , 
p r d'x r = 0, x T d'p r — vx\ xd t p r = 0, and differentiation of the first with respect 
to x' and p, gives (X — n)pi + d,\prX r = 0 and (X — v)x' + d'\prX T = 0. But 
these latter conditions must hold identically both when p^c = 0 and when 
PrX r 7 ^ 0 so that d A X = 0 and X = n — v = constant. There will be two distinct 
types of such transformations depending on whether X > 0 or X < 0. In all 
generality we may take X = 1 in the first case and X = — 1 in the second giving 
the two types 


(la) 

(II.) 


prdiX r = Pi i r a*p r = x* 

(Proper contact transformation) p r x = p r x r 

p r d'x r = 0 & dip r — 0 

(Improper contact prdiX — —pi . _ T _ __ r % ^pr — —x' 

transformation) p rd < £ r = 0 prX ~ VrX = 0 


Let us next consider an element transformation sending the point locus 
x* — x\u) into .the hyperplane locus pi = pi(x B (u)), and dually, the same locus 
when regarded as a hyperplane locus pi = p,(u) into the same barred locus 
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regarded as a point locus £' = x’(x B (u)). The conditions that the transformed 
elements x A (u) constitute a union if the original elements x A (u) form a union 
dx* dj) d'D Sx r 

are p,x r = Xp r x T , p T — = p'x r ~ , £ r ^ = v’p r — , and again it follows that 

X' = /»' — v' =* constant so that the transformations under discussion fall into 
two classifications: 


prdiX r - 0 £ r d*p r = 0 

(lb) (Proper contact correlation) p r x = p T x r 

p T d'x = x' x r dipt = Pi 

,,, s (Improper contact p,diX = 0 - -r _ _ r xd'p T = 0 

b correlation) p rd < £ r = V,X ~ VrX # ^ = _ p< 

By differentiating either the equations I a or II b one may verify the bracket 
relationships 

(for I a and lib) [x\ x 3 } = d t f r djX — d/prdiX = 0, 

\Pi,Pi\ = Vpr&x - d’prd'x = 0 
{pi , X } \ = d'p r djX r — d,p T d'x = 5 ’,- . 


Similarly the transformations II a or I b yield 

(for II a and I b ) {x‘, x ] \ = 0, {Pt,P/}=0, {p< , x’\ = -6'j . 

Using a device originated by L. P. Eisenhart and M. S. Knebelman (1) we 
employ the bracket relations to identify the expressions 

dx % = djX 1 dx 1 + d’x' dp, dpi = d,p, dx 1 + d’pi dp, 

dx' = d'p, dx 1 — d'x 1 dp, dpi = — d,p, dx 1 + dp, 


with the subsequent results 

(for I» and lib) 3,x' = d'p, , d’x 1 = —d'x 1 , 

In like manner we find 

(for IIa and I b ) B,x' = -d'p,-, d’x' = d'x 1 , 

These serve to establish the homogeneity properties 
£ '(cx, kp) = cx'(x, p) 

(for Ia and II a ) (for I b and II b ) 

pi(cx, kp) = kpiixj p) 


djPi = ~d(pj . 

d,Pi = d,pj . 

x(cx, kp) = kx(x, p) 
pi{cx, kp) = cpi{x, p) 


so that the transformations may be written 

(I. and II*) = x T drX, pi — Prd r pi (I b and II b ) x = p t d r x\ pi = x r d r pi . 

It may be verified that the four elements I, , II» , Ib , II b form a group with the 
identity I, which is isomorphic with Klein’s four-group. 
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17. A Complete Determination op a Factor Frame prom an Affine 
Connection in a Flat Element Space 


We consider in this section a flat element space in which there exist normal 
coordinates y A for which the affine connection components L A BC (y) — 0. Since 
Q A BC = 0 the connection is symmetric and will be written as F^e . Confining 
ourselves to the doubly homogeneous contact group, we purpose to define a 
factor frame L A B in terms of T A B c and the element vector (x"*). To this end 
we first observe that the invariant numerical tensor II CA has a vanishing co- 
variant derivative in normal coordinates, and hence in all coordinates 
IIoJTV + n CQ T Q BA = 0, or 

■p p p ^ pfc p* -pfc * 

A ijk — A kji 1 i 3 1 J * A j — X j 

(17.1) . ... .. .. 

T'* = p.)* = _p*». fA = rSi. 


Since the covariant derivative of the vector x A satisfies x A , B — 5 A B = 0 in normal 
coordinates we have the zero tensor rrA'Ay whose expansion gives 


(17.2) prT'a = xT r „- , p r T r,i = xT/\ p r r7 = xT r /, p r T ri i = xTA 


when reference is made to (17.1). We define the factor frame La and L' 1 by 
La = r„ = p r r r „ and L ij = T u = p r T ril so that T.y = I',, and r’ J = r* and 
shall demonstrate that the quantities and r" J satisfy the conditions for a 
factor frame. First we note that the normal coordinates y A for which 
r%c(y) = 0 are likewise normal for L A B since L A B (y) = S A B . Recalling the 
results of section 3, the transformation group now under discussion is the inter- 
section group where 2 and 2* are characterized as all transformations 

for which I F,x J | = 


from normal coordinates y A to general coordinates x A 


dx 1 


By* 


7* 0 and | Y’pi | = 


dp, 

Bqs 


dx 1 


^ 0. But since — = 


2 and 2* coincide. 


= 

dy i 6%' 

Furthermore, from 5', = XflYrX 1 = Y r p j Y t x' = d’pydrX 1 = B'qrd,y r and from 
the bracket relationship B'q r B,y — B/^d'y = 5', it follows that the transforma- 
tions y —* x must satisfy 


(17.3) a ;9r aV - 0. 

If in the transformation law 

(17.4) T a bc = T^HsB^dBxdcX 8 + 5 Q x A d\ c x <1 

we identify x A with normal coordinates y A , we have r^cfa) = BQX A d 2 BC y Q , and 
on contracting with x’, xT r / = x r {d.p r B 2k y' + d‘p r B ik q,) = y'B'fq , . But on 
differentiating y’B.pj - 0, y‘B k {d,pi) + d k y'd,pj - - ( y’B ik q . + B k y'diq.) = 0, 
and therefore 

(17.5) xT r ,* = xT,*> = 0. 

To obtain the transformation laws of the frame components sum (17.4) in the 
form r° Bn$<fl*B c x R — T A Q( ^ B x Q + 5 * B q x a B c &° with the covariant vector (x,t) = 
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(P<> x ’)> x Q f Q BB dcX R = XqT q R c3 b x r + x Q dc(3 B x Q ), and expand with reference 
to (17.2) and (17.5). The resulting equations fall into the three sets L, r 5V = 
—L kT 3jPr , Lj r dkX = L,k5,x r + dkpj , L ,T d r x k = L rk d r x’ + d k x’ agreeing with 
the second line of (2.3) and with the form (11.2) of the first line of (2.2). T his 
completes the identification of the quantities I\, and as components of a 
factor frame. 


18. A Real Decomposition Under the Complex Group 

Let (x A ) = (x k , x *) be 2 q real variables in terms of which q complex variables 
z k are defined by z k = x k + t**. If z* be subjected to an analytic transformation 
z = z k (z’) the 2q real variables (x A ) = (x, x) defined by z k = x k + ix* will 
satisfy the conditions 

(18.1) d,x k = djx* d;x k = -dp*. 


These generalized Cauchy-Riemann equations fully characterize the complex 
group x A = x A {x) induced on the 2 q real variables x A by the group of all analytic 
transformations on the q complex variables z\ The conditions (18.1) may be 
written more concisely as the transformation law E Q B d Q x A = E A Q d B x Q of a 


simple mixed tensor E A B with the components 


E\ Vj 


1 

o 

Vf E'i 


S' i 0 


m 


all coordinate systems. 

There is a marked similarity between the complex and contact transforma- 
tion groups which will become increasingly evident as we proceed. Just as 
L ik = 0 served to characterize extended point transformations as a subgroup 
of the contact group, so here from the laws L k r (djX + L'jdix) = djX* + L'jdiX* 
and L%(d& r + V nd,x r ) = d^x + L\d„x it may be seen on identifying x A with a 
system of coordinates y A for which 


(R18.2) 


L\(y) = 0 L*j(y) = 0 


and x A with a new set of coordinates y A with the same properties that these 
completely characterize the subgroup of the complex group consisting of all 
separated transformations of the form y k — <p k (y r ) and y k = <p*(y r ). We accord- 
ingly define the V s by (Ris.*) in some arbitrary but definite coordinate system 
y A which will be called normal. As immediate consequences of these definitions 
we have L'>L'k = 0. 

VrUj = 0, Vi + Vj = 0, Xfx 1 = Xj£\ 


H«MI - \\m a q e\l‘ b \\ = 



We complete the choice of affine connection made in section 7 by stipulating 
that the covariant derivatives of the tensor e A B shall vanish, the conditions being 

e\/ = Xj€ % k — € % rT,jb + € r k\',r = 0 €*kj = Xj€ % k ~ * X jl k + € kl % jr = 0. 
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We define l*,* and Vjt as the solutions 

(Rl8.s) l ( jk = X‘yt l }t = \'}k 

of these equations. Because all components of the curvature tensor vanish for 
our present choice of connection the spaces $** is flat. From section 3 the sub- 
groups 2 and 2* of the full complex group corresponding to our choice of frame 
consist of all transformations from normal coordinates y A to general coordinates 
x A satisfying 


dx * , , f ( N dx % 


dx* 

9 * 0 and 

— ! + Uj(y) ~ r 

= 

dx* 

dy’ dy r 


dy* 


dy> % 


dy’ 


so that 2 = 2*. 


19. A Complex Decomposition Under the Complex Group 
The transformation equations of the factor frame are satisfied by the quanti- 


ties L A B with the components 


L'j V) 

Vi Vj 

systems, for they become —idjx' — djx 


—iS'j 

!i A 


in all coordinate 

J 


djx' — idjx' and — idjx ' — djX = 


djx' — idp which hold in virtue of the equations of definition oi 


group. The reciprocal matrix 1 1 M A B \ | is given by 
The equations 


M\ M*; 
M l i M* j 


the complex 
1 »» *< 
2 5 ' 2*' 

* I* 1 t* 
2 Si 2 a ' 


z* = x' + ix' 
T: . 

z i — x* — ix' 


T~ 1 : 

**- 5 (**-**) 


represent a transformation from the 2 q real variables x A to the q complex 
variables z' and their conjugates z\ The vector components Z and factor com- 
ponents X of a real covariant vector A x and of a real contravariant vector A a 
in the new complex coordinates z A will be given by 


Zk = ^ (A* — iAt) = |x*, Zt = ^(A* + iAje) = ^ X» ; 

Z* - A* + iA 6 = 2X*, Z* = A* - iA £ = -2 iX*' 

The following relations will be needed in our discussion and may be verified 
without difficulty: 
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(19.1) 


Xk * 2 


d_ 

dz *’ 


Xji 1 = 


52* 

d2»’ 





jV 

d« J da* 


The symbol ^ designates the complex conjugate. Under the transformation 
2* — z*(z')> 2* = 2* («*), the z components Z A and Z A of and A a transform by 


z* 




dt 


2 k = ZZ- i, 

dz r 



and by merely replacing with X A and Z A with \ A these same equations give 
the transformation laws of the factor components. 

We now come to the selection of an affine connection. Let us first consider 
a general affine connection L a bc{z d ). Because of the separated form of the 
transformations z A —* z A all components of affine connection will transform as 
complex tensors with the exception of the sets L', t and Vjt which will obey 


Jr _ ji 

Llk di'~ L ' 


dz r dz • dV 

'dz‘ dz k + dz>dz k ’ 


p . dj _ i dz r bz' dV 

,S d& ” dz’’ dz* + dz’ dz* ' 


From (19.1) it follows that (L' lk ) — L'jt is a tensor and therefore we make the 
invariant restrictions 

(Rw.s) L'jt — ( L'jt ). 

In selecting factor components of affine connection we retain the restric- 
tions of section 7 leaving us with but two sets of components l'jt and l'jt trans- 
forming by 

(5.3) VjkXrX* = Vr.XjXXtX' + XjXkX* I'jnX rX* = VaXjx'XtX* + XjXf^ 

yet to be defined. From (19.1) it follows that l'jt — 2L'jt and l'jt + 2 iL'jt 
are tensors and therefore we define the only non-vanishing factor components 
of connection by 

(Rim) V* = 2Vjt l'jt — —2iL'jt. 


The formulas (7.3) for the covariant derivatives of factor vectors are now simply 
multiples of the covariant derivatives of the complex vectors Zt , Z k and their 
complex conjugates. The restriction (Rw.*) identifies the complex conjugate of 
the covariant derivative of a vector Z with the covariant derivative of the 
complex conjugate vector Z. 

The complex decomposition of this section is valid for the full complex group, 
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for the criteria for admissible transformations x — * x are | Xfi* \ 

and | Xjx' | = 1^1 ^ 0. 
oz * 


\d ? 
I dzi 


* 0 
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REPRESENTATION OF ERGODIC FLOWS 

By Warren Ambrose 
(Received December 28, 1940) 

Introduction 

The theory of measure preserving transformations and flows (a flow is a 
1-parameter group of measure preserving transformations) originated in the 
study of classical dynamical systems. The fact that von Neumann's proof of 
the mean ergodic theorem and G. D. Birkhoff's proof of the ergodic theorem 
make no use of the strong regularity conditions fulfilled by classical dynamical 
systems together with the fact that these theorems have applications in other fields 
where such strong regularity conditions are not fulfilled (notably in probability 
theory) has however led to a study of measure preserving transformations in terms 
of purely measure-theoretic formulations. 1 The present paper is concerned with 
the theory of flows from this measure-theoretic standpoint. 

The principle result of this paper (Theorem 2) is a theorem which asserts that 
every (measurable) ergodic flow (an ergodic flow is one in which every set of 
positive measure sweeps out the whole space) is isomorphic (with respect to all 
measure properties) to a certain kind of flow that we call a flow “built under a 
function." 2 This representation theorem has various consequences of which 
the most important probably is the following: In studying the flows of classical 
dynamics one is constantly picking out cross sections, drawing tubes about the 
trajectories and, generally speaking, considering separately what happens along 
and what happens perpendicular to the direction of flow. This isomorphism 
theorem makes possible a similar analysis, — for an ergodic flow, — 3 under the most 
general measure theoretic formulations. It makes possible such an analysis 
because for a flow built under a function there exist certain sets with the proper- 
ties of a cross section and the measure on the space is the direct product measure 
of a certain measure on the cross section with Lebesguc measure along the 
trajectories; these are the essential features necessary for such an analysis. As 
in the classical cases various properties of the flow become intimately tied up 
with the properties of a related transformation on this cross section. We re- 

1 See for example III, IV and X in the bibliography at the end of this paper. 

* Flows of this kind were first introduced in a special case, by von Neumann in X, p. 636. 

3 Recently Prof. S. Kakutani has succeeded in extending this theorem to non-ergodic 
flows, using Theorem 1 of this paper. His method is similar to that which we use for the 
ergodic case. This and some other similar theorems will appear in a joint paper by Prof. 
Kakutani and the present author under the title, “Structure and Continuity of Measur- 
able Flows." I take this opportunity to express my indebtedness to Prof. Kakutani for 
very many very helpful discussions of all the matters with which this paper is concerned. 
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mark that this representation theorem also enables us to show (except for one 
trivial and highly uninteresting kind of situation) that the trajectory of any 
point is always a measurable set (this we prove even for non-ergodic flows). 

In section 1 we give our definitions and in section 2 we prove our general 
representation theorem. In section 3 we discuss the group of unitary operators 
always (since Koopman, V) associated with a flow and establish a spectral condi- 
tion that a flow have a special kind of representation as a flow built under a 
function. We conclude by extending a theorem of von Neumann about differ- 
entiable ergodic flows to measurable ergodic flows; this extension is possible just 
because our isomorphism theorem enables us to obtain in the general case the 
tubes and cross sections for whose existence von Neumann assumed differenti- 
ability. 


1. Definitions 

Definition 1. A measure space is a space, ft, on which a completed 4 (count- 
ably additive) measure, m(M), is defined, for which 0 < m(i 2) < °o and such 
that there exists at least one measurable set, M, for which 0 < m{M ) < m(ft). 

Definition 2. A measure preserving transformation, T, is a 1:1 point trans- 
formation of a measure space onto 6 a measure space ih with the property that 
Mt = TMi is measurable (in ftj) if and only if M i is measurable (in fti) and for 
which mi(Mi) = mi(Mi) for every measurable set Mi . 6 

Definition 3. A flow is a 1-parameter family, T t , (— « < t < «) of 
measure preserving transformations of a measure space onto itself, which has 
the group property: T t T, = T t +, 7 for all t and s. 

Definition 4. Let T t be a flow on ft. The set M C ft is invariant under T t 
if whenever P is in M then T t P is in M for all t. 

Definition 5. The flow T t is ergodic if there are no measurable sets invariant 
under T t except possibly sets of measure 0 and complements of sets of measure 0. 

Definition 6. Let T t be a flow on ft' and let S t be a flow on ft". T t and St 
are isomorphic if it is possible to split ft' into two disjoint measurable sets whose 
sum is ft', fti and ft^ , and to split ft" into two disjoint measurable sets whose 
sum is ft", ft” and ft* 4 , in such a way that: 

1) Each of fti and ft 2 is invariant under T t and each of ft” and ft^ is invariant 
under S t . 

2) Both ftj and fti* have measure 0. 8 

* The measure m(Jlf) is completed if every subset of each set of measure 0 is measurable. 

‘We use the term “onto” with the customary meaning, that every point of flji is the 

image of some point in Sli . 

* Here we use mi for measure on Hi and m t for measure on Us . Obviously T is a measure 
preserving transformation of fti onto fti if and only if T~ l is a measure preserving trans- 
formation of ftj onto Qi . Usually fti and fti will be the same. 

’If T and S are transformations then by “T — S” we mean that TP *■ SP for every 
point P. 

* We allow the possibility that one or both of ft} and ft" is empty. 
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3) There exists a measure preserving transformation, R, of Sl[ onto Si" such 
that T t P — R^StRP for all P in (and all t). 

Throughout this paper L will denote the real line taken with Lebesgue 
measure. If ft is a measure space then SI X L will denote the product space of SI 
with L, taken with the completed direct product measure defined in terms of 
Lebesgue measure on L and the given measure on SI. 

Definition 7. Let T t be a flow on SI. T t is measurable if the function T,P 
is a measurable (P, <)-function, i.e. if for every measurable set, M, in SI the 
(P, t)-set for which T t P is in M is measurable in SI X L. 9 

Equivalent to this definition is the assertion that for every complex-valued 
measurable function /(P) defined on fi the function f(T,P ) is a measurable 
(P, <)-function. 

Definition 8. Let SI be a measure space and T a measure preserving trans- 
formation of SI onto itself. Consider the product space SI X L of SI and the real 
line L (where measure on this product space is defined multiplicatively in terms 
of Lebesgue measure on L and the given measure on SI). Let /(P) be a real 
valued integrable function defined on SI with /(P) > c > 0 for all P in SI, and 
let Cl be the portion of SI X L under the graph of /(P), i.e. let Cl be the set of 
points P = (P, x) for which 0 ^ x < f(P). Then Q is a measure space. Define 
the flow T t on Cl by 


( 1 . 1 ) 


' Tt(P , x) = ( rp , t + x-f(P) f(T n ~ l P)) 

for n > 0 and/(P) + • • • + f(T n l P) — x 

z t<f(P ) + ... +/(rp) - x, 

■ T t (P, x) = (P, t + x) for —x £ t < f(P) — x, 

T t (P, x) = (T~ n P, t + x+ f{T~ l P) -f ••• + f(T~ n P)) 
for n > 0 and -fiT^P) - ... - f(T n P) - x 

g t < —f(T~ l P) - ... - f(T~ n+1 P) - x. 


We call T t the flow built on the measure ■preserving transformation T under the 
function /(P). 10 

In this definition we have demanded that /(P) be integrable only to make Cl 
have finite measure; if we were considering flows on spaces of infinite measure 
then we would only have demanded that /(P) be measurable and > 0. We 
might have required that /(P) be positive everywhere rather than uniformly 
positive; this distinction is unessential but with /(P) uniformly positive some 
of our proofs are simpler. 


• In case Q is a topological space and the measure is “properly” related to the topology 
it is usual to define a measurable flow as one with the property. that for every open set 0 
in R the (P, t)-set for which T t P 1 0 is measurable in Si X L. This apparently less restric- 
tive definition is however equivalent to ours. For a proof see IV, pp. 9, 10. 

10 We shall not prove that the T t thus defined actually are measure preserving trans- 
formations. A proof that they carry measurable sets into measurable sets is contained 
in the proof of Theorem 1. An application of Fubini’s theorem then shows that they are 
measure preserving. 
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In considering flows built under a function it will be essential to consider the 
functions P(P) and G(P) defined by 

(1.2) F(P) = F(P, x ) = /(P), 11 

(1.3) G(P ) = G(P, x) = *. 

Intuitively, (?(P) Ls the length of time since a particle now at P was last in ft, 
while F(P) is the length of time since it was last in ft plus the length of time 
before it will again be in ft. 

The sets defined by G(P) = constant give us cross sections for such a flow. 

If M Ls any set in ft we call the P-set defined by 

M* = [ PeM] 

(p.*) 

a tube and we say that M* is based on M. If M* is a tube with P(P) ^ d > 0 
for every P in M* and if 0 ^ a < b ^ d we call the set M*(a, 6) 12 defined by 

M*(a, b) = M*. [a g G(P ) < b] 

p 

a box, and the set M*(b ) defined by 

M*(b) = M*[G(P) £ 6] 

p 

a leftover of the tube. We_say that M* is the tube through the box M*(a, 6). 13 
Let M* be a tube and let M k and M kii be defined, for each positive integer n, by 

M k = [fc2~" g F(P) <{k + 1)2 ~ n ]-M*, Jfe - 0, 1, 2, • • • 

(1.4) ' 

M k ,i = [j2~ n £ G(P) < ( j + l)2“ n ] • Af* j - 0, 1 , . • -, jfe- 1 . 

P 

It is readily verified that 

(1.5) £ E Mk,i -> £ Mk = M* (n—* » ). 

ifc-0 7-0 fc-0 

This fact will frequently be useful in what follows because it shows that every 
tube is a limit of sums of boxes. 

2. The first representation theorem 

In our definition of a flow built under a function we specified that the measure 
on S be the direct product measure of a measure on U with Lebesgue measure 
on the rc-axis. Suppose, however, that we have a flow defined by (1.1) on a 
region S without assuming that the measure on Q is such a direct product 
measure, and suppose that we do not even have a measure defined on 12 (so that, 

11 We shall use the notations P and (P, x) interchangeably for points in ft. 
u We shall adhere to this notation, M* for a tube, and M*(a , b ) for a box through M* t 
throughout this paper. 

11 Obviously a box uniquely defines the tube through itself. 
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in particular, we are not assuming that f(P) is a measurable function or that T 
is a measure preserving transformation). The following theorem shows that if 
the flow satisfies certain measurability conditions then it is possible to put a 
measure on ft for which T will be a measure preserving transformation and f(P ) 
will be a measurable function and such that the given measure on ft is the direct 
product of this measure on ft with Lebesgue measure on the x-axis. 

Theorem 1 . Let T t be a flow defined by (1.1) on a region ft, with a measure 
m(M) on ft. If T t is a measurable flow and if the functions F(P) and G(P) are both 
m-measurable, then there exists a measure m{M) on ft for which f(P) is a measurable 
function and T is a measure preserving transformation and such that m(M) is the 
completed direct product measure 14 of m(M) on ft with Lebesgue measure on the x-axis. 

Proof: We first define a Borel field 15 2ft of sets in ft and put a measure, m(M ), 
on it. We define 2ft to be the collection of those sets, Af, in ft with the property 
that Af*, the tube based on Af, is m-measurable. Obviously, 2ft is a Borel 
field. It is trivial from the fact that F(P) is m-measurable that/(P) is measur- 
able with respect to 2ft. We define m(Af), for Af e 2)? by 

m(Af) = (l/c)m(Af*(0, c)). 16 

We want now to show’ that m(Af) is a completed measure and that, with this 
measure on ft, T is a measure preserving transformation. 

Because F(P) and G(P) are m-measurable we know that if a tube is m-measur- 
able then so are its boxes and leftovers. Now we show that if a box is 
m-measurable so is the tube through it. If a box is m-measurable then any 
sub-box which has the same tube through it is m-measurablc because any such 
sub-box is obviously the intersection of the original box with a transform (by 
some T t ) of the original box. Also, if a box M*(a, b) is m-measurable then the 
box Af*(0, b) is m-measurable since the latter is obviously the sum of a finite 
number of transforms of the former. To show that the tube through the box 
Af*(a, b) is m-measurable we see from (1.4) and (1.5) that it is sufficient to 
show that (for large n) each Af*,, is m-measurable; the m-measurability of the 
Af*,,* (for large n) follows from the fact that 

M k .i = 7V„(M*(0, 2 -n ) • [k2,~ n g F(P) <(k+ 1)2~ B ]). 

P 

14 The region ft is not a product space unless f(P) = constant so it cannot be precisely 
correct to say that m(Sf) is a direct product measure. Precisely expressed what we mean 
is that if we define w'(Af') on ft X L as the completed direct product measure of m(Af) 
on ft and Lebesgue measure on L then the following is true : if M C ft then M is Af-measurable 
if and only if it is ra'-measurable and if it is fit -measurable then ih{M) =» 

15 By a Borel field we mean a collection of sets closed under the operations of comple- 
mentation and countable addition. 

16 The notation M*(a, b) was introduced above. The number c here and in the remainder 
of this proof is some fixed positive number with the property that /(P) > c for all P in ft. 
It is easily seen (and in fact is a direct consequence of a later part of this proof) that m(M) 
is independent of the particular choice of c. 
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It follows readily from what we have just shown that m(M) is a completed 
measure. We shall now show that T preserves m-measure. Let Af « 9ft and 
N = TM; we shall show that the m-measurability of M*(0, c) implies the 
m-measurability of N*( 0, c) and that these two sets have the same ^-measure. 
This will prove that if M e SSI then TM 1 9ft and m(Af) = m(TM). A similar 
proof shows that T~ x also has these properties so this will complete the proof 
that T is m-measure preserving. We define, for each positive integer n, the sets 

M k = M*‘\k2~ n g F(P) <(k+ 1)2""] jfc2"" -eg G(P) < k2~ n ]. 

It is readily verified that 

T. £ N*( 0, c) 

* ° (n — ► oo ). 

£ T c _ m «M k -> M*( 0, c) 17 

Jb—0 

Because M* is m-measurable it follows from this that N*( 0, c) and hence N* is 
m-measurable. Because in each of these sums the summands are disjunct it 
follows that c )) = m(N*(0, c )) and hence that T is m-measure pre- 

serving. 

Now we consider the space Q X L and in this space the Borel field SB* deter- 
mined by all sets of the form M X ( a , b ) where M e 9DI. 18 Defining measure 
multiplicatively in 0 X L ia we have a measure, m'(B*), defined for all B* c SB* . 
Completing SB* with respect to this measure we obtain a Borel field 9ft* . Now 
we note that 0 t SB* ; this follows from (1.5) applied to the tube M* = ft. We 
define SB' to be the Borel field of sets of the form B*ft wfiere B* e SB* , and 9ft' 
to be the Borel field of sets of the form M*ft where Af* 1 9ft* . 20 Let 9ft denote 
the Borel field of m-measurable sets. Then what we want to show is that 
9ft' = 9ft and that for sets M « 9ft we have rn'(M) = m(M). 

We now define ft' to be the field 21 consisting of those sets which are finite 
sums of boxes and leftovers of m-measurable tubes. Now the Borel field deter- 
mined by ft' is SB'. 22 To see this we note first that SB' is the Borel field deter- 


17 The seta Af* and Mk.j are defined in terms of a given tube which we here take to be 
the tube through M*(a, b). 

M By the interval (a, b) we shall mean the interval taken with its left end point a but 
without its right end point b. The Borel field determined by a collection of sets is the 
smallest Borel field containing that collection. 

u For a discussion of product measures in attract spaces see VI. 

11 An equivalent definition of 2R' would have been to say that it is the Borel field ob- 
tained by completing ©' with respect to m'-measure. 

11 By a field we mean a collection of sets closed under the operations of complementation 
and finite addition. 

M For a discussion of fields, Borel fields, etc. see VI. 
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mined by all sets of the form (M X (a, 6))«f 2 where M t 2ft. 23 Now each such 
set is easily seen to be the sum of a box of some m-measurable tube and a left- 
over of some m-measurable tube; on the other hand, every m-measurable box, 
every ^-measurable tube and every leftover of an m-measurable tube is in 93', 
so g' d 93'. This proves that 93' is the Borel field determined by g'. 

Both F(P) and (?(F) are measurable with respect to 58'; this is true for F(P) 
because the F-set for which F(P) > b is, for any b , an m-measurable tube and 
such a tube we already know to be in 58'. This is true for G(P) because 

[0(F) < b] = [F(P) <b] + [F(P) * 6] [G(P) < 6]. 

p p p p 

The first set on the right side of this equality is an m-measurable tube and the 
second is an m-measurable box, so G(P) is measurable with respect to 58'. 

We shall now prove that 2ft' C 5ft and that if M e 2ft' then m'(Af) = m(iif). 
We know that every m-measurable box belongs to 5ft, and that every leftover 
of an m-measurable tube belongs to 5ft; it follows that g' and then 58' is included 
in 5ft. We shall show that if M e 93' then m’{M) = fh(M). This trivially im- 
plies that 2ft' C 5ft and that m'-measure and m-measure agree on 2ft'. Con- 
sider an m-measurable box, M*(a , b ); let n be a fixed positive integer and write 

M*(a, b) = M*(a, a + [b — a\/n) + M*(a + [b — a]/n, a + 2[b — a]/n) 

+ ••• 


+ M*(b - [b - a]/n, b). 

These sets are all disjunct and are transforms of one another (under members 
of the group T t ); so each has m-measure equal to (l/n)m(M*(a, 6)). It follows 
readily that for y real and a < y < b we have 

(2.1) y)) = [(y - a)/(b - a)]m(M*(a, b)). 

From the definition of m'-measure we have 

(2.2) m'(Af*(0, c)) = c(l/c)/7i(M*(0, c)) = m(^*(0» c)). 

Taken together (2.1) and (2.2) imply that m'(M) = m(M) whenever M is an 
m-measurable box. By (1.5) it follows that this is true whenever Jlf is an 
m-measurable tube and hence for all M in g'. Hence m'(ilf) = m(Af) for all 
M e 93'. 24 Hence 2ft' C 5ft and for sets in 2ft' the measures m' and in agree. 

\ S3 This is a consequence of the following trivial lemma: If 12 1 D 12* , |F a } is a collection 
of sets in 12j , 5Bi is the Borel field determined by the F a , and Q* «93i then the Borel field 
of sets of the form Miih where Mi c5Bi is the same as the Borel field determined by sets 
of the form F a tt i . 

u The fact that if two (countably additive) measures agree on a field then they agree 
on the Borel field it determines is best proved by use of the theorem (VI, p. 85) that the 
normal family determined by a field is the same as the Borel field determined by the field. 
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Now we shall prove that each T t takes sets of SB' into sets of and sets 
of 95?' into sets of 9ft'. Because we know that 95?' C 95? and that the T t are 
m-measure preserving it is sufficient to prove the former, and because the T t 
form a group it is sufficient to prove this for 0 ^ t < c. Because the m-measur- 
able boxes are a determining collection for 58' it is sufficient to show that any 
r7t-measurable box goes into a set of S'. Let then M*(a, b ) be an m-measurable 
box and t a fixed real number, with 0 :£ t < c. Let M* be the tube through 
M*(a, b), M the base of M*, N = TM and N* the tube based on N. Then it 
is easily seen that 

T t M*(a, b) = M*.[a + t g (?(P) < b + t] 

P 


+ lim £ N*’[k2~ n £ b + t - F(T. t P) < (fc + 1)2“"] 

n-*co A:— 0 P 

'[k2~” + a-b S G(P ) < MT"]. 

P 

Now M* and N* are w-measurable tubes and hence in S'; the set for which 
a + t ^ G(P) < b + t is in S' because G(P) is measurable with respect to S', 
and the sets under the summation are m-measurable boxes and hence are in S'. 
Consequently b ) t S'. 28 

It remains to show that 55? C 95?'. Define the set H by 

H = {(?(P) < c]. 

p 

To show that 95? C 95?' it will be sufficient to show that if M 1 95? and M C R 
then M 1 95?'. This is sufficient because any set in 95? is obviously the sum of a 
countable number of transforms of sets in 55? which are included in H and we 
know that each T t takes sets of 95?' into sets of 95?'. 

Now we consider the product space fi X L (L is the real line and 2 will denote 
the Lcbesgue measurable sets) and in this product space four Borel fields: 
95?' X 2, 95?' ® 8, 95? X 2, 95? ® 2. These are defined as follows: M' X 8 is the 
Borel field determined by sets of the form M X E, where M e 95?' and E « 8 ; 
95Z' ® 8 is the completion of this Borel field with respect to the multiplicative 
measure defined on it. 95? X 8 and 95? ® 8 are defined similarly in terms of 25? 
and 8. From the fact that 95?' C 25? it follows that 95?' ® 8 C 25? ® 8 and that 
if $f e 95?' ® 8 then the measure defined for it as a set of 95?' ® 8 is the same as 
the measure defined for it as a set of 95? ® 8. We shall denote this measure in 
8 X L by fh(M). 

In 8 X L we are considering points (P, x, t). If M is a (P, x)-set and Mi 

••What we are proving here is that a flow defined by (1.1), with measure taken as a 
product measure, takes measurable sets into measurable sets. 
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is a (P, and if M contains the same pairs (P, y) as M\ we shall write M = 
Mi . If M C ft X L we shall use the following notations: 

M(P,*) = [(P, X, t) t M] 

t 

M‘ = [ (P, X, t) € Ml 

<p,*> 

M x = [ (P, a:, 0«M]. 

(P.O 

Now we consider the transformation <S of Q X L onto itself defined by S(P, x, t ) 
= (P, £,<-+- x). This transformation takes sets of any one of our four Borel 
fields in fi X /> into sets of the same Borel field and preserves m-measure. We 
shall indicate the proof of this foHD? X 2 and 9$ ® 2, the proof for the other two 
being the same. First, if M = M X (a, 6) then obviously SM is a limit of finite 
sums of such sets. Since S takes sums into sums and complements into comple- 
ments itjollows that S takes sets of X 2 into sets of ffl X 2. The <-sets M(p. X ) 
and (SM)(p, X ) are obviously congruent (for all (P, x)) and so have the same 
^-measure. Hence, by Fubini’s theorem M and SM have the same m-measure. 
Because S preserves the measure of sets in X 2 it must take sets of 55? <8> ? 
into sets of Wl <g> 2. _ 

Now let M e 9W, M C It, and consider the set *M defined by 

*M = (S- [T t {P, i)J])( [ 0 ^ t < c] ■ [ 0 £ * < c]). 

(P,X,t) ( p,x,t ) ( P,x,t ) 

Because T t is a measurable flow and S is a measure preserving transformation in 
ft X L, M eWl ® We shall call this *M the associated, set of M. It has the 
following readily established properties: 

(2.3) forO g x < c: *M X = M 

(2.4) forO ^ t < c: *M* = H [ Pe#,]. 26 

(p.*) 

We now prove a sequence of assertions which will show that $} C 31?'. We 
number them for convenience. 

1) If M € 50? and *M is its associated set then for almost all t y *M * is in 9)?' 
and for almost all x } M x is in 9}?. 

Let M e 9J?; then for almost all t, *M‘ is m-measurable (by Fubini’s theorem) 
and for all t it is a box; hence *M l c W for almost all U If t is such that *M l 
e 9 W then it follows from (2.4) that M t e 9 Jt. 26 Hence M x e 9)? for almost all x. 
We now define to be the collection of all sets M included in 

H « [ 0 £ x < c] • [ 0 ^ t < c]. 

</»,*, O (P.*.0 

29 Mt denotes the P-set: [ (P, 0 %M], 
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and belonging to 2ft ® 8 which have the property that for almost all x, St x e 99?'. 

2) If St C S and J0" « 3ft X Sthenjjf *50?. 

To prove this it is sufficient, — since 9ft is obviously a Borel field, 27 — to show 
that 25? contains all sets of the form M X ( a , b) where M « 3ft, so consider such a 
set. We know from 1) that for almost all x, M x belongs to 99?. Now (M X 
(a, b)) x = 3ft* X (a, b) which is in 99?' for almost all x. 

3) If M e 3ft (and St C R) then 

fh(St) = f m(M‘) dt = c [ m(M x ) dx. 

Jo Jo 

This is a consequence of Fubini’s theorem and the fact that ?n(M*) — cm(M t ). 

4) If N t 3ft (and ft C ft) and has m-measure 0 then m(N x ) = 0 for almost 
all x in (0, c). 

If N has m-measure 0 then 

[ T t (P,x)'N] 

(P.X.I) 

has m-measure 0 (by Fubini's theorem and the fact that T t is measurable). 
Hence the associated set, *St, of N has m-measure 0. Then from 

0 = fh(*St) = c f m(N x ) dx, 

Jo 

we see that #* has m-measure 0 for almost all x in (0, c). 

5) If St e 3ft (and MC.H) and fn(St) = 0 then fh{M x ) — 0 for almost all 
x in (0, c). 

By definition we know that St x e 99?' except for an x-set (which we call 0i) of 
Lebesgue measure 0. Also M(p, Z ) has ^-measure 0 except for a (P, x)-set in 3ft 
of m-measure 0. Denote this exceptional (P, x)-set by N. Then, by 4), except 
for an x-set (which we call dt) of Lebesgue measure 0 we have m(N x ) = 0. We 
shall now show that if x< di + 0 2 then m(M x ) = 0. Consider such an x. Then 
M x « 99?'. Then N x has m-measure 0 and for P outside N x we know that 
m(Si(p, X )) — 0. Hence, applying Fubini’s theorem to the set M x (using the fact 
that it is in 99?' and has 2-measure 0 for almost all P) we see that m(St x ) = 0. 

6) If Me H and Mel®? then Iff. 

We already (by 2)) know this to be true when St e 3ft X S, so it will be suffi- 
cient to show that if M e 3ft X C and m(M) — 0 and if St C St then St < 3ft. 
This is true because we know by 2) and 5) that for such an St we have St x e 99?' 
and m(St x ) = 0 for almost all x, which implies that St x e 99?' for almost all x. 

We can now conclude our proof. Let M e 3ft, St C H. Then the associated 
set *St 1 3ft ® S and *M C H ; hence by 6) St 1 3ft, so *St z 1 99?' for almost all x 
in (0, c). Since *St x — St for all x in (0, c) this means that M e 99?'. Thus 
3ft C 90?' and hence 3ft = 99?'. 

w I.e. 9TJ ie a Borel field when only sets within B are considered and complements are 
taken with respect to B. 
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Theorem 2. Every measurable ergodic flow is isomorphic to a flow built under 
a function. 

Proof: Let St be the flow, S2* the (space on which it occurs, and the 

measure on 12*. We want to find three things,— a space 12, a transformation T, 
and a function /(P),— such that the flow T, defined in terms of them by (1.1) 
is isomorphic to the original flow. Then we shall be able to apply Theorem 1 
to conclude that T t is built under a function, i.e. that the measure involved is a 
direct product measure. The 12 we choose will be a certain subset of 12* obtained 
by a judicious picking of sequences of points along the trajectories of St , the 
transformation T on 12 will be the one taking each point of 12 into the next point 
along the trajectory (under St) which lies in 12, and the/(P) will be the length of 
time (measured in terms of S t ) it takes to move (under S t ) from P to TP. 

Let M* be an m-measurable set with 0 < < m*( 12*) and let <p(P*) 

be its characteristic function. For P* fixed and outside a certain invariant 
(under S t ) set Nt, of m*-measure 0 <p(S t P*) is a measurable 2-function. By a 
theorem of Wiener 28 we know that 

- f <p(StP*)dt^ v (P*) (e — * 0 ), 

for almost all P*. Hence (applying Egoroff’s theorem) it Is possible to choose 
a number, a, with 0 ^ a < 1, such that for 4>(P*) defined by 

$(P*) -If V (S,P*) dt 28 

CL Jo 

the P*-sets 

Mt = [$(P*) < i], Mt = [ <i>(P*) > f] 

P • P * 

both have positive m*-measure. Also, for P* 4 Nf the ^-function $(S t P*) is 
continuous. In fact it is obvious that, for P* 4 JV* , 

(2.5) | *(S<P*) - *(S.P*) | ^ (2/a) \t-s\. 

Applying the ergodic theorem we know that for P* fixed and outside a certain 
invariant set N% of m*- measure 0 the trajectory S t P* will have points in common 
with each of M* and ilf* for arbitrarily large and negatively arbitrarily large t. 
Now we write 12* = 12* — [N* + N * ] and 12* = N* + N * ; then 12* and 12* are 
m*-measurable invariant sets and ra*( 12*) = 0 . We define 12 by 

12 = !2f • [$(P*) = $ and $(S t P*) > \ for all t in 0 < t ^ a/8]. 

p • 

For the moment we shall not prove that 12 is an m*-measurable set; this follows 
from the fact, proved below, that G(P) is an m-measurable function. 

“ Wiener, XI, Theorem III', p. 2. 

» *(P*) is obviously m*-measurable. Throughout this proof a is a fixed number. 
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Now we show that for any P* in the trajectory S t P* has points in common 
with 12 for arbitrarily large t; the same proof shows this to be true also for arbi- 
trarily negatively large t. If is any positive number then there exist ti and 
<2 such that to < h < k and 5<,P* t Mt , 5< a P* e M$ . Because $(S t P*) is 
continuous in t there exists a t in (2, , ft) for which $(5<P*) — §. We choose 
t' to be the greatest such t in (2, , U). Then S t >P* e 12 because 4>(5,'P*) — $ while 
(2.5) implies 

I fe - I 2: (a/2) | $(5,,P*) - $(S t .P*) | > a/8, 

and hence that 4>(5,5,-P*) > ^ for all t in 0 < t a/8. 

We define T and f(P) as follows: if P « 12 then there is a smallest positive num- 
ber, h , for which 5,,P 1 12. 30 Then TP — S tl P and /(P) = 2, . We note that 
/(P) > a/8 for all P in 12. 

Now consider the region 12 under the graph of f(P) n , i.e. the set of points (P, x ) 
for which 0|i< /(P), and let T t be defined on 12 by (1.1). We establish a 
1 : lcorrespondence, It, between 12? and 12 as follows: if (P, x) e 12 then P* — S X P 
is its corresponding point in 12*. This is obviously a 1 : 1 correspondence which 
carries 5, into T t , i.e. if P* = R(P, x ) then 5,P* = RT_ t (P, x) for all t. In 
other words, 5,F = R~'T t RP for all P in 12. Now let fn(M) be the measure on 
H carried over from 12f by R/ 2 If we knew m-measure to be the direct product 
measure of a measure on 12 (for which T was a measure preserving transformation 
and f(P) a measurable function) with Lebesgue measure on the x-axis then our 
theorem would be proved. To show this it is sufficient, by Theorem 1, to show 
that the functions F(P) and G(P) are w-measurable. 

To show that G(F) is m-measurable let b be any number 2: 0; then 

R[G(P) £ 6 ] = £ 5 , 12 , 

P 0 

so we must show the set on the right side to be m*-measurable. This is shown 
by the following equalities (in these formulae some of the indices range over a 
whole interval; we adopt the following convention: when such a sum or a product 
is primed then the summation or product is to be taken over all rational numbers 
m the interval plus the end points of the interval) : 

E 5,12 

= E 5,{[4>(p*) = *][4>(5.P*) > * for 0 < s ^ a/8] } 

,0 That there exists a positive number with StiP e U follows from the last paragraph; 
there will be a smallest one (and it will be > (a/8)) because if P e 12 then none of the points 
S t P, for 0 < t £ (a/8), are in U. 

11 Ip this discussion we sometimes consider 0 as a subspace of SI* and sometimes as a 
space by itself. 

11 I.e. a set St is rft-measurable if and only if its correspondent in Sh is m*-measurable 
and its measure, M(St), is the m*-measure of that correspondent. 
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= Z {[*(S_,P*) = J][*(S_P*) > 4 for 0 < s g a/8]} 

0£ t&b ’ 

- fl Z' {[|*0S_,P*) - 41 < 1/»][*(S_P*) > J for 0 < s :§ a/8]} 

n-1 ' } 

• n Z' {l|*GSL,P*) - 4 I < l/n] n [*(flUP*) > * for 1/B 8 | a/8]) 

n-1 ( Jb— 1 J 

= II Z' |[|*GSL,P*) - II < l/n] II ± ^h+l/m 

n-1 0£t£h t k-1 m- 1 

for l/k £ s ^ a/8]| 

= n z' j[i #(5_.p*) - 4i < i/ni n z it [*gs_p*) ^ 4 + l/mj), 

n-1 OStgfc l. *-l m-l l/itg.ga/8 J 

which is obviously an m*-measurable set. 

To see that F(P) is m-measurable we note that 

[F(P) >b] = £' T. t [G(P) Z b]. 

P p 

We remarked in the introduction that Theorem 2 implies that, except for a 
trivial kind of exception, the trajectories in a measurable flow are always meas- 
urable sets. We shall now prove this. If S t is any measurable flow on a space 
12* then we can subdivide 12* into disjoint m*-measurable invariant sets: 

12 * = 12 0 + 12 * + • • • + 12 * + • • • , 

(it may be that a finite or an infinite number of the 12* are empty; in fact for an 
ergodic flow all but one will be empty) in such a way that: 1) if n ^ 1 then either 
12 n is empty or else m*(12 n ) > 0 and S t is ergodic on 12 n , 2) either 12 0 is empty or 
else S t is completely non-ergodic on 12* , i.e. if M* is any measurable invariant 
set of positive measure then AT* contains an invariant set, N*, for which m*{M *) 
> m*(N*) > 0. We see that every trajectory lying in 12* is measurable as fol- 
lows: for each € > 0 it is clear that Q* can be divided into a finite number of dis- 
joint measurable invariant sets (whose sum is 12*) each of measure < e. Each 
trajectory in 12^ will lie in one of these sets. Hence each trajectory in 12* lies 
in some set of measure < c, and this for arbitrary positive c. Consequently 
each trajectory in 12* lies in a set of measure 0 and therefore (since we always 
assume our measures to be completed) each trajectory in 12 0 is a measurable 
set of measure 0. 

Since on each 12^ (for n ^ 1) which is non-empty S t Is ergodic (and since we 
took care of 12^ in the last paragraph) the matter of the measurability of the tra- 
jectories will be cleared up completely if we can clear it up for ergodic flows. 
By Theorem 2 it will be sufficient (in considering ergodic flows) to consider flows 
built under a function. Let S t be such a flow, on a region 2, and let 12, T , f(P), 
m(M) have their usual meanings. Clearly the ergodicity of S t implies that 
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T is ergodic on SI. We now distinguish three cases : 1) every point in 0 is m-meas- 
urable and of m-measure 0, 2) every point in SI is m-measurable but some point 
has positive measure, 3) some point in SI fails to be m-measurable. First we 
consider case 1) (the usual case). Let S t P be any trajectory; this trajectory 
intersects SI in a sequence of points P„ = (P„ , 0). Then this trajectory is the 
set 

t [P=Pn] 

n — — oo (P,x) 

which is m-measurable and of m- measure 0, since our measure is a direct product 
measure. In case 2) the ergodicity of T implies that 12 consists of a finite number 
of points of equal positive m-measure plus perhaps a set of measure 0. Then St 
is obviously isomorphic to the well known periodic flow on the circle ( S t x = x + t 
mod a, a > 0). In this case all the trajectories are m-measurable sets but a, 
certain one of them has positive measure while all others have measure 0. In 
case 3) it is clear (since m-measure is completed) that the m-measurable sets will 
contain a “chunk , ” i.e. an m-measurable set, M, of positive m- measure and 
such that if N is m-measurable and contained in M then either m(N) = m(M) 
or m(N) = 0. The ergodicity of T implies that M has a finite number of trans- 
forms and that every m-measurable set of positive m-measure differs, by at most 
a set of m-measure 0 from some finite sum of transforms of M . Then our flow 
is essentially the same as in case 2) except that instead of all the measure being 
concentrated on the trajectory swept out by a single point all the measure is 
concentrated on the set swept out by M ; clearly every m-measurable set must be 
(to within a set of m-measure 0) of the form: 

E StM, 

t « s 

where E is any Lebesgue measurable £-set on some finite interval (0, a). (Ob- 
viously in this case it is possible to set up a measure preserving ^^-correspondence 
between this and a flow of case 2) so in a certain sense this is the same as case 2)). 
In this case there will be at least one non-measurable trajectory inside the set 
swept out by M . This is the only case in which there can be any non-measurable 
trajectories and this case is obviously of not the slightest interest. 

To summarize the results of this discussion we may say that if T t is any 
measurable flow then the space on which it occurs can be split into a completely 
non-ergodic part, in which all trajectories have measure 0, plus a denumerable 
number of ergodic parts (where a finite or infinite number of these parts may be 
empty) and that on each ergodic part there are three possibilities: 1) each 
trajectory may be measurable and of measure 0, 2) each trajectory may be 
measurable but with one of the trajectories (necessarily a periodic one) having 
positiye measure, in which case the flow is isomorphic to a rotation on the circle, 
3) all the measure may be concentrated on the set swept out by a single set, M } 
of measure 0 in such a way that the only m-measurable sets are sums of trans- 
forms of M ; in this case non-measurable trajectories are possible, but it is possible 
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to establish a measure preserving set correspondence between such a flow and 
a rotation on the circle. 

3. The group Ut and a second representation theorem 

Let St be a flow on a space SI* and let Li be the space of (complex-valued) 
functions g(P*) of integrable square on SI*. We define the operator U, (for all 
real t ) by 

(3.1) U,g(P*) = g(S,P *).» 

Obviously the U t are unitary operators and form a 1-parameter group: U t U, = 
V ,+. . It is known that if U t is a continuous ^-function (in the sense that, for 
any g in L 2 , || U t g - g || -» 0 as t -► 0) then 17, has a spectral resolution, i.e. 
there exists a unique spectral family E\ for which 

U,= fe-dE^ 

J— QO 

and it has been shown by Doob (III, Theorem 7) that if U t is defined by (3.1), 
where S t is a measurable flow, then U t is a continuous ^-function. 35 Hence U t 
will have a spectral resolution in all cases we are considering. 

We now define a special kind of flow built under a function and show that a 
measurable ergodic flow is isomorphic to a flow of this kind if and only if the 
group U t has an eigenfunction of eigenvalue ^ 0. This result was proved, — 
except for the measure theoretic considerations, —by G. D. Birkhoff (II, p. 144) 
and our proof consists essentially in using his argument and then applying 
Theorem 2 to take care of these measure-theoretic considerations. 

Definition 9. An eigenfunction of the group U t is a function ^(P*) in L 2 
which is different from 0 on some set of positive measure and such that for some 
real number X, 

Ut\p = e xU \p 

(for all real t ). The number X is called the eigenvalue of \f/. 

Definition 10. If a flow is built under a function /(P), and /(P) is a con- 
stant function 38 then we say the flow is well built. The number /(P) is called the 
height of the flow. 

« The introduction of this group of unitary operators and the idea of attempting to 
characterize the properties of a flow in terms of properties of the spectral resolution of 
this group of operators is due to B. 0. Koopman, V. 

34 Sec VII and IX. 

» If S t is a measurable flow and U t is defined by (3.1) then (by Fubini’s theorem) (V t f } g) 
is a measurable t-function for each / and g in L 2 and Stone (VII) and von Neumann (IX) 
have shown that in case L% is separable this implies that U t is a continuous ^-function. In 
our case, however, where no separability conditions are assumed, it is necessary to use 
the deeper result of Doob to prove that U t is a continuous J-function. We remark that 
for a measurable ergodic flow this continuity follows easily from Theorem 2. 

36 By constant we mean constant everywhere . 
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Theorem 3. A measurable ergodic flow is isomorphic to a well built flow if and 
only if its corresponding U t group has an eigenfunction of eigenvalue 0. The 
heights of the well built flows to which it is isomorphic are the numbers 2tt/| X |, 
where X is an eigenvalue of the U t . 

Proof: If T t is a well built flow of height a and if X is defined by 2t/X = a 
then obviously the function ^(P, x) defined by 

HP, x) = e' Xl 

is an eigenfunction of eigenvalue X for the corresponding U t . Since the eigen- 
values form (for an ergodic flow) an additive group of real numbers 37 —X is also 
an eigenvalue. Hence if a measurable ergodic flow is isomorphic to a well built 
flow of height 2ic/ | X | then both X and —X are eigenvalues of the corresponding 
group U t . 

Now let S t be a measurable ergodic flow on a space ft* and let the corresponding 
U t have an eigenfunction \p of eigenvalue X, (X^ 0). Then \p is an eigenfunction 
of eigenvalue —X. 32 One of X and —X is positive; we suppose X is positive and 
from now on work with X and \p (if — X were the positive one we would work in 
the same way, but with —X and \p). Because \p is an eigenfunction we know 
that for each t we have 

HS'P*) = e iU HP*), 

for almost all P*. By changing \p(P*) at most on a P*-set of measure 0 we can 
make this equality hold for all P* and t? s we suppose \p to be so altered. Now 
| ^ | is an invariant function (i.e. | \p(S t P*) | = j \p(P*) |) and hence (since S t 
is ergodic) | ^(P*) | = constant = k > 0 except for P* in some ^immeasurable 
set, N*, of m*-measure 0. 39 Because \p(S t P *) = e' Xt \p(P*) for all P* and t we 
see that N* is an invariant set. Now write ft* = N* and ftf = ft* — N*. Then 
define ft by 

ft = ft! M>( p*) = k] 

p* 

(where k is the constant mentioned above). We establish a 1 : 1 correspondence 
between ftf and ft X (0, 27r/X) as follows: if (P, x) is in ft X (0, 2ir/X) then make 
correspond to it the point P* in ftf defined by P* = S X P. We define the trans- 
formation T on ft by TP = S 2r /xP. Then this correspondence obviously carries 
S t on ftf into that flow on ft X (0, 2w/\) which is built on the transformation 
T on ft. As in the proof of Theorem 2 this correspondence gives rise to a measure, 
m{M) } on ft M (0, 2?r/X) and the only thing remaining to be shown is that this 
measure is the desired sort of product measure. To prove this it is sufficient, by 
Theorem 1, to show that the functions F(P) and G(P) defined by (2.1) and (2.2) 
are m-measurable. Now G(P) is m-measurable because the set in ft?* correspond- 
ing to the P-set for which G(P) < b is the P*-set for which arg \p(P*) < 6X. 
F(P) is m-measurable because it is a constant. 

" See X, p. 625. 

88 See IV, Lemma 9.1, p. 27. 

" This remark is due to Koopman, V, p. 318. 
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To conclude we point out that our first representation theorem can be used to- 
generalize a theorem of von Neumann's about the spectral family E\ associated 
with the group U t . Let @ be the closed linear manifold spanned by the eigen- 
functions of the group U t • Then E\ is still a spectral family when considered 
only on i 2 — the orthogonal complement of @ 40 . The set of points of in- 
crease 41 of this spectral family when it is considered only on L 2 — @ is called the 
band spectrum of the original spectral family. 

Theorem 4. 42 For a measurable ergodic flow the band spectrum is either the null 
set or the whole real line . 

Proof: We shall not give a detailed proof of this theorem. We merely remark 
that von Neumann proved this assuming the flow to be differentiable in order to 
find,— in case the flow was not rotation on the circle, — cross sections whose 
translations over large time intervals were all disjoint. Using our representation 
theorem (and an unpublished but easily proved lemma of P. R. Halmos to the 
effect that on a space containing sets of arbitrarily small measure there exists, for 
every ergodic measure preserving transformation, T, and positive integer, w, 
a measurable set of positive measure whose first n transforms by T are all dis- 
joint) we are able, — in case the flow is not rotation on the circle, — to obtain such 
cross sections without any differentiability assumptions. As soon as this is 
noticed von Neumann’s proof can be carried through exactly as in the differen- 
tiable case . 43 

The Institute for Advanced Study 
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ON THE EXPONENTS OF DIFFERENTIAL IDEALS 

By Ellis Robert Kolchin 
(Received April 4, 1940) 

Introduction 

In the theory of polynomial ideals, in algebra, there are methods, stemming 
from the theorem of M. Noether, and associated with the names of E. Bertini, 
E. Lasker, F. S. Macauley, K. Hentzelt, H. Kapferer and P. Dubreil, for finding 
the exponent of an ideal, or at least a bound for the exponent. 

When one seeks to create a notion of exponent for ideals of differential poly- 
nomials, one is forced, because of a situation revealed by H. W. Raudenbush, 1 
to admit infinite exponents as well as finite ones. The investigation of such 
exponents, finite or infinite, to some extent for differential ideals of a general 
character, and to a deeper extent for differential ideals generated by a form in 
one unknown of the first order, is the object of the present paper. 

If we may refer to §2 below for a definition of the exponent of a differential 
ideal , we shall proceed to enumerate our results. 

Part II, which presents what is possibly the most interesting portion of our 
work, deals with differential ideals generated by a single form A , in one un- 
known, of the first order. The concept of multiplicity of a singular solution of A 
is introduced (§6) and it is shown (§7) that if A has a singular solution of multi- 
plicity exceeding unity , then the differential ideal generated by A has exponent 
infinity . Forms A which have singular solutions, all of multiplicity unity, are 
discussed in §§8-10. Such singular solutions are divided into two classes, and, 
guided by a general theorem due to J. F. Ititt, we secure a decomposition of the 
differential ideal generated by A which puts these two classes into evidence 
(§8). In §10 it is proved, under an additional assumption {regular type) that 
the exponent of the differential ideal generated by A is unity or two according as all 
the singular solutions are in the first class or at least one singular solution is in the 
second class . The differential ideal generated by a form A which has no singular 
solutions, is shown, under a certain additional assumption, to have exponent 
unity (§11). Part II concludes with a discussion of a type of form which we 
call hyper elliptic. The “intermediate ideals” are found, and they are shown to 
fall into chains of a fixed length. 

Part III contains a brief discussion of chains of differential ideals. A theorem 
is proved which gives a bound for the exponent of a so-called principal chain 
in terms of the length of the chain (§14). 

Part I begins with a statement, in abstract form, of a decomposition theorem 
due to Ritt. After the definitions of relative exponent and other terms, there 

1 Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 371-373. 

740 
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is proved a theorem connecting the relative exponent of a differential ideal with 
those of the factor ideals in the decomposition just mentioned (Theorem 1). 
Also, a result is presented which relates the existence of a strong basis in a ■ 
differential ideal to the existence of such a basis in the factor ideals (Theorem 2). 
The remainder of Part I deals with special questions whose treatment is im- 
portant for the sequel. 

In Part I, use is made of the theory of resolvents. This theory, as developed 
by Ritt, applies to a differential field whose elements are meromorphic func- 
tions. To permit the use of abstract fields, there is given, in an appendix, a. 
discussion which supplements Ritt’s proofs, making them valid in any differential 
field of characteristic zero. 


Notation 

Differentiation (of elements in a differential ring 2 ) is indicated by subscripts; 
thus a,- means thej-th derivative of a. If a single letter is used with different 
subscripts to denote different ring elements, then differentiation is indicated by a 
second subscript; thus, the j-th derivative of a» is a*/ . 

Square brackets [ ], curled brackets { }, and parentheses ( ), when not used 
as symbols of aggregation, will mean, respectively, the differential ideal, the 
perfect differential ideal, and the (ordinary, algebraic) ideal generated by the 
set of elements they include. These various ideals are supposed to be formed 
in a fixed differential ring which underlies the discussion. When forming an 
(algebraic) ideal, the differential ring is considered as an (algebraic) ring. 

Membership in a set is denoted in the usual way by the symbol c. Set inclu- 
sion is indicated by C, proper inclusion by C. The symbol for the intersection 
of sets is fl. 

The notations 


a = b 

(m, n, ■ 


a ss b 

[m, n, • 


a = b 

{m, n, 

... } 


will mean, respectively, 

a — b c (m, n, • • • ), a — b e [m, n, • • • ], a — b e {m, w, • • • }. 

The product of a finite number of differential ideals is defined as their product 
when considered as (algebraic) ideals. This is readily seen to be a differential 
ideal. If <ri , a 2 , • • • , are differential ideals, their product is denoted by 

<Tl<72 • * • (T| . 

If <r is a perfect differential ideal in a differential ring £>, and if d t then 

* The definitions of differential ring, differential ideal, and other terms, are to be found 
in a paper by Raudenbush, Transactions of the American Mathematical Society, vol. 36 
(1934), pp. 361-368. 



742 


ELLIS ROBERT KOLCHIN 


a :d, the quotient of <r by d , is defined as in algebra to be the totality of elements 
a c 3) such that ad e<r. aid is itself a perfect differential ideal. 

If § is a differential field, then %{u } • . • ) means the differential ring obtained 
by the differential ring adjunction of u, • • • . The result of differential field 
adjunction will be denoted by ^(u, • • • ). 

As is customar j r , the word form will be used as an abbreviation for differential 
polynomial. 

By a solution of a set of forms in g{i/i , • • • , y n )> is meant a set of elements 
i?i , • • • , Vn of some differential extension field of which annul the forms of 
the set when substituted for yi , • • • , y n , respectively. 

Part I. Some General Theorems 

1. The product representation 

Consider a differential domain of integrity 3) which contains the rational 
numbers. We suppose that every infinite system in ® has a basis. The set of 
forms in a fixed finite number of unknowns, with coefficients in an underlying 
differential field of characteristic zero, is such a differential domain of integrity. 1 * 3 

A set of differential ideals in 3) will be called separated if 1 = 0 (<n , 02 ) for each 
pair of distinct ideals <r\ , (x 2 in the set. 

A differential ideal will be said to be connected if it is not the intersection of 
two separated differential ideals. Since the two ideals are required to be 
separated, “intersection” may be replaced by “product.” 4 

A theorem due to Ritt may be formulated abstractly as follows: 

Let <r be a differential ideal in 3). Then a is connected if and only if [cr] is. 
If <r is not connected , it has a representation as the intersection ( = product) of a 
separated finite set of connected differential ideals. This representation is unique. 
If am • • • cr, is the representation of a, then { cri } { <x 2 } • • • {a,} is the representation 
for M. 6 

We shall call the representation described in this theorem the product repre- 
sentation of <r. Each cr i will be called a factor of the product representation. 

2. Exponents 

Lemma 1 : Let a and r be differential ideals in 3) such that <r Cr C {*}• Then 
the product representation of a has the same number of factors as that of r, and, with 
a suitable assignment of subscripts , we may write for these representations 

* = <*1*2 •••**, * = T\T2 • • • r, , 

*% £ u C {<n) ? i = 1, . • • , s. 

Proof: The theorem of §1 shows that we may write for the product repre- 
sentations 

1 See the paper cited under footnote 2. 

4 See B. L. van der Waerden, Moderne Algebra , vol. 2, Berlin, 1931, p. 46. 

1 Ritt, Proceedings of the National Academy of Sciences, vol. 26 (1939), pp. 90-91. 
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a = ann •••<?,, r — nn • • • r, , 

M = {t<}, i - 1, ,8. 

Here product is the same as intersection, and <r Q r C n , so that 

c — (<ri n ti) n ^ n • • • n (Ti = (<rj n ri)<r 2 • • • «■« .* 

Since the product representation is unique, this implies that ox = <n 0 n , that 
is (Ti C ri . Similarly, every <r, C r< • 

Consider two differential ideals a and t in 3). If there is a positive integer q 
such that r* C let p be the least such q) if no such q exists, let p — 00 . We 
shall call p the exponent of a with respect to t, and shall denote it by l r a. The 

exponent of a with respect to { <x } will be called, simply, the exponent of a. ' 

In discussing l,<r we limit ourselves to cases for which <r C r C { <r J . If 
t (<r}, then Z,<r = «> ; if <s $ t, we may let r' = (a, r), and then a C r', 

IjO = It* O' » 

Theorem 1: Let o and r be differential ideals in 3) such that o £ r £ {<r}. 
Lei the 'product representations of a and r be given by (1). Then 

lj o — max Ifi o% • 

t—i,* • •,* 

Proof: Let p = max l Ti o t , q = Z T or. If p = «>, then q ^ p. Suppose 
p < oo. Then 

= ( Tl . . . Ta ) p = ri p • • • £ <ri * • • o s = <r, 

so that in either case q ^ p. It remains to prove that p ^ q. 

If q = <x>, then p g q. Suppose q < «> . Then 

ol ••• a, =* (oi • • • <r,)* = <7* £ r = ri • • • r, . 

But ol , • • • , Os are obviously the factors of the product representation of 
oi ••• Os . Hence, by Lemma 1, of C r* , i = 1, • • • , $, .that is, p ^ g. 

3. Strong bases 

In this section we present a theorem which will not be used in the rest of the 
paper, but which may be of some interest on its own account. 

Let <r be a differential ideal in 3). If o has a strong 7 basis bi , • • • , 6* , let 
q = L[bi , • • • , bh]; of all integers so obtained, let p be the minimum. If o has 
no strong basis, let p = « . We shall call p the basis index of o . 

• It is easy to see that *i D r t are separated. For example, because 

, * 2 , • • • , <r, are separated, there are elements hi e <r i and /i* « <72 such that 1 a Ai + ^ . 
Choosing, as we may, p large enough so that h\ t n , we have h\ t a 1 0 ti , ph\~ l h^ + 

• • • 4* hf e <72 and I « A? -f ph^~ l h% 4- • * ■ 4- h\ • 

7 A basis of <r is said to be strong if there is a single integer such that g l is in the differ- 
ential ideal generated by the basis, for every g e a. There exist differential ideals which 
do not have a strong basis. See Theorem 5 below; also, Kolchin, Bulletin of the American 
Mathematical Society, vol. 45 (1939), pp. 923-926. 
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Theorem 2: Let the differential ideal a in 35 have the product representation 
a = o\ a, . Then the basis index of a equals the maximum, of the basis indices 
of the <n . 

Proof: We know that there exist elements m, , with derivative m a t <r, such 
that <r< = (a, mi), i = 1, • • • , 8.® Let 6i , • • • , h be a strong basis of <r, with 
l'[bi , ■■■ , 6*] = p. Then 


fff = («r, mi) p C (<r p , mi) C [bi , • • • , 6a , m,]. 

Thus, for each i,bi, • • • , 6* , is a strong basis for <r , , and [i>i , • • • , bh , m,] ^ 
p. Hence the basis index of a is not less than that of each <r< . Now let 
bi \ • • • , bh( be a strong basis of <r,- , and let q g LJ&i 0 , • • • , ft*)’], t = 1, ■ • • , 8. 
Since <r»- = (<r, m,), we may write, fdr each i and j, 


b) i] - ty> + df mi 




« <T. 


Then 


<r® = (vi • • • <r,) q = <r J • • • <t® 

ciC, • ••,&£’] 

C [fi U , <*“, • • • , m u , • • • , m,i , TOi • • • rn,]. 

Thus, <r has a strong basis whose associated exponent is less than or equal to q, 
so that the basis index of <r is not more than the greatest basis index of the <r, . 

4. Invariance of the exponent under differential field adjunction 

In this section we specialize 3) to a differential ring of forms. 

Let 5 be a differential field of characteristic zero. Let 55' be a differential 
extension field of 55 : 3 C S 7 - Throughout the present section p,- , , w will 

denote unknowns. 

If is a set of forms with coefficients in 55, we shall use (4>), [4>], {$} to denote 
the algebraic, the differential, and the perfect differential ideals, respectively, 
generated by <£ in the differential ring of forms with coefficients in. 55> If is a 
set of forms with coefficients in 55', the algebraic, the differential, and the perfect 
differential ideals generated by # in the differential ring of forms with coefficients 
in 55' will be indicated, respectively, by ($)', [$]', and {$}'. It is clear that if 
2 is a differential ideal of forms with coefficients in 55, then (2)' = [2]'. 

Theorem 3 : Lei 2 and A be differential ideals in 55 { 2/i , • • • , p»}. Then 

1x2 = M2)'. 

Proof: Let p = 1x2, q = i( A )>(2)'. If q — <», then p £ q. Suppose q < », 
and let G « A. Then G e (A)', so that G® t (2)'. But G® e 55 {Pi , • • • , 2/»). 
Hence G* < 2,® so that p £1 q. 

* Ritt, loc. cit. under footnote 5. 

* See proof in van der Waerden, loc. cit., p. 67. 
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If V — 00 » then q £ p. Suppose p < «o f and let G e (A)'. Then there is a 
relation 


Hence 


G = T.H.G,, 

M-l 


(j M 6 A. 


G p = 


p! 


p il! • • • 


HV ...H'JGV ...G'feWYZ.W, 


so that q ^ p. This completes the proof. 

Theorem 3, by itself, yields no information as to how the exponent of a differ- 
ential ideal is affected by a differential field adjunction, for there is no obvious 
reason why { 2 } ' should equal ( { 2 J )'. These two ideals, however, are identical. 
We devote the rest of this section to the proof of this fact. We use three lemmas. 

Lemma 2: Let Q be a prime differential ideal in 5 { u x , • • • , u q , w, yi , ... , y p \ , 
with basic set 


(2) A , A i , • • • , A p 

introducing in succession w ) Pi , • • • , y P . Let A be algebraically irreducible 
over ft, and let each A » be of order zero and degree unity in yi . Then (2) is a basic 
set for (ft)'. 

Proof: Let Bi , • . * , B s be the irreducible factors of A over Let S and 
I be the separant and initial, respectively, of A ; let 7, be the initial (= separant) 
of At . Each Bi is of the same order (call it r) in w as A is, for otherwise A 
would be reducible over g. Let 7\ be the separant, /, the initial, of £, . We 
have 


1 = Jl • • • Js , 

S = T1B2 • • - Bt + B1T2 • • • B s +•••-{- B1B2 • • • T g . 

Now, ft = { A, Ai , • • • , A„) :/aS/i •••Ip. Let 

8< = {-B< > > ••• > A p ] 1 J t TJi ••• I p , i = 1, •*. f s. 

Then each ft, is a prime differential ideal in ${u\ , • • • , u q , w, , ... , p P }. 10 
Moreover, 


10 Proof: Let CD e U, . For appropriate A; we may write (7i • • • 7 P )*C » C", 

(/1 • • • 7p)*D s Z) ; [Ai , • • • , A P ] where C" and D' are forms free of y x , • • • , y p . Of course 

C'D' e Qi . We prove one of C', D f is divisible by Bi . Suppose neither is. Then there 
are forms M and N t free of yi , • • • , y p , such that E « M »/ 1 • • • 7*) + , 

where E is a nonzero form free of 1 / 1 , • • • , y P , of order less than r in w. Clearly 

E c , Ai , • • • , A,}. It readily follows that (TJi • • • l p ) l E e (Bi) for some positive 
integer l . Since B, is irreducible, this implies that E « (B<). But the order of E in w is 
less than r. Hence B « 0. This contradiction shows that either C" or D f is divisible by 
Bi , say C" is. Then C c U, . Thus, fi, is prime. 
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{0}' = {{ii.Ai, ... ,A p \:ISh ... I p y 
= lA,A t ,".,A,\':ISIi---I p 
- (|b, , . . . , A P y n . . . n \b. , A t , • • • , a p )'):/s/i . . . /„ 

= ... ,A p \':ISh ... /„) (1 ... 

= ({Bi , Ai , ... , A p \':Ji • • • J,T\Bi • • > B.h • • • I p ) 

n ... n ({B. , Ai , • • • , A P )':J 1 • . • J,BiB 2 . • • • • • /„) 

= (fli J s ... «7 ,B» • • • B.) n ... n ( 12 , J i J ,-iBi • • • B,_i) 

= ai n . . . n n. . u 

{ft}' does not contain a form of class q + 1 of order less than r in w, because 
12, does not. Let C be of class q + 1 and have order r in w, and suppose that 
C f (12)'. C e Qi , and is therefore divisible by B, , i — 1, • • • , s. Hence C is 
divisible by A. From this it follows that (2) is a basic set for (12)'. 

Lemma 3: Let § contain non-constant elements. 12 Let 2 be a prime differential 
ideal in > • • • , u Q , yi , • • • ,y P \, with arbitrary unknowns Ui , • • • , u q . 13 
Then (2)' = {S}'. 

Proof: It suffices to show that {2}' C (2)'. Let A = 0 be a re- 
solvent for 2, and let 12 be the associated prime differential ideal in 
§{«i , • • • , u q , w, y\ , • • • , y„\, with basic set (2), where A is of order r in w, 
and each Ai is of order zero and degree unity in , 14 We know that 

2 = 12 fl 3K , ... ,««, yi, ... ,y P \. 

Let G t (2)'. We may write 

G - Go + GiUi + • . . + G m (j) m 

where each G p e 3{wi , • • • , u „ , yi , • • • ,y p \, and where 1, «i , • • • , are ele- 
ments of linearly independent over ft. We shall show' that each G„ e 2. 

Let S and I be the separant and initial of A ; let /,■ be the initial of Ai . Evi- 
dently there exist non-negative integers a, b, o, such that 

(3) I a tf IV • • • s B m (12), m = 0, I, • • • , m, 

where each is reduced with respect to the basic set (2). Then 

(4) • • • I°pG ss Rq -j- Rm “(“•••+ 

But, by Lemma 2, (2) is a basic set for {12}'. Hence the second member of (4), 

11 The parentheses in these equations are symbols of aggregation. 

11 An element of 5 is called constant , if its derivative vanishes. 
w The Ui need not actually occur. 

14 See Appendix. 
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which is in (12)', yet reduced with respect to (2), must vanish. Since 
l,07i, • • • , oim are linearly independent over j$, it follows that each R„ vanishes. 
(3) then shows that each G„ « ft. Since is also in ${ui , • • • , u q , y x , • • • ,y v \, 
we have (? M e 2, n — 0, 1, • • • , m. 

Hence G e (2)', so that (2)' C (2)'. 

Lemma 4: Let g consist purely of constants ; let 5' = 3(x), where x is an element 
whose derivative is 1. Let 2 be a prime differential ideal in ^{y\, ■ ■ ■ ,y n \- 
Then (2)' = {2}'. 

Proof : We must show that { 2 } ' C (2)'. Let G « { 2 ) For a suitable non- 
zero element <p « t$(x), we may write 

<pG = Ho + H\x + • • • + H m x m , 

where the H„ are in gfyi , • • • , y n }. For a large integer r, G r t (2)'. Hence 

HI + rHl-'HiX + • • • + H r m x nr e (2)'. 

Thus, we see that we may write 

H r 0 + rHV l H,x + . . . + H r m x mr = d v S, + ...+*&, 

where each S t e 2, and each d, « 5(z). Let ui, • ••,&>< be elements of 
such that 1, x, • • • , x mr , • , w* are linearly independent over and such 

that each di is linearly dependent on 1, x, • • • , x m \ o>i , • • • , w* . Then there 
is a relation 

HI + rH^x + • • • + H r m x mr = T 0 + - . • + T mr z mr + t/ lWl + . . . + Um , 

where the 7\ and IU are in 2. By the linear independence it follows that 
HI = To , so that // 0 « 2. Hence 

Hi + Ihx + ... + II m x m ~ l e {2}'. 

Continuing, we find every // M € 2. Therefore G a (2)' and {2}' £ (2)'. 

We are now in a position to prove our theorem. 5 is again any differential 
field of characteristic zero, and a differential extension thereof. 

Theorem 4: Let 2 be a perfect differential ideal in 5{yi , • • • , y»). Then 
(2)' = {2}'. 

Proof: Let 2 = 2i fl • • • fl 2 fl be the decomposition of 2 into essential prime 
differential ideals. It is easy to see that 

(5) {2}' = {2 iK n ... n {2.)'. 

We shall prove that 

(6) (2) ; = (2,)' n . . . n (2.)'. 

Indeed, since 2 C 2< , we have (2)' C (2,)', t = 1, • • • , «, that is 

(2)' c (2,)' n . . . n (2,y. 

Now let G t (2,)', i — 1, • • • , s. We may write 
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G — Go** + Gi°Wi + • • • + Gm^m > 

where each G,- J> < 2,- , and 1, «i , • • • , « m are elements of 5', linearly independent 
over 5. The linear independence shows that G< w = • • • = G,-'*, t = 0, 1, • • • , m, 
so that each (?,- ,) « 2i fl • • • H 2, = 2, and G e (2)'. Hence 

(s)' 2 (s,y n . . . n ( 2 .y. 

This proves (6). 

If 5 contains non-constants, then, by (5), (6) and Lemma 3, {2}' = (2)'. 
Suppose 5 consists purely of constants. Let 5* = where x is an ele- 
ment whose derivative is 1, and let g* = %'(x). By Lemma 4 and equations 
analogous to (5) and (6), 

( 2 )* = ( 2 i)*n ... n (s,)* 

- { 2 i}*n... n { 2 ,}* = { 2 }* 

Hence, by the part of the theorem already proved, 

(2)* = ((2)*y = ({2}*)* 

= {{2}*}*= {2}*. 

Thus, (2)* is a perfect differential ideal. 

Now, (2)* = ((2)')*. Suppose that (2)' {2}'. Then there is an 

F e %'{yi , • • • , Vn) such that F € {2}', F 4 (2)'. Clearly F e {2}*, that is, 
F e (2)* = ((2)')*. Since F e , • • • , y n }, this implies that F e (2)'. This 
contradiction shows that (2)' = (2)', and completes the proof. 

Corollary 1: Let 2 be a differential ideal in g{«/i , ... , y n ). Then the ex- 
ponent of 2 equals that of (2)'. 

Proof: By Theorems 3 and 4 

I{2}2 = Z(|2})'(2) / = Z|(:g}}'(2)' = Z{Z}'(2)\ 

5. A certain differential ideal 

Let § be any differential field of characteristic zero, and let y be an unknown. 
We work in the differential ring ^{y}. The following theorem uses an idea 
due to Raudenbush. 15 

Theorem 5: [yf does not have a strong basis . 

Proof: Assume that [yf has a strong basis. Then it has a strong basis con- 
sisting purely of forms yy , . Let s be an integer so large that the set of forms 

(7) ViVi , 0 £ i £j £ s, 

is a strong basis of [yf. Let p be the exponent with respect to [yf of the differ- 
ential ideal generated by the basis (7). Let a be a positive integer whose value 
(large) is to be given later. 


11 See paper cited under footnote 1. 
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Consider the forms 

(8) 2/ii2Ai • • • y>i P , *'i + ■ • • + iip — ot. 

Each form (8) is in [yf v . Considering degree and weight, we see that each form 

(8) is a linear combination, with coefficients in g, of forms 

(y>Vi)kVn ‘ ■ • Vitp-t , 

(9) 0 ^ i g j g s, i + j + k+ji + -- -+ j tp _ 2 = a. 

Hence the number of linearly independent forms (8) does not now exceed the 
number of forms (9). Since the totality of forms (8) are linearly independent, it 
follows that the number of distinct forms (8) is less than or equal to the num- 
ber of forms (9). 

Now, the number of expressions (8) is clearly at least 

-L(*+ i 

(2p) ! \2p ' 

if we suppose that a is divisible by 2p. For, we may assign ii , . - . , z 2p _i arbi- 
trary values from 0 to a/2 p, and then ii v is uniquely determined; moreover, 
the number of times a given form (8) can be produced in this way Is at most 
(2 p ) ! On the other hand, the number of expressions (9) is surely not more than 

*(• +!)(* + 2) (a + l) 2p ~ 2 , 

for the number of forms in the basis (7) is (s + l)(s 4- 2)/2. But if a is suffi- 
ciently large, then 

(2p)l (j + 0 > i(3 + 1)(S + 2)( “ + 1)2P ” 2 - 

Hence, the number of forms (8) exceeds the number of forms (9). This contra- 
diction completes the proof. 

Corollary 2: Let P c 2/} be of order zero. Then the exponent of [P] is <*> 
or 1 according as P has or has not a multiple factor. 

Proof: By Corollary 1 we may suppose that g contains all the roots of 
P = 0. Let 

P =* b(y - yi) kl • • • (y - Vs) k \ Vi ** Vi if i ^ j, 
be the factorization of P into linear factors. It is easy to see that 

(10) [P] = [(y - rn) kt ] ■■■[( y- v.) k ‘ } 

is the product representation of [P]. If ki = 1, then \{y — = [y — »j<] 

obviously has exponent unity. If ki > 1, then [(y — i;,)**] has exponent ». 
For, otherwise (y — iu) ki would be a strong basis for [y — ij<] ! , a contradiction 
of Theorem 5. Since by Theorem 1 the exponent of [P] equals the maximum 
of the exponents of the [(y — the proof is complete. 
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Part II. The Differential Ideal Generated by a Form in One Unknown 

of Order Unity 

6. Preliminary remarks 

Consider a form A in a single unknown y , of order unity. We seek the ex- 
ponent of [A]. We shall work in a fixed differential field 5 of characteristic 
zero, which contains the coefficients of A. By Corollary 1, we may (and do) 
assume, without further mention, that $ is extensive enough to contain certain 
solutions of A which we shall discuss. 

The exponent of [A] will be found to depend on the nature of the singular 
solutions of A y that is, the solutions of A which annul S y the separant of A 16 
A singular solution of A must annul the resultant with respect to yi , the deriva- 
tive of y } of A and S . This resultant is a nonzero form of order zero, or is 0, 
according as A has no multiple factor of order unity, or has such a factor, that 
is, according as A and S have not or have a common factor of order unity. In 
the former case, A has only a finite number of singular solutions, and these are 
easily found. 

If y = rj is a singular solution of A , we consider A as a form in z = y — 17, 
and write 

(11) A^j^P,z v ’z\, 

x-0 

where each P v either is of order zero and not divisible by z, or vanishes, and 
where the p, are definite non-negative integers. 17 We suppose that the degree 
of A in yi is n, so that P n 5 * 0. 

Let m be the minimum of the total degrees of all terms effectively present in A 
considered as a polynomial in z and z 1 . We shall call m the multiplicity of the 
singular solution y = rj. It is obvious that if A has a multiple factor, any solu- 
tion of that factor is a singular solution of multiplicity greater than unity. 

7. Singular solutions of multiplicity exceeding unity 

We shall prove that if A has a singular solution of multiplicity exceeding unity , 
then the exponent of [A] is 00 . 

(a) Let y = rj be a singular solution of A of multiplicity at least 2, and suppose 
that y = i) is an essential manifold of A. Let z = y — rj. The product repre- 
sentation of [A] must have a factor whose manifold is y = t\ } that is, a factor 
2i such that {2i} = {z}. Now, it is known that 

(12) = [A, z'], 


14 The definition here of singular solution is broader than that given by Ritt in his book, 
Differential equations from the algebraic standpoint and used in the Appendix of the present 
paper, for A is not assumed here to be algebraically irreducible. 

17 If P f «* 0, we let p p be any fixed non-negative integer. 
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where q is any sufficiently large integer. 18 Because y = j? is of multiplicity at 
least 2, it follows that A < [z 2 , z 2 ]. Hence, by (12), 

2i C [e 2 , «?]. 

Thus, the exponent of Si is not less than that of [z 2 , zf], which, by Theorem 5, 
is oo. Therefore, using Theorem 1, we see that the exponent of [A] is oo. 

(b) Suppose that y = y is a singular solution of A of multiplicity greater 
than unity, which is not an essential manifold of A. Let y — r\ = z. We shall 
show first that [A] contains a form which, when considered as a form in z, 
has at least one term of the first degree. 

Let Ci , • • • , C q be the distinct irreducible factors of A of order unity, and 
let F = Ci • • • C Q . If T denotes the separant of F, the derivative of F is a 
form Tzi + U, where U is a form of order not exceeding unity. Hence 

Tzt = —U [FJ. 

It follows, by successive differentiations and eliminations, that 

r% m Vi [F], * - 2, ...,» + 2, 

where the a,- are appropriate integers, and the F, are forms whose order is not 
greater than unity. Letting a be the maximum of the a< , we have 

T a Zi^Wi [F], i = 2, ...,n + 2, 

where W t = T a ~ ai Vi . 

Let J be the initial of F. Then J is of order zero. Clearly, there exists a 
non-negative integer b such that 

J h Wi m Xi [F), t - 2, + 2, 

where each X,- is of order not exceeding unity, and is of degree less than n in Zi . w 

It follows that 

J b T a Zi = Xi [F], * - 2, • • • , n + 2. 

The n + 1 forms X,- are linear combinations, with coefficients which are poly- 
nomials in z, of the n quantities 1, Zi , • • • , zf " 1 . Hence, some linear com- 
bination of the Xi , with coefficients which are forms of order zero, not all 0, 
must vanish: 

n+2 

E KiXi = 0. 

t-2 

We assume, as we may, that the Ki are not all divisible by z . Referring to the 
last congruence, we now see that 

»• Ritt and Kolchin, Bulletin of the American Mathematical Society, vol. 45 (1939), 
pp. 895-898. 

19 The degree of F in z\ is at most n. 
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J h rM = 0 [F], 

where M « J^ 2 . 

Since not every J? t is divisible by 2, M has at least one term of degree unity. 
Consider the form y — f, where f is either a common solution of TJ and F, 
or a root of a factor of A of order zero, but is distinct from 77. Let N be the 
product of all such forms y — f, and let Z = MN. 

Z, like M , has at least one term of degree unity (when considered as a form 
in z). Z vanishes for all solutions of F with the possible exception of y = 77, 
and for all the solutions of A which are not solutions of F, again with the possible 
exception of y = 77. That is, Z vanishes for all solutions of A, save possibly 
y = 77. Since y = 77 is not an essential manifold, Z must also vanish for y = 77. 
By the analog to the Hilbert-Netto theorem, 20 then, Z € {A}. Z is the form 
whose existence we were to prove. 

Thus, [A \ contains a form Zy + H , where H, considered as a form in z, has 
each of its terms either of order less than j or of degree greater than unity. 

Assume, now, that the exponent of [A] is finite, say q. Then 21 

(Zi+n + IIi x ) • • • (**<, + H iq ) - 0 [A] 

for all non-negative integers ii , • • • , i q . Since y = 77 is of multiplicity at 
least 2, as a singular solution of A, it follows that A c [z 2 , z?]. Hence 

( z /+u + Hil ) * * • s 0* [z 2 , «?]• 

If we compare terms here of degree q and weight qj + ii + • • • + , we obtain 

Zj+ii • • * S 3 0 [z , Zi], il , • • • , iq = 0 , 1 , 2 , • • •• 

This is easily seen to imply, however, that [z] 2 has a strong basis. This contra- 
diction of Theorem 5 completes the proof. 

Example 1 . Let A = Q v yl (n ^ 1), where the are forms of order 
zero with constant coefficients, and where Q n t 6 0. 

If A has no multiple factors of order unity, the singular solutions must be 
constants, for they must satisfy an algebraic equation with constant coeffi- 
cients; 22 since S = vQ v yi~ l , it is evident that the singular solutions of A 
are precisely the common zeros of Q 0 and Qi . A singular solution is of multi- 
plicity exceeding unity if it is a multiple zero of Q 0 . Thus, if A has a multiple 
factor , or if Q 0 has a multiple factor which is also a factor of Q \ , then the exponent 
of [A] is 00 . 

8. Singular solutions of multiplicity unity ; the product representation 

Throughout §§ 8-10 we suppose that A has singular solutions, and that they 
are all of multiplicity unity. In the present section we shall show that all the 

10 See the paper cited under footnote 2. 

* l H% h is the ik - th derivative of H . 

M The equation obtained by eliminating z x from A » 0, S « 0. 
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singular solutions are essential manifolds, and shall find the product representa- 
tion of [d]. With an additional assumption, we shall determine the exponent 
of [A] (§10). 

Since A has no singular solution of multiplicity exceeding unity, A has no 
multiple factors. Hence A has only a finite number of singular solutions (§6). 

Let y — ri be a singular solution of A , and write z = y — i 7. Since S must 
vanish for y = y, we see from (11) that either P x = 0 or p x > 0. This means, 
since y = ij is of multiplicity unity, that l\ ^ 0 and p 0 = 1. (11) thus becomes 

(13) A = P 0 z+'ZP,z p 'zl 

F— 1 

It now follows from a theorem of Ritt that y = rj is an essential manifold of A. 2Z 
We now turn to the product representation of [A]. 

Let y = 7 i% f i = 1, • • • , s, be the singular solutions of A ; we denote y — rji 
by u% . It is evident that we may write 

(14) [A] = 2o2 x • • • 2. , 

where the manifold of S 0 consists of the non-singular solutions of A, 24 and where 
the manifold of 2 t * , i > 0, is y = rj t , that is, {2,} = |u t }, i = 1, . . . , s. 
Referring to (13) and making use of a known result, 25 we see that 

(15) Si = [tii], i = 1, • • • , s. 

The determination of 2 0 is more difficult. The first step will be to find {2 0 }. 
If z is one of the u% , then (13) holds. Differentiating (13) we obtain 

Ax = PoiZ + E P'iz p, z[ + Z, (po + E p,P,z p ~ l z[) + E vP,Z P ’ Z\~ l -Zx, 

where P„ i is the derivative of P v . But by (13), 

(16) PoZ = -Zx E P.z^zr 1 (A). 

F-l 

Hence 

PoAx = PoxPoZ + PoZx E P*z v ’zV l + PoZi [Po + E p,P,z p '- l zl) 

F-l \ P-1 / 

-(- (PxZ^-PoZ + PoZx E vP,z p ’zr*\ Zx 


28 Ritt, Annals of Mathematics, vol. 37 (1936), pp. 552-617. See especially §5. Professor 
Ritt’s proof is not applicable to abstract differential fields, as it involves function-theoretic 
concepts. But an abstract proof of the sufficiency part of the theorem (we need only the 
sufficiency) has recently been achieved by H. Levi, and may be expected to appear in the 
literature shortly. 

24 If A is algebraically irreducible, the manifold of So is the general solution of A. 

28 See §2 of the paper cited under footnote 18. 
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21 ( “Pol Z P,z”’zr l + Po Z P,lZ P ’zr l + Po (Po + Z P'P,Z"-'Z1) 

\ r->l \ r-1 / 

+ (-Pi*” 1 " 1 z p.z p 'zr + Po z i »p,*”*r*) , (a), 


so that 

(17) 

where 


PoA! > ztiUzt + F ) (A), 

u = -Piz pi_1 Z p,z p ' 2 r l + Po Z vP,z p ’zi^, 


(18) 




p-2 


v = -Poi Z p,z p 'zr i + Po Z p.iz^zr 1 + Po(p 0 + Z p.py'-'z’X 

F—l 1 \ *r— 1 / 


From (17) and (16) we find that 

z{P(,Uz 2 + P 0 V) m 0 (A, A,). 

This implies that 

{A} = {«} n {A, P 0 Uz 2 + PoF}. 

The two ideals in the second member here are separated, for by (18) 

(19) PoF ^ P?^ 0 [z], 

so that P 0 t/z 2 + P 0 F 7 ^ 0 [z]. 

Now, z represents any one of the m, . Let 

(20) /,• = PqU, Ji = P 0 F when z = m , * = 1 , • • • , s. 

Then by the above, for i = 1 ,...,«, 

{A} = {«.} fl {A, Iiiiit + </,•}, 

(21) Ui(I{Ua + «/«•) — 0, w.i(/<w «2 + «7<) = 0 (A, Ai), 

and y = ip is not a solution of 7,w,-s + </.• . It readily follows that 

( 22 ) {A} = [a, /urn + /i , • . . , 7 ,w,2 + j.) n {«,} n . . . n {**.}. 


The s + l differential ideals, whose intersection appears in the second member 
of (23), are separated, so that we may replace intersection by product. 
Comparing (22) with 

{A} = {So} n {Sii n ... n {s.j 


(which follows from (14)) and with (15), we see that 
(23) {So} = {A, IiUn + J\ , • • • , /»w «2 + «/»}. 


We shall now obtain two forms M and N such that 
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(24) I ( W ... {u,\, N e { 2 0 } , MN t [A], M + N - 1. 

This will enable us to determine 2 0 . 

Let 


and let 


Bi = I lUil + «/,-, 


i = 1, 




Qi - P 0 when z = m , i = 1 , — , 

Then Qi is not divisible by u { , and, by (19) and (20), 

(25) B{ - Qi = I mm (Ui , u tl ). 

Since Qi is not divisible by Ui , there is a form C t of order zero, and an element 
a* € g, such that 


1 = a t Qi + C %u% . 28 


This may be written 

1 = [C{Ui - a,i(Bi — Q?)] + atBi . 

By (21), (25) and the definition of B , , moreover, 

[C,Ui - a { (Bi - Ql)]-a ( Bi = 0 [A], 

provided /,• = 0 («,-, Un), that is, provided A = 0 or p 2 > 0 when z = (we 
refer to (20) and (18), and the fact that pi > 0). If this is not the case, then 

[CiUi - Oi(B t - Qi)]-(a t Bi) 2 s 0 [A], 

because uaB 2 = 0 is a consequence of UnBi = 0, and the latter congruence 
holds by (21). 

Accordingly, we separate the singular solutions of A into two classes. A 
singular solution y = of A will be said to be of tin 1 first class if in A, considered 
as a form in z = y — y, the coefficient of z\ is divisible by z; a singular solution 
which is not of the first class will be said to be of the second class. 

We suppose the singular solutions in ordered so that ir , • • • , y T are of the 
first class, and i)r+i , • • • , y. are of the second class. This is the same as sup- 
posing that 


Pi — 0 or pi > 0 when z = «,• , 

(26) 

Pi 0 and pi = 0 when z — m,- , 

We let 

Mi - C{Ui — ai(Bi — Q<), 

Mi = [C<Ui - ai {Bi - Qj )] 2 

(27) -I- 2[CiUi - adBi - Q')]-a.A , 

N { = mBi , 

Ni - (a,B,) s , 


* = !»•••»»' 

9 

i - r + 1, • • • , s. 


i = 1, 


i = r + 1, • • • , s, 
i = 1 , • • • , r, 
i*r + l,"',i 


16 It will be observed that a% 0. 
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Then Af< e {uj}, Ni «(S 0 }, M< + iV< = 1, MNi « [A], i = 1, • • • , s. Letting, 
therefore, 

M = Mi ■ ■ • M, 

(28) 

N = (Mi + Ni) • • • (M, + N.) — Mi ■ • ■ M„ = 1 — Af, 
we see that (24) holds. 

We refer now to the paper cited under footnote 5. The proof in that paper 
shows that 2 0 — [A, N]. But, by (28), N = 0 (Ni , • • • , N a ), and N{ = MNi + 
NNi = 0 [A, N]. Hence S 0 = [A, Ni , • - • , N,]. Referring to (27), we see, 
finally, that 

(29) 2» = (A, Bx , • • • , B r , Br+r, • • • , Bj]. 

The 'product representation of A is given by (14), (15) and (29) . 27 

9. Continuation 
The purpose of this section is to prove that 

(30) [A,B lt ... ,B.] 2 C2„. 

By (29) it suffices to show that 

(31) B'iBrj = 0 (2 0 ), <r, t = 1, • • • , s, *, j = 0, 1, 2, . . . . 

Let Izi + J represent any B, = I a u c2 + J,. We shall prove that 

(32) (Izi + JUIZ2 + J)j = 0 (S 0 ) 

for all i, j. 

From (21) we see that 

(33) z(/z 2 + J) m 0, Z\(Iz% + J) = 0 [A]. 

Differentiating the second congruence here l + 1 times, we find that 

(34) 23 ^ z\+i(Izt + — 0 [4]. 

By (29), (32) holds for i — 0, j = 0. We assume that (32) holds for i = 0, 
1, • • • , l — 1 and j = 0, and prove it for i = l, j — 0. 

Multiplying (34) by 7zj + J, we obtain, using (33) and the induction 
assumption, 

(l + l)«i(/Z 2 + J)i(Izi + J) a 0 (S 0 ). 

But IztilZi + J) be — J(/zt + J) y (2 0 ). Hence 

J(Izt + J)t(Izt + J) sb 0 (So). 

v Actually, So may not be connected. This will occur if A has more than one factor of 
order unity. 
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However, by (20) and (19), J is congruent, modulo (z, z x ), to a nonzero element of 
%. Hence, by (33), (Iz t + J)i(Iz» + J) = 0 (2 0 ). 

Thus (32) holds for all i when j = 0. 

To prove (32) for all i and all j we again use induction. Assume (32) to be 
valid for all i and forj = l — 1. Differentiating (32) for j = l — 1 we see that 

(IZi + ,})i+i(IZi + «/)/- 1 + (Iz 2 + J)i{lz 2 + ./)/ = 0 (So), 

so that, by the induction assumption, (/z 2 + J),(Izi + J)i s 0 (S 0 ). This 
proves (32) for all i and j. 

Thus (31) holds whenever a — r. To prove (31) in the general case, consider 
BfiBrj. It is sufficient, of course, to suppose that a > r, for B, c S 0 if <r g r. 
Now, the remainder of B T , with respect to B, is a form in {2 0 j of order not ex- 
ceeding unity. Such a form must be divisible by A . Hence, for an appropriate 
integer m, I?B r j = 0 [A, B *]. Hence, since (31) holds when r = a, I™B„iB T j = 
0 (2o). But a > r, so that (see (26), (20) and (18)) I, is congruent modulo 
(u, , u,i), to a nonzero element of g. Hence, by (21), /?„/?,, = 0 (2 0 ). 

10. The regular type 

We shall say that A is of the regular type if 

(35) 1 -0 (2., S, 

In the present section we assume that A is of the regular type. 

We shall prove that the exponent of [A] is 1 or 2 according as all of the singular 
solutions of A are of the first class or at least one singular solution of A is of the 
second class. 

(a) Let all the singular solutions of A be of the first class, and let G t {2 0 }. 
We shall show that G t 2 0 . 

For each i we have, for an appropriate integer b { , l\'G = G,-[B t ], where G< 
is of order unity, at most. Since (?,• « { 2 0 } , G[ must be divisible by A . Hence, 
for i = 1, • • • , s, I bi G m 0 [A, £,]. Similarly, for a suitable c, S C G = 0 [A]. 
Now, by (35), there are forms Xi , and a form T 1 2 0 , such that 

1 = 7’ + X 0 S' + XJl 1 + • • • + X,I b \ 

Therefore, 

G = (T + X 0 S° + XJl' + ■ ■ ■ + X,I b ,')G = 0 [A, £i , . . • , B.]. 

But all the singular solutions of A are of the first class. Therefore, by (29), 
2 0 = [A, B\ , ••• , 2?J. Hence, G « 2 0 . 

Thus, the exponent of 2 0 is unity. But the exponent of 2< = [«<], i — 1, • • • , *, 
is obviously unity. Hence, by Theorem 1, unity is also the exponent of [A]. 

(b) Let A have at least one singular solution of the second class, and let 
G e { 2 0 } . As in (a) we see that G « [A, Bi , ... , B,\. This, together with (31), 
proves that the exponent of 2<> does not exceed 2. Hence the exponent of [A] 
is no greater than 2. 
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To prove that the exponent of [.4] is exactly 2, it suffices to exhibit a form in 
{A } which is not in [A]. To this end, we let z be any u< with i > r, and show 
that { So} contains a form z* + H, where his & sufficiently large positive integer, 
and H is a form, of order less than h, contained in [z]. 

By (36) there is a relation 

(36) 1 = T + X 0 S + Xi/i + • • • + XJ . , T e So . 

Let h(^ 3) be an integer such that h — 1 exceeds the orders of T, X 0 , • • • , X. . 
If we differentiate each B < , written as a form in z, h — 3 times, we obtain relations 
IiZh-i + Ki as 0 {So}. Similarly, differentiating A h — 2 times we obtain 
iSz*_i + K 0 ss 0 {S 0 }. All If* are forms of order less than h — 1. These rela- 
tions, together with Tzh-i = 0 { 2 0 } , yield, because of (36), a relation z*_ i + K = 
0 { So} , where if is a form of order less than h — 1. 

Let « be the term of K free of z and the derivatives of z. If a = 0, then 
(Zh-i + K) i is a form z* + H as described above; if a ^ 0, then a(a -I (z»_i + K))i 
is such a form. 

Now let E be the product of all the u, other than z, and consider E(z h + H), 
where Zh + H is the form whose existence we have just proved. We see that { A } 
contains a form Ez\ + F, where E is a form of order zero, not divisible by z, 
and F is a form of order less than h. 

We shall now complete the proof by showing that Ezh + F ^ 0 [A], The 
method will be to assume that Ezh + F m 0 [A], and to force a contradiction. 

Let then 

(37) Ez h + F = CoA + CiAi + • • • + C t A t , 
where A,- represents the j-th derivative of A. By (17), for all i > 0, 

PoA i = + F)),-_i (A, Aj, • • • , A<_i). 

It follows from (37), therefore, that 

Pl(Ezh + F) = D 0 A + DiZi(Uzt + V ) 

(38) + Dt(zi(Uzi + V)i + zod/zo + V )) 

+ • • • + D ' g ^ + Wn. 

We now consider the various forms in (38) as polynomials in the z t . We shall 
modify (38) in such a way as to make evident a contradiction 
Consider a power series 28 frzl in Z\ such that A vanishes when 
is substituted for z. Such a power series exists, as by (13) Zi = 0, z « 0 renders A 

zero and leaves — nonzero. 29 
dz 

n All power series which we mention are formal. 

*• The “implicit function theorem 1 # for abstract fields of characteristic zero may be 
proved by the method of undetermined coefficients. The proof is simpler than the one in 
analysis, because the series is formal and no questions of convergence arise. 
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Substituting 2/3,zI for z in (38), we find a relation 

E'zk + r - Dizi(£/'Z2 + TTo) + DfaiU'zz + TTO + + F 0 )) 

(39) i_i \ 

+ • • • *H Z)< 22 y t - J z <+i(U'zt+i-i + W i-i-i) • 

Here E', F’, U 1 , the Z),- and the Wi are power series in Z\ with coefficients which 
are polynomials in the z, with % > 1. Each W, is free of z, with j > i + 1. 
Moreover, E' and U 1 involve only Zi , and have nonzero terms of degree zero. 
For E' this is true because P[E is not divisible by z; for V because P 2 j* 0 and 
p 2 = 0 (z is a Ui with i > r ; see (26) and (18).) 

Let 

(40) Wi = Zi , Wi = U'Zi + Wi-t , i = 2, 3, • • • . 

Since V has a nonzero term of degree zero, the equations (40) may be inverted 
to obtain 

(41) Zi = Wi , Zi — Ywi + Zi, i = 2, 3, ... , 

where y is a series in u>i with a nonzero term of degree zero, and each Zi is a 
series in Wi with coefficients which are polynomials in w t , • • • , w,_j . The equa- 
tions (41) define a substitution, with inverse substitution (40). Applying sub- 
stitution (41) to (39), we obtain a relation 

Qw h + R = LiWiWi + Lt (wiw» + (Ym + Z^wt) 

(42) 

+ •••-!- L t (wiw t +i + (t - 1)(Fw 2 + Z 2 )w, + • • • + ( Yw t + Z,)wt), 

where Q is a series in v>i with a nonzero term a of degree zero, and R is free of 
the Wi with i ^ h. 

For the second member of (42) to produce the term aw h which appears in the 
first member, some L, with i h must have a nonzero term of degree zero, 
because each term in the coefficient of Li is of at least the first degree in 
Wi , W 2 , • • • , Wi . Thus, some of the L, have a term which is simply an element 
of 5, and hence certainly terms bwl(b « 5, & ^ 0, ) ^ 0). Let L p be the L< of 
highest subscript, with this property. Then p ^ h. Of all the terms of L p of 
the above mentioned type, let cw\ be the one of least degree. Then 

L P (w 1 w p+ 1 + . . • + (Yw p + Z p )wt) 

contains the term cwJ +1 Wp+i. This term does not appear in the first member of 

(42) , and must therefore be cancelled by terms in some expression 

(43) Li{w\Wi + i -)- ... + (Ywt + Zi)wi) 

with i p. But if i < p, then each term of (43) is divisible by some Wj with 
2 & j £ p. Hence cw\ +l Wp+i must be cancelled by terms from expressions (43) 
with i > p. This implies that some L< with i > p has a term of the type bw* +1 
(b « 8, b 0). This contradicts the definition of L p , and completes the proof. 
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The following example shows that of the forms A with constant coefficients, 
which have singular solutions, all of multiplicity unity, those which are not of 
the regular type are exceptional. It also shows that, for any preassigned pair of 
integers r, s (0 ^ r ^ s, s > 0), there exist forms of the regular type having r 
singular solutions of the first class and s — r singular solutions of the second class. 

Example 2. Let r, s, m, n be integers with OgrSasgm, s > 0, n^ 3 , 
let Ui = y — in , i = 1 , • • • , s, where ip , • • • , ip are distinct constant elements 
of a differential field @ of characteristic zero, and let 


m—$ m — « m—r 

Qo = cifio yf y Qi = T. dpi i/ 1 ) Q2 = 

fltm 0 

m 

Qv == o>pv y^ 1 j v = 3 , • • • , tif 

M-0 

where aoo , aoi , • • • , a mn is a set of constants, algebraically independent with 
respect to Consider the form 

n 

A = Q0U1 « - • u, + Q1U1 • • • u,yi + Q2W1 • • • u T y\ + S Q*Vi 

*-8 

with coefficients in $ = @(aoo , «toi , • • • , a m „). 

Wc shall show that the singular solutions of A are ip , • • • , ip , where ip , • • • , ip 
are of the first class, and ip+ 1 , • • • , ip are of the second. We shall prove, more- 
over, that A is of the regular type. In fact, we shall prove the stronger result 
that 

( 44 ) 1 = 0 (A, 5 , h, ... ..• , J,). 

Let R be the resultant with respect to y\ of A and 8. R is a polynomial in y 
and the a h , . If we let the take on special values, such that A becomes 

Mi •••«, + j/” , then S becomes ny?~\ so that R becomes n n (ui • • • w,) n_1 -A 0 . 
Since R is not 0 for special values of the , R does not vanish for unknown a„, . 

Now, each singular solution is a solution of R, which is of order zero and has 
constant coefficients. Since R j* 0, this implies that all the singular solutions of 
A are constants. Hence, from the expression for A and the expression for S 
derived therefrom, we see that a singular solution of A must annul Q0W1 • • • u, 
and Q1M1 • • • u , , that is, must be one of the ip . That each ip is a singular solu- 
tion is obvious. Thus, the singular solutions of A are ip , • • • , 17, . It is appar- 
ent that these are of multiplicity unity, and that ip is of the first or second class 
according as i ^ r or i > r. 

We find, using ( 20 ) and ( 18 ) that 

Ii ■» Qo(Mi • * . Ui—iUi+i • • • u.fl, Ji = (Q 0 U 1 • • • Ui-iUt+i • • . u,fj, (4), 
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where 


I = 


n 


Qi^i • • • Ua QiQz'U'i * • • u r yi Qi Qytji 

f-3 


n 


+ 2 Q 0 Q 2 W 1 • • • u r + Qo 2 vQvVi 2 , 


n 


J = ( Q 0 U 1 • • • u,y + (Qiiti • • • u.Yyi + (QiUi ■ • • u r )'y\ + £ Q',y[, 

F— 3 


accents indicating differentiation with respect to y. Hence, 

(A, S, J x , J.) = (A, S, Qol, QlJ). 

Suppose, now, that (44) is false. Then there is a pair of values y = y, y x = y x 
which annul the polynomials A, S, Q 0 I, QlJ. When y, = 0, A, S and QlJ 
become, respectively, Q 0 ui ■■ ■ u. , Qiiii ■ • ■ u, and Ql(Q 0 ui • • • u,)', and these 
polynomials have no solution in common. Hence >ji ^ 0. Also, the resultant 
with respect to yi of S and 


Q 1 U 1 • • • u, + Q 2 W 1 • • • Mr 2/1 + 21 Q*yl 1 — 9° . M -L_ — Ji* 

►-3 y\ 

is a nonzero polynomial in y, relatively prime to Q 0 . 30 Hence y is not a root of 
Qo = 0, so that y, y x annul I and J. 

Let M be the resultant with respect to y\ , N the resultant with respect to y, 
of J and 

nA — y x S = nQoUi • • • u, + (n — 1 )QiMi • • • u,y x 

n — 1 

+ (n — 2)Q 2 mi • • • u r y\ + S (w — v)Q,y{. 

f~3 

M is a polynomial in y, N is a polynomial in y x , each with coefficients which 
are polynomials in the a„„ not including Oo n . Moreover, M and N are not 0. 31 
Now, y , yi annul M and N. Thus, y and y x are algebraic functions of the 
other than Oon . Since A vanishes for y = y } y x = y x , and since y x ^ 0, it follows 
that Oon is an algebraic function of the other a . This contradiction completes 
the proof. 


10 This resultant is nonzero because it is nonzero when A = yi + wi • • • ujji ; it is prime 
to Qo because its coefficients are independent of ooo , • • • , a m .»,o . 

,l If we specialize some of the a M „ so that A = yi 4- y1~ l -f Qo^i • • • u s , then 
J ** (QqUi • • • u 9 )', nA - y x S =* nQoUi • • • u„ + yi , and M = (Qo^i • • • w.)'* 1 ” 1 ^ 0, so that 
M does not vanish before we specialize. If we specialize A further by setting y i — 0, then 
J «* (Qo«i • • • w,) ; , nA — y x S =* nQoUi • ■ • u t , and N is the resultant of nQoUi • • • w, and 
(QoUi • • • u,) 1 , which is not 0. Thus, N is not 0 before the specialization. 
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Example 3. Let n ^ 2, and let A = Qy" + P, where P and Q are relatively 
prime nonzero forms of order zero with constant coefficients, P being of positive 
degree and without multiple factors. The singular solutions of A are the roots 
of P = 0 , and are all of multiplicity unity. 

If z = y - j|, where ij is a root of P = 0 , then ir = 0 , and we may write 
A — (P/z)z + Qzi . Thus, referring to ( 18 ), we see that 

U = n(P/z)Qzi~ i , 

V = -(P/z)'Qzi + (P/z)Q’z” + (P/z) 2 . 

Hence, if m are the roots of P = 0 , then (see ( 20 )) 


Ii = n(-?-) 2 Qyr\ 
\y - w 



Since the roots of P — 0 are distinct, it follows that Qy*~ 2 ss 0 (/x , • • • , /.), 
so that P 5 s 0 (A, Ii , • • • , I,). Since P and Q are relatively prime, then, y ?~ 2 m 
0 (A, 1 1 , • • • , /,), so that 

(f^) ■° M,/"-. <-1, ••••»• 

From this it follows that 1=0 (A, h ,•••,/,, Ji , • • • , J,). 80 that A is of the 
regular type. 

The coefficient in A of y\ is divisible by y — 17* if and only if n > 2 (in which 
case the coefficient vanishes). Thus, the singular solutions of A are all of the 
first class or are all of the second class according as n > 2 or n = 2 . Conse- 
quently, the exponent of Qy I* + P is 1 or 2 according as n > 2 or n = 2. 

Example 4. Let A = xy{ — 2yy\ + y, where x is any element whose deriva- 
tive is 1 . Then S — 2{xyi — y), so that the singular solutions of A are y = 0 
and y = x. We may write A = x(yi — l ) 2 — 2 (y — x){y x — 1) — (y — x). 
Both singular solutions are of multiplicity unity, and are of the second class. 

If we let i?i = 0, 172 = x, we have, referring to ( 20 ) and ( 18 ), h — 
2{xyi -2 y + x), 7 , = —2{xy x - 2 y). Hence 1 = (I x + h)/2x, so that A 
is of the regular type, and the exponent of [A] is 2. 

The following example shows that not every form with singular solutions, all 
of multiplicity unity, is of the regular type. 

Example 5. Let A = y[ + y\ + P, where P is a form of order zero, with 
constant coefficients, and with distinct zeros yi , • • • , y, . The singular solutions 
of A are vi , • • • , y , , all of multiplicity unity and of the first class. S = 4y? + 
3 yl By (18) and (20), 

7< = (^) (4y ’ +3yi) ’ 
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J ‘ ~ yU + " :) + (r^T) 

w - 

It follows by (29) that S 0 = [A, B] = (A, [£]), where B = (4 y\ + Zyi)y 2 + P'. 
Hence 

(S 0 , S, Ii , • • • , I.) = (y[ + yl + P, 4 y\ + 3j/i , B, B, , B t , . . . ) 

= (256 P 2 - 27 P, 9j/ t + 64P, B, B, , B t , . . • ) 

- (256P - 27, P', 9y, + 64P, ^ , P 2 , • • • )• 

Thus A is of the regular type if 256P — 27 and P' are relatively prime. How- 
ever, if 256P — 27 and P' have a factor in common which is relatively prime to 
P", then A is not of the regular type. This is easy to see from the congruences 

B\ — (4 y\ + 3t/i)?/3 + (8yi + 3)y 2 + P"yi 

■ -3 y\ - \P" (256 P - 27, 9 yi + 64P), 

Bt = (4y? + 3yi)yi + 3(8yi + 3)y 2 y 3 + • • • 

= -9y 2 y> + H 2 (256 P - 27, 9j/i + 64P), 

B k m -3 (k + 1)2/22/*+i + //* (256P - 27, 9y t + 64P), 

where H k is of order not exceeding k. 

11. Case in which no singular solution exists 

In this section we suppose that A has no singular solutions. By the analog 
of the Hilbert-Netto theorem this means that 

1=0 ( S , Si , • • • , S p , A, Ai , • • • , Af) 

for sufficiently large integers p and q. 

We shall consider only those forms A for which p may be taken as 0, that is, 
for which there is a q such that 

(45) 1 - 0 (S, A, Ai , ... , A,). 

We prove that if (45) holds, than the exponent of [.4] is unity. 

Indeed, let (? « {A). It is required to show that G t [A]. Performing a 
partial reduction of G with respect to A, we see that there is a positive integer 
j such that S’G as G'[A], where G' is of order less than or equal to unity. 
Q' t {+4. }, and hence is divisible by A. Therefore S’G = 0 [.4]. Of course, 
A,G as 0 [A], i = 0, 1, • • • , q. By (41), however, IsO (S’, A, A i , • • • , A # ). 
Hence, G = 1-G ■ 0 [A], q.e.d. 

The following example shows that a form A, which has no singular solution, 
for which (45) fails to hold, is exceptional. * 
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Example 6. Let % be the differential field obtained by adjoining the un- 
knowns (m = 0, • • ■ , m; v = 0, • • • , n) to some differential field of charac- 
teristic zero. We consider in g{?/j the form 

/I— 0 P—0 

We shall show that A has no singular solutions, and that (45) holds, with q = 1. 

A\ is linear in . Let A\ = S y 2 + T. We must prove that 1 = 0(^4, S , T). 
Suppose 1 f^0(Aj S , T). Then there is a solution y = y, y x = y x of the poly- 
nomials A y S, T. Now, y and y\ must annul, respectively, the resultant with 
respect to yi and the resultant with respect to y, of S and T. These resultants 
are nonzero polynomials in y and y \ , respectively, with coefficients which are 
polynomials in the and a M „i , not including a oo . It follows, since y = y f 
Vi = Vi is a solution of A f that aoo is an algebraic function of the other a M „ and 
the a M , i . This contradiction completes the proof. 

There exist forms A for which (45) is satisfied for some q > 1, but for which 
(45) is not satisfied if q = 1. This is shown by 
Example 7. Let A = 1 + 2y x + (1 — y 3 )yl . Then S = 2 + 2(1 — y z )y x , 
and A has no singular solutions. Now, y x + 1 = A — (y\/2)S y so that 

(Sy A) = {y\ Vl + 1). 

Also, A, = -3 yVx + 2(1 + (1 - y*) yi )y 2 m 3 y\S, A). Hence 

(S, A, Ai) = (y 1 , y x + 1). 

Again, A t = -6 yy\ - lby^ym + 2(1 - y)y\ 

+ 2(1 + (1 - y*)yx)yi = -Qy + 2 y\ (S, A, Ax), 

so that 

(S, A, Ax , A 2 ) = {y\ yx + 1, y\ - 3 y). 

Finally, At = -6 y\ - teyy\y 3 - 'Zfoy i yxy\ - 21yVi Vs + 6(1 - y*)yty» + 
2(1 + (1 — y*)yx)v< = 6(1 + 92/3/2 — 2 / 22 /s), ( S , A, Ax, A 2 ), so that 1 * y t (y 3 — 92/), 
( S , A, Aj, A 2 , At), and 1 = y\{y 3 - 9 y)* = 9y\y t - 9y)* = 0 (S, A, A x , A 2 , Aj). 
Thus, (45) holds for 9 = 3, but for no lower value of q. 

12. The intermediate ideals for hyperelliptic forms 

We have seen in §10 that if A has singular solutions, all of multiplicity unity, 
at least one of which is of the second class, .and if A is of the regular type, then 
[A] is properly included in { A }, and has exponent 2. It is natural now to ask 
what differential ideals there are between [A] and {A}, that is, what differential 
ideals .A there are such that [A] C A C {A ). We shall call such a A an inter- 
mediate ideal. In the present section we answer this question completely for 
the forms of Example 3 with n — 2. 

We are dealing then with a f^rm A = Qy\ + P, where P and Q have constant 



EXPONENTS OF DIFFERENTIAL IDEALS 


765 


coefficients, are of order zero, and are relatively prime. P is assumed to be of 

positive degree, relatively prime to P' = -f- P. Such a form A we shall call a 

ay 

hyperelliptic form. 

Our first task will be to find a suitable basis for 2 0 . 

Let rii , . . . , vji be the singular solutions of A } that is, the roots of P = 0. 
We have seen that 

(46) 2 0 = [A, (/xi/2 + Ji)\ • • • , (7.3/2 + J.) 2 ], 32 
where 

(47) (y - i?,)(/#s + «7») 555 0, 2/i(7t2/ 2 + .7*) =0 [A], 

and 

(48) 1 - 0(4,7!,... ,7.). 

Congruence (48) shows that there is a form K, with constant coefficients and 
of order less than 2, such that 

(49) y* + K m 0 (A, hy 2 + J x , ... , I,y 2 + J 9 ). 

We shall show that 

(50) 2o = [-4, ( 2/2 + K)\ |2 0 ) = [A, y 2 + X], 

and that 

(51) (y — Vi) (y — y.){yt + K) = 0, 20 ( 2/2 + K) = 0 [A]. 

Now, (51) is obvious from (47) and (49). As to (50), it is evident from (46), 
(49) and the fact that 2 0 is of exponent 2, that [A, (iji + A) 2 ] C 2 0 . To prove 
the inclusion in the opposite direction, coasider any /,y 2 + •/. . We have 

hy* + J< — Ii(yt + K) + J i — IJC. 

Hence J i — IJC « {2 0 }. Since the order of ./, — IJC does not exceed unity, 
this form is divisible by A. Thus, 

li 2/2 + Ji = 0 (A, yt + K), 

so that 

( 7 , 1/2 + Ji y = 0 [A, ( 2/2 + K?l i = 1, • • • , s. 

This, in conjunction with (46), shows that 2 0 £ [A, (y t + IQ 2 ], and completes 
the proof of the first part of (50). The second part of (50) is now obvious. 
The congruence (50) gives the basis sought for 2 0 . We have, as a result, 


M Since P has constant coefficients the 17, are constants, so that (y — m)j * y/,- 

* - 1, • • • , «, 3 - 1, 2, • • • 
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(62) [A] - [P].[A, to + K)% {A) - [P].[A, y, + X], 

for P is a constant times the product of the y — m •** 

If we refer to (61), the first intermediate ideals which present themselves are 
of the type 

(53) [PMil, to + Kf, ( y - Vn) • • • (y - *,)to + K)\, 

where i\ , • ■ • , i g are distinct integers from 1 to 8 . If g = a, the ideal (53) is 
[A],ify = 0, (53) is {A}. 

We shall show that the ideals (53) are distinct from one another , and that every 
intermediate ideal is one of the ideals (53), that is, the ideals (53) are the only 
intermediate ideals. 

To prove that the ideals (53) are all distinct, it suffices to show, h = 1, • • • , s, 
that 


[P]-[A, to + Kf, (y - „„) • • • (y - ,*„)(*, + K ) ] 


For, if 


and 


* IP}- [A, to + Kf, (y - Vil ) ■ . • (y - r,< k )(y t + if)]. 


[P]-[A, to + Kf, (y - „,-,) • • • (y - „u)to + K )] 


[P\-[A, to + Kf, (y - vn) ■■■(y~ ru,){y> + K)] 
were equal, they would both equal 

[P].[A, to + Kf, (y - r, kl ) ■ . . (y - * { )to + *)], 
where ki , • • • , ki are the integers common to t‘i , • • • , u and ji , • • • , j/ ; and if 
[P].[A, to + K)\ (y - *,) -..{y- r, ik _ d ){y t + K )] 

= [P]-[4, to + Kf, (y - y it ) ■■■(y- njto + *)], 
with d > 1, then we would have 
[P].[A, to + Kf, (y - Vil ) ... (y - ^_,)to + K) 

- [P]-[-4, to + Kf, (y - 1 J.,) • • . (y - n.Jto + if)]. 

For h = s this means we must show that 


[A] C [P].[4, to + Kf, (y - ij ,-,) • • • (y - to + K )] 
for all distinct t'i , • • • , i,-i . This will be proved, however, if we show that 
(54) ( y - m t ) • • • (y - to + K) ? 0 [A], 34 

for the first member here is in 


” See (10). 

14 Kf is the j-th derivative of K. 
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[P]'[A, fa + K )*, (y — n»x) • • • (y — Vi,- t )fa + if)]." 

The relation (54) may be established in the same way in which (37) was 
disproved. 

From (54) it easily follows that 

{y — ^i) • • • (y — Vi,-i)(yt + K) ^ o (2 0 ). 

For h < 8 we proceed by induction. Assume that 

.... (v ~ n»i) • • • (y ~ Vi t - t )(y - »»<,+,) • • • (y - n k +,)fa + K) 

(55) 

* o [A, fa + Kf, (y - „,) . . . (y - Vik+1 )fa + K)] 

for all distinct i, • • • , t*+i and all j — 1, • • • , h + 1. (For h = a — 1 this has 
just been proved.) 

Suppose, say, that 

(y — vi) • • - (y — Vh~i )fa + K) 

- 0 [A, fa + Kf, r, k )fa + K)). 

Then, for t sufficiently large, 

(y — >/i) • • • (y — vh-i)(y — yk+iffa + K ) 

= 0 [A, fa + Kf, (y — yi) ••• (y — i?*+i )fa + if)]_ 

Combining this congruence with 

(y — Vi) - (y — Vh+i)fa + K) 

= 0 [A, fa + Kf, (y- Vl )...(y- Vh+i)(yi + K) ], 

we see that 

(y — vi) • • • (y — vk-i) (y — nk+i)fa + K ) 

— 0 [A, fa + Kf, (y — ni) ••• (y — t)k+i)(yt + if)]. 

This contradicts (55), and completes the first part of the proof. 

As for the second part, let 2 be a differential ideal between 2 0 and {2o}, 
distinct from {2 0 }. We shall complete the proof by showing that 2 coincides 
with some ideal 

(56) [A, fa + Kf, (y - „.-,) • • • (y - Vi ,)fa + K)). 

* The first member of (54) is in [P] because it is in [j/i] and j/i < [P]; the first member of 
(54) is in [A, (y* + X)*, (y - ixi) • • • (y - + *01 because ((y - ij„) • • • (y - !»,-._,) 

(y, + K)) i - i(y - tit,) • • • (y - n.-,-i))'yi(yj + K) + (y - »>„) • • • (y - tj„_,)(y« + K,) ■ 
(y - Vil) ••• (y - Vi.-t)(vi + K i), (So). Moreover, the ideals [PJ and [A, (yj + K)*, 
(.V ~ Vii ) • • • (y — w.-iHvt + A)1 are separated, because P and y« + K have no solution 
in common. 
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Let q be the smallest integer for which some ideal (56) with g = q is included 
in 2. q is an integer from 1 to s. Suppose, say, that 

A £2, 

where 

A - [A, fa + K) 2 , (y - ,0 • • • (y - *)(* + X)], 

but that 

[A, (yi + K ) 2 , (y — vi) (y - Vi-i)(y - m+i) • • • (y - v,){yi + K)\ <£ 2, 

i = 1, • • • , q. We shall prove that 2 = A. 

Assume to the contrary that Ft 2, F 4 A. Since F « (2 0 ) = [A, y t + K], 
we may write 

(57) F = C 0 A + Ci(y 2 + #) + ••• + C«(y (+ , + £*_,)• 

Let be the remainder of C\ with respect to + K. Since (y,+i + X,_i) 
(2/«+i + # 1-1) = 0 (A), t = 1, 2, • • • , we have, by (57), 

(58) F ■ Ci(j /2 + K) + • • • + Ct-i(yt + K t -t) + D t (y t + 1 + Kt~ 1), (A). 

D t is a polynomial in y, y x . Let E t be the sum of the terms of D t free of y\ . 
Since, by (51), {y\{y% + K)) t - 1 = 0 (A), it follows that 

(59) yi (y t+l + K t -i) = -(< - 1 )yt(y t + if*-.) Vt( '*t + K), (A). 

From this and (58) we see that 

(60) F = C[(y t + K) + ... + C't-i(y t + Kt- t ) + E t (y t -i + K t - 1), (A), 

where the C\ are new forms. 

Let H t be the remainder obtained on dividing E t by (y — yi) • • • (y — y q ). 
Since ((y - vi) (y - y q )(yt + K)),-i = 0 (A), 

(y — m) ■■■ (y — v<i)(yt + 1 + K t -i) 

= -(< - i)((y - vO (y - v„))i(yt + K t - X ) 

- • • • - (.(y - m) • • • (y - n«))»-i(y2 + K), (a). 

Hence, it follows from (60) that 

(61) F = C"{ Vl + K) + • • • + C['-i(y t + K t ~ 2) + H t (y t + 1 + K t ~ 1), (A), 

where the C" are new forms. 

Treating the first t — 1 terms in the second member of (61) as we did the 
second member of (57), we obtain, after t — 1 more steps, a relation 

(62) F - Htfa + K) + ... + Ht{yt+i + Kt-t), (A), . 

where each Hi is a form of order zero and degree less than q. 

At least one Hi must be nonzero, else Ft A. We may (and do) suppose that 

H t * 0. 
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From the congruence yi(y 2 + K) = 0 (A), we obtain relations 
(63) yi(y i+ i + = 0 (A), j= 1,2,.... 

Therefore, if we multiply (62) by y[~ l we find 

H t y[-\y t+ i + K^) = 0 (2). 


Now, by (59) and (63), 

y[-\y m + K„) - -(j - V)yr 2 y i {y i + tf M ) 

- (j - 1 )y[- i K{y i + £,_*), (A), 

so that 

y[-\y l+1 + K t . i) > « - l)!JC‘ _1 (y, + AT), (A). 

Hence, 

H t K‘~\y t + K) m 0 (2). 

If L is the sum of the terms of K free of yi, we find, since yi{yi + K) = 0 (2) 

HtL'-'iy, + K)= 0 ( 2 ). 

But (y — iji) • • • (y — ij„)( 2/2 + K) = 0 (2). Hence, if J is the greatest common 
divisor of and (y — yi) ••• (y — y q ), 


J(y 2 + K) s 0 (2). 

But L is prime to (y — yi) ••• (y — y g ), for otherwise the ideals [y — jjJ, • • • , 
[y ~ »?«]> [A, y 2 + would not be separated. Hence J is a divisor of H, , is 
of degree less than q, and is a proper divisor of (y — yi) • • • (y — y„). This 
contradicts the definition of q as the least g for which 2 includes an ideal (56), 
and completes the proof. 

The results just established show that the ideals between [vl] and {A j can be 
organized into ascending chains, all of the same length s. That is, if Ai , • • • , 
Afc_i are intermediate ideals such that 


[A]C AiC ••• CA W C (A} 

(chain of length h ), then there are s — h other intermediate ideals which to- 
gether with [A], Ai , ... , Aa_i , { A } form a chain of length s. Moreover, there 
exist no chains of length exceeding s. This illustrates a phenomenon which 
we shall discuss in Part III. 


Part III. Chains 

13. Generalities 

We return now to an abstract differential domain of integrity with basis 
theorem, which contains the rational numbers. 

The n + 1 differential ideals <r 0 , <ri , • • • , <r n -i , <r* are said to form a chain if 

(64) <r 0 C a* C • • • C <r n — i C a*. 
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» is called the length of the chain. We shall call <r<> and <** the end 

ideals, <ri , • • • , <r„_x the intermediate ideals, of the chain. The ideals <r,_i , a 

(also, «■„_ i , a*) will be said to be contiguous. A set of ideals of the chain will be 
called rum-contiguous if no two ideals of the set are contiguous. A chain is 
called a principal chain if no pair of contiguous ideals have a differential ideal 
properly between them. A principal chain may be expressed schematically by 
means of dashes: 

(TO — (Ti — • • • — O’ n—1 — 0"*. 

The notation a — r means that <r C r, but there is no cj with a C w C r. A 

chain with end ideals <r 0 , <r* is said to be a refinement of the chain (64) if each 
intermediate ideal of (64) is an intermediate ideal of the chain in question. 

Let ao , <ri , • • • , <r n - 1 , a* be a principal chain, and let there be a second 
principal chain <r 0 , <r x , . • • , , r* , <r,+i , • • • , <r n ~i , <r* with t< , that is, 

schematically, let 

VOOy O'© — <Tl — • • * — — • * 4 — O'nr-l — O' . 

We shall say that the first chain is flexible at the intermediate ideal <n , and that 
the second chain is obtained from the first by a flex. 

The first theorem on chains that we shall state is that of Jordan-Holder- 
Schreier. A differential domain of integrity 35 forms a group under addition. 
As a set of operators on this group we may consider 1. multiplication by an 
element of 3), 2. differentiation. The permissible invariant subgroups of this 
group with operators are precisely the differential ideals of 3). Thus, we may 
state 

Theorem 7 (Jordan-Holder-Schreier) : Two chains with the same end ideals 
have refinements of equal lengthy with differential rings of remainder classes which 
are isomorphic {in some order) . M 

Proof: See van der Waerden, Moderne Algebra , vol. 1, 2nd edition, §46, or 
H. Zassenhauss, Lehrbuch der Gruppentheorie f vol. 1, chapter 2, §5. 

As a consequence of Theorem 7, we see that all principal chains with the same 
end ideals have the same length. 

Theorem 8 (Ore): Two different principal chains with the same end ideals , 
can be obtained from each other by a finite number of successive flexes . 

Proof: See O, Ore, On the foundations of abstract algebra . I, Annals of Mathe- 
matics, vol. 36 (1935), pp. 406-434. 

14. The exponent of a principal chain 

By the exponent of the chain (64) we shall mean l,*<ro . We shall be concerned 
with principal chains, exclusively. Of course, if a* $ {<r 0 }, then the chain (64) 
has exponent «>, so we may limit ourselves to chains for which <r* C {*<>}. 

* By the differential ring of remainder classes of a chain (64) is meant the differential 

rings cri/*o , , • • • f . 
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Our chief result may be stated as follows. 

Theorem 9: Let 

(66) Co — c\ — • • • — c n -i — c*, c* C {<To}, 

be a 'principal chain which is flexible at r non-contiguous intermediate ideals ” 
Then the exponent of the chain (66) does not exceed n — r + 1. 

As a consequence of Theorem 9, we see that if a differential ideal a has finite 
exponent p, then there is a chain, with end ideals a and \c\, of length p — 1. 
Proof: We begin by showing that, if <r 0 — a , and c\ C { <r 0 } , then l ri co = 2. 
Indeed, let l,,co > 2. Then there is a b « a such that b 2 4 co . Hence 

Co c [co , b 2 ] c Cl . 

Since co — c\ , we see that a x = [c 0 , 6*]. In particular, b « [o-o , 6 2 ], so that 

b = A (c 0 ), 

where A is a form in b with coefficients in ®, which has no term of degree less 
than 2. Using the iterative process introduced in the paper cited under foot- 
note 19, we see that 6 = 0 (<r 0 ). This contradiction shows that l fl co = 2. 

We now show that the exponent of the principal chain (66) does not exceed 
n - {- 1. 

For chains of length 1 we have just given the proof. Let n > 1, and assume 
the result for chains of length less than n. 

By the assumption, c* n C . Suppose c* n+1 <£ a 0 . Then 

co C (c 0 , c* n+l ) C ci . 

Since co — c x , we see that ci — (co , c* n+1 ). Hence 

,*"« = a *c* n C c*a = c*(c 0 , c* n+l ) 

C (<ro , c* n+2 ) C (co , c* 2 a) 

C (co , (co , C* n+3 )) = (<To , c* n+> ) 

- Q(co,c* 2n ) C (<r« , c\) Qco. 

This contradiction proves our statement. 

We are now ready to complete the proof of our theorem. What we have just 
shown is that the theorem is valid for r = 0. We proceed by induction. Let 
r > 0 and suppose the theorem holds for fewer than r non-contiguous ideals. 

Let a be the intermediate ideal of (66) of lowest subscript, at which the 
chain is flexible. Then we have, with a n, the situation depicted by (66). 
Now 

Ci Ci+i — • • • — c n -i — a* 

" Clearly, r is an integer between 0 and the greatest integer in n/2, inclusive. 
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and 


Ti — <Ti + 1 


~ (Tn-1 


- «* 


are both principal chains of length n — i, flexible at r — 1 intermediate ideals. 
Hence, by the induction assumption, (r * n “ t ~ r+2 £ <r t - , (r *n-»-r +2 r . But 
<r»-i £ <r% 0 t» Cl <r, and (r»_i — ■ j* , so that or t _i = a* H r< . Therefore, 

*n— »—r +2 — - 

a C . 

Suppose, now, that cr* n_rfl <£ <r 0 . Let a * be the 07 of least subscript, such 
that <r *"-'- r+1 q ffj . Then 1 £ k £ i — 1 and 

C <r* , » $ <r*-i , <r* C <r*-i . 


Hence 

<r*-i C (a*_! , „*»-*-'+’) C <r* , 
so that, since a/t-i — <r* , ir* = (cr/t-i , <r* n ~ k ~ r+i ). Thus, 

*n— k— r-f-2 * *n— k— r-f-1 / — * 

O'**' = {r*<7* C <T*(Th 

*/ *n— A:— r-f2\ 

= , <r* ) 

C / * n— fc— r+3\ 

(<r*_i , or* ) = <Tk - 1 ■ 

This contradiction completes the proof of Theorem 9. 
Example 8. Consider the chain 


[y n+1 , yiUy n , yil • • • , [y\ tri, brl 


in any differential ring gfi/}. It is easy to prove that this is a principal chain, 
flexible at none of its intermediate ideals. The length is n and the exponent 
is obviously n + 1. Thus, the bound on the exponent given by Theorem 9 is 
the exponent itself. 

The necessity of the non-contiguity condition in Theorem 9 is shown by 
Example 9. Let ^ be a differential field of characteristic zero, which con- 
tains an element x with derivative 1 . Consider the chain 


[y\ yyi , y*i [y\ y\ , y*\, [y\ yi\, [y\ 

in g { } . This is a principal chain of length 3. Since 

Ay\v\,y «k 

[y\ yyi , v*]{ /.v, yi] 

x lv\ 2/1] x 


and 


fe 2 , yi) 


ly\ y\ , yt\ 


W 


[y\y.-\y] 


/ 


\y), 


the chain is flexible at two intermediate ideals. Yet its exponent is 3. 
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Appendix. General Solutions and Resolvents 

Liquidating an obligation incurred in Part I, we give here an abstract, purely 
algebraic treatment of the subject matter of Chapter 2 of Ritt’s book, Dif- 
ferential equations from the algebraic standpoint . 38 We shall make free reference 
to this book, designating it by ( R ), and shall give proofs only when they differ 
from those in ( R ). 


1*. The general solution of a form 

We work in an abstract differential field of characteristic zero. The letters 
Ui , yi and w will denote unknowns. 

We establish the following fundamental lemma as a substitute for the exist- 
ence theorem for differential equations. 

Lemma 1*: Let A be an algebraically irreducible form in g{t/i , • • • , y n ) of 
positive class. Let R \ , • • • , B t be nonzero forms in g{?/i , • • • , y n J, reduced 
with respect to A. Then B\ • • • B t 4 {A}. 

Remark: Lemma 1*, together with the analog to the Hilbert-Netto theorem, 
shows that every algebraically irreducible form of positive class has a regular 
solution, that is, a solution for which the separant S and initial I of A do not 
vanish. For otherwise IS would be in {A}. 

Proof: Let m be the class of A, r the order of A in y m . Suppose 
Bi • . . B t € \A }, that is, {B x • . • B t ) p e [A], for some positive integer p. Now, 
A and (B x - • . B t ) p are relatively prime. Hence there is a nonzero form (7, 
either of class less than m, or of class m and of order less than r in y m , such that 

C = DA + E(Bi • • - B t ) p , 

where D and E are forms in ${2/i , • • • , y n ). C e [A], so that we may write, for 
suitable q and Qi , 

(1*) C = QqA + QiAi + • • • + QqA q . 

Now, Ai = Sy m , r +i + Ti , where 7\ is a form of order less than r + i in y m . 
Hence, if in (1*) we consider the forms as polynomials in the letters y ^ , and let 

Ti 

2/m,r+< = ~ g\ i = If 2, • • • , 

we see that S h C is divisible by A for a sufficiently large integer h . Since neither 
S nor C is so divisible, we have a contradiction, completing the proof. 

We now are in a position to follow (J?). 

Let A € , • • • , Vn) be algebraically irreducible and of class n. Let S 

and I be the separant and initial, respectively, of A . Let 2i be the set of all 
forms in , • • • , y»} which vanish for all regular solutions of A, or what is 
the same thing, let Si = { A } :IS. 


u American Mathematical Society Colloquium Publications, vol. 14. 
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Following ( R ), we can show that 2i is a prime differential ideal. The manifold 
of 2j is called the general solution of A. 

The following three results are proved as in (R) : 

\A):S; 

2i is an essential prime differential ideal in the decomposition of \A\; the other 
essential ideals contain S; 

is independent of the order of the unknowns. 


2*. The resolvent of a prime differential ideal 

Let 2 be a perfect differential ideal in > * ** > ?»}• Let 
( 2 *) Ax , , A r 

be a basic set of 2. We denote the separant and initial of -A,- , * = 1 , • • • , r, 
by Si and /,• , respectively. Let 2' = {^4 1 , • • • , A r ] :hSi • • • I r S r , that is, let 
2 ' be the set of all forms in ${2/1 , • • • , y n \ which vanish for all regular solutions 
of the basic set ( 2 *). M Clearly, 2 C S'. 

Following ( R ), we see that if 2 is prime, then 2 = 2'. In particular ( 2 *) has 
regular solutions. Also, 2 is the only prime differential ideal with basic set ( 2 *). 

Let £ be the set of all constants (that is, elements with vanishing derivative) 
in fj. £ itself is a differential field of characteristic zero. 

We shall need the following 

Lemma 2 *: 171 , • • • , i/„ e % are linearly dependent over £ if and only if 


( 3 *) 


1?1 • • • Vn 

>711 ' ' ' Vnl 


1?1, n—1 * * • 1Jn,n—l 


Proof: If J^ILi c, 17, = 0 , where the c, are in £ and not all 0 , then 23 "_i c,r;„ = 0 , 
i = 0 , 1 , • • • , n — 1, so that ( 3 *) must hold. Conversely, let ( 3 *) hold. If 
n = 1 , the lemma is obviously valid. Let n > 1 and suppose the lemma 
holds for fewer than n elements 17, . Let 


Mr 


= (- 1 ) 




VI 


y,-i 


Vv+l 


1?H-l,n-2 • • • TJn.n-2 


V = 1 ,•••,«. 


If p n = 0 , the lemma fbr h 1 shows that the 17, are linearly dependent over 
£. Assume that p n ^ 0 . By ( 3 *), 


( 4 *) 


2 IJrfMr = 0, 

F— 1 


i = 0, 1, • • • , n — 1.* 


m A solution of (2*) is called regular if it does not annul hSt • • • I r 8 r . 

«• For i » n — 1, the first member of (4*) is the development of the determinant in (3*) 
by the minors of the elements of the last row. For i < n — l f (4*) is a statement of the 
vanishing of certain determinants with two identical rows. 
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Differentiating the first n — 1 equations (4*), we find 

n n 

“h tfriHr 1 =: 0, 2 ^ 0, 1, •••,21"— 2. 

r-1 r-1 

Taking into account the last n — 1 equations (4*), we see that ^*am = 0, 
z = 0, 1, • • • , n — 2. These equations may be written 

n— 1 

Xi “ tym'Mnl , Z = 0, 1, • • • , 71 — 2. 

K—l 

Solving these equations in pu , • • • , Mn-i,i by Cramer’s rule, we obtain 

Mm - t 

AM = ~~ Mm V = 1, ... ,n — 1. 

Mn 

Hence (p,/p n )i = (m»am — MniMp)/ Mn = 0, so that y v /p n = c, , v = • ,n } 

where the c„ are constants, not all zero (c n = 1). Using (4*) with i = 0, we see 
that c v r\ ¥ ~ 0, which completes the proof. 

Lemma 3*: Let ft contain a non-constant element f. Let A be a nonzero form 
in ft{^i > • • • , Vn}. Then there are elements rji , • • • , ri n e ft such that A 5 * 0 
when 2/1 = ?/i , • • • , y n = y n . 

Proof: It suffices to consider the case n = 1, for the cases n > 1 follow by 
induction. Let A c ft{y) be of order p, and let Y t — ^£-0 c,(£ 1 )/ > 3 = 
0, 1, • • • , p, where the c» are new unknowns. 41 The Jacobian of the p + 1 
functions Y j of the p + 1 variables c, is 



1 

* 


... (p 

a? = 

0 

it 

(fti 

• •• (fth 


0 

6 

(ft P 

••• (f)„ 


If w were 0, £ would be algebraic over & (by Lemma 2*) and would therefore 
be a constant, so that o> j* 0. Hence F 0 , • • • , Y p , considered as polynomials 
in Co , • • • , c p , are algebraically independent. 42 Therefore, if we substitute 
Fo, Y 1 , • • • , Y p in A for y, y \ , • • • , y p , respectively, ^4 will go over into a 
nonzero polynomial C in the c, . Choose integers 70 , 71 , • • • , y P such that 
C 7 * 0 when c» = 7,- , i = 0, 1, • • • , p. Then the element y = y^JLo 7 if 1 c ft 
leaves i4 nonzero when substituted for 

Using Lemma 3*, we can follow* the proof of §25 in ( R ) to obtain the following 
result. 

Let X be a non-trivial prime differential ideal in ftjwi , • • • , u q , y \ , • • • , y p ) 
with arbitrary unknowns Ui , • • • ,u q (q may be 0.) If ft contains a non-constant , 
then there are elements pi , • • • , m p e ft, and a nonzero form G e ft{i*i , • • • , u q \ , 
such that if 

41 ({*)/ is the j-th derivative of 

41 See O. Perron, Algebra, vol. 1, Berlin, 1932, p. 134. 
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(5*) Hi y [ , • • • , y' p and , • • • , u , , y", • • • , v" p 
are two distinct solutions of 2, then either G{Ui , • • • , u Q ) = 0 ) or 

Mi(2/i - Vi) + • • • + Vpiv'p - Up) 0. 

Taking over the proof in §26 of ( R ), we obtain: 

Let 5 he any differential field of characteristic zero . Let 2 he a nontrivial prime 
differential ideal in 3{^i , • • • , u Q , y x , • • • , y p } with arbitrary unknowns 
Ui , • • • , u q . We suppose that q > 0. Then there are forms 

Gy Ml y • • • f Mp € * 1 

with G 9 * 0, such that if (5*) arc two distinct solutions of 2, then either 
G(ui , • • • , u q ) = 0 or 

Mi(ui t • • • , u q )-(y'i - y") + • • • + M p {ui , • • • , * q )-(y' P - y'p) * 0. 

Henceforth we shall deal with a non-trivial prime differential ideal 2 in 
, . . . , u q , yi y • • • , y p } } with arbitrary unknowns u x , • • • , u q , and we 
shall assume that either g contains non-constant elements, or the arbi- 
trary unknowns Ui really exist. Then there exists a triad of forms (?, P, 

Q e ${wi , • • • , u q , y\ y • • • , y v ), with G free of the y { , and not 0, and with 

Pi 2, such that if (5*) are two distinct solutions of 2 for which GP 0, then 

Q( mi >•••,««, yi >• ••, s4 ) Q(ui , ••»,««, v", • • • , y") 

P(ih , • • • , Uq , y'i , • • • , y'p) P(ih , •••,««, y'i, • • • , y'p) 

Following (72), we form the ideal 

12 = {2, Pw — Q\'.P C g{u! ,u q ,w,yi, , y v \. 

12 is prime, with arbitrary unknowns Mi , • • • ,u q . Further, 

2 = 12 n 3{t*i, ... ,u t ,yi, ... ,y p \. 

Let 

(6*) A, A, , • • • , A p 

be a basic set for 12, introducing w, yi , • • • , y p in succession. We take, as we 
may, A algebraically irreducible. 

We shall show that each Ai is of order zero in yi and is linear in yi . The 
equation A = 0 is called a resolvent of 2. 

Suppose that not every A ,• is as described. Let A ,■ be the first A < which either 
is of positive order or is not linear in yi , and suppose that the order of A t in y,- 
is r, with r positive. 

Let U be the remainder of ISIiSi • • • I p S p GP with respect to (6*), where the 
J’s and J’s are the initials and separants of the forms of the basic set (6*). 
Then U has the properties : 1 . The order of U in w is not greater than that of A ; 
2. The order of U in yi , i — 1, ... ,j, is not greater than that of Ai ; 3. U is free 
of Vm, ••• ,Vv i 4. U i 12. 
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Of all the forms in ( U , 12 ) which have the properties 1-4 listed for U, let V 
be one of least rank in y, . 

We shall prove that the order of V in i/> is less than r. Suppose it equals r. 
Then the degree of V in y/ r is no higher than that of A , . Let J be the initial 
of V. Then J 4 12 . 

For an appropriate integer m, we have 

J m Aj — EV + F, 

where E is a nonzero form of lower degree than A , in y , r , and where F has the 
properties 1-3 and is of lower degree than V in y , r . Hence Ft 12 , so that 
EV 6 12 , whence E e 12 . 

Let E — Ho + H\y, r + • • • + H,y ir t , where H, j* 0 , and each Hi is free of 
?/ J+ i , • • • , y p and is of order less than r in y , . The initial of J m A ,■ is identical 
with that of EV. Hence II, 4 12 . 

It is easy to see that there exist positive integers a, a x , • • • , a,_i such that 

ri? • • • IV-VHi m Hi ( 12 ), i = 0, 1 , . . . , t, 

where each III is reduced with respect to the ascending set A , A 1 , • • • , A ,_i . 
Since H, 4 12 , we have III 0. Thus, III + Illy,r + • • • + H\y\ T is a nonzero 
form in 12 , reduced with respect to the basic set ( 6 *). This contradiction shows 
that the order of V in y, is less than r. 

Now let 

(7*) u x , • • • , u 9 , w, yi , - • • , y„ 

be a solution of 12 for which V (and consequently ISI 1 S 1 • • • I P S P GP ) does not 
vanish. For Ui , • • • , u q , w, y x , • • • , y ,-\ , the forms A , , • • • , 4,_i all vanish, 
Aj becomes a nonzero form A, in y , of order r, A ,,?.' = ) + 1 p, becomes 
a form A t of order zero and linear in y, , and V becomes a form V in y-, of order 
less than r. It follows, by Lemma 1*, that {y, — y,)V does not hold A, . 

Let ijj be a solution of A j for which (y , — y,)V does not vanish. When 
y, = {/j , Ai , i = j + 1 , • • • , p, becomes a linear form of order zero in y, alone. 
The new forms A , , i = j ■+ 1 , • • • , p, may be solved to obtain a solution 

y >+ 1 » * ■ ■ i j/j> • 

Then Hi , • • - , u q ,w, y x , • • • , y,_i , yj , • ■ • , y P is a solution of 12 for which 
GP does not vanish, is distinct from (7*), but has the same w — w and the same 
Ui — Hi, % — 1 , • • • , q. This contradicts the fundamental property of the 
triad G, P, Q, and shows that A , is of order zero in y t . 

That A i is of degree unity in y,- may be proved as in ( R ). This completes the 
proof. 

The rest of Chapter 2 in ( R ), except for §33, may now be taken over, word for 
word. 

Columbia University, 

New York, N. Y. 
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HANKEL AND OTHER EXTENSIONS OF DIRICHLET’S SERIES 


By R. E. Greenwood 
(Received December 14, 1939) 

1. Introduction 

Series of the type 

(1.1) f(s) = 23 On exp (— X„s), 

n— 1 

where (a) s is the complex variable, s = a + it, a and t real; 

(b) the numbers a„ are all complex constants; 

(c) Ai < A, < X, < • • • < A„ < • • • 

lim A„ = oo 

n— *oo 

are known as Dirichlet series, and their theory has been considered by numerous 
investigators. Widder 1 has generalized these series by the consideration of a 
Stieltjes integral. 

If we consider series of the type 

00 

(1.2) g(s) = £ exp (-A n .s)C(X„s) 

n-1 


it may be possible to establish convergence properties, subject to certain restric- 
tions on the function G(z), for the series (1.2) similar to the well known con- 
vergence properties of the Dirichlet series (1.1). 

In particular, this method of generalizing Dirichlet series was suggested from 
a consideration of series of the type 


(1.3) h(s ) = £ a n (iKs)'Hi l) (i\ n s), 

n—1 

where Hl 1 \z) is the Hankel function of the first kind of order v and is related 
to the more familiar Bessel functions J v (z) and J_„(z ) by the relation 


(1.4) 


iiv\ z ) = ^-»(*) ~ ex p (-^v »(s) 

i sin vtt 


The function H^{z) has the integral representation 2 for 9?(y) 7> — £ 


1 D. V. Widder, “A Generalization of Dirichlet Series,” Transactions of the American 
Mathematical Society, Vol. 31, p. 694f. (1929). * 

* G. N. Watson, “The Theory of Bessel Functions,” page 168. 
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(1.5) *“'<*> = (I) 


eXp 


r(^ + *) 

If we replace z by iz and define 

M,(z) = jf exp ^ du 

r(r + J) 

we see that 

(1.8) (iz)* II™ (iz) = A* exp (—z)M,(z). 
Therefore the series (1.3) can also be written as 

CO 

(1.9) h(s) = ]£a n A„ exp (-X n s)ilf v (X n s) 


- jf exp (-w)iT~ J ^l + dw. 


( 1 . 8 ) 

(1.7) 


A, 


and thus is formally identifiable as a series of type (1.2). 

For convenience we shall call series of type (1.2) modified exponential series, 
and the particular series of type (1.9) Hankel series. Moreover we shall suppose 
that we are given a fixed X n sequence satisfying 

(a) 0 < Xi < X 2 < X 3 < • • - < X* < • • • , 

(b) lim X n == oo. 


The symbol K{a) will be used to indicate a positive constant, depending per- 
haps on a. 


2. Lemmas Concerning the Function G(z) 

In order to establish convergence properties for the modified exponential 
series (1.2) we shall assume that the function G(z ) satisfies the following prop- 
erties (which properties are understood to be assumed whenever G(z) is men- 
tioned hereafter): 

Property 1. G(z) is analytic for 9i(z) > 0. 

Property 2. G(z ) is bounded for 9f (z) ^ Zo > 0, i.e. say 

| G(z) | < K(zo) for 9t(z) ^ zo > 0. 

Property 3. G(z) has an asymptotic expansion for large z of the form 


( 2 . 1 ) 


G(z) = 6 o + — 1 + -5 + 


where ho ^ 0 . 

On the basis of these properties we can establish a number of lemmas, which 
we shall state for the function G(xs) where x is a real variable. 
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Lemma 1. There exist s a constant r such that for 

(a) * ^ Xi > 0, 

(b) 9t(s) £ r > 0 , 

we have 

| 0(xs) | < Ki(t) 3 . 

Proof: This is merely a restatement of property 2. 

Lemma 2. Given r > 0, there exists an integer JV'o(r) such that for 

(a) x £ A„ , n ^ N 0 (t), 

(b) 91(s) ^ r > 0, 
we have 

0 < Kt(r) g | G(xs) |. 

Proof: Using the asymptotic expansion 

(2.1) G(xs) = &o + — + + • • • , 

xs x i s i 

and noting that bo ^ 0, we can get 

D 

| G(xs) — bo | < — for large x 

where B is a constant, and hence we can clearly select x values and a constant 
Ki(r) so that we obtain 

0 < KM < | G(xs) |. 

Lemma 3. Given Ai > 0, there exists a real number £(Ai) such that for 

(a) x ^ Xi > 0, 

(b) 91(s) £ * > 0, 
we have 

0 < KM < | G(xs) |. 

Proof is similar to that of lemma 2. 

Lemma 4. For 

(a) 91(a) £ 91 (s») = r > 0, 

(b) * ^ A„ , n ^ No(t), 

* In reality K\ depends also on Xi , but we are considering the X» sequence as fixed and 
do not indicate this dependence. 
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we have 


G(X8) 

G(xso) 


£ KM) 


as follows at once from combining lemmas 1 and 2. 

Now the asymptotic expansion for dG(z)/dz can be obtained from the asymp- 
totic expansion, 


(2.D «Wa*> + s + A + -’ 

by termwise differentiation, 4 * thereby leading to 


(2.2) 

dG(xs) 

b x 

rv/ _ 

1 

fO 1 

<N 1 

1 


ds 

xs 2 

x 2 ^ 

(2.3) 

dG(xs) 

bi 

. . 

_ 262 _ 

dx 

x 2 s 

X 3 s 2 

(2.4) 

d 2 G(xs) 

dxds 

- 6 - 1 - + 
— X 2 S 2 

4t 2 

x 3 ^ ^ 


and from these expansions we obtain 

Lemma 5. For 9J(s) ^ r > 0 there exists an integer Ni(t) such that for x ^ X„ , 
n ^ Ni(t) we have 

I 6G(XS ) \ ^ rr (\ 


dxds 


ds 

dG(xs ) 
dx 

d*G(xs) 








Lemma 6. For 9?(s) ^ r > 0 there exists an integer N 2 (t) such that for q ^ 
V ^ #*(r) we have 



dG(xs ) 
dx 



1 ] g tfsto 

r \ q J ”” rX p 


Proof. This follows immediately from the asymptotic expansion (2.3). 
The inequality 


I /(« + *) I ~ Lfo) 1 

h 


\f(z + h) - f(z) | 

1*1 


4 Bochner, “Fourier Analysis,” (planographed notes, Princeton University), pages 7 

and 29; also Knopp, “Theorie und Anwendung der Unendlichen Reihen,” third edition, 

p. 560. 
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shows that 


d\f(z) 


dz 


df(z) 

dz 


and thus leads to 

Leuma 7. For 9t(s) ^ r > 0 and for q ^ p ^ Ns(r) we have 


\ dx 

L dx 


K*(t) 

tX© 


Lemma 8. For 91(s) ^ SR(s 0 ) = r > 0 and for x X„ , n 2: max [2 Vi(t), ATj(r)] 
we have 


dG(xs<t ) dG{x8) 


dx 


dx 


^ Kt(r) | s — 


G(xs 0 ) G(xs) 

Proof. Writing the function as the integral of its own derivative, we have 


dG(xs 0 ) 

dG(zs) 


d 2 G(xz) dG(xz) dG(xz) 

dx 

dx 


[* dzdx dx dz A 

G(xSq ) 

G(xs) 


L [G(xz)Y 


L 


•K 7 (r)Mr) + KMK,(r) 

M 


dz 


= i^a(r)| S — So | 


by applying lemmas 1, 2, and 5. 

In particular, the function M,(z ) defined by 


( 1 . 6 ) 


M, 


,(z) = jf exp (-u)u ! ^1 + dv, 


satisfies Properties 1, 2, and 3. For M v (z ) is analytic both in z and in v , and has 
the asymptotic expansion 6 

M(z)~± r( » + Mb + § + m) 

,K > = to mllV + h - m)(2z)» 

- * + » [> + 1 

and thus, since bo ^ 0, properties 1 and 3 are satisfied. Property 2 can be 
established by taking an upper bound to the complex valued integral repre- 
sentation (1.6) for $R(z) Zo > 0. 

Thus any convergence proof for the modified exponential series 


( 1 . 2 ) 


fif(s) = E exp ( -\ n s)G(\ n s ) 


n—1 


•Watson, l.c., p. 198, and Bochner, l.c., page 15. Care must be taken in interpreting 
the notations in these references for the case m - 0. 
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which uses only properties 1, 2, and 3 of the function G(z ) shows at the same 
time that the corresponding Hankel series 

00 

(1.9) h(s) = E o«.A, ex P (— X„*)Af,(X»s) 

n— 1 


satisfies the same type of convergence. 

For convenience we state a familiar lemma. 

Lemma 9. Abel's lemma on partial summation. We have identically 



n-p 


u n v n 


n — g— 1 r m— n “1 n— g 

E (V» - VWi) E t/« + V, E tf». 

n—p _ m— p _ n—p 


3. Convergence of the Modified Exponential Series 

Theorem 1. If the modified exponential series (1.2) is convergent for So = 
(To + ito where <r 0 > 0, then it is convergent for any s satisfying 5R(s) ^ 9t(s 0 ) = <to • 

Proof: The proof of this theorem is contained in the more general theorem 
which follows. 

Theorem 2. If the modified exponential series (1.2) is convergent for s 0 = 
(To + ito where oo > 0, then it is uniformly convergent throughout the angular sector 
about the point So in the s plane defined by the inequality 


| am (s - sj) [ ^ \f/ < 

Proof: We need only show that for s in the angular sector, given 5 > 0, 
we can find an integer no such that for q ^ p ^ no we have 

n— g I 

]£ fln exp ( — \ n s)G(\nS) j < 5. 

n—p I 


In Abel's lemma on partial summation we identify 
U n = a n exp (— Xn$o)G(AnSo), 

G(\ n s) 


V n = exp [ — (s — s 0 )X n ] 


G(\ n So ) 1 


so that we have 
I nmmq 


E On exp (— X„s)G(X„s) 


n-p 


n— g 

HU n V n 

n-p 


(3.1) 


n— g— 1 

* z 

n—p 


exp 


[-(• - «b)Xj - exp [-(* - SoM 


+ 


exp [ — (s — «o)Xg] 


G(\qS) 

G(\qSq) 


G(\ n +lSo) 

n— n 

E Om exp (— X m So)(r(X m So) 

w— p 
m-g 

E Om exp (-X„,So)(?(X m 8o) . 
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By hypothesis, given an c > 0, there exists an integer »i such that for q 
p ^ »i we have 


£ o» exp (-X»s 0 )G ! (XnSo) 

n-p 


< 6 . 


We take n 0 = max [iVo(r), Ni(t), n \ ], where No is given by lemma 4 and Ni by 
lemma 5. Then (3.1) becomes 

n-<7 

23 a» exp ( — Xns)(r(X n s) 

n-p 



(3.2) 


n— <?— 1 


n-p 


exp [— (s — So)Xn] 


G(XnS) 

G(\„so) 


exp [— (s — 8o)X„+i] 


G(Xn+lS) 

G(\ n+ iSo) 


+ e 


exp [-(s - So)X 4 ] 


G(X t s) 

G(X„so) 


Writing the function as the integral of its own derivative, we have for » ^ no 


exp [— (s — s#)X«] 


(?(X n s) 

G(\„8o) 


exp [- (s - s 0 )X B+ d 


C?(X«+is) 

G(X„ +l8o ) 
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(3.3) 


+ 


r 


( dG(xso) dG(xs) 

exp [-(, - »).] Zjgl - 1*1 

G(X8o) [ G(xSo) G(xs) 

r*n+ 1 


f*»+l j 

^ Kt(<ro) • i s — s° | • I exp [ — ($ — s 0 )s] dx I 

I f*n+l 

+ Kt(iro)Kt(ffo) • | s — s 0 1 • J exp [ — (s — s 0 )a:] dx 


by application of lemmas 4 and 8 , and hence 

g tf 4 (<r 0 )(l + K»M) i? - — — x [exp[-$R(s - s 0 )X„] - exp [-«(s - s 0 )X H . 1 ]]. 

— so; 

Substituting this inequality in (3.2) we get 



Fig. 2 


n — q 

£ On exp (— X„s)G(X„s) 

n-p 


^ 4 ^ ^ 4 Z 4 (<ro)[l + #9(0*0)] [exp [-SR(s - So)X p ] - exp [— SR(s - s&)Xj 


(3.4) 


9J(s — so) 

«| 8 - So | 
8t(s - so) 


^ eKio(tro) ~ 


+ «^ 4 (<ro) exp [— 9t(s — 8 o)X„ 
•K 4 (<ro)[l + ^9 (do)] exp [ — SR(s - so)Xj 
s - So| 


9i(s — so) ' 


Now for am (s — s 0 ) = 0, | 6 | ^ i < we get 


|s - Sol 
$R(s — so) 


= sec 6 ^ sec 
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and thus (3.4) becomes 


23 a„ exp (— X»s)6(X„ s) 

n-p 


^ tKio(ffo) sec 


which holds for all s in the angular sector and for q St p <= «o , and thus the 
required condition is satisfied if we specify that we choose e = 5/CKio(<ro) sec 
and the proof is complete. 

Definition: We suppose that the modified exponential series is not iden- 
tically zero. Then, as is the case with Dirichlet series, the series (1.2) may: 

(a) Converge for all s, 9J(s) > 0 

(b) Converge for no s, 9i(s) > 0 

(c) Converge for some values of s, 9?(«) > 0. 

In the latter case there is a real number a such that the series is convergent for 
all s satisfying 9f(s) > a, and divergent or oscillatory for all s satisfying 0 < 
91(a) < a. The number a is called the abscissa of convergence of the modified 
exponential series, and the line defined by 9?(s) = a is called the line of con- 
vergence. The symbol a will be reserved for the abscissa of convergence of the 
modified exponential series (1.2). The remarks of Hardy and Riesz* relative 
to the convergence of a Dirichlet series on the line of convergence are applicable 
also to modified exponential series. In section 7 of this paper we consider a 
special case where the line of convergence for the Hankel series (1.9) contains at 
least one singular point. 

We shall now prove two theorems which will show equi-convergence of the 
Dirichlet series and the modified exponential series. 

. ao 

Theorem 3. If the Dirichlet series exp ( — \ n s) converges for the point 

n— 1 

oo 

so = <ro + ito , vo > 0, then the modified exponential series 2 «n exp (— X n 8o)f?(X n 8o) 

n-l 

is also convergent. 

Proof: In Abel’s lemma we identify 

U n = o» exp (-X„8o), 

V n = G(\ n s 0 ), 

and thus we get 

n-q 

2- o» exp (— X„so)(?(X„so) 

(3.6) rn 25 [Cr(X»«(>) — (?(Xn+i8o)] [" 2 ®»> ex P 

n— p 

+ <?(X,so) £ o»exp (— X«ao). 

»n—p 



•Hardy and Riesz, “The General Theory of Dirichlet’s Series,” page 9. 
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Now by hypothesis, given e > 0, there 'exists an integer no such that for q 2? 
p ^ no we have 


n-<7 

£ a„ exp (-X„« 

»— p 


< e. 


Now choose n\ = max [no , iV 2 (<ro)] where N t is given by lemma 6. We get for 
q sS v ^ n x 

n— 1 r~t n-«n “I [ 

^ 1 [^(X»8o) G^(Xn-flSo)] I ^ Ctm GXp ( A m Sq) J | 


(3.6) 


L m ~P 

n -'Q— l m— n 

— X/ XI CXp 

n — p m—p 


( X m So) ^ 


f^n+1 

dG(xso) 

k 

A n 

dx 


dx 


S.f 


q dG(X8o) 
dx 


1 ^ eKs(<ro) eKs(ao) 

* s ^.x7 s T.aT 


on application of lemma 6. 

On reducing (3.5) by use of (3.6) and lemma 1, we get, for q ^ p ^ n\ 


£ «n exp ( — \ n So)G(\n* 


g (K ^ + Kl (e 0 )e Z eKM, 

(To Ai 


and thus the convergence of the modified exponential series is established. 

00 

Theorem 4. If the modified exponential series ^ a n exp ( — \ n s)G(\ n s) con - 

n=*l 

oo 

verges for the point s 0 = <r 0 + iU , <r 0 > 0, then the Dirichlet series ^ a n exp ( — X n $o) 

n- 1 

is also convergent. 

Proof. In Abel's lemma we identify 

U n = a n exp (-XnSo)G(XnSo), 

1 


Fn = 


«(X n So) 


Now, by hypothesis, given € > 0, there exists an integer no such that for q }£ 
p ^ n 0 we have 

n— <7 j 

2 o» exp (— \„So)G(\ n so) | < e. 


Now choose n x = max [NoM, Nt(<ro), «o] where N 0 and Nt are given by lemmas 
2 and 6 respectively. Similar to the proof of the previous theorem, we get, 
for q ^ p ^ ni 


“yT 1 r 1_ 

n-p L®(^« 8 o) 


1 

G^Xn+lSo) 



dm exp (— X m so)G(X m So) 


] 
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n— <7—1 m— n r*n+l 

£ 52 £ Om exp (-X m So)G(X mSo ) I 

n-p m-p J X H 


*■/ 


p I m-p 

dG(zso) 
X « ^ 

P [G®] 


1 fXf»+l 

6 ( G(a»o)) 

I An 

dx 


€X 8 ((T0) 

<roX p [i^2(o'o)] 2 


by application of lemma 2 and lemma 6. 
Abel's lemma then takes the form 


«— Q 

52 On exp ( — X„8o) 

fl— p 1 

* I X [sdb ~ SftbrJE «• “» <-»-*><«»-*•>] I 

| ^ m—q 

“H \ * ^ ^ p ( A m So)0(A m $o) 

I m— p 

I + kT~\ — *K((ro) 

<ToA p [A2(o'o)]‘‘ iV2(<To) 

for q ^ p ^ ni , and thus the convergence of the Dirichlet series is established. 


4. Absolute Convergence of the Modified Exponential Series 

Theorem 5. If the modified exponential series (1.2) is absolutely convergent for 
Si = cri + iti where a x > 0, then it is absolutely convergent in the half plane 
$R(s) ^ <n . 

Proof. We need only show that for s in the half plane 9?(s) ^ a h given 
8 > 0, we can find an integer n <> such that for q ^ p ^ no we have 

52 | a. I exp I G(X„s) | < 5. 

n-p 

But by hypothesis, given e > 0, there exists an integer n\ such that for q ^ 
p ^ m we have 

n~q 

52 I o„ | exp (-X„(rx) | G(X„si) | < t. 

n— p 

We take no = max [n x , No((r x )] where No is given by lemma 2. Then for q ^ 
p gs no we get 

Z I On | exp (~x„<r) I G(XnS) I 

n-p 

^ £ I On I exp (-Xnffi) I G(X„si) I exp [(<n - <r)X„] 

n-p vrlA n Si) 

^4(0-1) 

by use of the above and of lemma 4, and thus the proof is completed. 



HANKEL AND OTHER EXTENSIONS OF DIRICHLET’s SERIES 


789 


Similar to the case of convergence, there may exist a half plane of absolute 
convergence for the modified exponential series, and will be used to denote the 
abscissa of absolute convergence and the equation 5R(s) = 0 will be used to denote 
the line of absolute convergence. 

The following two theorems will show equi-absolutc convergence of the 

Dirichlet series and the modified exponential series. 

00 

Theorem 6. If the Dirichlet series 2 a n exp ( — \ n s{) is absolutely convergent 

n— 1 

00 

and 3?(si) = <n > 0, then the modified exponential series £ a» exp (—\ n si)G(\ n Si) 

n«**l 

is also absolutely convergent. 

Proof. The proof is essentially a repetition of the argument of theorem 3 

except that lemma 7 must be used instead of lemma 0. 

00 

Theorem 7. If the modified exponential series 53 exp (— X„s)G(X„s) is 

1 

absolutely convergent for s = Si = o\ + it\ , where oi > 0, then the Dirichlet series 

oo 

Za n exp ( — A n Si) is also absolutely convergent. 

n— 1 

Proof. The proof follows that of theorem 4 except that lemma 7 must be 
used instead of lemma G. 

5. Uniform Convergence of the Modified Exponential Series 

oo 

Theorem 8. If the modified exponential series g(s) = a n exp ( — \ tl s)G(\ n s) 

n «=l 

is absolutely convergent for s = si , 9i(si) = (3 > 0, then the series is uniformly 
convergent for 9i(s) ^ 0. 

Proof. The method of proof for theorem 5 establishes also the above 
theorem. 

However, it may happen that the series is uniformly convergent for a certain 

range of values of s for which it is not absolutely convergent. Indeed, the series 

will in general have a half plane of uniform convergence, and we use y to denote 

the abscissa of uniform convergence. It follows at once that the three abscissae 

of convergence satisfy the inequalities a ^ y ^ 0. 

Furthermore, the Dirichlet series and the modified exponential series are 

equi-uniformly convergent as is shown by the following two theorems. 

00 

Theorem 9. If the Dirichlet series f(s) — 53 a „ exp (— X„s) is uniformly 

n—1 

convergent for 9?(s) 2= 7 > 0, then the modified exponential series g(s) = 

00 

2 °n exp (— \ n s)G(\ n s) is also uniformly convergent for 9t(s) $£ 7 >' 0. 

n— 1 

Proof. In Abel’s lemma we identify 

U n = a n exp (— X„s) 

V n = G(\nS). 
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Now, by hypothesis, given t > 0, there exists an integer no such that for 9J(s) ^ y 
and for q ^ p ^ no we have 


m— q 

£ dm exp ( X m s') 


m-p 


< e. 


Thus for q ^ p ^ no and for ffi(s) 2; 7 we get 


»— q 

2 On exp (— X„s)G(X„s) I ^ I 2 (G(x„s) - G(X„ + is)) 2 a„ exp (-X m «) 

n— p 


n— 9— 1 


m— » 


m— p 

I m-g 


+ I G(X,s) | 


2 Om exp (-X m «) 


m— p 


= € S | G(X n s) — G(\ rl+ is) | + | G(\ g s) | . 

- n-p 


Now choose Wi = max [no , iVofr)] where jV 2 is given by lemma 6. Then by use 
of lemmas 1 and 6, for q ^ p ^ n\ and for all s satisfying $R(s) ^ 7 we get 


n — q 

£ 

n— p 


&n exp ( \ n s)G(\ n s) 


s *[Cl^h+i c(> - s)! ] 

s ‘[rI! +x,w ] s, [tS' >+ jc,w ] 

^ «X( 7 ) 


thereby completing the proof. 

00 

Theorem 10. If the modified exponential series g(s) = 2 a n exp ( — X n $)G(X„s) 

71-1 

is uniformly convergent for 9f(s) ^ 7 > 0, then the Dirichlet series f(s) = 

OQ 

V. o„ exp (— X„s) is uniformly convergent for 9?(s) St y > 0. 

»-i 

Proof. In Abel’s lemma we identify 

U„ - a„exp (— X„s)(?(X„s), 


" G(X»s) - ' 

Now by hypothesis, given « > 0, there exists an integer no such that for all s 
satisfying 9?(s) 2; 7 > 0 and for q 2s p Si no we have 


22 a n exp (-X„s)G(X„s) 

n— p 


< «. 
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Therefore for q 2: p Si no and for all 8 satisfying 9{(s) 2: y > 0 we get 
23 a„exp (-X»s) 

1-p 


S U.) G(X n+lS ))U ameXp( Xm8)(?(Xm8) 

m — 7 

53 Omexp (-X m s)(?(X m 8) 


+ 


1 


m — 7 

G(M)||S 


[ n-7-1 

£ 

*-p 


i 


+ 


G(\qS) 0 


G(X n «) G(X„ + is) 

Now choose ni = max [n 0 , NoCy), # 2 ( 7 )] where 2V 0 and N t are given by lemmas 
2 and 6. Then, by the use of these lemmas, for q ^ p ^ m , and for all s satis- 
fying 9? (a) Si y we get 

dG(xs) 

»^-i rx. +l -g— dx 

- ^ L IG(xs)l* 


n-q 

23 a» exp (— X»8) 

n-p 


n— 7 — 1 

L 

L n-p I 

- € [m 


+ 


l 


K'M 


+ 


[K t (y)n p ^ K , i 


Til - * 


iG(X,s) |J 

K g (y) 


+ 


.yM*i(7)]* Kt(y) 


a 


^ tK(7), 

thereby completing the proof. 


6. Consequences of Convergence 

As a result of theorem 2 a number of properties of the modified exponential 
series are readily deduced. We state a few of these. 

Theorem 11. If D is any finite region in the s plane such that for aU points 
of D we have a i o + j > q > 0, then the modified exponential series (1.2) is 
uniformly convergent throughout D, and its sum, the function g(s), represents an 
analytic function in D. 

Proof. This is an immediate consequence of theorem 2 and Weierstrass’s 
classical theorem about uniformly convergent series of analytic functions. 7 

Corollary. The derivative of g(s) may be computed by termwise differentiation. 

Theorem 12. If the modified exponential series is convergent for the point 
So = <r 0 + ito ( where <r 0 > 0) to the value g(so), then g(s) —* g(so) whenever s —* So 
along any path which lies in the angular sector \ am (s — s 0 ) | ^ ^ < x/2. 

Proof. This is an immediate consequence of theorem 2. 

00 

Theorem 13. If the modified exponential series g(s) = 53 o» exp (— X„s)G(X B 8) 

n — 1 

is convergent for $ = $o = oo + where oo > 0, and if E denotes the angular sector 


| am (s — 8 0 ) | ^ ^ ^ 


7 Titchmarah, “The Theory of Functions,” page 95. 
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and if g(s ) = 0 for an infinity of values of s lying in E, then o» = 0 for all values 
of n. 

Proof. We assume g(s) 0, else the proof is trivial. Since g(s) is analytic 
in E, in any finite neighborhood of a point of E there must be only a finite 



number of zeros of g(s). Because of the angular character of the set E it must 
be possible to select a sequence of values 8„ = <r n + it n where 

(a) <r„ > £(Xi), $ given by lemma 3 

(b) lim <r„ = oc 

n — *oo 

and such that g(s n ) = 0 for each n. 

We consider the function 

= a l +t l a n exp [-(X. - X,)«] . 

n-2 Cr(AiS) 


HANKEL AND OTHER EXTENSIONS OF DIRICHLET’s SERIES 793 

This new function r(s) is convergent for s = s 0 and is uniformly convergent in E' 
where E' denotes the deleted (if £(Xi) > <r 0 ) angular sector 

a ^ max [{(Xi), <r 0 ] > 0 
| am (s — So) | ^ 

dU 

We let s — * oo along any set of values whatsoever in E'. Since for a uniformly 
convergent series we can take the termwise limit, 8 * we get r(s) — > ai . But if 
we let s — * oo over the set {s„} we get r(s) — > 0. Thus ai = 0. Since this 
argument may be repeated for each n, the theorem follows at once.* 
Theorem 14. If the two series 

00 

#(s) = H On exp (— X„s)G(X„s) 

n-1 


= H bn exp (~X„s)G(X n s) 

n— 1 

are convergent at s = So = 00 + ito where ao > 0 and if in an angular sector E 
there are an infinity of values s n such that \l/(s n ) = <p(s n ) then a n = b n for all n . 

Proof. On writing g(s) = \l/(s) — <p(s), we see that the previous theorem 
applies, and thus we get our conclusion. 

As a consequence of the sets of equi-convergence theorems, we have the 
following results: 10 

Theorem 15. If the abscissa of convergence a of the modified exponential series 

00 

fif(s) = X exp (— X„s)G(X„s) 

n— 1 


is positive 7 then it is given by the formula 


a 


log 

lim — 

n-»oo 



Theorem 16. If the abscissa of absolute convergence /3 of the modified expo- 
nential series is positive, then it is given by 


logZKI 

<8- lim 

« — *oo A n 


8 Titchmarsh, l.c., page 8. 

• This proof is essentially borrowed from Hardy and Riesz, l.c., page 6. 

10 Hardy and Riesz, l.c., pages 7-9. 
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Theorem 17. We have 


0 - a g 


115 !^. 

n-* oo A n 


7. Convergence on the Line of Convergence for the Hankel Series 

For Dirichlet series it is well known that under certain special conditions the 
real point of the line of convergence is a singularity of the function. 11 The 
following analogous theorem holds for the Hankel series (1.9). 

Theorem 18. If v is real, v and if all the coefficients of the Hankel series 
are positive or zero, and if 9J(s) = a > 0 defines the line of convergence, then the 
point s = a is a singular point of the function represented by the series. 

Proof. Let the series be represented by 

h(s) = X) a„(iX n 8) i //' 1) (iX n s) 

n— 1 
00 

= £ a n A, exp (— X„s)Af,(X n s). 

»-l 

It will be convenient to use the function K,(z) defined by 12 

(7.1) K,{z) = | exp H?{iz). 

This function has the integral representation 13 

(7.2) K,(z) = / exp (— z cosh t) cosh vtdt. 

Jo 

Thus we consider the function 

(7.3) h(s) = (i) 1 — . exp 2 a n {\ n s) k K,(\ n s) 

which is analytic at the point s = a + 1 = ai , and hence can be expanded in a 
Taylor’s series about this point. We shall assume that the point s = a is not 
a singular point of the function h(s), then the above Taylor’s series expansion 
must be valid for a value of s smaller than a, say aj < a. By justifying certain 
summation interchanges we shall show that this requires h(s) to be convergent 
at the point s = a* < a, thereby establishing a contradiction. 

The domain in which we are interested does not contain the origin, so that 
the function 



11 Hardy and Riesz, l.c., page 10. 
11 Watson, l.c., page 78. 

“ Watson, l.c., page 181. 
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will have the same singularities as h(s). The Taylor's series expansion of the 
function r($) about the point $ = a i will, by hypothesis, converge at the point 
8 = as . Indeed 

z N iri ( viri\ h(s) 

f 8 = 2(0* ° XP \"2" / {sj* 

00 /»• 

= 2 On(Xn) 1 / exp ( — \ n 8 cosh 0 cosh vtdt 

n-1 Jo 

and 

rtf) - t r“(«0 

m-0 

= £ (s — p )m £ o n (x„) i (-D m (x n ) m 

m -0 m! n-1 

• / exp ( — aiX n cosh 0(cosh t) m cosh vtdt. 
Jo 

We note that the value of the integral is positive since the integrand is always 
positive, that ( — l) m (a 2 — «i) m is positive, and we recall that we assumed the 
coefficients a n were all positive. Hence we can interchange the order of summa- 
tion 14 and we have 

r(a 2 ) = X Gn(Xn)* 23 " l / exp ( — «iX n cosh t) (X n cosh t) m cosh vtdt . 

n -1 m-0 ml Jo 

We recognize that 

oo / \m /»« 

23 ----- / exp ( — «iX n cosh 0(X n cosh 0 m cosh 

m— 0 W ! Jo 

is the Taylor's series expansion for / exp ( — a 2 Xn cosh t) cash vtdt about the 

Jo 

point ai . 

Thus we have that r(a 2 ) converges, 

r(at) = 2 a„Vr n / exp (— a 2 X„ cosh <) cosh vtdt 
n-1 Jo 

oo 

= ]£ a n \Z\ n K,(\nai). 

n-1 

Therefore the series 

/i(a 2 ) = exp ( — \/ a 2 r(at) = 2 o„-s/fX„s Hi v (i\ n s) 

TTl \ 2t / n— 1 

00 

= 2 And, exp ( — \ n s)M,{\ n s) 

n— 1 


14 Bromwich, “Infinite Series,” page 78. 
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converges, and since aj < a we have a contradiction, a being defined as the 
abscissa of convergence. Hence the value s — a must be a singular point for 
the function h(s). 


8. Inversion Formulae 


For the Dirichlet series /(s) = 23 a » ex P (— X„s) Perron has given the follow- 

n—1 

ing formula for the sum of the coefficients 

(8.1) ±, [*“- exp Mds-t O., 

Zirl ^ C— too S m— 1 

where 

X n < co < X n +i , 
c > a. 


In order to establish related formulae for the modified exponential series, we shall 
first prove a theorem concerning the order of the function g(s) as t — > «>. 
Theorem 19. If the series 

oo 

g(s ) = 23 dm exp [ — (A m - h)s]G(\ m s), 

1 


where s is the complex variable s = a + it and where 0 h :£ , is convergent 

or finitely oscillating at the point s = <r 0 + 0, then given e > 0, 5 > 0 we can find 
a value to such that for \ t \ it to , <r ^ <r 0 + «, and for all n we have 


( 8 . 2 ) 


1 

t 


a* exp [ (A m h)s]G(\ m s) 


< 


or 

(8.3) 23 CU exp [-(X m - h)s]G(\ m s) - o(| 1 1). 16 

1 

In particular, for n = oo , we have 

(8.4) g(s) = o(| 1 1) 
which holds uniformly for a ^ <x 0 + «• 

Proof. Because of the convergence or finite oscillation of the series at s = <r 0 , 
and because of the fact that there are only a finite number of terms of type (a) 
below, there exists a constant L such that for all integers m, p, and q ^ p, and 
for r ^ max [iV 0 (<ro), JVi(ero)] where No and N\ are given by lemmas 2 and 5 we 
obtain 

(a) | a, exp [— (X r — h)cro] \ < L 

15 The notation F(x) * o(<p{x)) means that as x approaches a definite limit, lim -7— « 0. 

<p(x) 
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(b) | dm exp [- (X m - /i)ffo](?(X m ffo) | < L 

(c) X Cm exp [-(Xm - h^GCKntro) < L. 

w—p 

Let N be a function of 1 1 1, say N{ \ 1 1). We consider sums of the form 

n 

53 «m exp [— (X m — ^i)s]G(X m s) 

1 

and treat two cases, depending on whether N < n or N ^ n. 

Case 1. Let 


1 ^ max [No , N \ ] < N < n. 


We write 


N-l n 


]£ «m exp [ — (X m - h)s]G(\ m s) = 2 + 


Apply Abel's lemma to the summation to get 


^ ^ (z m exp [ (X m ^)s]G^(X m s) 




= 53 ®m exp [— (X m - /i)s]G(X m s) + ]C ("exp [ — (s - <ro)(X m - h)] ^ mS \ 

1 m-JV L vr^AmCro) 

- exp [-(« - <ro)(X m+1 - 

[ P— m ~1 

X) a? exp [— (Xp — /i)<r 0 ]G(Xpcro)J 
+ |^C a™ exp [ - (X m - h)co]G(\ m (to) ] exp [ - (s - cr 0 ) (X n - A)] 


+ 53 flm exp [— (X m — h)<ro]G(X m (To) exp [-(s - «ro)(X„ - A)] 


= Si + & + S3. 


G{\ n s) 
G{\ n (To) 


We have 


| Si I = 53 a-n exp [ (X m — h)s]G(\ m s) 


^ 53|amexp[-(X m - h)(T 0 ] | 'Kiiffo) 


Z(N- D-L-Ki 
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by use of lemma 1 and inequality (a). Also 


i&i = 


]C Om exp [— (X m — h)ffo)]G(\ m <Jo) 


m-N 


( 8 . 8 ) 


exp [— (s — <r 0 )(X» — X)] 


G(X»s) 
G*(X n Co) 


^ L-Ki{o 0 ) 

by use of lemma 4 and inequality (c). 



Now the sum 

Si = £ ["exp [-(X m - X)(s - co)] 

m—N L U'VAmao; 

— exp [— (X TO+ i — /i)(s — — Wo’o]G(X p ^o)J 

save for the factor exp [ft(s — <r 0 )] can be dealt with in the same way as was 
done in the proof of theorem 2, and similar to relation (3.4) we get 

l&l £ L-KM exp [-(X w - fc)«(« - *„)]. 

Now suppose am (s — co) = 6. Then 
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for a ^ + «• Thus we have 


I St | L‘Kiq> ^ ^ 1 ■+■ exp [ (\n — h)i\ 


or 


(8.9) 8, « 0(| t exp [- Qn, - h)<) |) .“ 

Therefore, substituting (8.7), (8.8), and (8.9) in relation (8.6) we get for 1 ^ 
max [No , Ni] < N < n 


E Om exp [-(X* - h)s]G(\ m s) 
1 


= | Si + So + St | 

^ (N — l).L*Ki + L-Kio ^ 1 + exp [— (X» — fc)e] + L-K* 


or 


( 8 . 10 ) 


E 


Om exp [ (X», - ft)s]G(X m s) = 0(A r ) + 0(| t exp [~(X W - fc)c] |). 


Case 2. For n £ N we get at once 


E 

1 


Om exp [— (X m - h)a]G{\ m s) 


^ nL-Ki ^ N-L'Ki 


or 

(8.11) E dm exp [— (X m - fc)s]G(X m s) = 0(N). 

1 

Now let N(\ 1 1) be so chosen that N(\ 1 1) tends to infinity more slowly than 
1 1 1, and also so that relation (8.5) is satisfied. Then for either of the two 
cases for 9f(s) = a ^ «r 0 + « and for all n we have 

(8.12) E exp [-(X* - h)s]G(\ns) = o(| 1 1), 

1 


thereby completing the proof. 

Lemma 10. If b > 0, k ^ 0, then 

1 [ b+< ~ , . ds u> k > n 

V " s0 ' 

= 0 , <a < 0 . 

See Hardy and Riesz for proof. 17 

The notation F(x) - 0(<p(xj) means that | F(x) | < K<p(x) for values of * sufficiently 
near a given limiting value. 

17 Hardy and Riesz, l.c., page 50. 
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Theorem 20. (First Inversion Formula ) // \„ < « < X„+i and if the modified 
00 

exponential series g(s) = ^ a m exp (— X m s)G(X tn s) is convergent for s = <ro + ifo 

i 

w/iere (To > £(Ai) (£ being given by lemma 3), then for c > ao we have 

1 [ c+i< * g($) exp (us) ^ , n ^ 1 a m f c+< °° _ r a ^G(A m s)ds 

5—. / — ds = fl n + o“. / eX P l- (Am “ 0>)s] 7 y 7 Z V\ -7. 

2?rl * c — too 5 Cy(XnS) 1 2 tT£ * c— too G(\nS) S 

Proof. We consider the function 
exp [w(s — (to)] 


r(s) = 


(8.13) 


G(XnS) 


!{»«-£ 


a m exp (-X m s)(r(X m s) 
= 2 am exp [-(X m - to)s] exp (-w<r 0 ) 


m— n+1 G(\ n S) 

where n is determined so that X„ < « < X n +i . 



We shall establish that 


J pc+t» 

c — too 


r(«) 


da = 0. 


We consider the closed rectangle as shown at the side. The function r(s) /a has 
no singularities in this rectangle, and so by Cauchy’s theorem we have 


(8.14) 


r r, Kf> (fe =r''rw*-p^ <is+ f 

— *7*1 S Jc—iT\ S " c+\T % 8 J d 


{d+\Ti 


r(s) 


J d—iTi S 


ds. 


Now this finite rectangle can be enclosed in an angular sector about the point 
So = <ro + ito , and by using the same argument as we did in theorem 2, given 
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e > 0, there exists an integer «o such that ru> n and for which for p ^ n® 
we have 

E a»exp [-(X m - «)«] exp (- w <r„) 

~ ^(8 -: 0 ) exp ~ exp u °°) exp 


(8.15) 


< __ 


(K l0 I 8 (70 J exp [_ (Xp _ w)9 j (s _ ao)] 


K t 9i(8 - (To) 
=* *ifll , 


this estimate being independent of s as long as s is in the angular sector, and 
hence independent of the number d. Thus it follows that there exists a constant 
if 12 such that 

2 dm exp [ (A** — w)s] exp ( — woo) I < if 12 , 

m—n+l | 

for all s in the angular sector. 

Therefore 


f 

Jd - 1 


d+iT 2 
d—iTi S 


r <- 8) * 


(8.16) 


g K v . 


< K v , 


rdi 


d+iT 2 


ds j 

d-iTt S | 


= K„ 


log 


d -f- il\ 
(T- iTi 


1 + 


i r l\ 


log - 


and as d — * w we have 


(8.17) 


We shall now show that 


1 + 


1 - 


iTi 


iTi 


log 


1 - 


iTi 


0. 


r ■*>* r 

Jc-iTi S Jc+i' 


d+T% 2 


r(s) | 
c+tTj S 


are both convergent a sd —* <», and thus we can write (8.14) as 


(8.18) 


J pcH 
6—1 


Jc-iTi 8 

If we let the equation 


c+iTt ^ ds= r iTi ^ ds r +iT 'r( S ) 

J c—i 


J c — tT j S 


-/ 


c+tTj S 


ds. 


(8.19) 
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define the function p(s) we have 

p(a) = r(a) exp [(X n+ i - w)s](?(X„s) 

(8.20) r • t 

= I dm exp [-(Xm - X t v + 1 )s]G ! (X m s) exp (-«<r 0 ) . 

Lm-n+1 J 

Now r(s) is convergent at the point s = <ro . Therefore the series for the func- 
tion p(s) converges for s — <r» . Identifying 

bp — a„ +p , 

Xn+p — (Ip , 

we see that theorem 19 is applicable to the function 

oo 

p(s) = X b p exp [— (m p — m)s}G(nps) exp (— onto). 

p-i 

Therefore, given «i > 0, we can choose T such that T > 0 and 

f s = <r + tTj 
| p(s) | < «i T« for j <t ^ c 
[Ti> T 


( 8 . 21 ) 


Je+iTt S 


_ I f d+iTl p{s) ex p [-(Xn +1 - w)s] da 
I -c+jT, a G(X t n s) 

I •'c+tT* sG^KmS) 

^ [ exp [ — (\n+l - w)s]( 

Ksti) Vc 2 + Ti J ‘ 

< 1 

•^3 X B +1 _ W ’ 


l«l V<^ + 31 V<? + Tl 


< 1. Thus we conclude that 


(8.22) lim / — ds = 0, 

Tj-*oo I •'c+tTj 8 

and likewise 

(8.23) lim / — ds = 0. 

7 1 i-^oo I •'c—tTi 8 

Therefore from (8.19) and the above we obtain the evaluation 

F* 4 " r(«) , n 


* C— ' ioo 5 


ds * 0, 
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and recalling the definition of r($) (equation (8.13)) we have 
r +< " i M exp [&)(« - (To)] ds 

* c— *oo 8 (j(X n 5) 

pHoor- n G{ ^ , 

= / 2^ Om exp l — X w s] = - - exp [w(s — <r 0 )] - . 

J c -*00 Lm -1 Cr(X n S)J $ 

Using lemma 10 to evaluate the term in which a n is a factor we obtain the first 
inversion formula, 


1_ 

2iri 


L 


c+t« 

—too 


g(s) exp (o>s) 
8 G(\ n s) 


ds = a„ + 


n— 1 /*c+t« 

££/ 

1 LTCl 


exp [— (X m — «)s] 


GQ^s) ds 

G(\ n s) 8 ' 


Theorem 21. (Second Inversion Formula) If the series 


g(s) = £a m exp (-\„s)G(\ m s) 


n—1 


is convergent for s = cr 0 + it 0 and if \ n < w < X„ + i , then for c a Q we have 

1 [ c+i ”g(s)ex pM, _ 1 v r" r ^ n \<*> 

~ — : / -- <fs i£_, fl m / exp [ (X m to)s]G(X m s) — . 

27T2- » c — too 8 ^7TZr 1 •'c— too 8 


Proof. The proof follows along the same lines as did the proof of theorem 
20 except that we do not have to introduce the factor l/G(\ n s). 

Remarks: For the Hankel series and for the special cases when v is an odd 
half-integer, the second inversion formula can be simplified. Let v — 3 = k 
where k is an integer. It will be recalled that the Bessel functions have simple 
expressions for such values, and likewise the function M v (\ m s) can be expressed 
by the finite series 


M,(\ m s) = jf exp (-u)u*^l + du 

■ f,„ -k[,. (!)*.©(<£-.)' 


(k + 2)! 

T2X«s) 2 


+ • • • + 


+ ... + 

(2fc)! 

(2X m s) k ’ 


G £J] 


du 


and on substituting this in theorem 21 and using lemma 10 we get 


1 f e+, “ h(s) exp (cm) ds 

2 ri Je-i» s 



(k + 1) ! (w - X m ) 
2X m 1! 


(k\ (k + 2) ! (w - X m ) s (2k ) ! (to - X m )H 

' \2/ (2X m ) 2 "2! (2XJ* k\ J* 


We recall that for v — $ the Hankel series reduces to the Dirichlet series, and 
we note that the above formula reduces to Perron’s formula (8.1) for v — £ = 
k - 0. 
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By defining 


(9.1) 


9. Conclusion 

A(x) =0, 0 £ x < Xj, 

i) = 

A(x.) = £«. + £ 

m—l ^ 

n 

-A(l) = S flU, X» < I < X»+i, 


we can express the Dirichlet series /(s) = o„ exp (— X„s) as the Stieltjes 

n—1 

integrates) = / exp (—is) d(A(i)), and Perron’s formula for the sum of the 
Jo 

coefficients becomes 

(9.2) A{x) — J-. f exp (is) ds. 

2m J —too s 

00 

Likewise the modified exponential series g(s) = 22 o„ exp (— X B s)Cr(X n s) becomes 
the Stieltjes integral 

(9.3) gi(s) = f exp (— xs)G(xs) d(A(x)). 

Jo 

It should be possible to obtain a convergence theorem similar to theorem 2 from 
a consideration of the Laplace-Stieltjes transform. 18 
An integration by parts of equation (9.3) would give formally 

(9.4) g(s) = jf sexp (-is) jc(is) + A(i) di, 

which can be regarded as an integral equation with the kernel 

(9.5) s exp ( - is) |(?(is) + » 

and the two inversion formulae for the modified exponential series could be 
written in the form 


(9.6) f dA(x) [ [ C+< ~ exp [- (i - «)s]<7(is) -~| = f^'" da, 

Jo L*c-to 8 J J c— too 8 

and 


** Private communication from Prof. J. D. Tamarkin to the author. 
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( 9 . 7 ) f 
Jo 


dA(x ) 


D I»e+ioo 
c— too 


exp [—(a; — «)s] 


G(xs) dsl = f c+,w 

G(A B s) S _ J c — too 


gr(s) exp «s Jt> 

aGfcSj ’ 


as can be formally verified by substituting for g(s), and changing the order of 
integration. 

Hadamard’s results relative to the composition of singularities of Taylor’s 

series show that the only possible singular points for a function represented by 
00 

the series 22 a n b n exp (—ns) are points of the form a + /3 where a is some 

n—1 

oo 

singular point of the function /(s) = 22 a n exp (—ns) and /3 is some singular 

n—1 

oo 

point of g(8) = 52 b n exp ( — ns). Mandelbrojt obtained analogous results 

n—l 

applicable to the general Dirichlet series, but the present author has been unable 
to get an extension of Mandelbrojt’s work applicable to the modified expo- 
nential series. 

In conclusion I wish to thank Prof. S. Bochner of Princeton University who 
suggested this topic and whose advice and criticism have always been helpful. 


Princeton University 
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ON THE INTEGRALS OF CANONICAL SYSTEMS 

By Carl Ludwig Siegel 
(Received December 19, 1940) 

1. Trigonometrical series 

We consider a canonical system of differential equations 

(1) Xk ^ H Vk , yjc = H Xk (k = 1, • • • y n) 

and suppose that the real function H does not contain the independent variable 
t and is, in a neighbourhood of the origin, an analytic function of the 2 n variables 
X \ , • • • , y n . Let the number n of degrees of freedom be at least 2. We sup- 
pose moreover that the origin is an equilibrium point of the system; i.e. all the 
2 n derivatives H Xk , H Vk (k = 1, • • • , n) vanish at the origin. It may also be 
assumed that the function H itself vanishes at the origin. Denoting the 2 n 
variables Xi , • • • , y n by z\ , - • • , z 2n , we write the system (1) in the form 

2 n 

( 2 ) ik = ^2 a kiZi + Rk (k = 1 , • • • , 2 n), 

j-i 

where R k is a power series in «!,•••, z in beginning with terms of the second 
order. 

Let Xi , • • • , X 2n be the characteristic roots of the matrix (a w ). In our case 
of a canonical system, the characteristic polynomial is an even function; hence 
we may arrange the roots such that 

(3) X*+n = — X* (k = 1, • • • , n). 

We suppose that Xi , • • • , X n are linearly independent , with respect to the field 
of rational numbers; this means that the relationship 


0lXi + • • • + 0nX n = 0 


holds in integral numbers g x , • • • , g n only for g x = 0, • • • , g n = 0. 

If w is a power series of 2 n variables Xk , Vk (k = 1 , • • • , n) without linear 
terms and the determinant | w Xk1fl | 0 at the origin, the equations 

( 4 ) £* = w u , y k = w Xk (k = 1 , . . • , n) 

define a contact transformation of the variables X \ , • • • , y n into the variables 
£i > • • • , Vn , and the canonical system (1) is invariant: 

(5) kk = k t f]k ^ ~~Hi h (k = 1, • • • , n), 

806 
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It has been known 1 for a long time that after an appropriate contact transforma- 
tion the function H will depend only upon the n products 

(6) ' £*>?* = U (k = 1, • • • , n) 

and take the form 

(7) H = 23 + R, 

k - 1 

where R is a power series in the n variables fi , • • • , f „ beginning with quadratic 
terms. The integration of (5) for this normal form of H is then immediate. 
Since 

(8) H n = , H ik = HkH tk , 

we deduce from (5) that the n products f* are constant; hence 

& = a k e“<k\ ij t = 0 ( k = 1, • • • , n), 
with arbitrary constants a*,/3* and 

= f* {k = 1, • • • , n). 

The original unknown functions x, , • • • , y n become now series with the general 
term 

c „ e ( »i w r,+ ■••+<'« "f n )< 

where the coefficient c 0l ... 0n denotes a constant and gi , • • • , g n integers. If all 
the characteristic roots Xi , • • • , A n are pure imaginary numbers and the initial 
values of Xi , • • • ,y n real, then all the values // fl , • • • , H^ n are pure imaginar 3 r , 
and we get a representation of the solutions of the canonical system by trigo- 
nometrical series. 

This elegant method of solution has also been generalized to the case of a 
function II which contains explicitly the variable /, in periodical form, and is 
closely related to the important researches of Delaunay, Hill and Poincar<$ 2 in 
celestial mechanics. However, there is a serious objection: The question of 
convergence has never been settled . If we define sum, difference, product, quotient 
and derivative of power scries in a formal algebraic manner, we can perform 
these operations also with divergent power series, and then we can construct 
by straightforward calculation a transformation of the type (4) which reduces 
H to a power series of the n products $ k yk alone. But no proof for the conver- 
gence of this contact transformation has been given, with exception of some 
special examples, when the integration of the system (1) can also be carried out 
by elementary methods. On account of the small divisors appearing in the 

1 E. T. Whittaker, On the solution of dynamical problems in terms of trigonometric series t 
Proceedings of the London Mathematical Society, vol. 34 (1902), pp. 206-221. Cf. also 
G. D. Birkhoff, Dynamical systems , New York (1927), chap. 3, and E. T. Whittaker, A 
treatise on the analytical dynamics of particles and rigid bodies, 4th edition, Cambridge (1937), 
chap. 16. 

* Cf. H! Poincard, Les mbthodes nouvelles de la mkcanique cUcste , Paris (1893), vol. 2. 
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coefficients of the transformation, it seemed to be probable 8 that the series will 
diverge in general, but no single example had hitherto been found. From Poin- 
cares well-known theorem 4 on the analytic integrals of canonical differential 
equations we can only infer that those series do not uniformly converge, if 
Ai , • • • , A„ are variable complex parameters, whereas this theorem cannot be 
applied to a fixed function H. 

We arrange the coefficients of H in a certain order and denote them by 
hi , h 2 , hz , • • • . We assume that the power series H converges in a neighbour- 
hood of the origin and that the characteristic roots Ai , • • • , A„ are pure imaginary 
linearly independent numbers. The corresponding systems (hi , hi, h, •••) 
form the points of a space 2. A point of 2 is called singular , if the transforma- 
tion of H into the normal form (7) cannot be performed by a convergent contact 
transformation (4), and else regular. 

Theorem 1. Let (c x , c 2 , C3 , • • • ) he a point of 2 and «i , €2 , €3 , • • • aw 
arbitrary sequence of positive numbers. Then a singular point (h \ , h 2 , hz , • • • ) 
of 2 exists in the domain 

Ck — e* < hk < Ck + €* (k = 1, 2, 3, • • • ). 

This theorem asserts that the singular points are everywhere dense in 2. We 
shall reduce the proof to that of another theorem concerning the integrals of a 
canonical system. It would be important to obtain also some information about 
the distribution of the regular points of 2, but this seems to be rather a difficult 
problem. We do not know e.g., if the regular points are also everywhere dense 
in 2 and if they constitute an open connected set of points. In particular, it 
would be interesting to decide, whether H is regular or singular in the special 
case of the restricted problem of three bodies, with respect to the equilibrium 
solutions of Lagrange. But this seems to be beyond the power of the known 
methods of analysis. 


2. Integrals 

If P is any convergent or divergent power series of the 2 n variables x x , • • • ,y n , 
we define the Poisson bracket (P, H) by the power series 

(P, H)=± {P Xk H Vk - P Vk H Xk ). 

1 


* G. D. Birkhoff, Surface transformations and their dynamical applications , Acta Mathe- 
matics vol. 43 (1922), pp. 1-119. Cf. on the other hand G. W. Hill, Remarks on the progress 
of celestial mechanics since the middle of the century , Bulletin of the American Mathematical 
Society, 2nd series, vol. 2 (1896), pp. 125-136, and E. T. Whittaker, On the adelphic integral 
of the differential equations of dynamics , Proceedings of the Royal Society of Edinburgh, 
vol. 37 (1918), pp. 95-116. 

4 H. Poincar5, Les mHhodes nouvelles de la mAcanique ckleste , Paris (1892), vol. 1, chap. 5. 
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We call P an integral of the canonical system (1), if the equation 

(P, H ) = 0 


holds identically in the variables; in other words, P is an integral, if the rela- 
tionship 

P = 0 

follows from (1). 

The expression (P, H) is invariant under any contact transformation. By 
(6) and (8), we obtain 

«•*,#) = 0 (k = 1, • . i , n). 

Introducing into f* = hvk the original variables xi , • • • , y n , we find n power 
series 


(9) h = P k{x i , • • • ,y n ) (k = l, ... ,n) 

which are integrals of (1). Since the functional determinant of £, , • • ■ , y n as 
functions of Xi , • • • , y n does not vanish identically, these n power series are 
certainly independent one from another, i.e. there exists no power series of the 
variables P* with constant coefficients not all zero, which vanishes identically 
in the variables Xi, ,y„. 

Obviously the function H itself and more generally any convergent power 
series in the single variable II is a convergent integral. Tf H is regular, in the 
sense of our former definition, there will exist a convergent contact transforma- 
tion reducing II to the normal form (7), hence the integrals (9) will then also 
converge. Moreover, by (4), we deduce easily that the integral P* cannot be 
expressed as a power series in II alone. Therefore Theorem 1 is contained in 


Theorem 2. Let (ci , c 2 , c 3 , • • • ) be a point of 2 ami ei , 

^2 j €3 ) 

, • • • an arbi - 

trary sequence of positive numbers . There exists a point (hi , 

hi , hz 

in the 

domain 



Ck — €* < hk < Ck + €* 

(k = 

1 , 2 , 3 , ... ) 


such that any convergent integral of the corresponding canonical system (1) is a 
power series in the single variable H. 

The proof of this theorem depends upon several lemmata. 

Lemma 1. Any integral of (1) can be represented as a power series in the n 
integrals Pi, • • • , P„ . 

Proof: It is obvious that the sum, the difference, the product of two integrals 
and more generally any power series in a finite number of integrals without 
constant terms is again an integral. Let P(x i ,•••,?/„) be any integral of (1). 
By the contact transformation (4), this integral becomes a power series in the 
variables &,•••,»?„ with the general term 

Car- -anil (£**»>**)> 

*-l 
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where c„ v ..f n denotes a constant. Consider now the n differences 

dk ^ — Qk {k — 1, • • • , n). 

The sum of all special terms with ffi = 0, • • • , g n = 0 is a power series T in the 
n products |*ij* = = Pk(xi , • • • , y n ), and the expression 

P — T - J 

is again an integral. If J is not identically zero, take a term j of least degree 
(<*1 + ft) + • • • + (a„ + ft) = d and calculate the terms of degree d in the 
power series (J, H ). Since 

(J, H) = 0, 

we obtain from ( 6 ) and (7) the relationship 

n 

2D ^*(f*J{* VkJvk) ~ 0 


or 


2D = 0 . 

4—1 

This is impossible, the numbers Xi , • • • , X„ being linearly independent and the 
integers Qk not all zero. Hence / = 0 and P = T a power series in the integrals 
Pi) • • • , Pn . 


3. Linear transformation 

For our further purposes it is practical to introduce new variables u\, • • • , v n 
by a special linear contact transformation, which reduces the quadratic terms 
of H{x i , • • • , y n ) to the normal form Xi^m + • • • + \ n u n v n . Obviously we 
find such a transformation, if we replace in (4) the power series w by the sum 
of its quadratic terms. Let 

n 

( 10 ) ik — 2 taiuj + Ck,i+nVi) (k — 1 , • • • , 2 n) 

i-i 

be this transformation, 

(11) <S = (Cki) 
its matrix and 

n 

(12) H - E(ui, ■ • • , Vn) = 3D XkUkVk + • • • 

4-1 

the power series for H as a function of the new variables. By (3) and (12), the 
transformed canonical system is 

(13) Uk — E, k = X 4 U 4 + • * • , i>k — E ut — X 4 +BU 4 + • • • (k = 1, • • • , n). 
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Let 81 be the matrix of the coefficients dki in (2) and 2) the diagonal matrix 
with the diagonal elements Xi , • • • , Xj, . By (2), (10), (11), (13), we deduce 

86 = 62 ) 


(& = 1, — , 2 n), 


or more explicitly 

8c* = c*X* 

where c* denotes the k th column of the matrix 6. Since Xi , • • • , X„ are linearly 
independent, the 2 n characteristic roots Xi , • • • , X Sn are certainly different one 
from another. Therefore the general solution of the linear equation 

8? = fX* 


is 


J = c*P 

with an arbitrary scalar factor p. On the other hand, X* is pure i mag inary, 
and hence by (3), the bar denoting the passage to conjugate complex numbers, 

8c* — c*X* + „ ( k — 1, ••• j n). 

This proves the relationship 

(14) c* = c k+ n pk (k = 1, ... , n); 

with a certain scalar factor p* . Hence the linear functions Zk of the variables 
Mi , • • • , v„ are not changed, if C) is replaced by c ; (l = 1, • • • , 2ra) and at the 
same time the variables u t , vi by ui , v t , where 

(15) ili — Pi l vi , v i = piUi (l = 1, ... ,n); 

For any power series F, we denote by F the power series with the conjugate 
complex coefficients and the same variables. Since H is a real function, 

H(x i , • • • , y„) = R(x ! , • • • , y n ), 

we obtain 

E(u i , • • • , v n ) = E{<1 1 , • • • , v„) 

and in particular, by (12) and (15), 

X* = X*p*p* 1 (k — 1, • • • , n). 

The characteristic roots Xi , • • • , X„ are pure imaginary; hence the same holds 
for the n numbers p\, • • • , p„ . Obviously the canonical form of the s.ystem 
(13) and the quadratic terms of E are unchanged, if the variables m* , t>* are 
replaced by C'm* , a*t>* ( k = 1, • • • , »), where ai , • • • , a„ are arbitrary con- 
stants 9* 0. Denoting the columns Cta* -1 , c* +n a* again by c* , c*+„ , we have to 
replace the factor p* by p*(o*o*)“ 1 . Therefore we may assume that p* = ±i. 
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If pt — +*’ for any value of k, we replace moreover u* , v k by t»* , —u k and obtain 
the case p» = —i. Hence it is allowed to assume 

Pk = — * (k = 1, • • • , n). 

Now we change the notation. We suppose that the function H = 
H* (x i , • • • , y n ) and the matrix S are given and denote the characteristic roots 
Xi , • • • , X n by xf , • • • , X* , the corresponding power series E by E*. Let P 
be the set of all convergent power series 

n 

(16) &(Uk , • ,Vn) — 2 X k U k V k + • • • 

4-1 

satisfying the condition 

E{ui , = E{iv i , • • • , iu n ), 

with linearly independent values of Xi , • . . , X „ . Then the inverse of the linear 
transformation (10) takes any such function E again into a real power series H 
of the variables x k — z k , y k = z k + n ( k = 1 , • • • , n). 

If F is any power series in the variables Ui , • ■ • , v n , we denote by F t 
(l = 0, 1, 2, • • •) the sum of its terms of order l and by (77| the maximum of the 
absolute values of the coefficients of these terms. The proof of Theorem 2 is 
now tantamount to the proof of 

Theorem 3. Let be an arbitrary sequence of positive numbers. 

There exists a power series E of P such that 

| Bi - Ef\ < (l = 2,3,...) 

and any convergent integral of the canonical system 

iik — E VJe , Vk *= iui ( k — 1, • • • , ti) 

is a power series in the single variable E. 

Let E be an arbitrary power series of the set P and H(x i , • • . , y n ) the corre- 
sponding real function. By the linear transformation (10), the n power series 

(17) r* = P k{% 1 ; • • • > Vn) (k = 1, • • • , n) 

become integrals of the system 

(18) iik = E Vk , h = -E Uk (k = 1, . . . , n). 

Let Q be one of these integrals and 

n 

Qi = S ( ot k iU k Ui + &kiu k vi + yuVhVi) 

4,1-1 

the sum of its terms of second order, where 

<*4« = ««4 , yki = yik (k, l = 1, • • • , n). 



ON INTEGRALS OF CANONICAL SYSTEMS 


813 


Calculating the terms of second order on the left-hand side of the equation 

(Q, E) = 0 , 

we find by (16) the expression 

n 

2 + h)u k Ui + i 9ki(\k — h)u k vi — y k i{\ k + \i)v k Vi). 

M-l 

Hence 


&ki = 0, Vki = 0 

(A, 1 = 1, 

•••»«), 

?r- 

II 

o 

(k l) k, l — 1, 

• • . , n), 

and fjb takes the special form 



71 

(19) ft = 2 bkiUiVi + ... 

1 

(*« 1, 

• • • , n). 


By (4) and (10), the variables £ 1 , • • • , v\ n can be expressed as power series in 
U \ , • • • , v n . The determinant of the linear terms in these power series is 
different from zero. Let \pi , • • • , \p n be indeterminates and 

n 

(20) Xi = JL hiik C l = 1, • • • , n). 

fc— 1 

By (6), (19), (20), the quadratic form 

n 

£ 'I'khyk 

k- 1 

of the 2 n variables £ 1 , • • • , i?„ has the same rank as the quadratic form 

n 

2 XlUlVl 
l- 1 

of the 2 n variables U\ , • • • , v n . Hence the n linear forms (20) vanish simulta- 
neously if and only if fa = 0 (k = 1, • • • , n), and consequently their deter- 
minant is different from zero. On solving for u t vi from (19) we obtain n in- 
tegrals of (18) in the form 

= U 1 V 1 + • • • (Z = 1, • • • , n). 

Let us suppose that S il) contains a term of the special type 

w 

(21) c XI (u k v k ) ak } a\ + • • • + a n = g > 1 

jfc-i 

and that the degree g of this term is as small as possible. Then the integral 

S il) - ctlS ik) * k 

*-i 
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does not contain a term of this special type of degree g. It is now obvious 
that we can also construct n integrals 

= U 1 V 1 + • • • (Z — 1, • • • , Tl) f 

which do not contain any term of the form (21). Moreover the integrals 

S {1 \ • • • , S {n) and consequently the integrals (17) are power series in s (1 \ 

• - • . * (w) . Lemma 1 gives the result, that any integral of (18) is a power seri** 
of the variables s (l \ • • • , s (n) . This holds in particular for the integral E. Bj 
(16), the power series expressing E as a function of $ (1) , • • • , s (n) has the form 

E = X) + • • • ; 

hence we may also represent s (n) as a power series in E , s a \ • • • , s (n_1) . There- 
fore we have 

Lemma 2. There exist n — 1 integrals 

s U) = U\Vi + • • • (Z = 1, • • • , n — 1) 

containing no term of the type (21) and such that any integral of (18) is a power 

series in E , s (1) , • • • , s (n_1) . 

For the rest of our investigation, we will only consider the case of two degrees 
of freedom. As a matter of fact, the generalization of our proof to the case n > 2 
requires more complicated calculations, but does not present more serious 
difficulties. 


4. Estimation of the coefficients 

Lemma 3. Let (, rj be complex numbers and G a homogeneous polynomial of 
degree r in the variables Ui , u* , Vi , . Then 

(22) (I « I + ll I) lOl S (2r + 2) IJiu^ + nu^G]. 

Proof: We can write 


o = £ <? (i> , 

0 

where G {1) is also homogeneous in the variables Ui , « 2 , of degree l. Since 
|G] is the maximum of t he values [Q ( »~| (Z = 0, • • • , r) and |(£uit>Hbu 2 t> 2 )(?| the 
maximum of the values + WtVt)G U) , the inequality (22) will certainly hold, 

if it is true for G w instead of G and Z = 0, • • • , r. Hence we may suppose 

G = ]C 

*-o 

where <f>h denotes a homogeneous polynomial in v\, t> 2 , of degree r — l. If 
| £ | > | n |, we interchange £, Ui , i>i and ri,Ui,Vt. Consequently, we have only 
to consider the case 


( 23 ) 
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Putting 


<p - 1 = 0, <pi+i = 0, 


we obtain 


1 + j yvtVk (k = 0, • • • , l + 1), 


i+i 

({Ml V\ + riUiVi)G = E 
*- 0 


w 2 


p-0 


(fc = 0, . • • , I), 


whence, by (23), 

U 1 1 v’* I ^ E I $7 • 

p— o 

Since | G | is now the maximum of the numbers ]7Tj ( k = 0, • • • , l) and 
| (£uii>i + t]Uiih)G | the maximum of the numbers j $*"| ( k = 0, • • • , l + 1), 
the inequality 

I V I | G | ^ (Z + 1) | ({Mi Ui + ?jW2V2)Cr| 


holds. Moreover 


m + bl*2|„|, 1 + lSr + l, 

and the lemma is proved. 

By Lemma 2, the existence of n — 1 integrals s (!) (Z = 1 1) with 
certain properties was stated. In our case n = 2, let us denote the integral 
s (I> more shortly by s. Then 

QO 

(24) s = E s* , sj = Mitti , 

Jfc-2 


where s* is a homogeneous polynomial in ui , 1 * 2 , v \ , t> 2 , of degree If & > 2, 
the polynomial s* does not contain a term of the special form c(uiVi) a (utV 2 ) fi . 
Lemma 4. Let the canonical system 


(25) 


u k = E Vk , = -E Uk 


(k = 1, 2) 


possess a convergent integral , which is not a power series in E alone. Then the 
sequence 


loglg 

k log k 


(fc = 2,3, ...) 


has a finite upper bound. 

Proof: By Lemma 2, any integral P(«i , mj , t>i , v*) of (25) can be written as 
a power series in E and s, 


P = E c af> s a lf. 
<*•0— 0 
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We assume that there exists at least one coefficient 

Cap tA 0, a > 0; 

take a + 0 = g as small as possible. If P is a convergent integral, the same 
holds for the expression 

g-i 

p(«l , Ui,Vi,V 2 ) = P - JL CoffE*. 

0-0 

By (16) and (24), we find the decomposition 


where 


Pig = E C al) S?Et, 
a+P—o 


P = E P*, 
*-2 ff 


= wiVi, E 2 = XiUi^i + \2U2V2. 


The polynomial 


A — a— 1 

A — — ac a pS 2 A2 

a-f/3—17 


does not vanish identically; since it is homogeneous in the two variables U 1 V 1 
and U 2 V 2 , it may be written in the form 

( 27 ) A = + »‘%t> 2 ) 

*-l 

with constants £ <M , not both zero (h = 1, • • • , g — 1) and a constant c ^ 0. 

We denote by x, y, z any three of the variables Ui ,Ut ,vi,v 2 . Since p is a power 
series in s and E, the functional determinant 

d(E, p, s) _ 
d(x, y, z) 

identically in x, y, z. Calculating the terms of degree h — 3, we obtain 


V djE a , P 0 , s y ) = Q 
K+ 0 + 7 — h d{x, y, z) 


(h = 2g + 4). 


We apply this relationship for x, y, z = ui , ut , Vi and fora:, y, z = Ui , Ut , v t . 
Denoting the corresponding expressions 


y\ > Pfl) V d(E a , P$) y' d(E a , p^) 
*+ 0 -j d(p, z) ’ a-wli d(z, x) ’ • a + 0 l( d(x, y) 


(I *2g + 2) 


by An, A 2 i, A ji and By, B 2J , B«, we find 


E (au 

l+y-h \ 

E (fin 

i+y-h \ 


+ A21 - - + -A3J 


awi awa 
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Let mi , M 2 , Ms , M4 be certain appropriate positive constants, which do not 
depend upon the subscript k appearing in the formulas. Since the power series 
E and p converge, the inequalities 




hold, and consequently 


dEk 

dx 


<kn\, 


dpk 

dy 


< ky\. 


The polynomial d -~ is a sum of + 2 ^ terms, hence 


(k £ 2), 

(k ^ 2 g) 


d(Ea )Pfl) 
d(x, y) 


< 2 mi“ + *. 


If yf/k denotes any one of the six polynomials Au , • • • , S 3 * , we have 

| 1 < M 2 (k 2g + 2) , 

whence 


(30) 



By (26), the identity 


d(E 2 , p 2 0 ) _ ^ d(E 2 , s 2 ) 
d(x, y) d(x y y) 


holds and therefore we obtain in the case l — 2g + 2 for An , ... , B u the 
values \ 2 u x v 2 A y 0, “A 2 W 2 A, 0, \ 2 ViihA, — \ 2 ViV 2 A. From (28), (29), (30), we 
deduce now the inequality 


A 2 v 2 A 



dSk 

dui 



+ 


x A / dSk dsA 

A 2 t>iAI u 2 - v 2 ~ 1 

\ ou 2 ov 2 / 


< 2 (7 + 3) 4 f«71 M2 +2,+2 “ 7 

7-2 


and, by (27) and Lemma 3, 


(31) 


3s* 

3s* 

+ 

3s* 

, 3s* 

Ui 

dui 

1,1 37, 

U 2 r 

OW 2 

V 2 ~ 

dv 2 


7-2 


(ft ^ 3). 


If 


u = auf'vi'upt^’ 
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is any term of s* , then 

| «1 “ ft. | + | OLi — ft | 1, 

dco do) f dc o du ( Q N 

Ul Vl = ( ai - ft)«, w 2 x- r- = (<*2 - ft)«, 

OUl OV 1 dW2 Ot>2 

and (31) implies 

(32) f*| < k‘ +3 £ K| ^5"" (* - 3,4,...)- 

7-2 

Obviously the inequality 

(33) |«T| g (2 1’ +3 ^) 1 - 2 


is true for 1 = 2. If it is proved for l = 2, 3, • • • , k — 1, we find from (32) 
the relationship 


[ft | < k" n £ (2y e+ V3 y~ 2 H k r ^ (ft e+ V a)*" 2 £ 2 T " 2 < (2ft' + Va)*~ 2 , 

7-2 7-2 


and (33) holds for l = k. Hence 


8 * 


< kr tk 


lo 8.W < w . 

k log k ^ 


6. Proof of Theorem 3 

On account of Lemma 4, it is sufficient for the proof of Theorem 3 to con- 
struct a power series 

E=t l E k 

*- 2 

with the following 4 properties: 

I) Ek(ui , v * , Vi , V 2 ) = 2?fc(wi , w 2 , iui , ii^) (A = 2, 3, • • • ); 

II) jE? 2 — "f" X 2 'M 2 V2> 

wAere Xi , X 2 are linearly independent ; 

III) \E k -E:\ <(k (k = 2, 3, ...); 

IV) the sequence 

(ft = 2, 3, • • •) 


log [al l 

ft log ft 


has no finite upper hound. 
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The positive numbers a , , • • • are arbitrarily given. Obviously we may 

suppose that 

** < 1 (Jb = 2, 3, • • • ). 

We begin with the construction of Xi , X 2 . The coefficients \* , X? in 

E 2 = Xi U 1 V 1 *f“ X 2 U 2 V 2 


are pure imaginary and linearly independent; hence 



is a real number. We choose two integers 9, r such that 


(34) q > 1 + | «* | + 2 | X 2 * | 

(35) | qu>* + r | < 1 

and define three sequences of numbers q m , r m , l m (m = 1, 2, • • • ) in the fol- 
lowing manner: 

(36) r m = q m ( 53 9* 

(37) lm = q m + | r m |; 

(38) Ql = q 2 ; 


q m +i is the least integral power of q satisfying the inequality 
(39) q m +i > 9m + 4 | X 2 * 


It is obvious that the numbers q m , r m , l m are uniquely determined and q m , l m 
are positive. For the exponent a m in 

9m = q am 


the inequality 


Gm+l ^ 2 dm 


holds. Since di = 2, we obtain 

(40) o„ ^ 2” a m+1 - a m > a m g 2 m , 

hence r m and l m are integers and the sequence q m qm + 1 tends to zero. By (34), 
(38), (40), the series 

k-i 


( 41 ) 
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converges, and we find the estimations 

(42) 0 < £ g* 1 < gr 1 E <f* ^ 2gl l (ft = 1, 2, ...) 

k—h Jfc-0 

(43) 0 < 0 < 2gr‘ ^ q~\ 

Moreover, by (35), (36), (41), 

| r m I < g m (| w* I + g _1 + e), 
whence, by (34), (37), (38), (39), (43), 

(44) Zm+i - Im S gm +1 - q m - \ r m I > g m (g J - 1 - | <a* \ - 2g -1 ) > 0. 

Let Xi , X* be defined by 

(45) Xi = Xi*^-^, X 2 = X*; 
then Xi , X 2 are pure imaginary and 

Ei = \\UxVi + \ t utVt 

satisfies I) with k = 2. For the expression 

(46) pm ~ Xig m 4” X 2 r m (wi — 1, 2, • • • ) 

we find, by (36), (41), (45), 

00 

Pm “ X 2 Qm Qk 

m-rl 

and by (42) 

(47) 0 < PmXj ^ 2q m q m +i . 

If x, y are two indeterminates, the identity 

(Xix + X 2 y)g m Xi' 1 = (q m y - r m x) 4- 

holds. For given integral values of x and y, the number q m y — r m x is integral, 
whereas the absolute value of pmXl'x, by (47), is less than 1, if m is sufficiently 
large, and 0 only in the case x = 0. Therefore the numbers Xi , X 2 are linearly 
independent. On the other hand, by (34), (35), (43), (45), 

I Xi Xi | = l X 2 | 0 — - — «* < | X 2 | (g 1 4" g J ) < ft. 

Consequently II) is satisfied, and III) for k = 2. 

By (34), (37), (38), we have h ^ 4. If we define 

Et — E * 


(2 < k < h), 
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the conditions I) and III) are satisfied for k < h . Let m be any positive 
integer and assume, that the polynomials E k are already determined for k < l m 
such that I) and III) hold. Consider now any power series E = E 2 + E% + • • • 
of P with these fixed terms E k (k = 2, 3, • • • , Z m - l). Let s be the integral 

00 

S “ 2 3*, S 2 = UiVi 
*-2 

of the corresponding canonical system. Then 

(s, E) = 0, 

whence 

i 

23 ( s * > Ei +2 -h) = 0 (l = 3, 4, • • • ) 

Ji-2 

/ d$i ds\ . / dsi dsi\ 

\ dU\ dvi/ \ dUi dvt ) 

(48) 

dEi dEi r-> , . 

- Wi ^ ~ Vi ^ ~ E ^ h) - 

Let s tt fytU\UiViv\, E a p y tU?UtViV S i be corresponding terms of s t , Ei, where 
s al Jr» i Ea^ys are the coefficients. Then a+p+y+d=l and s a/h j = 0 for 
a — y, P — S. From (48) we obtain 

(49) {(a — y)Xi + (0 — 5)X 2 )$ a( s7j = (a — y)E a p y t + b a ft y > , 

where b a p y j denotes a certain bilinear function of the coefficients of s 3 , • • • , s;_i 
and E) , ■ ■ ■ , Ei-i . Since E k is fixed for k = 3, 4, • • • , l m — 1, we infer from 

(49) , that the coefficients of 8* for k = 3, 4, • • • , l m — 1 are uniquely deter- 
mined and that the same holds for the expression 

(50) SaM ~ (a - 7 )Xi + 03 - 5)X 2 E< * 

with a + P + y + 6 = l m and a — y, 0 — 5 not both zero. Take in particular 

a = q„, P = r m y = 0, 5 = 0, if r m ^ 0, 

a ~ (Jm j 0 = 0, 7 = 0, 5= t m , if r m < 0 

and denote the corresponding coefficients of si m , Ei m , E* m more shortly by 
<r m , Vm , vZ • Then, by (46) and (50), the value 

(51) (7m Q mPm (* fm ^?m) = Vm 

is uniquely given. 

If we choose for the two values 

(52) IJm = Vm i i e l m ) 
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we find, by (51), two values of c m which have the difference . By 

(39), (45), (47), the inequality 

I QmPm m | > §<7»>+l I I e lm ^ ™ 

holds. Hence we can determine the sign in (52) such that 
(53) | <Tm | > C' m . 

By (44), we have l„ < l m+ , . For A: * l n % l m + 1, • • • , i»+i — 1 we define 
Ek by 

E, m = E* m ± *€,„(«?“«»" + »SfjS-), if r m i 0, 

Ei m = £?„ ± i* Jin (u?”V" + »S?"mT*), if r m < 0, 

= .Ei (lm < k K. lm+ 1)< 

Now the conditions I) and III) are also satisfied for l m ^ k < lm+i . 

By this construction, a power series E satisfying I), II), III) is uniquely 
determined. The corresponding integral 

oo 

s = 2 St 
Jfc-8 

contains in the term 8i m the coefficient <r m . By (53), the inequality 

ra>C'" (m-1,2, ...) 

holds. Hence the condition IV) is also satisfied, and the theorem is proved. 


Institute fob Advanced Study. 
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A PROPERTY OF INTEGRAL FUNCTIONS OF ORDER LESS THAN 
TWO WITH REAL ROOTS 

By K. S. K. Iyengar 
(Received March 29, 1940) 

1. Introduction 

P. Erdds and T. Grunwald in their paper “On polynomials with real roots,” 
in Annals of Mathematics , Vol. 40, No. 3, July 1939, p. 537, have proved the 
following: Let/(x) be a real polynomial with real roots having consecutive single 
roots at x = a\ , x = 02 , and let P be the point of intersection of the tangents 
to the curve Y = f(x) at (ai , 0), (02 , 0), and let be maximum of f(x) 

in ( 0102 ). Then 

(1.1) §M(aia,) |a 2 — Oi| ^ f f(x)dx ^ $ 1 a, - Oi| • | Y(P) \ 

I J a 1 

where F(P) is the ordinate of the point P. 

It is the object of this paper to give two very comprehensive theorems, and 
give the best possible inequality (3.3) of the type (1.1), from which it will be 
obvious that the inequality (1.1) is the best possible only in cases of symmetry. 


2. Statement of the theorems 

Theorem 1 : Let cti < 02 , mi > 0 > - m*, and let <l>(x) be an integral function 
of order less than two, satisfying the following conditions. 

(1) the roots of <t>{x) = 0 are all real 

(2) 4>(a\) = 4>((h) = 0 and <t>(x) 9 ^ 0 in a\ < x < a 2 

(3) <t>'(ai) = mi and th'iai) = —mi. 

Then all the curves Y = <t>(x) lie above the curve 

(2.1) Y = -A-e B x (x - a,)(x - at) - m{x). 


Where A =(mim 2 ) l/ 7as - a v e Bm ° l+a,) and B = 


log mt/rrh 
a<i — a\ 


and you can find 'polynomials with real roots satisfying conditions (2) and (3) 
as near as you like to the minimum curve (2.1). 

Theorem 2: Let Oi < at and let <t>(x) be an integral function of order < 2 such 

that, 

(1) all roots of 4>(x) — 0 are real. 

(2) <t>(ai) = <t>(at) = 0 and 4>{x) > 0 in oi < * < at and 0'(«i) ^ 0, 4>'{at) * 0 

(3) <t>'(x<>) = 0, oi < x 0 < at 

(4) <t>(x o) = Mo . 
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Then all the curves Y = <t>(x) lie below the curve 

(2.2) Y = A(x - fliXo* - x)e Bx = M(x) 


where B = 


2a* 0 — — 02 

(X 0 “ 0i)(02 — Xq) 


and 


A = 


Afoe~ gar ° 

(Xo Xo) 


and you can ./Znd polynomials with real roots satisfying (2), (3) and (4) as near 
as you like to the maximum curve (2.2). 

Theorem 3i : The curve Y = Ae Bx (x — ai)(a 2 — x) of theorem 1 as in 2.1 Zies 
above Z/&e parabola which touches the lines Y = m\(x — ai) and Y = —rrh{x — 02 ) 
at (ai , 0) and (02 , 0) and coincides with the minimum curve in case m\ = m* . 

Theorem 32: The curve Y = Ae Ux {x — ai)(a 2 — x) of theorem 2 as in 2.2 lies 
below the parabola passing through (ai ,0), ( 02 , 0) and touching the line Y = ilf 0 


at Xo and if x Q 


ai + 02 
~ 2 


then the parabola will coincide with the maximum curve 


of 2.2. 

From theorems 1 and 3i we get 


(3.1) 


<t>(x)dx ^ / m(x)dx 

ai *ai 


= (aj — ai)-(wiiwi 2 ) / -<- + 


1 . 1 f Bl w(sinh u — u) , \ 


6 2 


I 


Bf 


du 


[ 


where Bi — B being defined in 2.1 

2 _ 


^ area of the parabola of contact = § Y(P)(a 2 — ai)* 


where Y{P) is the F-coordinate of the point of intersection of the tangents at 
(oj , 0), fa , 0) to F = </>(x). 

From Theorems 2 and 3 2 we get 

f«2 f a 2 — 2uo/l-t*o v . ainh w 

(3.2) / $(x)dx£ / M(x)dx= -r r .2M 0 *(a 2 — ai) / — ^ — dw 

1 n 0 •'O x^2 

£ where w<> = x 0 — — - ^ ^ J a2 ^ ai and B 2 = 2tto/l — m 2 J 


^ area of the parabola in (qiOa) of theorem 32 


2M 0 

3 


(a* — ai ) 1 


'Note: The two elementary propositions, namely: 

(i) if Y =* P(x) be a parabola touching the lines Y = mi(z — a 1) 
F “ — Ws(s — as) at ai, a 2 respectively 



iT(P)(a 2 - ad 


(as — ad 



3 
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so that combining (3.1) and (3.2) we get 


22Wo / \ ^ 6 


(at — cii) 


0 (as ~ a,) ■ 

Jo 


Bl u • sinh u 


J t* a 2 

4>(x) dx 


^ |F(P)(a 2 - a x ) 

where <f>(x) is any integral function of order < 2 satisfying the following con- 
ditions. 

(1) <j>(x) = 0 arc all real. 

(2) </>(ai) = 0 ( 02 ) = 0 <l>(x) >0 inai < x < a 2 

(3) <A'(ai) = mi </>'(a 2 ) = — m 2 

(4) 4>'(x 0 ) = 0 <^(rr 0 ) = M 0 a x < x 0 < a 2 . 

It will be obvious in the course of the proofs of theorems 3i and 3 2 that equality 
in the first and last inequality signs in (3.3) can occur only in the case of sym- 
metry, namely 

1 ai + a 2 

mi = m 2 and x 0 = — — 

JU 

so that the Erdos-Griinwald inequalit}' is the best possible only in case of sym- 
metry. 

Note: We may generalize theorem 1 to the case where conditions (2) and (3) 
are generalized as follows: 

(2) <t>(ai) = 0 is a zero of pth degree <t>( ) = 0 of qth degree 

(3) 0 p (ai) = mi <t> q (a 2 ) = 7^2. 

Then the minimum curve will be of the type 

Y = A(x — ai) p (a 2 — x) q c Bx where A and B will be given in terms of mi and m 2 • 
A similar generalization for theorem 2 is also possible. 

3. Proof of theorems 

. / \ 

Proof of Theorem 1. Let F(x) = where m{x) is the function defined 

lTl\ju j 

in (2.1); then 

(4.1) F(a0 = F(a 2 ) = 1 


(ii) If Y *» P(x) be a parobola touching the line Y = Mo at Xo in (aia 2 ) and passing 
through (ai, 0), (tt 2 , 0) then 

r a t 

/ y dx = |‘Mo(a 2 — ad, 


are assumed here. 
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and since 4>(x) is an integral function of order < 2 

(4.2) *{x) = «-*(* - Oi)(a* - x) {ft (l ~ |) 
all the An’s for n ^ 3 lying outside (aiOj). Hence 

(4.3) 


s k, ' t, )‘itrb 


so that log F(x) is concave (downwards) in the interval (aio*) and hence the 
arc of log F(x) will lie above the chord in (ai<h) or 


(4.4) 


log F(x) iO or <t>(x) ^ m(x) in (a^), 


equality occurring only when <t>(x) coincides with m(x). 

To prove the latter half of theorem 1, without any loss of generalization we 
take Oi = — 1, a% = +1. Let m(x) be the corresponding minimum curve as 
defined in 2.1. 

Let P(x) be the polynomial P(x) = (1 — x } ) {l — ^ a and n to be chosen 


presently, { | a \ > 1 } ; n being given by a — 


(mV 
_ \mj 


+ 1 

j so that P'( — 1) = wij, 

(W - 1 

P'(l) = -m t . 

Let mt > nti (the argument being the same also when rth < mi). Let 

P(x) 


then 

If -1 < * < 1 


#(x) " log SW' 

0(±1) = 0 and 0"(x) = — ( 


n 


(x - a) 2 ' 

1 6(x) | ^ ( i-=^.[Maxof |0"(*)|in(-l, 1)]. 

Now since m* > mi , (a > 1) and max. of | 6" | in (— 1, 1) will be at x — 1 


and for large n the last term will be 


*©■ 


hence P(x) = m(x)e 


■ 6 ) 


m(x)(l + e„), thus proving theorem 1 completely. 


Proof of Theorem 2: Let F(x) = log 


M{x) 


where M(x) is the maximum 
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function as defined in (2.2). Then 

F{x,) = F'(x o) = 0, 

and since $ is an integral function of order < 2, 

4>(x) - e ax+ \x - a,){(h - x). jfl (l ~ f) 
o„ for n ^ 3 lying outside ( 0102 ). 

Since ^ «*) - - £ S °' in M 

and F’(xo ) = 0 at x, in (ai < x 0 < a 2 ) we see that F{x) g F(x 0 ) = 0 in (o, x 
g 02 ), hence tf(x) ^ Af(x). 

The latter part of theorem 2, that we can find polynomials satisfying given 
condition as near as you like to M(x) can be proved in the same manner as the 
latter part of theorem 1. 

Proof of Theorem 3i: Without loss of generality we may take 01 = — 1 
oj = 1 ; given m ^ mi , the parabola of contact will be given by 

Y = Va- +>' +~2«.j3.x - a - fix = P(x) 


where 


2)7hrn 2 (»h + Vh) 
a = — > 


(mi - m 2) 2 


fi = 


2nii mt 


(mi - mY) 


m(x) 


Let F(x) = log where m(x) is the minimum curve as defined in (2.1) 
P(x) 


for the case Oi = — 1, (h = 1 
Then 

m(x) 


F(x) = log 


1 


Qon .a (V or + fi 2 + 2afix + a + fix) , 
,P"(1 — x-) J 


F(± 1) = 0 and F"(x) = — 2 log 0(x), 


where 


smce 


6(x) = y/ or - j- fi 2 + 2a/3x + a + fix — — 


(a 2 + 0 2 + 2afix) w 

, log0(x) < 0 in ( — 1, 1) 


e e 2 ' 

and 0(x) > 0 in (—1, 1) 


d* 

dx 2 


Hence F is concave downwards and the arc in ( — 1, 1) lies above the chord, or 


F(x) £ F(±l) = 0 
m(x) ^ P(x). 



328 


K. S. K. IYENGAR 


It is clear that in case m* = mi then the parabola of contact will be given by 
Y = (1 — x 2 ) and coincides with the minimum curve. 

A 

Proof of Theorem 32: As in theorem 3i , a x = — 1, a* = 1 and xo the maximum 
pt. 0. Then the parabola 

Y = y/ o? + /S 2 + — a — fix 

where 


Mo ,, Mo 

“"Si * * 

passes through (—1,0), (1,0) and touches Y = ATo at (x 0 , Af). 
Let Af (x) be the maximum function defined as in 2.2 and let 


Then 


F(x) = log 


Mix) 


P(x)' 
Fix 0 ) = F'ix 0 ) = 0 


and arguing as in the previous paragraph 

F"(x) ^ 0 in ( 0102 ). 

Hence in (aids) F(x) S F{x 0 ) = 0 

or M (x) g P{x) 

and in case xo — 0 the parabola will be Y = Af(l — x 2 ) and coincides with the 
maximum curve. 


University of Mysore 
Bangalore, India 
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THE PARTIAL SUMS OF MULTIVALENTLY STAR-LIKE FUNCTIONS 

By M. S. Robertson 
(R eceived September 12, 1940) 

1. Introduction 

In a recent paper (1) the author has a theorem concerning the n th partial 
sum of an analytic function univalcntly star-like 1 with respect to the unit circle. 
The theorem 7.2 stated that the n th partial sum was also univalently star-like 
with respect to the circle of radius 1 — 2 rC l log n. Dr. Otto Sz&sz has kindly 
pointed out to the author that in the proof of this result an incorrect estimate for 
| p n (z ) |, line 11, page 406, was used. The correct estimate should read 

(1.1) | p' n (z) | g r n (l - r)- 3 . {n 2 (l - r) 2 + (2n - 1)(1 - r) + 2} 

whence line 12 becomes 

n on MW ^ 1 ~ r _ r n (l + rf |"{(n - 1)(1 

U ' } L/»(z)J = l + r l~r L (1 — r) 2 - 

which may be shown to be positive for n > n 0 when 

(1.3) r = 1 — ±n~ x log n 

if one proceeds by the method used in the proof of Theorem 7.2. Thus Theorem 
7.2 of the paper (1) should be corrected to read 
Theorem 7.2: If 

f{z) = z + X 
2 

be regular and univalently star-like with respect to the unit circle then the n th partial 
sum is univalcntly star-like for | z | ^ 1 — 4 n~ l log n, n > n 0 . 

Whether the constant 4 is the best possible one or not the author is unable to 
say. There are reasons for belief that the best possible constant is the number 3. 
For instance, as will be shown in the last section of this paper, the well-known 
extremal function z(l — z)“ 2 of the theory of univalently star-like functions has 
a star radius R n for its n th partial sum with 

lim sup f 1 | = 3. 

n -oo {n- 1 log nj 

Since Theorems 7.3, 7.4, and 7.5 of paper (1) were made to depend upon the 
result of Theorem 7.2, the expression 1 — 2 n~ l log n in the statements of each of 

1 Multivalently star-like functions of order p are defined in the lines immediately follow- 

ing equation (1.4) of the present paper; univalently star-like functions are those of order 1. 
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- r) + 2}{w(l -r) + 2} " 
r n (l + r) 2 (l + n — nr) 
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these theorems should be replaced by 1 — 4 ri~ l log n. Dr. Sz&sz has informed 
the author that the sharp estimate 1 — Sn"" 1 log n holds for Theorems 7.4 and 7.5. 
Instead of making Theorems 7.4 and 7.5 depend upon Theorem 7.2 Dr. Szdsz 
obtained his result by showing directly that the n th partial sum of the function 
z( 1 — 2 z cos 0 + zY l is typically-real for | z | ^ 1 — 3 rf 1 log n. The above 
function, as was shown in Theorem 7.4, sets the pace for all the functions of the 
class under consideration. It might be pointed out that the function 
z( 1 — 2 z cos 6 + z 2 )' 1 has its n th partial sum star-like univalently, and k fortiori 
typically real, for | z | g 1 — SrT 1 log n as may be seen by direct calculation of 
9?[z/l(z)// n (z)] for the n xh partial sum/ n (z) of this function. I omit the details 
but the proof is quite similar to that given for the function z( 1 — z)~ 2 in the last 
section of this paper. 

It is now the purpose of this paper, besides correcting the error mentioned 
above, to generalize Theorem 7.2 to multivalently star-like functions. A defini- 
tion of multivalently star-like functions follows. 

Let 

(1.4) f(z ) = z v + Uj>-(-iZ p+l + • • • + a n z n + • • • 

be regular and multivalently star-like of order p with respect to the unit circle. 
This means that within the unit circle /(z) assumes no value more than p times, 
at least one value p times, and in addition is star-like, i.e., 

(1.5) >o, i z i < i. 

Geometrically, this means that as z traverses a circle \z \ — r < 1 in the anti- 
clockwise direction the radius vector joining the origin to the point w = f(z) 
in the w-plane turns also in the anti-clockwise direction, completing in this case p 
revolutions as z traverses the circle once. When p = 1 f(z) is said to be uni- 
valently star-like. In this case the radius vector cuts the image of | z | = r < 1 
in the te-plane once only for any direction from the origin. 

We have the following generalization of Theorem 7.2 mentioned above. 
Theorem A: If 

f(z) = Z p + (Zp+iZ^ 1 + • • • + UnZ n + • • • 

be regular and multivalently star-like of order p with respect to the unit circle then 
the 71 th partial sum 

fn(z) = z p + ap+iz p+1 + • • • + 0nZ n 

for n > nc(p) is also multivalently star-like of order p for 

| z | < 1 — (2p + 2 )ri~ l log n. 

I do not know if the constant 2p + 2 can be replaced by a smaller one. How- 
ever, the constant cannot be replaced by one which is smaller than 2p + 1. 
For, as will be shown in the last section of the present paper, the multivalently 



PARTIAL SUMS OP MULTIVALENTLY STAR-LIKE FUNCTION’S 


831 


star-like function of order p z v { 1 — z) 2p has its n th partial sum Jnultivalently 
star-like of order p in a circle about the origin whose radius is at most R n where 

Rn ^=1 (2p “t“ 1 )rf 1 log n 

(1.6) f 1 — 72 1 

lim sup s - > = 2p + 1. 

n-*oo tn-MognJ 

In the proofs to follow A will denote a constant depending only upon p and the A 
in one inequality need not necessarily be the same A which occurs again in 
another or in the same inequality. 


2. Preliminary lemmas 

Before coming to the main theorem we prove four lemmas. 
Lemma 1. If 

( 2 . 1 ) f(z ) = Z V + a p+ i2 p4 " 1 + • • • + 0nZ n + • • • 

be regular and multivale ntly star-like of order p for \z \ < 1, then 

(2.2) f{z) = W)Y 
where 

( 2 . 3 ) = z + d& + • • • + d n z n + • • 

is regular and univalcntly star-like for | z | < 1. 

Proof: Since f(z) is star-like for | z | <1 we have 

( 2 . 4 ) W{z)/m>QAz \ < 1 . 

Hence 


(2.5) V + 2 J z log { 2 ~ p /(Z) ) = z/'(z)//(z) = pF(z) 

where F(z ) is regular, F( 0) = 1, 31F(z) > Ofor | z | < 1. Thus 


( 2 . 6 ) 


/(z) = z p ■ exp p 



1} dz 


== [<t>(z)] P 


where 


(2.7) 


<Kz) = z exp fz-'tfXz) - 1 }dz, 
Jo 

{R[z^'(z)/0(z)l = $RF(z) > 0. 


Thus <f>(z) is univalcntly star-like and the proof is complete. 
2. If f{z) satisfies the conditions of Lemma 1 then 

(2.8) |/(z)| £ r’d + r)- 2p , | * | - r < 1, 


*'(0) = 1, 
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(2.9) 

( 2 . 10 ) 


9l[*f (*)//(*)] ^ P(1 - r)(l + r)~ 


a n | S 


(n + p - 1)1 
(n - p) ! (2p - 1)!’ 


n > p. 


Proof: We have from Lemma 1 


(2.11) m = mr 

and since 4>(z) is univalent (2) for | z | <1 

(2.12) | 4>{z) I s? K1 + r)~\ \z\ = r<l. 

Thus 

(2.13) |/( 2 ) | ^ r p (l + r)~ 2p . 

Again, since 

(2.14) zf'(z)/f(z) = p.F{z) 


where 9i F{z) > 0, F( 0) = 1, then (3) 

(2.15) 9 i[zf{z)/ttz)} = p9i'F(z) 2: p(l - r)(l + r)~\ 

Finally, it is well known that <p(z) is majorized (2) by 2(1 — z)~ 2 since 4>(z) 
is star-like univalently. Hence /(z) is majorized by z p (l — z)~ 2p and thus 


(2.16) 


I a n I 


< ( n + P - 1)J_ 
“ in - p)! (2p - 1)!’ 


n > p. 


This completes the proof of Lemma 2. 

Lemma 3. The following identity holds for r < 1, p a positive integer. 
oo r n +i r t 

(2.17) 2 «V = y- — p! + 2 A£(l - r)« , — »’, 

K-n+1 (1 — r) p+1 L m- 1 J 

where A„ = a polynomial in n of degree m whose leading [coefficient is positiv 4 
Proof: It is easily verified that 

00 n+1 

L - rr ^r 2 [1 + »(1 - *■)], 

n +i (1 — ry 

00 n+1 

(2.18) S * r (1 - r) 3 ^ + ^ 2 ' 1 ” 1 ^ 1 ~ r ) + n ( J “ r ) 

oo n+1 

2 kV — /T- — -tj [6 + (6n — 6 )(i — r) 

n+ 1 V-*- ’) 

+ (3 n 2 - 3n + 1)(1 - r) 2 + n a (l - r)*]. 

Thus the identity (2.17) is true for p = 1, 2, 3. We prove that it is true for any 
positive integer p by mathematical induction. Assuming (2.17) true for p = q 
we shall show that in this case it must also be true for p = q + 1. By assump- 
tion then (2.17) holds with p = q. Then if Al = $1 
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(2.19) 


oo 


e 

<-n4*l 


K i+ 'r‘ 


= A q m r n+1 ( 1 - 

dr m—o 

= r n+1 (l - r) _4_2 .23 ^m[(« + m — g) 

m*0 

X (1 - r) m+1 - (m - q - 1)(1 - r) m J 


n-M 


(1 — r ) q+ * 




(q + l)ilo + 2 

m =»0 

+ (<7 - m)(A 4 +1 - A 4 ))(l -r) m+1 ]. 


In the last summation the coefficient of (1 — ?*) 3+1 is seen to be n 9+1 and the 
coefficient of (1 — r) m ' tl is of degree (m + 1) in n since q — m ^ 0 and the lead- 
ing coefficient of A q m is positive for all m. Thus (2.17) holds for p = q + 1 
whenever it is true for p = q. But since we know that it holds for p = 1, 2, 3 
the proof by mathematical induction is complete. 

Letting 

f n (z) = z v -f a p+l z vU + • • • + a n z n , n ^ p, 

(2.20) p»(z) = rt„ +1 z” +1 + a n+2 z n+ 2 +..., 


/(«) = fn(z) + P»(z), 


we proceed to prove 

Lemma 4. // | z | = r = 1 — (2/; + 2)?r 1 log n then for n > /? 0 (p) there is a 
constant A depending upon p hut not upon n for which 


( 2 . 21 ) 


| P„(z) I < 4n -2 (log n)~\ 

| p' n (z ) | < A w -1 (log n)~\ 

\ I < An ( log n)~\ 

I m I - I Pn(z) | ^ -4. 


Proof: 


I Pn(z) | £ E V 


(k + P - 1)! 


^ / -wo ui r ‘<A 

-M-i (k — p)!(2p — 1)! »+i 

< Ar n+ \ 1 - r)~ 2p [(2p - 1)! + A^l - r) + • • • + n 2 ”" 1 (1 - r) 2 ’- 1 ] 
(2.22) r n+1 < { 1 - (2p + 2)n~ l log n} n < e _(2p+2) logn = n _2p ~ 2 , 

(2p - 1)1 + A?'' 1 (1 - r) + • • • + n 2p-1 (l - r) 2 ^ 1 < A (log n) 2p "\ 


| p„(z) | < An 


— 2p— 2 


n 


(2p + 2) log » 


2p 


• (log n) 2p 1 < An 2 (log n) -1 . 
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Similarly we have 

I P^X^ffcV 

Jfc—n 

. Ar n [(2 p) ! + A! p (1 - r) + ... + (» + l) 2p (l - r)*] 


(2.23) 

Again, 

(2.24) 

and 

(2.25) 


(1 - r) 2p+1 


/_ 


< An 


f(z) 

m 


n 


_ V 


\(2p+2) log 

g p (i±A 

r \1 - r) 


~\ ip+i 

-> -(logn) 2p < A(n logn) . 


* i no 

r 


< An ( log n) , 


1/(2) | - | Pn(0 | £ r p (i + r) -2p - An-Wogn)- 1 > A, 
for n > no(p), r — 1 — (2p + 2)n -1 log n. 

3. Proof of Theorem A 

Since 

(3.1) /n(0 = f(z ) - P»(z) 

we have for r = 1 — (2p + 2)n _1 log n 

mf'n(z)/fn(z)] = Vt\lzf'(z)/m ~ Z ~ ^ p^j ~) 

£ Mzf'(z)/f(z)} - r. * pn(z) I + 1 pn(z) l-inO/AO 


(3.2) 


l/(0|-|Pn(0l 

^ p(l — r)(l + r ) -1 

A(n log n) -1 + An~ 2 (log n) _1 -n(log n)~ 


^ An 1 log n — A{n log n) 1 > 0, n > no(p). 

Thus since an harmonic function assumes its minimum value on the boundary, 
we have for n > no(p) 

(3.3) $t[zfn(z)/f*(z)] >0 for r ^ 1 - (2p + 2)n~ 1 log n. 

To show that 

/n(z) = Z p + a P+ lZ P+1 + • • * + a nZ n 
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is multivalent of order p in | z | < 1 — (2 p + 2 )n~ 1 log n we apply a theorem 
due to S. Ozaki (4) which states that if f(z) is analytic in | z | ^ r and has p 
zeros there, none on the circumference, and if for some real a 

yt[e a zf'(z)/f(z)\ > 0 on \z \ = r, 

then f(z) is multivalent of order p in the circle \ z\ = r. Applying the theorem 
to / n (z ) we observe that f n (z) has no zeros on the boundary of the circle | z | = 
1 — (2 p + 2 )n~ l log n since for n > no(p) 

\fn(z) | ^ 1/(2) | - | Pn{z) i > A. 

Further f n (z ) has exactly p zeros inside the given circle. This follows by the 
theorem of Rouch6. On the circle 

I fniz) | > A, | p n (z) | < An~ 2 (log n) -1 . 

Therefore on the circle for n > n 0 (p) | f n (z) | > | p n (z) |, f n (z) 9 * 0. Hence 
by the theorem of Rouch6 f n (z) and f n {z) + p n (z) = /(z) have the same number 
of zeros inside the circle. But since f(z) has p zeros at the origin and is multi- 
valent of order p in the unit circle it follows that/(z) has exactly p zeros for | z | < 
1. We have thus shown that the conditions of the theorem of S. Ozaki hold for 
fniz) (with a = 0). Thus/„( 2 ) is multivalent of order p and star-like by (3.3) 
for | z | < 1 — (2 p + 2 )n~ l log n. This completes the proof of Theorem A. 


4. The partial sums of z p ( 1 — z) 2p 

Let us consider the following particular multivalently star-like function of 
order p 


(4.1) 


j{z) = Z p ( 1 - 2)- 2P 


•y (& + p — 1)1 jk 

h (k - p ) ! (2p - 1)! 


and its n th partial sum 


(4.2) 


/„(«) = 2 P + 2 pz p+l 


(w + p - 1)1 „ 

(w - p)!(2p - 1)1 


We define R n to be the radius of the largest circle | z \ = R n within which f n (z) 
is multivalently star-like of order p. We shall show that for n > no(p) 

Rn ^ 1 - (2p + 1 )n~ l log n 

(4.3) lim sup -1 = 2p + 1. 

»-.« In -1 log n) 

We shall first establish by mathematical induction the following identity 

(4.4) AM = 4’U - *)-»[ 1 - yz ^g jr-iil r J "' (1 - ■ 
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The above formula is easily verified to be true for n = p. Let us now assume 
it correct for a value n and then show that this implies that the formula is also 
correct for the value n + 1. We first note an integration by parts gives 


\2p — 1 


dz 


'dz 


— r 2 "- p+i a - zf 

n — p + 1 Jo 

= - (1 ~ 2) * + [ (1 - z)( 1 - z) 2p ~V 

n — p + 1 Jo 

= - (1 ~ + [V p (l - zY p - 1 dz - f z n ~ p+ \ 1 - zfv-'dz, 

n — p + 1 Jo J o 

z n ~ p+1 ( 1 - z) 2 p 
n — p + 1 


ft + 

n — 


p_+l r 2 n-„-H (1 _ z )2p-l dz = f 2 n- P(1 _ 2 )2p-l dz _ 

P + 1 •'o •'0 


Using the last equality we obtain 

/«(*>-/.(*)+ (n+, ' ,l 


„n+l 


= z p ( 1 - z)- 2p 1 


(n — p + l)!(2p — 1)! 

(n + p + 1)! 


(n - p + 1) ! (2p - 1)! 

+ i { r 2 -a - ,)*- * - - ■ f ii 

n + p + 1 \Jo n — p + 1 J J 

- - ‘>-»[> - f s "" +,<1 - & ] • 

Thus we have shown that the formula is correct for the value n + 1. This com- 
pletes the proof of the formula. 

Next we differentiate logarithmically the formula (4.4) and obtain 


Z/n(z)//»(z) = p (fTT-g) 


(4.5) 


(n + p)lz n ~ p+1 ( 1 - z) 2p_1 


j(2p - l)!(n - p)! - (n + p)! j[% n " p (l - z) 2p_1 dzj 

For value of | z \ — r < 1 for which 

(2p — 1)1 (n — p)! — (n + p)! f r n ~ p ( 1 + r) 2p_1 dr > 0 

vo 

we may write 

«[«/»(*)//»(*)] ^ p(f^) 

(4.6) (w + p) lr"~ p+1 (l + r) 3p ~ 1 

(2p - l)l(n - p)l - (» + p)l j[" r n_p (l + r) 2p_1 dr 
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Since I z B P (1 — z) 2p 1 dz is a polynomial with real coefficients whose signs 

JO 

alternate, it is seen that for (n — p) odd equality is obtained in (4.6) when 
z = — r. 

We shall then have 

M[zfn(z)/f(z)] > 0 

provided 

(2p — l)!(n — p)!p(l — r) — (n + p)!p(l — r) f r n ~ p ( 1 -f r) 2p ~ 1 dr 

(i) J ° 

- (n + p)!r n_p+1 (l + r) 2p > 0 

and 

(ii) (2p — l)!(n — p)! — (n + p)! f r n+p ( 1 + r) 2p_1 dr > 0. 

Jo 

It is readily seen that the inequality (i) implies the inequality (ii). 

Let the left-hand side of the inequality (i) be denoted by T n (r) and let r = 

1 — - where a = (2p + 1) log n. 

n 

For n > n 0 (p) 

T n (r ) > (n - p)!(2p)!^(l - r) 

- (n + p)!p(l - r)r n ~ p+l 2 2p_l - (n + p)!2 2p r’- p+1 

7 - (r) v , > ( 2 V + 1) ! (2n) -1 log n 
(n - p)\ 

- (2n) 2 " • p • 1 • ^1 - ") ' e~ a ■ 2 2p_1 - (2n) 2p -2 2p ^l - V a 

> (2p + l)!(2u) _1 log n — A(p)n 2p e~ a 

^ (2p + l)!(2n) _1 logn — *4(p)n” 1 

where A{p) is a constant depending upon p. Hence for n > no(p) 

(4.7) T„{1 - (2 p + l)n -1 log n} >0. 

On the other hand if we denote by A(p, e) a constant depending only upon 
p and c, 0 < c < 1, then for n > n 0 (p, c) when r = 1 — (2p + 1 — e)n -1 log n 
we have 

+ 1 - 'X 2 ”)" l0 * ” " 

< (2p)!(2p + 1 — e)(2n) -1 log n — n 2p • A (p, e)n* -1-2p 
£ (2p)l(2p + 1 — e)(2n)~ l log n — A(p, 
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Hence for n > ft 0 (p, c) 

(4.8) Tn{l - (2p + 1 - «)n -1 log n} < 0. 

Thus we have shown that for | z | ^ 1 — (2 p + l)n -1 log n and for n > «o(p) 

(4.9) mfn(z)/Mz)] > 0 

and that the constant (2 p +1) cannot be replaced by a smaller one for all 
(ft — p) odd. 

A proof similar to that given at the end of the preceding section shows that 
the ft th partial sum for the power series of z v { 1 — z)“ 2p is multivalent of order p 
for | z | < 1 — (2 p + l)?*" 1 log ft. Thus we have for n > fto(p) 

(4.10) Rn =1 — (2p + ljft” 1 log ft, 

(4.11) lim sup = 2p + 1. 

n — ♦» (ft“ l lOg ft J 

Rutgers University, 

New Brunswick, N. J. 
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TWO-SIDED IDEALS AND CONGRUENCES IN THE RING OF 
BOUNDED OPERATORS IN HILBERT SPACE 

J. W. Calkin 
(Received August 29, 1940) 

Introduction 

The developments of the present paper center around the observation that 
the ring SB of bounded everywhere defined operators in Hilbert space contains 
non-trivial two-sided ideals. 1 This fact, which has escaped all but oblique notice 
in the development of the theory of operators, is of course fundamental from the 
point of view of algebra and at the same time differentiates SB sharply from the 
ring of all linear operators over a unitary space with finite dimension number. 

As examples of two-sided ideals in SB we may mention here the class of all 
operators A such that 9t(A), the range of A, has a finite dimension number, the 
class of all operators of Hilbert-Sehmidt type, 2 and the class 7 of all totally 
continuous operators. Except for the ideal (0), every two-sided ideal in SB 
contains the first ideal mentioned, and except for the ideal SB itself, every two- 
sided ideal in SB is contained in the ideal 7. Moreover, on the basis of the special 
spectral properties of the self-adjoint members of 7, it is possible to characterize 
every two-sided ideal in SB very simply in terms of the spectra of its nonnegative 
self-adjoint elements; for both the formulation and the proof of this result, which 
together with the facts mentioned above is discussed in §1, the author is indebted 
to J. v. Neumann. 

The restriction of our attention to those ideals in SB wdiich are two-sided is 
basic for the points w r hich we wish to develop; the two-sidedness compensates for 
the absence of commutativity in SB in such a way as to permit the construction 
of quotient rings by the standard methods of abstract algebra. 3 These rings, 
which are of course homo morphs of SB with respect to addition and multiplica- 
tion, are also homomorphs of SB with respect to the operation *, and exhibit all 
of the formal properties of matrix algebras. This is established in §2, and there 
also various properties of the associated congruences in SB are discussed. 

The remainder of the paper deals solely with the quotient ring SB/T, w here 7 
is the ideal of totally continuous operators, and the associated congruence in SB. 
For essentially topological reasons, this is the only one of the quotient rings in 

1 An additive subset d of SB is a left (right) ideal if it contains AB (BA) for all A in A 
and B in SB. If 3 is both a left and right ideal, it is called two-sided. See references [1] 
and [19] at the end of the paper for the elementary properties of ideals. 

1 For a discussion in abstract terms of operators of this type (operators of “finite norm”), 
see reference [17], pp. 65-70. 

1 See, for example, [1], pp. 252-253, [19], pp. 56-57. 
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question which at present appears susceptible of deep analysis. For while 
there is in general no apparent way of introducing a topology in quotient rings 
over SB, the ring SB/3” is actually a complete metric space, the norm deriving 
very simply from the norm (i.e., bound) in SB itself (§3). 

Moreover, it is even possible to interpret SB/3” as an algebraic ring 4 * of operators 
in a suitably defined complex Euclidean space 8 whose dimension number is the 
cardinal number of the continuum. 6 7 Or, to put it differently, there exists in 
the ring of bounded everywhere-defined operators over 8 a subset 9R which is a 
(+, • , *)~isomorphism of SB/ff. Furthermore, this correspondence is even an 
isometry, the norm of an element of SB/3” being the bound of the corresponding 
element of 911. These facts are all established in §§4, 5, and in §5, various prop- 
erties of the algebraic ring 9R are discussed. 

Apart from its intrinsic interest, the analysis of the ring 9lt yields in a very 
simple way theorems of considerable depth concerning fB (§5). Of results of 
this sort, we shall here mention only a generalization of Weyl\s classical theorem 
comparing the spectra of two self-adjoint operators with totally continuous 
difference [20]. fi 

Before proceeding, we should like to point out various further developments 
which are suggested by the present paper and to which we propose to return at 
another time. 

First, while the algebraic ring 9R is not closed with respect to the weak 
topology for operators and so is not an operator ring in the sense of von Neumann 
[9, 11] one obtains such a ring by adjoining to 911 its weak condensation points 
in the ring of bounded everywhere-defined operators in 8. This “closure” 
R(9R) is of considerable interest from the point of view of the Murray- von Neu- 
mann theory of factors, especially since various preliminary results concerning 
R(9R) and 9R' suggest that they may be factors of class HI*/ 

Second, while the factors of class Hi and II 1^ of Murray and von Neumann 
are like those of class / n , w < H o, simple rings, those of class 11^ an? not. The 
construction of quotient rings over such a factor is therefore possible and gives 
rise to various questions analogous to those concerning SB with which we deal 
here. 8 

Finally, we should like to point out that the maximal property of the ideal € S 
of totally continuous operators described above does not persist if one considers 

4 We use the term algebraic ring with reference to operators to denote a class closed with 
respect to the operations + , • , *, and scalar multiplication. This is not a ring in the sense 

of von Neumann, [11], since no topological conditions are imposed. 

6 For the theory of complex Euclidean spaces of arbitrary dimension number, see refer- 
ences [6], [7], [13], [16]. 

8 All numbers in brackets refer to the bibliography at the end of the paper. 

7 For the notion of factors, and their classification, see [9]; for a construction of factors 
of class III*, see [15]. 

8 The class of members of a II* factor which are “normed” in the sense of [15] is a two- 
sided ideal. 
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instead of Hilbert space, a space § with dimension number greater than No- 
For example, in such a space, the class of all operators A such that 91 (A) contains 
no closed subspace with dimension number exceeding No is a non-trivial ideal. 
Moreover, if m is the dimension number of §, m ^ No, the class of all operators 
A which have the property that 9i(A) contains no closed linear subspaee of £ 
with dimension number m is a two-sided ideal different from £B and is identical 
with «Tif m = No . Furthermore, in every case, this ideal is maximal in the same 
sense in whicli f/is for m = No , and as von Neumann has pointed out to the author, 
the spectral characterization of ideals can be extended in a satisfactory way 
to describe the general case. Finally, investigations which are still incomplete 
suggest that a considerable portion of the analysis of the present paper has a 
counterpart in every case. 


1. Two-sided ideals in SB 

We proceed now to the characterization of all two-sided ideals in £B. 

Theorem 1.1. If Ain a left (right) ideal , the set A* of all adjoint# A * of elements 
A of A is a right (left) ideal. 

Since 3* is evidently closed with respect to addition, it is necessary only to 
show — when 3 is a left ideal — that 3* contains BA * for all B in £B and .4 in 3. 
But this follows at once from the relation BA* = (AB*)* and the fact that AB* 
belongs to 3 along with A. When 3 is a right ideal, an analogous argument is 
valid. 

Theorem 1.2. A necessary and sufficient condition that a left (right) ideal 3 
be two-sided is that 3 — 3*. 

The sufficiency of the condition is an immediate consequence of Theorem 1.1. 
Now suppose 3 is two-sided, A an arbitrary member of 3, A — WB its canonical 
decomposition. 9 Then A* = BW* = W*A W* is clearly in 4 and 3 = 3*. 

Since we now have no further direct concern with left or right ideals we shall 
refer to two-sided ideals merely as ideals. 

Theorem 1.3. The class C S of all totally continuous operators in £B is an ideal. 

That 3~is an additive class is obvious from the definition of a totally continuous 
operator; T is totally continuous if it takes every bounded set into a compact 
set. Moreover, by a well-known theorem, C S — T*. 10 Finally, since every mem- 
ber A of £B clearly takes bounded sets into bounded sets, ff is a left ideal. Hence 
by Theorem 2 it is an ideal. 

Throughout the remainder of the paper € S has the same meaning as in The- 
orem 1.3. 

Theorem 1.4. Let 3 be an arbitrary ideal in £B. I 1 hen either 3 = £B or 3 £ 3. 

The proof of this theorem is based on a characteristic property of totally 
continuous operators which the writer has noted elsewhere. 11 According to 

9 For the notion of canonical decomposition, see [9] and [12]. 

10 [2], p. 100, Th6or&me 4. 

11 [3], Lemma 3.1. 
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this result a member T of 35 is totally continuous if and only if every closed 
linear manifold in its range has a finite dimension number. Hence, if A is an ideal 
which is not contained in T, A contains an element A such that 9i(A) contains a 
Hilbert space 99?. We denote by 9? the manifold of zeros of A and by A\ the 
transformation induced on § © 9? by A. n The transformation A\ evidently 
possesses an inverse and the same range as A; moreover the fact that Ai is 
bounded assures us that the set ?( = Ai'Wl is closed. Thus 81 is also a Hilbert 
space. Hence there exist in fB partially isometric operators 13 X , Y both with 
initial sets £>, while 9?(X) = ?I, 3t(F) = 99?. Therefore the operator B = 
Y*AX has domain and range identically $ and belongs to SB. But Bf = 0 
implies either Xf = 0, Xf in 9 J, or AXf in $ © 99? , and all of these are impossible 
in view of the definition of A r and Y. Hence B~ l exists and since it is closed 
with domain £>, it belongs to SB. Therefore I = B~ l B belongs to A and A = SB. 

Theorem 1.5. Let A be an arbitrary ideal in SB, Ao the class of nonnegative 
definite self-adjoint transformations in A. Then Ao is the class of all operators B = 
(A* A)* such that A is an element of A, and if A\ is an ideal containing Ao, then 

A x i> A. 

If B is in Ao , it is obvious that B is of the form described in the theorem. 
On the other hand, if A is an arbitrary element of A y (A* A)* = B = W*A, 
where W is partially isometric; hence (A*A)% belongs to A, and thus to Ao . 
Finally the relations A = WB, B = assure us that A is the smallest ideal 

containing Ao . 

If A is an ideal in SB, we call the subset Ao defined in Theorem 1.5 the positive 
part of A ’. In order to characterize those subsets of the positive part of SB 
which appear as the positive parts of ideals, we recall that every self-adjoint 
operator T in can be reduced to diagonal form; that is, for each such T there 
exists a complete orthonormal set \(p n } in § and a sequence |X n } such that 
T<p n = \ n (p n , n = 1, 2, • • • . Moreover, the sequence {X n J is convergent to 
zero, and nonnegative if T is in the positive part of T. We call this sequence a 
characteristic sequence of T. 

We next observe that if T belongs to the positive part of an ideal ^and [\p n ] 
is another complete orthonormal set in then the member A of «T defined by 
the equations A\l/ n = X n ^ n , n = 1,2, • • • , also belongs to the positive part of A, 
since A = UTU~ l , where U is unitary. Hence, if A is an arbitrary ideal in SB, 
A £ C J the set of all characteristic sequences {X n } belonging to members of Ao 
may without ambiguity be called the spectral set of A . 

We now characterize intrinsically those subsets of the class of nonnegative 
sequences with limit zero which occur as spectral sets. As is indicated in the 
introduction, this result is due to J. v. Neumann. 

Definition 1.1. Let I denote the class of all infinite sequences of nonnegative 

19 We regard A as a transformation between Hilbert spaces in the sense of [8]. 

“For this concept, see [9], Definition 4.3.1. 
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numbers which converge to zero . A subset 3 of X is called an ideal set if it has the 
following 'properties: 

(i) If {X n } is in 3 o/nd ir denotes an arbitrary permutation of the positive integer s } 
{X,r(n)} is in 3; 

(ii) if {X n } and {p n } are m3, .so is {X n + Mn} ; 

(iii) if {X n } is in 3, iMn} in X and the inequality \ n ^ n n holds for all n , then 
{/in} is in 3. 

Our object now is to prove that every spectral set is an ideal set, and con- 
versely. We require first two lemmas concerning ideal sets. 

Lemma 1.1. Let 3 be an ideal set } {X n } an element of 3 until infinitely many 
terms different from zero. Then the subsequence of positive terms of {X n } belongs 

to 3- 

We distinguish two cases according as |X n } contains a finite or an infinite 
number of zeros. In view of condition (i) of Definition 1, we can assume in 
the first case Xi = X 2 = • • • = X, v = 0 and 0 < X n +i 2£X n ,w = jV+l,IV , + 
2, «... We then have to show that {X iV + n } belongs to 3- Let {/x n } be the se- 
quence defined by the equations 

Mn 555 Xtf+n , n = 1, 2, • • • , N, 

Mn = 0, n = N + 1, N + 2, • • • . 

Then {/z n } is dominated by a permutation of {X n } and hence belongs to 3, by 
conditions (i) and (iii) of Definition 1. Moreover, by condition (ii), {X n + Mn} 

belongs to 3- But we have X iV +n ^ X n + p n , n - 1, 2, . . • , and hence {X^+n} 

belongs to 3- 

Now suppose {X n } contains an infinite number of zeros. Again invoking (i), 
we assume 

X 2 A: ^ X2(*+d > 0, X2*-i = 0, k = 1, 2, • • • . 

We must then show that {X 2 n } belongs to 3- We define a sequence {n n } by the 
equations 

M2 k — X 2 &— 1 , M2*-l = X 2 k , k = 1 , 2, • • • . 

Then {Mn} is a permutation of {X n } and hence belongs to 3- But then {X» + 
Mn} belongs to 3> and we have 

X2n =! X n Mn 

Thus, by (iii), {X 2 n} belongs to 3 as we wished to prove. 

Lemma 1.2. Let 3 be an ideal sct f {X n } an element of 3 consisting sokly of 
positive terms. Then any sequence {Mn} which contains {X n } as a subsequence and 
which , except for this subsequence , consists solely of zeros , is a member of 3- 
We define 

X^-l == 0, ^2^ == X2fc , k = 1, 2, • • • , 

X^Li = X2*-i , Xaf = 0, k = 1, 2, • • • . 
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Then { } and {x£ 2) } are both dominated by {X n } and therefore belong to 3f. 
Letting jk denote the integer immediately preceding k/ 3, we now define two 
permutations m , tt 2 by the equations, 

TTi (k + jk) = 2A; — 1, 7Ti(4fc) = 2k, k = 1, 2, • • - , 

7T2(4fc — 2) = 2 k — 1, 7T2 (k + jk+2 ) == k = 1,2, • • • . 

The effect of the first of these permutations is to take the set of all integers divisi- 
ble by 4 into the set of all even integers, preserving order; and to take the set of 
all integers not divisible by 4 into the set of all odd integers, again preserving 
order. The effect of the second is to take all even integers not divisible by 4 
into the set of all odd integers, and the complementary set of integers into the 
set of all even integers, order being preserved in both cases. Hence the sequence 

{I'n} = {XtWn) + X^n) } 

which clearly belongs to 3, is related to the sequence {X n | by the equations 

V2k = Xjfc , V2k-1 = 0, k = 1, 2, • • • . 

But any sequence { n n } derived from { X n } in the manner described in the theorem, 
and containing an infinite number of zero terms, is a permutation of {j/ n } and 
therefore belongs to 

Thus, to complete the proof, we have only to dispose of the case that {/Xn} 
contains only a finite number of zero terms. In this case it is convenient to 
assume that {X n } is monotone. We can then complete the proof by showing 
that the sequence {/Xn} defined by the equations 

Mn = 0, 71 ~ 1, 2, • • • , iV 1, Mw-fri— 1 == X n j 71 = 1, 2, • • • , 

belongs to To do this we set 

Vn = Xi , 71 = 1, 2, • • • , iV, V n = X 2 , 71 = N + 1, 

N + 2, . . . , 2N, • • • . 

Then, from the validity of the lemma in the case of an infinite number of zeros 
and property (ii) of ideal sets we can conclude that {v n } is in But, since we 
clearly have 

Mn ^ Vn 

it follows that {/x n J is in $• 

Theorem 1.6. Let She an ideal in SB , ^ £ 3", aTid let $ be its spectral set . Then 
3 is an ideal set . Conversely , if 3 is an arbitrary ideal set in T, there exists an 
ideal in SB whose spectral set is 3. This correspondence between ideals in SB and 
ideal sets in X is an isomorphism with respect to the relation C. 

If d is a two-sided ideal in SB, d Si ^ we consider an arbitrary member A of do 
in diagonal form; A<p n = \ n <p n , n = 1, 2, • • • , where {<p n } is a complete ortho- 
normal set in $. Then {X n } is in the spectral set $ of d ) and since A can also 
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be put in diagonal form with reference to any permutation of the sequence 
{v?n), all permutations of {X n } clearly belong to 3 too. 

Now let B be any other member of 3o , also in diagonal form; Byp n = /x n ^ n , 
n = 2, • • . , and let U be the unitary operator defined on {^> n } by the equations 

U(p n = , n = 1, 2, • • . . Then A + V l BV is in 3a and 

(A + V l BU)<p n = (X n + fjL n )<p n , n = 1, 2, • • •. 

Thus {X n + Mn} belongs to 3- 

Finally, let {/x n } be a sequence such that /i n ^ X n , n = 1 , 2, . . . . We define 
an operator 2? 0 on |<p n } by the equations 

B(tp n = (Hn/^n)<Pn , X n 7^ 0, 

B{tp n = 0 , X n = 0. 

Then J5 0 has a closed linear extension B which belongs to fB. Thus AB belongs 
to 3. But ABip n = fjL n <p n , n = 1, 2, ••• , and therefore TB belongs to do, 
{Mn) to 3. 

We turn now to the converse part of the theorem, denoting by 3 an arbitrary 
ideal set in X. We designate by 3 the set of all totally continuous operators A 
such that a characteristic sequence of (A* A)* belongs to 3- Since, if 3 is an 
ideal, 3 is obviously its spectral set, we have only to show that 3 is an ideal. 

We begin by considering an arbitrary pair of operators A and B of 3, with 
the object of showing that A + B belongs to 3. To this end we consider the 
operators 

A = (AM) 1 , Z> 2 = D = (A* + B*)(A + B)' 

and characteristic sequences {X n j, j/z n }, {*>„} of D \ , D 2 , D, respectively. We 
have then to show that {v n \ belongs to 3- 

For convenience, we assume that the positive terms of each sequence are 
arranged in montone order; in addition, if any one of the sequences contains 
only a finite number of positive terms, we assume that the sequence itself is 
monotone. This assumption is clearly not restrictive, in view of condition (i) 
of Definition 1. Now let {Xn} be identical with the subsequence of positive 
terms of (X n ) if that subsequence is infinite, identical with }X n ) itself in the altern- 
ative case, and let {/in} and {v' n \ be defined in the same way with reference to 
{/i n } and { } respectively. Then, by Lemma 1.1, {\' n } and {/in} belong to 3; 
and by Lemma 1.2, {v n } belongs to 3 if \ v 'n\ does. Thus we can prove that 
A + B belongs to 3 by showing that { v n } belongs to 3- 

To establish the latter result, we note first the relation 

2(A*A + B*B ) - (A* + B*)(A + B) = (A* - B*)(A - B), 

which implies that 2 (D\ + Dl) — D 2 is nonnegative definite. Holding this 
fact in reserve, we then recall the theorem of Courant [4], 14 characterizing the 

14 The paper cited deals only with integral operators with continuous kernels. How- 
ever, the more general result required here is readily obtained. 
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sequence { v„ } associated with the operator D 2 in terms of maxima and minima. 
For our purposes, we may state this result as follows: 


( 1 ) 


v' = Min Max (Z> 2 /,/) 

dim n— 1 / < $©SD>1 
I/I— 1 


where dim (3D?) is the dimension number of 3D?. Similarly, 


( 2 ) 

( 3 ) 


X? 


/ 2 
Mn 


Min Max (D?/, /), 

dim 1 / e #©W 

I/I— 1 


Min Max (DlfJ). 

dim($)gn-l /«#©$ 

l/l-l 


On the basis of these relations we are able to conclude that the inequality 
(4) v 1 : £ 2(X,' 2 + m* 2 ) 

is valid provided we have j + k g n + 1. For if v ' 2 > 2(X,- 2 + n' h 2 ) holds, 
we have, in view of (2) and (3), 

v'n /2 > Min Max (D\f, f) + Min Max 

dim mSi~ 1 / « $©W dim W)£k - 1 / e $©$ 


and this implies 


v'*/2 > Min 

dim m+y)Zj+k-2 



which in turn implies 

Vn/2 > Min f Max (Dlf + DlfJ) 1, 
dim <<«+$)£ /+*-2 L/« £0(910$) J 

/ being restricted in every case to satisfy | / | = 1. But then, since D\ + D\ — 
D 2 / 2 is nonnegative definite, we have 

v 2 > Min Max (D 2 fJ) 

dim(2tt)£j+*-2 fe$QW 

l/l-l 


which contradicts (1) unless j + k — 2 is greater than n — 1, or unless j + k 
exceeds n + 1. Thus (4) holds for j + A: n + 1, as stated, and we have 

(5) v n ^ 2 (Ay + ma) forj + k n + 1. 


Now let r n be n/2 if n is even, (n + l)/2 if n is odd. Then, from (5) we have 

(6) ^ 2(\; n + M :j 

Moreover, the sequences {An}, {/in} defined by the equations 

X' 2 U = 0, A 2 * = A* , = 1, 2, . . . , 

M2A-1 = 0, M2* = , A = 1, 2, • • • , 

belong to 3 by Lemma 1.2; and since 

\ ; \" i // , // 1 0 

Ar* = A n -+- A*.^) , = Mn T ^r(n) , 71 = 1, Z, • • • 
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where r(2k — 1 ) = 2k , ir(2k ) = 2k — 1 , it follows from conditions (i) and (iii) 
of Definition 1.1 that the sequences {XrJ and {/x'j both belong to 3. But 
then, by ( 6 ) and conditions (ii) and (iii) of our definition, [v' n \ belongs to 3 , 
and this completes the proof of our assertion that A + B belongs to A. 

Now let A be an arbitrary element of A, D\ — (A*A)\ X an arbitrary element 
of SB, D\ = (A*X*XA)*. Since A is in c S f XA and D 2 are also. Let {X„}, 
{An}, { Mn } have the same meanings as above with reference to D x and D 2 • 
Then {X* } is in 3 and we can show that XA is in A by showing that \n ' n } is in 3; 
the arguments here are the same as above. 

To establish the latter, we again apply the theorem of Courant; 

Xl 2 = Min Max (Z)?/,/), 

dim (<m)£n-l / « $>0 Ml 

l/l-l 

Hn = Min Max (D 2 /,/). 

dim(5W)£n-l 

l/l-l 

But (Dlf, f ) = (A/, A/), ( Dlf , /) = (XA/, XAf) and (XA/, XA/) is bounded 
by iV 2 (A/, Af) for some integer N. Thus we have 

Hn ^ N\' n , 

and as {Xxl} is clearly in 3, so also is \n' n \. Hence XA belongs to A. 

Thus A is a left ideal and in view of Theorem 1.2, we can show that S is two- 
sided by showing that A is closed with respect to the operation *. But this is 
an immediate consequence of Lemmas 1.1 and 1.2 and the well-known fact 
that (A*A)* and (AA*)* have the same positive characteristic values, each 
with the same multiplicity . 15 

The concluding assertion of the theorem is obvious. 

Theorem 1.7. Let if denote the class of all operators A in £B such that $W(A) 
has a finite dimension number. Then [f is a two-sided ideal in £B. If A is an 
arbitrary two-sided ideal , in SB, then A = (0) or A 3 T. 

To establish the first assertion, we have only to note that the class 5 of all 
sequences in X with only a finite number of terms different from zero constitutes 
an ideal set. To establish the second we first observe that any ideal set different 
from the one containing only the sequence all of whose terms are zero, contains 
a sequence {X„} with Xi 9 * 0, X„ = 0 for n 5 * 1, by virtue of (i) and(iii). Hence, 
by (ii) and (iii) it contains all sequences of this sort and hence, by (i) and (ii), 
contains 3 * 

It is worthwhile to observe here that the effect of Theorem 1.6 is to establish 
an isomorphism between the lattice L\ of two-sided ideals in SB and a certain 
sub-lattice L 2 of the lattice of ideals in the ring 53 of all bounded sequences of 
complex numbers. To make this clear we require two preliminary results 
concerning 53; the first theorem is the analogue for 53 of Theorem 1.5 for £8 the 
second is analogous to Theorems 1.3 and 1.4. 


15 By [12], Satz 7, for example. 
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Theorem 1.8. Let 33 be the ring of all bounded sequences of complex numbers , 
3 an ideal in 33. Let 3o be the set of all sequences ( | A» | } such that { A n } is in 3* 
Then 3 contains 3o , and if 3i is an ideal in S3 containing 3o , then 3i =2 3- 

The proof is straightforward and is left to the reader. 

Theorem 1.9. Let L 2 be the lattice of all ideals 3 in S3 which satisfy the fol- 
lowing condition ; if {a n } is in 3, and t is a permutation of the positive integers 
{«r(n) ) is in 3- Then the set X of sequences convergent to zero belongs to L 2 , and if 
3 is an arbitrary element of L 2 , either 3 ! = 35 or 3 £ £• 

The first assertion is obvious. Now if 3 is a member of L 2 which is not con- 
tained in X, 3 contains a sequence {a„j which lias a subsequence {a n J such that 
{ a n J } is bounded, and which converges to a number different from zero. Fur- 
thermore, the sequence {b n J with b nk = a njc , b n = 0, n 7 * n k can be written 
{ bn } = \ C n } [an}, where c nk = 1, c n = 0, n 9 ^ n k , and hence { b n } belongs to 3* 
We now write the sequence [b n ] in the form { b n | = {p n e^ n }, p n > 0, and observe 
that {p n } also belongs to 3 by Theorem 1.8. But then by the same sort of 
argument that was used to prove Lemma 1.1, we can show that {p n J belongs 
to 3, and hence ja njt | does also. Hence {a} = |an*}{a“J} belongs to 3 
and c k = 1, k = 1, 2, • • • . Thus 3 = 93. 

Theorem 1.10. Let 3 be a member of L 2 , 3o the subset of 3 defined in Theorem 
1.8. Then cither 3o = 33o , where 33u the set of all sequences of nonnegative numbers 
in 35, or every sequence in % is convergent to zero and 3o is an ideal set in the sense 
of Definition 1.1. 

Theorem 1.10 follows at once from Theorems 1.8 and 1.9. 

Theorem 1.11. Let Li be the lattice of all two-sided ideals in £B, let the set 33o 
be called the spectral set of SB, and let the class of ideal sets be extended to include 
33o . Then Li is lattice-isomorphic to the extended class of ideal sets , each member 
of Li corresponding under this isomorphism to its spectral set. Similarly , the 
lattice L 2 is lattice-isomorphic to the extended class of all ideal sets, each member 
3 of L 2 corresponding to its 3o • Thus L\ and L 2 arc lattice-isomorphic and under 
this isomorphism SB corresponds to 33, C S to the class X of all sequences convergent 
to zero, ?F to the class g of all sequences with only a finite number of terms different 
from zero. 

Theorem 1.11 is obvious on the basis of preceding results and we omit the 
proof. Before proceeding, however, we wish to make the following observations: 
The ring 33 can be imbedded in SB in a very simple way; we have merely to 
choose a complete orthonormal set {<p n } in § and identify the element {a n } of 33 
with the closed linear operator A in £ which is defined on {<p n } by the equations 
A<p n = a n <p n , n = 1, 2, • • • . Moreover, if we consider 33 in terms of this identi- 
fication, each two-sided ideal 3 in SB corresponds under the isomorphism of 
Theorem 1.11 merely to its intersection with 33. This suggests an alternative 
attack on the problem solved by Theorem 1.6; however, in so far as we can 
determine, it is not possible to devise any essentially different proof of that 
theorem on this basis. 
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2. Congruences in fB 

We pass now to the study of congruences modulo an ideal A in SB. Following 
the standard procedure of abstract algebra, we consider the class fB/# whose 
elements a, 0, • - • are the residue classes of fB with respect to A ; by definition, 
two members A and B of fB belong to the same element a of fB/# if and only 
if A — B is in A . If a and 0 are arbitrary elements of fB/#, we define a + 0 
as the class of all elements A + B of fB such that A is in a, B in 0; similarly, we 
define a0 as the class of all A B in fB such that A is in a, B in 0. Then, from the 
general theorem 16 which is controlling in such situations, we have 

Theorem 2.1 . If a and (3 are elements of fB/#, so also are a + (3 and a0. With 
addition and multiplication defined in this way fB/# is a ring; that is to say , fB/# 
is a commutative group with respect to the operation +, and further, the following 
formal laws are satisfied : 

(a(3)y = ot(0y), ct{{3 + y) = a0 + ay, (0 + y)a = 0a + ya. 

Moreover, fjt>/A possesses a unit. 

It may be noted that except in the case A = fB, the subclass of fB/# each of 
whose elements contains a scalar multiple of the identity in fB, is isomorphic to 
the class of scalar multiples of the identify in fB, since no two of these elements 
of fB can have difference in A unless they are identical. It is convenient therefore 
to use italic letters for these elements as well as for the corresponding elements 
of fB. In addition we shall use the symbol 1 for the unit in f B Asf; that is, for the 
clement of f 6/ A whose members have the form / + T, where / is the identity 
in fB and T belongs to A. 

It is worth pointing out here that the ring fB /A, A ^ fB, is certainly non- 
commutative; to verify this one needs only to consider two orthogonal projec- 
tions E and F whose ranges are Hilbert spaces and whose sum is the identity, 
a partially isometric operator W which maps E on V, and the operator W*W — 
WW* = E — F which belongs to no ideal except fB itself. Later we shall show 
that the center of f %/A, A ^ fB, is the set of all scalar multiples of unity (Theorem 
2.9). 

Theorem 2.2. If a is an arbitrary clement of fB /A, the class a * of all members 
A * of fjB such that A is in a is in fB /A also. The operation * so defined in f 8/# 
obeys the following laws : 

(a + 0 )* = a* + 0*, (a0)* = 0*a*. 

That a* is in fB /A folloMte at once from the fact that A* = A; and the three laws 
stated in the theorem are readily verified on the basis of their validity in fB. 

Thus we see that the rings fB /A have all of the formal properties of matrix 
algebras and are homomorphs of fB with respect to the operations +, *, *, a« ; 

1# [1], pp. 262-263. The missing details necessary for our purposes are readily supplied, 
Cf. the discussion of the commutative case in [19]. 
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moreover, they are of course the only homomorphs of SB with respect to these 
operations. 

It is now desirable to consider these homomorphisms with respect to the fol- 
lowing important notions in operator theory; for an operator to be self-adjoint, 
to be idempotent, to be partially isometric, to be unitary. Hence we are led 
to define these concepts in SB /# without explicit reference to their meanings in SB. 

Definition 2.1. An element a of SB/# is called self-adjoint if a = a*; a self- 
adjoint element t of SB/# is called idempotent if t = «; on element u of SB/# is called 
partially isometric if u*u — e is idempotent, unitary if = coco* = 1. 

It is easy to see that under the homomorphisms SB — > SB/# the image of 
every-self adjoint operator is self-adjoint and that analogous assertions hold for 
projections, partially isometric operators, and unitary operators. We shall 
now show that with reference to the first two of these concepts the converse 
statements are also true. 

Theorem 2.3. If a is a self-adjoint element of SB/#, a contain# a self-adjoint 
member of SB, and conversely. 

Let a be self-adjoint, A an element of a. Then A* — A is in # and hence 
A + (A* — A)/ 2 = {A + A*)/ 2 is in a. The converse, as we have already 
noted, is obvious. 

Theorem 2.4. If « is an idempotent element of SB/#, there exists a projection 
E in SB which belongs to «, and conversely. 

The theorem is obvious for # — SB; we assume therefore # £ T. By Theorem 
2.3, e contains a self-adjoint transformation A, and since e is idempotent, 
A 1 — A = A (A — I) is in # and thus in 3". Hence A 2 — A can be reduced to 
diagonal form, and therefore A can also; A<p n = \ n <p n , n = 1, 2, • • • , where 
{#>„} is a complete orthonormal set in $. But then it follows that {X„} contains 
a subsequence { \|, 0) } convergent to zero, and such that the remaining terms of 
fX„) form a subsequence, say { X^ 1} } , convergent to 1, since under any other 
circumstances A(A — I) would fail to be totally continuous. Moreover, we 
can clearly assume that {Xi 1) j contains no terms with the value zero and that 
{Xi 0) ) contains no terms with the value unity. 

Now let 9H 0 be the subspace of $ determined by the characteristic elements 
of A corresponding to terms of { X^ 0) } , the subspace determined by the other 
characteristic elements of A, E<> and Ei the projections with ranges 9D?o and 9fti , 
respectively. We shall show that Ei belongs to e. To do this we note first 
that in fflfo , A — I induces a transformation with bounded inverse. Hence if 
B is equal to this inverse in ®?o and to zero in 99?i , 

Eo(A 2 A)BEo — EqAEq 
is in #, since A 2 — A is. Similarly, it follows that 

Ei{A — I) Ei — E\AEi — Ei 

is in #. But then, adding the right members of the two preceding equations 
we find that 
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EqAEq “f* E\AE\ — Ei = A — E\ 

is in A, and from this it follows that E x belongs to c. 

Again the converse part of the theorem is obvious, so the proof is complete. 

Theorem 2.5. Let A be an ideal in SB, Ao the set of all nonnegative definite 
self-adjoint elements of A, At the class of all squares of elements of Ao . Then a 
necessary and sufficient condition that every partially isometric element w of SB /A 
contain a partially isometric transformation W is that A 0 = At . 

Again the case A = SB is trivial, so we assume A £ X Let w be partially iso- 
metric, V an element of w, V = UB its canonical decomposition. Then 
V*V = B 2 belongs to an idempotent element e of SB /A. Hence, if we identify 
B 2 with the self-adjoint transformation A which appears in the proof of Theorem 
2.4, we can invoke that theorem to establish the existence of a projection E 
such that B 2 — E is in A. Moreover, an inspection of the proof reveals also 
that B 2 commutes with E and induces in the range of E a transformation with 
bounded inverse. In particular, this implies that E has for its range a subspace 
of the initial set of U and thus that VE is partially isometric, since 
EU*UE = E. 11 We shall now show that under the condition of the theorem 
B — E is in A. We note first that since B 2 and E commute, we have B 2 — E = 
(B — E)(B + E), and since B is nonnegative, B + E induces in a trans- 
formation with bounded inverse. Hence, if C is equal to this inverse in 
and to zero in ^ 0 we have ( B 2 — E)C = EB — E , and EB — E is in A. 

Moreover (/ — E)(B 2 — E) = (I — E)B 2 is in A. But if A has the property 
described in the theorem, [(/ — E)B 2 ]* = (/ — E)B is in .4, and thus 

(/ - E)B + EB - E = B - E 

is in A as we wished to show. But then V — VE = U(B — E) is in A and 
W = UEj which we have already shown to be partially isometric, belongs to co. 

It remains therefore for the converse part of the theorem to be proved. To 
this end, we suppose that A contains a nonnegative definite self-adjoint trans- 
formation B 2 such that B does not belong to A , and denote by a> the congruence 
class in fit/ A to which B belongs. Then, since B*B = B 2 belongs to A , we have w 
partially isometric by definition. But if V is a partially isometric transforma- 
tion in co, V*V = E must be congruent to B 2 modulo A , which is to say that E 
is congruent to zero modulo A . But this implies that E has range with finite 
dimension number and the range of E is the initial set of V. Thus V is in 
3F*and hence in A . However, V — B is in A since V is in w, and as B is by assump- 
tion not in A } we have a contradiction. Hence, the condition of the theorem is 
necessary as well as sufficient. 

We may note in passing that the ideals (0), 7, C S, SB all satisfy the condition of 
Theorem 2.5, but that these are not the only ideals which do so. Consider, for 
example, the class of all sequences {X n | of nonnegative numbers such that 


17 By [9], Lemma 4.3.2. 
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2 \n converges for some p. It is easily seen that this class is an ideal set in the 

n— 1 

sense of Definition 1.1. and that the corresponding ideal in B has the property 
of Theorem 2.5. 

For the sake of completeness, we state the following obvious theorem: 

Theorem 2.6. If W is a partially isometric member of SB, the congruence class 
of W in $>/3 is partially isometric in Q/3. 

Theorem 2.7. Let 3 be an ideal in SB. Then, if co is a unitary element of &/3, 
co contains a maximal partially isometric transformation 18 with deficiency-index 
(0, ft) or (ft, 0), ft < No. 

Again the case 3 = SB is trivial, so we assume 3 ^ SB. Let co be unitary, V a 
member of co, V = UB its canonical decomposition. Since co is also partially 
isometric, the first part of the proof of Theorem 2.5 applies to yield the following 
results: there exists a projection E with range in the initial set of U, and which 
commutes with B , such that V*V — E = B 2 — E and EB — E are in 3. But 
since V*V is congruent to I modulo 3, 1 — E is in 3 and thus (/ — E)B is in 3. 
Therefore 

B - E * (7 - E)B + EB - E 

is in 3. But then V — UE = UB — UE is in 3. Hence W = UE is a partially 
isometric operator which belongs to co. Moreover, since co is unitary, I — WW* 
is in 3 and hence, since this operator is a projection and belongs to 3 , its range 
must have a finite dimension number. Similarly, / — W*W has range with a 
finite dimension number. Thus both the initial and final sets of W have or- 
thogonal complements with finite dimension numbers. Therefore, if Wi is the 
contraction of W with domain 9f(£ r ) and X a maximal partially isometric exten- 
sion of W\ , X has the property required in the theorem and X — W is in 3. 
Thus X belongs to o>, and the theorem is proved. 

It is important to observe that every unitary element of 9t>/3 does not contain 
a unitary member of SB, except in the trivial cases 3 = SB, 3 = (0). 

To prove this, we consider an isometric transformation X with deficiency- 
index (0, ft), ft < No, and the congruence class c*> modulo 3 , to which X belongs. 
Then w is clearly unitary in SB/^ provided 3 (0). Now suppose U is a unitaiy 

transformation in o>. Then U — X is in C S , and thus in T, if 3 SB. Hence 1 — 
U~ x X is in ^and U~ l X also has deficiency-index (0, ft). But by a lemma which 
the author has proved elsewhere, this is possible if and only if ft = 0. 19 

Theorem 2.8. Let 3 be an ideal in SB different from (0), IF a partially isometric 
operator in SB with deficiency-index (m, ft) m, n < No . Then the congruence class co 
in SB f3 to which W belongs is unitary . 

If W has the properties stated then I — W*W and I — WW * are projections 

11 We call a partially isometric operator maximal if the isometric transformation which 
determines it is maximal. Similarly, we shall have occasion to refer to the deficiency- 
index of a partially isometric operator. 

19 [3), Lemma 4.1. 



BOUNDED OPERATORS IN HILBERT SPACE 


853 


which belong to y. Thus, since C S £ A by Theorem 1.7, both of these operators 
belong to A and w is unitary by definition. 

We conclude this section with 

Theorem 2.9. Let A be an ideal in £6, A £B. Then the center of 9&/A, that is, 
the set of all elements of fB/ A which commute with every element of {&/A, is the set 
of all elements X - 1, where X is a complex number . 

It is clear that the center contains the set of all scalar multiples of the identity; 
hence we need only show that it contains no other members. 

We begin by showing that it is sufficient to consider merely the self-adjoint 
members of the center. For suppose a belongs to the center. Then aft* — 
/3*a = 0 for all 0 in fd/A and hence (a/3* — /3*a)* = fia* — a*/3 = 0 for all /3 
in £B/«£ Thus a* belongs to the center, and consequently the self-adjoint 
elements a + a* and i(a — a*) do also. Now suppose a + a* = X*l, i(a — 
a*) = /x- 1. Then, eliminating a*, we have «=(/* + i\)/2i. Hence we have 
only to prove that every self-adjoint member of the center is a scalar multiple of 
the identity. 

In terms of operators in £B, this problem reduces to the following: to show 
that every self-adjoint operator A in £6 such that AB — BA is in A for all B 
in £B is of the form T + X/, where T is in A. 

We consider first the case A = f f. So we consider a self-adjoint operator A so 
that AB — BA is totally continuous for all B in fB. If A is not of the form T + 
X/, T in T, the spectrum of A must contain two distinct points, each of which is 
either a limit point of the spectrum of A or a characteristic value of infinite multi- 
plicity; for, otherwise, the spectrum of A consists solely of isolated characteristic 
values of finite multiplicity together with one point fi which is either a limit point 
or a characteristic value of infinite multiplicity, and in this case A — u I clearly 
belongs to C S. Hence if E(\) is the resolution of the identity of A , there exist 
numbers X 0 , Xi , X 2 , X 3 in the spectrum of A, X 0 < Xi < X 2 < X 3 such that l?(Xi) — 
E(\ 0 ) and 2?(X 3 ) — i?(X 2 ) have ranges 9)h and 9)J 2 , respectively, which are Hilbert 
spaces. 

Next let us consider the partially isometric operator W with initial set 2)?i 
and final set 9W 2 . We then have, for / in 

\WAf- AWf | ^ \AWf\ - | WAf |, 
and thus, since we also have 

\AWf \ £ h\Wf \ = X 2 |/ |, | WAf | = \Af | ^ Xi I/I 

we obtain 

| WAf -AWf | £ (X, - h)f. 

Hence (1 WA — AW) induces on Wi a transformation with bounded inverse and 
therefore (1 WA — AW)^ is a Hilbert space. Consequently, by a lemma 
previously referred to, WA — A W is not in 3". Hence the assumption that A 
is not of the form T + XJ, T in T, is untenable, and the theorem is established for 
d - J. 
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Consider now an arbitrary ideal A } X C A C X, A ^ X, A ^ X. As before, 
we consider a self-adjoint operator A such that AB — BA is in A for all B in SB. 
Since A C X, it follows from the preceding result that A is of the form T + 
X/, T in X Thus TB — BT is in A for all B in SB. Now let {^ n } be a complete 
orthonormal set of characteristic elements of T ; T(p n = \ n <p n , n = 1,2, • • • , 
and let us suppose that T is not in A. Moreover, let us assume that the sequence 
{<p n \ is so arranged that Xi is different from zero, while the positive terms of 
{ | X n | } are in monotone order. Let {/x n } be a sequence of positive numbers in 
the spectral set of A with mi < I Xi |; further let |X„J be an infinite subsequence 
of {X n } such that 0 < | X njfc | g p* , k = 1, 2, • • - . 20 Finally, let E be the projec- 
tion with range 50? determined by the orthonormal set {<pn*J and let W be a par- 
tially isometric transformation with initial set $ and final set 50?. 

Then WT - TW is in A. Hence WTW* - TWW* = WTW* - TE is in A . 
But then, since {X njfc } is in the spectral set of A by choice of that subsequence, 
TE is in A. Hence WTW* is in A, and therefore W*WTW*W = T is in A too, 
which is a contradiction. 

It remains to prove the theorem for the case A = C J. Let us suppose that 
BA — A B is in fffor all B in SB and that A is not in X. Then A is of the form 
T + X7, where T is in C S and not in X. Hence there exists an infinite orthonormal 
set {<p n } in § such that T<p n = X n ^ n , X„ 5 ^ 0, n = 1, 2, • • • , X n 5 * X m if m j* n. 
Hence, if U is defined by the equations 

l'<P2n == <P2n — 1 , [ T( P2n-l ~ <P2n , 71 ~ 1 , 2 , • • • , 

in the closed linear manifold determined by {<p n }, U = I in § © 50?, VTU~ l — 
T is not in X and hence UT — TV is not either. Therefore the assumption 
that A is not in X leads to a contradiction and the theorem is proved for A = X. 


3. A metric in £B/T 

We now confine our attention to the case A = X, beginning with the 
definition of a norm in SB/LT. 

Throughout the remainder of the paper we employ the notation | A | for the 
bound of the operator A of SB. 

Definition 3.1. Let a be an arbitrary element of SB/T. We define | a |, 
called the norm of a, by the equation 


a 


= g. 1. b. 

A € a 


Theorem 3.1. The norm | a | in £B/5T has the following properties: 


(1) 

| a | 0, the equality sign holding if and 

(2) 

| a + 0 | 

^ 1 a 1 + 1 0 1; 

(3) 

1 1 

^ Ml/M; 

(4) 

|aa| 

= |aH«|; 

(5) 

l«*l 

= 1 « 1; 

(6) 

HI 

- l. 


* If no such subsequence exists, T is in SFand hence in A* 
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The validity of the laws (2) — (5) is an immediate consequence of the defini- 
tion of | a | in terms of the norm | A | in SB, and the fact that the latter function 
has those properties. The same is true of the assertion | a | ^ 0. Moreover, 
in view of (2) and (3) we can conclude that the set of elements a of SB/7for which 
| a | = 0 is a two-sided ideal in fB/X Hence, since X is a prime ideal in SB, we 
have either a = 0 when and only when | a | = 0, or a = 0 for all a in gj/T. 21 
Thus to complete the proof it is necessary only to establish (6). We have then 
to show that 

g. Lb.\I+T\ = 1. 

T « X 

We note first 

I I +(T+ n/2 | £ | (/ + T )/\ 2 | + 1(7 + T *)/ 2 | = | 7 + T |; 

hence we need only show g. 1. b. | 7 + T | = 1 for T e X, T = T*. But, if T 
is so restricted, we can find, for any e > 0, a real number X with | X | < t such 
that T<p = \<p for some <p j* 0 in by virtue of the spectral properties of T. 
Thus |(/ + T)<p | / | <p | > (1 — e) and hence | 7 + T | exceeds l — e. But 
then, since e is an arbitrary positive number, we have | 7 + T | ^ 1. Hence, 
since | 7 | = 1, (6) follows. 

Theorem 3.2. With \ a — ft \ interpreted as the distance between a and 0, 
X>/X is a complete linear metric space. 

That flB/Tis a metric space follows from Theorem 3.1 while its linear properties 
are evident. To show that it is complete we must prove that, for every sequence 
{a n ( in SB/Tsuch that 

lim | a n — a m | = 0, 


there exists an element a such that 

lim | ctn — a | = 0. 

n— *oo 


Let {a n } be a sequence satisfying the first of these conditions. W T e choose a 
subsequence {a n J such that 


| Otn k ~ OLn | 



for n ^ n*. 


We then choose an arbitrary element A ni of a ni and an element C\ of 
such that | Ci | g $. Setting A n% = Ci + A ni , we have A nt in a n% 

| An % Ani I *3 

11 For the faet that X is divisorless in SB implies that SB/T contains no two-sided ideals 
except (0) and SB/ST itself. Cf. [19], pp. 56-57 for a discussion of ideals in commutative 
rings which is readily generalized to cover the case in hand. 
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Continuing this process we determine a sequence {A nk \, with A njt e a ni , such 
that 

I An k+1 An k | ^ 2* • 

Thus 

j - 1 j 

I An k+i An k | = 2 I A nh +i An h | = • 

Hence there exist an element A of SB such that 

lim | An k — A | =0, 

k—*ao 

and if a is the residue class to which A belongs we have, in consequence, 
lim | a n — a | = lim | a nk — a | =0. 

n—*oo k—*ao 

We note in passing that the space SB/«Tis non-separable. For every idempo- 
tent except 0 in SB/JT can be shown to have the norm 1, and if E(\) is the resolu- 
tion of the identity in SB of a transformation with spectrum the entire interval 
0 ^ X g 1, the set e(X) of idempotents in SB/fTsuch that c(X) contains E(\) 
has the property that c(X 2 ) — €(Xi) is an idempotent different from zero if 0 ^ 
X 2 < \i g 1. 


4. The space 8 

We now propose to realize SB/T as an algebraic ring of operators in a certain 
complex Euclidean space. To define a space 8 suitable for this purpose, we 
make use of a concept of generalized limit introduced by Banach and Mazur. 22 
In the interests of greater generality, however, we shall employ a less restrictive 
concept of generalized limit than that of these writers, and we begin with a dis- 
cussion of this concept. 23 

We consider a linear functional defined for all bounded sequences {x„ } of 
real numbers, denoted by Lim x n , which has the following properties: 

n-+ oo 

(a) Lim ( x n + y n ) = Lim x n + Lim y n ) 

n — *oo n —♦oe n—*oo 

(b) Lim x n ^ 0, for x n ^ 0, n = 1, 2, • • • ; 

n-* oo 

(c) Lim x n is independent of x p for each integer p; 

n— >oo 

(d) Lim 1 = 1. 

»—*ao 


* PI, P. 34. 

' ** The possibility of generalizing the notion of Banach in this way was pointed out to us 
by J. v. Neumann; originally we had employed the Banach limit. 
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For subsequent use, we note that (a) and (b) imply 
(e) Lim x» ^ Lim y n , if x n ^ y n for n — 1, 2, • • •. 

n-*oo n 

The reader will observe that the four preceding conditions differ from the four 
basic properties of the Banach limit, as given in the reference cited, in the follow- 
ing respects: first, we do not require homogeneity; second, and more important, 
the Banach limit has the property 

(1) Lim x-n+i = Lim x n 

n — ►<» n — *oo 

in place of our (c). Since from (1) one has 

Lim Xn+p+i = Lim x n , 

n — *oo n— ► oo 

it is clear that (1) implies (c). 24 

We now wish to show that homogeneity is a consequence of conditions (a) — (d) 
and that the use of (c) instead of (1 ) does not affect the other essential properties 
of Lim x n . 


To begin we observe that (a) implies 

(2) Lim rx n = r Lim x n for all rational r. 

n— * oo n— *oo 

We now consider an arbitrary bounded sequence {z n }, and rational upper and 
lower bounds, R and r, respectively, of {x n j. Invoking (2), (d), and (e), we 
then obtain 

R — Lim R ^ Lim x n ^ Lim r = r. 

n — *oo n —»oo n — *oo 

Hence, since R is any rational upper bound of {x n J, and r any rational lower 
bound, we have 

(3) 1. u. b. x n ^ Lim x n S g. 1. b. x n 

n — »oo 

Moreover, if we now invoke (c) in conjunction with (3), it becomes clear at once 
that we must have 


(f) 


lim sup x n ^ Lim x n ^ lim inf x n 

n— *oo n— *oo n-*oo 


Thus, we have the important property 

(g) Lim x n = lim x„ whenever lim x n exists. 

n — *oo n— *oo »-*oo 


84 The argument of Banach, loc. cit., thus serves to establish the existence of a functional 
with the properties (a)-(d ) . An elegant and simple direct proof of the existence of such func- 
tionals has been obtained by Ulam and Kakutani independently, but has not been published. 
Moreover, it is not difficult to show that there exist functionals satisfying (a)-(d) but not 
(1). This latter fact, however, is not of essential importance in the present paper, but 
rather in certain related investigations. Added in proof: Since the completion of this 
paper J. v. Neumann has developed a general theory of limits of the sort used here. 
His results will appear in a forthcoming number of the Annals of Mathematics Studies 
dealing with the theory of measure. 
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Furthermore, since it is now clear that Lim is a bounded additive functional 

»-*ao 

on the space of all bounded sequences, we can conclude that it is homogeneous: 

(h) Lim ax n = o Lim x„, for all numbers a. 

n-*oo »-*oo 

We now extend the notion of generalized limit to bounded sequences of com- 
plex numbers in the obvious way; if {x„} is such a sequence we set 

(i) Lim x n = Lim 9tx„ + i Lim Xx n . 

n-+ oo n-* oo n — *oo 

It is then readily proved that properties (a), (c), (d), (g), (h), persist in the com- 
plex case. 

Hereafter, as occasion requires, we shall refer to the properties of Lim x„ 

n-+ oo 

as given above by letter without other comment. 

We turn now to the construction of our space 8. First, we consider the class 
8" of all sequences {/»} in Hilbert space § which are weakly convergent to zero; 
this class is evidently a module when we define addition and scalar multiplica- 
tion by the equations 

{/») + (0"! = I /» + 9n |, 

a{fn] = {afn\. 

In 8", we define ({/„), !{/»)) by the equation 

({/n}, {0»}) = Lim (/„, g n ), 

n-* oo 

invoking the boundedness of the sequences |/ n ) and { g n } to assure the bounded- 
ness of the sequence of numbers { ( f n , g n ) } • Then from the properties of Lim 

n-*oo 

given above and the properties of the inner product in §, we have 

(a{f n \ +b{g n \, { M) = a({/n}, {h n m\g n ), [h„}), 

({/n}, {?»)) = ( { fifn l , {/„{), 

{fn}) * 0. 

Thus ({/»}, {g»}) has all the properties requisite for an inner product in 8" 
except that requiring that ({/„}, )/„)) = 0 if and only if )/„} = 0, and it is easy 
to see that this requirement is not fulfilled, since 8" contains sequences strongly 
convergent to zero. However, as A. E. Taylor [18] has pointed out, this require- 
ment is not an essential one, since we can regard it not as a postulate but as a 
definition of zero and thus of equality. In our case, this means that we must 
identify the sequences {/»} and [g B ) provided 

Lim \f n - gn | J = 0. 

n-*oo 
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In this way, we obtain a class 8* of elements /, g, • • • , the quotient group of the 
additive group 8" by the subgroup of elements j/„ | such that 

Lim |/„ | 2 = 0. 

n-*oo 

If under this homomorphism {/„( — */, \g n \ — * g, we define 

if, 9) = ({/»}, {ffn)). 

Thus we achieve in 8' a (possibly incomplete) complex Euclidean space; that is 
to say, 8' is a module and the function (/, g) has the properties 

(a/ + bg, h) = a(f, h) + b(g, h ), 

(/, 9) = W), 

(/,/) ^ 0, 

(/,/) = 0 implies / = 0. 

Since the pertinent facts in this connection arc discussed in the paper of Taylor 
cited above, it is unnecessary for us to dwell on them here. 

It now remains for us to consider the space 8' with reference to the matters of 
completeness and separability. The answers to both questions are provided 
through the two simple lemmas which follow. 

Lemma 4.1 . The cardinal number of 8' is not greater than the cardinal number c 
of the continuum. 

Let to m | be an arbitrary complete orthonormal set in £>, j/ n ) an arbitrary 
element of 8". Then, if 

oo 

fn ~ ) . a n ,m <Pm 

in—1 

ton.m} is a bounded matrix. Thus the cardinal number of 8" does not exceed 
the cardinal number of the class of all bounded infinite matrices, and the cardinal 
number of the latter class is c. Hence the cardinal number of 8' is certainly 
less than c. 

Lemma 4.2. The space 8' contains an orthonormal set with cardinal number c. 
We consider an enumeration jr„) of the positive rational numbers, a complete 
orthonormal set to») in §, and the correspondence r„ <-» between them. We 
denote by { ton) ) the class of all infinite subsequences of ton), « running over 
some set which we leave undesignated. Now let ai and 02 be any two distinct 
positive numbers, (r),) and {r^j infinite subsequences of }r„) convergent to Oi 
and o» respectively. Corresponding to )rl) and {/„'} we have two subsequences 
of to„) which belong to { ) ) ; we denote these by ton 1 ) and ton 1 ) , respectively. 
Then, for n larger than some integer N, we have 5* <pT and hence 

Lim to" 1 , <pn‘) = 0. 
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Moreover, 

Lim | <p% | 2 = 1, 

n-*oo 

for all a. Hence, if <p a denotes the element of 8' containing }, it follows that 
the set of all {<p a ) contains an orthonormal set with cardinal number c. 
Theorem 4.1. The space 8' is incomplete. 

Consider an orthonormal set j^ a } in 8' with cardinal number at least c. Then 
the set of all 2 a «'l'a with X I a <* | 2 < « has cardinal number at least 2 C , and 

a a 

hence, in view of Lemma 4.1, this set cannot belong to 8'. Therefore 8' is in- 
complete. 26 

We now denote by 8 the space obtained by completing 8'; the details of this 
construction are described in [5] and in [13], so we need not consider them here. 
Theorem 4.2. The dimension number of 8 is c. 

Since 8' is dense in 8, the dimension number of 8 cannot exceed c, by Lemma 

4.1. But by Lemma 4.2, it cannot be less than c. 

5. The algebraic ring 911 and congruence modulo 7 in SB 

We now consider transformations induced in the space 8 by means of members 
of the ring SB. 

Lemma 5.1. Let A be an arbitrary bounded everywhere-defined transformation 
in { fn } an arbitrary sequence of the class 8". Then [ Af n ) is in 8" and 

Lim | Af n | 2 = 0 if Lim | /„ | 2 = 0. 

n —♦oo n — *oo 

That [Af n \ is in 8" follows at once from the fact that a bounded transforma- 
tion is weakly continuous. And since we have | Af n | 2 ^ | A | 2 |/ n | 2 , n = 

1.2, • • • , it follows from property (e) of Lim that Lim | f n | 2 = 0 implies 

n — *oo n — *oo 

Lim | Af n | 2 = 0. 

n — *qo 

Theorem 5.1. Let A be an arbitrary member of £B. Then , if f is an arbitrary 
element of 8', and {/ n } belongs to f, we set 

9 = UA)f, 

where g is the element of 8' containing { Af n }. The transformation r l\(A) so de- 
fined in 8' is a single valued linear bounded transformation with bound not exceeding 
the bound of A in Thus T\(A) has a unique closed bounded extension T(A) 
with domain 8, and the bound of T (A) does not exceed the bound of A in 
That Ti(A) is single-valued follows at once from Lemma 5.1, while its linear 
character is a consequence of the linearity of A. Since, in addition, 

| UA)f I 2 = Lim | Af n | 2 £ Lim | A | 2 1/„ | 2 = | A | 2 1/| 2 

n-*oo n-*oo 


M This simple proof of Theorem 4.1 was suggested by J. v. Neumann. The theorem can 
also be proved directly. 
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it is evident that Ti(A) is bounded with bound less than or equal to | A |. Thus 
the transformation T\(A) = T{A) exists and has domain 8, while its bound is 
clearly the same as that of T X (A). 

Theorem 5.2. The class 9ll of operators T{A) in 8, defined for all A in SB, 
is an algebraic ring of operators in the, class of all bounded everywhere defined opera- 
tors in 8, and is a homomorphism of SB with respect to the operations and 

scalar multiplication; that is, 

T(A + B) = T(A) + T(B), T(AB) = T(A)T(B), 

T(A*) = T*(A), T(aA) = aT(A). 

All of these relations Jare quite obvious, except possibly T(A*) = T*(A). 
To prove this we consider two arbitrary elements/ and g of 8' and sequences 
\f n ] and \g n \ belonging to /and g, respectively. Then 

(T(A)f, g) = Lim (Af n , g n ) = Lim (/», A*g n ) = (/, T(A*)g). 

n — *oo n — »oo 

Thus T{A*) and T*(A) coincide on 8', and therefore throughout 8. 

Lemma 5.2. A necessary and sufficient condition that T(A) be the transforma- 
tion in 8 which takes every element of 8 into zero is that A belong to the ideal if of 
totally continuous operators in fB. Thus T(A) = T(B) if and only if A is congru- 
ent to B modulo ( S. 

From the homomorphism SB — > V)1l, it follows that the set of all A in SB such 
that T(A) = 0 is a two-sided ideal A in SB. Moreover, since a totally continuous 
transformation A in SB takes weakly convergent sequences into strongly converg- 
ent ones, it follows from property (e) of Lim that A 3 C S. Hence, by Theorem 

n — *oo 

1.4, we have either .4 = 3or ,4 = fiB. But since .4 clearly fails to contain the 
identity in Hi, we must conclude that ,4 = ‘f, which establishes the lemma. 

Since it also follows immediately from the homomorphism £B — * 9)1 that 911 
is isomorphic to the ring £B/.4, where if is the ideal of all A in fB such that T(A) = 
0, we can now conclude that 9lt is isomorphic to fB/3~. More precisely, we have 

Theorem 5.3. The algebraic ring 9 11 is isomorphic to i9>/‘S with respect to the 
operations +, ■,*, a-, an element T(A) of 911 corresponding to the element a of 
SB/3" if and only if A belongs to a. 

Definition 5.1. If a is an arbitrary element of tB/3", we define T(a) as the 
element of 9TI corresponding to a under the isomorphism of Theorem 5.3. 

Evidently T(a) is identical with T(A), for all A in a, and we shall continue 
to use both notations for elements of 911 as occasion requires. 

Theorem 5.4. An element T(a) of 911 is self-adjoint, partially isometric, or 
unitary, respectively if and only if a has that property in the sense of Definition 2.1. 
An element T(a) of 9R is a projection if and only if a is an idempotent according 
to that definition. 

The assertion of the theorem concerning self-adjointness is obvious. To prove 
the other parts of the theorem we note first that since the properties which form 
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the various criteria of Definition 2.1 are all defined in terms of the operations • 
and *, it follows from Theorem 5.3 that an element a of £B/£T possesses one of 
them if and only if T(a) does. But for transformations, each of these properties 
is characteristic of the class of transformations in question: more precisely, an 
everywhere defined bounded linear operator T in 8 is a projection if and only if 
j 2 = T* = T, 20 is partially isometric if and only if T*T is a projection, 27 and thus 
is obviously unitary if and only if T*T and TT* are equal to the identity in 8. 
Hence the theorem follows. 

The reader will note that Theorems 2.3-27 can be interpreted now to yield 
assertions concerning the homomorphism SB — > 9lt ; the details here are obvious 
and we omit them. 

Theorem 5.5. Let a be an arbitrary element of SB/T. Then the bound of the 
operator T(a ) in ? is | a |; in other words, the isomorphism 9ll is an isom- 

etry. Thus 011 is closed in the uniform topology for operators. 

Evidently the concluding assertion is a consequence of the first one and The- 
orem 3.2. Hence we need only show | T(a) | = | a |. 

From the final statement of Theorem 5.1 and the definition of the norm in 
ffi/lT, we have at once 

(1) I T(a) | g | a |. 

Hence we need only establish 

(2) | T(a) | 2 | « |. 

To prove (2), we first select an arbitrary clement A of a , with canonical decom- 
position A = WB. We then denote by X the lowest upper bound of those points 
of the spectrum of B which are either limit points of the spectrum or characteris- 
tic values of infinite multiplicity, and by S the set of points u in the spectrum 
of B such that u exceeds X. Then S clearly consists entirely of isolated points, 
each a characteristic value of finite multiplicity. Furthermore, either S is a 
finite sequence {jLin} or an infinite sequence with X as limit. Hence if 2Jl n is 
the characteristic manifold of B corresponding to p n , n = 1, 2, • • • , and we set 
C = j3 — XJon9K==]C Sftn , C = 0 on § © 9JJ, C belongs to &. Thus, if B x = 

n 

B — C, then A x = WB X belongs to a. Moreover, this is evidently the canonical 
decomposition of A x , so | A x | = | B x |. Hence we have 

(3) I Bx I £ | 4 

Now let us consider the transformation T(Bi) in 8. We distinguish two cases, 
according as the sequence j/i n ) is infinite or finite. If {/u„j is infinite, 3K = 
2W» is a Hilbert space and contains an infinite orthonormal set {^„j. Further- 

n 

more, Bi<p n = , n = 1, 2, • • • . Thus, if <p is the element of 8' to which 


» [17], Theorems 2.35, 2.36. 
" [9], Lemma 4.3.2. 
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{^ n } belongs, we have 

<p) = Lim (Bi<p n , <p n ) — X. 

(4) 

( V , v) = Lim (<Pn, <f> n) = 1. 

n — »oo 

But clearly X = | B x |, and hence we have 

(5) I 7W \Z\Bx\. 

Now suppose } is finite, and let E(\) be the resolution of the identity for 
Bi in fe. Then, since X is a limit point of the spectrum of B \ , there exists a 
monotone increasing sequence jX„} with limit X, such that E(\ n+1 ) — E(\ n ) is 
different from zero, n = 1,2, • • • . Hence we can select an orthonormal set 
{#>„} with <p n in the range of 2?(X„+i) - E(\ n ), n = 1, 2, • • • . Moreover, for 
every n, we have X„ g (B^ n , <p n ) ^ X„ + i . Hence if <p is the element of 8' 
containing \<p n \, we have (4) in this case also. 

Finally, since B 1 = W*A l we have T(B t ) = T(W*)T(A l ) and since T(W*) 
is partially isometric by Theorems 5.4 and 2.6, it follows that we have | 7’(1F*)| = 
1, and hence that 

(6) i mo i ^ i moi 

holds. But T(Ai) = T(a), and hence from (3), (5) and (6) we have (2) which 
completes the proof of the theorem. 

We now wish to prove that V)ll is not closed in the weak or strong topologies 
for operators. The proof reposes on the following lemma concerning monotone 
sequences of projections in 911. 

Lemma 5.3. Let { 7’(e„) J be a sequence of projections in 9)1 such that T(t n+l ) g 
T(«„), n — 1,2, • • • . Then, if lim T(t n ) = 0, T(t„) = 0 for all n greater than 

n —*oo 

some integer M. 

By Theorem 5.4, each of the terms of j «„) is an idempotent, and consequently 
by Theorem 2.4, contains a projection E„ of fB. The sequence \E„\, however, 
is evidently not necessarily monotone, and our next step is to show that there 
exists a monotone non-increasing sequence |F„) of projections in £6 such that 
En — Fn is in T, n = 1, 2, • • • . We begin by setting F x = Ei and then, assuming 
that F n is determined for all n ^ N, we show that F s +i can be defined. 

We note first that 

T(<n)T(t n+l )T( (n ) = T(e n +i) 

and hence that F^Ek+iFk — E N+i is in T. Consequently, it follows that 
(F k En+iF n ) 2 - FnEn+iFh is in J. Thus, if 9ft* is the range of F N , F n E n +iF n 
induces in 5D?jv a self-adjoint transformation E '„+ 1 congruent to its square modulo 
the class of all totally continuous operators in 2)?* . Hence, by Theorem 2.4, 
there exists in 2 W* a projection F ' k+ i congruent to E' n+ i modulo that class. 
Therefore if F N+i is the projection in § which is equal to F' N+l in 2 Rat, equal to 
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zero in § © SO?# , then Fn+i — F nEn+iF s is in 3~. But then Fn + i — En+\ is in 3 
and since F n +i is equal to zero in £ © 9)?* , we have Fx+i ^ F N . Thus the se- 
quence {F n } with the stated properties exists. 

Now let us suppose that T(€ n ) is never zero. Then, if lim T(e n ) = 0, T(t n ) 

n-*« 

must be different from T(e n + 1 ) for an infinite number of values of n. Hence 
we can select a subsequence {T(e nk )\ such that T(€ nh+l ) < T(e nk ) holds, k = 1, 
2, ••• . Consequently, we clearly have F njb+1 < F njfe , k = 1, 2, ••• , since 
T(en) = T(F n ). Therefore, if 9U is the range of F nk , none of the spaces 
91* © 9?*+i is empty, and we can select an orthonormal set \^ k ) with 
<Pk in 9?* © 9i*+i , k = 1, 2, • • • . Let 9to be the closed linear manifold deter- 
mined by \<pk}, F 0 the projection with range s J?o . Then Fo — F 0 F njfc Fo is the pro- 
jection with range determined by {<?/}> i = 1, 2, • • • k y and hence belongs to 3”. 
Consequently T(Fo)T(F nk )T(F 0 ) = T(Fo) and T(F 0 ) is clearly not zero. Hence, 
since we obviously have 


lim T{F 0 )T(Fn k )T(F 0 ) = 0 
*“♦00 

if lim T(e „) = 0, it follows that the latter is impossible. Therefore T(e„) = 0 

n— *00 

for all n sufficiently large, as we wished to show. 

It is of some interest to note the following alternative statement of the pre- 
ceding lemma; if { T(e n ) } is an infinite sequence of orthogonal projections in 9R, 
00 

and if T(e n ) is the identity in 8, then all but a finite number of terms of the 

n— 1 

sequence T(e n ) are zero. 

Theorem 5.6. The algebraic ring 9lt is not closed in either the weak or strong 
topology for operators. 

We consider a monotone sequence { T(e n ) J of projections in 9lt, with T(e n +i) > 
T(c n ), n — 1, 2, ••• . Such a sequence is readily generated by means of a 
sequence {E n } of projections in SB such that F n +i — E n is a projection with 
range a Hilbert space, n = 1,2,-.. ; we have only to choose e n as the residue 
class of E n . The sequence T(€ n ), being monotone, is convergent in both the 
weak and the strong topologies and has a limit which is a projection. Let us 
suppose that this limit is in 9R and hence that it has the form T(e) where e 
is an idempotent in SB/3 - . Then { T(e n ) — T(e)} is a monotone non-increasing 
sequence of projections in 911 with limit zero and thus T(e„) = T(e) for all n 
greater than some integer N , by Lemma 5.3. This, however, is impossible in 
view of the fact that {7\€ n )} was chosen with T(t n + 1 ) > 7\€ n ), n = 1, 2, • * • ; 
we must conclude therefore that the sequence { F(e w ) } has no limit in 9R. 

We proceed now to examine the relationship between the spectrum of a self- 
adjoint member of 0R and the corresponding self-adjoint transformations in SB. 
We begin with a formal definition. 

Definition 5.2. Let A be an arbitrary self-adjoint transformation in $. Then 
a point \ of the spectrum of A which is a limit point of the spectrum or a character ■- 
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istic value of infinite multiplicity is called a point of condensation of the spectrum 
The set of all such points is called the condensed spectrum of A . The complementary 
set in the \-plane is called the augmented resolvent set of A . 

Theorem 5.7. Let A be a self-adjoint transformation in Then a necessary 
and sufficient condition that X belong to the augmented resolvent set of A is that the 
manifold 9J? of solutions of the equation Af — X/ = 0 have a finite dimension number 
and that in © 90?, A — \ I induce a transformation with bounded inverse . 

Let 90? be the manifold of zeros of A, A \ the transformation induced in © 9J? 
by A. Then the condition of the theorem may be stated in this way: 90? is 
finite-dimensional and X is in the resolvent set of A x . But the latter is possible 
if and only if X is a finite distance from the spectrum of A \ , which is to say 
that X is an isolated point of the spectrum of A or belongs to the resolvent set of 
A . Thus the theorem follows. 

Theorem 5.8. Let A be a self-adjoint transformation in ip. Then the resolvent 
set of the transformation T(A) in 8 is the augmented resolvent set of A and the 
spectrum of T(A) is the condensed spectrum of A. Every point in the spectrum of 
T(A) is a characteristic value with multiplicity c. 

Let X belong to the augmented resolvent set of A , and let 90? be the manifold 
of zeros of A — X/, E the projection operator of ^ © 90?. Let B be equal in 
90? to zero, and in ^ © 90? to the inverse of the transformation induced in that 
space by A — X/. Then B is in fB and B(A — X/) = E. Thus 
T(B)T(A — X/) = T{E). But T(E) is the identity in 8, since I — E is in ST, 
and hence T(B) = [T(A) — Therefore X is in the resolvent set of 

T(A). 

Now suppose X is in the condensed spectrum of A . Then X is either a char- 
acteristic value of infinite multiplicity or a limit point of the spectrum of A , 
and in either case we can select an orthonormal set {^ n J in such that 

lim ( A<p n } <fn) = X 

n — *oo 

lim ( Aip n , A<f >„) = X 2 . 

n-* oo 

Thus 

lim | A<p„ — \<f> n | 2 = lim (| A<p n | 2 + X 2 | <p n | 2 — 2X(-4^ n , #>„)) = 0. 

n ■“♦oo n-*oo 

But then, if |^„} is any subsequence of and <r the element of 8' containing 
j^„j, we have 

T{A ) * = X^r. 

Moreover, there exist c such subsequences such that any two have only a finite 
number of terms in common and consequently c orthogonal elements of S' 
satisfying the preceding equation. Therefore X is a characteristic value of T(A) 
with multiplicity c. 


ii These are the Hfiufungspunkte of the spectrum in the sense of Weyl, [20]. 
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We have now shown that every point of the augmented resolvent set of A is 
in the resolvent set of T(A) and that every point of the condensed spectrum of 
A is in the spectrum of T(A). But since the augmented resolvent set and the 
condensed spectrum of A together constitute the entire X-plane, they must be 
respectively the entire resolvent set and the entire spectrum of A . 

It should be observed that we cannot infer from theorem 5.8 that the sum of 
the characteristic manifolds of T(A) is 8. Whether or not this is so we are 
unable to say at present. 

We now have from Theorem 5.8 the classical theorem of Weyl [20]. 

Theorem 5.9. Let A and B be two self-adjoint transformations in §, such 
that A — B is totally continuous. Then A and B have the same condensed spectrum 
and the same augmented resolvent set. 29 

The theorem is obvious since T( A) = T(B). 

We proceed now to determine the resolution of the identity corresponding to 
a self-adjoint transformation in <f)1l by means of the resolution of the identity 
of a corresponding member of SB. If A is self-adjoint in §, E(\) its resolution 
of the identity, it is clear that T(E(\)) has many of the properties of a resolution 
of the identity in 8. Specifically, it is readily shown that the following asser- 
tions hold: 

(1) T(E(\)) permutes with T(A); 

(2) T(E(\))T(E(n)) = T{E(u)) T(E(\)) = T(E(ja)) for M ^ X; 

(3) T(E(\)) = 0 if X is less than the lower bound of T(A ), T(E(\)) = 1 if X 
exceeds the upper bound of T(A)\ 

(4) in the range of T(2?(X)), the upper bound of T(A) does not exceed X, and 
in the range of 1 — T(E(\)) the lower bound of T(A) is not less than X. 

In spite of these facts T(E(\)) fails usually to be the resolution of the identity 
for T(A). This is readily seen in view of Lemma 5.3, which assures us that in 
general we do not have 

lim T(E(\ + € )) = T(E(\)). 

«-*o 

Moreover, if A and B are self-adjoint and congruent modulo T, E{\) and F(X) 
their respective resolutions of the identity, we do not in general have 
E(\) — F(X) in ST. Thus for a self-adjoint transformation T(A) in 9R we can 
exhibit many monotone families of projections with the properties (1) — (4) 
above, none of which is the resolution of the identity of A. 

We can however, derive from any one of these families of projections the 
resolution of the identity belonging to the member of 9H in question. The 
procedure is described in the following theorem. 

Theorem 5.10. Let A be a self-adjoint transformation in §, E(\) its resolution 
of the identity. Let E{\) be the family of projections in 8 defined by the equation 

E(\) = lim T(E(\ + €)), € > 0. 

•-*o 

99 Weyl proves also that if A is an arbitrary bounded self-adjoint transformation, there 
exists a totally continuous self-adjoint transformation T such that A + T has a pure point 
spectrum. At present we see no direct way to derive this result from ours. Cf. also [14]. 
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ThenE(\) is the resolution of the identity in ? of T(A). 

The existence of the limit E(X) follows of course from the monotone character 
of the family T(E(\)) which follows in turn from the corresponding property of 
2?(X). We shall now show thatF(X) has the following six properties: 

(1) E(\) permutes with T(A); 

(2) E(\)E(y) = E(y)E(\) = E(y) for y g X; 

(3) E(\) = 0 for X < a (a the lower bound of T(A)), and E(\) = 1 for X ^ 6 
(6 the upper bound of T(A))\ 

(4) lim£(X + e) = E(\), e > 0; 

• — *o 

(5) in the range of £(X), the upper bound of T(A) does not exceed X; 

(6) in the range of 1 — £(X), the lower bound of T(A) is not less than X and if 
it is equal to X it is not attained. 

The validity of (1) follows at once from the permutability of T(A) and T(E(\)). 
To prove (2), we note first that 

T(E(\ + e))T(E(y)) = T(£( m ))TCE(X + *)) for all € > 0. 

Thus, allowing e to tend to zero, we have 

E(\)T(E(y)) = T(E(y))E(\). 

Hence 

E(\)T(E(y + e)) = T(E(y + e))E(\) 

for all y and all c > 0. Consequently, again allowing e to approach zero, we 
have 

E(\)E(y) = E(y)E(\). 

Moreover, if m = X, we have clearly E(y) ^ ^(X), and so E(\)E(y) = E(y). 
Therefore (2) holds. 

Now let a be the lower bound of T(A). Then by Theorem 5.8, a is the lower 
bound of the condensed spectrum of A and it follows therefore that if X is less 
than a, then the range of 2?(X) must be finite-dimensional. For otherwise the 
spectrum of A would have points of condensation less than or equal to X. Thus 
T(E(\)) = 0 for X < a and therefore JE(X) = 0 for X < a. 

On the other hand, let b be the upper bound of the spectrum of T(A). Then 
b is the upper bound of the condensed spectrum of A and by a similar argument 
I — E(\) has a finite-dimensional range, X ^ b. Thus 7\E(\ + c)) = T(I ) 
for X ^ b and c > 0. But then E(\) is the identity in 8 for X ^ b. Thus we 
have (3). 

Next we note that for €i > e > 0, we have 

E(\) £ E(\ + e) ^ T(E(\ + €l )). 

Hence, allowing € and €i both to approach zero, preserving the relations «i > €, 
€i > 0, we obtain (4). 

Finally, we consider the behavior of T(A) in the range of£(X) and its orthog- 
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onal complement. Since E(\)AE(\) has upper bound not exceeding X, it 
follows that the upper bound of T(E(\ + €))T(A)T(E(\ + €)) does not exceed 
X + €. But for every / in 8, we have 

(E(\) T (A )E (X)/, /) = lim (T(E(\ + e))T(A)T(E(\ + € ))/,/), € > 0. 

«-o 

Hence the upper bound of E(\)T(A)E(\) does not exceed X and (5) is established. 

In entirely similar fashion, it can be shown that in the range of 1 — £(X) the 
lower bound of T(A) is not less than X. Moreover, if X is the lower bound and 
this lower bound is attained, we have for some / in 8, 

(1 - B(k))T(A)( 1 - E(\))f = X/. 80 

Hence 

lim (T(A)( 1 - E(\ + .))/,( 1 - E{\ + «))/) = X |/| 2 . 

o 

But ( T(A ) (1 — £(X + e))/, (1 — £(X + «))/) is monotone non-decreasing as c 
approaches zero, and consequently we have 

(T(A)( 1 - £(X + €))/,(l - £(X + €))/) g X |/| 2 

for some e > 0. This, however is impossible, since in the range of 1 — £(X + c), 
the lower bound of T(A) is not less than X. Hence, we have (6). 

These six properties are sufficient to characterize £(X) as the resolution of the 
identity of T{A). One can for example, argue as follows: On the basis of these 
six properties the approximation theorem (Theorem 0) of the paper [6] of Lengyel 
and Stone can be proved and from this result it follows that£(X) permutes with 
every bounded linear operator defined over 8 which permutes with T(A) ([6], 
Theorem 7). But this fact together with properties (1), (5), (6) above uniquely 
determines £(X) as the resolution of the identity for T(A ) ([0], Theorem 5). 

We are now in position to establish certain relationships between the resolu- 
tions of the identity belonging to two self-adjoint transformations in & whose 
difference is totally continuous. 

Theorem 5.11. Let A and B be self-adjoint transformations in such that 
A — B is totally continuous. Let E(\) and F(\) be the resolutions of the identity 
corresponding to A and B respectively. Then , if y is in the, augumented resolvent 
set of A, E(y) — F(y) is totally continuous. 

Let £(X) be the resolution of the identity of T(A) in 8. Then, since y is in 
the resolvent set of T(A), we have for some* 5 > 0, E(y — 5) = E(y + 8). But, 
from Theorem 5.10 it is clear that we have 

E(y — 6 ) ^ T(E(y)) ^ E(y + $), 

£(m — 8) T(F(y)) £ E(y + 5 ). 


,f [6], Theorem 3, for example. 
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Thus T(E(y)) = T(F(y)) and hence E(y) — F(y) belongs to T, as we wished to 
show. 

It is. important to note that the requirement that y be in the augmented 
resolvent set cannot be dropped from Theorem 5.11. Consider, for example, 
a nonnegative definite self-adjoint transformation A in § which is totally 
continuous and has an inverse, and its resolution of the identity E(\). Consider 
also the transformation 0 in $, and its resolution of the identity F(\ ). Then 
A — 0 is in ,T, but E(0) = 0 and F( 0) = /. 

Theorem 5.12. 31 Let A and B be self-adjoint transformations in & such that 
A — B is totally continuous , and let E(\) and F{\) be their respective resolutions 
of the identity. Then , if y is less than X, there exists a totally continuous trans- 
formation , in B such that E(y) + 7\,\ is a projection satisfying the inequality 

E(y) + 7’ M ,x ^ F(\). 

If r I\'\ can be chosen so that the equality sign holds , then the only points Xo on the 
interval y < Xo < X which belo?ig to the spectrum of either A or B are characteristic 
values of finite multiplicity. 

Conversely , let A and B be self-adjoint transformations in § with resolutions of 
the identity E(\) and F (\ ), respectively. Then , if the inequalities T(E(y)) ^ 
T(F(\)) and T(F(y)) g T(E(\)) hold for all X and y such that y < X, A — B is 
totally continuous. 

We prove the converse part first. From the inequalities in question, it fol- 
lows at once that 

lim T(E(\ + e)) = lim T(F(\ + € )), e > 0, 

«—*0 e — *0 

for all X and thus that T(A ) and T(B) have the same resolution of the identity. 
Hence T(A) = T(B), or A - B is in X 

Now let A — B belong to If, and let E(X) be the resolution of the identity of 
T(A) in V. Then, for fi < X, we have 

T{E{tf)) g EQi) g T(F(\)). 

Hence T(F(\))T(E(n))T(F{\)) = T(E(n)) and therefore F(\)E(n)F{\) - E(n) 
is in X. Consequently, invoking Theorem 2.4 with reference to the ring of 
bounded everywhere defined operators in the range of F(X), we see that there 
exists a totally continuous operator To in tB, with the value zero in the range of 
I — F(X), such that 

F(\)E(p)F(\) + To 

is a projection satisfying 

F(X)F(p)F(X) + To 4 F(X). 

Compare §4 of [20] to which this theorem is closely related. 
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Thus, if we set 

T„.x - To + F(\)E(y)F(X) - GO, 

T Mf x , is in X and J E(y) + T, <iX is a projection satisfying the inequality of the 
theorem. 

Now suppose we have 

E, + TVx = F(X). 

Then T(E(y)) = T(F(\)), and since for all Xo on the interval m < Xo < X, we have 

GO) ^ «(Xo) s WO), 

it follows that £(X) is constant on that interval. Hence every point on the in- 
terval is in the resolvent set of T(A) = T(B), and this is equivalent to the 
concluding statement of the first paragraph of the theorem. 

Corollary. Let A, B , JS'(X), and F(\) be as in Theorem 5.12. Then , if 
X^/i, 

E(y)F(\) - F(\)E(n) 

is totally continuous. 

From the inequality of Theorem 5.12, we have, for y < X, 

F(\)E(n) + F(X)?Vx = E(y)F(\) + 7V.xF(X), 
or 

F(X)flG0 - F(m)F(X) = T m ,xF(X) - F(\)l \ t \ . 

Thus F(\)E(y) — E(y)F(\) is totally continuous for y < X, and by symmetry 
for > X also. 

This is not necessarily so, however, for \ = y. For consider any two projec- 
tions E and F in § such that dl(E) and 9i(F) and their orthogonal complements 
are Hilbert spaces. Let A be a transformation which is equal to zero in 9?(2?) 
and which induces in § © a nonnegative definite self-adjoint totally con- 
tinuous transformation whose inverse exists. Then A is in T and if 2?(X) is the 
resolution of the identity of A, E(0) = E. Similarly, we can define a self- 
adjoint totally continuous operator B with resolution of the identity F(\) such 
that F( 0) = F. But then A — B is in X } while in general E(0)F(0) — F(0)E(0) 
is not. 

It follows also from the preceding example that the hypothesis y < X of 
Theorem 5.12 cannot be replaced by the hypothesis y ^ X. 

We conclude this paper with a few observations concerning congruence 
modulo X in £B which are not restricted to self-adjoint transformations. 

Theorem 5.13. Let A\ and A 2 be members of £B whose difference belongs to X, 
Ai = WiBi , A 2 = W2B2 their canonical decompositions . Then B\ — B% is in T, 
and if zero is in the augmented resolvent set of B \ , W\ — W2 is in X 
Since A*Ai - B\ , A? A* = B\ , we have T(A*Ai) - T(Bj) = T(fiJ). More- 
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over, [T(Bi)]* = [!T(Bj)] s = T{B\). But B x and B t are nonnegative definite 
and hence 

Lim (Bif n ,f n ) £ 0, Lim (Bj/„,/ n ) ^ 0 

n-*oo »-*oo 

for all {/»} in 8", by property (/) of Lim. Hence T{B X ) and T(Bt) are both 

n —*oo 

nonnegative definite, and since T(B\) can have only one nonnegative definite 
square root, we have T(B X ) = T(B 2 ) which implies that B x - B 2 is in X 
Now let 


T(Ai) = WB 

be the canonical decomposition of T(A X ). Then B = T(Bi) = T(B 2 ). More- 
over, 


' T(Ai) = TiWJTiBJ = T(W 2 )T(B 2 ). 

Hence we can infer that the initial set of the partially isometric transformation 
T(Wi) contains the initial set of W (the closure of the range of B ) and that the 
two transformations are equal there. Hence T(W\) is identical with W pro- 
vided the initial set of T(Wi) is the closure of the range of B. But, if the 
origin is in the augmented resolvent set of B x , it is in the resolvent set of 
T(Bi) = B and hence W is unitary. Thus under the hypothesis of the theorem 
we have T(W X ) = W. Furthermore, under that hypothesis, the origin is also 
in the augmented resolvent set of B 2 and hence a similar argument yields the 
equation T(W 2 ) = W. Thus T(W X ) = r(W 2 ) and W 1 - W 2 is in T as we 
wished to show. 

We wish to emphasize that the hypothesis that zero be in the augmented 
resolvent set of B x cannot be omitted from Theorem 5 . 13 . For example, con- 
sider a totally continuous nonnegative definite self-adjoint transformation A 
with an inverse. Then if A = W\B X is its canonical decomposition and 0 = 
W 2 B 2 is the canonical decomposition of 0, we have W i = I,W 2 = 0 y A — 0 in X 
We now extend Theorem 5.9 to cover transformations which are not neces- 
sarily self-adjoint. 

Definition 5.3. Let A be an arbitrary bounded everywhere defined transforma- 
tion in We define, the augmented resolvent set of A as the set of points X in the 
complex plane such that the following conditions are satisfied: 

(1) the manifold of zeros of A — X/ has a finite dimension number; 

(2) the range of A — XI is closed ; 

(3) the orthogonal complement of the range of A — \I has a finite dimension 
number . 

The complement of the augmented resolvent set is called the condensed spectrum of A. 

Evidently the augmented resolvent set of A contains the resolvent set, so that 
our terminology is justified. 

Theorem 5.14. Let A and C be two bounded everywhere-defined transforma- 
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tions in $ such that A — C is totally continuous . Then A and C have the same 
augmented resolvent sets . 

It is sufficient for the proof to show that every point in the augmented re- 
solvent set of A is also in the augmented resolvent set of C. 

Let X be a point of the augmented resolvent set of A, 90? the manifold of zeros 
of A — X/. Then on $ © 9ft, A — XI induces a transformation T with an 
inverse whose range is 9t(A — X/). Moreover, since 5K(A — X/) is closed, 
r r~ l is bounded. 

Now let 91 be the manifold of zeros of C — XI. Then if 9i is a Hilbert space, 
© 2ft) -91 is a Hilbert space, and T has a contraction 7\ with domain 
($ © 2ft) *91 which also has a bounded inverse. But in (§ © 2ft) *91, we have 
A — C = Ti and this contradicts our hypothesis that A — C is in X. Hence 91 
must have a finite dimension number. 

We now observe that when X is a point of the augmented resolvent set of A, 
X is a point of the augmented resolvent set of A *. Hence the preceding argu- 
ment serves to show that the manifold of zeros of C* — X/ has a finite dimension 
number. But this manifold is precisely the orthogonal complement of the 
closure of 5ft (C — X/), and hence to show that X is in the augmented resolvent 
set of C, it remains only for us to prove that 5R(C — X/) is closed. 

To establish the latter we consider the canonical decompositions 

A - X/ = W X B, , C - XI = W 2 B 2 . 

From Theorem 5.13, it follows that Bi — B 2 is totally continuous. Moreover, 
since the range of A — X/ is closed, so also is the range of Bi , while the manifold 
of zeros of B\ is the manifold of zeros of A — X/. But them the origin is in the 
augmented resolvent set of Bi and hence in the augmented resolvent set of B 2 . 
Hence 9t(J3 2 ) is closed which implies that 5ft (C — X/) is closed also as we wished 
to show. 

If X is in the augmented resolvent set of A, we denote by R\ the transforma- 
tion which is equal to zero in § © 91(4 — X/) and which takes each element/ 
of $ft(A — X/) into that element g in the orthogonal complement of the manifold 
of zeros of ( A — X/) which satisfies {A — \I)g = /. Thus R\(A — X/) is the 
projection with range the orthogonal complement of the manifold of zeros of 
A — XL We call the family of transformations R\ so defined the augmented 
resolvent of A. 

Theorem 5.15. Let A and B he two transformations in & such that A — B 
is in X Let Ri l) and R\ 2) be respectively their augmented resolvents . Then 
R\ 1] — R\ 2) is in X for all X for which these transformations are defined . 

Consider the transformation T(A) = T(B) in 8. If X is in the augmented 
resolvent set of A (or B) it is in the resolvent set of T{A) ) and TiR^) and T(R\ 2) ) 
are both inverses of T(A) — X-l = T{B) — X-l. But only one such inverse 
can exist; hence T(R^) = T(R f ) and Rg> - R? is in C S. 

Illinois Institute of Technology 
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MEASURE-PRESERVING HOMEOMORPHISMS AND METRICAL 

TRANSITIVITY* 

By J. C. Oxtoby and S. M. Ulam 
(Received May 1, 1941) 

Introduction 

In the study of dynamical systems one is led naturally to the consideration 
of measure-preserving transformations. A Hamiltonian system of 2 n differen- 
tial equations induces in the phase space of the system a measure-preserving 
flow, that is, a one-parameter group of transformations that leave invariant the 
2n-dimensional measure. Making use of one or more integrals of the system, 
one obtains a reduced phase manifold of lower dimension which likewise under- 
goes a flow into itself, and in general admits an invariant measure related in a 
simple manner to that in the larger phase space. If the differential equations 
are sufficiently regular the flow will have corresponding properties of continuity 
and differentiability. Thus the study of one-parameter continuous groups of 
measure-preserving automorphisms 1 of finite dimensional spaces has an immedi- 
ate bearing on dynamics and the theory of differential equations. 

In statistical mechanics one is especially interested in time-average properties 
of a system. In the classical theory the assumption was made that the average 
time spent in any region of phase space is proportional to the volume of the region 
in terms of the invariant measure, more generally, that time-averages may be 
replaced by space-averages. To justify this interchange, a number of hypotheses 
were proposed, variously known as ergodic or quasi-ergodic hypotheses, but a 
rigorous discussion of the precise conditions under which the interchange is per- 
missible was only made possible in 1931 by the ergodic theorem of Birkhoff. 2 
This established the existence of the time-averages in question, for almost all 
initial conditions, and showed that if we neglect sets of measure zero, the inter- 
change of time- and space-averages is permissible if and only if the flow in the 
phase space is metrically transitive . A transformation or a flow is said to be 
metrically transitive if there do not exist two disjoint invariant sets both having 

* This paper includes results presented to the.Amer. Math. Soc. in preliminary reports 
on April 15 and December 30 , 1938 . Most of the results were obtained while the authors 
were members of the Harvard Society of Fellows. 

1 An automorphism is a 1:1 bicontinuous transformation of a space onto itself. It is 
measure-preserving with respect to a measure /i if a iTA — pA — nT~ l A whenever A is 
measurable. 

* G. D. Birkhoff, Proof of the ergodic theorem. Proc. Nat. Acad. USA. 17 (1931) 650-660. 
An interesting connection between this theorem and the fundamental theorem of the cal- 
culus has been shown by N. Wiener. See The ergodic theorem . Duke Jour. 5 (1939) 1-18. 
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positive measure. 8 Thus the effect of the ergodic theorem was to replace the 
ergodic hypothesis by the hypothesis of metrical transitivity. 4 

Nevertheless, in spite of the simplification introduced by the ergodic theorem, 
the problem of deciding whether particular systems are metrically transitive or 
not has proved to be very difficult. Hedlund 5 showed that the flow defined by 
the system of geodesics on certain surfaces of constant negative curvature is 
metrically transitive, and this result was generalized by Hopf. 6 More recently, 
the result has been extended to surfaces of variable negative curvature, inde- 
pendently by both Hedlund 7 and Hopf. 8 This important class of systems is 
so far the only large class known to be metrically transitive. In fact, the only 
other known examples of metrically transitive continuous flows are the spiral 
motions on the n-dimensional torus, including the rotation of the circumference 
of a circle as the simplest example of all. The ergodic properties of these sys- 
tems were established as long ago as 1916 by Weyl, 9 in a quite different con- 
nection. 

Thus the known examples of metrically transitive continuous flows are all in 
manifolds, indeed in manifolds of restricted topological type, either toruses or 
manifolds of direction elements over surfaces of negative curvature. 10 An 
outstanding problem in ergodic theory has been the existence question — can a 
metrically transitive continuous flow exist in an arbitrary manifold, or in any 
space that is not a manifold? In the present paper we shall obtain a complete 
answer to this question, at least on the topological level, for polyhedra of dimen- 
sion three or more. It will appear that the only condition that needs to be 
imposed is a trivially necessary kind of connectedness. In particular, there 
exists a metrically transitive continuous flow in the cube, in the solid torus, and 
in any pseudo-manifold of dimension at least three. Since the phase spaces of 
dynamical systems have the required kind of connectedness, it follows that the 
hypothesis of metrical transitivity in dynamics involves no topological contradic- 
tion. More precisely, in any phase space there can exist a continuous flow 

* The notion was first introduced in a different connection by G. D. Birkhoff and P. A. 
Smith. See Structure analysis of surface transformations. Liouville's Jour. 7 (1928) 365. 

* For a historical survey, see G. I). Birkhoff and B. 0. Koopman, Recent contributions 
to the ergodic theory. Proc. Nat. Acad. USA. 18 (1932) 279. 

* G. A. Hedlund, On the metrical transitivity of the geodesics on closed surfaces of constant 
negative curvature. Ann. of Math. 35 (1935) 787. See also his paper, A new proof for a 
metrically transitive system. Amer. J. Math. 62 (1940) 233-242. 

• E. Hopf, Fuchsian groups and ergodic theory. Trans. Amer. Math. Soc. 39 (1936) 299. 
See also his booklet, Ergodentheorie . Ergebnisse der Mathematik und ihrer Grenzgebiete, 
vol. 5, Berlin 1937. 

T G. A. Hedlund, Bull. Amer. Math. Soc. Abstract 46-3-173. 

• E. Hopf, Statistik der geoddtischen Linien in Mannigfaltigkeiten negativer KrUmmung. 
Ber. Verh. S&chs. Akad. Wiss. Leipzig 91 (1939) 261-304. 

• H. Weyl, t)ber die Gleichverteilung von Zahlen mod. Eins. Math. Ann. 77 (1916) 315. 

10 Some examples of discontinuous flows have been studied. See E. Hopf, 1 Ergoden- 
theorie, and J. von Neumann, Zur Operatorenmethode in der klassischen Mechanik. Annals 
of Math. 38 (1932) 587-042. 
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metrically transitive with respect to the invariant measure associated with 
the system. 

It may be recalled that the original ergodic hypothesis of Boltzmann — that a 
single streamline passes through all points of phase space — had to be abandoned 
because it involved a topological impossibility. 104 It was replaced by a quasi- 
ergodic hypothesis — that some streamline passes arbitrarily close to all points 
of phase space. But it is not obvious that even this weak hypothesis is topologi- 
cally reasonable in general phase spaces, and in any case it is not sufficient to 
justify the interchange of time- and space-averages. It is therefore of some 
interest to know that the ergodic hypothesis in its modem form of metrical 
transitivity is at least free from any objection on topological grounds. 

It must be emphasized, however, that our investigation is on the topological 
level. The flows we construct are continuous groups of measure-preserving 
automorphisms, but not necessarily differentiable or derivable from differential 
equations. Thus they correspond to dynamical systems only in a generalized 
sense. In this respect the flows studied by Hedlund and Hopf are closer to the 
dynamical problem. In any case, the problem is illuminated by considering it 
in a more general setting, and probably a certain amount of generalization is 
necessary in order to give meaning to some questions of the type with which 
we deal. 

The conjecture has frequently been expressed, first by Birkhoff, then by 
Hopf and others, that metrical transitivity is probably the “general case.” 
The conjecture was never given a precise formulation, but was based on the fact 
that the transitive case is the non-integrable case, in the sense that no uniform 
measurable integrals exist, and on the idea that a general transformation or flow 
should be expected to shuffle points in a more or less random fashion, and there- 
fore leave invariant as few sets as possible. To see the precise connection be- 
tween metrical transitivity and randomness, let us recall the statement of the 
ergodic theorem for transformations. It asserts that if m is a completely additive 
finite measure in E , and T a measure-preserving transformation of E onto itself, 

then for any g-intcgrable function /(p) on E the average value lim - 23 /(T r p) = 

n —►oo 71 v— 1 

/*(p) exists for almost all points p, is a measurable function of p, and that 
J/*(p)cfyi(p) = J/(p)d/*(p). Metrical transitivity is precisely the condition 
that/*(p) should be constant for almost all p. Thus if T is metrically transitive 

uA 

and / A is the characteristic function of any measurable set A, we have ~ = 

fxE 

lim - 23 f a(T p p ) for almost all p. The left member of this equation repre- 

n -*00 71 JUml 

sents the average number of images of p that fall in A, or the frequency with 
which the images of p fall in the set A under iteration of T, and the equation 

“•A. Iloeenthal, Beweis der UnmOglichkeit ergodischer Oassysteme, Ann. der Physik, 
( 4 ) 42 ( 1913 ) 796 - 806 . 
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asserts that this frequency is proportional to the measure of A. A sequence of 
points selected at random from E would be expected to have just such a distribu- 
tion, in fact, the ratio pA/pE may be interpreted as the probability that a point 
selected at random lies in A. Thus a metrically transitive transformation is one 
under which almost all points generate sequences that are distributed like random 
sequences in respect to the average number that fall in any measurable set. 
This perhaps makes it seem plausible that a measure-preserving transformation 
“selected at random” should be metrically transitive. 

One might try to make precise the idea that metrical transitivity is the general 
case by introducing a measure in the space of all measure-preserving transforma- 
tions of E, but it seems difficult to do this in any natural way. Nevertheless, 
there is a simple and natural metric in the space of automorphisms of E, in case E 
is compact, and one may ask whether in this space metrical transitivity is the 
general case in the topological se?ise , that is, whether such automorphisms consti- 
tute all but a set of first category . 11 This is what we are going to show, under 
suitable assumptions about E. Thereby we shall dispose of the existence prob- 
lem at the same time . 12 The result is perhaps a little surprising in view of the 
fact that metrical transitivity is a purely measure- theoretic property, and it often 
happens that what is the general case in the sense of measure is exceptional in 
the sense of category, and vice versa . 13 

The fact that metrical transitivity turns out to bo the general case in the 
topological sense raises the question how far residual sets of measure-preserving 
automorphisms may exhibit other random properties. For instance, a random 
sequence is not only distributed so that the average number of points in a set is 
proportional to its measure, but the limiting frequency is approached in the 
manner of “Laplace-Liapounoff.” Presumably metrical transitivity is not 
sufficient to insure that almost all points should generate sequences exhibiting 
this more precise behavior. It would therefore be of interest to know whether 
transformations of this sort are likewise general, or indeed whether they can exist 


11 A set is said to be of first category if it can be represented as a sum of countably many 
nowhere dense sets. Any other set is said to be of second category. Complements of first 
category sets are called residual sets. 

11 Baire’s Theorem asserts that in a complete metric space every residual set is of second 
category and is dense. It summarizes concisely a typical form of existence proof. 

11 For instance, the law of large numbers is false in the sense of category. That is, the 
set of numbers x in 0 < x < 1 such that in their infinite dyadic development the number 
of ones in the first n places divided by n tends to one-half is of first category (although of 
measure one) . If x n denoted the n-th digit in the dyadic development of x, the set in ques- 
tion is represented by 



Xi 4- 32 4“ • • • + 3y+ n 
N + n 



and for N > 0 and A; > 2 the set enclosed in square brackets is nowhere dense, as may be 
seen by inserting a sufficiently long block of zeros far out in the development of a number. 
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at all. A result in this direction is given in §12. In the same order of ideas one 
may ask for automorphisms exhibiting the various types of mixture properties. 14 

In the course of our investigation we shall derive a number of results about 
transformations and measures which have an interest entirely apart from ques- 
tions relating to transitivity. In particular, the results obtained in Part II 
concerning measures topologically equivalent to Lebesgue measure appear to be 
fundamental to the theory of measure-preserving homeomorphisms. In sections 
13 to 15 a number of questions of group-theoretic interest are answered on the 
basis of these results. The paper involves an intimate combination of the 
methods of topology and measure theory. A suggestive example of the way in 
which such a combination of methods may lead to purely topological results 
not otherwise apparent is the sort of topological ergodic theorem obtained in 
§16. Another result of purely topological character is the Corollary to Lemma 
16 concerning equivalence of Cantor sets under automorphism of the containing 
space. This result is of independent interest since it adds to the results obtained 
by Antoine 16 relating to this question. 

A fundamental outstanding problem in topology is that of approximating 
to an arbitrary homeomorphism by a differentiable one. 16 In §18, as a by-prod- 
uct of our investigation, we obtain the result that any measure-preserving 
automorphism of the r-dimensional cube that leaves the boundary fixed can be 
approximated uniformly by one that is differentiable almost everywhere , in fact, 
it is locally linear about almost all points. This result in itself is not strong 
enough to have important topological implications, but it suggests that the 
special properties of measure-preserving automorphisms may enable one to ob- 
tain approximation theorems for them that are difficult or perhaps impossible 
to establish in general. In any case, the very precise properties of the approxi- 
mating transformation obtained in Theorem 12 may well serve as a basis for 
answering other questions concerning approximation by automorphisms with 
special measure-theoretic properties. 

I. Preliminary Results 

1. Definitions and Principal Theorem 

We assume the standard notions 17 of polyhedron , euclidean polyhedron , and 
complex , except that we shall always understand these to be finite. Thus a 
polyhedron is compact. Some of the results can be generalized to infinite 
polyhedra, but it seems best to leave such extensions out of the present paper. 

14 See G. A. Hedlund, The dynamics of geodesic flows . Bull. Amer. Math. Soc. 45 (1939) 
241-260. 

11 L. Antoine, Sur V homhomorphie de deux figures et de leurs voisinage . Liouville's Jour. 
(8) 4 (1921) 221-325 esp. p. 307 ff. 

16 J. W. Alexander, Some problems in topology. Verh. des Int. Math. Kong. Zurich 1932, 
vol. 1, p. 240-257. • 

17 For all topological definitions see P. Alexandroff and H. Hopf, Topologie 7, Berlin 
1935, hereafter referred to as AH. 
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A regular point of an r-dimensional polyhedron is a point that has a neighborhood 
homeomorphic to an open sphere in r-space, any other point of the polyhedron 
is called singular. A polyhedron is called regularly connected if its regular points 
form a connected set dense in the polyhedron. 18 

A finite outer measure in a space E is a function u* defined for all subsets of E 
and satisfying the three conditions: 

Ml : 0 ^ u*A £ u*E, o < u*E < + <* , y.* (void set) = 0 

M2: u*A g m*B if A c B 

M3: u*A„. 

n—1 n-*l 

A set A is measurable with respect to /x* if u*W — p*WA + p*W(E — A) for 
every set W. The function /x* is completely additive with respect to its class of 
measurable sets, and the measure function thus derived from /x* by restricting 
its domain is denoted by /x. iy 

A Carathkodory outer measure is one that satisfies also the condition 

M4: p*(A + B) = p*A + p*B if A and B are separated by a positive distance. 
The measurable sets then include all Borel sets. 

By a Lebesgue-Stieltjes outer measure in a polyhedron, we shall understand a 
finite Carath6odory outer measure that satisfies the further condition 

M5: u*A — inf p*G G open. 

GO A 

A measure derived from such an outer measure will be called a Lebesgue-Stieltjes 
measure (LS measure). 20 

We introduce the following special definition. A Lebesgue-Stieltjes measure 
in an r-dimcnsional polyhedron E, r 1 , will be called r-dimensional if it is zero 
for points, zero for the set of singular points, and positive for neighborhoods of 
regular points. This definition is consistent with ordinary usage, since r-dimen- 
sional Lebesgue measure in any r-dimensional euclidean polyhedron evidently 
fulfills the requirements. The invariant measures associated with dynamical 
systems are usually defined by integrating a positive density function and are 
therefore r-dimensional in the present sense. 

The set of all automorphisms of a polyhedron E (or of any compact space' 
is made into a metric space H[E] by the definition 

p(g f h ) = max [max p E (gx, hx), max p E (g~ l x, h~ l x)] 9 

x c B x c B 

18 This is equivalent to the ordinary definition. See AH pp. 400, 402. 

18 For the theory of measure, see Carath6odory, Vorlesungen fiber reellen Funktionen , 
Leipzig and Berlin 1918; or H. Hahn, Theorie der reelen Funktionen 7, Berlin 1921. 

80 For polyhedra embedded in euclidean spaces, these measures are the same as those 
obtained by relativizing measures in the containing space that are derived from non- 
negative additive functions of an interval. The reasoning is essentially contained in S. 
Saks, Theory of the integral , Warsaw-Lw6w 1937, Chap. 3. Thus our definition is consistent 
with the ordinary concept of a non-negative Lebesgue-Stieltjes measure, and has the ad- 
vantage of being intrinsic. Also it is equally applicable to curved polyhedra, in which 
intervals have no meaning. An outer measure that satisfies conditions Ml to M5 is called 
by Hahn a (finite) Inhaltsfunktion. See Hahn, op. cit. p. 444. 
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where g , h are any two automorphisms of 2 ?, and p* denotes distance in E . 
In this metric, convergence of a sequence of automorphisms means uniform con- 
vergence together with uniform convergence of the sequence of inverses. One 
can verify without difficulty that the space H[E ] is complete and that the group 
operations (composition and inverse of automorphisms) are continuous in this 
metric, so that H[E ] is a metric group , that is, a space of type ( G ) in the sense 
of (e.g.) Banach. 21 The distance of an automorphism from the identity will be 
called its norm, it is equal to the maximum distance through which any point is 
displaced by the automorphism. An arbitrarily small automorphism is one 
whose norm is arbitrarily small. 

It may be remarked that whereas uniform convergence of a sequence of auto- 
morphisms h n does not insure the existence of a limiting automorphism, neverthe- 
less uniform convergence of h n to an automorphism h implies uniform convergence 
of hn 1 to h~ l , therefore convergence in H[E]. 22 Hence the metric in H[E] is 
topologically equivalent to the metric max psigx , hx) usually used to metrize 

x e E 

the space of continuous mappings of E into itself, but with respect to the latter 
metric the space of automorphisms is not complete. 

The main object of our investigation, however, will not be the space H[E] 
but rather the subspace consisting of all measure-preserving automorphisms with 
respect to a given LS measure p™ This subspace, with the same metric as in 
H[E\, will be denoted by M[E } p\. To see that M [E, p] is a closed subset of H[E\> 
and therefore complete, consider any sequence of measure-preserving auto- 
morphisms T n converging to the limit T in H\E\. Let F be any closed subset 
of E< and G any open set containing TF. F rom the uniform convergence of the 
sequence T n it follows that T n F C G, for all sufficiently large n, so that p*G ^ 
p*T n F = p*F. Therefore p*F g p*TF 1 by condition M5. Similar reasoning 
applied to the sequence T^ 1 yields the inverse inequality, so that p*TF = p*F 
for all closed sets F. Hence equality holds also for all open sets, therefore for 
all sets, and the limiting automorphism T is therefore measure-preserving. Since 
the measure-preserving automorphisms of E form a group, it follows that 
M [E, p] is a metric group, in fact, a closed subgroup of H[E], 

In case E is a rectangular r-ccll J?, and p is the ordinary r-dimensional Lebesgue 
measure m in R , we shall write simply M[R\ instead of M[R, m). The closed 
subgroups of M[R\ and /7[/t!] consisting of automorphisms that leave all boundary 
points fixed, we shall denote by M 0 [R] and H 0 [R] respectively. 

Theorem 1 : Let E be any regularly connected polyhedron of dimension r ^ 2, 

11 S. Banach, Thkorie des operations linbaires , Warsaw 1932, Chap. 1 and p. 229. Our 
metric in H[E] is topologically equivalent to the one there assigned to this group. 

**J. Schreier and S. Ulam, Vber topologische Abbildungen der euklidischen Sphdren . 
Fund. Math. 23 (1934) 102-118, esp. p. 104. 

** We shall denote general measures by p or v. The letter m will be reserved for Lebesgue 
measure. General automorphisms will be denoted by g or A, measure-preserving auto- 
morphisms by S or T. For LS measures, the definition of a measure-preserving auto*- 
morphism may be taken to be the condition p*TA » p*A. for every A . 
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and let p be any r-dimensional Lebesgue-Stieltjes measure in E. In the space 
M[E , p) of measure-preserving automorphisms of E the metrically transitive auto- 
morphisms form a residual G& set. 2 * 

The proof of this theorem will only be completed in Part III. In Part IV 
we shall discuss the generality of the result and its significance for metrically 
transitive flows. 

In a previous note 25 one of us has obtained a similar result for the set of topologi- 
cally transitive automorphisms, for slightly different assumptions on E. A 
transformation is topologically transitive if there do not exist two disjoint in- 
variant open sets, both non-void, (or, equivalently, if the sequence of images of 
some point is dense in E). Metrical transitivity with respect to an r-dimensional 
LS measure obviously implies topological transitivity. Hence Theorem 1 
may be considered as a generalization of the earlier result, but whereas the latter 
required only the most elementary constructions and properties of measure- 
preserving automorphisms, the present theorem will require a much more exten- 
sive investigation. 

As regards the interpretation of Theorem 1 as a proof of the conjecture that 
metrical transitivity is the general case, it is interesting to note that the topologi- 
cal notion of probability in the sense of category can be subsumed under the 
general theory of measure and probability. In any complete metric space, if 
we define p*A = 0 or 1 according as A is of first or second category, it is easily 
verified that conditions Ml, M2, M3 are satisfied, and that the class of measurable 
sets consists of the first category sets and the residual sets, which have measures 
zero and one respectively. The notion of probability in the sense of category 
is therefore a special case of the general notion of (non-Borel) measure. 

2. Preliminary Lemmas 

The object of this first sequence of lemmas is to show that the general situation 
can be reduced, in all essential respects, to the consideration of ordinary Lebesgue 
measure in a rectangular r-cell. In making this reduction, a central role is 
played by the notion of a continuous map / of a convex cell Z onto a polyhedron E 
which is a homeomorphism up to the boundary . By this we shall mean that f 
maps the interior Zo of Z homeomorphically onto /Z 0 . For such continuous 
maps fBdZ = E — fZ 0 , so that f~ l f is single-valued on Z 0 , though possibly 
multiple-valued on BdZ. 

Lemma 1 : Let E be the polyhedron of a regularly connected euclidean complex K 
of dimension r ^ 1. It is possible to represent E as the continuous image of a con- 
vex r-cell Z under a map ffohich is a homeomorphism up to the boundary and which 
is a simplicial map of a certain subdivision of Z onto K . 

This is not a new result, but rather a corollary of the known result that any 

* 4 A Gi set is one that can be represented as a countable intersection of open sets. 

*» J. C. Oxtoby, Note on transitive transformations. Proc. Nat. Acad. USA. 28 (1937) 
443-446. See also E. Hopf, Statistische Problems und Ergebnisse in der klassischen 
Mechanik . Actuality Scientifiques et Industrielles, No. 737 (1938) 5-16. 
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regularly connected complex can be obtained from a convex cell by suitable 
boundary identifications. 2 * To prove it, let <n , . • • , <r n be the base simplexes of K, 
so numbered that each, after the first, has at least one regular face in com- 
mon with one of its predecessors. The possibility of such a numbering follows 
at once from the definition of a regularly connected complex . 27 Let n be any 
simplex in r-space, and set its vertices in correspondence with those of <n . 
Let ri,2 be the face of r x that corresponds to <ri,2 . Take a new vertex outside n 
which forms with ri , 2 a simplex r 2 such that n + r 2 is still convex. Any point 
sufficiently near the center of ri l2 will suffice. Let this vertex correspond to the 
remaining vertex of <t 2 . Evidently we have a simplicial map of the complex 
ri + r 2 onto the complex <ri + <r 2 , and the only (r — l)-simplex in t\ + r 2 which 
does not lie on the boundary is n l2 . Proceeding by induction, suppose that 
we have a complex Ki with r-dimensional base simplexes t\ , • • • , n whose union 
is a convex cell, and a simplicial map .onto the complex <ri + <r 2 + • • • + <x* 
under which 77 corresponds to 07 , 1 ^ j ^ i. Also suppose that the only (r- 1 )- 
simplexes of Ki that do not lie on the boundary are ri, 2 , • * • , r t _ i,» which corre- 
spond to <ti, 2 , . • • , <Ti- 1,* . The simplex <T ifi + 1 is a face of some one of 07 , • • • , <n . 
Let Ti,<+ 1 be the corresponding face of the corresponding one of the simplexes 
ri , • • . , n . Since cn,i+i is regular, it is distinct from <ri l2 , • • • , , and it 

follows that T iti + 1 lies on the boundary of the convex cell. We can therefore 
adjoin a new simplex i having r< ft+ 1 for a face, and such that n + • • • + r*+ 1 
is again convex. If we map the new vertex of r»+i onto the remaining vertex of 
<Ji + 1 the simplicial map will be extended to map K i+i = n + • • • + r,-+ : 1 onto 
<ti + • • • + <ri+ 1, and the only (r — l)-dimensional simplexes of K i+X not on its 
boundary will be ri f2 , • • • , T tft +i . At the n-th stage we obtain a simplicial map 
of a complex K n onto K. If we map the simplexes n , • • • , r n affinely onto 
cri , • • • , <j n , we obtain a continuous map of a convex cell Z onto E. The interior 
of Z is the union of the interiors of n , • • • , r n and of ri, 2 , • • • , r n ~i f n . These 
correspond to the interiors of <ri , • • • , a n and of <ri, 2 , . • • , (r n -i,n respectively, 
which are disjoint since these simplexes are all distinct. Hence distinct interior 
points of Z go into distinct points, and the map is therefore a homeomorphism 
up to the boundary. 

Lemma 2 : Let f be a continuous map of a rectangular r-cell R, r ^ 1, onto a 
polyhedron E which is a homeomorphism up to the boundary . Let y be an r-dimen- 
sional Lebesgue-Stieltjes measure in E, and suppose that yfBdR = 0 . Then the 
function v*A = y*fA defines an r-dimensional Lebesgue-Stieltjes measure in R. 

That v* satisfies conditions Ml to M 3 may be verified by inspection. Con- 

M See AH p. 264. 

17 A complex is homogeneous r-dimensional if every simplex lies on an r-simplex. A 
regular face is an (r — l)-simplex that lies on two and only two r-simplexes of the complex. 
A homogeneous r-dimensional complex K is regularly connected if in any division of K into 
two r-dimensioiial subcomplexes, these have in common at least one regular face. It can 
be shown that a polyhedron is regularly connected if and only if it is the polyhedron of a 
regularly connected complex. See AH p. 402. 



MEASURE-PRESERVING HOMEOMORPHISMS 


883 


dition M4 is less evident in view of the fact that / need not be 1: 1 . To verify it, 
consider any two sets A , B contained in R and separated by a positive distance. 
Their closures A, B are disjoint, and therefore fA and fB intersect at most in a 
subset of fBdR, since all other points have unique antecedents. Hence yfA *fB = 
0, by hypothesis. It is possible to enclose f(A + B) in a ft set C such that 
n*f(A + B) = fxC. Let Ai = C-fA and Bi = C-fB. Then we have fA C A\ 
and/5 C ft , and so p*f(A + B) = n*(fA + fB) ^ M *(ft + ft) g p*C = 
fjt*f(A -f- B ), that is, p*f(A + B) = p(Ai + ft). But Ai and ft are Borel sets 
that intersect in a set of measure zero, therefore p(A x + ft) = pA x + /zft ^ 
pi*/A + ju*/ft and so V *(A + B) ^ + v*ft The inverse inequality follows 

from M2, and so M4 is satisfied. To verify condition M5, we have v*A = 
p*fA = inf fxG. But whenever G is an open set containing/A ,/ l G is an open set 

in R containing A. Hence v*A ^ inf vG. Again the inverse inequality follows 

OD A 

from M2, and the verification that v is a LS measure is complete. Furthermore, 
v is positive for non-void open sets in R, because the image of such a set contains 
a neighborhood of a regular point of E. Finally, it is evident that single points 
have measure zero, and by hypothesis vBdR = rfBdR = 0. Hence v is an 
r-dimensional LS measure in R. 

Lemma 3 : Let n be an r-dimensional LS measure in a regularly connected polyhe- 
dron E, r ^ 1. It is possible to represent E as the continuous image of a rectangu- 
lar r-cell R under a map f which is a homeomorphism up to the boundary, and which 
is such that u*fA = m*A for all A C R, where m * denotes ordinary Lebesgue outer 
measure in R. 

E is homeomorphic to the polyhedron ft of a euclidean complex ft . It is 
possible to choose the correspondence in such a way that all (r — l)-dimen- 
sional simplexes of ft correspond to sets of measure zero. Because if m 
is the measure in ft corresponding to m under any homeomorphism, the singular 
(r — l)-simplexes have measure zero by hypothesis, and a suitably chosen auto- 
morphism of ft will displace all regular (r — 1) -simplexes into sets of /ii-measure 
zero. (First displace the interiors of all 1 -simplexes not contained in the set of 
singular points to nearby positions having measure zero. Then do the same for 
2-simplexes, and so on until all regular (r — l)-simplexes have been displaced to sets 
having /ii-measure zero. The automorphism need displace only regular points 
of ft and may leave all vertices of ft fixed. 28 ) We may therefore suppose that E 
is the polyhedron of a euclidean complex K and that all lower dimensional sim- 
plexes of K have ^-measure zero. By Lemma 1 there exists a continuous map 
of a convex ceB Z*on to E which is a homeomorphism up to the boundary and is a 
simplicial map of a certain subdivision of Z onto K. Let us combine this map 
with a homeomorphism of Z onto a rectangular r-cell R , of volume mR = gft 

* 8 More generally, any set of first category can be displaced to a set of measure zero by 
an automorphism. See our joint paper, On the equivalence of any set of first category to a 
set of measure zero . Fund. Math. 31 (1938) 201-206. 
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and let / denote the resulting map of R onto E. Then / is a homeomorphism 
up to the boundary, and since BdR corresponds to certain (r — l)-dimensional 
simplexes of K, we see that pfBdR = 0. By Lemma 2, the function v*A = 
H*fA defines an r-dimensional LS measure in R, and also we have vR = mR. 
In Part II (Theorem 2) it will be shown that for any such measure there exists an 
automorphism h of R such that v*A = m*hA for all A C R. Assuming this 
result for the moment, we conclude that fhT 1 is a continuous map of R onto E 
which is a homeomorphism up to the boundary, and that m*A = u*fh~ l A for 
all A C R, as required. 

Lemma 4: Let f be a map of R onto E with the properties stated in Lemma 3. 
Any Lebesgue-measure-preserving automorphism T of R that leaves the boundary* 
fixed corresponds to a ^-measure-preserving automorphism fTf~ x of E. On the 
other hand , any ^-measure-preserving automorphism T of E defines a transformation 
f~ l Tf in R which is a Lebesgue-measure-preserving homeomorphism of the open set 
Ro-r'T-'fRo onto the open set Ro-f~ l TfR 0 , both of which are contained in the in - 
terior R 0 of R and have measure equal to mR. 

To prove the first assertion we first show that fTf~ l is a 1 : 1 map of E onto 
itself. Consider any point p in fRo . Then f~ l p is single-valued, and therefore 
also fTf~ x p. If p 4 fR 0 , then pefBdR , and so fTf~ l p — p. Any point of fBdR 
is its own image, and any point pefRo is the image of f r T~ l f~ l p. Hence fTf 1 is a 
1 : 1 map of E onto itself, with inverse fT~ l f~ l . Both these transformations carry 
closed sets into dosed sets, and so they are automorphisms. That fTf~ l pre- 
serves /x-nieasure is immediate, since /z*A = m*f X A = m*Tf~ l A = u*fTf~ x A 
for every set A C E. 

To prove the second assertion of the lemma, consider any p e Ro f~ l T~ l fRo . 
Then Tfp e fR 0 and so f~ l Tfp is single-valued on this domain. Its inverse is 
f-i ji-ij w j^ d oma j n Ro-f~ x TfRo . Both of these are continuous throughout 
these domains. Thus/ -1 ? 7 / maps the open set Ro-f~ x T~ x fR Q homeomorphically 
onto Ro-f~ l TfRo , and does so in a measure-preserving manner, as follows from 
the measure-preserving properties of / and T. 

The partial correspondence between measure-preserving automorphisms of E 
and R described in Lemma 4 makes it possible to reduce the proof of Theorem 1 
to the following lemma concerning transformations in R and ordinary Lebesgue 
measure. 

Lemma 5: Let R 0 be the interior of a rectangular r-cell 72, r § 2, and let T be a 
measure-preserving homeomorphism of an open set G C Ro onto an open set TG C 
Ro , where mG = mR ) and letcri , • • • , (t n be the cells of any given dyadic subdivision . 
There exist arbitrarily small automorphisms hi and h 2 of R that leave the boundary 
fixed such that hiTh* is a measure-preserving homeomorphism of h^G, which has 
measure mR, onto h\TG, and such that under this transformation a certain closed 
set F is transformed in the following manner: There exists a positive integer K such 
that the first KN images of F under iteration of h\Th 2 are disjoint and exactly K 
are contained An the interior of each cell <n and contain exactly half the measure 
of <Ti . 

We shall prove this lemma in §7. We proceed to show that from it we can deduce 
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Theorem 1, as regards category. Let / be the map of R outer E defined in Lemma 
3, and let <j \ , <r 2 , • • • , be an enumeration of all dyadic cells in R. If <r; and 07 
belong to the same dyadic subdivision, let Ei tj be the set of all automorphisms 
T € M[E, n\ such that for some Borel set A we have TA = A, p(A • f<n ) > 
infaij and p(A-f<r } ) < \pf<Tj , otherwise undefined. Every metrically intransi- 
tive automorphism in M[E , p] belongs to one of the sets E it] . Because if T is 
metrically intransitive, there exists a measurable set, and therefore a Borel 
set A, such that TA = A and 0 < 11 A < p E. Therefore 0 < mf~\\ < mR. 
Let p, q be points of R at which the Borel set f~ x A has metric density 1 and 0 
respectively. It follows from Lebesgue’s density theorem 29 that in any suffi- 
ciently fine dyadic subdivision the cells a x and <rj that contain p and q respectively 
are such that m(f‘ l A -<n) > \m<ti and m(f~ l A-af) < Jracr, . Therefore 
p(A •fen) > fju/o't and p(A - fa ,•) < ipfaj , so that T belongs to Ei tj . Thus, to 
prove that the metrically transitive automorphisms form a residual set in 
M[E , p] it suffices to show that each of the sets E itj is nowhere dense, because 
there are only countably many of them and their union contains all metrically 
intransitive automorphisms in M[E, p]. 

Consider any T e M[E, ju] and any set E itJ . We shall show that arbitrarily 
near T there exists an automorphism S which together with a neighborhood lies 
outside E it j . According to Lemma 4, the transformation f~ l Tf is a measure- 
preserving homcomorphism of the open set G = /? 0 -/ _1 2’ _1 //2o onto another open 
set contained in R 0 and likewise having measure mR. Applying Lemma 5 to 
this transformation, there exist arbitrarily small automorphisms hi , hi of R 
which leave the boundary fixed, such that hif~ l Tfhi is a measure-preserving 
liomeomorphism of h^G onto another open set with measure mR. Also there is 
a closed set F whose first KN images under this transformation are disjoint and 
equally distributed among the cells n , • • • , t n of the dyadic subdivision to 
which <n and <ry belong, and contain half their measure. By Lemma 4, the trans- 
formations fhif~ x and /fo/ -1 are automorphisms of E. Hence S = 
(fhiT'mffor 1 ) is an automorphism of E , and from the properties of hi f^Tfhv 
it follows that S transforms the closed set fF in such a way that its first KN 
images are disjoint and equally distributed among /r 1 , • • • , fr N , and contain 
half their measure. Now consider any Borel set A invariant under S. Let 
a be the fraction of the measure of fF contained in A. Suppose a g then the 


K disjoint images of fF in <n contain the same fraction of the measure of A, and 
therefore mAtn ^ Q- '+ ^mcr, ^ \m<n , so that S does not belong to E iti . 


On the other hand, if a ^ £ the K disjoint images of fF in <rj contain measure 


^ m<Tj, and therefore mAcry ^ ^ ra<ry ^ \m<jj , so that in this case also S does not 
2 2 

belong to E it j . Furthermore, the first KN images of fF under any automor- 
phism sufficiently close to S will be distributed among /n , • • • , fr # in the same 


*• See e.g. Hobson, The theory of functions of a real variable , 2nd edition, Cambridge 1921, 
vol. 1, p. 181. 
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way as under S , so that the same reasoning shows that a whole neighborhood of 
S lies outside Ex, y . But hi and h* were arbitrarily small, hence also the auto- 
morphisms fhif ” 1 and fhff~ l , so that S is arbitrarily close to T . Hence Eij 
is nowhere dense in M[E , /*]. 

It will be observed that S may be written in the form SiT, where Si is the 
measure-preserving transformation ST But Si may also be written 
<fh*r l )T(fh*r')'r l , from which it follows that Si leaves all singular points 
fixed. We have therefore proved the more precise result that Eij is nowhere 
dense with respect to every coset of the closed normal subgroup of auto- 
morphisms that leave all singular points fixed. Since these cosets are complete 
spaces, we may state Theorem 1 in the following slightly stronger form which 
we shall need later. 

Corollary: For every T e M[E , y] there exists an arbitrarily small automor- 
phism S e M[E, y], that leaves all singular points fixed, such that ST is metrically 
transitive with respect to y. 

II. Measures Topologically Equivalent to Lebesgue Measure 

3. The Fundamental Theorem 

Let y be any measure function in a space, and h an automorphism of the space. 
The function yhA, considered as defined for all sets such that hA is measurable, 
is easily seen to be a measure function. It would naturally be described as a 
measure automorphic to y, (or equivalent to y under automorphism). It is 
easily seen that any measure automorphic to a LS measure is again a LS meas- 
ure, and that the same transformation also effects a correspondence between 
their outer measures. likewise, any measure automorphic to an r-dimensional 
measure is r-dimensional. The object of the present Part will be to obtain a 
simple characterization of measures automorphic to Lebesgue measure. The 
basic result, stated as Theorem 2, was originally proposed by one of us in 1936, 
in connection with some other group-theoretic investigations, and a proof was 
obtained at that time by J. von Neumann, but was not published. The present 
proof, based on somewhat different considerations, was worked out subse- 
quently. The result is here published for the first time. 

Theorem 2: In order that a measure y in a rectangular r-cell R, r g: 1, be auto- 
morphic to Lebesgue measure it is necessary and sufficient that it be an r-dimensional 
Lebesgue- Stieltjes measure and that yR = mR. The correspondence can always be 
effected by an automorphism that leaves the boundary of R fixed . 

An equivalent formulation, from the standpoint of the Carath6odory theory, 
runs as follows. 

Theorem 2 x : In order that a function y* defined for all subsets of R be auto- 
morphic to the Lebesgue outer measure m* it is necessary and sufficient that it satisfy 
conditions Ml to M5, and also 

M6: y*G > 0 if G is non-void , open 

M7 : y*p = 0 for every point p 
M8: y*BdR « 6 
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and finally that n*R = mR. If m* satisfies these conditions there exists an auto- 
morphism h of R such that y*A = m*hA for every A C R, and mch that h leaves 
the boundary fixed . 

The equivalence of the two formulations is evident. Before proving the 
theorem we shall derive from it a number of corollaries and generalizations. In 
Part V, §13 to §15 and §17, we shall give some further applications. 

Corollary 1 : Let E be any regularly connected polyhedron of dimension 
r g: 1, and let /xi and y 2 be two r-dimensional LS measures in E such that yiE = \i 2 E. 
There exists an automorphism h such that m*4 = n%hA for all A C E, and such 
that h leaves all singular points of E fixed. In particular , any r-dimensional LS 
measure in a regularly connected euclidean polyhedron E is automorphic to the 
Lebesgue measure in E ) provided only that m E = mE. 

Let v be the r-dimensional LS measure in E defined by v*A = £(m*4 + m* 4), 
and let / be the map of a rectangular r-ccll R onto E given by Lemma 3. Then 
m*A = v*fA, and in particular, vfBdR = 0, so that we have nJBdR = 
p^BdR = 0. Let y* and vt be the outer measures in R defined by vtA = ptfA 
and v* A = n*fA . By Lemma 2, these are both r-dimensional LS measures 
with vi R = v 2 R = mR. Hence, by Theorem 2i , there exist automorphisms 
hi , of R that leave the boundary fixed, such that v^A = m*hiA and v 2 A = 
m*h 2 A. Then h = fh^hif 1 is an automorphism of E that leaves singular 
points fixed and carries m* into m* as required. 

Corollary 2: Let E be a regularly connected polyhedron of dimension r 1, 
and E\ any homeomorphic euclidean polyhedron. The r-dimensional Lebesgue - 
Stieltjes measures in E are the same as the measures of the, form C • mhA, where h is 
an arbitrary homeomorphism of E onto E \ , C is an arbitrary positive constant , and 
m denotes Lebesgue measure in E. 

This follows at once from Corollary 1 and the fact that any multiple of a 
measure homeomorphic to an r-dimensional measure is again an r-dimensional 
measure. 

Corollary 3: Let E\ and E 2 be homeomorphic regularly connected polyhedra 
of dimension r ^ 1, and let /xi and n 2 be r-dimensional Lebesgue- Stieltjes measures 
in E\ and E 2 respectively , such that fxiE = y 2 E. Let h be any homeomorphism of 
Ei onto E 2 . There exists a homeomorphism g of E\ onto E 2 which carries jui into 
M 2 and which is equal to h for all singular points. In particular , there exists a 
measure-preserving automorphism of a rectangular r-cell which is equal to any given 
automorphism on the boundary . 

The measure v\ A = y 2 hA is an r-dimensional LS measure in E\ , and v\E\ — 
PiEi . By Corollary 1, there exists an automorphism hi of Ei such that 
MiA = p\hiA f and such that it leaves singular points fixed. Hence g = hhi is 
a homeomorphism of E\ onto E 2 that takes mi into M 2 and is equal to h for all 
singular points. * 

For later use the following corollary is convenient. 

Corollary 4: Let m be a Lebesgue- Stieltjes measure in a rectangular r-cell R, 
f s= 2, y,R = mR, and let L be any straight line segment contained in the interior 
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of R such that yL = 0. Then the automorphism that carries y into m may be so 
chosen that it leaves L fixed , as well as the boundary . 

To see this, let Ri and i? 2 be rectangular r-cells with Ri contained in the in- 
terior of J? 2 , and let E be the polyhedron obtained from Ri by removing the 
interior of Ri . In the case r ^ 2 it is evident that E is regularly connected. 
From E we can obtain R by identifying points of the inner boundary that have 
the same Xi coordinate, say. That is, we can define a continuous map f of E 
onto R which carries the inner boundary into L and elsewhere is 1:1. The two 
measures yiA = mfA and y*A = ufA are easily verified to be r-dimensional LS 
measures in E, and yiE = yiE. By Corollary 1, there exists an automorphism 
h which leaves the inner and outer boundary of E fixed and carries yi into yi . 
Hence fhf~ l is an automorphism of R that carries y into m and leaves both 
L and BdR fixed. 

The next two corollaries characterize measures automorphic to Lebesgue 
measure in the whole of euclidean space E {r \ 

Corollary 5: A function y* defined for all subsets of E {r \ r ^ 2, is automorphic 
to Lebesgue outer measure m* if and only if it satisfies the conditions stated in 
Theorem 2i , except that conditions Ml and M8 are to be replaced by 
Ml': 0 g y*A g y*E {r) = + 00 
M8': y*A < + 00 for every bounded set A. 

The necessity of each of the eight conditions is evident. To prove that they 
are sufficient, let y be the measure defined by any such outer measure. Let 
R a be the closed cube in E {r) with edges parallel to the axes, center at the origin, 
and edge length a. Under our hypotheses, the function f(a) = yR a is a finite, 
strictly increasing function in 0 < a < + 00 . Such a function can have at 
most countably many discontinuities, hence we can select a sequence of values 

0 < ai < « 2 < . . • , tending to infinity, at each of which /(a) is continuous. 
This means that yBdR a% = 0. By hypothesis we have also that yR ai — ► + °o as 

1 — > 00 . Let i Si be the edge length such that mRp t = yR ai . Then 0 < Pi < 

($2 < • • • , and Pi — » + 00 as i — > . We can therefore define a radial transforma- 

tion hi of E {r) to carry R ai into Rp . , i = 1, 2, • • • . Consider the new outer 
measure yiA = y*hT l A . Then yiR Si = mRp i and yxBdRp { = 0, i = 
1, 2, • * • . Let E\ = Rp x and for n > 1 let E n be Rp n minus the interior of 
R$n-\ • Then each E n is a regularly connected polyhedron, since we have 
assumed r § 2, and yi is an r-dimensional measure in it such that y\E n = mE n • 
By Corollary 1, there exists an automorphism /12 of E n such that y*A = 

for all A CL E n . Since hi leaves the inner and outer boundaries of E n fixed, 
these automorphisms join up to form an automorphism of E ir \ In view of 
the measurability of the sets E n and the fact that their boundaries have measure 
zero, we have, for any set A C E (r) , 

00 ao 00 

H*A = 23 Mil AEn — 23 m*ht(AE n ) = 2 m*(h t A)E n = m*h%A. 

n— 1 n«-l n—1 

Therefore fi*A = tn*hzhiA for all A C E {T) . 
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It should be added that in the case r = 1 the conditions stated in Corollary 
5 are not sufficient, but a complete characterization is obtained by merely adding 
the requirement that the positive and negative halves of the line both have 
infinite measure. The function f(x) = y(0 ^ t ^ x) for x ^ 0, f(x) = 
— y(x ^ t ^ 0) for x < 0 then defines an automorphism of the line that carries 
y into m. 

Corollary 0: A measure in 2? (r) , r ^ 2, is automorphic to Lebesgue measure 
if and only if it is an infinite Lebesgue-Stieltjcs measure that is zero for points 
and positive for non-void open sets. 

Here we may understand by a LS measure one that is derived from a non- 
negative additive function of an interval. Such a measure is necessarily finite 
for bounded sets, and so condition M8' is implicit. The rest then follows from 
Corollary 5. 


4. Proof of Theorem 2 

It may be remarked first of all that in the case r — 1 Theorem 2 is almost 
trivial. For suppose R is the unit interval 0 S x ^ 1, and let hx = y(0 ^ t ^ x). 
Then hx is strictly increasing, in virtue of the additivity of y and the fact that 
all subintervals have positive measure. It is also continuous, since points have 
measure zero. As x describes the interval (0, 1), hx describes the same interval. 
Hence h is an automorphism of R. By definition, we have yA = mhA for every 
interval A of the form (0, x). From additivity it follows that equality holds 
for all intervals, and therefore for all open sets. But this implies that 
y*A = m*hA for all sets A, by condition M5. Hence h effects the desired trans- 
formation, and also leaves the end points fixed. 

However, even in the case r = 2 the difficulties of the general case alread 3 r 
appear. Our proof will be based on a sequence of lemmas whose motivation 
lies in the idea of securing first that yA = mhA for all sets of a division auto- 
morphic to a dyadic subdivision. Then h is modified within each of these sets so 
as to secure equality for the sets of a finer subdivision. Finally, a convergent 
sequence of such modifications is obtained and the limiting automorphism effects 
the desired transformation for all sets. 

Lemma 6: Let y be any Lebesgue- Stieltjes measure in R that is zero for points 
and for the boundary , and let a be any number in the interval 0 < a < yR. There 
exists an open set G contained in the interior of R such that yG = a. 

Since yR is finite, there can be at most countably many planes parallel to the 
faces of R that intersect R in sets of positive //-measure. Henc # e we can divide R 
into a finite number of rectangular r-cells <t\ , • • • , <jn of diameter less than 
whose boundaries all have //-measure zero. Let i be the least integer such that 
u(cri + <?2 + • • • + tn) ^ a, and let Gi be the union of the interiors of 
<n , (t 2 , • • • , <r»_ i . (Take Gi equal to the void set in case i = 1). Then yGi < a, 
but yGi + y<Ti ^ a. Now consider the cell , calling it R\ , and divide it into 
rectangular r-cells <7i X) , <r 2 1) , • • • , of diameter less than whose boundaries 
all have ^-measure zero. Again we find an open set (?2 C Ri , either void or 
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consisting of the interiors of some of the cells <r< l) , such that n(Gi + G t ) < a, 
while m(Gi + Gt) + fiRt 2? a, where R% is one of the cells a-< (1) and is disjoint to 
Gi + Gt . Proceeding in this manner, we find disjoint open sets Gi, Gt, • • • 
interior to R, and a nested sequence of rectangular r-cells Ri , Rt , • • ■ whose 
diameters tend to zero, such that a — i*R n g n(Gi + Gt + • • • + G n ) < a, 
n 1. The cells R n intersect in a point p, and we have lim nR n = up = 0, 

n-*oo 

by hypothesis. Hence pG = a, where G is the union of the sets G n . 

Lemma 7 : Let p be any Lebesgue-Stieltjes measure in R that is zero for points 
and for the boundary . Let R\ and R 2 be the two cells obtained by bisecting R per- 
pendicularly to one of its edges. Let ai and a 2 be any two positive numbers such 
that ot\ + ot 2 = pR. There exists an automorphism li e Ho[H] such that phRi = ot\ 
and phR 2 — ot 2 . 

We shall establish the existence of h by a category argument. Let Hi be the 
set of automorphisms h in H 0 [R] such that phRi g: ai and phR 2 ^ a 2 . This is 
a closed set, for if h n is any sequence of automorphisms in Hi tending uniformly 
to h , then any e-neighborhood of hRi , i = 1, 2, contains h n Ri for all sufficiently 
large n, and therefore has jit-measure at least a* . This being true for every 
e > 0, it follows that nhRi ^ and iihR 2 ^ a 2 . Furthermore, the set Hi is 
non-void. For, unless it contains the identity, we have either uRi < «i or 
hR 2 < a 2 . Suppose ijlRi < oci . We can deform R by a continuous family of 
automorphisms h\ e Ho[R] in such a way that as X increases, hRi includes more 
and more of the interior of R 2 . At the limiting value X 0 where uhRi first be- 
comes greater than or equal to we have also nh\R 2 ^ a 2 , because ixh\ 0 R 2 = 
lim nh\R 2 , and for X < X 0 we have nhR 2 ^ pR — nh\Ri > fxR — ai = a 2 . Hence 

X-*A(f 

the set Hi , as a non-void closed subset of a complete space, is itself a complete 
space. We shall show that in it the set of automorphisms that fulfill the re- 
quirements of the lemma is residual. 

Let E n be the set of all h in Hi such that uhRi §: ai + This set is closed 

n 

in Hi , since we have already seen that it is closed in H 0 [R]. To show that it 
is nowhere dense in Hi it suffices to show that if h 6 E n there exists an arbitrarily 
small automorphism g c Ho[H] such that hg e Hi — E n . Suppose that h € E n 

and consider the new measure vA = phA. Then vRi §; ai + ~ and vR 2 g; a 2 . 

n 

Let Rz denote the ( r — l)-dimcnsional face common to Ri and R 2 . Then 
vRi + vR 2 — vRz — vR = ai + a 2 . Hence vRi — a\ ^ vRi — ai + vR 2 — a 2 == 

vRz , and this with the inequality vR x ^ + - gives 0 < vR x — on — < vRz . 

n &n 

Considered with respect to Ri , v is a LS measure that is zero for points and for 
the boundary. Hence, by Lemma 6, there exists a set G, open with respect 

to R» and contained in its interior, such that vG = vR, — «i — Now let a 

2 n 

be an automorphism of R that leaves the boundary fixed and also the points 



MEASURE-PRESERVING HOMEOMORPHISM8 


891 


of Ra — G, but let it displace all points of G slightly into the interior of Hi . Such 
an automorphism can be found arbitrarily close to the identity. Since gR t ID R t , 
we have vgR 2 | a 2 ; and vgRi differs only slightly from vR x - vG, which is equal 

to ai + E. If g is sufficiently near the identity we shall have a x < vgR x < a x 

+ Going back to the measure n, we have aj < nhgR x < ai + - and tihgRt 

n n 

^ a 2 . Hence hg e H x — E„ , and so E n is nowhere dense in II 1 . Therefore the 
00 

set Hi — 22 E n is residual, that is, the equation yhRi = on holds for a residual 
i 

set of automorphisms in Hi. The r61e of # 2 being similar, we see that the auto- 
morphisms h such that ixhR 2 = a 2 is also residual in H x . The intersection of 
these two residual sets is the set of automorphisms having the properties required 
by the lemma, and therefore such automorphisms exist. 

It may be remarked that in the proof of this lemma it is possible to confine 
attention to automorphisms that involve only a single coordinate, namely that 
in the direction along which R is bisected. Thus, if desired, the automorphism 
h can be chosen so as to leave all coordinates unchanged except this one. 

Lemma 8: Let y be any Lcbesguc-Stieltjcs measure in R that is zero for points 
and for the boundary. Let a x , • • • , a N be the cells of any dyadic subdivision of R , 
and let a i , • • • , a# be associated positive numbers whose sum is equal to yR. There 
exists an automorphism h e H Q [R] such that yha t = , i = 1, • • • , N. 

The proof consists in applying Lemma 7 a finite number of times. The cells 
of any dyadic subdivision are obtained from R by making a finite number of 
bisections. Let R \ , R 2 be the cells obtained from the first bisection. Let 
Rn , #12 ; # 21 , #22 be the cells obtained by bisecting #i and # 2 . After n bisec- 
tions we get 2 n cells # tl ..., n , i \ , • • • , i n = 1, 2, and for n = K s log 2 N the 
cells Ri x ...i K are the cells <n, • • • , a N renamed. Let 0i x . . . be the number a, 
associated with R^.-.i K . For 1 ^ n < K let 0^... = Efrv-0 r summed over 

i„ + i ,■■■, i K = \, 2. For n = 1 we have ft + ft = uR, and by Lemma 7 we 
can find hi such that nh x Ri = ft , i = 1, 2. Suppose we have defined h n such 
that nh n Ri = Pii---i„ , *i , • • • , in = 1, 2. Form the new measure g. n A = 
ixh„A . Then n„ satisfies the conditions of Lemma 7 with respect to each of the 
cells ff and since ft, . . . <„i + ft,...^ = we can find an auto- 
morphism g h . in Ih{R h . . . ,J such that ^g ^ . . . ,„/?<, ft L ••• . n+ i > i »+i = 1,2. 

Since g x leaves the boundary of Rii-> n fixed, these automorphisms join up 
to form an automorphism g e H 0 [R], and we have nh„gR> l ..., n+l = ft . 
Setting h n +i = h n g, the induction hypotheses are again satisfied, and for n —K 
we get an automorphism h = hn that fulfills the requirements of the 
lemma. 

Lemma 9: Let p be any Lebesgue-Stieltjes measure in R that is zero for points 
and for the boundary. There exists an automorphism h t such that for every 
dyadic cell a we have phBdo = 0. 

We shall show that the automorphisms having the desired property form a 
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residual set in Ho[R]. w Let Ri be the (r — l)-dimensional cell in which R is 
intersected by any one of the planes used in forming dyadic subdivisions. Let 

E n be the set of automorphisms h t H 0 [R) such that nhRi jg This is a closed 

n 

set. If h is any element of E n , let vA = yhA. Choose e > 0 so that the 

^-neighborhood of R t has v-measure less than vRi + -. Let g eHo[R] be an 

n 

automorphism that displaces the interior of R\ into a set disjoint to R x but con- 
tained in its ^neighborhood. Then, since the intersection of 7£i and gRi has 
^-measure zero, we have vRi + vgRi = v{R\ + gRi) ^ ^neighborhood of Ri) 

< vRi + Hence nhgRi < -, and hg eH 0 — E n . Since hg is arbitrarily 
n n 

00 

near fa the set E n is nowhere dense, and H 0 — E n is residual. The intersec- 

i 

tion of the residual sets corresponding to each of the countably many planes 
used in forming dyadic subdivisions is therefore also residual, and the auto- 
morphisms belonging to this set have the required property. 

In the following lemma we require for the first time that the measures under 
consideration be positive for non-void open sets. 

Lemma 10: Let y, v be two r -dimensional Lebcsgue-Siicltjes measures in R such 
that yR = vR , and let e > 0 be given. There exist automorphisms g , h in H 0 [R] 
such that for each ail a of a certain dyadic subdivision of R we have yga = vha\ 
ygBda = vhBda = 0; diam ga < e, diam ha < e, diam a < c. 

By Lemma 9, there exists an automorphism gi such that for every dyadic 
cell a we have yg x Bda = 0. Let ah be the measure yiA = yg x A. Let ai , • • • , as 
be the cells of a dyadic subdivision such that diam a < c and diam g x a x < e, 
i = 1, • • • , N. The numbers a ticr £ are all positive and their sum is equal to vR. 
Hence, by Lemma 8, there exists an automorphism hi such that vfaai = a W \ , 
i = 1, • • • , N. Put vi A = vhiA. Then since v x Bda x — 0, we can apply Lemma 
9 to each cell <r* and get an automorphism fa that transforms each cell er< into 
itself, such that vifaBda = 0 for every dyadic cell a. Let a tj , i = 1, . • . , N, 
j = 1, • • • , M, an C <r,-, be the cells of a finer dyadic subdivision of R, such that 

diam fafaan < 6 . Since the numbers vifaan are all positive, and vifaan = 

i 

Hiai , we can apply Lemma 8 to each cell a x using the measure ah and get an auto- 
morphism 02 that transforms each cell a x into itself, such that y\g 2 an = vifaan . 
That is, ygig^an = vfafaan . Since the sum of these MN numbers is equal to 
yR (or vR), we have also yg^Bdan = vfa faBdan = 0. Finally, since 
hifaan C fa an , 01020-ij C 0i<r*y , and an C ai , we have also diam fafaan < c, 
diam gig 2 an < 6 , and diam an < 6 , and so the automorphisms g = gig 2 , h = fafa 
fulfill all the requirements of the lemma. 

Lemma 11: Any two r-dimen$ional Lebesgue-Stieltjes measures y 9 v in R such 


10 Cf. footnote 28. 
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that yR = vR are automorphic to each other under an automorphism that leaves 
the boundary fixed. 

The proof consists in finding a sequence of partitions of R into cells* 1 
<ri"\ • • • , onV and two sequences of automorphisms g n , h n e H 0 [R], with the 

following properties, where «„ = — diam R. 

1° diam <r< B) ^ «„ , diam gn<y\ n) ^ e„ , diam h r .o- < l n) ^ «„ 

2 0 _ (n— 1) (n— 1) | (n— 1) ? (n— 1) ■ 1 -% T 

Qn&i Qn—l&i j ilnffi — hn—lGi , t — 1, • • • , N n— 1 

3° ygnBda^ = vh n Bdo\ n) = 0, * = 1, ••• , N n 
4° yg n a\ n) = vh n c\ n) , i = 1, • • • , N„ 

These conditions are satisfied for n = 0 if we take go , ho equal to the identity, 
and o- (0) = R. Suppose g n , h n ; <r[ n) , • • • , have been defined so that condi- 
tions 1° to 4° arc satisfied. Let p n A = pg n A and v n A — vh n A. Then for each 
cell a i n) we have /z„<r t * n) = v n o\ n) and p n Bdai n> = v n Bd<Xi n) = 0. Hence p n and 
v n satisfy the conditions of Lemma 10 relative to o ■* n) , and there exist auto- 
morphisms g r , h! eH 0 \cri n) ] such that for each cell a^ } of a certain dyadic sub- 
division of <Ti n) we have Ung'oW = p n g'Bd<Ti = v n h f Bd(r\ f = 0; 

and diam diam /i'cr t ( * J < e, diam alj ] < e, where we suppose € chosen 

less than € n +i , and so small that both g n and h n take sets of diameter less than 
e into sets of diameter less than e n+ i . Then we have pg^'a^ = vhji'vi^) 
ngng'Bdcrif = vhntiBdvW = 0; and diam gng'a^ < € n+ i , diam h n h'<Tif < c n+ i , 
diam <r- ; n) < . The automorphisms g r , h' thus defined in each of the cells 

<r\ n) join up to form automorphisms of R, which we shall also denote by g' } h'. 
Putting g n + 1 = g n g', h n ^\ = h n ti and taking the totality of cells <r\f for <ri” +1) , 
• • • , we see that conditions 1° to 4° are again satisfied, and the inductive 

definition is complete. 

From conditions 1° to 4° it follows that the sequences g H , h n converge in 
to automorphisms g , h. Because, if xta\ 1l) then g n +ix and g n x both 
belong to g n a\ n \ by 2°. Hence \ g n ^\X — g n x | < e n , 32 by 1°. Similarly, if 
x € g n ±\<Ti n) then g^x and gn+ix both belong to Hence ] gn+ix — g^x | < e n . 

Therefore p{g n \\ , g n ) < c» , and because of our choice of e n , p(g n +k , g n ) < €„_i . 
Hence the sequence g n converges in /7 0 [/?L and the sequence h n for similar 
reasons. From 2° it follows that gv\ u) = g n <r\ n) and hv\ n) — h n cr\ n \ and there- 
fore that gBdai n) = g n Bd<ri n) and hBdcr ( i n) = h n Bd<r\ n) . From 3° and 4° we then 
find that pg<r\ n) = vh<Ti n) and pgBdo\ n) = vhBdc\ n) — 0. Hence the measures 
p!A = pgA and v A — vhA are equal for all cells cr i n) and are zero for their 
boundaries. Now from 1° it follows that any open set G can be represented as 

oo 

the union of a sequence of non-overlapping cells <j\ n) , say G = ^ a « • Then, 

«-i 

since the intersection of any two cells <r 8 has measure zero with respect to p f 


,l The cells will all be dyadic cells, but not necessarily of the same subdivision. 

M We use the vector notation \ x — y \ to denote the euclidean distance between points 
x and y. 
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and v' y we have n'G = 2 n'a, = X = *'(?. Hence and agree for 

«-i i-i 

all open sets, and therefore for all sets. Thus y.*A = v*hg~ x A for every set, and 
the lemma is proved. 

Theorem 2 follows at once on taking v = m. 

In the proof of Lemma 7 it was remarked that in that case the automorphism 
could be chosen so as to involve only a single coordinate. A simple refinement 
of the proof of Lemma 9 shows that the automorphism there obtained may be 
taken to be a finite product of automorphisms each of which involves only a 
single coordinate. The final automorphism in Lemma 11 is obtained by com- 
posing such automorphisms and then passing to the limit. Thus it is possible^ 
to assert that the correspondence of the two measure functions can be effected 
by an automorphism that can be approximated uniformly by finite products of 
automorphisms each of which involves only a single coordinate. This remark 
is of interest in view of the fact that it is still an open question whether an 
arbitrary automorphism of R can be so approximated. 83 If true, this would 
furnish a strong inductive method for proving topological theorems. 

Since the transformation can always be effected by an automorphism that is 
special at least to the extent of leaving the boundary fixed, and perhaps in 
other respects, as indicated in the last paragraph, it is natural to inquire whether 
it would suffice to consider only differentiable automorphisms, or ones whose 
modulus of continuity is otherwise restricted. That this is not the case may be 
seen as follows. 

Consider the r-dimensional unit cube and let h be a radial contraction that 
leaves the boundary fixed and takes each concentric cube with edge length 


2 d < \ into the one whose circumscribed sphere has radius d = e d , and let 
/jlA = mh~ l A . Then the n- measure of any sphere about the center with radius 5 


< c -4 is greater than the Lebesgue measure of a sphere with radius d = 



Hence any automorphism that takes m into m must have a modulus of continuity 
at the center greater than ^log ^ . But this function dominates any of the 


form CS a , a > 0, and so the automorphism cannot be differentiable at the 
center, nor can it satisfy even a Lipschitz or Holder condition there. 


III. Proof of Theorem 1 

In Part I, the proof of Theorem 1, as regards category, was reduced to Lemma 
5, except for an assumption in the proof of Lemma 3 which has now been re- 
moved. Lemma 5 is an approximation theorem. To prove it, it will be neces- 
sary to devise methods for modifying a given transformation so as to secure 
control over the distribution of the images of a certain closed set. We shall do 


* Problem proposed by one of us in Fund. Math. 24 ( 1935 ) 324 . 
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this in three main steps. In §5 it is shown how a transformation can be modified 
so that it will have a periodic point with images equally distributed among the 
cells of a given dyadic subdivision. In §6 a lemma is derived which, in effect, 
enables one to obtain a periodic Cantor set, starting with only a periodic point. 
These two constructions are combined in §7, and the final step consists in an 
equivalence transformation which expands the Cantor set to one having the 
required amount of measure. The result is that an arbitrary measure-preserving 
automorphism of a rectangular r-ccll (or, more generally, a transformation in the 
r-cell that corresponds to a measure-preserving automorphism of another poly- 
hedron as described in Lemma 4) can be modified so that the resulting trans- 
formation is measure-preserving and has a periodic Cantor set whose images 
carry a prescribed fraction of the total measure and are equally distributed 
among the cells of a given dyadic subdivision. All modifications are effected by 
left and right multiplication with automorphisms that leave the boundary fixed. 
Thus Lemma 5 is established, and therefore Theorem 1. In §18 it will be shown 
that for automorphisms in M 0 [R] one can obtain still more precise approximation 
theorems. 


5. Lemmas Concerning Distribution of Finite Sets 

Lemma 12: Let p, q be any two interior points of a rectangular r-cell R, r 2. 
There exists an automorphism T e M 0 [R] such that Tp = q. 

Observe first that there is no difficulty in defining an automorphism g that 
carries p into q and leaves BdR fixed. Most simply, join p to the vertices of R 
and map the resulting cell complex affinely onto the similar complex obtained 
from q. Thus the only point to the lemma is to show that the transformation 
can be effected by a measure-preserving automorphism. It is possible to do this 
directly by a construction involving displacements around closed tubes, but a 
more elegant proof is based on Theorem 2. Let g be the automorphism just 
defined, and consider the outer measure /i*A = m?g~ l A. By Theorem 2 X there 
exists an automorphism h c IIo[R] such that y*A = m*hA . By Corollary 4, h 
can be so chosen as to leave q fixed, in fact it may leave a line segment through 
q fixed. The composed automorphism hg then carries p into q , leaves BdR 
fixed, and since m*hgA = n*gA = m*A we see that hg e Mu[R). 

Lemma 13: Given two sets of points p x , • • • , ps : qi , • • • , qx , each consisting 

of N distinct interior points of a rectangular r-ccll JB, r ^ 2, and | p* — qi | < c, 

there exists an automorphism T c M 0 [R] such that Tpi = qi , i = 1 , • • • , N, and 

p(T, /) < 6. 

In effect, the lemma asserts that any two finite sets of interior points that 
could possibly be equivalent under automorphism are equivalent under a meas- 
ure-preserving automorphism whose norm is no larger than it need be. Let L» 
denote the straight line segment joining p* to qi . Then L» is contained in the 
interior of R . Suppose first that these segments are all disjoint. Then we can 
enclose each in the interior of a rectangular r-cell <n so chosen that the cells 
(t x , • • • , on are disjoint and each has diameter less than €. By the previous 
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lemma, we can find an automorphism Ti of each cell <n which preserves measure 
and carries pi into q % . Since these automorphisms leave the boundary of each 
cell <n fixed, they can be extended to an automorphism T of R by defining T 
equal to 7\ in each cell <T{ and equal to the identity elsewhere. Since T only 
permutes points within each cell, it moves no point by more than €, and so 
p(T, I) < c. In case any of the segments L* intersect, we shall join each pi 
to qi by a chain of k + 1 points p t = p i0 , pn , • • • , p ik = in such a way that 
I Pi.i ~ Pi.M I < e/k and such that for each 1 ^ j ^ k the segment L„ joining 
p % t j — i to pij are disjoint. This can always be done; in fact, unless two of the 
segments Li intersect in a point that divides each in the same ratio, it will suffice 
to take the points pa as the points that divide Li into k equal segments. In the 
exceptional case a slight displacement of some of the intermediate points will 
make the segments Li, , • • • , L Nj disjoint and will not disturb the inequalities 
| La | < e/k. By the argument just given above, we can find an automorphism 
Tj of norm less than e/k such that Tjp iti -i = p»,y , i = 1 , • • • , N. Hence the 
composed transformation T = T k T k - 1 • • • 7\ will carry each pi into qi . Fur- 
thermore, it will have norm less than e, because the product of k transformations 
whose norms are less than e/k always has norm less than c, as may be deduced at 
once from the triangle inequality. 

Lemma 14: In a rectangular r-cell R, r ^ 2, let D be a set with measure equal 
to mR. Let £/* denote the operation of “ taking the 8-neighborhood with respect 
to D ,” so that L\A means the- set of all points in D at distance less than 8 from A. To 
each 8 > 0 corresponds a positive integer X with the following property: If T is any 
1 : 1 measure-preserving transformation of D onto itself and p is any point of D 
then (TU t fp = D. 

It is to be emphasized that X depends only upon 8 and the dimension number 
r, is independent of the transformation T and of the set D. The transforma- 
tion need not be assumed to be an automorphism, although it will be in the only 
application we shall make. 

Essentially, the proof consists in the observation that the composite operation 
TU 6 operating on any non-void set either increases its measure by at least a 
certain minimum amount or else yields the whole domain D. The important 
thing is to obtain a uniform estimate of this minimum amount. 

The integer X is determined as follows. Let rj be the minimum volume of 
the intersection of the 5-neighborhoods of any two points of R at distance 5 
apart. This number 77 is not simply the common volume of two such spheres, 
because when the two points are near the boundary of R part of the intersection 
of their 5-spheres may fall outside R. However, we are concerned only with 
the fact that rj > 0, and a lower bound to 77 is furnished by the number F/2 r , 
where V is the r-dimensional volume of a sphere of radius 5/2. This is because 
the intersection of the 5-neighborhoods of any two points at distance 5 certainly 
contains the 5/2-neighborhood of the point of R midway between them, and 
the minimum volume of the 5/2-neighborhood of any point of R is V/2 r , that 
being the volume of the 5/2-neighborhood of a vertex of R . We shall take for X 
the least integer greater than mR/vj. 
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Now consider the composite operation TU*. We shall show that X iterations 
of this operation, starting from any point of D , yields the whole of D. For 
let us suppose that (TUffp is not equal to I>, and consider any integer n, 0 ^ n < 
X. The set ( TU h ) n p is then not 5-dense in D, and so there is a point qin R whose 
distance from it is exactly 5. Let q f be a limit point of the set ( TUi) n p at dis- 
tance 8 from q. The operation U& applied to the set ( Tl\) n p therefore adjoins 
at least the common part in D of the 5-neighborhoods of q and q f , and therefore 
increases the measure of the set by at least y. That is, ml\{TUi) n p ^ 
m(TUi) n p + y- Hence, recalling that T preserves measure, m(T(^) n+1 p ^ 
miTUiY'p + y. This being true for n = 0,1, ••• , X — 1, it follows that 
m(TC r a) x p = X77, which is impossible, since by definition \y > mR. 

Lemma 15: Let T be any measure-preserving automorphism of a set D contained 
in the interior of an r-cell R, r ^ 2, with mD = mR. There exist arbitrarily small 
measure-preserving automorphisms Si , S 2 e M 0 [R] such that under the transforma- 
tion S 2 S 1 TS 2 1 the centers of the cells of a certain arbitrarily fine dyadic subdivision 
of R undergo a cyclic permutation. 

This lemma is in a sense the key to the present problem. It enables one to 
gain control over the successive images of a certain point, in fact, it secures their 
equal distribution among the cells of a certain dyadic subdivision. Since the 
proof is somewhat involved, it may be well to sketch the idea in advance. 
It is first shown that one can find points p x , • • • , p K whose first L images under T 
constitute a set which is “nearly” uniformly distributed among the cells of a given 
dyadic subdivision. This much is deduced from the ergodic theorem. (This 
is the only place in the entire proof of Theorem 1 where the ergodic theorem of 
Birkhoff is used.) But some of the points of this set may coincide. The next 
part of the proof consists in modifying T by composition with a small trans- 
formation Si to secure that a similarly distributed set of points are all distinct 
and also are linked together to form a single cycle. In joining the chains to- 
gether, it is necessary to add more points, but it is secured that only a “few r ” 
points are added. The result is that under SiT there is a cycle consisting of 
points qi , • • • , q 8 of which KL are distributed exactly like the first L images of 
Pi , • • • , Pk . It is further secured that the number $ is equal to the number 
of cells in a finer subdivision, and that the points <71 , • • • , q a are sufficiently 
nearly uniformly distributed that they can be set in correspondence wdth the 
centers of the cells of this finer subdivision in such a way that corresponding 
points are close together. By a final transformation S 2 the points q\ , • • • , q 8 
are carried into these centers, so that the latter constitute a cycle under S 2 S 1 TS 2 1 . 

Proceeding now to a more precise formulation of this proof, let 5 be an arbi- 
trary positive number, and let <ti , • • • , <j n be the cells of a dyadic subdivision 
with diameter less than 5, say N = 2 ar . Let them be numbered in such a way 
that (n has at least one vertex in common with <r» + i , 1 ^ i < N. This is easily 
seen to be possible. Let ffp) be the characteristic function of the interior 

of d . The ergodic theorem asserts that the limit /<(p) = lim - y /.( T"p) 

»— ♦» n y—i 
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exists for almost all p, 





we suppose that mR = 1 . We shall show first that we can select a finite set of 
points pi , • • • jp K such that the average of each of the functions/* (p) over this 


set is nearly equal to its integral, that is, 


K itsi(Pk) N 


< 97 . Here 97 may 


be any positive number, but for our purpose it will suffice to take 97 = 1 /N 2 . Let 
J be an integer greater than 2 / 97 , and for each set of positive integers i\ , • • • , i N 

i‘ — 1 

not exceeding J let A^... tjV denote the set of points p in D such that ~—j - * < 


fi (p) £ j for all integers 1 ^ j ^ N. Let Pi x ...i N be any point of Ai x ...i N) pro- 
vided this set has positive measure, otherwise undefined. Then, since on A i x . . . i N 
the functions f* (p) differ from by not more than 1 /J, we have 

1 1 /N — (p*i- •is) ,rn Ai l ...i N | g 1 / J < 77 / 2 , where denotes summation 

over all sets of indices z’i, • • • , i N such that mA tl . . . tJV > 0 . N ow let r n . . . tJV be ra- 
tional numbers such that I 1 /N — f* (p tl . . . ... iN | < 97/2 and ^ r tl . . . iff = 

1. Such numbers exist, since mA ix ... %N = mR = 1 . Let K be a common 
denominator of all the numbers r n . . . iN , and select Kr ix . , iN points from each set 
Ai x ...i N that has positive measure. Call these points p lt • • • , p K - Then we 
have 


Z' - .i N - ^ Y,f*(vk) 

A fc-i 


^ j < v/2 


and therefore 1 1/N — 1/K ^2f*(pk) | < 97 , j = 1 , • • • , N. We may suppose 


*-1 


the points p \ , • • • , p K so chosen that no image falls on the boundary of a cell Vj , 
since this means avoiding only a set of measure zero in making the selection. 

Recalling tha tfjipk) = lim - 2 fj(T v pk), we see that for all sufficiently large n 


we have 
sufficient] 


n —*oo Tl k »1 
K 


l/N- l/K±l±MT’ Pk ) 
M. n p-i 

y large n we have also 


< 97 , / = 1 , • • • , N. Hence for all 




_j_ 2(X + 1) 

H < t\ 


n 


( 1 ) 


where X is the integer corresponding to 5 determined in Lemma 14. Let L 
be such a value of n, and in addition let it be so chosen that for some integer 
0 > a we have 2?' — K ^ K(L +' X) < 2^. Such a number L can be found 
since the numbers K(n + X) include all multiples of K greater than some number. 
If we let 8 — 2? and Ki — s — K(L + X), then 0 g K\ ^ K. 

We now proceed to select s distinct points qi , •••,<?, from D in such a way 
that Tqi is within distance 5 of q i+ i , 1 «, (letting q, +1 = q{), and such that 

KL of these points are interior to the same cells <jj as corresponding points 
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T ¥ pk l£k£K. To secure this, we proceed step by step as 

follows. Take q x = Tpi . For 1 < i ^ L, take q% in the same cell as T*pi 
and such that Tqi is in the same cell as T t+ 1 pi . By Lemma 14 applied to T~ l , 
q L € {T~ l Uifp 2 . Hence Tq L € f/*(7 r " 1 f/a) x “" 1 p2 . Choose q L + i in {T~ l U 'i) x ~ l p% 
within distance 8 of Tq L . For 1 < i ^ X — 1, take q L +i t { r r~ l U h f~ i p 2 within 
distance 8 of Tq L+i ^ . Then Tq L +\- X is within distance 8 of P2 . Take 
within distance 5 of T^l+x-i and such that Tq Ij+ \ is in the same cell as Tp * . 
For 1 g i g L, take q L +\+i in the same cell as Vp 2 and such that Tq L + x +i is in 
the same cell as T t+1 p2 . The next X points are then chosen to lead up to p 3 , 
similarly to the way in which q L +i , 1 ^ i ^ X, were chosen leading up to p ^ . 
Eventually, the point <?(*_!) (l+x>+l is chosen in the same cell as T L p K . We 
then close the cycle by a chain of X + K\ points (instead of X points as in the 
preceding cases) in order to get a cycle with exactly s points. This can be done 
since <7 u-d(l+x)+l € (T~'[ : «) X+Kl pi . At the last step we have q 8 - 1 c T~ l Uip x 
and choose q 8 near enough to p x so that it is within distance 5 of Tq a - x and so 
that Tq 8 is within distance 8 of q x — Tp x . At every step the point to be selected 
can be chosen arbitrarily from an open sphere with respect to D. Hence there 
is no difficulty in avoiding points previously chosen and thus securing that the 
points q x , • • • , q B are distinct, and therefore also the points Tqi , • • • , Tq a . 
We see that the KL points q x , q 2 , • • • , qL , <7m-x+i > * • • , <?m-x+/. , * • • > <?(jt-i)(M-x)4-i> 
• - • , q ( K—\) ( l+x ) + l are respectively interior to the same cells tr, as the points Tp x , 
T 2 pi, . • • , T L pi, Tp 2 , • • • , T L jh, • • . , Tp K , • • • , T L p K . Finally, it is seen that 
g,+i is always within distance 8 of Tq { , since they either lie in the same cell, or were 
specifically chosen so as to be within this distance. 

In virtue of Lemma 13 , we can find an automorphism Si e M 0 [R ], with norm 
less than 6, which carries Tqi into </,+i , 1 ^ i ^ $. Under the composed trans- 
formation S\T the points qi , • • • , q 8 thus form a single cycle. Furthermore, 
since KL of these lie in the same cells as corresponding points T v p k , it follows 


that 


S - 7 t, m 


N 


i ttlATru) 


Jt-1 .-1 


+ 


K\ -I - Ki 


< 


_1 

N 


1 

KL 


K L 


E E /,(?’» 

k -\ .-1 


+ s - KL K\ + Kx 

s s 


From equation ( 1 ) it follows that this is less than ij, because 

s - KL K\ + Ki _ 2 (JTX + Ki) < 2 K(\ + 1 ) ^ 2 (X + 1) 

« + s s ~ K(L + \) +'Xi L • 

Hence the relative number of points qi , • • • , g, in any cell 07 differs from l/N 
by less than = 1 / N 2 . Let us now re-number the points qi, ••• ,q, counting 
first all those in <n , then those in <n , and so on. Call the resulting sequence 
q'i , qi , • • • > q> • Let g”, q't, ■ ■ ■ , q” be the centers of the s = 2^ r cells of the 
/8-th dyadic subdivision, again counting first those in c\ , then those in <rj , and 
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so on. We shall show that corresponding points q[ and q! always lie either 
in the same cell 07 or in adjacent cells. The number of points in any cell 07 
differs from s/N by less than s/N 2 , Hence the indices of the points q'i that lie 

in <r j fall between the limits - and ^ ^ , which are contained 

N N* N n* 

between - and , the limits of the indices of points q" lying in 

<7 j— 1 , <tj , and (Tj+ 1 . Since these are adjacent cells, the distance from q[ to ql 
is less than 26, and by Lemma 13 we can find an automorphism S 2 e Mq[R\ 
with norm less than 26 which carries q'i into q/ } 1 ^ i ^ s. The points then 
constitute a single cycle under the transformation S^iTS^ 1 , Since *Si and S 2 
are both arbitrarily near the identity, the lemma is established. 

6. Equivalence of Cantor sets under automorphism of the containing space 

* 

Lemma 16 : Let C be a linear Cantor set contained in the interior of an r-cell <r 0 , 
which in turn is contained in an r-cell R, r ^ 2, and let f be a homeomorphism of 
(To onto a subset of R. There exists an automorphism hof R that leaves the boundary 
fixed and carries fC back into coincidence with C in such a way that hfp = p for 
every p in C. 

The lemma implies that any topological Cantor set C f contained in the interior 
of R is equivalent under automorphism of R to a linear Cantor set C provided 
some homeomorphism of C onto C" can be extended to an r-ccll containing C. 
It should be remarked that such an extension is not always possible even when 
one of the sets is linear, as is shown by Antoine’s example in the 3-dimensional 
cube (See footnote 15). 

The first step in the proof consists in showing that if <ri and a 2 are disjoint 
r-cells contained in the interior of <r Q , there exists an automorphism h c Wo[ft] 
such that hf<T\ C <7i and hf<r 2 C <r 2 . This may be seen as follows. Let pi , p 2 
be the centers of <r \ , <r 2 respectively. Then fp \ , fp 2 are distinct interior points 
of R y and we can find an automorphism hi t H 0 [R) which carries them back into 
Pi , p 2 respectively. Then hif is a homeomorphism of <r 0 onto a subset of R 
which leaves pi , p 2 fixed. By continuity, there exist r-cells <r [ , <r 2 about pi , p 2 
such that hif(T\ C <j\ and hifa 2 C a 2 . Let g e H o[<r 0 ] be such that qg\ C g[ and 
gcr 2 C <72 . Such an automorphism is easily defined by dividing <r 0 into two 
cells containing <71 , <72 in their interiors and then drawing the interior points of 
each part toward p \ , p<i respectively. The homeomorphism h\fg then carries <71 
and <72 into subsets of themselves. Now consider the transformation hi of R 
equal to fgf~ l in /or 0 and equal to the identity in the rest of R. That /12 is an 
automorphism of R follows from Brouwer’s theorem on invariance of region. 85 
According to this theorem, /<7 0 is a closed region, that is, the closure of a connected 
opfcn set, and interior and boundary points of <70 correspond respectively to 

84 That is, a topological Cantor set contained in a straight line segment. 

u See e.g. AH p. 396. 
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interior and boundary points of /<r<> . Hence fgj~ l is an automorphism of /<ro 
that leaves all boundary points fixed, and can therefore be extended to the rest 
of R by defining it equal to the identity outside. The automorphism h = h^ht 
belongs to and hf carries <n and <r 2 into subsets of themselves, as required. 

Now let us choose a family of r-cells cr^. . ;t‘i , • • • , i n = 1, 2; n = 1, 2, • • • ; 
contained in the interior of <ro , so as to fulfill the following conditions: 

1° For each n, the cells <r are disjoint. 

2° <n is contained in the interior of . 

3° The diameter of <r tl ... tends to zero with 1 In. 

4°C = fl £ 

n— 1 *!•••»» 

Such a representation of any linear Cantor set is immediate from its definition. 
We have shown that there exists an automorphism hi e Ho[R] such that hjai C 01 
and hifcr 2 Cl <r 2 . Similarly, let h 2 be an automorphism of R that is equal to the 
identity outside <ri and <r 2 and such that lvJhfa^ C <r ilXi ; ii , i 2 = 1, 2. This 
involves only an application of the previous result to the two cells <n , <r 2 sepa- 
rately. At the n-th stage, we find an automorphism h n e H 0 [R] which is equal 
to the identity outside the cells and is such that h n h n - 1 • • • /ii/o , tl ... t|| C 

...»•»• The successive products •••/?! converge uniformly, in virtue 

of condition 3°, and therefore have for limit a continuous mapping h of R onto 
itself. That h is likewise 1 : 1 may be seen as follows. Consider two distinct 
points p, q outside fC. They are outside the sets /< r tl ..., n for some n. Hence 
their images under h are the same as under the finite product h n • • • K , and 
therefore distinct and outside C. On the other hand, h carries distinct points 
of fC into distinct points of C. In fact, h is equal to f~ l on fC } because 
hfa ,1 . . . tn C 0 i t . . . , n and therefore hf leaves every point of C fixed. Thus h is a 1 : 1 
continuous map of R onto itself, therefore an automorphism, and it leaves 
boundary points fixed since it is equal to hi there. Furthermore, we have just 
seen that hfp = p for all p in C. 

Before proceeding with our main investigation, which will be resumed begin- 
ning with Lemma 17, we shall digress to consider the bearing of the present 
lemma on the work of Antoine. 36 Given two Cantor sets C and C f situated in a 
euclidean space E ir) three possibilities are conceivable: (i) there is a homeo- 
morphism of C onto C that can be extended to the whole space; (ii) there is a 
homeomorphism that can be extended to a neighborhood of C but none can be 
extended to the whole space; (iii) no homeomorphism can be extended even to a 
neighborhood of C. Antoine showed that in the plane only case (i) can arise, 
indeed that the homeomorphism can be taken equal to the identity outside any 
given rectangle to which C and C f are interior. But he showed by examples 
that in 3-space (and therefore in r-space, r > 3) all three possibilities can arise, 
and that case (iii) can be realized even when one of the sets is linear. In his 
example illustrating case (ii), however, both sets are skew. We shall show 


16 See footnote 15. 
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that this is necessarily the case, that is, that if either of the sets is plane or linear 
case (ii) cannot arise in any space E ir \ More precisely, the result is as follows. 

Corollary: If C and C f are Cantor sets contained in E (r) , r 2, and C is plane 
or linear then C and C f are equivalent under automorphism of E ir) if and only if 
some homeomorphism of C onto C f can be extended to a neighborhood of C. If f 
is any homeomorphism of C onto C f that can be extended to a neighborhood of C then 
f can be extended to E (r) in such a way that it is equal to the identity outside any given 
rectangular r-cell to which C and C f are interior . 

Only the second assertion need be proved since it obviously implies the first. 
We shall consider first the case in which C is linear. Let R be the given rectangu- 
lar r-cell containing C and C' in its interior and let fi be an extension of / to an 
open set G containing C . We may suppose that both G and fiG are contained 
in R. Using the Heine-Borel theorem we can find a finite number of disjoint 
rectangular r-cells Ri , . . . , R# contained in G whose interiors cover C. Let 
Pi be the center of Ri . Then fipi , • • • , f\p N are distinct interior points of R 
and by Lemma 13 there exists hi € such that hifipi = . Let a'i be an 

r-cell about pi so small that hifia'i C Ri , and let a, be an r-cell interior to Ri 
and containing C72, in its interior. Let g be a shrinking transformation of the 
interior of each cell Ri such that gen C a\ and such that g leaves boundary points 
of ft, . • • , R n fixed. Then hifig is a homeomorphism of each <ti onto a subset 
of Ri . By Lemma 16 applied to each cell Ri there exists hi e H 0 [R] such that 
hjiifig is equal to the identity on C. From the theorem on invariance of region 
it follows as before that the transformation ho equal tofigf ! 1 infiRi + • • • + fiRy 
and equal to the identity elsewhere is an automorphism, and it evidently belongs 
to H 0 [R] since fiG C R. Hence h = hjiyho is in H 0 [/2] and hfp = hjtifigp = p 
for every p in C. Therefore hT 1 is an extension of / to R y and it may be defined 
equal to the identity outside R. 

It remains to consider the case in which C is plane but not linear. Let R 
be a rectangular r-cell containing both C and C f in its interior and let C" be a 
linear Cantor set in the same plane as C and likewise interior to R . Antoine 
has shown that there is an automorphism of this plane that carries C into C" 
and is equal to the identity outside R. This automorphism can be extended to 
E {r) in such a way that it is still equal to the identity outside R. This can be 
done conveniently by projecting the transformation from two points in R on 
opposite sides of the plane in which C lies, then projecting again from two points 
in R on opposite sides of the 3-space in which the transformation is already 
defined. After r — 2 steps the desired extension is obtained. Thus we have 
an automorphism h e H 0 [R] that carries C into C". The transformation fhT 1 
is a homeomorphism of C" onto C" that can be extended to a neighborhood of 
C". Since C" is linear there exists an automorphism g e Ha[R] equal to fhT 1 
on. C", as we have already shown. The automorphism gh is therefore equal to 
f on C and it can be defined equal to the identity outside R. 

Lemma 17: If the given homeomorphism f in Lemma 16 is measure-preserving 
then the automorphism h can also be taken to be measure-preserving . 
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Let h be any automorphism fulfilling the requirements of Lemma 16. In R 
consider the measure function pA = mh~ l A . Then pC = mh~ l C = mfC = 0, 
since / is now assumed to be measure-preserving. Let L denote a line segment 
containing C and contained in the interior of R. It is possible that pL may be 
positive, but in that case we can displace the points of L not in C by an auto- 
morphism e H 0 [R] so chosen that pg\L — 0 and gip = p for p e C. Then 
consider the measure piA = pgiA = mh~ l g\A. This is an r-dimensional LS 
measure and in addition pi L = 0. Hence, by Theorem 2 Corollary 4, there 
exists an automorphism g 2 e H 0 [R ] such that pi A = mg 2 A and g 2 p = p for p e L. 
Thus we have mh' l giA = mg 2 A for all A C R, that is, mg 2 gl x hA = mA . Hence 
g 2 gT l h is measure-preserving, and since both gi and g 2 leave the points of C fixed 
the measure-preserving automorphism T = g 2 g\ X h fulfills the requirements of 
the lemma. 


7. Proof of Lemma 6 

Lemma 18: Let R 0 be the interior of a rectangular r-cell R, r ^ 2, and let T be a 
measure-preserving homeomorphism of an open set G C Ro onto an open set TG C 
/2o , where mG = ra/2, and let <j\ , • • • , a N be the cells of any given dyadic subdivision . 
There exist arbitrarily small automorphisms hi , hi e Ho[R] such that hiTh 2 is a 
measure-preserving homeomorphism of h 2 'G onto hiTG y where mh 2 l C = m/2, 
and such that h\Th 2 transforms a certain Cantor set C i in the following manner: 
The points of C\ are all periodic with the same period; the distinct images of C\ 
are disjoint and equally distributed among the cells a \ , • • • , ; the images of C\ 

contain a prescribed fraction a < 1 of the measure of each of the cells <7, . 

In the proof we shall assume m/2 = 1, which involves no loss of generality. 
Observe first that T may be considered as a measure-preserving automorphism 
of the set D = JJ T n G, — < n < + 00 , which has measure one, since it is 

the intersection of countably many sets of measure one. By Lemma 15, there 
exist arbitrarily small automorphisms Si , S 2 t M 0 [R\ such that T\ = S 2 SiTS 2 l 
permutes cyclically the centers of the cells n , * • • , t K n of an arbitrarily fine 
dyadic subdivision, in particular, finer than the given subdivision <t\ , • • • , <r N . 
Now consider T\ to have domain S 2 G, and let rC t\ be an r-cell about the center 
of 7*1 so small that its first KN images under Ti are defined and respectively 
interior to r 2 , r 3 , • • • , t K n , n . Let C be a linear Cantor set interior to r. 
Since T* s is a measure-preserving homeomorphism of r onto a subset of 7*1 , 
by Lemma 17 there exists an automorphism S* e Af 0 [ri], which we define equal 
to the identity outside n , such that under T 2 = S*Ti the set C is brought back 
to coincidence with itself. Under T 2 the points of C are all periodic with period 
KN , and there is one image of C in each of the cells 7*1 , • • • , t K n . Now intro- 
duce a measure m in C by mapping it onto a linear Cantor set with measure 
1 /KN, and extend this measure to the images of C by the transformation T 2 . 
Then mi will be a normalized measure invariant under T 2 such that niu = 1 /KN ) 
t = 1, , KN. Since T 2 preserves both measures mi and m, it will also preserve 

the measure pA = (1 — a)mA + api A. It is easily verified that p* fulfills the 
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conditions of Theorem 2 i with respect to each of the cells u . Hence there exists 
an automorphism h e Ho[R] y which transforms each cell r» into itself, such that 
p*A = m*hA for all A CZ R. Hence = hT 2 h~ l will preserve Lebesgue meas- 
ure, and the Cantor set C\ = hC will be periodic under T % , will have one image 
in each cell r* , and this image will contain the fraction a of the measure of n . 
Hence the images of C\ under T 3 are equally distributed among <ri , • • • , <?n , 
and contain the fraction a of their measure. Expressing T s in terms of T, we 
have Tz = hS z S 2 SiTS 2 l h~ l . The automorphisms Si and S 2 could be taken 
arbitrarily small, and $ 3 and h have norms no greater than the diameter of the 
cells r» . Hence T 3 is of the required form hiTh 2 , where hi and h* belong to 
and are arbitrarily small. It should be noted that 7 ’ 3 is measure-pre- 
serving even though hi and h 2 are not. 

Taking a = 5 , it is evident that Lemma 18 implies Lemma 5, in fact the 
periodicity of the set C\ is for this purpose superfluous. 

8 . The Borel class of the set of metrically transitive automorphisms 

To complete the proof of Theorem 1 , it only remains to show that the set of 
metrically transitive automorphisms is (?« in M[E, p], This is most easily done 
by utilizing what amounts to a necessary and sufficient condition for metrical 
transitivity, rather than the definition itself. Consider the space L 2 of functions 
quadratically integrable over E. Any automorphism T e M[E , /z] induces a 
unitary transformation Uf(x) = f{Tx) of L 2 , as is well-known . 37 Let/i , f 2 , 
be a sequence of continuous functions dense in L 2 . Let E(i, j, n) be the set of 
all T in M[E, /z] such that 

/ \l ZMT'x) - (ft, 1)1 dx < l, 

Je \Jl *-o J J 

where (/,• , 1 ) denotes the number / fi{x)dx. This set is open in M[E } n]. 

Je 

For suppose Tk } k = 1 , 2 , • • • , belongs to the complement of E(i ) j , n) and that 
p{T k , T) — > 0 as k —> qo . The integrand converges boundedly to the limit and 
so T also belongs to the complement. Now, the set M T of metrically transitive 
automorphisms is represented by 

mi, «)■ 

i -1 7-1 n — 1 

For if T is metrically transitive it will belong to E(i, j, n ) for all sufficiently large 
n, in virtue of the mean ergodic theorem of von Neumann . 88 On the other hand, 
if T is metrically intransitive there exists an invariant function <p not constant, 
namely, the characteristic function of an invariant set with measure inter- 

97 B. O. Koopman, Hamiltonian systems and transformations in Hilbert space . Proc 
Nat. Acad. USA. 17 (1931) 315. 

99 J. von Neumann, Proof of the quasiergodic hypothesis. Proc. Nat. Acad. USA. 18 
(1932) 70. 
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mediate between zero and pE. Let d denote the distance in L 2 from <p to the 
axis of constant functions, and choose l/j < J d 2 . Choose/* from the sphere of 
radius d/2 about <p. Since (p is a fixed point under U, and U is unitary, all images 

1 n ~ 1 

of /*• under U also lie in the sphere, and therefore also all averages - 2 MT v x). 

n 

j n— 1 

For no n does T belong to E(i, j, n), because the distance from - HUT'x) to 

71 y =-0 

the constant function (/* , 1) is always at least d/2, and therefore the squared 
distance is greater than 1 /j. 

This representation of M r evidently exhibits it as a set in M[E, p], 

IV. Metrically Transitive Flows 

9. Existence Theorem 

The results concerning metrically transitive automorphisms contained in the 
preceding sections make it possible to set up a general procedure for defining 
metrically transitive continuous flows/ 9 By a continuous flow we shall mean a 
one-parameter group of automorphisms 7 \ , — oc < X < rf oo , of a space E 
such that T\x is continuous in x and X, and such that 7\+ M = 7\T M and 7 o = /. 

Theorem 3: Let E be a regularly connected polyhedron of dimension r ^ 3, 
and let p be any r-dimensional Lebesgue- Stieltjes measure in E. There exists a 
continuous flow in E which is metrically transitive with respect to p, and which leaves 
all singular points of E fixed. 

It is sufficient to define a continuous flow in a rectangular r-ccll which leaves 
the boundary fixed and is metrically transitive with respect to ordinary Lebesgue 
measure. Because the image of such a flow under the map defined in Lemma 3 
will be a continuous flow in E , in virtue of Lemma 4, and metrically transitive 
with respect to p. 

We first define a flow in a space Qi defined as follows. Let B denote the 
(r — l)-dimensional unit cube and introduce in it a measure vA = I f(p)dp, 

J A 

where the integral is an ordinary (r — l)-dimcnsional Lebesgue integral and/(p) 
is a continuous function positive over the interior of B and tending to infinity 

at the boundary in such a way that / f(p) dp = 1. Then vA is an (r — l)-dimen- 

sional LS measure in B , and by Theorem 1 there exists an automorphism T 
of B which leaves the boundary fixed and is metrically transitive with respect 
to v . Consider the product space of B with the unit interval 0 ^ X g 1, and 
identify points (p, 1) and (Tp, 0). In this space Qi define a flow upward along 
streamlines perpendicular to B, taking the velocity at any point to be l//(p), 
where p is the last intersection of the streamline with B . The velocity along a 
streamline undergoes a discontinuous change when it crosses B . Nevertheless, 


89 This is an adaptation of a standard method. See E. Hopf, Ergodentheorie , p. 41. 
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the flow defined by this velocity field is continuous, and since l//(p) tends to 
zero at the boundary, the boundary remains fixed. This flow preserves r-dimen- 
sional Lebesgue measure in Qi . To see this, consider any small cube interior to 
Qi with height h and base <r. Until it crosses B, the segments along the stream- 
lines are rigidly translated, so that its volume is not changed. After it crosses 
B it has a new cross-section TV, and the length along any streamline is now 
The volume is therefore 

L h m dr - - lm* w " /.**■ 

Thus, the change in velocity exactly compensates for the change in cross- 
section, and therefore the flow is measure-preserving, since a flow that preserves 
the measure of small cubes preserves the measure of all sets. To see that it is 
metrically transitive, consider any invariant measurable set. The set must be 
cylindrical, and so its intersection A with B is Lebesgue measurable and therefore 
^-measurable. Since A is invariant under T its ^-measure is either zero or one, 
and consequently also its Lebesgue measure. Hence the cylindrical set over it 
has Lebesgue measure zero or one. 

The space Qi in which we have just defined a flow is homeomorphic to the 
r-dimcnsional tube Q, that is, the product space of B with (0, 1) where points 
(p, 0) and (p, 1) are identified. To prove this, observe that since T leaves the 
boundary fixed, it can be joined isotopically to the identity. That is, there exists 
a continuous family of automorphisms 7\ of B, 0 g X ^ 1 , such that 1\ = T 
and T 0 is the identity. 40 The correspondence (p, X) — > (7\p, X) is a homeomor- 
phism of Q onto Qi . 

The r-dimensional unit cube R can be represented as the continuous image of 
Q under a map which is a homeomorphism up to the boundary of Q. This may 
be done as follows. The region of r-space defined by the inequalities 
1 g (x? + x \ )* g 2, 0 g Xi g 1, i > 2, is evidently homeomorphic to Q. The 
map defined by x[ = a;i[(x? + x \ )* — 1], xj = Xi[{x\ + x\f — 1], x\ = x», i > 2, 
is continuous and has for range the set 0 g (x[ 2 + x 2 2 )* ^ 2, 0 x[ ^ 1 , i > 2, 
which is homeomorphic to R. This map is 1 : 1 except at points where (x? + 
x\f = 1, which belong to the boundary of Q. Combining this map with an 
automorphism of R based on Theorem 2, the map from Q\ to R can be made 
measure-preserving. The image in R of the flow already defined in Qi is there- 
fore metrically transitive and leaves the boundary of R fixed. From this we 
can derive a metrically transitive continuous flow in E , as already explained. 

10. Most general polyhedra that can support metrically transitive 
automorphisms or flows 

In the present section we consider arbitrary finite polyhedra, not necessarily 
connected or even homogeneous-dimensional, and seek to characterize those in 

40 J. W. Alexander, On the deformation of an n-cell. Proc. Nat. Acad. USA. 9 (1923) 
406-407. 
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which metrically transitive continuous flows or automorphisms are possible. 
It will be seen that a complete answer is obtained except in the case r = 2 for 
flows. 

Theorem 4: A finite polyhedron of dimension r ^ 3 can support a metrically 
transitive continuous flow with respect to any given r-dimensional Lebesgue-Stieltjes 
measure if and only if its regular points form a connected set. 

If the regular points form a connected set, the closure of this set is a regularly 
connected polyhedron, and we have already seen how to construct a metrically 
transitive flow in this part. Since the flow given by Theorem 3 leaves singular 
points fixed, it can be extended to the rest of the polyhedron, which is a set of 
measure zero, by defining it equal to the identity there. On the other hand, if 
the regular points fall into two or more disjoint open sets, these will be invariant 
under any continuous flow, since if one point of a streamline is regular, all must 
be. There will therefore necessarily exist disjoint invariant sets with positive 
measure, so that no metrically transitive, or even topologically transitive, con- 
tinuous flow is possible. 

The case r = 2 is not covered by our present method of construction, and it 
appears likely that further conditions on the polyhedron are necessary in this 
case. The case r = 1 is trivial, the only possibility is for the polyhedron to be 
homeomorphic to the circumference of a circle, plus possibly some isolated 
points, the flow being topologically equivalent to a steady rotation of the circle. 
The details are left to the reader. 

Theorem 5: A finite polyhedron of dimension r g: 2 can support a metrically 
transitive automorphism with respect to any given r-dimensional Lebesgue-Stieltjes 
measure if and only if its regular components have equal measure and can be per- 
muted cyclically by an automorphism. 

Suppose the conditions satisfied. Let h be an automorphism that permutes 
the regular components cyclically. By Theorem 2 Corollary 3, w T e can modify 
h within each regular component so as to make it measure-preserving. Call 
the resulting automorphism T. Suppose there are n regular components, and 
let E\ be one of them. Then T n is a measure-preserving automorphism of E\ . 
By the Corollary to Theorem 1 , there exists an arbitrarily small automorphism S of 
Ei such that ST n is a metrically transitive automorphism of Ei , and since S leaves 
all singular points fixed, it can be extended to the rest of E by defining it equal to 
the identity outside Ei . Then ST is a metrically transitive automorphism of E, 
because any invariant set of positive measure must contain almost all points 
of Ei and therefore almost all points of every regular component. Conversely, 
if there exists a metrically transitive automorphism it must permute the regular 
components cyclically, and consequently they must have equal measure. In 
fact, these conditions are necessary if there is to exist even a topologically transi- 
tive measure-preserving automorphism. 

It may be added that in the case r = 1 the only polyhedron that can support 
a metrically transitive automorphism is one that is homeomorphic to a finite 
number of disjoint circumferences of circles of equal measure, plus possibly some 
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isolated points. In such a polyhedron a metrically transitive automorphism is 
easily defined by composing a non-periodic rotation of one of the circles with 
a cyclic permutation of the circles. The isolated points, if any, may be left 
fixed. Any other 1-dimensional polyhedron will have a regular component with 
at least one singular point. This component will be either a line segment or a 
circle with one singular point. Some power of any given automorphism will 
leave all singular points fixed and each regular component invariant, since there 
are only a finite number of each. But a measure-preserving automorphism of a 
line segment that leaves the ends fixed must be the identity, and a measure- 
preserving automorphism of a circle that leaves one point fixed must be either 
the identity or a reflection in a diameter. In none of these cases can the auto^ 
morphism be metrically transitive, since a power of it will be equal to the identity 
on some regular component. 

Thus we have obtained a characterization of all finite polyhedra that can sup- 
port metrically transitive automorphisms. 

It may be remarked that although metrically transitive automorphisms may 
exist in polyhedra having more than one regular component, nevertheless 
Theorem 1 is not true for such polyhedra, because we have just seen that a 
transitive automorphism must permute the regular components cyclically, and 
therefore cannot be near the identity. However, the following generalization of 
Theorem 1 holds. I n the space M[E , y] of measure-preserving automorphisms 
of any polyhedron that can support at least one metrically transitive automorphism , 
the metrically transitive automorphisms form a residual set with respect to the sub- 
space of automorphisms that permute the regular components cyclically. One need 
only observe that in the existence proof given above it was really shown that the 
metrically transitive automorphisms are dense in this subspace. Since they 
form a G $ set with respect to the whole space, they are G s with respect to the 
subspace also, and therefore residual. 

11. Transitive automorphisms in transitive flows 

In the preceding sections we have made use of a general method whereby a 
transformation can be used to define a flow in a product space. By this con- 
struction a transitive transformation gives rise to a transitive flow. But there 
is an even simpler relation connecting transformations and flows, namely, the 
individual transformations that make up a continuous flow are themselves auto- 
morphisms of the space. If even one automorphism in the flow is transitive, 
either metrically or topologically, then the flow is, because by definition a set 
that is invariant under a flow is invariant under each of the transformations that 
make up the flow. This might seem to suggest another way of deriving a transi- 
tive flow from a transformation, but the method is of little use because in general 
ail automorphism cannot be embedded in a flow. 41 Nevertheless, it is natural 

41 Any transformation embedded in a continuous flow must, for example, have roots of 
all orders. A simple example of an automorphism which hasn’t even a square root is the 
following. Let T\ be a rotation of the circumference of a circle through an angle r/k , 
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to inquire whether any of the automorphisms that make up a transitive continu- 
ous flow are necessarily transitive. In the case of metrical transitivity this 
question appears to be open. 42 It is therefore of interest to note that in the 
topologically transitive case the answer is in the affirmative, as we proceed to 
show. 

Theorem 6: Let T\ , — x < X < + x , 6c a topologically transitive continuous 
flow in a separable metric space E, and suppose there is no isolated streamline . For 
all values of X, except a set of first category on the line — x < X < + x y the auto- 
morphisms T\ are topologically transitive. 

Let Gi , (r 2 , • • • be a countable base for all open sets in E. Let A itJ be the 
set of values of X such that for some positive or negative integer k the set T k \Gi 
overlaps G, , that is, such that G t overlaps Gy under some power of r J\ . The 
set A. t 'j is evidently open, we proceed to show that it is dense on the line 
— x < X < + x . Consider any interval 1 and form the set of all numbers 
k\, where X e I and k = 0 , dbl, ± 2 , • • • . This set includes all numbers greater 
in absolute value than some number A. Form the set // — T\G{ and con- 

| A | > A 

sider a sphere a C G so small that the set swept out by it as X describes the 
interval — A ^ X g Ais not dense in G, . Any sufficiently small sphere about 
a point of Gi will do since by hypothesis there is no isolated streamline. The 
set H must overlap G } , because otherwise the invariant open set swept out by 
cr would not be dense in Gj , contrary to the hypothesis that the flow is topologi- 
cally transitive. Hence there exist values of X greater in absolute value than A 
such that 7\G» overlaps Gj , and so the set A ltJ contains points of the interval I. 
Since the sets /l;,,- are open and every when 1 dense, their intersection as i and j 
run independently over all positive integers is a residual set. For any value of 
X in this set, the automorphism 7\ is topologically transitive, because if it had 
an invariant open set not everywhere dense in E there would exist a pair G» , Gj 
such that no image of G, overlaps Gj , and this would contradict the fact that 
X belongs to A tiJ . 

V. Some Related Questions 

12. Generation of Random Sequences by Automorphisms 

In the Introduction it was explained that metrical transitivity implies that 
the images of almost all points are distributed like random sequences in respect 


where A; is a positive integer. Let T 2 be the automorphism of the segment 0 ^ 0 ^ -defined 


by T$ 


-(“)■ 


and let it leave all other points fixed. Under the automorphism T — T%T\ , 


. ^ * 2ir 

the points 0, , 


(2k - 1)t 


form a single cycle of period 2 k, and no other points are 


periodic. It is clear that T cannot be the square of a transformation S , because a cycle 
of period 2k in T could arise only by the splitting of a cycle of period 4 k in S , and then T 
would have two cycles of period 2k. Hence T has no square root. 

41 The question was raised by H. E. Robbins. 
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to the frequency with which they fall in any given measurable set. A random 
sequence has also the property that of its first n points the number that fall 
in A differs from n-mA by something of the order of y/n. Furthermore, this 
difference oscillates in sign. Let us consider the r-dimensional unit cube R and 
take for A any dyadic cell <r. Let the characteristic function of <r be /. The 

n 

difference in question is then ^f{T v p) — nm<r. Consider instead the difference 

7-1 

n 

— n, where K — \/ma is the number of cells in the dyadic sub- 

7—1 

division to which <x belongs. This latter difference is an integer, and as n in- 
creases by unity the difference either increases by K — 1 or decreases by 1. 
To pass from a positive to a negative value it must therefore pass through the 
value zero. For a random sequence this must happen infinitely often. This 
means that a random sequence from R has arbitrarily long segments distributed 
between <r and its complement in exact proportion to their measures. We 
proceed to show that there exist automorphisms of R under which almost all 
points generate sequences that share this property of random sequences with 
respect to every dyadic cell, and indeed that such automorphisms are the 
“general case.” 

Theorem 7 : Let R denote the r-dimensional unit cube , r ^ 2. There is a resid- 
ual set of automorphisms in M[R\ under which almost all points p generate sequences 
distributed in the following manner: Given any dyadic subdivision , there exist 
arbitrarily large values n such that the first n images of p are equally distributed 
among the cells of this subdivision . 

Let g[ 3 \ • • • , <jffj be the cells of the j-th dyadic subdivision, and let f\ 31 be 
the characteristic function of Let E(i, j , k } n) be the set of all T in M[R] 

1 n 

such that the measure of the set A ( i ,j, n, T) of points p for which - = 


1 


ntffi is greater than 1 — The set E(i, j, k, n) is open, because if T belongs 
to it and G, denotes the e-neighborhood of the boundary of where e is so 

^1 — 0J , we have rr^A ( i, j , n, T) — 


L T~’G, 

7—1 _ 


< -["* 
n 


chosen that mG t < - mA (i, j, n, T ) 


> 1 


1 

ie ‘ 


If p belongs to A(i, j, n, T) — T "G, , then 


7—1 


Tp, T*p, • • • , T n p all lie outside G, , and so X ',fi ,} (Tlp ) = X f.-'VTV) for any 

7—1 —1 

automorphism r J\ so near to T that p(T [ , T v ) is less than e for v = 1, • • • , n. 

' n 

Consequently, the set A (i, j, n, Ti ) contains A (i, j, n, T) — X T~’G, , and there- 


-l 


fore has measure exceeding 1 — so that T x belongs to E(i, j, k, n). Hence 


X it E(i, j, k, n) is likewise open. But this is the set of automorphisms such 

n— JV 1 
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that for some n ^ N the set of points whose images arc distributed equally 
among <ri\ • • • , <?„, has measure greater than 1 — ~. Lemma 18 implies that 

fC 

such automorphisms are everywhere dense in M[R], as may be seen by taking 

a > 1 — I , because an automorphism that has a periodic set whose images arc 

equally distributed among <ri 3> , • ■ • , o^V and have combined measure a will 
belong to E(i, j, k, n) for any value of n divisible by the period of the set. There- 

00 00 00 00 N 1 

fore the set n nn zn E(i, j , k , n) is residual, since it is an intersection 

j- 1 N**l n-AT *-i 

of countably many dense open sets. If T belongs to this set, then, for every 
pair j f N , almost all points will generate sequences which have segments of length 
greater than N that are equally distributed among the cells of the j-th dyadic 
subdivision. The intersection of these sets as j and N run over all positive 
integers will still have measure one, and the points of this set will have images 
distributed in the required manner. 


13. Automorphisms that preserve sets of measure zero 

We shall say that an automorphism preserves zero sets if it has the property 
that mhA = 0 if and only if mA = 0. This is equivalent to requiring that hA 
be measurable if and only if A is measurable, because any Lebosgue measurable 
set is the sum of a Borcl set and a set of measure zero, and therefore its image is 
the sum of a Borel set and the image of a zero set. Consequently, if h preserves 
zero sets it will also preserve measurable sets. On the other hand, if it does 
not preserve zero sets either h or its inverse must take some zero set into a set 
with positive outer measure. Therefore it takes some zero set into a non- 
measurable set, because every set with positive outer measure contains a non- 
measurable subset. 43 Hence automorphisms that preserve zero sets might 
equally well be called measurability preserving. It is well-known that an auto- 
morphism need not preserve zero sets, but we proceed to show that any auto- 
morphism is topologically equivalent to one that does. 

Theorem 8: Let h be any automorphism of a rectangular r-cell R (or of E {r] ), 
r §£ 1. There exists an automorphism g of R (or E (r) ) such that ghg~ l preserves 
zero sets . 

Consider first the case of an automorphism of R . Define = \m*A + 
V (m*h n A + m*h~ n A). Then u is an /-dimensional LS measure in R, 

tA 2 n+2 

and nR = mR. By Theorem 2 there exists an automorphism g such that 
fiA = mg A. Evidently nA = 0 if and only if mh”A = 0 for every positive or 
negative integer n. Therefore nhA = 0 if and only if nA = 0; that is, 
mghg~ l A — 0 if and only if mA = 0. 

Now consider any automorphism h of E (r) . Divide the space into a lattice 


*» Carath6odory, Vorlesungen uber reelle Funktionen, Leipzig and Berlin 1918, p. 364. 
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of cubes Ri , R 2 , • • • and let G, be the interior of Ri . Form the outer measure 

M ^ /l m*AGi ^ 1 [ m*h\AGi) m*/r n (AG,)1\ 

M tt 12 mG, + n-i 2 n + 2 L fnh*Gi + mfr-G, JJ* 

This measure is evidently zero for points and positive for non-void open sets. 
Furthermore, nR { = 1, and therefore bounded sets have finite measure, while 
pE ir) = + oo . Hence, by Theorem 2 Corollary 5, there exists an automorphism 
g such that y*A = m*gA , at least in case r ^ 2. The same argument as above 
then shows that ghg~ l preserves zero sets. In the case r = 1, the positive and 
negative half lines both have infinite /z-measure, so that the proof is valid in 
this case also. 


14. Sets automorphic to zero sets 

We shall say that two subsets A and B of E (r) are automorphic if there exists 
an automorphism h of E {r) such that hA = B. This is evidently a stronger 
notion than that of homeomorphism of the two sets. We shall obtain a simple 
characterization of sets that arc automorphic to sets of measure zero. 

Theorem 9: Let B be any subset of Z? (r) , r ^ 1. In order that there exist an 
automorphism h of E {r) such that hB has Lebesgue measure zero it is necessary and 
sufficient that the complement of B contain a sequence of perfect sets whose union 
is dense in E ir) . If a bounded set B satisfies this condition , the automorphism h 
can be taken equal to the, identity outside of any cube that contains B. 

The condition is evidently necessary, since if mliB = 0 the complement of 
hB contains a sequence of perfect sets P n whose union contains all the measure 
in E {r \ and is therefore dense. The perfect sets h~ l P n are therefore outside B 
and their union is also dense in E (r) . To prove that the condition is also suffi- 
cient, suppose that B satisfies it and consider any cube R with interior R 0 . 
By hypothesis R 0 — R 0 B contains a dense sequence of perfect sets. In Ro — RoB 
it is therefore possible to find a sequence of perfect sets P n such that every 
neighborhood in R contains at least one member of the sequence. In each set 
P n there exists a Cantor set C n • Introduce a normalized LS measure y n in 
C n by mapping it homeomorphically onto a linear Cantor set with linear meas- 

ure one. Form the outer measure n*A = mR-'jCj— n*AC n . This is evidently 

n— 1 2 n 

a LS outer measure in 7?, zero for points and positive for non-void open sets in 
R. Also nR = mR and yBdR = 0. By Theorem 2 X there exists an auto- 
morphism h*Ho[R] such that y*A = m*hA. Since yBR = 0, we have 
mh(BR) = 0. If B is contained in R we can take h equal to the identity outside 
R. If B is an unbounded set we can divide E {r) into a lattice of cubes and 
transform each into itself in such a way as to compress the part of B contained 
in it to a set of measure zero. The resulting automorphism of E (r) will then 
carry B into a zero set. 

Since any residual set in E (r) contains a dense sequence of perfect sets, it 
follows as a corollary that any set of first category is automorphic to a zero set. 
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In a previous paper 44 we have obtained this result directly by a simple category 
argument. In the case B C R, we showed in fact that the automorphisms h 
such that mhB = 0 form a residual set in H[R\. It is interesting to note that 
it is only for first category sets that this method of proof is available, at least 
for sets having the property of Baire, because in the same paper it was shown 
(Theorem 4) that a set having the property of Baire is of first or second category 
according as the automorphisms that carry it into a set of measure zero form a 
residual set or a set of first category in H[R\. The present theorem may be 
regarded as completing the earlier result by showing precisely which second 
category sets are automorphic to zero sets. 

15. Transformations topologically equivalent to measure-preserving 

automorphisms 

G. D. Birkhoff has formulated the following problem: Given an automorphism 
hy when can one assert that there exists an automorphism g such that ghg~ l is 
Lebesgue measure-preserving? In other words, the problem is to characterize 
in topological terms automorphisms that are topologically equivalent to measure- 
preserving ones. It is well-known that measure-preserving automorphisms 
have special topological properties, such as the recurrence property discovered 
by PoincarS and similar topological properties that can be deduced from the 
ergodic theorem. Again, it is obvious that a measure-preserving automorphism 
cannot transform a closed sphere into a subset of its interior. Thus it is clear 
that h must be restricted, in contrast to what we found in the case of the related 
problem of characterizing automorphisms equivalent to ones that preserve zero 
sets (§13). In the present section we shall obtain a result that constitutes a 
solution of this problem, though it must be admitted that the characterization 
obtained is neither particularly simple nor easy to apply. It is to be hoped 
that a more elegant solution may be found. 

Let us restrict attention to an r-dimensional cube R. If there exists an auto- 
morphism g such that ghg~ l preserves Lebesgue measure, then h preserves the 
measure pA = mg A ; and conversely, if h preserves a measure p automorphic to 
Lebesgue measure, there will exist a g such that ghg " 1 preserves Lebesgue meas- 
ure, namely, any automorphism such that pA = mg A. Thus Theorem 2 pro- 
vides the following equivalent formulation of the problem: Given an auto- 
morphism h , when can one assert that it preserves some r-dimensional LS 
measure? It is from this point of view that we shall approach the problem. In 
a previous paper 45 we have discussed the question of the existence of somewhat 
more general invariant measures. We obtained the result (loc. cit. Th. 2) that 
an automorphism T of a complete separable metric space admits a finite invari- 
ant Borel measure that is zero for points if (i) T has non-denumerably many 

44 See footnote 28. 

45 J. C. Oxtoby and S. M. Ulam, On the existence of a measure invariant under a trans- 
formation. Ann. of Math. 40 (1939) 560-560. 
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periodic points, or (ii) there exists a compact set C consisting of non-periodic 
points of which at least one returns to C with positive frequency under iteration 
of T. (A point p of C is said to return with positive frequency if 

lim - X fc(T"p ) > 0, where f c is the characteristic function of C.) It should 

n-froo ft v—1 

be added that in case (i) the invariant measure was defined in such a way 
that any prescribed sphere containing non-denumerably many periodic points 
could be made to have positive measure, and in case (ii) positive measure was 
ascribed to the set C. Assuming this result, we can obtain the following theorem. 

Theorem 10: Let h be an automorphism of the r-dimensional unit cube R , 
r 2. In order that there exist an automorphism g such that ghg~ l preserves 
Lebesgue measure it is necessary and sufficient that in every sphere there exist* a 
perfect set to which some point returns with positive frequency under iteration of h , 
and that these perfect sets can all be chosen outside of an arbitrarily prescribed 
countable set . 

The necessity of the condition may be deduced from the ergodic theorem as 
follows. Suppose h is measure-preserving and let Aq be any given countable 

*foo 

set. Then h is a measure-preserving automorphism of the set E = R — ^2 h n Ao , 

n— -oo 

which has measure one. In any sphere there exists a perfect set P C E such 
that mP > 0. Denote its characteristic function by f(p). According t© the 

ergodic theorem f*(p) = lim - ^ f(.T”p ) exists for almost all p, and [ f*(p) dp = 

n -+00 n y-l J 

mP . Hence f*(p) is positive for some point p, that is, p returns to P with posi- 
tive frequency. Thus h has the required property, and therefore also any 
equivalent automorphism ghg~ l , since the condition is topologically invariant. 

Conversely, suppose h fulfills the condition. Let <n , , • • • be an enumera- 

tion of ail dyadic cells in R. Let A n denote the set of periodic points contained 
in cr n provided there are only countably many, otherwise let A n be void. Then 
the union Aq of the sets A n is countable. Consider any cell a n . If it contains 
non-denumerably many periodic points there exists an invariant measure y n 
which is zero for points and positive for <r n , in virtue of the theorem quoted 
above. If <r n contains only countably many periodic points, then by hypothesis 
there exists a perfect set P C <r n — A 0 to which some point returns with positive 
frequency. Since P consists of non-periodic points, the theorem quoted asserts 
again the existence of an invariant measure y n . Thus we obtain a sequence 
of invariant Borel measures y n , each zero for points and such that jj, n <r n > 0. 

We suppose them normalized. Then /iA = L MnA is a normalized invariant 

n—1 It 

Borel measure in R that is zero for points and positive for non-void open sets. 
To obtain a measure which in addition is zero for the boundary it is sufficient 
to form vA = pARo/pRo . The Borel measure v admits an r-dimensional LS 
extension defined by v*A = inf vO, G open, G ID A, which is invariant under h. 
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By Theorem 2i there exists an automorphism g such that v*A = m*gA, and 
therefore ghg~ l preserves Lebesgue measure, as already remarked. 


16. A topological ergodic theorem 


The paper 45 referred to in the last section also contains the rqgult (Th. 1) that 
an automorphism T of a complete separable metric space admits a finite invari- 
ant Borel measure if there exists a compact set C to which some point returns 


with positive superior frequency ( that is, lim sup - 2 ZM^P ) > 0). Again it 

\ n-*oo U p«l / 


should be added that the measure is positive for C. As a corollary of this, we 
may assert the following theorem, which properly belongs to the earlier paper 
since it involves no other results. 

Theorem 1 1 : Let T be an automorphism of a separable metric space E f and let 
C be any compact set contained in E. There exists at least one point p in C such 


1 n 

that lim - YLfc{T v p) exists , where f c is the characteristic function of C. 


n —*00 n 1 


The interest of this theorem is that, like the ergodic theorem, it asserts the 
existence of a limiting frequency of return for certain points, but without any 
measure-theoretic assumptions. Nevertheless, the proof requires a very con- 
siderable excursion into measure theory. It would be interesting to know 
whether the result can be obtained directly, even in the special case in which C 
is a square and T an automorphism of the plane. 

1 w 

To prove the theorem, observe that either lim - X fc{T v p) = 0 for every 

n— *oo n v— 1 


point of C, in which case the theorem is true, or there exists a point p in C such 


that lim sup - ^Z/c(T'p) > 0. 

ft —*00 n pmml 


In the latter ease there exists a finite invariant 


Borel measure u such that pC > 0, by the theorem quoted above. The ergodic 
theorem is applicable to this measure and asserts that the limit in question 
exists for almost all points (in this measure) and is positive for at least one 
point, since its integral is equal to pC. Therefore there exists a point of C, not 
necessarily equal to p, which returns with positive frequency. 


17. Connections with Haar measure 

Haar’s Theorem 46 asserts that in any locally compact separable topological 
group there exists a left (or right) invariant measure which is finite and positive 
for every compact neighborhood. It is evidently zero for points, and it is unique 
up to a constant multiplier. 47 In the compact case it is finite, and then left and 


« A. Haar, Der Massbegriff in der Theorie der konlinuierlichen Gr up-pen. Ann. of Math. 
84 (1933) 147-169. 

47 J. von Neumann, The uniqueness of Haar’s measure. Recueil Matb6matique, Moecou, 
N.S. 1 (1936) 721-734. 
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right invariant measures coincide and are also inverse invariant. 48 The measure 
is derived from a Carath6odory outer measure that satisfies condition M5. 49 
In case the group manifold is a polyhedron, the Haar measure is therefore 
r-dimensional, and Theorem 2 Corollary 1 establishes the following connection 
with Lebesgue measure. If the group manifold of a topological group is a finite 
euclidean polyhedron , the Haar measure , suitably normalized , is automorphic to 
the Lebesgue measure in the polyhedron. Again, we may say that if two groups 
have for group manifold the same polyhedron , their Haar measures are automorphic 
to each other , provided only that they are similarly normalized. 

18. Approximation by locally linear automorphisms 

In the proof of Theorem 1, methods were developed that made it possible to 
approximate any measure-preserving automorphism by one that has a periodic 
Cantor set whose images are distributed in a regular manner. It is natural to 
ask whether one can find similarly an approximating automorphism that has a 
periodic cube. In the present section we shall show that this is possible for 
automorphisms of a cube that leave the boundary fixed, indeed that an approxi- 
mating automorphism can be found that has a sequence of periodic cubes which 
together include almost all points and which the transformation permutes among 
themselves as if by translation. 

It may be remarked that the same methods can be extended to apply to 
r-dimensional polyhedra embedded in r-space, and to automorphisms that are 
merely isotopic to the identity. An attempt to extend them to general auto- 
morphisms and polyhedra seems to encounter more serious difficulties, and for 
this reason the proof of Theorem 1 was based on periodic Cantor sets rather 
than on periodic cubes, which might have seemed more natural. 

Lemma 19: Let R be the r-dimensional unit cube , r ^ 2, and let T be a measure- 
preserving automorphism of R that has an invariant set consisting of a finite number 
of disjoint cubes Ri , • • • , R M interior to R and each a sum of cubes of some dyadic 
subdivision. There exists an arbitrarily small automorphism S e M 0 [R\, equal to 
the identity on R\ , . • • , R M , such that ST permutes cyclically the centers of the 
cubes of a certain arbitrarily fine dyadic subdivision of R that are not contained 
infij, ... , Rm . 

Let E be the polyhedron obtained from R by removing the interiors of 
R\ , • • • , Rm . Then E is regularly connected, and T may be considered as an 
automorphism of E . By the Corollary to Theorem 1, T can be made metrically 
transitive by composing it with an arbitrarily small automorphism that leaves 
the boundary of E fixed. We may therefore assume without loss of generality 
that T itself is metrically transitive with respect to E . By Lemma 3, we can 
represent E as the continuous image of a rectangular r-cell R* under a measure- 

48 J. von Neumann, Zum Haarschen Mass in topologischen Oruppen . Compositio Mathe- 
matica 1 (1934) 106-114. 

49 See the note of S. Banach in Saks, Theory of the Integral , Appendix 1. 
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preserving map / which is a homeomorphism up to the boundary. Let € be a 
given positive number and let 5 > 0 be such that any automorphism in Hq[R*] 
with norm less than 8 corresponds to an automorphism of E with norm less 
than 6. Let <n , ... , a N be the cubes in E belonging to a dyadic subdivision of 
diameter less than €. Order these in a sequence <r tl , . . . , <r lK such that each 
cube <r, appears at least once and such that a tk and <r lJfc+1 have a regular face in 
common, 1 g k ^ K — 1 . (It may be possible to find such an ordering without 
repetitions, but this is not necessary.) Since T is metrically transitive on E 
there exists a non-periodic point whose images under iteration of T fall in the 
interiors of each of the cubes a with frequency 1 /N, in fact, such points form 
a set of measure mE. Let p be such a point, then for any sufficiently large n 
the number of points Tp, . • • , T n p in any cube a t will differ from n/N by an 
arbitrarily small fraction of n, in particular by less than n/NK 2 . In addition, 
let us choose n so that n > NK 2 \ and so that n -f X is a number of the form 
N-2 ar , where X is the integer corresponding to 8 defined in Lemma 14. As in 
the proof of Lemma 15, we can modify the transformation/ -1 Tf by composition 
with an automorphism S 0 e M 0 [R*] such that under S 0 f~ l Tf the point f~ l p has 
period n' = n + X and its first n images are the same as under/ -1 Tf. (Let D be 
the set on which T 0 = f l Tf is 1:1, and let p* = f l T l p, 0 ^ i g n . Then 
Pn € (T^ l lh)p* and step by step we can choose points p*+i , • • • , pt+x-i such 
that p* , • • • , Pn+x-i are distinct, and therefore also T 0 p* , • . • , T 0 p*+\-i , and 
such that Top* is always within distance 5 of p*+i , p*+ x being taken equal to 
p* . Then define So with norm less than 8 so that SoT 0 p* = p*+ 1 , 0 ^ i ^ n -f 
X — 1.) Then $i = fSof 1 will be an automorphism of E with norm less than 
e that leaves the boundary fixed, and under SiT the point p will have period n' 
and its first n images will still be Tp, • • • , T n p. It follows that the number of 
distinct images of p under S\T in any cube <n differs from n'/N by less than 
tf = 2n'/NK 2 , because if o x contains of the points Tp , ... , T n p, and X< of 
the points 77 41 p, - • • , 7? +X p> we have 




ft 


x 

w* + X» — -r-r 

N 


Ui ~N 

+ 

x< N 


n , . . 2n 
NK 2 + X < NK 2 < r? ‘ 


Let pi , ... , p n ' denote the n' distinct images of p under STT. We proceed to 
assign each of these to one of the cubes <r t in' such a way that exactly n 9 /N are 
assigned to each cube <n , and each point is assigned either to the cube in which 
it lies or to an adjacent one. To do this we proceed as follows. First assign 
each point tentatively to the cube in which it lies. If the number of points 
in ctjj is less than n'/N , make up the deficiency by assigning to it points from 
< 7 t - 2 . If the number in <T ix is greater than n'/N , assign enough points from it 
to a» 2 to remove the excess. Next consider <j t2 and eliminate the excess or 
deficiency of points now assigned to it by assigning points of it to <r t - s , or to it 
from <rij . After the A-th step there will be exactly n'/N points assigned to each 
of the cubes a q , <n % , • * - , <n h except those (if any) which are equal to c r tfr+1 . 
After the ( K — l)-st step there will be exactly n'/N points assigned to each cell 
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<n . At the first step the number of points assigned to other cubes is at most 17, 
at the second step at most 2 tj are assigned, and at the last step at most (K — 1)17. 
The total number of points assigned to other cubes is therefore at most 
£K(K — 1)17, which is less than the number of points p, in any one of the cubes 
<T { . Hence the assignments can be made in such a way that no point is assigned 
to another cube more than once, and therefore every point is assigned finally 
either to the cube in which it lies or to an adjacent one. We can therefore 
number the centers q x , . • . , q n > of the cubes of the a-th dyadic subdivision of 
<ti , • • • , <t n in such a way that the points q y and p ; * always lie in the same cube 
(T i or in cubes having an (r — l)-face in common. The distance between them 
is therefore less than 2c, and we can define a measure-preserving automorphism 
S 2 of E that leaves the boundary fixed, has norm less than 2c, and carries each 
Pi into qj . (This does not follow directly from Lemma 13 as stated, but the 
same method of proof used there evidently applies in the present case since the 
line segment joining py to q, lies in the interior of E.) It follows that the points 
qi , • • • , q n > are permuted cyclically by S2S1TS2 1 , which may be written in the 
form ST by letting S = S 2 SiTS 2 l T~ l . This completes the proof, since aS leaves 
the entire boundary of E fixed and can be made arbitrarily small by suitable 
choice of c, since Si and S 2 have norms less than 2 c. 

Lemma 20: Let R be the r-dimensional unit cube, r ^ 2, and let T c Mo[R] be 
such that it permutes cyclically the centers of some of the cubes of a certain dyadic 
subdivision of R. Let n , . . . , ay be the cubes whose centers are permuted. There 
exist automorphisms S c M 0 [R] and h c H 0 [R], equal to the identity outside the cubes 
<Ti and on their boundaries , such that hSTh~ ] is measure-preserving and under it 
the cubes concentric 50 to ai , ... , a N with half their diameter are rigidly permuted 
in a single cycle. 

Let pi be the center of <n . We may suppose the cubes so numbered that 
Tpi = Pi+i , i < N, and Tp N = pi . Let ri , ... , t n be cubes concentric to 
<ri , • • • , <fn , all with the same diameter, and small enough so that Try is in- 
terior to <7t+i y i < N, and Tt n to <n . Let gi be an automorphism of R that 
leaves the boundary fixed and translates ti into r 2 . Extend both gi and T to 
the whole space E {r) by defining them equal to the identity outside R. Let g 2 
be a radial shrinking transformation of E {r) such that g 2 R C r 2 and such that 
g 2 leaves both r 2 and Tn fixed. It is easily verified that {g*g\T~ l g 2 l )T translates 
n into r 2 , and g2Q\T" l g 2 l is an automorphism equal to the identity outside r 2 
that carries Tn into r 2 in a measure-preserving manner. By Theorem 2 Corol- 
lary 3 , we can modify g2g\T~ l g 2 l in r 2 — Tn in such a way that it becomes a 
measure-preserving automorphism of r 2 that leaves the boundary fixed. Call 
this modified automorphism S 2 and define it equal to the identity outside r 2 . 
Then S 2 T carries n rigidly into r 2 . In exactly the same way we can define 

c M 0 [t 8 ] such that S 8 T carries r 2 rigidly into r 8 . Finally we define Si c Af 0 [n] 

10 We fihall use the term “concentric” to mean that the cubes have the same center and 
also have corresponding faces parallel. 
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such that SiT carries r N rigidly into n . The product of these N transforma- 
tions Si defines an automorphism S of R that carries each cube <r< into itself 
and is equal to the identity on their boundaries and outside them. Under ST 
each cube r* is translated into r 1+ i, i < N , and r N into Tl . Finally, let h be a 
radial transformation of each cube a into itself which carries r< into the con- 
centric cube of with diameter half that of ai . Then hSThT 1 is a measure- 
preserving automorphism that permutes the cubes at rigidly and cyclically. 

Lemma 21 : Let T be a measure-preserving automorphism of the r-dimensional 
unit cube R, r ^ 2, and suppose that T permutes rigidly certain disjoint cubes 
Ri , • • • , Rk contained in the interior of R which are sums of cubes of a dyadic 
subdivision . There exists an arbitrarily small automorphism S e M Q [R] equal to 
the identity on R\ , • • • , R K such that S7 1 permutes rigidly in a single cycle the cubes 
concentric to and with half the diameter of those of a certain dyadic subdivision of 
the complementary set E = R — (Ri + • • • + R K ). 

We shall consider the degenerate case K = 0 to be included in this statement. 

Let e > 0 be given. By the continuity of the group product, there exists a 
positive number 8 such that if h, Si , S 2 are any automorphisms with norm less 
than 8 then /t£ 2 £i77f 1 2 T-1 will have norm less than e. By Lemma 19 (or by 
Lemma 15 in the case K = 0), there exists Si e M 0 [R] equal to the identity on 
Ri , • • • , Rk with norm less than 5 such that SiT permutes cyclically the centers 
of the cubes <ri , • • • , a N of a dyadic subdivision of E, and we may suppose the 
cubes c n to have diameter less than 8. By Lemma 20, there exist automorphisms 
h and S 2 that carry these cubes into themselves and leave their boundaries fixed 
such that hS 2 (S\T)hT l is measure-preserving and permutes rigidly in a single 
cycle the cubes a* concentric to and with half the diameter of a x . But this 
transformation may be written in the form ST y where S = hS 2 S\ThT l T ~ l . 
The automorphism S is measure-preserving, since it is a product of two such 
transformations; it is equal to the identity on R ,\ , • • • , R K and on the boundary 
of R, since h 7 Si , S 2 are; and it has norm less than e, since h, Si , S 2 have norms 
less than 6. 

Theorem 12: Any measure-preserving automorphism T of the r-dimensional 
unit cube R } r S 2, that leaves the boundary fixed can be approximated uniformly by 
another such automorphism T* which is locally linear almost everywhere . More 
precisely , there is a sequence of disjoint cubes interior to R, having total measure 
one , which under T* are rigidly permuted among themselves. 

The proof is based on a sequence of modifications of T defined inductively. 
Let , 82 , • • ■ be a sequence of positive numbers with sum less than a given 
number t > 0. We shall show that it is possible to find a sequence of automor- 
phisms &,&,••• with the following properties: 

1° Sn € Mo[R\, p(Sn , I) < dn 

2° S n S n - 1 • • • SiT permutes rigidly among themselves a finite number of 
disjoint cubes Ri , • • • , Rn % in n cycles, each of these cubes being a sum of 
interior cubes of a certain dyadic subdivision of R. 

3° S n is equal to the identity on Ri + R 2 + • • • + Rn h ^ , n > 1. 
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4° m(ft + • • • + RnJ = 1 - (l - 

By Lemma 21, there exists Si e M 0 [R] with norm less than Si such that SiT 
permutes rigidly in a single cycle the cubes R \ , • • • > Rn x concentric to and with 
half the diameter of those of a certain dyadic subdivision. These cubes therefore 
have total measure l/2 r . Thus conditions 1° to 4° are satisfied in the case n = 1, 
condition 3° being vacuous. Now suppose that Si , • • • , S n and Ri , • • • , Rn h 
have been defined so that conditions 1° to 4° are satisfied for values of n ^ k. 
Then T 7 * = SkSk-i ■ • • S\T fulfills the hypotheses of Lemma 21 and there exists 
an automorphism £*+i € M 0 [R 1, with norm less than 6*+i , equal to the identity 
on Ri + ... + R Nk , such that Sk+iT k permutes rigidly in a single cycle the cubes 
} • • • 9 Rxk+i concentric to and with half the diameter of those of a certain 
dyadic subdivision of R that are not contained in Ri + ... + R N]e . The total 


measure of these additional cubes is therefore ~ ( 1 — ~ ) 

2 r \ 27 


so that conditions 


1° to 4° are now satisfied for values of n ^ k + 1, and the inductive definition 
of the successive modifications S n is complete. 

From 1° it follows that the limit S = lim S n S n ~i * • • Si exists and has norm 


n— *oo 


less than c. Furthermore, ST is equal to S n • • • SiT on Ri + R 2 + • • • + R Nn , 
in virtue of 3°, and so it permutes these cubes rigidly among themselves. Thus 
under ST the cubes Ri 9 Rt , • • • are all rigidly permuted among themselves in 
finite cycles. Finally, by 4°, these cubes contain almost all points of R. Hence 
T* = ST has all the properties described in the theorem. 


Bryn Mawr College 

The University of Wisconsin 
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A REMARK ON NORMAL VARIETIES 

By H. T. Muhly* 

(Received December 22, 1040) 

1. In the terminology of the Italian School an algebraic variety is called 
“normal” if its system of hyperplane sections is complete. O. Zariski applies 
the term “normal” to an algebraic variety whose associated ring of homogeneous 
coordinates is integrally closed. 1 The two concepts are not equivalent. Zariski 
refers to a variety which satisfies the former condition as “normal in the geo- 
metric sense” and to one which satisfies the latter condition as “normal in the 
arithmetic sense.” 

A variety which is normal in the arithmetic sense is necessarily normal in the 
geometric sense. Moreover, an r-dimensional variety V r which is normal in 
the arithmetic sense has no (r — l)-dimensional singularities. A variety w T hich 
is normal in the geometric sense need not be normal in the arithmetic sense. 
For example, a plane quartic of genus two is normal in the geometric sense, 
but has a double point. A curve may be free from singularities and yet not 
normal in the arithmetic sense. A rational space quartic illustrates this possi- 
bility. The validity of all of these assertions is established in Z. 

The object of this note is to characterize geometrically those algebraic varie- 
ties which are normal in the arithmetic sense. To this end we propose the fol- 
lowing theorem: A necessary and sufficient cotuiition that the r-dimensional algebraic 
variety V r be normal in its ambient projective space P n is that for every integer m 
the linear system cut out on V r by the hypersurfaces of order m in P n be complete. 

In the course of the proof we need the notion of the “character of homogeneity” 
of an algebraic variety, introduced by Zariski in the paper Z. Let 
£o , £* , • • • , £* be the homogeneous coordinates of the general point of a variety 
V r in the projective space P n . The underlying field of constants for P n is as- 
sumed to be algebraically closed and of characteristic zero. We denote this field 
by K. The integral closure, i£[f* , ff , •• , f*] of the ring of homogeneous 

coordinates K[£* , • ••,£*] in its quotient field 2* is denoted by 5*. Each 

of the quantities fo , f , • • • , f * may be assumed to be homogeneous of positive 
degree. 2 Zariski proves that there exist integers 5 with the following property. 

* National Research Fellow, 1940-41. 

1 O. Zariski, "Some Results in the Arithmetic Theory of Algebraic Varieties/' American 
Journal of Mathematics, Vol. LXI, No. 2 (April 1939); designated henceforth by Z. 

* If £»• = £*/£o » then , & , • • • , £ n are the n on-homogeneous coordinates of the general 

point of our V r and 2(=*K(£i , • • • , &»)) is the field of rational functions on V r . The field 
2* is then equal to 2(£ 0 ), a pure transcendental extension of 2. An element w* of 2* 
is said to be homogeneous of degree v if r X «* = t v <a* for every automorphism r of 2* 
over 2 of the form r : , £ « K. 


921 



922 


H. T. MUHLY 


If «* , «* , • • • , denote the possible power products of f * , £ 1 , • • • , which 
are homogeneous of degree 8 and if a>* is any power product of , f * , • • • , f * 
of degree of homogeneity p8 (p a positive integer) then w* is a form of degree p 
in o>? , Any integer 8 with this property is called a character of 

homogeneity of V r . 

2. The necessity of our condition is easily established. The ring of homo- 
geneous coordinates o* = i£[£* , (* , • • • y £»] is integrally closed in its quotient 
field 2* since we assume V r to be normal in the arithmetic sense. As we have 
already pointed out, our hypothesis assures us that the linear system | V | 
which is cut out on V r by the hyperplanes of P n is complete. To prove that all 
of the multiples, | mV |, m = 1,2, • • • , of | V | are also complete we point oitt 
that the integer one is a character of homogeneity of V r since o* is itself integrally 
closed and since £* is homogeneous of degree 1, i = 0, 1, • • •, n. It follows by 
sections 20 and 21 of Z that if w* , coj* , • • • , w* are the linearly independent power 
products of degree m (m a positive integer) which occur among all the power 
products of degree m which can be formed from £o , £i , • • • , £ n , then w 0 , <*>i , 

• • • , co * are the homogeneous coordinates of the general point of a variety V' T 
which is normal in the arithmetic sense and which is birationally equivalent 
to V r . Moreover, in the birational correspondence between V r and V' r the 
system of sections of V r with the hypersurfaces of order m is transformed into 
the system of sections of V f r with the hyperplanes of its ambient space Ph . 
Since V f r is normal in the arithmetic sense the system of hyperplane sections of Vr 
is complete. This proves the first half of our theorem. 

3. Before proving that our condition is sufficient we list certain well known 
definitions and results to which we shall have occasion to refer, a) If 2 = K (£i , 

• • • , £ n ) is the field of rational functions on V r , then by a prime divisor of 2 
we shall mean an (r — l)-dimensional valuation of 2. If 3 is any finite integral 
domain in 2, and if is a prime divisor whose valuation ring 33* contains 3> 
then will be said to be of the first kind with respect to 3 if the origin (the prime 
ideal of elements of positive value in 3) of $ in 3 is an (r — l)-dimensional ideal. 
If this is not the case then $ is of the second kind with respect to 3- 

b) Let £*,£?, • • • , {U be the homogeneous coordinates of the general point 
of a variety V r in P n , and let o* = K [£* , £* ,•••,{!] be the ring associated with 
£o i Si >•••)£» • We may assume that , Si , are algebraically inde- 

pendent and that $>+i, • • • , £* depend integrally on £* , £? , •••,£*. This 
situation may always be realized by means of a non-singular projective trans- 
formation. If we put $,• = £,* / £o } Oo = X[Si , S 2 , • • • , £„], 0 , = KlUb , ••• , 
£,_i/S< , 1/i.-, , •••>S»/S«L then it is not difficult to see that in each 

of the rings o,- , j =0, 1, • • • , r, the first r coordinates are algebraically inde- 
pent and that the remaining ones depend integrally on the first r (see section 4). 
The valuation ring 93? of any prime divisor, must contain at least one of 
the rings o,-, j = 0, 1, • • • , r. Moreover, it is easily seen that if o« C S8* and 
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Of C ©tp , and if $ is of the first kind with respect to o« then it is also of the first 
kind with respect to Oa . Hence we say that $ is of the first kind (or of the 
second kind) with respect to the given projective model V r of 2. 

We consider the set © of all prime divisors of 2 which are of the first kind with 
respect to V r , and we form the abelian group W(F r ) which consists of all finite 
formal power products *f l • • • • * * *, 'pi t ©, on an integer, i = 1,2, ■■ ■ , k. 

The elements of © ( V r ) are called divisors. The divisor ?1 = • ^ 2 2 

is said to be integral if a, > 0, * = 1 , 2, • • • , k. 

As in the case of functions of one variable, a uniquely determined divisor 
8l(»j) may be associated with each element tj in 2. We have 

aw = n 

where the product is extended over all prime divisors in S. We point out that, 
since every 93 in © is an (r — l)-dimensional valuation of 2, the value group 
of may be taken to be the group of integers. Those divisors 21 in ®(7 r ) 
which are associated in this way with elements rj in 2 form a subgroup § of 
@(F r ). Two divisors 21 and 93 are said to be equivalent if 2L93 -1 e 
With every prime divisor 93 in @, one can associate a unique irreducible 
(r — l)-dimensional subvariety 7(93) of 7 r . With every integral divisor 
21 = 93? 1 93**, one associates the effective (r — l)-dimcnsional subvariety 

7(21) = a,Vm + ... + a k VW k ). 

One then defines the complete system determined by 7 (21) to be the totality of 
all effective curves associated with integral divisors which are equivalent to 21. 
Zariski’s definition of a complete system, which we have used until now, is 
equivalent to this one in so far as the system of hyperplane sections and its 
multiples on a given 7 r is concerned (see Z page 288). 

c) Lemma: The algebraically independent quantities £i , & , - - • , £ r have divisor 
representations of the form 

Si = 31.721, i = 1,2 , ...,r, 

where 2I» and 21 are integral divisors and no prime divisor divides both 21,- and 21. 
The proof of the lemma runs along the following lines. Let 93 be a prime divisor, 
of the set ©, which is such that for at least one i the inequality t>*(£,) < 0 holds. 
We may assume that i>*(&) ^ *>*(£/), j = 1, 2, . . . , r, for if this is not the case 
we consider the £ of least value. The valuation ring 25* must then contain the 
ring o* = K[k/£i , • • • , £<-i/fc , 1/&, £»+i /£« , • • • , £*/£•]. Moreover, since 
t;*(l/£,) > 0, 1 /£* as 0(p), where p is the origin of 9? in o, . Since p is (r - 1)- 
dimensional, p cannot divide £,/£,■ , j = 1, 2, • . • , r. (This follows since 
£r+i/& , • • • , £n/£» depend integrally on £i/£; , • • • , fc-i /£» , 1 /£< , fc+i/& , • • • , 
f r /£».) It therefore follows that *>*(£,/&) = 0, or that t>*(£,) = t>*(£,), 
j = 1, 2, • • • , r. This proves the lemma. 

4. We prove that our condition is sufficient. Let 7 r be a variety in the 
projective space P n , and let £*,£*,•••, £ n be the homogeneous coordinates 
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of its general point. We assume that the system | mV | cut out on V r by the 
hypersurfaces of order m in P n is complete, m = 1, 2, • • • . We must prove 
that the ring o* = K[%* , fi* , • • • , f £] is integrally closed in its quotient field 
2*. As in section 3, we assume that f* , f *,•••, f? are algebraically independ- 
ent and that f r +i , • • • , f n depend integrally on f 0 , fi , • • • , f r . Any element 
of 2* which depends integrally on f* , f* , • • • , ft is the sum of homogeneous 
elements which depend integrally on f* , f *,•••, f? . It is therefore sufficient 
to prove that o* contains any homogeneous element of 2* which depends in- 
tegrally on £o* • 

Let 03* be an homogeneous element of degree v with this property and let 

(1) o)* h + a x (f* , f t , • ■ • i £?)w* h 1 + • • • + a h (Z* , ft , • • • , ft) = 0 

be the equation which expresses the integral dependence of o)* on ft , f t , • • • , ft - 
Since every homogeneous integer satisfies an homogeneous equation of integral 
dependence, we may assume that a» is a form of degree iv in ft , ft , • • • , ft , 
i = 1, 2, • • • , h (see Z, section 18). If we divide equation (1) by ff*"' we see 
that the quantity o) = «*/ frf is an element of 2 ( = 2C(fr , • • • , f n )) which depends 
integrally on f i , f 2 , • • • , f r . On the other hand, division of equation (1) by 
shows that u/g depends integrally on £,/£< , • • • , £<_i/£» , 1 /$< , fc+i/fc , • • • , 
lr/£< ,i= 1,2, ... ,r. 

Let f t = SI*/ SI, i = 1, 2, • - - , r, be the divisor decomposition of fr mentioned 
in 3c. Since the system | vV | is complete for every v ) it follows that if 33 is an 
integral divisor in &(V r ) which is equivalent to 2f (in symbols 33 ~ Sf), and if 

0 = 33/ Sf, then 0 = /(fi , • • • , fn) where / is a polynomial of degree ^ v in the 
indicated arguments. 

If 0 = 33/ Sf, then 0 is an integral function of fi, f 2 , • • • , f r , since 0 has non- 
negative value at all prime divisors of © for which f i , f 2 , • • • , f r have non- 
negative values. On the other hand, 0/fJ = 33/SIJ , and consequently 0/f< is 
an integral function of fi/f» , • * • , 1/f* , • • • , f r /f» . We assert that, conversely, 
if an integral function 0 of fr , • • • , f, has the property that for some integer v , 
0/f i is an integral function of fr/fr , • • • , fr-i/f i > 1/f* , fr+i/f » , • • • , fr/f* , 

1 = 1, 2, • • • , r, then 0 may be put into the form 33/ Sf where 33 is an integral 
divisor in ®(7 r ) which is necessarily equivalent to Sf. In fact, if 0 = 33o/Slo 
is the divisor decomposition of 0, then 0/£ • — 33 0 Sl7?loSl»- . Since 0 is an integral 
function of f 1 , • • • , f r , no prime divisor of the set © can divide Slo if it does not 
divide 21. Moreover, no prime divisor of © can occur in Slo to a higher power 
than that to which it occurs in Sf , since 0/f \ is an integral function of fr/fr , • • • , 
fr-Vfr, 1/fi, ft+i/fr , • • • , fr/fr, i = 1, 2, - . . , r. It follows that 2f = 8* Slo where 
g is an integral divisor. We can therefore write 0 = 33/2f. 

Our theorem now follows readily. If 03 * is an element of 2* which depends 
integrally on f * , £* , • • • , £ * and if a>* is homogeneous of degree v } then the quan- 
tity 03 = 03 * /Jit v is an integral function of fr , f 2 , • • • , f r which has the property 
that w/fr v is an integral function of fr/f* , • - - , fr-i/fr > 1 /fr , fr+i/fr , • • • , fr/fr . 
The integral function 03 therefore admits a divisor representation of the form 33/2f. 
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By virtue of the completeness of | vV |, this implies that o> = /(£ i, ••• , $»), 
where / is a polynomial of degree ^ v. Hence we see that 

0)* = £?"./(£ i , • • • , fn) = ^(io i f* , • • • , fj) 

where v?* is a form of degree v. The element co* is thus seen to be in o*, q.e.d. 

As a final remark we point out that there exist curves which are free from 
singularities and on which the hyperplanes cut out a complete system, but 
which are nevertheless not normal in the arithmetic sense. In fact in P 3 there 
exist curves of order seven and of genus four which are free from singularities. 
On such curves the system of plane sections is complete while the system cut 
out by the quadric surfaces is not. Thus, even though freedom from singularities 
and completeness of the system of plane sections are individually necessary for 
a curve to be normal in the arithmetic sense, they are together not sufficient. 

Princeton Universitt and Institute for Advanced Study 
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ON THE CONNECTION BETWEEN THE ORDINARY AND THE 
MODULAR CHARACTERS OF GROUPS OF FINITE ORDER* 

By Richard Brauer 
(Received October 21, 1940) 

Introduction 

The representations of groups by matrices with coefficients in a modular field 
and the corresponding modular group characters have been studied in two 
earlier papers; 1 the aim of the present paper is to continue this work. Let © 
be a group of finite order g and let p be a rational prime. If f 2 (G), • • • 

are the (ordinary) characters of ®, and <pi(G), ^(G), • • • the modular characters 
of © for p, then we have formulae 

(*) UG) = Z <WG) 

provided that G is a p-regular element of ©, i.e. an element G of an order prime 
to p. The are non-negative rational integers, the decomposition numbers 
of © for p. We may say that the group characters of © are built up by the 
modular characters , and it is possible to obtain a deeper insight into the 
nature of the ordinary group characters by the use of the modular characters 
and their properties. However, it is disturbing that we have to restrict our- 
selves to p-regular elements. In this paper, we plan to overcome this diffi- 
culty. The value f M (G) for elements G of an order divisible by p will be 
expressed by the modular characters of certain subgroups 91,- of ©. The corre- 
sponding generalized decomposition numbers d\ v will not necessarily be rational, 
but they are integers of a cyclotomic field of an order p a . The definition of 
these numbers d\ , and the formulae generalizing (*) are given in §1. The 
numbers d 1, can be arranged in the form of a square matrix D which is non- 
degenerate, and, apart from the arrangements of the rows and columns, the 
d'^ are invariants of the group ©. The matrix of the group characters of © 
can be written as the product of D and a matrix A which breaks up completely 2 
into the matrices of the modular group characters of % , 5Wi ,%,•••, if the 
rows and columns in all these matrices are suitably arranged. If the modular 
characters of the groups 91, • are known, the product of any two columns of D 


* Presented to the American Mathematical Society on April 11, 1941. 

1 R. Brauer and C. Nesbitt, On the modular representations of groups of finite order, 
University of Toronto Studies, Math. Series No. 4, 1937. R. Brauer and C. Nesbitt, On 
the modular characters of groups. I refer to these two papers by BN 1 and BN 2. The 
introduction of BN 2 contains a short summary of most of the methods and results of BN 1. 

* This means that the matrix A contains in its main diagonal the matrices of the modular 
group characters of 9lo , 9h , • • ■ , and zero matrices outside the main diagonal. 
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can be formed; the Cartan invariants of the groups appear as the values of 
these products (§3). Further, some congruences (mod p) for the decomposition 
numbers are given which will be of fundamental importance for a later paper. 

With every column of D, all algebraically conjugate columns appear in D. 
In this manner, the columns of D are distributed in “families” of conjugate 
columns. The number N of such families and the numbers Wi , w* , * • • , w N 
of members of the individual families are determined in §§6, 7. The numbers 
obtained are the same as if we distribute the characters into “families” of 
p-con jugate characters where two characters are said to be p-con jugate, if they 
can be transformed into each other by a change of a primitive p Hh root of 
unity. Finally, we also obtain these numbers N, , when we distribute the 
classes of conjugate elements into “families” in a certain manner which can be 
described in terms of abstract group theory. 

Notation: © denotes a group of finite order g, p is a fixed rational prime 
number, and we set g = p a g' with (p, g f ) = 1. A p-regular element of © is an 
element whose order is prime to p; the other elements are said to be p-singular. 
Similarly, we denote the classes of conjugate elements as p-regular or p-singular 
according as the elements of the class are 7>-regular or p-singular. The nor- 
malizor 91(G) of an element G consists of those elements of © which commute 
with G; the order of 91(G) will be denoted by n(G). When we speak of a repre- 
sentation or a character of © without further attribute, we mean a representa- 
tion in the field of all complex numbers and the corresponding character. In 
the case of a representation in a field of characteristic p, we always add the 
word “modular”. 

1. Definition of the generalized decomposition numbers 

We consider a group © of finite order g = p a g' where p is a prime number and 
((/', p) = 1. Let Po = 1, Pi , P 2 , • • • , Ph be a system of elements whose 
orders are powers of p, such that they all lie in different classes of conjugate 
elements, but that every element of an order p a (a = 0, 1, 2, • • • ) is conjugate 
to one of them. Of course, the P, can be taken from a fixed Sylow subgroup of 
order p a . Every p-singular class of © contains an element of the form PiV 
where i is uniquely determined by the class and where V is a p-regular element 
of the normalizor 9l(Pi ) of P, . If W is a p-regular element of 9l(Pj) and PiV 
and PjW are conjugate, say 

GT'PiVQ = PjW, 

then by raising this equation to suitable powers, we find 
G-'Ptf = P, , G" l VG = W . 

Hence i = j, G lies in 9 l(P<), and V and W are conjugate in 9l(Pi). Conversely, 
these conditions imply that PiV and PjW are conjugate in ©. In order to 
obtain a complete system of representatives for the p-singular classes of ©, we 
have to form PjV where i = 0, 1, 2, • • • , h } and, for each i, the element V ranges 
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over a complete system of representatives of the p-regular classes of the group 
91 (P<). Let ki denote the number of these classes. 

Consider a representation of ©. The matrix 5(P<) representing a fixed ele- 
ment Pi can be assumed to be of the form 


8(P«) = 


/till 0 
0 tilt 


0 



where Ii , h , • • • , h are unit matrices, and «i , « , • • • , <i are distinct p“* h 
roots of unity; for p a we may take the order of Pi . The matrix representing 
an element Vi of 91 (Pi) then breaks up in a corresponding manner, 


mv t ) = 


/2V (1) 0 

0 N (i> 


0 

0 


0 0 


N il, J 


The trace tr (^(PiF,)) is given by 

tr mPiVi)) = <x tr (N w ) + eitr (N l2) ) + tr (N a> ). 

If Vi ranges over all elements of 9l(P,), then JV (X> , for a fixed X, will form a 
representation of 9 1(P,). The trace tr (1V' (X) ) can therefore be expressed as a 
linear combination of the irreducible characters of $ft(P t ). If F, is p-regular, 
these characters again can be expressed by the irreducible modular characters 
of , 

Let ip\ , <p l 2 , • • • be the distinct absolutely irreducible modular characters of 
9l(P,) for p; we have ki of them. 3 Thus we obtain a formula 


tr (g(P.-F t -)) = £ dWi(Vi) 


where d\ is an integer of the field of the p“ th roots of unity; it is independent of F< . 

If 3i » & , • • • are the distinct irreducible representations of ®, and ft , ft , • • • 
the corresponding characters, we therefore have formulae 


( 1 ) 



(Vi in 9 l(P<), p-regular). 


We denote the as the generalized decomposition numbers of ©. For i = 0, 
we have Po = 1, 91 (Po) = ®, and the are identical with the ordinary decom- 
position numbers d„, of & * In any. case, d‘„ is an integer of the field of the 
p a<th roots of unity where p“*‘ is the order of P< . 

Let be the indecomposable modular character which corresponds to <p\ , 


» BN 1, Theorem III— BN 2, §8. 
* BN 1, p. 7— BN 2, §4. 
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(v = 1, 2, * • • , ki ). If n(Pi) is the order of s J}(P t ), then it follows from the or- 
thogonality relations for modular group characters 8 that 

(2) 4, = -i-- £' UPiVmv- 1 ), 

where the dash indicates that V ranges over the p-regular elements of 91 (Pi) 
only. We arrange these numbers for a fixed i in form of a matrix D < = (d*,) 
with p as row index and v as column index, and set 

(3) D= 

Any column of D will be denoted as a d-column of ®; each of them is given by a 
pair (i, v). It follows that the number of such columns is equal to the sum of 
all ki , i.e. equal to the full number k of classes of conjugate elements of ©. 
Hence D is a square matrix of the same degree k as the matrix Z of the group 
characters of According to (1), we have a formula Z = DA where A 
is a square matrix. Since Z is non-singular, so is D. 

Theorem 1: The matrix D of the generalized decomposition numbers of © is 
non-singular. The matrix of the group characters of © has the form DA where 
the matrix A breaks up completely 6 into the matrices of the modular group characters 
of 9i(Po), s JJ(Pi), • • • , s JJ(Pa), provided that the rows and columns of the matrices 
are suitably arranged. 

If D and the modular group characters of all 9i(P,) are known, then the 
ordinary group characters of © can be found from (1). 

2. Change of P t 

For the definition of the generalized decomposition numbers , a special 
system of elements P t of © has been used. We now have to sec how the 
are affected by an admissible change in the choice of Pi , that is when we replace 
Pi by a conjugate element G~ l P x G = P* . Of course, G~ l 9l(P x )G = $ft(P*). 
If V — ^(F), (Y in 92(P*))> is a representation of 92(P»), then V* —>$(GV*G~ 1 ), 
V* in 91 (P*), is a representation of s J?(Pf). If x(F) is the character of ft, we 
denote the character of the new representation by i.e. 

(4) x°(V*) = x(GV*G~ 1 ), V* in 9l(P?). 

Then 

w)°, (4)°, • • • , (vur 

is a complete system of irreducible modular characters of the corre- 

sponding indecomposable characters are 

(*i) 0 , •••,«)*• 

Since f„(f\F) = r M (G _1 P.FG), we obtain easily from (2) 

* BN 1, Theorem IV —BN 2, (20). 

6 Cf. footnote 2. 
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Theorem 2: If Pi is replaced by GT'PfQ = P * , then 4 - d* , where dt: 
are the decomposition numbers corresponding to this new choice , and where 
is taken as the r th character of 9l(P,*). 

We see that the only possible change is a permutation of the columns of D \ 
Theorem 3: The generalized decomposition numbers are invariants of ©. 


3. The orthogonality relations 

We form the “unitary product” of two columns of D. According to (2), we 
have 


(5) £ dpydlp — ~ Tp ~\ (p \ £-4 £-U 

M -i n{ri)n{rj) y i n 9i(p<) w in w(p*) 


Z' Z' 


The sum over n on the right hand side vanishes, if PiV and PjW are not conju- 
gate in ©; in the other case its value is n(PiV). It follows that, for i ^ j, the 
whole expression vanishes. For i = j, only the n(P,)/n(P<F) elements W are 
to be taken into account which, in 9f(P<), are conjugate to V. Hence 

44 - -A? £' *to r4 )*;oo. 

n(r<) F in 9l(P*) 

The right hand side can easily be evaluated. 7 * We thus obtain 
Theorem 4: The generalized decomposition numbers satisfy the equations 


£ 


( 6 ) 


<■-1 


d* d! = 

U u pUpp — 


for i 5 ^ j 
for i = j s 


where c\„ is the Carton invariant of 91 (P<) corresponding to the modular characters 

* i 

<P,,<Pp- __ 

On multiplying D' with the conjugate complex matrix D and forming the 
determinant of th6 product, we obtain the product of all the determinants 
I cl\ |, i = 0, 1, 2, • • • , h. All these | c' K \ | are powers of p. 9 With every 
d-column, the conjugate complex column also appears as a d-column, as is easily 
seen. Hence | D | = zb| D |. Since the determinant of the matrix A in theo- 
rem 1 is prime to p, 10 we have 

Theorem 5 : The square of the determinant of D is of the form ±p m ,m a rational 
integer > 0. The determinant of the second factor A in theorem 1 is prime to p. 

It is not difficult to determine the exact value of the determinant of D. 


7 BN 1, p. 15.— -BN 2, (22). 

• It should be noted that the are not thq ordinary decomposition numbers of 91 (Pi) 
though they satisfy exactly the same relations. 

• Cf. R. Brauer, On the Cartan invariants of groups of finite order, Annals of Math. 42, 
p. 63, 1941. 

10 'BN 2, §8. — In BN 1, it is shown that the determinant | X | of the matrix X of the 
modular group characters of a group is prime to a fixed prime ideal divisor p of p, cf. BN 1, 
(26). The proof given in BN 1, p. 14 for the fact that | X | is prime to p, is not correct. 
However, this result follows from BN 1, (26), since | X | f is a rational integer, cf . BN 1, (29). 
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4. p-conjugate characters 

If we replace a primitive g tb root of unity e„ by another one e), (X, g) — 1, 
then every character is transformed into a conjugate character . Choose 
now X *s 1 (mod g') so that the substitution e 0 — * amounts to an interchange 
of the p 0th roots of unity, such that the g ,ih roots of unity remain unaltered. 
In this case, we say that the two conjugate characters and are p-conjugate. 
All the characters are distributed into families of p-conjugate characters. 

If and t<r are p-conjugate, then f M (C?) = f«(G) for p-regular elements G. It 
follows that and have the same modular constituents (for p). Hence 

Theorem 6 : Two p-conjugate characters and have the same modular constit- 
uents; they lie in the same block of characters (for p). 


5. The decomposition numbers corresponding to a block of characters 

Let B be a block 11 of characters of @ (for p). We consider a sum analogous 
to (6) but where u ranges only over the values for which belongs to B. We 
shall say for short that these are the indices in B. Similar to (5) we have 


£ 

p in B 


ji Jj 


= £' £' 
V w 


1 1 

n(Pi) n(Pj) 


e UPiVWiW). 

M in B 


As the dl v y the whole sum is an integer of the field of the p“ th roots of unity. 
But with every all its p-conjugates appear, and the expression on the right 
hand side shows that the sum is a rational integer. 

Now collect the terms for which V lies in a fixed class of and W in a 

fixed class of Since these classes consist of n(Pi)/n(PiV) and of 

n(Pj)/n(PjW) elements respectively, and all the corresponding terms have the 
same value, we find 


j * jj 

(IpyUnp 


(7) 


= £" £' 


[$i(F- 1 )/n(P i F)] N( W)/n(P,. W)) E f,(P,F)f,(P, W) 

M in B 


where V and W range over certain elements of 9t(P.) and 91(P;) respectively. 
The numbers in the square brackets are p-integers. 12 If p is a prime ideal 
divisor of p in the field generated by the characters , then 

r M (P,F) = ^(V) (mod p). 

On the other hand, if j > 0 and, therefore, PjW p-singular, we have 

E UVWiw) = o . 18 

Ii in B 


“ BN 1, §§6, 7. — BN 2, §9. 

11 BN 1, theorem V— This theorem is a consequence of BN 2, (16) and (17). 

18 BN 1, theorem VIII.— This can also be seen from BN 2, (28), and the formulae (1) 
and (6) of the present paper. 
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Hence for j > 0 the sum (7) is divisible by p, and since it is rational, it is 
divisible by p. 

Theorem 7: If P } - 9 * 1, i.e. if j > 0, then for every block B 

(8) 52 = 0 (mod p); 

M in B 

the left side is a rational integer . 

Assume that the blocks B = B\ consists of the ordinary characters f i , f 2 , 
• • • , f * and the modular characters <pi , <p * , • • • , <p v > and form the 

matrix Z>x = (dp,) = (d^), (p = 1, 2, • • • , x; a = 1, 2, • • • , y). The matrix D 
breaks up completely into Di , Z) 2 , • • • corresponding to the different blocks. 14 
From (6), it follows that 

_ . {cl* = c vp , if i = 0, and <p V} <p p both belong to B. 

(8*) 52 d'„dl = . „ l 

m b (0, in all other cases. 

This supplements (8). 

If f 1 , f 2 , • • • , f x belong to w different families of p-conjugate characters, then 
we arrange the so that f 1 , f 2 , • • • , $ w all belong to different families. Assume 
that the family of consists of r„ characters and set 

(9) Dx = (<U (/» = 1, 2, — , to; <r = 1, 2, — , p). 

If and are p-conjugate, then = d^ by theorem 6. Therefore, D\ has 
the same rows as D\ , but the p th row of J5x appears times in Dx . From (8*) 
and (1), it follows that 

X 

12 dp V {p(S) = 0 (for all p-singular S of ©). 

Here, p-conjugate characters have the same coefficients. If we denote by f M 
the sum of all characters which are p-conjugate to (including f M ), the equa- 
tion can be written in the form 

w 

(10) 52 d„yl M (S) — 0 (for all p-singular S of ©). 

p-i 

We set dp = 52 d^, for any fixed numbers m , ... , w„ . Then 

P 

w 

(10a) 12 dpfp(S) = 0 (for all p-singular S of ©). 

Every character f M ((?) of © may be considered as a character of the p-Sy low- 
subgroup $ of ©, when we take G as an element P of If, in this sense, 
contains the 1-character [1] of $ times, the same will hold for the p-conjugate 
characters and, therefore, will contain [1] exactly times. The expression 
X (P) = ]jT) dpfp(P) is a linear combination of the characters of and [1] appears 


14 BN 1, theorem VII.— BN 2, (28). 
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in it with the coefficient E . But, from (10a), x(-P) = 0 for P ^ 1. If 
z„ is the degree of £„ , then x(l) = E vVm • The orthogonality relations for 
ordinary group characters give (l/p°) E as the coefficient of [1] in x, 
and hence 

w W 

(11) p fuduQn = r M d M z M . 

M-l M-l 

If only one of the numbers d M is different from 0, (11) becomes p a g M = z M , 
and then the character is of the highest kind. 15 If we exclude this case, it 
follows that it is impossible to determine coi , co 2 , • • • , o) v so that only one of the 
does not vanish. This implies that the rank of D\ is smaller than w. But 
D\ has the same rank as D\ , and this rank is y . 16 Hence 
Theorem 8: Every block B which is not of the highest kind contains more families 
of ordinary characters than it contains modular characters : w > y. 17 
Each relation (10) must contain at least two . This gives 
Theorem 9: If the block B is not of the highest kind , then each of its modular 
constituents appears in at least two characters of B which arc not p-conjugate. 
From (10) it also follows that 

w 

( 12 ) E UR)US) = o 

M-l 

for any p-regular R and any p-regular S. 

The blocks of highest kind consist of exactly one whose degree is divisible 
by p°, and each such forms a block of highest kind. 18 Since such a vanishes 
for all p-singular elements, (2) gives 

Theorem 10: If forms a block of highest kind , then = 0 for all i > 0 
and all v. 


6. The permutation lemma 

We now derive a simple lemma which we shall need. Consider a matrix 
M = (mij) with u rows and v columns. Every permutation A of the rows of M 
can be effected by left-multiplication of M with a suitable “permutation matrix” 
P A of degree u which in every row and in every column has one coefficient 1 and 
m — 1 coefficients 0. Similarly, every permutation B of the columns of M 
can be effected by right-multiplication of M with a suitable permutation matrix 
Q b of degree v. We prove 

Lemma 1 : Let M be a non-singular matrix . If there exists a permutation A of 
the rows of M and a permutation B of the columns of M such that both carry M 
into the same matrix , then the cycles of the permutation A have the same lengths as 
those of B . In particular , A and B have the same number of cycles . 

15 BN 2, theorem 1. 

16 BN 1, p. 21 .--BN 2, (29), (15) and (14). 

17 This improves the inequality x > y given in BN 2. 

18 Cf. footnote 15. 
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Proof: According to the assumption, we have 

(13) P a M « MQ b . 

Since M is non-singular, P A and Q B have the same characteristic roots. To 
each cycle of length r of A, there correspond the r r th roots of unity as charac- 
teristic roots of P A - 19 On comparing the roots of P A and Q B , starting with the 
maximal r, we readily obtain lemma 1. Similarly, we prove 

Lemma 2: Let M be a rectangular matrix whose columns are linearly independent^ 
and assume that there exists a permutation A of the rows and a permutation B of 
the columns of M which both carry M into the same matrix . If B has a cycle of 
length r then A has a cycle whose length is divisible by r. 

Proof: Again, (13) holds. Schur’s lemma shows that Q B is a constituent of 
P A so that the characteristic roots of Q B appear among those of P A . On com- 
paring these roots, we obtain lemma 2. We also have the result 

Lemma 3 : Let M be a non-singular matrix of degree m, and let 21 and 93 be two 
permutation groups of degree m which are both homomorphic to the same group 
If for every T in £, the corresponding element A T of 21, applied to the rows of M y 
and the corresponding element B T of 93, applied to the columns of M, both carry M 
into the same matrix , then the number of systems of transitivity is the same for 21 
and for 93. t 

Proof: Again (13) will hold for corresponding A = A T and B = B T . All 
we have to show is that the number r% of systems of transitivity is an invariant, 
if 21 is interpreted as a group of linear transformations, and similarity trans- 
formations of 21 are performed. But this follows from the fact that is the 
number of 1-constituents of the linear group 21. 

7. Families of characters, classes, and d-columns 

The results of §6 can be applied when M is the matrix of group characters 
of ®. We may construct corresponding permutations A and B in the following 
manner. Let e 0 be a primitive g th root of unity, and let X be a rational integer 
which is prime to g . The substitution T\ : e 0 — » €* carries every character * 
of ® into a conjugate character x <X \ we have 

(14) x w «?) = x(G X ). 

On the other hand, the substitution G — * 0 X carries every class of conjugate 
elements & into a new class S (X) . Then (14) shows that the value of x for <S W 
is the same as the value of x 00 for E. Hence the permutation A: x x W of 
the rows of M, and the permutation B: S — » & a) of the columns both carry M 
into the same matrix. 

We are interested in the case that X = 1 (mod g'). Then x and x ft> belong to 

1$ A modification is necessary, if the underlying field is modular, but the lemma remains 
valid. The same is true for lemma 2 and lemma 3. We shall use the lemmas only in the 
case of a non-modular field. 
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the same family of p-con jugate classes (§4). We shall also say that the classes 
© and ©^ belong to the same family of classes (X = 1 (mod g')). If S contains 
the element jP<F (F in 9 l(P,), p-regular), then © (X) contains P X F in this case. 

Before formulating the results, we also consider the matrix D, (3). With 
every column , all the algebraically conjugate columns will appear. Indeed, 
the substitution T\ , (X s l (mod g')) results in the replacing of P, in (2) by P) , 
and on account of Theorem 2, this new column can again be expressed in the 
form d^r . The d-columns thus appear distributed into families of algebraically 
conjugate d-columns. The effect of the substitution 7\ on D then consists of a 
permutation B* of the columns; the members of each family are interchanged 
among themselves. 

On the other hand, the effect of T\ on D can also be described by the permuta- 
tion A : x x a) of the rows of D as follows from (2). Hence the assumptions 
of lemma 1 are also satisfied for M = D and the permutations A and B*. 

Let X be the group of all substitutions T\ with X == 1 (mod g f ). We then 
have homomorphic groups 21, 23, 23* consisting of the A, the B, and the £* 
respectively. In each of the three cases, a system of transitivity corresponds 
exactly to a family (of characters, classes, or d-columns). Hence lemma 3 gives 

Theorem 11: The number of distinct families is the same for each of the three 
kinds of families : Families of p-conjugate characters , families of classes , and 
families of conjugate d-columns . 20 

Next let p be an odd prime. Thus X is cyclic, and a primitive element is ob- 
tained by taking for X a primitive root (mod p“), (X s 1 (mod g')). For this T\ , 
the lengths of the cycles of the permutation A are the numbers of members 
belonging to the different families of characters. A similar statement holds for 
B and B*. Lemma 1 now yields 

Theorem 12: Let p 2. If the different families of characters contain 
r \ , r 2 , • • • , 77 members respectively , if the different families of classes contain 
Si , s 2 , • • • , Sf respectively , and if the different families of d-columns contain tx , t 2 , 
• • • , t/ members respectively , then the three sets (n , r 2 , • • • , ry), ($i , s 2 , • • • , S/), 
(ti , k , • • • , t/) are identical apart from the arrangement. 21 

Remark : The ko p-regular classes form each a family of its own, s K = 1. Simi- 
larly, the ko d-columns of D° = D form each a family of its own, t K = L 

There is another case in which lemma 1 and lemma 3 can be applied. Every 
automorphism of ® permutes the characters, the classes, and the d-columns, and 
again the assumptions of the lemmas are satisfied. It seems unnecessary to 
formulate the results explicitly. 

University of Toronto, 

Toronto, Canada. 

10 For the first two kinds of families, compare the similar statement and proof in W. 
Burnside, Theory of groups of finite order, 2nd. ed., Cambridge 1911, p. 315, theorem VI. 

11 For p =« 2 this will hold, if G does not contain elements of order 8. 
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INVESTIGATIONS ON GROUP CHARACTERS* 

By Richard Brauer 
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Introduction 

Let © be a finite group of order g. It is well known that the distinct irre- 
ducible representations Si > 3* > • • • > 3k of ® in the field of complex numbers 
can be so chosen that their coefficients belong to an algebraic number field S2 
of finite degree. Furthermore, if p is a fixed rational prime number, we may 
assume that the coefficients are p-integers, i.e. are of the form a/P where a and p 
are integers of 12 and p is prime to p. Let ^|3 be a fixed prime ideal divisor of p 
in 12. If every coefficient of ,3 « is replaced by its residue class (mod ty), then we 
obtain a modular representation 3* with coefficients in a field*of characteristic p. 

It was shown by Dickson and Speiser 1 that the ordinary theory of group 
characters remains valid for modular group characters, if the prime p does not 
divide the group order g. Eve^ modular representation then is completely 
reducible ; alljthe distinct, absolutely irreducible modular representations are 
given by & , & , . • . , $ k . 

In a recent paper, 2 C. Nesbitt and the author obtained results which may be 
considered as generalizations of these theorems. Let p be any rational prime, 
and assume that p a is the highest power of p which divides g, saj r 

9 = P a 9', (p, 9 f ) = i. 

We then considered representations ,3* whose degree is divisible by p a . It was 
shown that ,3* is absolutely irreducible as a modular representation. Whenever 
Sk appears as a constituent of a modular representation §, then $ breaks up 
completely into ,3* and another constituent 21 (reducible or irreducible) 



None of the representations £\ for X ^ k contains £ K as a constituent. Since 
every irreducible modular representation appears as a constituent of at least one 
of the representations <3i , 8* , • • ■ , 3* , this, (in the case a = 0, i.e. g ^ 0 
(mod p)), actually yields the theorem of Dickson and Speiser. 

* Presented to the American Mathematical Society on September 5, 1941. 

1 L. E. Dickson, Trans. Am. Math. Soc. 3, p. 286, 1902. A. Speiser, Theorie der Gruppen 
von endlicher Ordnung 3 rd ed. Berlin 1937, §71. 

*'On the modular characters oj groups , Ann. of Math., 42, p. 666, 1941. I refer to this 
paper as BN. 
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In this paper, I study representations £ K whose degree z K is divisible by p° _1 
but not by p a . If the order g of © is divisible by p to the first power only, then 
every representation £ K is either of this type, or of the “highest” type, z K s 0 
(mod p a ), which was studied in the former paper. Our results will enable us to 
derive a great number of properties of the characters of groups © of such an 
order g = pg'; these properties form a powerful weapon in the investigation of 
these groups. 8 

Our first result concerning representations 3* of a degree z K = 0 (mod p° _1 ) 
is that the degree of all those representations which belong to the same block 4 
B as £ K , is also divisible by p a ~\ I mention here the following application of 
this theorem: The only simple group of an order 4 p a q, (p, q primes) with a ^ 2 
is the simple group of order 60; the only simple groups of an order 3 p a q (p, q 
primes) with a ^ 2 are the simple groups of order 60 and 168. (§9.) 

With the block B containing a representation £ k of degree z K = 0 (mod p a_1 ), 
z K ^ 0 (mod p a ), we associate a linear graph. Every vertex V x corresponds to a 
family of p-conjugate characters 5 ft , f x , • • • of B, every edge to a modular 
character of B, and the edge Sp contains V\ , if is a modular constituent of ft 
(and so of all its p-conjugates). It will be shown that every S\ contains only 
two vertices, further that the complex actually is a tree T. Since we also 
have the result that <p„ never appears with higher multiplicity than 1 in an 
ordinary irreducible character, the tree describes the complete structure of the 
block B, if at every vertex V\ the number r x of characters in the family of ft 
is indicated. If T and these numbers r x are given, the decomposition numbers 
and hence the Cartan invariants corresponding to the block can be easily ob- 
tained. Of course, there exist two vertices of T which lie on only one edge. 
Consequently, the block B contains at least two characters which are not p-conju- 
gate, and which remain irreducible, when considered as modular characters. 

If £ x is any irreducible representation of ®, if z x is its degree and r\ the number 
of its p-conjugates, then we can show that r x z x ^ 0 (mod p° +1 ). 6 If r x z x = 0 
(mod p a ), then z x = 0 (mod p°), i.e. $\ is of the highest kind. 

In the case z x = 0 (mod p a ~ J ), z x ^ 0 (mod p a ), it follows that r x divides p — 1. 
Besides, we have the relation 

n r 2 r w (- + -+•• ■ + — ) = p 

\n r 2 TV 

for the numbers r x belonging to the different vertices V\ of the tree T . 

In the last three sections, the arrangement of the modular constituents of an 


8 Cf . R. Brauer, On groups whose order contains a prime factor to the first order, to appear 
soon. 

4 BN, §9. Cf. also R. Brauer and C. Nesbitt, On the modular representations of groups of 
finite order , University of Toronto Studies, Math. Series No. 4, 1937. 

8 For the definition of p-conjugate characters, cf . the list of notations at the end of this 
introduction. 

8 This improves the theorem that the degree of an irreducible representation divides the 
order of the group. 
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irreducible representation ,3x of a degree ^sO (mod p a_1 ) is discussed. We 
assume here that the splitting field 0 is normal over the field of rational numbers 
and that the order of ramification e of p in 0 is equal to the number rx of p-conju- 
gates; there exist fields 0 satisfying these conditions, but e can never be smaller 
than r x . It turns out that the arrangement of the modular constituents of 3x 
is uniquely determined apart from a cyclic permutation of the constituents. 
If we restrict ourselves to the application of similarity transformations M whose 
coefficients are ^-integers and whose determinant is prime to i|3, then the cyclic 
permutation must be the identity. The class of all representations ,3, with 
^-integral coefficients in ft, which are similar to 3\ , splits into j subclasses of 
representations which are similar in this narrower sense. Here, j is the number 
of modular constituents of ,3x , and each of the subclasses corresponds to one of - 
the j cyclic permutations of the modular constituents. 

Notation: © is a group of order g = pg' where p is a fixed prime and 
(g’, p) = 1. The words “representation” and “character” always refer to 
representations in the field of all complex numbers and their characters, unless 
the word “modular” is added, in which case we mean a representation in a field 
of characteristic p. The distinct irreducible representations of © are denoted 
by Si > St > • • • > 8k , their characters by ft , ft , • • • , ft and their degrees by 
Zi , to , • • • , Zk . Two characters ft and ft are p-conjugate if ft can be carried 
into ft by a change of the primitive p“th roots of unity which leaves the g ' th 
roots of unity unaltered. Then ft , ft , • • • , ft are distributed into “families” 
of p-conjugate characters ; the number of members of the family of ft is usually 
denoted by rx . If ft is an element of ®, then ft (ft) is the value of ft for this 
element ft. The distinct, absolutely irreducible modular characters of ft are 
denoted by <pi , ipt , • . • . An element ft of © is p-regular if its order is prime to p. 
If its order is divisible by p, then G is p-singular. 

1. Construction of a suitable splitting field 7 

Let © be a group of finite order g, and consider an irreducible representation 
^ of the group © in the field of all complex numbers. We want to construct a 
splitting field A for £ such that A is normal over the field P of rational numbers, 
and that the order of ramification e of a given prime p in A is as small as possible. 
Of course, A must contain the field Z = P(f) generated by the character f of 3, 
and this fact imposes a condition on e. The following lemma shows that, for 
suitable A, the number e has the smallest value which is compatible with this 
condition. 

Lemma 1 : There exist splitting fields of the form Z(r) where r is a root of unity, 
r = 1, of an order s which is prime to p. 

Proof: Let q be a prime ideal of Z and O be a corresponding prime ideal of 

1 For the concepts of the theory of algebras used in §1, cf. M. Deuring, Algebren, Berlin 
1985, and A. A. Albert, Structure of algebras, New York 1939. 
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Z(r). According to a theorem of Hasse, 8 * the field Z(r) will be a splitting field, 
if for every q the q-index m q of Z divides the O-degree n q of Z (r). Let q be one 
of the prime ideals for which m q j* 1, and le.t r" be the highest power of the 
rational prime r which divides m q . We shall show below that we can find a 
root of unity # = #(q, r) of an order j = j(q, r) prime to p, such that for every 
prime divisor Q* of q in Z($), the Q-degree is divisible by r . If we then adjoin 
the numbers #(q, r ) for all discriminant divisors q, and all prime powers r p 
dividing m q , a field Z(r) with the desired property is obtained. 

The construction of # is immediate for infinite prime ideals; any imaginary 
root of unity of an order prime to p can be taken. Let q be finite and let q be 
the rational prime divisible by q. It will be sufficient to find a positive rational 
integer j which is prime to p } such that in a field of the j th roots of unity either 
the order of ramification e q or the degree f q of the prime ideal divisors of q is 
divisible by a preassigned prime power r We distinguish several cases: 

(a) if r 7 * p, r q then assume that q belongs to the exponent p (mod r). 
We set j = r x where X is a positive rational integer, and have 1 (mod j). 
The degree f Q equals the exponent to which q belongs (mod j ). Hence p \f q , 
but f q | pj and consequently, f q is of the form pf . For sufficiently large X, we 
shall have <r ^ t, i.e. r* | f q . 

(b) If r = q, q p, take j = r ,+1 . Then e q = r\r — 1). 

(c) If r = p, q ^ 1 (mod p), take j = q rt — 1. Then (j, p) = \ } f q = r. 

(d) If r = p, q as 1 (mod p), we may write q r — l = c x r 6x where (c\ , r) = 1, 
b\ > O. 10 Raising this equation to the r th power we easily obtain c x ~i < c \ . 
For j = c\ , X ^ t, we have / 9 = r x ^ r*. In all these cases j is prime to p. 
This finishes the proof of the lemma. 

Without restriction, we may assume that all g' th roots of unity belong to Z(r). 
We may further assume that r is so chosen that it can be used simultaneously 
for all irreducible representations of ®. If we set K = P(r), we have 

Lemma 1*: There exists a field K over the field of rational numbers with the 
following properties : 

(a) The field K contains the p ,th roots of unity. 

(0) The prime p is not ramified in K: (p) = pm, where p is a prime ideal of K, 
and (p, m) = (1). 

( 7 ) Every irreducible representation & of ® can be written in the field K(f) 
obtained from K by adjoining the character f of £. 

Two characters f and f' are algebraically conjugate with regard to K, if and 
only if they are p-conjugate. The degree r of K(f) with regard to K is, therefore 
equal to the number of characters in the family of f . 

Let « be a p a th root of unity such that f lies in K(e) = Q; we may always take 

8 Cf. the books mentioned in footnote 7 or the original paper of Hasse, Math. Ann. 107, 
p. 731 (1933). 

• Since the field Zis fixed, the field Z(tf) will satisfy the condition above, if t is taken large 
enough. 

10 If r *» 2, choose X ^ 2. 
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1 ^ a Ja a. Let $ be the prime ideal divisor of p in 12. 11 The representation 3 
can be written with ^-integral coefficients belonging to 12. When we replace 
every coefficient by its residue class (mod $), we obtain a modular representation 
3 whose coefficients belong to the field S of residue classes of integers of 12 (mod 
$). After replacing 3 by a similar representation, we may assume that 3 
splits into irreducible constituents in 12. 

If fjj is any irreducible representation of © in the algebraically closed extension 
field of &, then the traces of all the matrices are sums of modular g th roots of 
unity. Since & has the characteristic p, they are sums of g fth roots of unity, 
and hence they belong to S. It follows that can be written with coefficients 
in S. 12 Any modular representation which is irreducible in Q is absolutely 
irreducible. We may set 



where 2l*x a 0 (mod $) for k < X, and where the 21™ (mod $) are the absolutely 
irreducible modular constituents of 3- 

2. On the number of p-conjugate characters 

The degree of 12 over K is m = <p(p") = p a_1 (p — 1); we denote the conjugates 
of a number w of 12 by w, w', • • . , a/" 1 ” 1 *, and use the corresponding notation for 
matrices and representations. Then 3 <P) and 3°° are either non-similar or 
identical. 

Let 3(<?) be the matrix representing the group element (?, and denote by 
P(G) the coefficient in the upper right corner of 3(G) and by y(G) the coefficient 
in the lower left comer of 3(G). The fundamental relations of I. Schur 18 for 
the coefficients of a representation give 

(2) Z m (p) y «r i ) M = w/*, 

0in ® 

where z is the degree of ,8, and ?/,*, = 0 for f <p) ^ and v = 1 for f (p) = 

Let co be any integer of U, and set 

(3) *,«?) = = tr (coj8((?)) ; &G) = Z\(G) W = tr (y(G)), 

po»0 (T»0 

where tr ( • • • ) denotes the trace of an element of J2 with regard to K. Then (2) 
yields 

£ SiiGMcr 1 ) = (<//*)• E 

o p»* 

11 We then have p — ty e , e * p a ~ l (p — 1). 

11 Cf. R. Brauer, Math. Zeitschr. 29, p. 79 (1929), p. 101. The fact used is equivalent 
to .Wedderburn’s theorem on finite division rings. The argument shows that § can be 
written in the field of the modular g' th roots of unity and, therefore, in the field K of residue 
classes of integers of K (mod p) . 

l * I. Schur, Sitzungsber. Preuss. Akad. d. Wiss. 1905 p. 406, theorem IV. 
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If t is the degree of K(f) over K, we have m/ r characters f <p> which are equal to a 
fixed f (M) . Hence 

(4) 53 = — tr («). 

a zr 

The trace of any ^-integer is divisible by This holds, in particular, 

for (i(G) and &((?). For u — 1, we thus find 

g — m 0 (mod p 2a ~ 2 ). 
rz 

Since the left side is rational, p may be replaced by p (cf. lemma 1*, (0)). Since 
m = <p(p a ), this gives 

Theorem 1 : If f is an irreducible character of degree z ) and if r is the number of 
p-conjugate characters, then g/ (rz) is a p-integer for any prime p . 

We next assume that £ is reducible (mod $). Then (1) shows that 0(G) = 0 
(mod $). Set 

(5) v = p a ~\ © = (1 — e)/(l - e) - 1 + 6 + • • • + 

Since e is a primitive p th root of unity, © is divisible by s $ v \ If a ^-integer is 

divisible by ty v , its trace is divisible by p“. 15 For w = 0, we have o)0(G) = 0 

(mod ^3 V ) and, therefore, £i(G) = 0 (mod p“). As before, £ 2 (G) s= 0 (mod p 01-1 ). 

From (5) it follows that tr (©) = m, and (4) now yields 

gm /rz = 0 (mod p 2 "” 1 ). 

Hence 

Lemma 2: If f in theorem 1 is reducible as a modular character , then the p-integer 
g/rz is still divisible by p. 

3. Characters with a common modular constituent 

We use a similar argument in order to study two irreducible representations 
3i and £2 which have a modular constituent in common. We exclude the case 
when the characters fi and f 2 of £1 and £ 2 are p-conjugate. The p ath root of 
unity e may be so chosen that ft = K(e) contains both fi and f 2 ; let $ be the 
Galois group of ft with regard to K. 

Each 3 m can be written in the form (1), say ,3 m = ($Cx). For at least one 
pair of indices i, j, we must have 

(6) SI},- - Si}/ (mod *). 

14 Any ^-integer X can be written in the form X = u ^ where /x = 0, 1, • • • , m — 1 and 
the are p-integers of K. We have tr (e") = m if m = 0 (mod p°), tr (€*) = — m/(p — 1), 
if n m 0 (mod p a_1 ), ju ^ 0 (mod p a ), and tr (e*) = 0 in all other cases. This proves the 
statement. 

15 It is sufficient to prove this for numbers of the form (1 — e*)^, cf. footnote 14, and here 
it is evident. 
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Let 71(G) be the coefficient in the upper left comer of 8l!< , and 72(G) the co- 
efficient in the upper left comer of 31 , and set /3(G) = 71(G) — 72(G) so that 

(7) /8(G) = 71(G) - 72(G) - 0 (mod <P). 

Schur’s relations 1 * give here 

£7i(G) w 7i«r , ) w = E 7t(G) w 7*«r 1 ) < ' ) = J C; 

£g^ G 2l G *2 

E 7i(G) W 72(G-‘) w = 0, 

G 

where «„ is the degree of , and »/£, = 0 or 1 according as ^ ^ <r) or [* p> = 

The same relations hold, when 3i = -8s > an d ,3i contains one of its modular 
constituents more than once. We then have a formula (6) with i ^ j, and (7) 
and (8) are also true. 

From (8) it follows that 

(9) E /3(G) (p) /3(G — 1 ) (<r> = g - C + 1 & ■ 

O Z\ Z 2 

We set (cf. (3)) 

(10) 6(G) - tr M(G)), 6(G) = tr (*/3(G)), 

where a and f are two integers of fl. Then (9) gives 

E MUG- 1 ) = g - E C« ( 'V' ) + -E 

G #1 p,a Z2 p,a 

When K(f M ) corresponds to the subgroup of the Galois group this can be 
written in the form 

( 11 ) 2 £i(6)t*(Gr l ) = u\— + U2~, 

a Z\ Z 2 

(12) = E 

(mod 8 m ) 

where in (12) the sum is to be extended over all pairs of elements Xi , X 2 of /p, 
for which -XVXT 1 belongs to . 

We first choose <0 = ©, — 1, where © is defined in (5). Then w/8(G) = 0 

(mod ^J”), and as in §2, the trace 6(G) of «/3(G) is divisible by p“. Furthermore, 
6(G) is divisible by p a_1 , since it is a trace. If a = 1, we may even state 6(G) m 
0 (mod p), because /8(G) is divisible by Finally, u„ = tr (0)m/r M = w 2 /r„, 
since has the order w/r M and tr (©) = m. Then (11) yields 

grrb/riZi + grn /r^ * 0 (mod p 2a-1 ). 

For a = 1, this congmence even holds (mod p 2 ). If (n , p) = 1 and (r 8 , p) = 1, 
we may choose a — 1. As before, p can be replaced by p. Since m = p a-1 (p — 1), 
we have 
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Lemma 3: Let fi and f 2 be two characters of © which are not p-conjugate but 
which have a modular constituent in common. If f M has r M p-conjugates , and if 
is the degree of f„ , then 

(13) g/mi + g/rfa = 0 (mod p), 

(13*) fif/riZi + gr/raZa = 0 (mod p 2 ), t/ (ri , p) = 1 and (r 2 , p) = 1. 

Secondly, we choose a>, \p such that co = 0, = 0 (mod < *p v ~~ 1 ). Then &((?) s= 

fe(G) s 0 (mod p a ), and we obtain 

Lemma 4: Suppose that fi and f 2 satisfy the assumptions of lemma 3. Let 
<a and \p be two integers of K(«) which are divisible by 93*” 1 , v = p a ~\ Then 

(14) wiflf/zi + v*g/z* = 0 (mod p 2a ), 
where u^ is defined by (12). 

According to a remark above, the same argument will hold, if 3i = 32 and 3i 
contains one of its modular constituents more than once. 

Lemma 5: If f is a character which contains one of its modular constituents more 
than once , then for odd p, 

(15) g/(rz) s= 0 (mod p 2 ), 

where z is the degree of f , and where the number r of p-conjugates of f is assumed to 
be prime to p. 


4. On representations for which rz = 0 (mod p a ) 

We now prove 

Theorem 2: Let f be an irreducible character of degree z which has r distinct 
p-conjugates . Then rz can be divisible by p a only if z is divisible by p a , i.e. when f 
is of the highest kind . 

Proof: Assume that rz = 0 (mod p a ), z ^ 0 (mod p a ). Since the corresponding 
representation 3 is not of the highest kind, the block B of f = fi cannot consist 
of the family of fi only. 18 Hence we may find a character f 2 in B which is not 
p-conjugate to fi , but has a modular constituent in common with fi . Then 
(13) shows that also = 0 (mod p a ). On the other hand, z 2 ^ 0 (mod p°), 
because B is not of the highest kind. Consequently, f 2 satisfies the same assump- 
tions as f i . On considering chains of characters of B such that any two con- 
secutive terms have a modular character in common, we conclude that every 
character f„ of B satisfies the conditions r v z v = 0 (mod p a ), z v ^ 0 (mod p°), 
where z ¥ again is the degree of f„ and r p the number of p-conjugates. 

It now follows from lemma 2 that all the f„ of B are modular-irreducible, and 
this implies that they all are equal when considered as modular characters. 
To the block B = Bx there corresponds a part D\ 17 of the matrix D of the decompo- 

18 R. Brauer, On the connection between the ordinary and the modular characters of groups 
of finite order , Ann. of Math., 42 , pp. 926-935, 1941, theorem 8. 

« Cf. BN, 59, (28). 
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sition numbers of ©. Our results show that the matrix D\ consists of one column 
only, and all the coefficients are 1. All the fv have the same degree z f and if 
z = pV with (s', p) = 1, then all the r„ are divisible by p a_p . The number of 
rows in D\ is equal to the sum of all r„ belonging to the different families of B, 
and hence this number is larger than p a ~ p . 

There corresponds to B a part C\ = D\D\ of the matrix C of the Cartan in- 
variants. 17 This C\ is of degree 1 ; its only coefficient is equal to the number of 
rows of D\ , and therefore is larger than p°“ p . On the other hand, the block Bx 
is of type p, and then Cx has p a “ p as an elementary divisor, 18 which means that 
C\ = (p a-p ). This gives a contradiction, and hence the theorem is proved. 

5. Evaluation of the numbers u t M in lemma 4 

Assume that a 2. Let q be a system of p a ~ l = v rational integers pi , 
P2, ••• which form a complete residue system (mod p a_1 ), a ^ 2, and let d: 
<r \ , <T2 , • • • be a second system with the same properties. We set 

w = 2 e p , yf/ = 2) € *, 

where p ranges over the values of 9, and <7 over those of d. If p s 7 (mod v), 
then 6 P = e T (mod $ v ) when again v = p a_1 . It follows that w and both are 
congruent to the number 0 in (5) and hence both are divisible by $ v ~ 1 as assumed 
in lemma 4. Now (12) becomes 

(16) (X, , X 2 in §). 19 

Xisl2 (mod ? M ) p a 

If e x appears, all its conjugates appear with the same multiplicity. Conse- 
quently, if A\ terms of (16) are equal to 1, and B l terms are primitive p th roots of 
unity, we have — B*J (p — 1 ). The term on the right-hand side of (16) 

is 1, if pX 1 s 0X2 (mod p“), i.e. if pX\Xt l s a (mod p a ). Similarly, the term is a 
primitive p th root of unity, if this congruence holds (mod p a ~~ l ) but not (mod p a ). 
Now X1X2 1 is an element of Let A M denote the number of pairs (p, L), p 
in 9, L in , for which pL is congruent to one of the numbers a (mod p a ), and 
the number of pairs, for which a congruence pL = a (a in d) holds (mod p a ~ l ) 
but not (mod p a ). Then A ' and are obtained from and Z? M by multiplying 
the latter by the order <p(p a ) = v(p — 1) of and hence 

(17) = t;(p - 1)A M - . 


18 In BN, §17, it was proved that at least one elementary divisor corresponding to a 
block of type a is divisible by p a ~ a . Actually, exactly one elementary divisor is equal to 
pa-a w hile the other elementary divisors are smaller than p°~ a . This can be proved 
by a generalization of the method of BN, §21; cf. below section 8 of this paper where 
the same method is used (for p -* 2). 

18 We may understand pX 1 and <rX 2 as rational integers (mod p«). 
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Since every pL is congruent to one of the <r (mod p a 1 ), and since is of the 
order = v(p — l)/r„ , we have Ap + B„ = v\p — 1 )/r„ . Then (17) becomes 
u„ = vpA„ — v 3 (p — l)/r„ and (14) takes the form 


VJL Al + V_9 Ai 

Z\ Zl 




\p - l)g + p* 


\V ~ DO 


m i 


r 2 z 2 


)-° 


(mod p 2 “). 


According to (13), the last two terms are divisible by p 3a 2 , and since 3a — 2 ^ 
2a, can be neglected. We then have 


(18) 


gAi/zy + gAt/zi as 0 (mod p“). 


If p is odd, we shall need the value of A„ , only if r„ is prime to p. The field 
K(f^) then is contained in the field K(«„) where e p is a primitive p th root of unity. 
If p ^ 0 (mod v), (p in p), then for every L in the number t pL is conjugate to 
e" with regard to K(f„). If e T appears in the form t L , so do 

T T T V — 1 

€, C€ P , ••• , C€ p 


and each of them appears the same number of times. Exactly one of these 
quantities is of the form e', (a in d). Hence, for a fixed p, one in every p of the 
elements L of satisfies the condition that pL belongs to d. For p = 0 (mod v) y 
the number of elements L of , for which e pL has a fixed value, is divisible by 
p a ~\ Hence, in the case (r M , p) = 1, we have 

(19) = l p (v - 1 )/p = v(p - l)(r - l)/r„p s p a ~ 2 /r„ (mod p“ _1 ). 


The congruences (18) and (19) enable us to prove the following lemma: 

Lemma 6: Let p be odd. If ft and satisfy the assumptions of lemma 3, and if 
Zi = 0 (mod p “~ l ) , then r 2 ^ 0 (mod p). 

Proof: From theorem 2, it follows that r x ^ 0 (mod p). Assume that 
r 2 = 0 (mod p). If we choose for a the smallest value for which fi and f 2 belong 
to the field K(«) obtained from K by adjoining a p“ th root of unity e, then r 2 
must be divisible by p“ -1 . Theorem 2 shows that we have z 2 ^ 0 (mod p a ~ a+1 ) 
and, therefore, the second term in (18) is divisible by p". Since (n , p) = 1, 
we may use (19) for p = 1 and find that the first term in (18) is divisible by 
p“ -1 only, which gives a contradiction. Hence r 2 ^ 0 (mod p) as was stated. 

For p = 2, we choose a ^ 3. Here, r„ is a power of 2. If r„ = 2 J , 1 ^ j | 
a — 2, the field K(e) has exactly three subfields of degree 2 1 over K. One of them, 
say r,- 0) , is obtained by adjoining a 2 1+Hh root of unity to K. We denote the 
other two by rj u and r,- 2) , and set K(<) = ri°2i , K = To 1 ’. Then, by an argu- 
ment similar to the one used for odd p, we may prove 

(20) A, m 0 (mod 2“ _w ), if K(f„) = r, <0> . 

(21) A„ = 2“ _w (mod 2 a_1_J ), if K(f„) = rj n or r) 2) . 

Lemma 7 : Let p — 2, and suppose that fi and f 2 satisfy the assumptions of lemma 
3. If Wi m 0 (mod 2 0 "' 1 ) and if K(fx) is not of the form K(i) where i is a primitive 
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2 fth root of unity with j ^ 2, then r&i m 0 (mod 2° 1 ), and K(£ 2 ) is not of the form 

K(«). 

Proof: From the assumptions, theorem 2, and (21), it follows that Arg/zi 
is divisible by 2“ -1 , but not by 2“. According to (18), A 2 g/zi then is also divisible 
by 2“ -1 but not by 2“ If we set r 2 = 2’ and use (20), we see that K(£ 2 ) cannot 
be one of the fields rj®, (j = 1, 2, • • .). If K(£ 2 j = if > and K(£ 2 ) = lf } we 
use (21) and conclude that z 2 is divisible by which implies r&t = 0 (mod 
2“ -1 ). 

6. Representations of a degree which is divisible by p“ -1 

Let £ be an irreducible character of degree z = 0 (mod p a ~ l ). If z is divisible 
by p“, then £ is of the highest kind, 20 and we will exclude this case in the following. 
We shall first assume that p is odd. 21 The block B to which £ = £i belongs is 
not of the highest kind. Then B does not consist of the family of £ only, 22 and 
we may therefore find a character £ 2 which is not p-conjugate to f = fi but has a 
modular constituent in common with £i (cf. the analogous argument in §4). 
If z M is the degree of f„ , and r„ the number of p-conjugate characters, then 
theorem 2 and lemma 6 show that n 0, r 2 ^ 0 (mod p). In (13*), lemma 3, 
the first term on the left side is divisible by p but not by p 2 . The same must 
hold for the second term, and hence we must have z 2 = 0 (mod p° _1 ), so that £ 2 
satisfies the same assumption as £. Continuing in this manner we see that the 
degree of every character of B is divisible by p a ~\ This gives 

Theorem 3 : If the degree of one character of a block B is divisible by p° -1 , the 
same is true for all characters of B. 

In the notation of BN, the block B is of the type a — 1. If £i and £ 2 are again 
two characters of such a block B which are not p-conjugate but have a modular 
constituent in common, then on multiplying (13*) by nr^iZz/g = 0 (mod p°~ 2 ) 
the congruence nzi + r 2 z 2 = 0 (mod p°) is obtained. Now any two characters 
£« , £„ can be joined by a chain £«, f, ,•••,£„,£„ of characters, such that any 
two consecutive terms of the chain have a modular character in common without 
being p-conjugate. It follows that for any £„ of B, we have r„z„ == ±nzi (mod p“). 
Since r* ^ 0 (mod p°) and p is odd, for each u only one of the signs can be used. 
Hence 

Theorem 4: The characters of a block B of type a — l can be distributed in two 
subsets B' and B" such that every character belongs to exactly one of these subsets. 
lf*> is the degree of a character of B, and the number of p-conjugates, we may find a 
rational integer N such that r M z M as N (mod p a ) for all of B' and s= —N 
(mod p a ) for all in B". If and are not p-conjugate and belong both to the 
same subset B (T) , then they have no modular constituent in common . 

Finally, lemma 5 can be applied and yields 

Cf. BN, Part II. 

* l The casq p - 2 will be treated in §8. 

M Cf . footnote 16. 



INVESTIGATIONS ON GROUP CHARACTERS 


947 


Theorem 5: If £ belongs to a block B of type a — 1, then it contains each of its 
modular constituents only with the multiplicity 1. 

7. The matrix D\ corresponding to a block B of type a — 1 

Notation: B = Bx is a block of type a — 1 consisting of the ordinary char- 
acters ft , fi , • • • , £* and the modular characters <pi , <pt , • • • , <p y . The degree 
of is «„ , the number of p-conjugates r„ . There are w families of p-con jugate 
characters in B, and the are arranged so that f i , , • • • , lie in different 

families, while the characters of the subset Bx (theorem 4) come before the 
characters of the other subset B^ . For p-regular elements G of ©, we have 

(22) r,«?) - £ <WG), 0* - 1, 2, , x). 

We set D\ = (d„„), (m = 1, 2, • - • , x; v = 1, 2, • • • , y) and denote the matrix 
occupying the first w rows of Z> x by D \ , i.e.5 x = (d^), (p = 1, 2, . • . , w; v = 
1, 2, • • • , y). The matrix D x has the same rows as Z5 X , the ju th row of D\ ap- 
pearing r M times in D x , (/z = 1, 2, • • • , w). 

The theorems 4 and 5 give at once 

Theorem 6: Every column of D\ contains exactly two coefficients 1, one in a row 
corresponding to a character ft of B x , and the other in a row corresponding to a 
character ft of B x . All the other coefficients in the column are zero. 

We also can prove easily 

Theorem 7 : Let £ = (£i , f 2 , • • • , £*) be a row with w elements such that £D\ = 0. 
Then £ is a scalar multiple of the row (5i , 82 , • • • , 8 W ), where ft = 1 if ft belongs to 
B x , and ft = — 1, if ft belongs to B x . 

Proof: Two characters ft , ftfti = 1, 2, • • • , w) of B can be joined by a chain 
of characters ft , (p = 1, 2, • • • , w), such that two consecutive characters ft , ft 
of the chain have a modular character in common. Then ft , ft- belong to 
different subsets B x , B x ' (theorem 4). There must be a column of D\ which 
contains the coefficients 1 in the i th and the j th row. Then i-D\ = 0 implies 
& = — £,• , and we obtain successively ft = ftft , (£ 1 , • • • , ft) = ftft(ft , • • • , ft) 
which proves the theorem. 

The rank of D\ is y. n Hence we have 

Corollary 1 : The number w of families in B and the number y of modular 
characters of B are connected by the formula 

(23) w = y + 1 . 

We further state 

Corollary 2: If ft is the sum of the characters which are p-conjugate to 
ftfti = 1, 2, • • • , w), then ftft(<?) = ftft(G) for any p-singular element of G of ©. 

Indeed, the numbers ft((?), • • • , lw(G) form a solution of £D\ = 0, 

(cf. equation (11) of the paper mentioned in footnote 16). Similarly, equation 
(6) of the same paper gives 


»Cf. BN, 59. 
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Corollary 3: Let be the higher decomposition numbers , i > 0, and set 
3ft = ]jT) dft where the sum extends over all the r M values p for which ft is p-conjugate 
to ft . Then 8\d[ y = ft3ft . 

For p-regular elements 6, the formula (22), together with (6i , * • • , 8 W )D\ = 0 
gives 

Corollary 4: For p-regular elements G of ©, we have 

( 24 ) £ a„r,(G) = o. 

/i-l 

/n particular, for 6=1, 

(25) £ = 0. 

M-l 

The matrix Z)x has u? minors of degree y = tu — 1, and these, if properly 
arranged and taken with suitable signs, form a solution of £ Z)x = 0. Let A be a 
fixed minor. Then, according to theorem 7, every minor has the value dzA. 
The minor obtained by removing the /z th column of D\ will appear rir 2 . . • r w /r M 
times as a minor of Dx . We now form the determinant of C\ = L>xZ)x . On 
the one hand, this determinant has the value p. 24 On the other hand, its value 
is the sum of the squares of all the minors of Dx . This gives 

w 

£ A*(rir* • • • r„/r„) = p. 

c-i 

Consequently, we must have A = dbl, and we find 
Corollary 5: The numbers satisfy the equation 

(26) nr 2 • • • r w (- + - + • • • + = p. 

Vi r 2 r w / 

The numbers are divisors of p — 1 ; (26) shows that any two of them are rela- 
tively prime. 

We associate w distinct points Pi , P2 , • • • , P w with the characters ft , f 2 , 
• • • , ft> ; we join P* and P, when ft and ft have a modular character in common. 
The linear graph thus obtained characterizes the matrix Dx completely (apart 
from the arrangements of the columns). We prove 
Corollary 6: The linear graph associated with a block B of type a — lisa tree . 
Proof: This follows from the facts that the graph is connected and has one 
more vertex than it has edges. 

Each point P M which lies only on one of the edges corresponds to a row of D\ 
which contains only one coefficient 1,* and this means that ft is a modular- 
irreducible character. 


14 The determinant of C is a power of p, cf . R. Brauer, On the Cartan invariants of groups 
of finite order, Ann. of Math. 42, p. 63, 1941. It follows from the result of footnote 18, 
that the exponent must be 1. 
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Corollary 7 : Every block B of type a — 1 contains at least two characters 
which are not p-conjugate and which are modular-irreducible characters. 

8. The case p — 2 

For p = 2, several of the preceding proofs do not hold. We shall now treat 
this case, using a different kind of argument. 

Let f be an irreducible character of degree z where 2 = 0 (mod 2“ -1 ) but 2^0 
(mod 2“) ; here a is again the highest exponent for which 2 “ = p° divides g. From 
theorem 2, it follows that f is p-conjugate only to itself, i.e. r — 1, and f belongs 
to K. Since K is not of the form K(i) where i is a primitive 2 Jth root of unity with 
j ^ 2, we may apply lemma 7, §5. It follows that if the character has a 
modular constituent in common with fi then r M 2 „ = 0 (mod 2“ -1 ), (where z„ 
denotes again the degree of , and r,, the number of 2-conjugates). Further, 
K(L.) also is not of the form K(e). Therefore, lemma 7 again can be applied to 
and any character which has a modular constituent in common with without 
being p-conjugate to . We finally see that the congruence r„ 2 „ = 0 (mod 2“~‘) 
is true for any character of the block B to which f belongs. 

Let fi , f* , • • • , f* be the ordinary characters of B, and <p \ , , • • • , <p y the 

modular characters of B, and set 

(27) 2„ = 2 T 'z' , (z' , 2) = 1. 

It now follows easily that 

(28) r„ = 2 a_1 “ v . 

Suppose that n = m is the smallest of the numbers ri , t* , • • • , t* . 

We consider the sums 

(29) S M , = E g.MGJMGT 1 ), 

K-l 

where G, ranges over a system of representatives for the 2-regular classes of &, 
and where g « denotes the number of elements in the class of G, . The value of 
S^, is a rational integer. Since gA^G^/z^ = is an algebraic integer, it follows 
easily that <S„, is divisible by 2 „ and hence by 2 m . On the other hand, we have 25 
«»k — "i* modulo a prime ideal divisor of 2. Hence 

S„ - 2 „ z co M .f ,(G« -1 ) - * Z vuUGT 1 ) = -"Si, (mod 2 T «* +1 ). 

< « Z\ 

On applying the same argument to -Si, = »S,i , we arrive at 

(30) <S„, = 0 (mod 2 m ), 

(31) S„ = -S, M « -Sn (mod 2 r ’ +1 ). 


" BN, §9. 
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If the block B is the X th of the blocks Bi , B s , • • • of ©, and if D\ ■* C\ ** 
(c„ r ) are the parts” of the matrices D and C corresponding to the block Bx , 
then (22) gives for the matrix 

(<S„) M , = fe £ Q'd„< Pt {G')d.'< P .{G; 1 )) = D x (gC?)Di.” 

The relation (31) can be written in the form 

(32) (5,,),., = Dx(gC?)lX = S u fe) + H, 

where H is a matrix in which every coefficient in both the ju th row and y th column, 
is divisible by 2 Tl,+1 . The first matrix on the right side in (32) has the rank 1 ; 
every coefficient in both the M th row and M th column is divisible by 2 T \ 

We now proceed to discuss the elementary divisors of (<S„,), choosing the ring 
of all 2-integers as the underlying domain. If C\ has the elementary divisors 
, e* , • • • , e„ with e, — 2*', then 

| Cx| - ejc,... e v = 2 ,,+,,+ "- + \” 

The elementary divisors of grCx 1 are T~' v , • • • , 2 a_ ‘*, 2 0- * 1 , and, since the columns 
of D\ are linearly independent (mod 2),” the elementary divisors of Dx(ffC _1 )Dx 
are given by 

(33) 2° _, », 2° _ ‘* -1 , • • • , 0, • • • , 0. 

On the other hand, the right side of (32) can also be used for a discussion of 
these elementary divisors. If M is a minor of degree j of (<S>,) involving the 
rows mi i , • • • > Hi > then a simple computation shows that M is divisible by 
2 to the exponent ^ t„ + j — 1, (m = Mi . /m . • • • . M;) because of the properties 
of the matrices on the right side of (32). If the j characters f M (C), (m = mi> 
Mj , • • • , m»)> are linearly dependent for 2-regular elements G of ©, then M — 0, 
as follows from (29). 

Let us now choose a maximal system of characters of B which are linearly 
independent for 2-regular elements ©. Such a system consists of y characters. 
We first take as many characters as possible with r„ = m, then as many as 
possible with r M = m + 1, etc. We may assume that the characters chosen are 
ft , ... , ft . Let & be the number of characters ft , • • • , ft for which t„ = 
m + p — 1, (p = 1, 2, • • • , s), such that ft > 0, & ^ 0, • • • , &-i ^ 0, 0, > 0. 
Then 

n — m, t« = m + 8 — 1 ; 

(34) 

m^Ty^m + 8 — 1 for y = 1, 2, • . . , y. 

"BN, $9, (28). 

*» Cf. BN, (21). 

M The determinant is actually a power of 2, cf . footnote 24. 

« BN, §19. 
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Of course, we have 

ft + ft + • • • + ft = y. 

It now follows that every minor of degree y of (£„,) is divisible by 2* with 
l — ftm + ft(m + 1) + • • • + ft(m + s — 1) + ft + ft + • • • ■+■ ft — 1, 

l = my - 1 + 23 <rft. 

r-1 

Similarly, the minors of degree y — 1 are divisible by 2'' with 
>' = ftm + ft(m + 1) + • • • + ft_i (m + s — 2) 

+ (ft - 1) (m + s - 1) + ft + • . . + ft - 2, 

V = m(y - 1) - 1 - s + Iff)3,. 

»- i 

On comparing this with (33), we find 

ya — (e i + €2 + • • • + e„) ^ my — 1 + 2 0 $, , 

r— 1 

(y — l)a — (€2 + €s + • • • + e y ) (y — l)m — 1 — s + X) ^ - 80 

r— 1 

From (28) we see that nr 2 • • • r y is the power of 2 with the exponent 

(o — 1 — m)ft + (a — 2 — m)ft + . • • + (a — s — m)ft = (a — m)y — 23 «ft • 

r— 1 

Therefore, the two inequalities can be written in the form 

(35) | C\ | = eiet • • • e v ^ 2rir 2 ... r y , 

(36) cjCi • • • Cv 2 m- ° +,+ Vir 2 • • • r v . 

No two of the characters ft , &,••••,£* can be ^conjugate. Letting to 
be the number of families of 2-conjugate characters which belong to the block 
B — B\, we have to > y. sl We arrange (Vh , • • • , f* in such a manner that 
ft , fa , • • • , all lie in different families. Denote the /* th row of Dx by b„ , 
and let 



M This holds in the ease y — 1 also; we have here * - 1, /Si - 1, and «+••• + «* is to 
be taken equal to 0, and e, • • • e» equal to 1. 

“ Cf. footnote 16. 



RICHARD BRAVER 


so that A contains the first w rows of A , and T the first y rows. Then -A 
has the same rows as A , the /x th row of A appearing r„ times in A . Let Ai , 
A* , • • • be the minors of degree y of A ; the determinant | T | appears nn • • • r„ 
times among these minors. Consequently, we have 

(37) ' • • I Cx | = | AA | =» 22 a! ^ nri . . r, I T | 2 . 

Here, | T | 0, since fi ((?), • • • , f„(Cr) are linearly independent even if G ranges 

over the 2-regular elements only. If all the minors of degree y of A except | T \ 
vanish, then b„+i = 0, which is impossible. Hence the inequality sign must 
hold in (37). On comparing (35) and (37), we find 

(38) . I T | « ±1, 

and, since every r, and e, is a power of 2, we have 

(39) | Cx | = 2rir* • • . r y 
Then (36) yields 

(40) d £ 2 a ~ m ~'. 

Because of (38), we may set 

b|- = hrlbl 4“ • • • “I” hyyby , 

where the h, p are rational integers. Then A = HT with H — (h,„). It follows 
that C\ = T'H'HT, and this shows that H'H has the same elementary divisors 
as Cx . In particular, the coefficient in the y th row, y th column of H'H must be 
divisible by ei , and hence, by (40), we have 

(41) E h\ v = 0 (mod 2™"*)- 

r-1 

When f, is 2-conjugate to , then b, = b„ and Ky — 1. There must exist 
characters f, which are not 2-conjugate to and for which h^, ^ 0.* 2 Using 
(34), we obtain 

E hly >Ty = 2 a ~ 1 ~ T “ = 2 a ~ m ~‘ 

F— 1 

and, therefore, (41) yields 

(42) £h* f y 2 2 a+1 ~ m - / = 2r y . 

Consider now the minor A, consisting of the rows 1, 2, • • • , y — 1, v. Its value 
is Ky | T | = ±h n . If is 2-conjugate to one of the characters fi , • • • , iV-i > 

* ' # # In $5 of the paper mentioned in footnote 16, it is shown that it is impossible to find a 
linear combination of the columns of t>\ , such that ^exactly one row contains a term 
0. This implies the statement. 
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then the minor vanishes. It is easily seen that there are nr* • • . r„_i minors 
-of Dx with the value ±h^ ; and (37), (39) and (42) imply that 
'\ ' * 

(43) 2 nr 2 • • • r v = | Cx | = E rjr 2 • . . r„_i E h* ry ^ 2r t • • ■ r v _,r v . 

*-»l 

Since actually the equality sign holds, it follows that those minors, which have 
not been taken into account, must all vanish. If y > 1, it follows that the 
minors formed by means of the rows 2, 3 , ••• ,y, v must vanish unless is 
,2-conjugate to ft , The value of such a minor is ±h vX , and we obtain a contra- 
diction, since there must exist characters , which are not 2-conjugate to ft , 
for which h v \ ^ 0. 82 

It follows that y = 1, i.e. that D x has only one column. The coefficient in 
the first row must be 1, because of (38). We set h vy = h v , 



The relation (43), (28), and (34) then implj' 

(44) 1 + hi + . • • + hi = 2r„ = 2r x = T~ m . 

Since fi has degree z x = 2 V, the degree z 2 = 2 T2 z 2 of f 2 must be equal to hzi , 
which shows that hi is divisible by 2 T2 ~ m . The left side of (44) is at least equal 
to ri + r 2 h\ , since n terms 1 and r 2 terms hi appear. Because of (28) and (34) 
we have 

T~ m £ ri + r 2 h\ ^ 2 a ~ 1 ~ m + 2 a ~ 1_T2 2 2r, “ 2m ^ 2 a_m . 

We readily see that w = 2, r 2 = m, r x = r 2 = 2 a ~ 1 “ m , h* = 1. The block B\ 
consists of two families. All of its characters have the same degree z x = 2 m z( . 83 
Since it was assumed that B contains a character of degree 2 l°“V, ((*', 2) == 1), 
it follows that m = a — 1 and hence n = r 2 = 1, 



This proves the theorems 3, 4, 5, 6, and 7, and the corollaries of §7, for p = 2. 

9. Applications 

Theorem 8: If © is a group of order g = p a q b r e , (p, q, r distinct primes) with 
a 2, then © possesses irreducible representations £ besides the 1-representation 
[1] whose degree z is a power of q, and also irreducible representations £1 5 * [1] 
whose degree Z\ is a power of r. 

Proof: Consider the p-block B of representations which contains the repre- 

* ^ All the facts derived so far hold for any block B which contains a character with the 

following properties: (1) { 9 is not of the highest kind. (2) a 0 (mod 2 a ~ 1 ). (3) K({v) 
cannot be obtained from K by adjoining a 2 ,th root of unity with j £ 2. 
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aentation {1]. This B is not of the highest kind, and if a = 2, it is not of the 
type o—l*l. It follows from theorem 3 that the degrees of all representa- 
tions of B are prime to p. We apply the relation* 4 — 0 where m 

ranges over the indices belonging to B, and where R is p-regular and S is p-singu- 
lar. For R * 1, we have £„(ij) = z„ . The term corresponding to the character 
[1] is 1. At least one other term f^(l)f»(5) = z„f*(<S) must be prime to r, and 
then must be a power of q. In the same manner we see that a character 
f, [1] has a degree z, which is a power of r. 

If © is equal to its commutator group ©', then z? and z, cannot be 1 since [1] 
is the only linear representation of In particular, this will be so, if 0 is 
simple. 

Assume that r‘ = 4 or r e = 3. Then © must have a representation of one of 
the degrees 2, 3, or 4. Since all linear groups of these degrees are known,** we 
obtain easily 

Theorem 9: The only simple group of an order 4 p a q b , (p, q primes ) with a g 2 
is the alternating group Sl 6 of order 60. The only simple groups of an order 3p a q b , 
(p, q primes) with a £ 2 are the groups At ^ LF{ 2, 5) of order 60 and the group 
LF(2, 7) of order 168. 

10. On jp-similiar representations 

Let 3 be an irreducible representation of © with ^-integral coefficients in an 
algebraic number field fl, where ^ is a prime ideal divisor of p. If 3i i 8 a 
second representation with ^-integral coefficients in the same field Q, it may 
happen that 3 and 3i are similar, but that the corresponding modular repre- 
sentations 3 and 3i are not similar. Indeed, if 

(45) P-'SP = 3i , 

we may assume that the coefficients of P are ^-integers which are not all 
divisible by Going over to residue classes mod $ (which again will be indi- 
cated by a bar) we obtain 

3? = ?3i 

and P / 0, so that 3 and 3i are intertwined. However, this proves 3 ~ 3i 
only if the determinant of P is not divisible by ip. We shall say that 3 and 3i 
are iP-similar, if P in (45) can be chosen in accordance with these conditions, 
i.e. with ^-integral coefficients and a determinant ^ 0 (mod $). The class of 
all representations 3i which are similar to 3 and have iP-integral coefficients 
thus breaks up into subclasses of ^-similar representations. 

Conversely, if X is any representation of © in the field ft of residue classes 
(mod $), which is similar to 3> then we may find a representation 3i , which is 
^-similar to 3> such that 3i — £• 

** E. Brauer and C. Nesbitt, University of Toronto Studies, Math. Ser. No. 4, 1937, 
theorem VIII. 

M H. F. Blichfeldt, Finite collineation groups, Chicago 1917. 
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• In the general case of (45), we may assume that P appears in the normal 
form of the theory of elementary divisors (with regard to the domain of all 
^-integers) if we replace 3 and 3i by ^-similar representations. We thus may 
set 


(46) 


P = 


0 

0 

••• 

0 

rim, 

... 0 ) 

J-t 

0 

0 / 


— (it* , 6«+x,.+i /« k )«,x, 


where titi > 0, mj ^ 0, • • • , m,_i ^ 0, m, > 0 are rational integers, I M is the 
unit matrix of degree m, and ir is a ©-integer which satisfies ir = G (mod ©), 
* 0 (mod © 2 ). If we set 


mn 

3tl2 • • • 

$u\ 

/©u 

«12 

(47) 3 = 1*“. 

31m 

H 

II 

g 1 " 

©22 

Wi 

SI* ... 


Wi 



where 2L has rows and m,_x+i columns, and ©„x has m« rows and m\ 

columns, then (45) gives 

(48) • 

This shows that in (47), all the terms above the main diagonal in 3 and 3i 
are congruent to 0 (mod ©). In the modular sense, 3 and 3i split into the 
(reducible or irreducible) constituents 

$11 = 0 M , $22 — , • • • , $•• = ©11 . 

If s — 1, then 3 and 3i are ©-similar. We certainly have this case when 3 
is modular-irreducible in Cl. 

Theorem 10: If the representation 3 remains irreducible as a modular repre- 
sentation, then every representation 3i with ©- integral coefficients, which is similar 
to 3i ** ©- similar to 3- 

Remark: This theorem can always be applied if the degree 2 of 3 is divisible 

by p a . 

Further, if it is known that no fixed coefficient of a representation ©-similar 
to 3 is divisible by ©' for every G in ®, then (48) shows that s ^ l. 


11. On the arrangement of the modular constituents of an irreducible 
representation 3 of type a — 1 

We shall say that the algebraic splitting field ft of the representation 3 is a 
normal splitting field of least ramification, if 12 is normal over the field of rational 
numbers P, and if the order of ramification of the fixed rational prime p is the 
same for ft as for the subfield P(f) obtained by adjoining the character f of 3 
to P. The existence of such fields ft follows from lemma 1. Denote by K the 
field of inertia of the prime ideal divisor © of p. Then 

© r - V, (j») ■= R with (p, q) - (1), 
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where p is a prime ideal divisor of p in K, and where r is the number of characters 
which are p-conjugate to £. As is easily seen, the degree of K(f) over K is r, 
and hence K(£) = 0. 

We now prove 

Lemma 8: Let 3 be an irreducible representation of degree z with z = 0 (mod p° _1 ) 
such that all the coefficients a,\(G ) of the matrix 3(G) representing G lie in the 
normal splitting field 0 of least ramification. For each pair («, X) there exists a 
group element (?« such that a,\(G 0 ) and a\.(Go) are not both divisible by For 
each (k, X), there exists a group element G* such that either a K \(G*) is not a integer 
or a\,(Gt ) 0 (mod $ 2 ). 

Proof: (a) Assume that a,\(G) = a\ K (G) = 0 (mod $) for every G in 
We now apply the method of §2 setting /3(G) = o«x(G), y (G) = ox«(G), « =*1. 
We have here (r, p) = 1 because of theorem 2, and hence r | p — 1, m — <p(p). 
Then |i(G) = 0, &(G) = 0 (mod p), and (4) gives a contradiction. 

(b) If a«x(G) is a ^-integer and a\,(G) = 0 (mod $ 2 ), we multiply the * th row 
by an element ir = 0 (mod S P), for which it ^ 0 (mod ip 2 ), and divide the « th 
column by v. The similar representation thus obtained satisfies the assump- 
tion of the part (a) of this proof. Therefore, we again obtain a contradiction. 

Suppose now that the coefficients of 3 ar( ‘ iP-integers. It follows at once 
from lemma 8 that for the corresponding modular representation 3 ah the 
Loewy constituents 36 are irreducible. This implies that the arrangement of the 
irreducible (modular) constituents of 3 is uniquely determined. 

Further, if 3 an d Si both have ^-integral coefficients and are similar, then 
it follows from lemma 8 that s ^ 2 in the notation of §10, (46), (47). If s = 1, 
3 and 3i are ^-similar. If s = 2, we have by (48), 



x%i\ 

W’ 



The modular-irreducible constituents of 3i are, of course, the same as those 
of 3) but we see that the arrangement in which they appear is a cyclic permu- 
tation H of the arrangement in 3> H ^ 1. Since all the modular constituents 
of 3 are distinct (theorem 5), it follows that 3 and 3i are not ^-similar. 

If the representation 3 with ^-integral coefficients breaks up into two modular 
constituents, then we may set 3 in the form given by the first equation (49). 
If we define P, 3i by the other equations (49), then 3i is similar to 3- This 
shows that any cyclic permutation of the modular constituents of 3 can be 
effected by a transition to a similar representation 3i • 

Theorem 11 : Let 3 be an irreducible representation of a degree 2 = 0 (mod p® -1 ) 
whose coefficients are iP - integers of a normal splitting field 0 of least ramification. 
Let j be the number of modular-irreducible constituents of 3 * The class of all 
representations of ©, whose coefficients are ^-integers of 0 and which are similar 
to 3> splits into j subclasses of similar representations. In all representations 


M Cf. e.g. R. Brauer, Trans. Amer. Math. Soc, 49 , p. 502, 1941. 
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* of a fixed subclass , the modular constituents appear in the same arrangement. The 
j possible arrangements are obtained from the arrangement in 3 by the j cyclic 
permutations. 

It is clear that lemma 8 will, in general, not remain valid if 12 is replaced by 
an extension field. Then theorem 11 also will not hold. 

Let 12 be the normal splitting field of least ramification mentioned in lemma 1 ; 
r is a root of unity of an order prime to p. The splitting group of the prime 
ideal contains the substitution T which transforms r into r p and leaves the 
p a th roots of unity fixed. Then T transforms any (ordinary or modular) char- 
acter x into a conjugate character x r * It is easily seen that if an irreducible 
character f splits into the modular characters <p a , , . . . , <p p in this arrange- 
ment, then will split into the modular characters <p T a \ . . • , . Assume 

again that the degree z of f is divisible by p a_1 where p is odd. If one of the 
constituents y? of f is left invariant by T“, then f and f T * have a modular constit- 
uent <p in common. Since they have the same degree, they must be p-conju- 
gate (cf. theorem 4 87 ). It then follows easily that all the modular constituents 
of f will admit the substitution T\ The same will hold for all the characters 
which have a modular constituent in common with f, and finally for all the 
of the block B of f . Hence 

Theorem 12: Let B be a block of type a — 1, and denote by T the substitution 
which replaces the g' th roots of unity by their p th powers but leaves the p Hh roots of 
unity invariant . If a power T K of T transforms one of the modular characters of B 
into itself , it transforms every modular character of B into itself ; every ordinary 
character $ of B is transformed into a p-conjugate character by T K (p odd). 

12. Real characters of type a — 1 

To every representation 3, there belongs a contragredient representation 3* 
of the same degree z; the characters f and f* of 3 and 3* are conjugate complex, 
f* = f. If z is divisible by p a ~\ p odd, 38 then cither f and f* are p-conjugate, 
or they have no modular constituent in common, as follows from theorem 4. 37 
Consequently, if f contains a modular character <p with <p* = <p f then f and f* 
must be p-conjugate. It is easily seen that, if the modular constituents of 3 are 

(49) Si 9 > a * * 9 3/ 

in this arrangement, those of 3* are 

(50) > 5*-i » • • • f 8* . 

On the other hand, using a suitable splitting field S2, we easily find that in any 
representation p-conjugate to 3> the modular constituents appear in the same 
arrangement as in 3- It now follows from theorem 11 that if f (G) is real 
for p-regular G the constituents (49) and (50) must be the same apart from a 

* 7 The number of p-conjugate characters is the same for both characters. 

* The following theorems 13 and 14 are trivial for p * 2; cf. §8. 
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cyclic permutation. If 3i ~ 5* , then 3» ~ 3*+i-» where we set 3/+** “ 3#* 
For odd j, there will be exactly one value of v for which v ■ p + 1 — v (mod j) r 
i.e. 3* ~ 3? • For even j, we have either two values v or no value v. Hence 
Theorem 13: Let £ be a representation of degree z — 0 (mod p° -1 ) with the 
character f. If f is not real for p-regvlar elements, none of the modular constitu- 
ents of f is real. If t is real for p-regvlar elements and contains j modular constitu- 
ents, then, for odd j, exactly one of these modular constituents is real', if j is even, 
either two or none of them are real. 

If, in particular, all the modular characters of the block are real, then each f 
contains one or two modular constituents. In the tree corresponding to the 
block B of f, each vertex lies on at most two sides. Hence 
Theorem 14: If all the modular characters of a block B of type a — 1 are teal, 
then the corresponding tree is an open polygon. 

University of Toronto 
Toronto, Canada 
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Introduction 

This paper is the continuation of my paper in the Annals of Mathematics 
vol. 39 (1938), pp. 322-340. Originally this continuation was to appear imme- 
diately after publication of the first part and was to contain improvements of 
some theorems of I. Schur by means of results of the first part. The publishing 
was postponed again and again, in order to improve the results. In this work I 
also obtained improvements of some theorems of my previous paper. 

In 1, I state the results of the first part which I use in this paper. 2 In the 
following, let again A \ , A * , • • ♦ , A n be sets of positive integers with the positive 
densities <*i ^ cx 2 ^ ^ a n , and y < 1 be the density of the sum A\ + A 2 + 

• • • + A n . Improving some results of the first part (see below 1, Theorems 
V, X, and XI) I obtain instead of V the following 

Theorem: Suppose « n ^ 1 — not i , then we have 


-> n 
7 ^ ~ 


n 

Suppose ai ^ 1 — na 2 , then we have 


-f- 

n ' 


If we denote ai + a 2 + • • • + a n by <r n , we obtain instead of XI: 

|y ^ 7 s= fihrs > .8804<ra; 7 ^ > -8701<r4; 

\y ^ > .8679<r n for n ^ 5. 

Moreover I obtain instead of X: 

7 S cti + fa* . 

If the conjecture is correct that always 

(2) 7 <*i + <*2 + • • • + <*n , 


1 Presented to the American Mathematical Society, December 27, 1939. 

* An interesting survey on the problems connected with this paper was given by H. 
Rohrbach in his paper Einige neuere U ntersuchungen Ober die Dichte in der additiven Zahlen - 
theorie , Jahresbericht der Deutschen Mathematiker-Vereinigung v. 48 (1938), pp. 199-236. 
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then one would obtain immediately for every n and m with n Si m that 


(3) y ^ - (<xi + a» + • • • + «»)• 

m 

In particular, it follows from (2) that the sum of the densities satisfies the in- 
equality 

(4) + a* +•••+«#< 1 
for 7 < 1, and more generally 

(5) ai + as + • • • + a m < m/n. 

Even the special cases (4) and (5) are still unproved. One only knows that* 
(4) is true for n = 2 and (5) moreover for m — 1. The former follows from the 
theorem of Schnirelmann, the latter from the theorem of Khintchine (see below, 
Theorems I and II). 

In the following, I prove that (5) is true at all events if n and m satisfy the 
condition 


( 6 ) 


-J_ + _J_ + ...+ 1 g™. 

n — 1 n — 2 n — m + 1 n 


For m = 2, the condition (6) is always satisfied; for m = 3 it is satisfied if 
n ^ 5, and for fixed m certainly if 

n ^ $(rn + m — 2). 

Moreover I prove that (5) holds also for m = 3 and n = 4. 

It follows from the theorem of Khintchine that the sum of n sets A\ + + 

• • • + A n is the set of all positive integers if cn ^ l/'n. It now follows that the 
same is true if 


ai + ott + • • • + a m 2: m/n 

where m and n satisfy the condition (6), or where m — 3, n = 4. 

I. Schur 3 proved 

<r 3 < 1.3191; a* < 1.3913; a t < 1.4360; 

<r„ < 1.6263 for n > 5, 

in approximation to the conjecture (4). I improve this result as follows: 

<r» < 21/20 = 1.05; <t 4 < 97/90 < 1.0778; <r 6 < 43/39 < 1.1026; 


^ 39197n 

ffn 34020n + 5177 


1.1522 


for n > 5. 


* 3 1* Schur, tTber den Begriff der Dichte in der additiven Zahlentheorie, Sitxtmgsberichte 
der Preussischen Akademie der Wissenschaften Phys.-Math“. Klaase 1936, pp. 26^*29?!" 
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In order to approximate (2) and (3) for every n and m with m g n we shall 
determine constants c$, m) as large as possible such that 

y ^ c! M, (ai + at + • • • + a m ). 

For the special case n = m we obtain such constants from (1). I. Schur 4 proved 
that one can choose 


(7) 


c‘ l) = n 


and 




nc'V 


for m > 1. 


( 8 ) 


c£l l) + (n s - n) 1 
In the following I shall show that we can choose c™ = n and for m > 1 

n(n + 2)c { £l\ ) n ^ n + 1 

” ~ ~ ’ n + 2’ 

n + 1 


r (*) a 


(n + 2)c„1i + n x + n - 1 


1 


if cllT 1 ' S 


w -f* 2 


It will be proved that this gives a better estimate than (7) for m ^ 2. 

For n > m we set n — m = d; for a fixed value of d we denote by z the 
greatest integer such that 


log (z - 1) + 1/(2 + 1) g d + log d + 2. 
It then follows from (8) that 


(9) 


c <m) ^ n + 1 

m + log n — log d 

„(»> . 2_±J . + 1 

" z + 2 e* +1 d + 2 


for n g z, 
for n ^ z. 


in approximation to (3). 

Let m be fixed and n sufficiently large. I. Schur proved 

ci m) > n/m — 1/4 


whereas I obtain the better estimate 

ci m) > n/m — e 


from (9) for every e > 0. 


1. Summary of former results 

Definition 1: Let Ai , At , • • • , A n be sets of positive integers. The sum 
S = Ai + At + ■ • • + A n is the set of all different positive integers representable 
in the form 

«i«i + e*a* + • • • + e n a„ with a, in A, ; e, = 0, 1 for v — 1, 2, • • • , n. 


4 L. c., footnote 2. 
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Definition 2: Let A (x) be the number of elements of A less than x. The density 
a of A is the lower bound of A(x)/xfor x = 1, 2, • • • . 

Theorem I (Schnirelmann): If n = 2 and ai + at ^ 1, then we hose 7 = 1. 
In the following we assume y < 1. 

Theobem II (Khintchine) : y ^ nai . 

Theorem III (Khintchine): Suppose 0 £ u < a < 1/n and for x = 1, 2, • • • 

A,(x) 2s ax — - O' = 1, 2, • • • n — 1), 

n 

A n (x) ^ (1 — na)x — np. 

Denote by S the sum Ai + At + • • • + A n , then 

S(x) ^ (1 — a)x — p. 

Theorem IV (Schur): y ^ <* 2 /( 1 — (» = 2). 

Theorem V [l] s : If «i < 1/n and a„ ^ 1 — nai , then we have 

7 2s 1 — ai . 

If at < 1/n and aj ^ 1 — na 2 , then we have 

y 2: 1 — a 2 . 

Theorem VI [6]: y ^ a, + £ , , , \ ■ 

M-l 1 + [1 /«mJ 

Theorem VII [14]: Let k ^ 3 6e any integer and k/(k — l) s ^ <*i then we have 
for n = 2 

> . k ~ 1 
T £ ai • 

Theorem VIII [15] and [16]: Denote by j 3 the density of At + -4s + • • • + A n . 
Then we have 

„ » I n + 1 -> I 3 ,4 , ,n + l 

7 & P H r~b «» + 7 “n-l + r a n -i + • • • H — ai . 

n ~r Z 4 5 7 & + 2 

Theorem IX [17] : For every a with 0 < a < 1 we have 

. a . / n 2 + n — 1 \ 

y *ap + ai\n ~ 2 a). 

Theorem X [17a]: 7 ^ + t<*» . 

Q lOA 

Theorem XI [18]: y £ - (<*i + as); y ^ ^ (ai + a 2 + a») ; 

y ^ (ai + at + • • • + a n ) for n £ 4. 

* The number in parentheses refers to the numeration in the first part of this paper, 
Annals of Mathematics v. 39 (1938), pp. 322-340. 
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In what follows these theorems will be cited by I, II, and so on. 


2. Proof of the conjecture (6) for small values of m 

First we prove 

Theorem 1 : Let n and m satisfy the conditions 1 < m ^ n and 


( 10 ) 


— L- + — ^ + ••• + ^r- g 

ft — 1 ft — 2 ft — m + 1 n 


Then we have for y < 1 


(id 


«1 + «2 + • • • + < — • 

ft 


Proof: For m = n the condition (10) is satisfied only for m = n = 2. In 
this case, (11) follows from I. Therefore we may now assume that m < n. 

Let r be any integer with 0 ^ r ^ m. Denote by 0 r the density of A\ + A 2 + 
... + A r and by 0 * the density of A r +i + A r + 2 + ... + A n ; we set 0q = 0. 
Then it follows from II that 

(12) 0 r ^ and ^ (ft — r)a r +i . 

Because of I and 7 < 1 we have 0 r + 0* < 1, and it follows from (12) that 

ron + (ft - r)a r +i < 1, 


(13) 


ra\ 

ft — r 


+ «r+l < 


1 


ft — r 


We add the inequalities (13) for r = 0, 1, • • • , m — 1 after multiplying the first 
of them by a non-negative number w which will be determined later. Then we 
obtain 


OLl 


(14) 


(w + — Lj. + + • • • + -j— ) + «, + «, + ... + 

\ ft— 1 ft — 2 ft — m + 1/ 


am 


<- + ^-i + —,+ •••+ ; ■ 

ft ft — 1 ri — 2 n — m + l 


On the other hand, it follows from (10) that 




+ ••• + 


ft 

ft — 7ft + 1 


2* 7ft, 


71 ~ 1 + - 1 +-••• + 


ft 


ft — 1 


ft - 2 


ft — 7ft + 1 


1 * 1 , 


(15) 


1 + — n + • • • + . - ... ! . ^ 1 . 


n — 1 n — 2 


n — m + 1 


Therefore, setting 



2 

n — 2 


m — 1 
» — m + 1 
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+ + a„ < - (l — — - ? ” ~ 1 .) 

2 ' n \ n — 1 n — 2 n-m+1/ 


+ _i 1 I f- . . . 4 = 

because of (14), and the theorem is proved. 

It is easy to examine the condition (10) for small values of m. For m = 2 
it is always satisfied, for m = 3 if n ^ 5, and so on. Since (10) is equivalent to 
(15) and since 

1 , 2 , , to — 1 

» ~ ft I ‘ * * 1 


n — 1 n — 2 


the inequality (11) is proved if 


n — m + 1 

1 + 2+ ••• + ra — 1 m(m — 1) 


n — m + 1 


2 (n — m + 1) 


m(m — 1) 


^ 1, 


2 (n — m + 1) 

.n ^ — 1) + m — 1 = \{rn + m — 2). 

Corollary 1 : // (10) holds and (11) is not satisfied , then the sum is the set of all 
positive integers . 

Corollary 2: Lei m, k and t be integers, m ^ t and n = 


1 + +* + •■• + 


t - 1 t - 2 




i-m+l “ t 9 


then we have 


ot i + ajfc+1 + a2*+i + * • • + a(m-i)ife+i < 


m 


Proof: Let S M + 1 be the sum A M *+ X + A M *+ 2 + • • • + A( M +d* for = 0, 1, • • • , 
/ — 1 and 0 M+ i the density of . It follows from II that 

(16) $i-fl ^ kotfje+i . 

Applying Theorem 1 to the sets Si , S 2 , • • • , B t we have 

m 


01 + 02 + • • • + 0m < — , 
t 


therefore, because of (16), 


, , , .mm 

on + a*+i + • • • + a(f»_i)*+i < = — . 

fet n 


I ^ 
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In particular, it follows for m = 2 and n = 2k that 

, ^ 2 
oti + a*+i < ~ • 
n 


For odd n we infer 

Corollary 3: For n = 2Jc + 1 and m — 2 we have 

, .2 
+ CKA-4-1 < - • 
n 


Proof: We have 


ka i + (A: + l)a*+i < 1, 


hence 


{k + 2)( a i + «*+ 1) < 1 

because of a x g . This proves Corollary 3. 

Corollary 4: For m = 3 and n = 4 we have 

C*1 + «2 + <*3 < 4- 

Proof: Suppose an + « 2 + a 3 ^ f. Then we must have a 2 > J since cn + 
< £ by Corollary 2. It now follows from VI that the density a X2 of A x + A 2 
satisfies the condition 

a 12 ^ «i + 

Therefore we have by I and II 

«12 + 2*3 < 1, 
an + 2a 3 < 1 — l, 

ot \ + <*2 + «3 < 4 

since a 2 ^ as . This gives a contradiction, and the corollary is proved. 


3. Generalisation of Theorem VIII 

Theorem 2: Let on ^ a 2 £ • • • ^ a n be the densities of the sets A x , A 2 , • • • , 
-4 n and y < 1 be the density of A x + A 2 + • • • + A n . a*-*,* 6c the density of 

A k -i + Ak-i+i + • • • + Akfor n ^ k > l ^ 1. Then we have 


. ,n — fc + 3 . n — fc + 4 . 

£ ajb H v afc-i + Trry + 

n — A; + 4 n — A: + 5 


n — k + l + 2 ^ 
n - fc + / + 3 ai_l 


For k = n and l = n — 1 we obtain Theorem VIII. 

Proof: In the first place we consider the case I = 1 ; we have to prove 


^ , n — k + 3 

«*->!,* & «* t ^ ^ ^ Ctk- i • ■ 
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If 


<**-i £ (n — k 4* 4)/(n — k 3) 2 , 
the statement follows from VII. Suppose now 

«*_i > (n — k + 4)/ (n — k + 3) 2 . 

Then we have 


(17) 


(n — k H- 3) s 
n — k + 4 


Ctk-l > 


1 , 


It follows from I and II that 


(18) (n — k + l)a* + a*-j < 1. 

By (17) and (18) we have 

, » — A; + 3 1 at-i . n — k + 3 

at n — k + 4 at_1 ra — A; + 1 n — fc+1 n — A; + 4 a * -1 

^ (n — A; + 3) s (n - k + 1)(» - ft + 3) 

(n - A + l)(n - k + 4) at_1 n - A; + 1 (» - A; + l)(n - A; + 4) a *~ l 

_ (n — k + 3)(2n — 2fc + 4) a*_i 

(» - fc + l)(n - k + 4) a *~ 1 n — k + 1 

— 2ajk_i <1 + 7 r rT\ 1 “ ~ T~T~1 — => 

[ (n — A; + l)(n - fc + 4)J n-fc+1 

because of II. 

Let us assume now that the theorem is proved for every k and for 
l = 1, 2, • • • , X — 1 with X < k. Then we have 

/in\ ^ k 3 j i w A) ~t“ X -f* 1 

(19) £ « + -_ k + 4 «*-!+•••+ n _ t + x + 2 ttt-X+1 

We have to prove the theorem for l = A. If 

«*-x =£ (w — k + X + 3)/(n — k + A + 2)*, 


the statement follows again from VII and (19). Therefore let us suppose 

(20) a*_x > (n — k + A + 3)/(n - k + X + 2)*. 

By I and II we have 

(21) (n — k + 1)«* + Aa*_x < 1. 


First we shall prove the relation 


a* + 


ti — k + X + 2 
n — k + X “h 3 


a*_x < 2 a*_x . 


( 22 ) 
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As in the case where X = 1 we obtain from (20) and (21) 

^ fl — A: + X + 2 ^ 1 X , ji — ft-f-X'i'2 

“*»-A; + X + 3“*~ x< n-A;+l n-k + l“^ + n - fc + X + 3°*^ 

(n — k + X + 2)(2n — 2k + X + 3) — \(n — k + X + 3) 

< (n - k + l)(n - k + X + 3) 

_ 2»* — 4 nk + 2nX + 7n + 2k 2 — 2fcX — 7k + 2X + 6 ^ „ 

n 2 - 2nk + nX + 4n + Jfc* - fcX - 4fc + X + 3 ^ ~ / “* -x 


since n ^ k. 

Next, we state that under the assumption (20) 

(23) - — 1 - 4 -— t - | <**-<. < for/i = 1,2, ...,X - 1. 

U — tC "j" fi ~T O 

As in (21) we have 

(n — k + n + l)aw + (X — yu)aw < 1. 


Therefore, because of (20), 

1 — (X — ix)ctk-\ . (n — A; + X + 2) a — (X — p)(w — A; + X + 3) 

11 w — A; — H /x 1 ( n — k n l)(w — A; + X + 3) 

(24 M 

n — 2 nk -|- n\ -4“ 4ti — |— Ac — k\ — 4A; -|- X ■(- 4 -|- tin — nk viK -t* 3jx 

k — 2nA; -f- n\ H- 4 n -(-A; 2 — k\ — 4A: + X -J- 3 + fin — nk + ti\ 4- 3ju * -x 


Putting 

and 


n — k + n + 3 = r 


n 2 — 2nA: + nX + 4n + A: a — A:X — 4A: + X + 3 + #m — jtA; + mX + 3/t ■= 8 


we obtain from (24) 


n — A; -j- ju -4* 2 
n - k + n -f* 3 


aw 


if 



aw < 


(r - l)(e + 1) 
rs 


aw 


r < s + 1. 



aw < aw 


But this is true, since the following three inequalities hold 

n — k ?£ n* — 2nA; + k 2 , 

*(4 + X + n) £ »(4 + X + n), 

M + 3 < 3m + 4 + + ^* 


Therefore (23) is proved. 
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Finally it follows from (22) and (23) that 


_l n - fc + 3 , 

ak — ■ afc-i + 


n 


fc + 4 


+ 


n — fc + X + 2 
n — fc + X + 3 


a*-x < 2a*_x + (X — l)a*-x 

= (X + l)ajfc-x ^ ajb-x.fc 


because of II. Hence Theorem 2 is proved for Z = X and consequently for each l. 


4. Some lemmas 

Lemma 1 : Suppose n = 2 and 

(25) ai a2 < 2/3. 

TFe puZ 

<26) - Mm ® + r+iTTS) , “■ + r+ [i/«i} ; 

then we have 


(27) ai + a 2 - 7* ^ -05. 

I.e., the difference between ai + a 2 and the lower bound for the density of 
Ai + .A 2 obtained by II and VI is less than .05, if (25) is satisfied. 

Proof: If (27) is not satisfied, we have 

(28) Min{„, -«„«■- , + |, /ai| , w- pjl | 1/aJ } > -OS 

because of (26). But the difference 1/k — l/(fc + 1), where k ^ 4 is an integer, 
is less than or equal to \ — $ = ifo. Hence 

(29) ai “ 1 + [l/«i] “ flT^l “ 1 + [1/m] “ 20 f0r “ 1 - i ’ 

Moreover (29) is true for f < ai ^ | + uV = .3; therefore we have «i > .3 and 
a 2 > .3 + .05 > 1 because of (28). Thus « 2 > \ + .05 again because of (28), 
and we obtain 


ai -1- a 2 > .3 + $ + .05 > 

This contradicts (25). Therefore (27) is valid. 

Lemma 2: Suppose n = 4 and y < 1. Denote by ytt» the lower bound for the 
density of Ai + At + A s obtained by the theorems of this paper. Then we have 

d = ai + at + at — 7*28 =i yV • 

Proof: We write 


a. 


I 

1 + [!/«.] 


for v = 1, 2, 3. 



Then by VI 
(30) 
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d g Min (5, + 5*). 

It follows from Theorem 2 that the density of A i + A t satisfies the inequality 

(31) <*12 ^ at + fai . 

On the other hand we have by I, II, and y < 1 

(32) «« + 2aj < 1, 

hence by (31) 

(33) 2<*j + <*2 + < 1. 

We have now to distinguish between some cases. 

1) «i — Hi* 

Because of Corollary 4 of Theorem 1 we have + at + a* < $ and by II 


d ^ ai + as + as — 3ai < 


135 - 121 _ 7 
180 90’ 


Therefore we may assume 

«i < Hi < 

(34) $i A- 

2) as g i + A = H- 
We have by (30) and (34) 

d^dt + ii^TsA-^is — vs- 

Hence we may assume 

(35) a* > il 

and because of (33) 

(36) as < (1 — at)/ 2 = 

3) <*s > i- 


It follows from (33) and (35) that 

ai < $(1 — 2as — as) < i(l ~ I — H) — T^r < i* 

Therefore we have £i < gV and 5s„ < H ~ i = A because of (36), hence 
d < -fo because of (30). Therefore we may assume 

! “« ^ i-- 


(37) 
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4) os ^ or at 2a If. 

We have by II, (37), (35), and (34) 

dSsaj — as + 8i ^ A + A = i b- 
Hence we may assume 

(38) a, < 

(39) a, > U > i 

5) 08 ^ J + A- 

We have by (34) and (39) 

d 2a Si + 5a 2a A + A — A- 

Hence we may assume 

(40) as > tA- 

0) oi = A- 

We have 5i ^ A and 5j ^ A because of (38). Therefore we may assume 

oj > inl- 
and obtain by VI 

OlS £? a* + i, 

on + 2a8 >& + -H + M == l 

because of (35) and (40). This contradicts (32) and Lemma 2 is proved. 

5. Estimates for the sum of the densities in the cases n- 3 and n = 4 

Theorem 3: Let n = 3. If Ai + At + A» is not the set of all positive 
integers , then we have 

(41) oi + at + as < 1.05. 

Proof: Let yfs be the lower bound for the density of A\ + At obtained by 
II and VI. Because of Theorem 1 we have ai + <*2 < f . Therefore it follows 
from Lemma 1 that 

(42) oi ■+• a t — y*t < .05. 

On the other hand we have by I 

(43) y?s + <*a < 1. 

Adding (42) and (43) we obtain (41). 

Theorem 4: Let n = 4 be. If Ai + A 2 + At + A« is not the set of aU positive 
integers, then we have 

(44) ai + as + «» + 04 < W < 1-0778. 
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Proof: Let 7*m be the lower bound for the density of A \ + At + At obtained 
by the theorems of this paper. It follows from Lemma 2 that 

(45) ai + at + at — 7 *« < -fo 
and from I that 

(46) y*tt + 04 < 1. 

By the addition of (45) and (46) we obtain (44). 

6. Improvement of the Theorems V, X, and XI 

Theorem 5: If the densities ai ^ ^ a n of Ai , A t , • • • , A n satisfy 


the condition 


(47) 

a* ^ 1 — non, 

then we have 



n - 1 ,a n , 

7 ^ h - 


n n 

if 


(48) 

ai ^ 1 — na 2 , 

then 





Proof: If (47) is satisfied, we set 
(49) a — (1 — a»)/n, 

then a < 1/n and by (47) 

a, §: <*i 2: (1 — a„)/n = a (v — 2, 3, • • • , n — 1), 
«„ = 1 — na. 


O' = 1> 2, •••,«— 1), 


It follows that for x — 1, 2, • • • 

A,(x) ^ a^c ^ ax ^ ax — (v — 1 )/n 
A»(x) ^ (1 — na)x. 

Applying III for n = 0 to the sets At, At, • • • , A„ we obtain by (49) 

. . 1 Ctn n 1 . Ctn 

7 ^ 1 — a = 1 . 

n n n 

Suppose now that (48) is satisfied. Here we set 
(50) a =* (1 — ai )/». 
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•Then we have a 1/n and 

a, k as ^ (1 - ai)/n = o O' = 3, 4, • • • , n), 

ai — 1 — wo. 

Applying III to the sets A t , As , • • • , A„ , Ai we obtain by (50) 

1 - on n - 1 , ai 


l-o = l- 


n n 


By means of Theorem 5 it is possible to improve XI. First we consider the 
case n = 2. 

Theorem 6: For n — 2 we have y 2 tV(«i + ***)• 

Proof: We have to distinguish between certain cases: 


It follows from VII that 


and from II that 


y i= «2 + fa i 


y 1= 2oi , 


IO7 + y 2 10 (oi 4 - at), 
y ^ |y(oi + os) > A(«i + 0:2). 
Therefore we may assume that 
(51) i > ai > t^. 

2) 01 §: "rr^ . 

.We deduce from II 

y 2; 2oi = tV*i + Uai 2 ^(ai + <*2). 
Hence we may assume that 
X52)' ‘ ' «i < A«2 

and, because of (51) 

(53) «* > V--A == Ar- 

3) 9 ai + 4a2 ^ 5 . 

It follows from (51) and (53) that 

2o! + o* g m > 1, 
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hence we have because of Theorem 5 for n = 2 

7 s= i + ^ + $a 2 = X7r(ai + a 2 ). 

Therefore we may assume 

(54) 9<*i + 4a2 > 5. 

4) c*i ^ 

By VI and (51) we have 

(55) 7 i 4" <*2 ^ i + tV *2 4" TTr a 2 . 

On the other hand, it follows from (54) that 

tV* 2 > i — TUOti , 

hence by (55) 

7 ^ f + tV *2 |«1 “ + A «2 = -A(c*l + a 2 ). 

5) i < ft! < f 
By VI and (52) we have 

7^i + «2 = l+ iV«2 + tV*2 ^ | + tV*2 

> 4- Tu a 2 == A(«i + aa). 

6) Ofl T» 

It follows from (52) that a 2 > Because of IV we have 

7 = — > -j— > A > A(«i + <* 2 ). 

1 — ai 21-4 

This proves Theorem 6. 

Theorem 7 : y ^ ai + $a 2 • 

Proof: It follows from Theorem 6 that 

7 = ITT^l 4" lV*2 = aj 4“ $**2 

if a 2 ^ |a i . Therefore we may assume 

(56) a 2 < |ax. 

2) It follows from II that 

7 ^ 2ai ^ ai 4- |a 2 
if a 2 ££ fax ; hence we may assume 

(57) , ot2 > fax.. 
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3) Theorem VI implies 

y ^ as + z~~ - gj a t + faa 

1 + ai 

if as ^ 6a?/(l + «i)- Therefore we may assume 

6af/(l + ai) > as > $ai 

because of (57), hence ai > J. 

4) Since ai > J, we have 

y as + i ^ ai + #a 2 
if as ^ 6a t — $. Therefore we may assume 

6ai — f > as > $ai 

because of (57), hence ai > A, as > #. 

5) Now we have 2ai + as > 1, hence by Theorem 5 

y ^ $ + ias ^ ai + $a 2 
if as ^ | — 3ai . Therefore we may assume 

| — 3ai < oj < fai 

because of (56), hence ai > £. 

6) Since ai > $, we have 

Y s= «s + i i= ai + -fas 

if ai ^ -Jo's + |. Therefore we may assume 

ia 2 + J < ai < $a 2 

because of (57), hence as > 

7) Since a s > £, it follows for a 2 §i $ that 

y ai + § ^ ai + |a s . 

Hence we may assume a 2 > § and ai > # because of (56). This gives a con- 
tradiction to I, and our theorem is proved. 

Before improving XI for n > 2 we have to prove the following 
Lemma 3: Suppose n — 3 and 

(58) a* ^ a 2 ^ a 2 > .24 

If y*u i d, and S, have the same significance as in Lemma 2, then we have d ^ 
Proof: Let y*\ be the lower bound for the density of A , + (« 5^ X) ob- 

tained by the theorems of this paper. We set 

da ■ a, + ax — ya . 
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Since 01 + 2 a* < 1, we obtain from (58) 

(59) as < .38. 

We have again to distinguish between several cases: 

1) I < as < .38. 

Suppose first ai > {. Then we have by Theorem 1 for m = 2 

dJaii + isSiai — i + a» — J“ai + as — — A< 

Suppose next ai J; then by (59) 

d ^ 5 i + 8 s<**tr + jin — Vlnr < 

Because of (58) and (59) we may assume 

(60) .24 < a, g i 

2) as iS tWet- 
Because of (58) we have 7*2 S 2 a t > .48 and 

7 im ^ 2 min (71s, as) = 2 min t$jVet) = flrJ- 
On the other hand we have by Theorem 3 

oil + a2 + as < 1.05, 

hence 

d < 1.05 — = VWr- 


d ^ dis -(- 5s ^ 


Therefore we may assume 

(61) as < 

3) as ^ J. 

a) as ^ i + vrts- 
Then we have, because of (58), 

5s ^ max (tV> **&) = dis ^ as — aj ^ 

b) as > i + TfVxr- 

Because of (58) and (61) we have 7*2 ^ 2ai > as , hence 7**8 ^ 2as , and 
d 2* ai + as + as — 2as ^ 2as — as < § - $ J-J- = ttAf < ■sonr- 
Therefore the case 3) is also proved and we may assume that as > $. 

4 ) i < a 2 ^ 1 + = ttv - 

We have 5s ^ 5s £ d £ Hence we may assume a» > ffc- 

5) AV < a, ^ .3. 

a) as I 
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If oa ^ 4, we have g o 8 — o 2 < ^nr- If 03 > 4, we have du g k *= #ff — 

4 * tAAt- Hence 

81 + dta&Tfo + 
since 01 ^ 02 ^ tV Therefore we assume 
(62) 03 > 

h) ai ^ 4 and 03 ^ 4 + to* 

From (58) and (62) it follows that ai + 2a s > 1 . Hence we obtain by Theorem 

5 

7*3 *= 4 + 4«i 

and by IV and (58) 

* ^ 7w ^ 1 + 01 ^ 1.24-225 _ 279 
Ym - l-a 2 ~ 2(l-a*) “ 2-158 *" 316’ 

d ^ «i + 02 + 03 — 4 ttt <4 + A + 4 + 7Tr“ f fl = Iff f fi < 

c) 01 ^ 4 and 03 > 4 + rf. 

We have 

2 02 + 03 > + 4 + rz > 1 > 

hence by Theorem 5 and by (58) 

7**3 S 4 + 4«s + 4, 

d = ai + 02 + 03 — 7123 ^ 4 + tV 4 " -^nny ~~ 4 — 4 5=5 AVer < iftfir 
because of (61). 

d) 4 < <*i ^ 4 + 

We have 

e) 01 > 4 + an( f <*3 S 4 ff + inftr* 

It follows similarly as above in 5 b that 

* ^ 1 + 01 ^ 73 
yia - 2(1 - at) ~ 79’ • 

tf 2^1 + <* + a, - tt < 4, + A + 4H + - t! - 

f) ai > and ai > -Jff- + ^nr. 

We have 

2 at + a, > m + Hft + + M > *(« + *) > 1, ' 
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hence by Theorem 5 

Tias + 1 

and by (61) 

d < z + ^g¥o* ~ t = AW < WV- 

Therefore the lemma is proved also in the case 5) and we assume 

(63) -ft < «2 =* •£♦ 

6) Ci\ + «2 ^ + tts = It?-. 

It follows from (63) and (58) that 

7*2 ^ <*2 + £ > 

hence, because of VI, 

7*28 ^ as + 

= ai + «2 + «3 — 7*23 S z + inft + a3 ~ «3 ~ i = inft- 
Therefore we may assume 

(64) ai + a 2 > tzjf 
and, because of (63), 

(65) > m - i - ttt > i 

7) a 3 ^ i 

a) ai ^ ftV 
By II we have 

d ^ ai + «2 “b <*3 — 3ai ^ 2a 3 — 2ai ^ 

b) ai < ftrV 
Because of (65) we have 

Si < c?23 ^ «3 ~ «2 = 3 ~ A = 'aVj d < vVfr < to- 

Therefore we may assume 03 > £. 

8 ) p < 0:3 ^ i + iWfr = tWit- 
For ai ^ 1 + ^ we have by (65) 

(66) di2 ^ 5l ^ ITT’ 

For ai > i + j/t the inequality (66), is also valid, since we have 

<fl2 =! «2 ~ 3TT ^ A* 
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Hence we obtain 

d ^ da + St Vt + tVW “ "ffs 

and we may assume 

(67) «, > 

9) It follows from (66) and IV that 

7?» «£ ax + at — 

Tim iS (<*i + as — A)/(l — a»), 

/ 7 -tf _i I «i + «a - • -j^r 

a § ai + at + a* — 

(68) , 

- ± -> . ~ A a «, - (Hfr. - A)d - «r‘ 

1 — <*» 

because of (64). If we write 

f(a t ) = at — ($$$<*» - A)(l ~ 

we have 

riot) = i - m a - ««) + m «» - Aid - «*r 2 - 1 - hh (i - «*)■*. 

Therefore /(a 8 ) has its maximum in the interval 0 ^ <*a < 1 for 

«3 = l - (mh)* < 1 - tt < A 0 *. 

Hence /(a*) is decreasing in the interval -rWir < a* < 1 and it follows from (67) 
and (68) that 

701^ _ / 701^ 269 _ l\ 1800 
“ 1800 \1800 450 24/ 1099 

_ 701-1099 - 701- 1076 + 75-1800 ^ 701 + 5400 ^ 22 . 

1800-1099 < 1800-40 < 225 

This proves Lemma 3. 

Using this lemma we can improve XI. 

Theorem 8: Write <*i + « 2 + ••• + <*>. = c n ; then we have 

7 §= A <ft j 7 i= $"£ vs > .8804vj ; 7 ^ iVi*t <ta > •8701<74 ! 

7 — <7n > .8679(7* for n ££ 5. 

Proof: The case n = 2 is already proved by Theorem 6. 

1) 

a) 


n = 3 
oti £ & • 
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Denote by a» the density of A* 4- A » . It follows from Theorem 6 tha t 

an A (®» + at), 
hence from Theorem VII for k — 6 and from II 

(69) y ^ -Ar ( a * 4* o») 4* $ «i > 

(70) 7 ^ 3ai, 
and, because of (69) and (70), 

90y + 2y ^ 81 (as -|- as) + 75ai + 6ai , 

7 £ if • 

b) ai > A • 

Suppose 

(71) 7<ff<r,. 

Then we have 


if < 3oi ^ 7 < ff <t 3 , 

(72) <rt> Hi- 

On the other hand it follows from Lemma 3 and (71) that 

at — tts = 7m ^ 7 < fi as , 

if at < 
v* < iff. 

This is incompatible with (72). Therefore the supposition (71) is impossible 
and in both cases we have 

(73) yHh l at. 

2) n = 4. 

It is possible to treat this case as we have treated the case n — 3. But the proof 
of the lemma analogous to the Lemma 3 is troublesome. Therefore we use a 
method which is simpler, but less sharp. Denote by ass* the density of 
At + At 4- At . It follows from (73) that 

ant s£ fi («» 4- <*» 4" as), 

hence from VIII and from II 

(74) 7 ^ ff (at 4- at + at) 4- f <*i , 

(76) 7 ^ 4ai . 
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Therefore we have by (74) and (75) 

11047 + 137 2; 972 (a* H - as 4* a*)' + 920ai + 52ai, 

7 ^ iWr • 

3) n = 5. 

In similar way we obtain 

390957 + 1027 ^ 39095 jxVfr («t + a* + a* + a,) + * 01 } + 510oi, 
7 §£ tfrlr • 

4) n > 5. 

It follows from VIII that 


7 — («» + On— 1 + On-2 + OCn-i + On— i) + i «n-8 + * • • + 


n + 1 
n + 2 


«i> 


hence, because of < 1 > 


7 




7. Estimates for the sum of the densities for n ^ 5 

In order to obtain an estimate for the sum of the densities for n = 5 we could 
apply a similar method as in 5). But the proof of the lemma analogous to the 
Lemmas 1 and 2 would be very complicate. Therefore we are content to prove 
the following 

Theorem 9: Suppose that A t + At + ••• + An is not the set of all positive 
integers. Then we have 

90107 

„<« < 1.1026 ««i«, < 1.1522 for n > 5. 

Proof: For n = 5 we obtain from Theorem 2 for k = 2 and 1=1 

(76) a 12 ^ «2 -I - <*i 

and from II and I 


(77) 0* 46 ^ 3 03 , 

(78) a 12 + 0*48 < 1) 
hence, because of (76), (77), and (78) 

(79) ^oi + o* + 3a* < 1. 
Moreover we have 

(80) ai + 4o* < 1, 

(81) 2oi + 3o* < 1, 
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and finally by Theorem 2 

#1234 ^ #4 + Z <*3 + f #2 + f #1 , 

hence, because of I 

(82) #5 + #4 + i #3 + i #2 + f #1 ^ #5 + #1234 < 1 . 

If we multiply (79), (80), (81), [(82) by xinr, VsV, VsV, 1 respectively and add these 
inequalities, we obtain 

#i + #2 + #3 + #4 + #5 < rshr + m 4* 1 = M < 1.1026. 

For n > 5 we are content to prove an inequality less sharp. It follows from 
Theorem 8 and from II that 

H f l 7 (#1 + a2 + • • • + #n— l) + Otn < 1, 

and because of a n ^ (#1 + #2 + • • • + #n)/n 


34020 

39197 


(#1 + #2 + • • • + #n— 1 


, \ , 5177 ai + #2 + • • • + otn ^ , 

+ + 39197 n < *' 


Ctl + + • • • + Otn < 


39197n 

34020n + 5177 


< 1.1522. 


8. Improvement of a theorem of Schur 

Theorem 10 : If we set ci n = n and for m > 1 

N x ,(m) = «(n + 2)cl"T 1) 

(n + 2)ci™i 1) + n' + n — 1 


n *■> > i±i , 

n + 2 


t'n—l 


if c„*li ' £ 


n + 1 
n -+- 2 > 


then we have 


7 ^ d m, («x + as + • • • + a m ). 

Proof: For m — 1 the assertion follows from II. Therefore we may assume 
that the theorem is proved for m — 1 and every n. Denoting the density of 
A 2 + A t + • ■ • + A n by j8 we have 

(85) & ^ <fc X> (as + a, + • • • + a m ). 

We have now to distinguish between two cases: 

*> S n+2‘ 
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It follows from VIII and from (85) that 

7^0 + — x4 ai ci^^aa + <*a + • • • + a m ) + * 1] \ <*i 

n + 2 n ~r & 


^ el’ll 15 (ai + as + • • • + a»), 


hence, because of (84), 


If we set 


we have 


7 sS cl m) (ai + at + • • • + a m ). 

(m-l) S. n + 1 

C -‘ > ir+T 


w(n + 2) 

clU^n + 2) + n 2 + n - l’ 


„ < n( ”+ 2> i. 

«+l + n 2 + n— 1 


Therefore applying IX we obtain 


. 0 i f n 2 + n — 1 

y^aP + ax<n- - - j - a 


n(n + 2)fi 
+ 2) + n 2 + n — 1 


+ ai \n 


n(n 2 + 71—1) 
ci-i 1} (n + 2) + n 2 + n — 1 


+ 2) + w 2 + n - 1 
n(n + 2)c ( 1 Zi 1) 


{(n + 2)0 + aic^\n + 2)} 


io\fv “r /'ll I \ 

6 *> + 2) + »• +— 1 (“• + «+•+ 

because of (85). Hence Theorem 10 is proved. 

Corollary: If Ai + A t + • • • + A„ is not the sum of all positive integers, we 
have 

«i + «t + • • • + a m < l/cl n) . 

The constants cl m) can be determined successively by (83) and (84). We 
have cl 15 = n, 


ci 2) - 


2 + l/(« - l)(n + 2) ’ 


and so on. 

We want to obtain estimates for ci M> . To this end we prove 
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Theorem 11 : Set n — m — dfor n > to. For a fixed value of d we denote by z 
the greatest integer such that 


(86) log (2 - 1) + — g d -f log d + 2. 

2+1 

Then we have 


(87) 

.(»-<« ^ n + 1 

w — d + log n — log d 

for d + 2 ^ n g z, 

(88) 

(n-d) ^ 2 + 1 ^ e d+1 d + 1 

B 2 + 2' ^+^ + 2 

for n ^ 2 . 

Proof: 

First we assume that 


(89) 

^ n + 1 

I'n — I ^ i o • 

71 + 2 



We maintain that then 


(90) 


e!5” > 


n 


n + 1 ' 


For, if c„1i I n/(n + 1) it follows from (84) that 


(m — 1) (m— 2) ^ 

C„_i = C„_ 2 =5 


n + 1 


n + 1 n + 2' 

This contradicts (89). Therefore (90) is proved; we infer by induction 


(91) 


_( m—n ) ^ M *"f“ ^ 


for m = 2, 3, • • • , to — 1 


n — y + 3 

if (89) is satisfied. Because of (91) we obtain ci J 2 m+2 ,ci 3 2 m+s , • • • , ci m) success- 
ively from (83). 

We set = 1/cJ," 0 . It follows from (83) that 


<•») „ n + W — 1 _j_ j < 


= 


+ l, 


n + 2 


n + 1 


hence 


n 


(n + l)j/‘ m) < nylT^ + n -^ . 
Applying this formula successively we obtain 
(n + l)j/l m) < (n — + 


n 


n — 1 


+i±i< 


n 


< (n - m + 2)y;i w+ i -+ 


n 


m + 3 n — m + 4 


n + 1 


n — m + 2 , n — m + 3 , 

* 7!! HI 1 c% » 


n — m + 2 n — m + 3 
» + 1 


n 


+ 


n 


n — to + 1 n — to + 2 

. vro 1 , f n dx . . n 

TO + 2- - < TO + | — = TO + log . 

r—n—m+l V * n—m X 71 7H 
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Therefore we have 


> 


n + 1 

m + log n — log (n — m) 


if (89) is satisfied. 

Next we want to prove that (89) is satisfied if 

d + 2 ^ n ^ z 

where z is defined by (86). To this end we prove that 

(W) C<'> > d + r + 1 ;> d L±l ±1 

' ' d+r r + log (d + r) — log d d + r + 3 


if the condition 


is satisfied. 
We have 


d + 2^d + rg>z-l 


cJVi = d + 1 > (d + 3 )/{d + 4), 

hence it follows from (92) that 

,<«> d + 3 , ^ d + 4 

c d+2 ^ 2 + log (d + 2) - logd ^ d + 5 


d + 3 S; 4 > 2 + log 3 ^ 2 + log ^1 + ^ = 2 + log (d + 2) - log d. 

Therefore (93) is proved for r = 2. We assume it to be proved by induction 
for r = 2, 3, • • • , p — 1 where 


We then have 


d + p — 1 ^ z — 2. 


_(p— i) ^ d + p ^ d + p + 1 

Od +,-1 ^ p _ ! + log (d + p _ 1} _ logd - d + p + 2 - 

Hence the condition (89) is satisfied for n — d + p and it follows from (92) that 


Cd+p > 


d + p -f- 1 

P + log (d + p) — log d * 


On the other hand, it follows from (95) that d + p + 1 ^ e and therefore 
from (86) that 

log (d + p) + * + 2 ^ d + log d + 2. 
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Consequently we have 


d + p + 2 — ^ — p - ^2 ^ P + l°g (d + p) — log d, 


(d + p + l)(d + p + 3) 


d + p + 2 


s= p + log (d + p) — log d, 


hence by (96) 


< p) ^ d + p + 1 > Btptii 

i+l> p + log (d + p) - log d = d + p + 3 ‘ 


d + p + 2 


Therefore (93) is proved also for r = p and hence by induction for each r satis- 
fying (94). It follows from (93) for d + r = z — 1 that (89) is true for n = z. 
This proves (87) because of (92). 

Now we have to prove (88). Let s be the greatest integer such that 

(j-l+.-d) . 2 + S + 1 

c - l ~ > 1+7+2 ' 

then we have s 5; 0 because of (93). It follows similarly as above that 

/■q7\ Jt-l+f-d) .Z + V + l^ + l r„_ ni 

(97) Cl _ 1+ , >—- r2 Z— for <r =0, 1, • • • , s. 

Furthermore we have 


(*-l+<r-d) ^ 2 + <r + 1 
C*_i+„ 

2 + <r + 2 


for a ^ s + 1, 


hence by (84) 

(98) eSJ-" for <r S; s + 2. 

Finally we have to consider the case n = 2 + $. Denoting the density of 
-4a + -43 + • • • + -4 f +, by fi we obtain from VIII 

/Q 1 ^ i ® I I ( *■+*« — 1— <i ) / 1 1 1 \ | 2! | 8 | 1 

7 ^ P T —7- — -7—7, ai = C*-h-i (0:2 + «3 + • • * + otg+ 8 -d) H — — — - ai 

Z *1“ 8 ~p L Z “t“ 8 45 

> —7—7. (ai + ai + • • • + o:,+,_d) 

2 + 2 

because of (97); therefore we have 

(99) c <S^’>l±i. 


It follows from (98) and (99) that 


.(t-l+f-d) ^ 2 + 1 

Cm > 7+2 


for a 2? s + 1. 
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Moreover, the condition (86) implies 
log a H — * 

( 101 ) 


z “f- 2 
a > e d+1 d. 


> d + log d + 2, 


Now (88) follows from (97) and (100). Hence Theorem 11 is proved. 

The inequality (88) can be improved a little. Since d ^ 1, it follows from 
(101) that 


log a + 


( 102 ) 

hence we obtain from (101) 


a + 2 
a ^ 20, 


>3, 


log a > d + log d + 


c < n -» > 2 -±i > e ' 


d+48/22 


d + 1 


a + 2 e d +*Md + 2 

I. Schur has proved that 

y ^ 0n m) («i + <*2 + 

where the constants are defined by 
(103) m ,m ' n 


if n ^ z. 


+ Otm) 


9*' 


n, 


a (m) = 

i/n 


for m > 1. 


1 + (n 2 - n)V^-T u 

We want to prove that c ( „ m) 2: gi m> . For m = 1 we have c» ’ = J = n. 
Furthermore we have for n g 2 

(»* — n)(n + 2) 2 = n 4 + 3ra 8 — 4n > n 4 + 2n 3 — n 2 — 2n + 1 = (n 2 + n — l) 2 , 
hence 

(n ~ n) > n + 2 ■ 

Therefore it follows from (103) that we have c ( „ m) | g*" 0 for all those ci m) which 
are defined by (83). 

From the proof of Theorem 1 1 we deduce that we have to apply (83) certainly 
as long as n g a for a fixed value of d. Therefore we may assume now that 

n <g a + 1 > e i+1 d + 1. 

It follows from (88) that it is sufficient to prove that 


(104) 


e d+1 d + 1 ^ <n-d) 


(S+'d + 2 




for n > e d + 1. 
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From (103) Schur obtained 

9n 

We have 


(105) = 




(d + l) -4 + (d + 2)“* + • • • + n -4 


(106) 


pn + 1 

( d + l) -4 + (d + 2) 4 +-**+n 4 > / s -4 dx 

Jd+l 

= 2 (» + l) 4 - 2(d + l) 4 > 2n 4 - 2 (d + l) 1 . 


Because of (104), (105), and (106), it is sufficient to prove that 

e d+1 d + 1 w 4 

e d+1 d + 2 2n 4 -2(d + l) 4 ' 


This is satisfied if 

e d+1 dn k > 2(e d+1 d + l)(d + l) 4 , 
n 4 > 3(d + l) 4 , 
n > 9(d + 1). 


This, however, is true for d = 1 because of (102), and for d > 1 because of (104). 
Hence we have cL m) ^ gr*" 0 and Theorem 10 is sharper than Schur’ s theorem. 

Theorem 12: Let e be any positive quantity. For every fixed m and all suffi- 
ciently large n we have 


n 

m 




< e. 


Proof: Let to be fixed. We choose n so large that the following conditions 
are satisfied 

(107) log (n — 1) j < n — m + log (n — to) + 2 

n + 1 

and 

(108) n > Max (2m, 2/e) . 

Then it follows from (107), (86), and (87) that 

c <»> > w + 1 

" to + log n — log (n — to) ’ 

n _ c <») ^ n n + 1 

to " to to + log (1 + m/(n — to) ‘ 
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Because of (108) we have m/(n — m) < 1, hence 

* _ c o») < n _ n + 1 
m n m m + m/(n — m) 

_ ft _ (n + l)(n — m) _ 1 ^ 

m m(n — m + 1) n — m + 1 

Institute for Advanced Study 
Princeton, N. J. 


$ » K> 
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l4 FACTORISATIO NUMERORUM” 


By P. ErdOs 


(Received December 2, 1940) 

Let 1 < ai g 02 g . • • be a sequence of integers. Denote by f(ri) the number 
of representations of n as the product of the a’s, where two representations are 
considered equal only if they contain the same factors in the same order. As 
far as I know the first papers written on the subject are those of L. Kalm&r, 1 
who proved by using the methods of analytic number theory that if a k = k + 1 
then 


(1) F(»)=E/(r)=--£L [l + o(l)), 

r-1 Pf (p) 

p is defined as the unique positive root of f (p) = 2. He also gives estimates 
for the error term. 

Another paper on this subject is that of E. Hille. 2 He obtains among others 
the following results: Let pi < jh < • • • be a sequence of primes and 
ai < a,2 < • • • the sequence of integers composed of these primes, then 


( 2 ) 


F{n) = cn p [ 1 + o(l)] f 


where ~~p = 1 , p > 0 . Hille uses the theorem of Wiener and Ikehara. 

* 

In the present paper we assume that converges for every e and that 

Hi 

the a’s are not all powers of ai , then we prove that 


( 3 ) F{n) = cn p [\ + o(l)], 

where ^ -7 = 1, p > 0 . The proof will be elementary. 
i d* 

First we need 2 Lemmas. 

Lemma 1 


( 4 ) FW -? F [s] + 1 -‘ 

Proof. Follows immediately by considering those products in which a* is 
the first factor, and summing for d k . 


1 L. Kalmar, Acta Litt ac Sjjcient. Szeged, Tom. 5 (1930) p. 95-107. 

* E. Hille, Acta Arithmetica Vol. 2 (1937) p. 134-146. 

* The use of this identity was suggested to me by L. KalmAr. 
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Lemma 2. 


(5) 


0 < lim £ lim < ». 
— n * n * 


Proof. Put F(n) = c n n We have from (4) 

c„n p < max a Y + !> 


<S T 


0* CLk 


hence 


Thus by induction 


c n < max d -\ — - . 

-4 


C - <l +,.?<. §=<“• 


which proves the first half of (5). 

The proof of the second half of (5) will be slightly more complicated. Put 
F(n ) = c' n (n + l)'. It suffices to prove that lim c n > 0. From 2; 


n + 1 
o* 


— 1 we obtain by (4) 


Thus 


Cn (n + l) p > min c\ J2 — + . — = min c-(n + l) p (l — Y -k\ 

.-n ojtgn ajfc • < n \ *k>n a k/ 

S 2 ^2 

c'n > min c'i (l - E 3 ). 

n \ ai>n O,),/ 


Hence by induction 


IT (1- E ~). 

8 m ~l<n \ ojb>2 m a,k/ 

The product on the right side (if extended to infinity) converges since 


E E isE!^<ci;i 

«-l a k > 2 " ajc a* a* a* 

converges. This proves lim c n > 0, and completes the proof of Lemma 2. 
Now we can prove our theorem. Suppose that (3) does not hold, denote 

1: „ F(n) _ F(n) ^—F(n)'_— F(n) 




/Y ^ 
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Let m be sufficiently large and such that F(m) > (C — 5)(m + 1)'- Clearly 
a fixed k exists (depending only on c and C) such that for every x satisfyin g 
m ;£ x £ m( 1 + k) 


(7) 


F(x) 


C + c 


(x + i y 2 

Now let o< be the least a which is not a power of dj . Consider any x satisfying 


mai ^ x mai(l + k). We have by (4), (6), (7) and 


[f] 


+ 1 S 


x + 1 




(8) 

Fix) > Z f| 

X 

^ c + C ix + l) p ■sr ix 

> o + c 24 — 



2 a<>oi 

Thus 




(9) 


Fix) ^ A C - c 
ix + 1)' > + 2 a* ° (1)> 


a? 


- o(x0. 


Similarly we obtain that for the x satisfying a“a?m ^ x ^ o“a<m( 1 + k) 

Fix) 


( 10 ) 


(x + l)' 


> C + 5 a , /J , 


where 5 a ,3 depends only upon a and /3. It is well known that the quotient of 
two consecutive integers of the form a* a? tends to I. Thus there exists a se- 
quence of integers A, < A 2 < • ■ ■ < A r all of the form a“a? and satisfying 


Ai+i 

A t 


< 1 + k, i = 1, 2, • • • r — 1 and A r > aiAi 


Thus by (10) and since the intervals [Am, A mil + &)] and [T i+m, A^mil + k)] 
overlap we have for Am ^ x g aiAm 


(ID 


Fix) 

ix + ly 


> c + min 5 a , s = c + 5, 


for sufficiently large m, where 5 is fixed and depends only on c and C. Consider 
now the integers x satisfying a-iAm g x g at Ami by (4), (6) and (11) we obtain 
as in (8) and (9) 

> ( c + ®) \ + c 2 - p — o(l) = c + dfl — Z —^) — oil). 

^i.e. ^ lies in [Aim, A mil + fc)]^. Similarly for the integers satisfying d\Am S 
x | a\Am we have 

>[. + «(i-li)l2 i I+ t E 

(x + l) p L \ «<>« i ay J af «<>«} a? 

- o(l) > c + 5(1 - Z V) (1 - -0(1). 

\ «<>«! ay \ ai>a\ ay 
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Finally we obtain for a k {~ l Aim, ^ x ^ a\A\m ( k fixed, m sufficiently large) 
F(x) 


( 12 ) 

Denote 


(X + l) p r-1 \ °<>Oj (xj 

n(i- E r -,) * * 

r— 1 \ ty/ 


The product converges since 2 converges. From (12) we have for 

Aim £ x ai^iTO 




(13) 

Now choose k so great that 


(14) 


w > c . s j 

( x + iy >c+ 2‘ 


1 ^ c + i&TI 


ni,> 


r>* «<S«' aj C + $5l/ 

Then from (13) and (4) we have for Aia\m £ x ^ .Aia{ +1 m 

ix + 1) A 


«*)> E fT J l >(*+£) E 


a< 


Similarly for any r, in the interval -4iajm ^ rc ^ Aiaim we have by (14) 


Fix) 

ix + 1 y 


( c + f)n e 

\ * / l>k o*<a 


(g + 1) ^ c + ft? 

a<<al P 4 


Thus lim 


F(x) 


> c. This contradicts (6) and completes the proof of our 


(x + 1)' 

theorem. 

It is easy to see that in our theorem, we can replace the assumption that 
£ T h converges by the following slightly more general one: There exists 

di 

a k > 0 such that £ "1 converges, and ^ converges too. 

dj cij 

Let o* = A + 1. By using Lemma 2 we can prove that constants Cj and Cj 
exist, 0 < Ct < ci < 1, such that for infinitely many n 


fin ) > 


7V 


(log n)« l 
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and that for all n > no 

/(«) < TO* - 4 

€ 

As I shall show in another paper the methods used here yield some asymptotic 
formulas in the theory of partitions. 

The University of Pennsylvania 

4 E. Hille proved that /(n) > n for infinitely many n (ibid). 
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CONCRETE REPRESENTATION OF ABSTRACT (M)-SPACES 
(A characterization of the space of continuous functions) 

By Shizuo Kakutani 
(Received December 23, 1940) 

Introduction 

A Banach space is called an abstract {M)~ space if it is a linear lattice, and if 
it satisfies, besides the usual axioms of Banach lattices, the following condition: 

X s 0, y ^ 0 imply || x V y || = max (|| * ||, || y ||). 

The principal purpose of the present paper is to show that every such abstract 
(Af)-space can be concretely represented isometrieally and lattice isomorphically 
by a subspace of the space C(Q) of all continuous real valued functions defined 
on a certain compact Hausdorff space 12. 1 This may be viewed as a characteriza- 
tion of the subspace of the space of continuous functions, which is closed both 
in a sense of topology and lattice. Furthermore, this problem has close rela- 
tions with the problems of concrete representation of abstract (L)-spaces, dis- 
cussed by the author [9], [11] in connection with the general theory of Markoff 
processes and ergodic theorems. 

In Part I, we shall give the definitions and the exact formulations of funda- 
mental theorems (Theorems 1 and 2). We shall also discuss their relations to 
other problems concerning the concrete representation of abstract spaces and 
rings. The proofs of Theorems 1 and 2 will be given in Part II. The main 
idea is to consider a class of functionals (viz., linear- and lattice-homomorphisms 
of a given space to the space of real numbers) and to use the notion of weak 
topology. The last Part III is devoted to the applications of fundamental 
theorems, and the relations with the theory of abstract (L)-spaces will also be 
discussed. 

The principal results and the general outline of their proofs were previously 
announced in [10]. I should like to express my hearty thanks to Professors 
H. F. Bohnenblust, C. Chevallcy^and J. von Neumann for their kind discussions 
in the course of this work. 1 2 

1 We use the term “compact” as “open coverings can be reduced to finite coverings.” 

* After completing the paper, I noticed that the same problem was discussed by Mark 
and Selim Krein (On an inner characteristic of the set of all continuous functions defined 
cm a bicompact Hausdorff space, C. R. URSS, 27 (1940), 427-430). In this paper the exist- 
ence of a unit element is always assumed; Theorem 2 was proved by them, but the case of 
Theorem 1 was not discussed. 
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I. Definitions and the Statement of Fundamental Theorems 
1. Definition of abstract (Af) -spaces 

A Banach space (AM) is called an abstract (M)-space, if there is defined a 
relation x ^ y (or equivalently y g x) for some pairs of elements x, y t (AM), 
and if it satisfies the following conditions (x, y, z, w e (AM), X: real number): 


(1.1) 

All 

H 

y ^ x 

1 

<§* 

II 

*5 

(1.2) 

X S y, 

y ^ z 

imply x ^ 2 , 

(1.3) 

x^y, 

A £ 0 

imply \x ^ \y, 

(1.4) 

All 


implies x + z ^ y + z, 


(1.5) To any pair of elements x, y t (AM), there exists a maximum z = x V y 
such that z x, z ^ y and z' ^ z for any z' with z' ^ x, z' ^ y. 

(1.6) To any pair of elements x, y e (AM), there exists a minimum w = x A y 
such that w £ x, w ^ y and w' ^ w for any w' with w' g i, f ' 5 y. 

(1.7) x n ^ y n , x n — > x (strongly), y n -*y (strongly) imply x ^ y, 

(1.8) x A y = 0 implies || x + y || = || x — y ||, 

(1.9) x ^ 0, 2/^0 imply || x V y || = max (|| x ||, || y ||). 

The conditions (1.1)— (1.6) mean that (AM) is a linear lattice (or a vector lattice). 
Such a linear space was discussed by G. Birkhoff [1], H. Freudenthal [5] and L. 
Kantorovitch [12]. The general theory of such linear lattices will be found in 
G. Birkhoff [2], Here we shall state some of the fundamental properties of 
such spaces, which we shall need in the following discussions: 

A S; 0 implies \(x V y) = Ax V \y, 

A(z A y) = hx A A y, 

(x V y) + z = (x + z) V (y + z), 

(x A y) + z = (x + z) A (y + z), 

(x V y) + (x A y) = x + y, 

(1.13) x = x V 0 - (-*) VO, (x V 0) A ((—x) V 0) = 0, 

(1.14) (x V y) A z = (x A z) V (y A z), 

(1.15) (x A y) V 3 = (x V z) A (y V z). 

We shall make use of these properties without any reference to them. 

Among all conditions (1.1)-(1.9), the last condition (1.9) is the most im- 
portant, although, as is easily seen, the condition (1.8) is also indispensable in 
the following discussions. 


( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 
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It is clear that (1.9) implies: 

(1.16) x ^ y ^ 0 implies || x || ^ || y || ^ 0, 

(1.17) x A y = 0 implies || x V y || = max (|| x ||, || y ||). 

These conditions were introduced by H. F. Bohnenblust [3]. But we do not 
know whether or not, conversely, the conditions (1.16) and (1.17) together imply 
(1.9). <2,a) 


2. Examples of abstract (M)-spaces 

The foremost example of abstract (Af)-spaccs will be given by the space 
(7(12) of all bounded continuous real- valued functions x(i) defined on a Hausdorff 
space 12 where \\x\\ = l.u.b.*«n| x(t) | and x ^ y if and only if x(t) ^ y(t) for 
any t c 12. If we now take an arbitrary set 12 and consider it as a discrete space, 
then the space (7(12) is nothing but the space M(i 2) of all bounded real- valued 
functions x(t) defined on 12 (with the same norm and partial ordering as in the 
case of (7(1 2)). 

Moreover, if we consider a subspace M (12; m) of Af (12) consisting of all bounded 
measurable real- valued functions x(t) defined on 12 (where measurability is with 
respect to a measure m(E) defined a priori on 12), then this is also an example 
of abstract (Af)-spaces. Furthermore, a space of the same kind will be obtained 
if we neglect some class of subsets of 12. For example, in the case of Af (1 2; m), 
if we neglect sets of measure zero of 12, then the space AT' (12; m) thus obtained 
is again an example of abstract (Af)-spaces. It is clear that in this case we have 
to put || x || = ess. max.* t o| x(t) | 3 and x ^ y if and only if x(t) ^ y(t) almost 
everywhere on 12. (Two functions which differ from each other only on a set 
of measure zero are considered as the same element of AT (12; m).) 

Another important example of abstract (Af)-spaces will be obtained by con- 
sidering a special subspace of C (12). Indeed, if we consider only those functions 
x{t) of (7(12) which vanish at a given point to e!2, then the space C(12; U) of all 
such functions x(t) will be an example. More generally, if we consider the 
subspace (7(12; to , to ; Xo) of (7(12) consisting of all functions x(t) € C(12) which 
satisfy the relation: 

(2.1) x(to) = \ox(to), 

where to , t f 0 e 12 and 0 g X 0 ^ 1, then this is again an example. Furthermore, 
it will be easily seen that the spaces of the same kind will be obtained if we 
replace the point to of the former example by a closed set F ) and if we replace 
the relation (2.1) in the latter example by the system of relations: 

(2.2) x(t a ) = « e 9K, 

** See the following paper. 

* ess. max .* «q | x(t) | means the greatest lower bound of all a > 0 such that m[t : | x(t) | > 
a] - 0 . 
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where t a , t' a « ft, 0 ^ X« ^ 1 and 9)1 is a set of indices a of any power. We shall 
denote these spaces by C(ft; F ) and C(ft; t a , t' a ; X a ; a « 501) respectively. 

It is to be noted that, if in the case of C(Q; F), the closed set F consists of more 
than one point, then we can identify all points of F, and that we can thus re- 
duce the space C(ft) F) to the case of C(ft; <o). This fact is also true for the 
spaces C(ft; t a , t' a ; X„ ; a e SO?) if there exists a X a with X„ = 1. 

3. Unit element 

If there exists an element 1 such that 

(3.1) 1^0, ||1 1| = 1, 

(3.2) || a; || ^ 1 implies i g 1, 
then 1 is called a unit element. 

It is clear that there exists at most one unit element. But the existence of a 
unit element is not assumed in abstract (M)-spaces. Indeed, among the 
examples given in section 2, the spaces C(ft), Af(ft), M(ft; m) and m) 

have unit elements (in this case, x(t) = 1 is a unit clement), while this is not 
the case for C(ft; to) and C(ft; to , to ; X 0 ) if the point t 0 is not Isolated in ft. 

Remark 1. The existence of a unit element together with the condition 
(1.16) will imply (1.9). Indeed, given x ^ 0, y 0, we have, by (3.2), 
x g || x || • 1, y S 1| 3/ 1|*1, and consequently x V y ^ max (|| x ||, ||j/||)*l, 
which in turn implies || x V y || g max (|| x ||, || y ||) by (3.1). The inverse 
relation || x V y || ^ max (|| x ||, || y ||) is clear from (1.16). 

Remark 2. It will be easily seen that 1 is also a unit clement in the sense 
of H. Freudenthal [5] (notation: F-unit) which is defined by the following 
condition : 

(3.3) x > 0 implies x A 1 > 0. 

Indeed, in case || x || ^ 1 this follows directly from (3.2), and if || x || > 1, then 
x A 1 ^ || x 1 1 -1 . a; A 1 = || x j| —1 -x > 0. 

Moreover, an F-unit can exist even if the unit element in our sense does not 
exist. For example, consider the space C(ft o ; 0) or C(fto ; 0, 1; J), where fto 
is the closed interval 0 ^ t sS 1 . These arc the spaces of all continuou's real- 
valued functions x(t ) defined on 0 S t £ 1 such that x(0) = 0 or x(0) = $x(l) 
respectively. It is easy to see that there exists an F-unit in these spaces, while 
there is no unit in our sense at all. This fact is also true for general spaces 
C(ft; fo) and C(ft; to , to ; X 0 ) (X 0 < 1) if the point t 0 in question is not isolated 
in ft, and if the topology of ft satisfies the first countability axiom at t = to . 
But in a more general case when the topology of ft does not satisfy the first 
countability axiom at f = fo , this is no longer true. Indeed, let us consider 
the space Z)(ft) of all bounded real-valued functions x(t) defined on ft such that 
the set of points at which we have | x(t) | > « is finite for any e > 0. Then 
D(ft) is an abstract (M)-space if we define the norm and the partial ordering in 
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the same way as in the case of C(12). It is easy to see that there exists no F-unit 
in this (Af)-space, and it is not without interest to notice that, if we adjoin a 
new point to to Q and if we introduce a topology of 12* = 12 + (to) in the following 
manner: 

(3.4) Every point of 12 is isolated , 

(3.5) Every neighborhood U (to) of to is a set of the form: U (to) = (to) + (12 — A), 
where A is an arbitrary finite subset of 12, then 12* is a compact Hausdorff space 
and the space C(12; to) is the space D(12) in question. 

4. Fundamental theorems 

After the preliminaries given above, we shall now state the fundamental 
theorems. 

Theorem 1 . For any abstract (M)-space (AM) (with or without a unit element ), 
there exists a compact Hausdorff space 12 and a system of pairs of points {<«}, 
{t'a} (t a e 12, a € 502) and real numbers {X a } (0 ^ X a < 1) (a c 502) such that (AM) 
is isometric and lattice isomorphic to the space C( 12; t a , t' a ; X a ; a c 502) of all bounded 
continuous real-valued functions x(t) which are defined on 12 and which satisfy the 
following relations : 

(4.1) x(t a ) = X a z(0, ^ 502, 

where 502 is a set of indices a whose power can be arbitrarily large . 

This theorem is complicated, and the reason for this is that we do not assume 
the existence of a unit element. If we assume the existence of a unit element, 
then it becomes simpler: 

Theorem 2. For any abstract (M)-space (AM) with a unit (see section 3), 
there exists a compact Hausdorff space 12 such that (AM) is isometric and lattice 
isomorphic to the space C( 12) of all bounded continuous real-valued functions x(t) 
defined on 12. 4 

Proofs of Theorems 1 and 2 will be given in sections 7 and 11 respectively. 
We can also prove that the compact Hausdorff space 12 is uniquely determined 
up to a homeomorphism. This problem will be discussed in section 13 
(Theorem 6). 

5. Relations to other problems 

As is easily observed, this problem has close relations to the problems discussed 
by I. Gelfand [6], I. Gelfand-A. Kolmogoroff [7], J. von Neumann [13], G. Silov 
[16], M. H. Stone [17], [18], and K. Yosida [19]. In all cases discussed by these 
authors, the Banach space in question was always considered as a ring, and they 
have obtained a concrete representation of such Banach rings. In our case, 
however, the space in question is a lattice instead of being a ring, and we can 
also obtain a concrete representation of such Banach lattices. 

. Further, it is to be noted that the existence of the unit element (which is 

4 It is not difficult to see that U satisfies the second countability axiom of Hausdorff 
(and hence metrisable) if and only if the given (AM) is separable. It is also obvious that 
ft consists only of a finite number of points if and only if (AM) is of finite dimension. 
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necessary in the case of a ring) is not assumed in Theorem 1. H. F. Bohnen- 
blust [3] has recently discussed the characterization of L p spaces (1 g p oo), 
and the case p = oo corresponds to our problem. He has only assumed the 
conditions (1.16) and (1.17), and has obtained a concrete representation of such 
Banach lattices. But the existence of an F-unit is assumed in his paper, and 
moreover, besides the separability of the space in question, he assumed that 

(5.1) 0 ^ X\ ^ X 2 i ^ x n ^ ^ x implies the existence of sup n £ n , 

where x' = sup n z n is an element such that x n ^ x f for n = 1,2, . . . , and x ' g x " 
for any x" with x n g x" for n = 1 , 2, • . • . This condition (5.1), which is also 
assumed by J. v. Neumann [13] and M. H. Stone [18] (these authors introduced 
the notions of both ring and lattice), is not satisfied even in the case of the 
space C(O 0 ) of all continuous real-valued functions x(t) defined on ilo : 0 ^ t g 1. 
Indeed, for example, the sequence of functions x n (t) ( n = 1, 2, • • •), where 

= 0, 0 g * £ §, 

= n(l - i), § g t g 

n 

= i, i + - s < s i, 

n 

satisfies (5.1) with x(t) ss 1, wliile there exists no such continuous function 
x'(t) which corresponds to the element x' = sup»£» . 

Finally, as will be seen from the papers of J. v. Neumann [13], M. H. Stone 
[18] and K. Yosida [19], our problem has also a close connection with the theory 
of spectra for operators. 6 



5 As was remarked by Professor Stone, our problem has close connections with the theory 
of harmonic functions. Indeed, let D be an arbitrary domain in the Gaussian plane (we 
do not assume that D is simply connected), and let H(D) be the space of all real valued 
bounded harmonic functions u(z) defined in D. H(D) is an abstract (M)-space with respect 
to the norm || u || — sup,«D | u(z ) | and the partial ordering u ^ v: u{z) ^ v(z) for all z *D. 
It is to be noticed that w = u V v is not equal to the max. ( u(z ), v(z)) in the ordinary sense 
(maximum taken at each point of Z)), but w(z) is the smallest harmonic function which 
satisfies w(z) ^ u{z) and w(z) ^ v(z ) for all z * D. (The existence of such w(z) follows 
from the well known principle in the theory of harmonic functions). If, in particular, D 
is the interior of the unit circle, then every u(z) eH(D ) can be expressed by the Poisson 


integral : 
(*) 


u(z) - u(re a ) 


_L f* (j z j* 

2r l w 1—2 r cos (0 — t) + r 2 * 


where x(t ) is a bounded measurable function defined on the periphery r of the unit circle. 
It is not difficult to see that, if we consider the space Af'(r, m) of all real valued bounded 
measurable functions x(f) defined on r (with respect to the ordinary Lebesgue measure m 
on T; we consider two functions which differ on a set of measure zero to be the same element 
of Af'(r, m) ; see section 2), then M'(r, m) is isometric and lattice isomorphic to the abstract 
(M)-space H (D), and this isomorphism is given by (*) . It is to be noticed that in this case 
both H(D ) and M f { r, m) satisfy the condition (5.1), and that the representation (*) is 
isomorphic even with respect to the operation supn Xn . 
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II. Proofs of the Fundamental Theorems 

6. Weak topology of Banach spaces 

Before going to the proofs of the fundamental theorems, we shall first enter 
into some elementary considerations on the weak topology of Banach spaces. 

Let E be a Banach space and let E* be its conjugate space, i.e., the Banach 
space of all bounded linear functionals f(x) defined on E, with ||/|| = 
l.u.b.|| X |isi|/0r) | as its norm. 

We shall introduce a weak topology 6 into E*. For any / 0 e E * its weak 
neighborhood U(f 0 ; x\ , ar 2 , • • • , x n ; e) is defined as the totality of all f eE* 
such that | f(xi) — fo(xi) | < e for i = 1, 2, • . • , n, where {x<} (i = 1, 2, . . . , n) 
is an arbitrary system of points from E and e > 0 is an arbitrary positive number.* 
The system of all such weak neighborhoods t r (/o ; X\ , x 2 , • • • , x n ; c) determines 
a Hausdorff topology on E *, and this topology is called the weak topology of E* 
(as functionals). 

We shall list here some fundamental lemmas on weak topology, which we shall 
need in the following discussions: 7 

Lemma 6.1. For any fixed x 0 e E, x 0 (f) = f(x o) is a continuous function ( even 
a bounded linear functional) defined on E* y with respect to the weak topology of E*. 

Lemma 6.2. The unit sphere: ||/|| ^ 1 of E* is compact with respect to the 
weak topology of E*. 

Lemma 6.3. Let 3>(«i , a 2 , • • • , a n ) be a continuous function of n variables 
a i , « 2 , • • • , , and let X \ , x 2 , • • • , x n be a given system of points of a Banach 

space E. Then the totality of all f eE* such that $(f(x i), f(x 2 ), • • • , f(x n )) = 0 
is a closed subset of E*. 

7. Outline of the proof of Theorem 1 

Let us consider a (real- valued) bounded linear functional/^) defined on (AM) 
which satisfies the following conditions: 

8 Weak topology was first introduced by J. von Neumann, Zur Algebra der Funktional- 
operatoren und Theorie der normalen Operatoren, Math. Ann. 102(1930), 370-427. See 
also: L. Alaoglu, Weak topologies of normed linear spaces, Annals of Math., 41(1940), 
252-267; N. Bourbaki, Sur les espaces de Banach, C. R. Paris, 206(1938), 1701-1704; S. 
Kakutani, Weak topology and the regularity of Banach spaces, Proc. Imp. Acad. Japan, 
15(1939), 169-173; A. E. Taylor, Weak topologies of Banach spaces, Proc. Nat. Acad. Sci. 
U. S. A., 25(1939), 438-440; A.Tychonoff, t)ber die topologische Erweiterungen von R&umen, 
Math. Ann., 102(1930), 544r-561; A. Tychonoff, tlber einen Funktionenraum, Math. Ann., 
111(1935,) 762-766. 

7 Lemmas 6.1 and 6.3 follow directly from the definition of weak topology. Lemma 6.2 
is a consequence of TychonofTs theorem that a topological product of an arbitrary (finite 
or infinite, not necessarily countable) number of closed intervals is compact. (See the 
papers of A. Tychonoff cited in footnote 6) . A simpler proof of this theorem may be found 
ip the following papers, where the result is extended to the case of the topological product 
of an arbitrary number of compact spaces: J. W. Alexander, Ordered sets, complexes and 
the problem of compactification, Proc. Nat. Acad. Sci. U. S. A., 25(1939), 296-298; H. 
Wallman, Lattices and topological spaces, Annals of Math., 39(1938), 112-126. See also 
E. <5ech [4]. 
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(7-1) II /II - 1, 

( 7 - 2 ) f(x + y) = fix) + f(y), 

(7.3) f(kc) = X/(x), X | 0, 

(7.4) x ^ 0 implies f(x) ^ 0, 

(7.5) x A y = 0 implies f(x) = 0 or f(y) = 0, 

(7.6) /Or V 2/) = max (/(z), /($/)), 

(7.7) /(z A t/) = min (f(x),f(y)). 


These conditions are clearly not mutually independent. But it is not neces- 
sary to discuss their independence. We shall only notice that the conditions 

(7.6) and (7.7) follow directly from the other conditions. This fact is needed 
in the following. 

If we consider the space of real numbers as an abstract (ilf)-space (this is in- 
deed the simplest non-trivial example of abstract (Af)-spaces), then these 
conditions mean that x — ► f(x ) is a continuous homomorphic mapping of a given 
space (AM) onto the space of real numbers. (For the general principle of the 
proofs of such theorems see [10].) Indeed, (7.1) implies that x — >/(z) is con- 
tinuous; (7.2) and (7.3) mean that x — > f(x) is a linear homomorphism; and 
lastly, (7.4), (7.5), (7.6) and (7.7) mean that x — >/(z) is a lattice homomorphism. 

Let us now consider the totality 12' of all bounded linear functionals f(x) de- 
fined on (AM) which satisfy the conditions (7.1)-(7.7). 12' is a bounded set 
contained in the unit sphere of the conjugate space (AM)* of (AM). Conse- 
quently, by Lemma 6.2, the closure 12 = of 12' with respect to the weak topology 
of (AM)* is compact, and it is easy to see that every / e 12 satisfies the condition 
(7.2)-(7.7). This is a direct consequence of Lemma 6.3. But, in general, the 
condition (7.1) is not necessarily satisfied, and we can only say that we have 
|| / 1| ^ 1 for any / 1 12. If there exists, indeed, an element /' e 12 with || / 1| = 
X < 1, then we have / = X/' for some /' c 12'. Let us denote all such relations 
which exist among the elements of 12 by: 

(7.8) fa = Kti , aeW, 

where f a e ft, f' a t Q' , 0 5S X a < 1 and 90? is a set of indices a which can be finite, 
denumerably infinite or even non-dcnumerable. 

We shall next consider the functional x(f) = f(x) defined on ft (x being fixed). 
For each x 0 1 (AM), by Lemma 6.1, x 0 (/) is a bounded continuous real-valued 
function defined on ft, and it is clear that the conditions: 

(7.9) x(f a ) = Xo x(f'a), a e 90?, 

are all satisfied. Consequently, for each x 0 e (AM), the function xo(/) can be 
considered as an element of C (ft ; f a , ; \ a ; a « 30?) and the conditions (7.2)- 

(7.7) imply that x — » x(f) is a continuous (linear and lattice) homomorphism of 
(AM) into the space (7(ft; /«,/«; X„ ; a e 90?). 
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Thus, all that we have to do in order to prove Theorem 1, is to show that 
this mapping x — ► x(f) is an isometric mapping of (AM) onto C(il; f a , f a ; X a 
a c 9ft). It will be easily seen that we have, for this purpose, only to prove 
the following lemmas: 

Lemma 7.1. For any x 0 t (AM), there exists an fo til such that | /o(xo) | = 

II* II- 

Lemma 7.2. For any continuous real-valued function X 0 (f) e C(Q; /«, f a ; 
; cl c 9ft), there exists an x 0 e (AM) such that /(x 0 ) = X 0 (f) for any f e Q. 

These are the fundamental lemmas, to whose proofs the remaining part of 
Part II is devoted. The final proofs of these lemmas will be given in sections 
9 and 10 respectively. 

% 

8. Lemmas on abstract (M )- spaces 

Let xo t (AM) and let f(x) be a bounded linear functional defined on (AM). 
Lemma 8.1. 8 x 0 ^ 0, || x 0 1| = l,/(x 0 ) = 1, ||/|| = 1 imply f(y) ^ 0 for any 
t/^O; i.e., f(x) is a positive linear functional. ■ 

Proof. Without loss of generality, we may assume ||y|| = 1. Then, 
0 ^ (x 0 — y) VOgxo implies || (x 0 — y) V 0 || sg || x 0 1| = 1, and 0 si (y — 
xo) V 0 g y implies || (y - x 0 ) V 0 || g || y || = 1. Hence, || x 0 - y || = 
|| (x 0 — y) V 0 - (y - xo) V 0 || = || (x 0 — y) V 0 + (y - x 0 ) V 0 || = 
max (|| (x 0 — y) V 0 ||, || (y — x 0 ) V 0 j|) Ss 1, and consequently 1 — f(y) = 
f(xo) - f(y) = /(xo - y) g || /||- 1| Xo - y II ^ 1, or equivalently f(y) ^ 0. 

Lemma 8.2. x 0 S 0, || x 0 1| = l,/(x 0 ) - 1, ||/|| = 1, y ^ 0, || x 0 A y || < 1, 
imply f(y) = /(x 0 A y) < 1. In particular, x 0 A y — 0 implies f(y) = 0. 

Proof. Put z = (1 — X)(x 0 A y) + Ay, where 0 < A < 1. Then x 0 A y ^ 

z ^ y and, for sufficiently small A, we have 1 1 z \ \ ^ (1 — A) 1 1 Xo A y 1 1 4* 
A|| y || < 1. Hence, x 0 A z = x 0 A (y A z) = (x 0 A y) A z = x 0 A y, and, 
since by lemma 8.1 f(x) is a positive linear functional, 1 = f(x 0 ) Si f(x 0 V z) ^ 
||/ 1|- 1 | xo V z"|| = ||/ 1| -max (|| x 0 1 |, || z ||) ^ 1, or/(x 0 V z) = 1. Conse- 
quently, f(x o A y) = f(x 0 A z) = f(x o + z — x 0 V z) = f(x 0 ) + f(z) — f(x 0 V z) 

= 1 +/(*)- 1 = f(z), i.e., f(x o A y) = f(z) = (1 - A )/(x 0 A y) + hf(y). 

Since A > 0, we must have/(xo A y) = f(y). 

Lemma 8.3. For any xo ^ 0 with || x 0 1| = 1, and for any system 2 = jxi , 
X 2 , - ■ • , x„} of positive elements of (AM), there exists a y 0 e (AM) and another 
system [yi , yt , • • • , y n ) of positive elements of (AM) such that 

(8.1) 0 ^ y 0 ^ zo , || Vo || = 1, 

(8.2) || y 0 A A y< || < 1 for any A > 0 and for i = 1, 2, • • • , n, 

(8.3) Xi A x,- = 0 implies x< = y< or x,- = y,- . 

Proof. We shall define z< and y< (i = 1, 2, • • • , n) by mathematical induc- 
tion. Put z 0 = Xo , and let us assume that z,_i ^ 0 with 1 1 z,_i 1 1 = 1 and y<_ x ^ 0 

• Lemmas 8.1 and 8.2 are due to Professor Bohnenblust. By virtue of these lemmas, 
the proof of Lemma 7.1 became simpler. The original proof of the author was complicated. 
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are already defined. Then, if there exists a X, > 0 such that || z<_j A A,x< || = 1, 
put Zi — Zi-i A A &i and y< = 0. In other cases (i.e., if we have 1 1 z,-_i A Ax< 1 1 < 1 
for any A > 0), put z,- = Zi_i and y< = x< . Thus z< and y, arc determined for 
* ** 1> 2, • • • , n. If we now put yo = z n , then this y 0 and the system \yi , 
yo , • • • , y n | thus obtained are the required ones. 

Indeed, (8.1) is clear. (8.2) is also clear, since y< > 0 implies y, = x, and 
consequently || y 0 A Ay,- 1| = |j y 0 A A x< || g || z,_i A Ax,- 1| < 1 for any A > 0. 
In order to prove (8.3), assume x, A i, = 0 and i < j. Then x< y,- implies 
Zi = z,--! A A,x< for some A,- > 0, and consequently 0 S z,-_i A Ax,- ^ z, A Ax,- = 
(z,_i A A,-x<) A Ax,- ^ A<x,- A Axy = 0 for any A > 0, which in turn implies X/ = y,-. 

Lemma 8.4. For any x 0 ^ 0 with || x 0 1| = 1 and for any system 2 = jx, , x 2 , 
••• , x n ] of positive elements of (AM), there exists a hounded linear functional 
/z(x) defined on (AM) such that 

(8.4) f z (x 0 ) = 1, ||/s II = 1, 

(8.5) /z(y) ^ 0 for any y ^ 0, 

(8.6) x,- A i,- = 0 implies fc(x x ) = 0 or /z(x,-) = 0. 

Proof. Let yo and a system {y \ , y 2 , • • • , y n \ be defined as in Lemma 8.3. 
If we consider a bounded linear functional /z(x) which satisfies 

(8.7) h( J/o) = l, ||/s || = 1 

(the existence of such/z(x) is an easy consequence of the Hahn-Banach extension 
theorem), then this /z(x) is the required one. Indeed, (8.5) is clear by Lemma 
8.1, and consequently (8.4) becomes also clear since 1 = f?(ya) g fs(x 0 ) 

1 1 /z 1 1 • 1 1 Xo 1 1 = 1 . In order to prove (8.6) we observe that, by Lemma 8.3, 
we have either x< = y, or x, = y,- . Let us assume x, = y< . Then, by (8.2) 
we have || y 0 A Ax< || < 1 for any A > 0. Consequently, Lemma 8.2 implies 
/z(x<) = A -1 /s(Ax <) < A -1 , and since A > 0 is arbitrary, we must have /z(x<) = 0. 
Since the case x,- = y,- can be treated in the same way, we have proved (8.6), 
and the proof of Lemma 8.4 is completed. 

9. Proof of Lemma 7.1 

First we observe that we may assume Xo S 0 and || Xo j| = 1. This follows 
easily from the fact that we have || Xo || = || x 0 V 0 — (— x 0 ) V 0 || = || Xo V 0 + 
(— Xo) V 0 || = max (|| x 0 V 0 ||, ||(— x 0 ) V 0 ||). Indeed, it is clear that we may 
assume || x 0 1| = 1, and in this case we have either 1 1 x 0 V 0 1 1 = 1 or ||(— x 0 ) V 
0 || = 1. Let us assume || x 0 V 0 || = 1. If we now assume that Lemma 7.1 
is proved for x 0 ^ 0 with || x 0 1| = 1, then there exists a bounded linear func- 
tional/o < SI such that /o(xo V 0) = 1 and ||/o || = 1. Since (xo V 0) A ((— *o) V 
0) = 0, we must have />((— x 0 ) V 0) = 0 by Lemma 8.2, and consequently 
/o(x 0 ) = fo(xo V 0) - /o(( — Xo) V 0) = /o(x 0 V 0). Since the case ||( — ar 0 ) V 
0 || = 1 can be treated analogously, we have to prove Lemma 7.1 only for the 
casexo is 0, || ®o || =» 1. 
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Let now Xo ^ 0 be a positive element with || x<> || = 1. Then, for any system 
2 = {xi , xj , • • • , x„} of positive elements of (AM), there exists by Lemma 8.4, 
a bounded linear functional fz{x) which satisfies the conditions (8.4), (8.5) and 
(8.6). Let Six be the set of all such functionals /x(x). (Ox is not necessarily a 
subset of 0.) Then Ox is a non-empty compact set with respect to the weak 
topology of (AM)*. (See Lemmas 6.2 and 6.3.) Moreover, the family {Ox} 
of all such Ox for all choice of 2 has a finite intersection property. This follows 
directly from the fact that we have XX?— i 2 0z 1 +z,+—+z B 0 for any 2,- (i = 

1,2 , • • • , n). Hence there exists, by a well known argument concerning com- 
pact sets, a bounded linear functional / 0 (x) which belongs to all Ox . We shall 
show that this fo(x) is the required one. Indeed, it is easy to see that /o(x) has 
the properties (7.1)-(7.5) (see Lemmas 8.1, 8.4. (7.1) follows from the fact 

that/ 0 (x) = 1 and ||/ 0 1| g 1), and since both (7.6) and (7.7) are the direct con- 
sequences of (7.1)-(7.5), the proof of Lemma 7.1 is completed. 

10. Proof of Le mm a 7.2 9 

Let Xo (/) be an arbitrary bounded continuous real-valued function of C(0; 
/o , /l ; ; a e 91?) . We shall first prove that for any pair of elements f 0 and g 0 

of 0 there exists an element y 0 e (AM) such that 

(10.1) Myo) — Wo), 0o(j/o) = Xo(go). 

Indeed, this is clear if there exists an a e 9)1 such that/ 0 = f a , go = f a (or/o = 
fa , go — fa). In other cases, there exists a pair of points y' 0 , y" e (AM) such 
that 

8 = fo(y'o)go(yo) - fo(yo)go(yi>) ^ 0. 

Hence, if we put a = 8~ l (g 0 (yo)X 0 (fo) - fo(yo)Xo(go)) t/ 0 = 8~ l (go(yo)X 0 (fo) - 
fo(Vo)Xo(go)), then (10.1) is clearly satisfied by y 0 = ay' 0 — py". 

Thus it is proved that there exists, for any / 0 ,g 0 tU,a, point y 0 e (AM) such that 
(10.1) is true. Consequently, for any « > 0, there exists a neighborhood U(fo) 
of f 0 such that f(yo) > X 0 (f) — e for any / e U(fo). Let us now consider fo as a 
variable (go « fl and « > 0 being fixed). Then there exists, by the compactness 
of Q, a finite number of elements/, e O (i = 1, 2, • • • , m), their corresponding 
points y, e (AM) (i = 1, 2, • • • , m) and a system of neighborhoods f/(/ t ) (i = 
1,2 , • • • , to) such that g 0 (yi) = X 0 (go) (t = 1, 2, • • • , m), fl C U(fi ) and 
f(yi) > Xo (f) — « for any / e U(f t ). Consequently, if we put z 0 = yi V yi V 
• • • V y m , then we have go(zo) = max ls<Sm g 0 (l/,) = X n (go) and f(zo) = 
ma Xi %i&m f(y t ) > X 0 (f) - t for any / ( 0. 

Thus we have seen that there exists, for any go eti and for any e > 0, a point 
zo e (AM) such that go(zo) = X 0 (yo) and/(zo) > X 0 (f) — e for any / e fl. Clearly, 
there exists a neighborhood V (g 0 ) of go such that f(z 0 ) < X 0 (f) + « for any / « 
Vg 0 ). Let us now consider g 0 as a variable (e > 0 being fixed). Then there 


• The proof of Lemma 7.2 became simpler by a suggestion of Professor Chevalley. 
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exist, again by the compactness of ft, a finite number of elements g t t ft(/ = 1, 2, 
• • • , n), their corresponding points z,- 1 (AM) (j - 1, 2, • • • , n) and a system of 
neighborhoods V(g,) (j = 1 , 2, • • . , n) such that 0 C Eh V(g i ),f(z i ) > X 0 (f) - 
e for any / « ft and /(z,-) < X 0 (f) + e for any / e V (gj). Consequently, if we 
put x, — Z\ A Z 2 A • • • A z„ , then we have X 0 (f) - e < /(*,) = min^^y) < 
Xg (/) + « for any / « ft. 

Thus we have proved that there exists, for any e > 0, a point x, e (AM) 
such that | f(x t ) — Xo(f) | < e for any /eft. Let us now consider a sequence 
|x«J (n = 1,2, • • • ), where e„ > 0, e„ — > 0. Then we have | f(x tm — x« n ) | < 

I /(*« m) — *o(/) | + | f(x tn ) — Xo(f') | < e m + e„ for any /eft and for any m 
and n. Consequently, by Lemma 7.1, we must have || x, m — x, n || < e m + 
e„ for any m and n. Thus |z,„| (n = 1,2, • • • ) is a fundamuital sequence in 
(AM), and it is clear that x 0 = lim n _ w z, B will satisfy f(x») = X 0 (f) for any /eft. 
The proof of Lemma 7.1 and consequently the proof of Theorem 1 is completed. 

Remark. It will be easily seen that we can also state Lemma 7.2 in the 
following form : 

Theorem 3. Let ft be a compact Hausdorff space , and let E be a linear subspace 
of the space C(ft) of all bounded continuous real-vahied functions defined on ft, 
which is closed in C(ft) both in the sense of topology and in the sense of lattice. 
(E is closed in C(ft) in the. sense of lattice if x(t), y(t) e E imply max (x(t), y(t)), 
min (x(t), y(t)) e E.) If we now denote by |(„/l;X«;ae 9)1} (where t a e ft, t’ a e ft, 
0 ^ X, ^ 1, (o e 99? )> and 50? is a set of indices a whose power can be arbitrarily 
large) the system of all pairs /„ , t' a , X„ such that 

(10.2) x(t a ) = A a x(t' a ), 

for all x(t) e E, then conversely, every function x(t) e C(ft) which satisfies (10.2) 
for any a e SO? belongs to E; i.e., E is the subspace C(ft; t a , t' a ; \ a ; a e 9)?). 

11. Proof of Theorem 2 

Lemma 11.1. For every positive bounded linear functional f(x) defined on an 
abstract (M)-space with a unit element 1, we have. 1 1 / 1| = /( 1). 

Proof. Let e > 0 be an arbitrary positive number. Then there exists an 
x t (AM) such that || x || = 1 and f(x) > ||/!| — e. Since || x || = 1 implies 
x ^ 1 by definition, we have, by the positiveness of f(x), 1 1 / 1| — e < f(x) ^ 
/( 1) i; ||/ 1| • || 1 || = ||/ 1|. Since t > 0 is arbitrary, we must have ||/|| = 

/(l). 

Now we shall proceed to the proof of Theorem 2, which is quite easy. We 
have only to show that, if there exists a unit element 1, in the given abstract 
(M)-space (AM), then there exist no relations of the form (7.8). Indeed, we 
can prove more precisely that, under the same assumption, we have ft = ft' 
i.e., ft' itself is compact with respect to the weak topology of (AM)*. 

By Lemma 11.1, every bounded linear functional /(x) t ft' satisfies /(l) = 1. 
Hence, by Lemma 6.3, every bounded linear functional /(x) t ft = ft' must also 
satisfy /(l) = 1 and this in turn implies (again by Lemma 11.1) |j/|| = 1 for 
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any f(x) t to. Consequently, by the definition of 0, we must have to = to'. 
The proof of Theorem 2 is completed. 

We can also state the following 

Theorem 4. Let to be a compact Hausdorff space, and let E be a linear subspace 
of the space C(to) of all bounded continuous real-valued functions defined on to 
which is closed in C(to) both in the sense of topology and lattice (see Theorem 3). 
If, moreover, E contains a constant function, and if there exists for any t\ , k e to, 
t\ k ,a continuous function x(t) t E such that x(ti) ^ x(ti), then E must be identi- 
cal with the entire space C(to). 


III. Applications 
12. Theorem of E. Cech 

A Hausdorff space to is called completely regular if there exists, for any point 
to e to and for any neighborhood U(to) of k, , a continuous real-valued function 
x(t) defined on to such that x(U) = 1 and x(t) = 0 for any t e U (to). 

Theorem 5. For any completely regular Hausdorff space to', there exists a 
compact Hausdorff space to which contains to' as a dense subset and such that every 
bounded continuous real-valued function defined on to' can be uniquely extended to a 
continuous function defined on to. 

This theorem is due to E. Cech [4]. 

Proof. Consider the space C(to') of all bounded continuous real- valued func- 
tions x(t) defined on to'. C (to 1 ) is an abstract (ilf)-space with respect to the norm : 
|| x || = l.u.b.(«Q' | x(t) | and the partial ordering x y: if and only if x(t) 2; 
y(t) for all 1 1 to! . Moreover, x(t) s 1 is a unit clement of C(to'). Consequently, 
by Theorem 2, there exists a compact Hausdorff space to such that C (to') is iso- 
metric and lattice isomorphic to the space C(to) of all bounded continuous real- 
valued functions x(f) defined on 0. (We denote elements of to! and to by t and / 
respectively.) 

We shall show that to! can be homeomorphically embedded into to. To prove 
this, let to be an arbitrary point of to', and put f 0 (x) = x(to) for all x(t) e C(to'). 
Then f 0 (x) is a bounded linear functional defined on C(to') and clearly satisfies 
the conditions (7.1)— (7.7) stated in section 7. Hence f 0 (x) can be considered as 
a point of to. Thus the mapping to —> <p(U>) = fo of to' onto <p(to') C 8 is defined, 
and all that we have to do is to prove that <p(to') is dense in to and that the map- 
ping to' <-> <p(to') is a homeomorphism. 

In the first place, it is clear that this mapping t —* <p(t) = f is continuous. 
Indeed, let U (fo ; xi , x t , • . • , x» ; «) be an arbitrary neighborhood of a point 
fo = <p(to) « <f>(to'), where x, e C(to’) for i = 1, 2, • • • , n, and « > 0. (See the 
definition of weak topology given in section 6.) Since every x,(t) is continuous 
on O', there exists a neighborhood U i(to) of fo such that f e Ui(to) implies | x<(t) — 
Xi(to) | < t. Consequently, if we put C/(fo) = II?-i C/<(<o), then t tU(to) implies 
| Xi(t) — Xi(to) | < e for i = 1, 2, • • • , », or equivalently / — <p(t) e U(fo ; X\ , x* , 

• • • , x» ; «), which means that the mapping f — > <p(t) — f is continuous at f — fo . 
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Next, it is clear that the mapping t — * <p(t) = / is one-to-one. For, by the 
complete regularity of ft', there exists, for any two different points to , to c ft', 
to 9 * to , a bounded continuous real-valued function x 0 (t) such that x 0 (to) j* x 0 (ti>). 
To prove that the inverse mapping / -► t = <p _1 (/) is also continuous, let U(to) 
be an arbitrary neighborhood of a point to e ft'. Then, again by the complete 
regularity of ft', there exists a bounded continuous real-valued function xo (t) 
such that Xo (to) = 1 and Xo (t) = 0 for any t l U(to). Consequently, every t t ft' 
which satisfies <p(t) t U(fo ; Xo ; 1), where /o = <p(to), must necessarily be inside of 
U (to) (see the definition of weak topology given in section 6), and this fact means 
that/— ► t = <p~ l (f) is continuous at/ = / 0 . 

Thus we have proved that ft' <-► *?(ft') C ft is a homeomorphie mapping. It 
is easy to see that the adjoint mapping x $(x) = x; x(f) = x(<p(t)) is an iso- 
metric and lattice-isomorphic mapping between C(ft') and C(ft). In order to 
prove that ^(ft') is dense in ft, let us assume that the closure *>(ft') of <p(ft') is a 
proper subset of ft. Then there exists a continuous function x 0 (f) which is zero 
at every point of ^>(ft') without vanishing identically on ft. This is, however, 
a contradiction, since on the one hand x 0 (f) must correspond to a function Xo (t) 
which is identically zero on ft' (by the mapping q>), while on the other hand xo(f) 
must correspond to a function which is not identically zero on ft' (by the iso- 
metric and lattice-isomorphic mapping of C(ft') and C(ft)). 

Thus we have seen that v?(ft') is dense in ft. Since the possibility of extension 
and the uniqueness of extension are both clear from our construction, the proof 
of Theorem 5 is completed. 

Remark 1. It is to be noted that in the proof given above we have made no 
essential use of Theorem 2. Indeed, wc have only to consider each point to e ft' 
as a bounded linear functional fo(x) = x(to) defined on C(ft'). The mapping 
to — * <p(to) = /o thus obtained is a homeomorphie embedding of ft' into the conju- 
gate space C*(ft') of (7 (ft'). This can be proved in exactly the same way as 
above, and the closure ft = ^>(ft') of the image of <p(ft') of ft' with respect to the 
weak topology of C*(ft') is the required compact set. It is easy to see that the 
extension of bounded continuous functions is possible and that this extension is 
unique. 10 


10 Let G be a topological group and let B(G) be the space of all real valued bounded 
continuous almost periodic functions x(t) defined on G. B(G) is a Banach space with 
respect to the norm || j? || = supper | x(t) |. It is easy to see that B(G) is an abstract 
(M)-space with a unit with respect to the ordinary partial ordering x ^ y: x(t) ^ y(t) for 
all t e G, (In this case z — x V y is exactly the max. ( x(t ), y(t)) at each point of G). Hence 
by Theorem 2, there exists a compact Hausdorff space G* such that B(G) is isometric and 
lattice isomorphic to the space C(G*) of all real valued continuous functions x(t) defined 
on G*. It is not difficult to see that in this case G* is even a topological group, and that, 
in case G has sufficiently many almost periodic functions, G is a dense subgroup of G *. 
Thus, for every topological group G with sufficiently many almost periodic functions, there 
exists a compact topological group G* which contains G as a dense subgroup and such 
that every continuous almost periodic function defined on G can be uniquely extended to 
a continuous (and hence almost periodic) function defined on G*. This is also a conse- 
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Remark 2. There are two extreme cases of completely regular Hausdorff 
spaces, which seem to be interesting, namely, the case of compact Hausdorff 
spaces and the case of discrete spaces. These will be discussed in the following 
sections. 

13. Case of compact Hausdorff spaces 

In the arguments given above in section 12, consider the special case when 
the given Hausdorff space 12' is compact. Then the homeomorphic image y>(12') 
of 12' must also be compact, and consequently 12 must coincide with ^(^)i i* e * 
12 is homeomorphic to 12'. This means that, if we start from a compact Hausdorff 
space 12' and consider the abstract (M)-space C(12') of all bounded continuous 
real-valued functions defined on 12', then the compact Hausdorff space 12 obtained 
in Theorem 2 is homeomorphic to the original space 12', or in other words: 

Theorem 6. The compact Hausdorff space 12 obtained in Theorem 2 is uniquely 
determined up to a homeomorphism. 

We can also state this theorem in the following form: 

Theorem 7. Let !2i and 122 be two compact Hausdorff spaces. Then , in order 
that the two abstract (M)-spaces C(12i) and C(ik) be isometric and lattice-isomorphic , 
it is necessary and sufficient that 12i and ik be homeomorphic to each other. 
Incidentally, we have also proved the following 

Theorem 8. Let 12 be a compact Hausdorff space and let C( 12) be a Banach 
space of all bounded continuous real-valued functions x(t) defined on 12. Then, 
every bounded linear functional / 0 (j) defined on C(12) which satisfies the conditions: 

(13.1) \\fo\\ = 1, 

(13.2) x ^ 0 implies fo(x) ^ 0, 

(13.3) x A y = 0 implies f 0 (x) = 0 or f 0 (y) = 0, 

(i.e., all conditions (7.1)-(7.7)), can be uniquely expressed in the form: 

(13.4) f Q (x) = x(to), 
where to is a point of 12. 

Let us now consider a completely additive non-negative set function p(E) 
defined for all Borel sets E of 12 such that /i(8) = 1. Then the integral 

(13.5) Mx) = f x(t) M (dt) 


quence of a general duality theorem of Tannaka (Dualitat der nichtkommutativen Gruppen, 
Tohoku Math. Joum., 45(1939), 1-12). The compactification of G with respect to a single 
almost periodic function (in this case we have to take a factor group G/N of G by a certain 
invariant subgroup N of G and then make this factor group G/N into a compact group 
(G/N)*) was discussed by A. Weil (Sur les fonctions presque p£riodiques de von Neumann, 
C. R. Paris, 200(1935), 38-40) and the general case may be obtained from this by applying 
the idea of uniform space. (As for uniform spaces see A. Weil, Sur les espaces a structure 
uniforme et sur la topologie g6n6rale, Actuality, 551, Paris, 1937). It may be noticed that, 
after all, the method of uniform space and that of weak topology amount to the same thing. 
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will define a bounded linear functional / M (x) defined on C(12). It is easy to see 
that this fn(x) satisfies the conditions (13.1) and (13.2). 

Moreover, we can prove that conversely every such functional is of the form 

(13.5) ; i.e.. 

Theorem 9. Let ft be a compact Hausdorff space, and let C(ft) be defined as 
usual Then every bounded linear functional f(x) defined on C(ft) which satisfies 
the conditions (13.1) and (13.2) can be expressed in the form (13.5), where p(E) 
is a completely additive non-negative set funtion defined for all Borel sets E of £2 
such that n(ft) = 1. 

This theorem was proved by S. Saks [15] under the assumption that ft is a 
compact metric space. 

Proof. 11 For any open set 0 of ft, put 

(13.6) m(O) = l.u.b. f(x), 

where l.u.b. means the least upper bound for all continuous functions x(t) e C(ft) 
such that x(t) < 1 for t e 0 and x(t) = 0 for t e ft — 0. It is clear that y(ft) = 
1 and that 0 C P implies /*(0) ^ /x(P) for any open sets 0 and P. It is also not 
difficult to see that we have p(0 + P) < /z(0) + /z(P) 12 for any open sets 0 
and P, where the equality holds if 0 and P are disjoint. Next, for any subset 
M of 12, put 

(13.7) n*(M) = g.l.b. M (0), 

where g.l.b. means the greatest lower bound for all open sets 0 which contain M. 
It is clear that for open sets 0 we have = m(O). We shall first prove that 
is a Carath&)dory outer measure and that every open set is /immeasurable 
(in the sense of Carathdodory). Among the axioms of Carath^odory we have 
only to prove that 

(13.8) Mn) ^ Zn-l H*(M n ) 

for any sequence of subsets { M n } (n = 1,2. - • •) of 12 such that n*(M n ) 

<oo. It is easy to see that we have only to prove (13.8) for the special case 
when all M n are open, i.e., 

(13.9) On) g En-lM(On) 

11 The proof given below follows the idea of Professor von Neumann. See his lecture 
note on Haar measure [14]. 

12 Let c > 0 be an arbitrary positive number. Then there exists an x(t) e C(12) such 
that /(a;) > n{0 + P) — «, x(t) £ 1 for t € 0 + P and x(t) = 0 for t « 12 - (O -f P). Let C 
be the set of all t e il at whickx(0 ^ e. Then C is a closed set contained in 0 + P. Hence 
C is a sum of two closed (not necessarily disjoint) sets C i and C 2 : C = C\ -f C% such that 
Ci Q 0 and C 2 £ P. Consequently, there exist two continuous functions y{t), z(t) e C( 12) 
such that y(t) =* 1 for t eC i , 0 ^ y(t) ^ 1 for t e 0 — Ci , y{t) = 0 for t e U — O; z(t) ■* 1 
for t € Ci , 0 ^ z(t) ^ 1 for t « P - C 2 , 2(0 = 0 for t e 12 - P. Then it is clear that x(t) ^ 
2/(0 -f 2(0 + « for all 2 « Q and/(y) ^ m(0),/(z) £ /x(P). Consequently, m( 0 + P)-t< 
/(ar) £ f(y) +f(z) -f e £ /*(0) + m(P) + Since e > 0 is arbitrary this proves the required 
inequality m(0 + P) £ /*(0) + /*(P)- 
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for any sequence of open sets {0„} (n = 1, 2, • • • ) such that ^ 00 • 

Indeed, for any e > 0, let 0 n be an open set such that O n 2 Af„ and,/t(0„) < 
y*(M n ) + 2~ n -€. Then we have 2 £»-i Af„ and g 

On) g M*(iWn) + «• Since « > 0 is arbitrary we 

have (13.8). 

Now, in order to prove (13.9), let c > 0 be an arbitrary positive number. 
Then there exists an x(t) e C(U) such that f(x) > y(^t-iO n ) — e, x(t) ^ 1 for 
t « Z-iOn and x(t) = 0 for t e 12 — ^“_iO n . If we denote by C the set of all 
points t at which xit) § e, then C is a closed set contained in y.”_iQ n . Hence 
there exists an integer N such that C C On ■ Let now y(t) e C(i 2) be 
such that y(0 = 1 for t e C, y(t ) = 0 for t e 12 — 2»-i 0» , and 0 I 2/(0 ^ 1. 
elsewhere in 12. Then we have /( 2 /) | and x(t) ^ 2/(0 + « for all 

/ e 0. Hence we have m(XX-A») — « < /(x) ^ /(«/) + « ^ m(£»-A>) + « ^ 
EZ»-i/t(0„) + « ^ S"-iM(0n) + «• Since « > 0 is arbitrary we have (13.9). 

In order to prove that every open set is /immeasurable, we have only to show 
that 

(13.10) y*(M) ^ y*(M-0) + y*(M - M-O) 

for any open set O and for any subset M C ft. It is again easy to see that we 
have only to prove that (13.10) is true when M is open, i.e. 

(13.11) n(P) * y(P-0) + y*(P - P-O) 

for any open sets 0 and P. Indeed, for any « > 0, there exists an open set 
P 2 M such that y{P) < y*(M) + e. Then we have y*(M) + e > y(P) 2; 
H (P-O) + y*{P — P-O) 2; /t*(Af -0) + y*(M — M-O), and since « > 0 is arbi- 
trary, we have (13.10). 

To prove (13.11), let e > 0 be an arbitrary positive number. Then there 
exists an x(t) e C(12) such that f(x) > y(P-O) — e, x(t) g 1 for 1 1 P-0 and x(t) = 
0 for t e 12 — P-O. Let C be a set of all points t at which x(t) ^ e. Then C 
is a closed set contained in P-O. Let now y(t) t C(12) be such tbat/(y) > y(P — 
C) — e, y{t) ^ 1 for ttP — C and y(t) = 0 for t e 12 — (P — C) = C + (12 — P). 
Then we have x(t) + y(t) g 1 + c for 1 1 P and xit) + y(t) = 0 for t e SI — P. 
Hence we have/(x) + f(y) g y(P) + e and consequently y*(P — P-O) + 
y(P-O) -2 e ^(P-C) + y (P-O) -2 «</(*)+ f(y) < y(P) + e. Since 
e > 0 is arbitrary we have (13.11). 

Thus we have proved that y* is a Carath6odory outer measure and every 
open set is /immeasurable. Consequently every Borel set is /immeasurable, and 
if we put y(E) = y*(E) for Borel sets E, then y(E) is the required measure. 
Since it is clear that y(E) is completely additive and that /i(fi) = 1, we have 
only to prove that we have 

(13.12) fix) = f x(t)y(dt) 

Jo 

for any continuous function x(t) < C(Q). 
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Let € > 0 be an arbitrary positive number and let ao < ai < a 2 < • • • < a n 
be a system of real numbers such that ao < — || x ||, a n > || x || and a* — a*_ i < 

€ for z ~ 1,2, . • • , n. Let 2?, be the set of points t at which x{t) > a t (i = 1, 

2, • • • , n). Then, each E% is open, and if we put 

f = 0, if x(t) < on- 1 , 

Xi(t) -I = (oti — OLi-\)~ l {x(t) — if Cti - 1 g x(t) ^ , 

[ = 1 if x(0 > on , 

then x*(£) ^ 1 for £ c 2?,_i , Xi(£) = 0 for t e U — 2?i _ 1 and x(t) = a 0 + 

(a< — a<_i)x<(0. Hence we have (by (13.6)) /(x») ^ m(2?»-i) and consequently 
(since m(2?o) = 1 and ii(E n ) = 0) 

/(x) = a 0 + ]£?-i(a» - a t _i)/(Xi) 

^ ao + 5^?-i(ai — a,*-.i)/i(JE?*-i) 

* - m(^)) 

^ Oii-l(lJ,(Ei-.i) — n(Ei)) + € 

g f x(t)n(dt) + €. 

Jq 

Since e>0is arbitrary, we have /(x) ^ / x(t)/j,(dt). Since the inverse inequality 

Jo 

follows by replacing x(t) by —x(t), the proof of Theorem 9 is completed. 

Remark 1. J. v. Neumann [14] started from a set function X(C) defined for 
compact sets C, and defined n{0) for open sets O as follows: 

(13.13) n{0) = Lu.b. X(C), 

where l.u.b. means the least upper bound for all compact sets C contained in 0. 
In our case, we can, indeed, define X(C) by 

(13.14) X(C) = g.l.b. /(x), 

where g.l.b. means the greatest lower bound for all x(t) e C(ti) such that x(t) = 
1 for t e C and x(t) ^ 0 for t tQ — C. Then it is easy to sec that the formula 
(13.13) gives the same value of m( 0) as (13.6). 

Remark 2. A completely additive non-negative set-function y.(E) is called 
regular , if there exist, for any Borel set E and for any e > 0 a closed set C £ E 
and an open set 0 3 2? such that fi(C) > n{E) — e, m(0) < n{E) + e. (If ti(E) 
is not non-negative, this last condition must be replaced by | m(2?) — n(E') | < e 
for any Borel set E f such that C £ E f G 0.) 

In Theorem 9, the uniqueness of n(E) was not discussed. If, however, we 
require that »(E) be regular, then n{E) is uniquely determined. Indeed, if 
there exist two completely additive regular set-functions m(E) and ni(E) which 
satisfy (13.12) for any x(t) €0(12), then n{E) = mi (E) — M 2 (2?) is also a com- 
pletely additive regular set-function which satisfies 

f x(t)/i(dt) = 0 

Jo 
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for any continuous function x(t ) t C(U). We shall show that we have n{E) = 0 
for any Borel set E. Let E be an arbitrary Borel set. Then, for any « > 0, 
there exist a closed set C C E and an open set 0 2 E such that 
| n(E) — n(E') | < e for any Borel set E' with C C £' C 0. Let now x(t) e C(Q) 
be a continuous function such that x(t) = 1 for t e C, x(t) = 0 for t t 0 — 0, 
and 0 ^ x(t) ^ 1 elsewhere in 11 Then, denoting by x E (t) the characteristic 
function of E, we have 

I ii(E) | = L(«) - f x(t)n(dt) 

I 

= [ (xn(t) - x(t))n(cU) 

g / | x,(t) - x(t) 1 1 n{dt) | 

Jo-c 

^ [ | n(dt) | g £. 

Jo-c 

Since e > 0 is arbitrary, we must have /*( E ) = 0 for any Borel set E , and the 
uniqueness of n(E) in Theorem 9 is proved. 

Since, as is easily seen, every bounded linear functional defined on C(ti) can 
be expressed as a difference of two positive bounded linear functionals, the re- 
sult obtained in Theorem 9 can be extended to a following form: 

Theorem 10. Let 12 be a compact Hausdorff space, and let C(i2) be defined as 
usual. Let us further denote by 301(12) the space of all completely additive regular 
set-functions p(E) defined for all Borel sets E of 12. If we put || /i || = total varia- 
tion of p{E) = l.u.b.sc fi M(£) — g.l.b.tfcn u(E), and p ^ v if and only if 
p(E) ^ v(E) far any Borel set E QQ, then 312(12) is isometric and lattice isomorphic 
to the conjugate space C*(i2) of C (12). The, correspondence between C*( 12) and 
312(12) is given by (13.12). 

We omit the proof. 

Example 1. Let 12 0 be a closed interval: 0 S t g 1. Then, as is well known, 
C*(12o) is a space of all functions of bounded variation (with total variation as 
its norm). It is easy to see that this space is nothing but the space 312 (12o) 
defined in Theorem 10. 

Example 2. Let 12 be a compact Hausdorff space consisting of t \ , fe , • • • , 
t n , • • • and , where each t n (n = 1,2, • • • ) is isolated and t M is a limiting point 
of all others. Then C(!2) is the space (Co) of all convergent sequences of real 
numbers x = (xi , x 2 , • • • , x n , • • • , lim n x n = x x ), with || x || = l.u.b. n | x n | as 
its norm. In this case C*(!2) is the space of all sequences of real numbers / = 

(A ,/J such that ||/ 1| = XXiJ/n | + |/J < ». 

In Theorem 9 we have seen that every positive bounded linear functional 
defined on C(ft) can be considered as a measure n(E) defined for all Borel sets 
E of fi. And, as is easily seen, Theorem 8 means that if we assume the additional 
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condition (13.3) then this measure n(E) is concentrated in one point to of 12. 
Moreover, we can show the following: 

Theorem 11. Let SI be a compact Hausdorff space and let C(12) be a space of 
all bounded continuous real-valued functions x(t) defined on 12. Then every bounded 
linear functional / M (x) of the form (13.5) can be approximated {in the sense of weak 
topology ) by convex combinations fx{x) of the functionals of the form (13.4): 

(13.15) Mx) = £*_. 

where t p e 12, a, 0 (p = 1, 2, • • • , k) and X)p-i = 1. 

In other words , if we denote by Ao and A M the set of all bounded linear functionals 
fo(x) and f p {x) of the form (13.4) and (13.5) respectively , then A M is contained in 
(j hence coincides with) the convex closure of Ao with respect to the weak topology. 

Proof. Let f p (x) be a bounded linear functional which is defined by (13.5), 
where p(E) is a completely additive non-negative set-function defined for all 
Borel sets E of $2 with 2) = 1. Then, for any x(t) e C(£2) and for any € > 0, 
there exists a decomposition 12 = E p , E p -E q = 0 (p q) of 12 into dis- 

joint Borel sets such that 

I /,(*) - EU x(tME P ) | < « 

for any t p tE p ,p = 1, 2, • • • , k. Let now x<(<) * C(12) (i = 1, 2, • • • , n) be an 
arbitrary finite system and let 12 = 2 Zp'-i E p \ E p l) -E^ — 0 {p -A q) be the 
corresponding decomposition of 12 into Borel sets (with the same «), then the 
decomposition: 12 = Epi-i E»i-i ■ • • E PlPt ... Px , where E PlPt . = 

E { "E™ • • • E { p \\ will satisfy 

|/p(Xi) — Ep\ _1 Zpi-1 ' ‘ ’ Ep»“1 • c (^pip»..-p»)m('®pipj...p«) I < * 

for any t PlPj . . . Pn t E PlPi . . (1 £ p, S ki , t = 1, 2, • • • , n) and for any x< (» = 1, 

2, • • • , n). If we now put Op,*,. = u(E PlPt ... Pn ), then this fact means that 

the bounded linear functional 

(13.16) fx{ X ) — Ep'i- 1 Sp'i - 1 X^PV- 1 ®P1P2' ■ P»/(^P1PJ- ' Pn) 

lies inside a weak neighborhood !/(/„ ; Xi , X 2 , • • • , x„ ; «) of /„ . Consequently, 
Lis a limiting point of all functionals /s(x) of the form (13.7). Since 1 = 
tip i-i Zp‘-i • • • Ep‘-> «pip» - p.. this proves Theorem 11. 

Remark. This theorem is also true even if 12 is not compact. 

14. Case of discrete spaces, 1. Theorem of M. H. Stone 

In this section we shall consider the case when 12' is discrete, i.e., when every 
point of 12' is an isolated point. Any two such discrete spaces with the same 
power are clearly homeomorphic to each other. Consequently, the compact 
Hausdorff space 12 which is obtained in Theorem 5, is uniquely determined (up 
to a homeomorphism) by the power tn of the discrete space 12. We shall denote 
this space by 12(m). 
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Since the space 12' is discrete by assumption, every bounded real-valued func- 
tion Is continuous on 12'. Let now x E (t) be a characteristic function of an arbi- 
trary subset E of 12'. Then x s (i) is continuous on 12' and consequently x E (t) 
can be uniquely extended to a continuous function x E (f) defined on 12. It is 
clear that this function x E (f) takes only the values 0 and 1. Indeed, since 
^(12') is dense in 12, there exists, for any c > 0, a point t e 12' such that 
I X *{J) — x E (t) | < €. Consequently, since x E (t ) takes only the values 0 and 1, 
we must have x E (f) = 0 or = 1 for any / € 12. 

Thus we have seen that x B (f) is also a characteristic function of a certain 
subset of 12. Denote this set by E. It is clear that E is open-and-closed, and if we 
consider 12' as a subset of 12 (this is possible since 12' is homeomorphic to 
<p( 12') C 1^), then we have E C E. Moreover, it is easy to see that in case E is 
reduced to one point, E must also be reduced to the same point. 

Conversely, let £ be an arbitrary open-and-closed subset of 12. Then the 
characteristic function xs(f) of E is continuous on 12, and the part xg(t) of x{if) 
on 12' must take only the values 0 and 1 ; i.e., x* (t) is also a characteristic function 
of a certain subset of 12'. Denote this set by E. Then it is easy to see that 
the correspondence E «-> E is one-to-one. Moreover, as is easily seen, this 
mapping E «-» E is isomorphic; i.e., E <-> E, F F imply E + F «-> E + F, 
E-F <-* E-F and 12' — E 12 — E. 


This result is nothing but the theorem of M. H. Stone [17] on the concrete 
representation of a Boolean algebra 33 for the special case when 33 is the Boolean 
algebra of all subsets of a space 12'. But we can proceed further, as Stone did, 
to the general case of an abstract Boolean algebra with a unit element. (The 
case of a Boolean algebra without a unit element can be treated by using Theorem 
1. But, in order to avoid unnecessary confusions, we shall discuss only those 
cases .when a unit element exists.) 

In the following lines we shall give a general outline of our proof. Let 3) 
be an abstract Boolean algebra with a unit element c, and let us consider a space 
Af(33) of all step functions defined on 33. Under a step function defined on 33 


we understand a system ( aif a2 ’ ’ ) where a t - e 33 ( i = 1, 2, • • • , n), 

\ai , a s , " * , a n / 

£"»i a* = e, a, a ; = 0 (i^ j) and a»(t = 1, 2, • • • , w) is a real number. Two 

step functions ( ai ’ 02 ’ ' ’ am \ and 0** ’ Jj? ’ * 7 are considered as equal 

V*i , oc 2 , • • • , a m / \Pi , ft , • • • , ft/ 

if and only if 2 Z a< - 7 a, = £ 0 ,- 76 , for any real number 7 , where £*<-7 a, , 

for example, means the sum of all a t such that a, = 7 . If we now put 


(14.1) 


(14.2) 


dij 02, • • • , a m \ ^ /61, 6 2 , • • • , bn\ 

,ai, a 2 , • • • , am/ ^ \ft, ft, • , ft/ 


( Qibi, Ui 6 2 , a m 6 n \ 

ai + ft, ai + ft, ■••,«» + ft/ 7 

^ (d \ , a 2 , • • , On\ / d \ , a 2 , • • • , a n \ 

\ai , a 2 , • • • , a n / \Xai , Xa 2 , • • • , Xa n / ' 
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\( a i, 

02, • • 

* , O n \ |j 


W. 

a 2 , • • 

• > «»/ II 

02, • 

• • , O n 

) - 0 

if and 

«2, * 





(14.3) 


then M (©) satisfies all the axioms of abstract (Af)-spaces except the complete- 
ness with respect to the nor m (14. 3), If we now make it complete with respect 
to this norm, then the space M (S3) thus obtained is surely an abstract (A/)-space 

with as its unit element . (Of course, we must define the partial ordering in 

il/(93) in a suitable manner). Moreover, if we put x a = ^ C ^ a ^, then 

a «-> x a is a one-to-one mapping which embeds © isomorphically into M(©). 

If we now apply Theorem 2 to this space Af(©), then we have a concrete 
representation of Jiff©) as the space C(1 2) of all real valued continuous functions 

x(f) defined on a compact Hausdorff space 12. The unit element 1 = of 

M(©) is represented by a constant function x(f) == \ y and it is easy to see that ? 
for any a €© the function x a {f) tC(l 2) which corresponds to x a c A/(©) is a 
characteristic function of a certain subset of 12. This follows from the fact 
that 2 x a A 1 = x a for any a e S3. Let us denote this set by E a . E a is 
clearly an open-and-closed subset of 12 and the correspondence a E a is an 
isomorphism. Thus © is concretely represented as a Boolean algebra of open- 
and-closed subsets of 12. Moreover, it is easy to see that II is a totally discon- 
nected space, and that for any open-and-closed subset E of 12, there exists an 
a e © such that E a = E. 

Thus we have proved Stone's 

Theorem 12. For any abstract Boolean algebra © mth a unit element , there 
exists a totally disconnected compact Hausdorff space 12 such that © is isomorphic 
to the Boolean algebra of all open-and-closed subsets of 12. 

If we, however, wish to obtain a direct proof of this theorem, then we can 
proceed in the following way : let © be an arbitrary Boolean algebra with unit e 
and consider the totality 12* of all real valued functions f(x) defined on © whose 
values are either 0 or 1. 12* is a compact Hausdorff space with respect to the 

weak topology. 13 Let us further consider a real valued function /(:r) e 12* which 
satisfies the following conditions: 


(14.5) 

f(0) = 0 , f(e ) = 1, 

(14.6) 

f(x V y) = max ( f(x),f(y )), 

(14.7) 

f(x A y) = min (f(x), f(y)), 

(14.8) 

f(x + y) = f(x) + f(y), 

(14.9) 

f(xy) = f(x)f(y), 


mod 2, 
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where *Vy®x + y + xy, x K y ~ xy. (These conditions are clearly not 
mutually independent.) These conditions mean that x —+f(x) is a homomorphism 
of SB onto the Boolean algebra SBo consisting of 0 and 1 (SB 0 is the simplest non- 
trivial Boolean algebra). The totality 12 of all such f(x) constitutes again a 
compact Hausdorff space with respect to the weak topology , 18 and if we put 
x(f) » f(x) for any fixed x e SB, then x(f) is a continuous function defined on 12 
whose values are always 0 or 1 . It is easy to see that x — ► x(f) is a homomorphic 
mapping. In order to show that this is an isomorphism, we have only to prove 
that for any a e SB, b e SB, a 6 , there exists an / 0 e 12 such that / 0 (o) 5 * fo(b). 
This fact corresponds to Lemma 7.1 in the discussions of Part II, and also to the 
existence of a prime ideal, which contains one of a and b but not the other, in 
the proof of M. H. Stone. 

fn order to prove the existence of such a function, let 2 be an arbitrary finite 
subset of 83 which contains 0, 1, a and 6 . Then there exists a function fz{x) e!2* 
which satisfies (14.5)-(14.9) for any x, y c 2 and such that / 2 (a) 5 * / 2 ( 6 ). This 
follows from the fact that the Boolean sub-algebra 83z of 83 which is generated 
by 2 has also only a finite number of elements, and that for such a finite Boolean 
algebra 83s Theorem 12 is trivially true. Let 12 2 be the set of all such fc(x). 
Then 12 2 is clearly a non-empty closed (and consequently compact) subset of 12 *. 
Moreover, the family { 12 s ), where 2 runs all finite subsets of $81 has a finite in- 
tersection property. This follows from the fact that nr- 1 2 ftzi+z,+...+ 2 : n 
9 * 0 for any finite number of finite subsets 2 , (i = 1 , 2 , • • . , n) of 83. Hence there 
exists an element /o which belongs to all such 12 z and thus element / 0 is clearly 
the required one. 

Thus we have proved that the Boolean algebra 83 is isomorphically represented by 
the system of continuous functions x(f) = f(x) (whose values are 0 or 1 ) defined 
on a compact space 12 . Let now E a be the set of all/(x) e 12 such that /(a) = 1 . 
Then E a is clearly closed, and since 12 — E a = E M , E a must also be open. It 
is easy to see that a <-» E a is an isomorphism, and all that we have to do is to 
prove that 12 is totally disconnected and that for any open-and-closed subset E 
of 12 there exists an element a e 83 such that E — E a . (This part of the proof 
corresponds to Lemma 7.2.) 

To prove these, let us first show that for any / e 12 , g e 12 , / 7 * g ) there exists 
an open-and-closed subset E of 12 such that / e E> g l E. Since / 5 * g, there 
exists an oo € 83 such that /(oo) 5 * g(a 0 ). Without loss of generality we may 
assume f(ao) = 1 , g(ao) = 0 , since otherwise we may replace Oo by e — do . 
Then the open-and-closed subset E aQ has the required property. 

Next we shall show that for any / e 12 and for any open set U(f) which con- 
tains /, there exists an ao e 83 such that / 1 E aQ £ U(f). By the above result, 
for any g e !/(/), there exists an a € 83 such that f eE a , g cE a . Since 12 — E a 
is an open set which contains g, there exists by the compactness of 12 — U(f), 

M For apy /o € 0* its weak neighborhood U(J* ; x t , x % , • • • , Zn) is defined as the totality 
of all / « ft* such that/(z») — /o(x<) for % — 1, 2, • • • , n, where (&<} {% « 1, 2, • • • , n) is an 
arbitrary finite system of elements of 8. 
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a finite number of elements o< e 33 (i - 1, 2, • • • , n) such that / e E ai (i = 1, 2, 
• - ■ , n) and 0 — V(f) C — E a ,) i-e., II?-i-E , o < £ ?/(/). If we now 

put Oo = Oi A as A • • • A a„ , then wc have / e E 0() = n?-i E a( C L r (/). This 
proves the total disconnectedness of 0. 

Lastly, we shall prove that for any open-and-closed subset E of 12, there exists 
an element Oo e 33 such that E = E„ 0 . For any / <• E, there exists, by the above 
result, an a e 33 such that / e E a Q E. Since each E a is open and since E is 
compact, there exists a finite number of elements a, t 33 (i = 1,2, • • ■ , n) such 
that E = ^"-i E ai . If we put a 0 — ai V (h V • • • V a n , then we have E a . = 

E?-i E ai = E. 

The proof of Theorem 12 is hereby completed. 

15. Case of discrete spaces 2. Banach limit s 

Let (m) be a space of all bounded sequences of real numbers x = {x»|, n — 
1, 2, • • • with || x || = sup„ | x„ | as its norm. A functional Lim x n defined on 
( m ) is called a Banach limit, if it satisfies the following conditions. 

(15.1) Lim (x„ + y n ) = Lim x„ + Lim y n , 

(15.2) Lim (Xx„) = X Lim x n , 

(15.3) x n ^ 0, n = 1, 2, • • • imply Lim x„ ^ 0, 

(15.4) x„ = 1, n— 1,2, ••• imply Lim x„ = 1, 

(15.5) Lim x„+i = Lim x„ . 

If wc consider a discrete space $2' consisting of a denumerable number of 
isolated points {<„) (n = 1,2, • • •), then (m) is nothing but a space C(12') of all 
bounded continuous real-valued functions x(t) defined on W ( x„ = x(t„), n = 
1, 2, •••). If we now consider C(V.') as an abstract (Af)-space in the usual 
manner, then C{i 2') is isometric and lattice isomorphic to the space <7 (12) , where 
S2 = S2(Ko) is a compact space which was defined in the beginning of section 14. 
If we put /(x) = Lim x„ , then the functional /(x) defined on C(12) = C{i l') 
satisfies the following conditions: 

(15.6) f(x + y) =/(x) +f(y), 

(15.7) /(Xx) = X/(x), 

(15.8) x 2: 0 implies f(x) 0, 

(15.9) /( 1) = 1, where 1 = (1, 1, •••), 

(15.10) f(T(x)) = /(x), where T(x) = (x* , x s , • • •) if x = (x t , x„, •••). 

Let us observe only the conditions (15.6)-(15.9) for the time being. Then 
these conditions mean that /(x) is a positive bounded linear functional with 
/( 1) = 1. But this last condition is equivalent to || / 1| = 1 (see Lemma 11.1). 
Consequently, by Theorem 9, there exists a completely additive, regular non- 
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negative set function y(E) defined for all Borel sets E of the space il with y (il) * 1 
such that 

(15.11) f(x) = f x(t)y(dt ) 

J Q 

for any x(t) e C(il) — C(il r ). Moreover, if we require an additional condition: 

(15.12) x A y = 0 implies f(x) = 0 or f(y) = 0, 

then the measure n(E) is concentrated in one point to til. If t 0 1 il — il ', then 
the functional f(x) = x(to) is not trivial. Tt is easy to see that in this case we 
have 

(15.13) f(x) = 0 for any x of the form x — (*i ,**,•••, ar„ , 0, 0, •• •)■ 

Remark. It will be easily seen that under the conditions (15.6)-(15.9) the 
condition (15.12) is equivalent to 

(15.14) (f(x)) 2 = f(x\ 

where x 2 = (x \ , xl , • • • , x\ , • • • ) if x = (xi , x 2 , • • • , x n , - • • ). Such func- 
tionals f(x) were discussed by J. von Neumann [14], and it is to be remarked that 

(15.14) is equivalent to 

(15.15) f(x)f(y) = f(x-y), 

where xy = (xiy x , x 2 y 2 , • • • , x n y n , ■ ■ ■) if x = (xi , x 2 , • • • , x n , • . .) and 
y — (Vi i V* > • • • i V* > • ’ •)• This last condition together with (15.0), (15.7) 
means that x —*f(x) is a homomorphic mapping of a ring (m) onto a ring of real 
numbers. 

Next we shall discuss the condition (15.10). Let us denote by A„ the set of 
all functionals f»(x) of the form (15.11) with n(E) S: 0, ju(S2) = 1, i.e., the func- 
tionals which satisfy (15.6)-(15.9). Then A M is a compact convex set with respect 
to the weak topology. If we put/(x) = f(T(x)), then / — » f = <p(f) is an affine 
continuous mapping of A M into itself, where under affine mapping we mean a 
mapping <p such that ip(\f 4- \'g) = \<p(f) + XV(ff) for any/, g t A M ; X, X' ^ 0, 
X + X' = 1. It is easy to see that the condition (15.10) means that /is a fixed 
point under this affine mapping <p of into itself, and the existence of such a fixed 
point follows from the following 

Lemma 15.1. Let E be a Banach space, and let A be a convex compact set in 
the conjugate space E* of E ( with respect to the weak topology). If <p(f) is a continu- 
ous affine mapping of A into itself, then there exists a fixed element fit A such that 
<p(fi) — fi . 

Proof. Let A„ be the set of all elements of the form: n~’(/ + <p(f) + • • • + 
<p n ~ l (f))> / « A. Then A n is a non-empty compact subset of A and the family 
{A„} (» = 1, 2, •••) has clearly a finite intersection property: for any n< 

(* = 1, 2; • • • , k) A„, • A„, • • • • A„ k 0. This follows directly from A„, • A*, 

A nk 2 A ni *,...»* ^ 0. Hence, there exists an fi(x) which belongs to all A„, 
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n = 1, 2, ■ ■ ■ . It is easy to see that this /<> is a required one. (For generaliza- 
tions of this lemma, see [8].) 

Remark. We can also prove the existence of a fixed point in the folllowing 
way: Let S(x) be a mapping defined on (m) by x — * S(x) = x'\ x = (x t , x 2 , 

• • • , x n ,••■)> x> = (Xi, 2 *(xi + x 2 ), • • • , n *(xi + x 2 + • • • + x„), • • • ), 
andput/o(x) = f(S(x)), wher e/(x) is an arbitrary bounded linear functional which 
satisfies (15.6)-(15.9) and (15.13). Then we have f 0 (T(x)) = /o(x). Indeed, 
writing /(x) = /(x i , x 2 , • • • , x„ , • • •) for x = (xj , x 2 , • • •) e (m), we have 
/•(*) - /o(T(x)) = f(S(x)) - f{S{T{x))) = /(xj , 2-*(xi + %),..., n -1 (xi + 
Xj + • • • + X„) • • •) — /(x 2 , 2 '(x 2 + x 8 ), ••• ,»*(** + x* + ••• + x„+i), 

• • •) — /(0, 0, • • • , 0, (n + 1) *(xi + x 2 + • • • + x n +i), ( n + 2) -1 (xi + x 2 + 

• • • + *«+«)» -■ •) — /( 0, 0, • • • , 0, (n + l) -1 (x 2 + x 3 + • • • + Xn 4 . 2 ), (n + 2) -1 

+ *s + • • • + aJn+3), • • •) = /( 0, 0, • • • , 0, (n + l)~ l (xi — x„ +2 ), (n + 2) _1 
(xi - ^n+a)) • • •)• Hence, | /„(x) - f 0 {T(x)) | g /( 0, 0, • • • , 0, 2(n + 1) _1 || x ||, 
2 (n + 2) *|| x ||, • • •) g 2n 1 1| x || for n = 1, 2, • • • . Since n is arbitrary, 
we must have / 0 (x) = / 0 (T(x)). 

Summing up the results, we have 

Theorem 13. Every Banach limit which satisfies (15.1)— (15.5) can be con- 
sidered as a bounded linear functional f(x ) defined on a Banach space C(ft(N 0 )) 
which satisfies the conditions (15.6)-(15.10). ( For the definition of S2(X 0 ) see the 

beginning of section 14.) The functionals f(x) which satisfy (15.6)-(15.9) can 
be expressed as an integral (15.11). The totality of all such functionals forms a 
compact convex set A„ in the conjugate space C*(fl(tt 0 )) of C(S2(Xo)), and every 
Banach limit ( which satisfies the additional condition (15.10)) can be obtained as a 
fixed point of the affine mapping tp of A„ into itself. 

It is easy to see that the result of this section can be extended to the case 
where the power of a given discrete space 12' is greater than . 

16. Relations with abstract (L)-spaces 

A Banach space CAL) is called an abstract ( L)-space if it is a linear lattice, 
and if it satisfies, besides the axioms (1.1)— (1.8), the following condition: 

(16.1) x £ 0, y ^ 0 imply || * + y || = || x || + || y ||. 

It is easy to see that the condition (1.16) is also satisfied. Such a Banach 
space was introduced by G. Birkhoff [1], and it was shown that a large number 
of results concerning dependent probabilities can be extended to such spaces. 

Theorem 14. For any abstract {L)-space ( AL ) with an F-unit {see section 3), 
there exists a totally disconnected compact Hausdorjf space U and a completely addi- 
tive measure m{E ) defined for all Borel sets E of SI such that (AL) is isometric and 
lattice isomorphic to the space L(Q; m) of all measurable functions x(t) which are 

integrable with respect to m{E) on 0 | x(t) | m{dt);x ^ y: x(t) ^ y(t) 

almost everywhere on oY 
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This theorem was proved in [9], [11]. 

Remark 1. In my former paper [11] it was shown that m(E) is defined on 
the smallest Borel field which contains all open-and-closed subsets of ft. It is, 
however, easy to see that this measure can be extended to a completely additive 
measure m'(E) defined for all Borel sets E of ft. Moreover, this extension is 
unique if we require that m'(E) is regular, and it is easy to see that we have 
L(Q; m) = L(ft; m'). This follows from the fact that, for any Borel set E and 
for any « > 0, there exists an open-and-closed set E' such that m'(E + E' — 
E-E') < e. (See Remark 2, after Theorem 9.) 

Remark 2. Theorem 14 is true in the following sense even if there exists 
no F-unit in (A L). In this case, (AL) is decomposed into a direct sum* of 
abstract (L)-spaces (AL) a with an F-unit (a « 59?, where SB? is a non-denumerable 
set of indices a), and each ( AL) a is concretely represented as in Theorem 14. 
Hence there exists a family of compact Hausdorff spaces ft„ , a t 90? such that 
(AL) = y'.q.TO (AL) a is isometric and lattice isomorphic to L(ft; m) = 
y^a.w L(fl a ; m), where ft = fto and each element of L(ft; m ) is a measurable 
function x(t) defined on ft = ^ a .si ft a such that there exists a sequence of in- 
dices a„ , n = 1, 2, • • • such that || x || = 2"-i / I *(0 I fn(dt) < « and x(t) 

•>Oa n 

= 0 almost everywhere on ft a , a ^ a„ , n = 1, 2, • • • . (For details, see [11].) 

We shall discuss in this chapter the relations between abstract (Af)-spaces 
and abstract (L)-spaces. We begin with 

Lemma 16.1. Let E be a Banach lattice, i.e., a Banach space with a partial 
ordering relation x ^ y which satisfies the conditions (1.1)— (1 .8) and (1.16). 
Then the conjugate, space E* of E is also a Banach lattice, if we putf g if and only 
if f( x ) = §( x ) for any x ^ 0, x e E. 

Proof. \Ve have only to show that the conditions (1.5), (1.8) and (1.16) 
are satisfied for the partial ordering / S; g. To define h = f V g, put h(x) = 
l.u.b. {/(xi) + g(x 2 ) } for x ^ 0, where l.u.b. means the least upper bound for all 
decompositions x = X\ + x t , ari 2: 0, x t ^ 0. h(x) is thus defined for x ^ 0, and 
if we put h(x) = h(x V 0) — h((—x) V 0), then this h(x) is a required one (see, 
for example, H. Freudenthal [5]). 

Next, to show that / ^ g 0 implies ||/|| ^ || g || ^ 0, let t > 0 be an 
arbitrary positive number. Then there exists an x « E, such that || x || ^ 1 and 
g(x ) > || g || — €. We may assume that x ^ 0, since otherwise we can replace 
zbyx V 0. Indeed, we have || x V 0 || ^ || x V 0 + (—x) V 0 || = || x || ^ 1 
and g(x V 0) ^ g(x) > || p || — e. Consequently, we have f(x) S g(x) > 

|| g || — e for an x with || x |j ^ 1,'and this implies 1 1 / 1| ^ || g || — e. Since 
f > 0 is arbitrary, we have ||/ 1| § || g ||. 

Finally, to prove that/ A g = 0 implies ||/ + g || = || / — g ||, let < > 0 
be an arbitrary positive number. Then there exists an x t E such that 1 1 x 1 1 g 1 
and fix) + g(x) > 1 1 / + g || — t. We may again assume that x *£ 0. Since 
/ A g = 0, there exists a decomposition x = Xi + x 2 , x\ ^ 0, X 2 ^ 0 such that 
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0 g f(x i) + g(x 2 ) < e. 14 If we now put x' = - xi + x 2 , then we have || x' || = 
II (x, - Xi) V 0 + (x 2 - Xi) V 0 II S || *1 + x 2 II = || X II g 1 and /(*') - 
g(x') = -f(x i) + /(x 2 ) + g(x i) - g(x 2 ) > f( Xl ) + /(x 2 ) + g( Xl ) -f g(x 2 ) - 2* = 
f( x ) + 9( x ) - 2« > || / + g || - 3«. Hence we have || / - g || > ||/ + g || - 
3«, and since « > 0 is arbitrary, we must have | j / — g 1 1 £ 1 1 / + g 1 1. 

In order to prove the inverse inequality, let « > 0 be an arbitrary positive 
number. Then there exists an x tE such that || x || g 1 and/(x) — g(x) > 
11/ - g || - «• Clearly x' = x V 0 + (-x) V 0 satisfies || x' || = || x || ^ 1 
(by (1.15)) and f(x') + g(x') = f(x V 0) + /((-x) V 0) + g(x V 0) + 
g((-x) V 0) £ /(x V 0) - /((-x) V 0) - g(x V 0) + g((-x) V 0) = /(x) - 

g(x) > ||/ - g || - «. Hence we have |j / + g || > \\f - g || - «, and since 

e > 0 is arbitrary, we must have 1 1 / + g || 2: ||/ — g ||. 

Theorem 15. The conjugate space (AM)* of an abstract (M)-space (AM) 
is an abstract (L)-space, and conversely the conjugate space. ( AL )* of an abstract 
( L)-space (AL) is an abstract (M)-space. 

Proof. By Lemma 16.1, we need only prove the following two facts: 

(16.2) f,gt(AM)*, /^ 0, g^0 imply || / + g || = \\f || + || g ||, 

(16.3) /, g e (AL)*, /^ 0, g^0 imply \\f V g || = max (|| / 1|, || g ||). 

To prove (16.2), let/, g « (AM)*, f 2: 0, g =£ 0, and let t > 0 be an arbitrary 
positive number. Then there exist x, y e (AM) such that ||x|| ^ 1, | ?/ |j £ 1, 
f(x) > ||/ 1| — t and g(y) > || g || - «. We may assume x 2t 0, y ^ 0, since 
otherwise we can replace x and y by x V 0 and y V 0. Then z = x V y satisfies 
II ^ || — max (|| x ||, || y ||) g land f(z) + g(z)^f(x) + g(y)> ||/|| + ||g|| - 2«. 
Hence ||/ + g||> ll/ll + || g || — 2e, and since e > 0 Ls arbitrary, we have 
11/ + g II ^ ll/ll + II g ||. The inverse inequality || / + g || g ||/|| + || g || 
is clear. 

Next, in order to prove (16.3), let us first prove that there exists a unit element 
/o (in the sense of section 3) in (AL)*. Indeed, if we put 

(16.4) /„(x) = || x V 0|| - |i (— x) V 0|| 
for any x e (A L), then we have 

(16.5) |/„(x) | g ||x||, 

(16.6) /o(x + y) = /o(x) 4- My), 

(16.7) /o(Xx) = X/o(x), 

(16.8) / e (AL)*, ||/ M 1 imply f £ /o . 

- / A g is defined, for x £ 0, by k(x) = g.l.b. |/(x,) + g(x ■*)}, where g.l.b. means 
the greatest lower bound for all decompositions of x: x = xi + x 2 , x\ is 0, x 2 ^ 0. 
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(16.5) and (16.7) are clear; (16.6) follows from the relation 

II (* + y) V 0 || + || (-*) V 0 || + || (- y ) V 0 || 

- II (“*-») V 0 || + ||* V 0|| + ||y V 0||, 

which is a direct consequence of (16.1) and the equality 

(x + y) V 0 + (— x) V 0 + (— y) V 0 = (— * — y) VO + iVO + yVO. 

(16.8) is also clear, since ||/|| 1, * ^ 0 imply f(x) ^ || * || = || x V 0 || — 

|| (-x) V 0|| = /«(*). 

Thus we have proved that f 0 (x) is a unit element of (AL)* in the sense* of 
section 3. Hence, by Remark 1 of section 3, (AL)* is an abstract (M)-space. 
The proof of Theorem 15 is completed. 

Example 1. If (AM) = C(Q), where 0 is a compact Hausdorff space, then 
(AM)* = SD?(S2) (see Theorem 10). 211(0) is clearly an abstract (L)-space. 
For further examples, see Remark after Theorem 10. 

Example 2. If (AL) = L(Q; to), where 0 is a compact Hausdorff space with 
a completely additive measure m(E) such that m(U) = 1 (see Theorem 14), 
then (AL)* = Af(0; m) (for the definition of M(U; to) see section 2). The same 
is also true if (AL) = L(Q; to) = 52a.ro L(U a ; to), where 0 = 52 and each 
0„ is compact. 

Remark 1. Theorem 15 docs not mean that (AM) and (AL) are reflexive. 
In fact, these are reflexive only when they are finite dimensional. 

Remark 2. For any abstract (M)-space (AM), its second conjugate space 
(AM)** is also an abstract (M) -space (by using Theorem 15 twice) which con- 
tains (AM) as a closed linear subspace. 16 The same argument is true also for 


15 We should be careful about the following situation: (AM) is embedded isometrically 
into (AM)** and this embedding is partial order preserving, i.e. if x,y t (AM) correspond 
to X, Y t (AM)**, then x ^ y implies X ^ Y. But it is not obvious that in this case x v y 
corresponds to X v Y. In order to show this, let us put z **» x v y, Z « X V Y , and let 
Z' be the element of (AM)** to which z corresponds. It is then clear that we have Z' ^ Z 
(this is a direct consequence of Z' ^ X and Z' ^ Y). In order to prove the inverse in- 
equality, let us remember that, for / £ 0, Z(f) is defined by Z(f) « l.u.b. {X(fi) + Y(f 2 ) | * 
l.u.b. \fi(x) 4* / 2 (y)}, where l.u.b. means the least upper bound for all decompositions of 
/: / “ fi + ft , fi ^ 0,/ 2 ^ 0. On the other hand, if we represent (AM) concretely as a 
subspace of the space C(12) of all real valued continuous functions defined on a compact 
Hausdorff space 12 (Theorem 1), then z(t) — max (x(t), y(t)) for all t « 12, and every fe(AM)* 
with / ^ 0 may be considered as a regular measure n(E) defined for all Borel sets E of 12 
(Theorem 9). Let 0 £ 12 be the set of all t at which x(t) > y(t). Then O is an open set 
which is at the same time an F a . Let us now define two measures m(E) and nt(E) by 
m(E) » n(EO) and n%(E) “ “ EO ) . Then n\(E) and m(E) are both regular measures 

defined on Borel sets of 12, and if we denote by/i and/a the corresponding elements of (AM)*, 
then we have/ -/i +/i ,/i ^ 0,/a ^ 0 and it is not difficult to see that/(«) - f\(x) + ft(y). 
Hence Z(f) £ f(z) - Z'(/) for every / g 0, i.e. Z £ Z'. Thus we proved the inverse in- 
equality, and hence Z « Z'. 
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(AL) and ( AL )**. 18 It is, however, to be noted that (AM)** is always an 
abstract (ilf)-space with a unit element, while this is not the case for (AL)** 
even if (AL) has an F- unit. 

Hence, every abstract (M)-space can be embedded in an abstract (M )-space 
with a unit element. Consequently, in discussing the realization of abstract 
(Af)-spaces, we have only to treat the case when there exists a unit element. 
This fact explains the relation between Theorem 1 and Theorem 2. 

Remark 3. Let (AL) be an abstract (L)-space. Then (AL)* is an abstract 
(M)-space with a unit element. Hence, by Theorem 2, there exists a compact 
Hausdorff space 12 such that (AL)* is isometric and lattice isomorphic to C(12). 
Hence every element x € (AL) can be considered as a bounded linear functional 
x(f) defined on C(12). Consequently, by Theorem 10, x(f) can be represented 
as an integral: 

(16.9) x(f) = f f(tUdt) 

where p(E) is a completely additive regular real-valued set function defined for 
all Borel sets E of 12. From this we have 

Theorem 16. For any abstract (. L)-space (AL), there exists a compact Haus- 
dorff space 12 such that (AL) is isometric and lattice isomorphic to a closed linear 
subspace of the space 2)1(12) of all completely additive regular real-valued set-functions 
n(E) defined for all Borel sets E of 12 (where norm and partial ordering are defined 
as in Theorem 10). 

In the same manner we can prove (see Theorem 14, Remark 2 after Theorem 
14, and Example 2 after Theorem 15) the following 

Theorem 17. For any abstract (M)-space (AM), there exists a Hausdorff space 
12 = ]>3aes» 12« , where each !2 a is compact, and a completely additive measure defined 
for all Borel sets of each 12 a such that (AM) is isometric and lattice isomorphic to a 
closed linear subspace of the space Af (12; m) = M( 12 a ; 2Ji) of all bounded 

measurable functions x(t) defined on 12, where we call x(t) measurable if and only 
if x(t) is measurable on each 12 a . (For the definition of M( 12; m) see motion 2.) 

Theorems 16 and 17 are weaker than Theorems 14 and 1 (or 2) respectively. 

Institute for Advanced Study 
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CONCRETE REPRESENTATION OF (M)-SPACES 

By H. F. Bohnenbltjst and S b Kakutani 

(Received January 20, 1941) 

1. Introduction 

In the preceding paper 1 one of us proves that any Banach lattice which 
satisfies the condition 

(1.1) 0 < x, 0 < y implies || x V y || = Max (|| x ||, || y ||) 

can be represented as a sublattice of the lattice of all real valued continuous 
functions over a compact 2 Hausdorff space ft. The purpose of this note is to 
obtain the same result from the weaker condition 

(1.2) x A y = 0 implies || x V y II = Max (|| x ||, || y ||). 

Our proof yields, in particular, the result that in a Banach lattice (1,2) implies 

(1.1) . It does not seem possible, however, to establish this implication directly. 
Our method consists in obtaining the representation of the lattice independently 
of the previous result and then (1.1) is trivially true for continuous functions. 

If the additional assumption is made that the Banach lattice contains a unit 
element, it is shown in the preceding paper that the representation uses all 
continuous functions. In this form the result was obtained independently by 
Mark and Selim Krein. 3 The method we shall use in the present paper is an 
adaptation of that followed in Krein ’s paper. 

2 

Let E be a Banach lattice, i.e. 

(2.1) E is a Banach space, 

(2.2) E is a vector lattice, 

(2.3) 0 < x < y implies || x || g || y ||, 4 

(2.4) x A V = 0 implies || x — y || = || * + y ||. 

1 S. Kakutani, Concrete representation of abstract ( 21 /)- spaces. Annals of Math., 42 
(1941), pp. 994-1024. 

* We use the term “compact” as “open coverings can be reduced to finite coverings.” 

* M. and S. Krein, On an inner characteristic of the set of all continuous functions on a 
bicompact Hausdorff space , Comptes Rendus U.R.S.S., 27 (1940), 427-430. 

4 It is interesting to notice that condition (2, 3) cannot be deduced from (2.4) and (2.5) 
combined. 
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Assume furthermore that the condition 


(2.5) x A y = 0 implies \\x + y\\ = Max (|| x ||, || y ||) 


holds in E. 

The conjugate space E* is also a Banach lattice. Denote by S* its unit 
sphere (||/ 1| ^ 1) and by S+ the positive part (/ ^ 0) of S*. The set S+ is 
bounded, convex and w*-chsed. h The extreme points of S+ form a set which 
will be denoted by T. By a theorem of Krein and Milman® we have 

Theorem 2.1. The set S* is the smallest convex , w*-closed set which contains T. 

Theorem 2.2. With the exception of 0, every element of T has norm 1. 

Proof: If / 0 belongs to T, then //|| / 1( belongs to <S+ and the element/' 

is an interior point of the segment joining 0 and f/\\ f || unless || / 1| = 1. 

Theorem 2.3. If f eT and if u, v e E, u A » = 0 then f(u) -f(v) = 0. 

The proof is by contradiction. Assume f eT,f(u) > 0 ,f(v) >0 and u A v = 0. 
Two elements of g, h e E* will be constructed such that 


( 2 . 6 ) 


i) 0 ^ g £ f ii) g(v ) = 0 

iii) g{u) = /(«) >0 iv) / = g + h 

v) i = ii/ii = iMi + imi- 


Conditions i) and iii) show that 0 < h. Thus g/\\ g || and h/\\ h || belong to 
S* and 


/-Hall- 



+ h ■ 


h 

II h || 


proves that / is an interior point of the segment joining g/\\ g || and h/\\ h ||. 
This is a contradiction to the assumption f eT since g/\ \ g || ^ VII h || by ii) 
and iii). 

Definition of g. For x ^ 0 put 


g(x) = sup f(nu A x) 

n 

and for x = x + — x~, g(x) — g{x + ) — g{x~). We omit the details showing that 
g e E* and that i), ii), iii) are satisfied. 

Definition of h: h = f — g. Condition iv) is true and to prove the last one, 
v), we need only show that 


II g || + || h || ^ 1 + 4e 

for any c > 0. Choose e > 0 and determine xi such that || x\ || = 1 and g(x 0 > 
|| g || — e. We may assume Xi > 0 since otherwise it could be replaced by | Xi |. 


• te*-topology in E* is the weak topology with reference to the elements of E. 

' M. Krein and D. Milman, On extreme points of regular convex sets, Studia Math., IX 
(1940), 133-138. 
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By the definition of g there will exist a positive integer n 2 for which 
f(niu A Xx) > g(xi) - e > || g || - 2e. 

Put *i = iiA ni'U; then 

(2.7) || Xi || ^ 1, g(x 2 ) = /fe) > || fir || - 2e, h(x 2 ) = 0. 

Now we turn our attention to h. Determine an element y 2 such that 

0^2/i, II 2/i II = 1, Hyi) > || h || - e, 
and choose m to guarantee 1 < e* (n* + 1)- Put 

2/2 = (2/i ~ n i-Xi) V 0. 

Obviously 0 ^ 2/2 ^ 2/i and hence || 2/2 1| ~ 1- Also 

(2.8) h(y 2 ) = h(yi V w«x 2) - n 2 h{x 2 ) = h(y x V n*^) ^ h(yi) > || h || - e. 
We evaluate the norm of x 2 A Vt • Notice that 

x 2 A S/2 = 0 v fe A (2/1 - n*‘X2)]. 

But 

Wife A (2/1 ~ W2X2)] ^ W2X2 
fe A (2/1 — W2Z2)] ^ 2/1 - W2*2 

and thus by addition 

fe + l)fe A (2/1 - W2X2)] g 2/1 • 

This implies 0 ^ X2 A 02 =1 0i/fe + 1) ^ e- 3/1 and therefore 

(2.9) || *2 A 2/2 1| ^ «• 

Finally let us put 

x 3 = x 2 — fe A 2/2) and y 3 = 2/2 — fe A 2/2). 

Evidently x 3 A 2/i = 0, || x 3 1| g 1, || 0 3 1| ^ 1, II x 3 + 2/s II = Max (|| x 3 1|, 
|| y 3 1|) ^ 1. Since 0 | Afe A 2/2) 5s ftfe) = 0 it follows from (2.8) that 

h( 2/ 3 ) = A(2/ 2 ) > || h || - e. 

On the other hand, by (2.7) and (2.9) 

0 fe) = fffe) - 0fe A 2/2) > II 9 II - 2« - || 0 || -6 £ || fir || - 3«. 

Combining these results we obtain 

1 I /fe + 2/») = ?fe) + 0(2/1) + Afe) + h(y t ) 

> || g || - 3-« + 0 + 0 + || h || - « - || g || + || h || - 4«. 
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The proof of v) is complete and theorem 2.3 is established. 

Theorem 2.4. Let Q be the w*-closure of T. If f eft then f Si 0 and if u, 
v t E, u A v = 0, then f(u) -f(v) = 0. 

Proof: For any t > 0 there exists g.t T with 

I g(u) - f(u) | < €, 

I g(v ) ~ f(v) | < e. 

By theorem 2.3 either g(u) or g{v) = 0. Hence either |/(u) | or | f(v) | < t, 
which implies of course f(u) -f(v) = 0. The proof of / 2; 0 is even simpler. 

3. The Representation 

Each element x of E determines a function <p x defined over 8 by <p x {f) = /(*)• 
The set 0 will be considered as a topological space by taking the w*-topology of 
E*. It is a Hausdorff space and since S* is u)*-compact, 8 will also be 
«)*-compact. In the space 8 the function <p z is continuous. Furthermore we 
have evidently 

(3.1) (p\z+iiv — h<p x "4" WPy 

(3.2) x ^ 0 implies <p x ^ 0. 

[The last inequality means: for any ft 8, <p x (f ) S 0]. 

If Xi A — 0 then f(x i) •/( xt) = 0 for any / 1 ft by theorem 2.4. Thus 
<p Xl (f) -<p Xj (f) = 0 and therefore <p Xl A *, — 0. For any xi and x 2 , the elements 
X\ — (art A x 2 ) and x 2 — (x t A £*) are disjoint. We have then 

(*1 *, A *2) A (* 2 *1 A x 2 ) — 0 

or 

(3.3) <p x | A c Px 2 ~ <pxi/\x 2 and also tp Xl V *j — *iv*j 
Finally, if we define || <p x || = max | <p x (f) | (/ t 8), we prove 

(3.4) 11*11-11*11. 

It is sufficient to prove (3.5) for positive x, since || |a;| || = || ® || and 
II **i II = II <f>x ||. Evidently || <p x || ^ || x ||. Let/ 0 tE*, ||/ 0 1| = l,/ 0 (*) = 1. 
We may assume / 0 ^ 0 since otherwise | /o | could be taken. If now 

11*11 = II* II - «> « > 0 then 

/ « 8 -►/(*) ^ ||* || - «, 

thus 

ft St f(x) £ || * || - « 
and we obtain a contradiction for/ 0 . 

The equation (3.4) shows in particular that <p x — 0 implies x = 0, in other 
words: to different x’e correspond different <p x s. 

The relations (3.1), (3.2), (3.3) and (3.4) give us the desired representation. 
Princeton, N. J. 



Annals or Mathematic* 
Vol. 42, No. 4, October, 1941 


SELECTIVE EQUATIONS 

By E. T. Bell 
(R eceived October 26, 1940) 

A detail in the systematic solution of certain compound multiplicative diophan- 
tine systems 1 leads to a new type of completely solvable diophantine problem 
which may be of independent interest, as but few such problems are known. 

1. Selective operators and systems 

If »i , • • • , n. are integers ^ 0, and if s > 1, (ni , • • • , »,)' denotes the least, 
and [ni , • • • , n,]' the greatest, of n \ , ... , n, if at least two of these integers are 
unequal; if rii — • ••«,= n, the value of each of these symbols is n. By defini- 
tion, if to is an integer ^ 0, (to)' = [to]' = to. Hence, for s ^ 1, 

[(m , • • • , n.)']' = («»,-••, n.Y = ((n, , . . . , n.)')', 

([ni , • • • , ».]')' = [ni , • • • , «,]' =[[%,..., n,\']'. 

The symbols ()', []' will be called simple selective operators. 

Let each symbol {}' denote a definite one of ()', []'. In {ni , ••• , n,}' 
replace n,* by \n h , • . • , n,- where the n u are integers ^ 0. In 
the result repeat the process, and so on, a finite number of times. The symbol 

' so obtained will be called a compound selective opera- 
tor. It will be vseen that compound operators may be replaced by simple opera- 
tors in the type of equations to be defined. 

If the results of operating on the set n \ , • • • , n, with two selective operators 
are equal for all sets ni , • • • , n 8 , we say that the operators are identical; other- 
wise, the operators are distinct. The result of operating on the ordered set 
rii , • • • , n, with the selective operator a will be written </(ni , • • • , n B ). 

A selective system is defined as follows. Let <?[ , • - • , a'j , • • • , <r* , • • • , 

be any selective operators (simple or compound, and unrestricted with respect 
to distinctness). The a, a, a» , • • • , 5, P, b < , • • • ,0,7,0*, • • • , d, di are constant 

integers > 0, and all the x*s , « • • , t/’s , • • • , z’s , • • • , w’s are variable integers 

0. The A, •••,/?, • . . , C, • • • , D are constant integers ^ 0. If any of 
the A’ 8 are zero, the terms involving them are suppressed, and likewise for the 
B> s, • • • , C’s, • • • , D’8 . We write 

O’ i (%i,l , * * ' , = X* ) * * * j 07(2/;\l > * * * 1 Vi.n,) ~ Yj , 

0^(Z*,1 , * * • , Zk,r k ) 55 <Tl(Wl, 1 , • • • , W ittl ) SE TTj . 

*E. T. Bell, Proc. Nat. Acad. Sci., 26 (1940), 462-466. 
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A selective system is then a system of equations of the type 


£ Aai + £ OiX'i = • • • - £ BiVi + £ hYu 


t-1 


«-l 


a-l a- 1 


£ + £ cX £ Au»z + £ diW[, 

Jfc- 1 jb-1 1-1 1-1 

in which the total number of equality signs is finite, and in which at least two 
sets of variables in different rows have at least one variable in common, while in 
any one row no two sets of variables are identical, but any two sets in that row 
may have variables in common. 

It is required to find all integer values ^ 0 of the variables satisfying the 
system. We shall say that this problem is solved when a method is prescribed 
for exhibiting the required integers in any given selective system in a finite num- 
ber of non-tentative steps. The solution is in terms of a certain minimum 
number N of parameters ranging independently over all integers ^ 0. The 
above definition of ‘solution’ is inserted because for even apparently trivial 
systems the N necessary and sufficient for a complete solution may be so large 
that it is impossible to write out the solution. In fact, if N' is any given positive 
integer, so elementary a selective system as 

a(x i , xt)' + a (yi , y 2 )' = b{x t , Zj)' + b(wi , w 2 )' 

can be constructed for which N > N\ If in this example N' — 1,000,000, it 
suffices to take a = 1000,6 = 1001. 

A selective system is thus one of quadruple composition, the four operations 
involved being addition and multiplication of non-negative integers, and 

O', (]'• 


2. Dual of a selective system 

As might be anticipated from the definitions in §1 and a usual method for 
finding the G. C. D. and L. C. M. of a set of integers from the canonical decom- 
positions (into products of powers of distinct primes) of the integers concerned, a 
selective system may be restated in terms of G. C. D.’s, L. C. M.’s, and products 
instead of sums. It will be seen that. the solution of either system implies that 
of the other. The connection between the two types is the solution of G. C. D.- 
L. C. M. equations discussed in §§3, 4. 

With »i , • • • , n, as in §1, (ni , • • • , n.) denotes the G. C. D., and [«!,•••, n,] 
the L. C. M., of »i , • • • , n, ; { } denotes a definite one of (), []. The rest of §1, 
down to the selective system exhibited, may be rewritten with {}, «r in place 
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of { }', a', and Xi , Y ,• , Z k , Wi in place of X,- , Y \ , Z k , W[ . The system is 
replaced by 




*-i 


»-i 


y-i ;-i 


nrf'-na* 


fc— i *-i 


j-i 2-1 


and the rest of §1 follows with a few obvious verbal changes. This system 
and that in §1 will be called duals of each other, for the following reasons. 

It will be shown that the complete solution of the above system is of the 
form 

= # » ®)i 

Xi.t = IK M "(* - 1, • • • , a; < = 1, • • • , m,); 

• •• ••• ••• 

= n^(i = 1, • • • , fi; t = 1, . • • , »,); 

• •• • I • • • • 

Z* = Jj0,*''(/b = 1, • • • ) c), 

**.| = ne-li = 1, ... ,r,t = 1, ... ,r k ); 

• • • • • • • • * 

«>* = nc-a - 1, ••• ,d), 

m.t= ne*-d « 1, ••• ,«;< = 1, •••,««); 

in which the product refers to s = 1, • • • , N, the 0’s are integer parameters, all 
exponents are constant integers ^ 0 and the parameters arc subject to a certain 
finite set of conditions, called the G. C. D. conditions, 2 of the form 


1 = 




From this, the solution of the selective system in §1 is written down by replac- 
ing all multiplications by additions, and restricting the parameters 0i , • • • , 0* 
to range over only integers I 0: 

N 

Xi = ^ %i,9&» (^' = 1) ' " > 

«-l 

N 

x% t i “* X\ t i t gO t % (i ■“ 1, • • • | of } t “* 1 , • • * , wit) i 

«-i 


«E. T. Bell, Amer. Journ. Math., 55 (1933), 50-66. 
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and similarly for the rest. The G. C. D. conditions are correspondingly re- 
placed by 



Each of these conditions is of the form 

0 = (. A\ + • • • + A s , • • • , B\ + • • • + BoYi 

in which the A' y B r are integers S 0. From the definition of ()', it follows that 
this condition is satisfied if and only if at least one of the following sets of condi- 
tions is satisfied, 

A i = . . . = Af = 0, 

B[ - ... = B' = 0; 

and similarly for all in the original set. The complete solution of the selective 
system may therefore be separated into sets of solutions, all the solutions in a 
particular set being obtained from the general solution by suppressing those 
parameters which occur in a selected subset of conditions sufficient to satisfy 
the complete set of conditions; the remaining parameters in the solution are then 
integers ^ 0 subject to no conditions. 

A detailed proof of the duality described is quite simple, but leads to somewhat 
complicated formulas. It will be sufficient to indicate how the proof may be 
written out in detail. 

Let pi = 2, p 2 = 3, p z = 5, p 4 = 7, • • • 

be the natural primes in ascending order. The canonical decompositions of 
the positive integers n, n t , n it j , ... are written 

« = n p?, n, = n pv*, = n pv m , ■■■, 

where the product refers to £ = 1, 2, 3, • • • . (In other connections, this device 
is useful for absolute constants; for example, 10 = p\° l pl° 2 pl Qi • • * , so that 10i = 
1, IO 2 = 0, 103 = 1, 10, = 0, s > 3.) In each decomposition there is a finite 
index £' such that £ = 0 if £ ^ £ > 0 if £ < This notational device is 

applied to the variables of the system in this section, when it follows that the 
system is equivalent to the selective system in §1. For if IIpi* = I1pi { . then 
/{ = 9i for all integers £ > 0; also, 

{ui,-..,u n ) n = mpv*,---,nr u r ( } m , 

by the definitions of { }, { }'. The parameters 6 in the solution are replaced by 
their canonical decompositions, 0, = IlPt*’*; whence the rule for obtaining the 
solution of the dual selective system is immediate. It is not necessary to include 
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the signs of the numbers generated as the 0’s in the solution of the { } -equation 
range over all integers; but if desired this may be done by noting that for any 
integer c,c = sgn c- IIpI*. where sgn has its usual meaning. 


3. G. C. D.-L. C. M. equations 


The solution of a selective system is obtained as indicated in §2 from that 
of the dual system. Obviously, the solution of the dual system may be found 
by repeated applications of the solution of 


uV 


Ur'{Xi, ••• , = v\ Y 


v b .' 


\y 


i > 


It 


in which { }i , { (2 are unrestricted (identical or distinct, simple or compound) 
symbols constructed from (), [] in the same way as { }' from ()', []' in §1; the 
a, b are constant integers ^ 0, and c, d integers > 0; and the u, x, v, y are variable 
integers. Introducing new variables x„ + i , y m +i , we first solve 


(xj, • • • , Xn)l — X„+l , [y !,•••, ym] 2 — 2/m+l > 


as described presently. Each solution is by power products in a certain mini- 
mum number of integer parameters, subject to a set of G. C. D. conditions; 
say this gives 

X n+ 1 = <t>T l • • • y n+ i = <Al‘ • • • \pg l . 

The equation then becomes 

«!*••• u a r r <t>l at . . • = vl 1 ... 1 • • • 

This is a simple multiplicative equation, 2 ’ 3 and hence its solution is obtainable 
non-tentatively in a finite number of steps. The solution exhibits each of the 
u, <f>, v, as a power product in a certain minimum number of parameters 0, 
subject 2 to a set of G. C. D. conditions. The G. C. D. conditions on the <t>> 'P 
occurring in the previous step are replaced by their equivalents in terms of the 0, 
on substituting for the 4>, \p their expressions as power products in the 0; if any 0 
occurs to a power higher than the first, this power is replaced by the first power. 

A system of { (-equations leads in the same way to a simple multiplicative 
system, and hence the solution is obtainable non-tentatively in a finite number of 
steps. 2 

It remains to show how an equation of the form 


{ , *.. , Z n } — tn— X, ft ^ 1 , 

is to be solved for t\ , • ■ • , z„ , f*-i , and we shall assume first that the symbol { } 
is simple. From this we shall obtain the solution when { } is compound by iterat- 
ing the method for { j simple. 


»M. Ward, ibid., 67-76. 
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4. Simple 6. C. D. and L. C. M. equations 

The abstract identity of ()', []' and (), [] has been familiar for over a century, 
and Dedekind 4 (1897) referred to both as giving instances of his dual groups 
(structures, lattices), constructed on the operations now frequently called union 
and intersection; he also cited the classic instance, due to Boole, of logical sum 
and logical product. All three interpretations are required for a complete 
discussion of selective equations; the Boolean instance applies when we seek a 
minimum set of G. C. D. conditions, or their (/-equivalents, which imply the 
complete set as given by the method of solution. For the moment we are 
concerned only with (),[]; and we shall require the usual postulates 

U(x, y) = U(y, x), 

U(U(x, y), z) = U(x, U(y , «)), 

U(x, C(x, y)) = x, 

and the dual set obtained from these on replacing U by C and C by U. These 
are satisfied if U(x, y) is the union of x, y and C(x, y) their intersection; or if 
U(x, y) = (x, y), C(x, y) = [x, y]; or if U(x, y) m (x, y)', C(x, y) m [x, y]\ 

The following recurrence relations are immediate consequences of the postu- 
lates, 

(xi , • • • , x„) = ((xi , • • • , x„_i), x„), n ^ 2, 

[Vi , • • • , V«] = [[?/i , • • • , 2/n-il, Vnl n ^ 2; 

and there is the well known identity (x, y)[x, y] = xy, which is evident from the 
duality in §2. It is required to solve the equations 

(xi , • • • , x n ) = ffn—i , n > 1 ; 

[j /1 > • • • , i/»l = K - 1 ,n> 1. 

From the recurrences and the identity we have the initial solutions (n = 2), 

( x i , x 2 ) = gi : 

x\ = gfiui , x 2 = g\Vh , , 1 = (ui , it*); 

[ 2 /i , yt] = hi : 

2/i = hvi , y* = kit)* , hi = kiUiv* , 1 = (f i , t> 2 ). 

From the first of these and the first recurrence we find 
(xi , • • • , x„) = g n - 1 , n > 2: 

n— 1 

X\ = Qn—l II U2£—l f Xn = 2; 


4 R. Dedekind, Werke, 2, 112-114. 



SELECTIVE EQUATIONS 


1035 


X i — 0n-lW2,*_2 H. U2j+2i-l, j = 2, • • • , U — 1 ; 

*— 1 

1 = (Wj , U 2 ) = (W3 > W4) = ••• = (Uin-Z y ^2n— 2 ) y 

in which the t/’s are integer parameters. 

Similarly, from the second recurrence, we find 

[2/l y * * • y 2/n] = ^n—1 , 71 ^ 

2/i = &i*>i ; y t = kt-iV 2t -2 , J = 2, • • • , n; 

hr = k r V 2r -lV2r , T = 1 , • • • , 71 — 1 J 

1 = (*>1 , *>2) = (*>3 , *><) = • • • (*>2n—3 , *>2n— 2) , 

in which the integer parameters &, t; are to be found from the complete solution 
of the simple multiplicative system 2 

kiV2»—\V2t = k 8 +\V 2 %+\ , S = 1, •••,71 — 2. 

The typical equation has the complete solution 

k 8 = a/, kg+i = abc, 

*>2,-1 = *>2«-fl = /tfA, 

v 2 $ = ch , 

1 = (/,6c) = (6, /A). 

To solve an equation involving a compound symbol {••• , {}i, ... , } n , 
in which each of { }i , • • • , { } n is a definite one of (), [], we proceed from those 
{ } y which enclose no symbol { } , say these are { } a ,•••,(} t , and solve each of 
{ }a = u, •••,{)«= w by the above method. The { } a , . . . , { } t are then re- 
placed in the original equation by the powder products for u, • • • , w given by the 
solutions, and the process is repeated, until at the last step only a simple symbol 
{ } remains, wdien one more application of the solution for a simple equation gives 
the complete solution of the compound equation. 

By §§2-4, the solution of the selective system in §1 is reduced to the solution 
of a simple multiplicative system, and this may be carried out non-tentatively 
in a finite number of steps. 2 After the detailed discussion, it is unnecessary to 
give examples (especially as those of greater interest have very long solutions), 
but it may be mentioned that those suggested by the Dedekind axiom, or by 
postulated distributivity of the operators considered, furnish interesting exercises. 

An alternative method for dealing with [yi , • • • , 2/ n ], proposed by Lebesgue, 5 
can be stated more briefly than that followed here, but actually it demands far 
more labor if n > 4. If Pi =s y x . . . y n , and if p, , j > 1, denotes the product 
of all the G. C. D/s of the y } s taken j at a time, Lebesgue’s readily proved result is 

fa , • • • » ?•] “ {ViViPi • • • )/(PiP*Pt • • • )• 

•V. A. Lebesgue, Nouv. Ann. Math., 8 (1849), 350. 
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A point of interest is that the G. C. D. conditions occurring in the solution of a 
simple multiplicative system by the method of arrays , 2 are necessary for the solu- 
tion of a selective system. In the alternative method* for simple multiplicative 
systems, the G. C. D. conditions do not appear, and seem to have no relevance 
for the solution. As both methods furnish the complete solution of a simple 
multiplicative system, it is possible that an interpretation of selective systems in 
terms of the alternative method may suggest an appropriate equivalent of the 
G. C. D. conditions. 

California Institute of Technology 
Pasadena, California 
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SEMIGROUPS ADMITTING RELATIVE INVERSES 

By A. H. Clifford 
(Received December 17, 1940) 

By a semigroup is meant a set S of elements a, 6, ... closed under an associa- 
tive binary operation : 

(ab)c = a (be). 

We shall say that S admits relative inverses if it satisfies the following condition. 

I. To each element a of S there exists an element e of S such that (1) e is an iden- 
tity element of a: 


ea = ae = a, 

and (2) a possesses an inverse a f relative to e in S: 

aa' = a'a ~ e. 

It is seen almost immediately (Theorem 1) that S admits relative inverses if 
and only if it is the class sum of mutually disjoint groups S e , one to each idem- 
potent element e of S. This fact tells us little about the structure of S since the 
product of two of these groups is not necessarily contained in a third, but may be 
scattered throughout several. (This occurs in the example given at the end of 
the paper, though simpler examples can be given.) 

It is shown in Theorem 2, however, that S is the class sum of mutually disjoint 
semigroups S a of known structure such that no such scattering takes place. 
Each S a is what Rees 1 calls a completely simple semigroup without zero. The 
structure of such a semigroup was, in the finite case, first given by Suschkewitsch, 2 * * * * 
who calls it a Kerngruppe. Moreover it is possible to arrange these S a in a 
semi-lattice 8 P such that the product S a Sp is contained in the greatest lower 
bound (in P)S a p of S a and Sp . The structure of S is thus determined in the 
large, so to speak. 

In the special case in which any two idempotent elements of S commute 
with each other, the simple semigroups S a reduce to groups, coinciding with the 
groups S e , and the semi-lattice P is isomorphic with the semigroup of all idem- 
potent elements of S . In this case the structure of S is completely determined 

1 D. Rees, On semi-groups (Proc. Cambr. Phil. Soc. 36, 1940, 387-400). 

* A. Suschkewitsch, Vber die endlichen Gruppen ohne das Gesetz der eindeutigen Umkehr - 

barkeit (Math. Ann. 99, 1928, 30-50). 

9 A semi-lattice is a partially ordered set in which any two elements a, 0 have a greatest 

lower bound afi, but not necessarily a least upper bound. F. Klein (Deutsche Math. 4, 

1939, 32-43) calls it a Halbverband. 
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in Theorem 3. For every pair a > 0 there exists a homomorphism <t> a $ of the 
group S a into the group Sp such that if a > P > y then <f>ay = <t>a^y . The 
product a a b p of any element a a of S a with any element bp of Sp is then given by 

a a bp = (a^o^ibpfppy) 

where y = a/3. The groups S a , the semi-lattice P, and the homomorphisms 
<t> a p can (conversely) be chosen arbitrarily subject only to the above transitivity 
condition on the <t> a p . 

In the general case, however, the situation is far more complicated. The 
concluding section discusses only the subsemigroup S' of S consisting of a pair 
S a , Sp with a > p. Theorem 4 cannot, even in this simple case, be regarded 
as a complete determination of S' ; for it involves finding a certain mapping 4> of S a 
into the structure group of Sp the actual construction of which is not evident. 


1. Decomposition into groups 

Lemma 1.1. If a is any element of S, and e is any element of S satisfying I, 
then e is idempotent . 

Proof: e = aa'aa' = aea' = aa' = e. 

Lemma: 1.2. If a is any element of S, and if ei and e 2 both satisfy I, then e\ = e 2 . 
Proof: Let ai and be inverses of a relative to ei and e 2 respectively, as given 
by 1(2): 

aa\ = a\a — e\ , aa% — a^a — e 2 • 

Then 

6 iC 2 — €\a02 — GWZjj = 62 , 

6i c 2 = a\ae2 = a\a = C\ , 

whence e\ = e 2 . 

We shall say that a belongs to the uniquely determined idempotent element 
e satisfying I. 

Lemma 1.3. The set S 9 of all elements of S belonging to the idempotent element 
e of Sis a group with identity e. 

Proof: Let a and b be any two elements of S, and let a' and b' be inverses of 
a and b relative to e. Then e is evidently an identity element of ofc, and b'a' 
is an inverse of ab relative to e: 

abb' a' = aea' = aa' = e, 
b'a'ab = b'eb = b'b = e. 

Hence ab e S e - Evidently e € S e , since e = e, and e is an identity element of S § . 
If a is any element of S e , a' an inverse of a relative to e, and b = ea'e, then 

eb — be = b , 

ab = aea'e = aa'e — ee — e, 
ba = ea'ea = ea'a = ee — e. 

Hence 6 e S t and b is an inverse of a therein. Thus S € is a group. 
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Lemma 1.3 shows in particular that, among all possible inverses of a relative 
to the idempotent e to which a belongs, there is exactly one which also belongs 
to e. This we shall denote by aT 1 . 

Now by I every element of S belongs to at least one of the groups S e , and by 
Lemma 1.2 to exactly one. Hence S is the class sum of the mutually disjoint 
groups S t . We therefore have the following theorem, 4 the converse being 
evident. 

Theorem 1. A semigroup admits relative inverses if and only if it is the class mm 
of mutually disjoint groups . 

2. Decomposition into completely simple semigroups 

A subset a of S is called an ideal if, for any a in a and any x in £, ax and xa 
are in a; in other words, a is an ideal if SaS C a. (We shall not have occasion 
to consider one-sided ideals.) The class sum a U b and intersection a fl b of 
any two ideals a and b are evidently ideals, and likewise the set-product ab 
consisting of all ab with a in a, b in b. Evidently 

ab C a fl b 

and in particular a 2 £a. If a is any element of S , the set SaS of all elements 
xay of S is an ideal which we call the principal ideal generated by a. It contains 
a itself, since a = eae by I, and hence contains aS and Sa . 

Lemma 2.1. If an ideal a contains a single element of the group S e then it contains 
all of S 9 . In particular , if a n belongs to an ideal a, then a itself belongs to a. 

Proof: Let a be an element in both a and S e . Then a contains a~ l a = e. 
If b is any other element of S e , then a contains be = b. Hence a 3 S e . The 
second statement then follows from the fact that a n belongs to the same group 
S e as a. 

Lemma 2.2. If a and b are ideals of S then 

ab = a Cl b. 

In particular , ab = ba and every ideal a of S is idempotent: a 2 = a. 

Proof: We prove the last statement first. Let a be any element of a. Then 
a 2 is in a 2 , whence a is in a 2 by Lemma 2.1. Thus a£a 2 whence a = a 2 . Hence 
if a and b are any two ideals of S } 

a fl b = (a (1 b)(a H b) C a«b 
from which equality follows. 

Lemma 2.3. The product of two principal ideals SaS and SbS of S is the pririr 
dpal ideal SabS . If a and b generate the same principal ideal a, then ab is also a 
generator of a. 

Proof: If x is any element of S, 

( bxa ) 2 = bx*ab*xa « SabS. 

4 This result generalizes Theorem 14 of A. R. Poole, Finite Ova (Amer. Jour, of Math. 
69, 1937, 23-32). 
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By Lemma 2.1, bxa e SabS. Hence 

bSa C SabS 

and by Lemma 2.2, 

SaS-SbS = SbS-SaS C S-bSa.S C SabS. 

The opposite inclusion is evident. 

If SaS = SbS = a, then from the above and Lemma 2.2, 

SabS = SaS. SbS = a 2 = a. 

Lemma 2.4. If a is a principal ideal of S then the set a' of all elements of a which 
are not generators of a is also an ideal of S. 

Proof: Sa'S C SaS C g; we wish to show that Sa'S C a'. Suppose Sa'S 
contained an element a of a not in a'. Then a = xa'y with a' in a', and a gen- 
erates a. Hence 

a = SaS = Sxa'yS C Sa f S ; 

thus a' would be a generator of a, contrary to a' € a'. 

An element 0 of a semigroup S is called a zero element of S if 0a = aO = 0 
for all a in S. Rees (loc. cit. p. 392) defines a simple semigroup to be a semi- 
group S whose only ideals are S and the null ideal (0) consisting of 0 alone (if 
S has a zero). By a siinple semigroup without zero we shall mean a semigroup S 
whose only ideal is S itself, including thereby the case in which S consists of a 
single element. Such a semigroup is characterized by the property that SaS = 
S for any element a of S, or that, for given a and b in S , the equation xay = b 
is always solvable for x and y in S. 

Lemma 2.5. If a is a principal ideal of S, then the set S a of all generators of a 
is a simple semigroup without zero and admits relative inverses. 

Proof: S« is a subsemigroup of S by Lemma 2.3. Let a and b be arbitrary 
elements of S# ; we are to show that xay = b is solvable for x and y in S fl . 

Now aaa is an ideal containing a 8 , and hence containing a by Lemma 2.1. 
Since a generates a and aaa C a, we have aaa = a. Hence b = xay with x and y 
in a. By Lemma 2.4, x and y must both lie in S « ; for if either of them lay in 
the ideal a' = a — S a then the same would be true of 6, contrary to b e S tt . 
Hence S a is a simple semigroup without zero. 

If a is any element of S fl , and e is the idempotent to which a belongs, then by 
Lemma 2.1, S B C a. By the same lemma, no element of S e can belong to the 
ideal a'. Hence S e £ S fl . S a is thus the class sum of certain of the groups S e , 
and so admits relative inverses. 

If e and / are idempotents of S, then e is said to be under f (Rees p. 393) if 
e/ = /e = e. We shall write e ^ / if e is under/; the relation ^ is easily seen 
to be a partial ordering of the set of idempotents of S . Rees makes the following 
definitions (p. 393). 
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An idempotent / is 'primitive if there exists no idempotent e ^ 0 such that 
e < /. A semigroup S is completely simple if 

(i) Sis simple; 

(ii) to each a in S there exist idempotemts e and f in S such that ea = af = a; 

(iii) ' every idempotent of S is primitive . (We take here his condition (iii)' 
on p. 394 which he proves to be equivalent to (iii).) 

Rees (p. 399) shows that any completely simple semigroup is isomorphic with 
what he calls (p. 397) a regular matrix semigroup over a group with zero . When no 
zero element is present, the latter may be described as follows. 

Let G be any group. Let J and K be any two sets of indices; denote the 
elements of J by i y j, • • • , and those of K by *, X, • • • . To each pair i f k 
of indices (i e «/, k e K) assign an arbitrary but fixed element of G. The semi- 
group aS shall consist of all triples (“matrices”) 

( a ; i y k) (a € G; i e J, k e K) 

with multiplication defined by 

(2.1) (a; i } ic) (6 ; j, X) = (ap K) b; i } X). 

The idempotents of S are readily seen from ( 2 . 1 ) to be the elements {p~l ; i, k). 

Lemma 2 . 6 . If S is a semigroup admitting relative inverses, and if e and f are 
idempotents of S such that e g / and f lies in SeS, then e = /. 

Proof: From f e SeS we have/ = xcy for some x and y in S. Setting a = fxf, 
b = fyfy and using fe — ef = e, we have 

aeb = fxfefyf = fxeyf = /// = / 

together with 

fa = af = a, fb = bf = b. 

Let g be the idempotent to which a belongs. Then 

/ = aeb = gaeb = gf = a~ l af = a~ l a = g. 

Hence a belongs to /, and similarly b belongs to /. Consequently 

a~ l fb~ l — a~ } aehb~ l = fef = e. 

Since a~* and b~ l are in S / , this implies that e is in S f , whence e = /. 

Lemma 2.7. A simple semigroup S without zero is completely simple if and only 
if it admits relative inverses. 

Proof: Assume that S admits relative inverses. Condition (i) for complete 
simplicity holds by hypothesis, (ii) follows from 1(1), and (iii)' from Lemma 
2.6, since SeS = S. 

Conversely, if S is completely simple then it has the matrix structure described 
above. If (a; i, k) is any element of S one readily verifies by direct calculation 
from (2.1) that (p7i ; h *) is an identity and {p7la~ l pll ; i, k) a relative inverse 
of (a; iy k). 

By a semi-lattice (Klein, loc. cit.) we shall mean a commutative semigroup P 
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all of whose elements are idempotent. The reason for this term is that if (as 
above) we define a £ & (a arid p in P) to mean ap = a, then P is a partially 
ordered set under ^ in which every pair of elements a and P have a greatest 
lower bound, namely ap . The converse is likewise evident. 

Now Lemmas 2.2 and 2.3 show that the set $ of principal ideals of S is a semi- 
lattice (actually ab = a fl b and a ^ b is equivalent to a C b). To each a in 
corresponds the semigroup S a of all generators of a. If a c S a , b e S h then by 
Lemma 2.3, ab generates ctb and so belongs to S a t . Hence S a Sb £ Sab • Every 
element a of S is a generator of exactly one principal ideal a = SaS of S, and 
so belongs to exactly one Sa . Using Lemmas 2.5 and 2.7 we arrive at the 
following description of the gross structure of S. 

Theorem 2. Every semigroup S admitting relative inverses determines a semi- 
lattice P stick that to each element a of P there corresponds a subsemigroup S a 
of S with the following properties . 

(1) The S a are mutually disjoint and their class sum is S . 

(2) Each S a is a completely simple semigroup without zero, hence a matrix 
semigroup over a group . 

(3) S a Sp £ S a p , where aP is the, product of a and P in P. 

Conversely, any semigroup having this structure admits relative inverses. 

We do not mention here the isomorphism of P with the semi-lattice of principal 
ideals of S. But if an ideal of S contains a single element of S a it must by (2) 
contain the whole of S a . From this it is clear that if S is any semigroup having 
the structure described in Theorem 2, then the lattice of all its ideals is isomorphic 
with the lattice of all ideals of P. 

3. Case in which the idempotents of S commute 

Lemma 3.1. If S is a semigroup admitting relative inverses, and if every pair 
of idempotent elements of S commute with each other, then every idempotent of S 
is in the center of S. 

Proof: The set @ of idempotents of S evidently forms a commutative sub- 
semigroup of S, hence a semi-lattice as defined above. We prove the lemma in 
four stages; e and / denote idempotents, as usual. 

(1) If SeS = SfS then e = /. For ef ^ e and e e SefS since SefS = SeS 

by Lemma 2.3. Hence ef = e by Lemma 2.6, that is, e /. By symmetry, 

/ £ e, whence e = /. 

(2) If SaS = SeS then a e S e . For if a 6 S/ then SaS = SfS by Lemma 2.1, 
whence / = e by (1). 

(3) If a e Sf and e ^ /, then ae = ea. For e = fe = a~ l ae and so SeS £ SaeS. 
Since the opposite inclusion is evident, SaeS = SeS . Similarly SeaS = SeS. 
Hence ae and ea belong to S e by (2), whence ae == e*ae = ea*e = ea. 

. (4) Now let e and a be arbitrary. Suppose a belongs to S / . Since ef £ f 

it follows from (3) that a*ef = ef*a. But 

a*ef = a-fe = af*e = ae, 
ef>a = e*fa = ea , 


whence ae — ea. 
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Part (2) in the above proof shows that every generator of a = SaS lies in S. , 
and hence S, = S. . Thus the simple semigroups S. reduce to the groups S e in 
this case, and the semi-lattice $ is isomorphic with (§. We shall, as in Theorem 
2, denote the elements of the abstract semi-lattice P isomorphic with $ and 
6 by a, 0, y, • • • , and the elements of © correspondingly by e a , e? , • • . . We 
thus have 


Sa@P &a& ~~~ Spa — 

and e a ^ ep if and only if a 0. S a is the same as S e<x and 

S a Sp C Sap . 

In particular, if a ^ 0 then S a Sp C Sp and e a ep = ep . Elements of S a will be 
denoted by a a , b a , • • • . 

Lemma 3.2. If a 0, the mapping a a — > Oathap defined by 

Qa&aP 25 et a Cp 

is a homomorphism of S a into Sp . If a ^ 0 ;> y then the homomorphism <t> ay of 
S a into S y is the product of the homomorphisms <f> a p and <t>p y of S a into Sp and Sp 
into Sy : 

(3.1) <j>ay — <t>ap(t>p y (« ^ 0 ^ 7 )- 

<t>aa is the identical automorphism of S a . 

Proof: That <t> a p maps S a into Sp is clear. If a a and b a are arbitrary elements 
of S a then (using Lemma 3.1) 

(a 0 rf> a p') (b c $ap') ~ cLaCpbaep = a a b a ep == ( a a ba)<pap • 

If a ^ 0 7 then for any a a in S a , 

(a c rf)ap y )<frpy = (toaOpjCy == a a {ep€y ) = U a &y = OcSfiay • 

Finally, a^aa = , for any a* in S a . 

Lemma 3.3. // a a and bp are any two elements of S (a a in S a , bp in Sp) then 

(3.2) a a bp = {acrf>ay){bp<t)py) 
where y = a/3. 

Proof: a a bp = a a e a *bpep = a a bp€ a ep = aj)pe y 

= a a eybpe y = (a a <^ a 7 )( 6 ^ 7 ). 

From these two lemmas it is clear that the structure of £ is completely known 
when we know the semi-lattice P, the groups S a , and the homomorphisms <f> a p . 

Conversely, let P be any semi-lattice, and to each a in P assign a group S a 
such that no two of them have an element in common. Furthermore to each 
pair of elements a, /3 of P such that a > 0 assign a homomorphism fop of S a 
into Sp . Define <t> a a to be the identical automorphism of S a . Let S be the 
class sum of the groups S a . Then, if the homomorphisms 4>ap satisfy the 
transitivity conditions (3.1) and we define multiplication in S by (3.2), S is an 
associative semigroup. 
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For if a a ,bp , c y are any three elements of S , 

{dabfi)Cy = {(Xo 4 >a t a$ * bad>&,af)Cy 

== {dc4>a,a0 * bp(f)(} ,afi)4^a0 ,a0y * C'/th,a(3y 

since the first factor on the right is in S a a . Using first the fact that <t>a$,apy is 
a homomorphism and then (3.1), we get 

{d a bfi)Cy — {dcrf>a ,ct0y * bp(l>f} t a(Jy) • Cy4>y,af}y • 


Similarly, 


Q'a(bfjCy ) — Q-orf>a,ct(}y * {bfrf>fi,afly * Cyfcy ,a(iy) y 


and these arc equal by the associative law in S a/97 . 

The semigroup S so constructed evidently admits relative inverses, since it is a 
sum of groups. Likewise it is evident that the only idempotent elements of S 
are the identity elements e a of the groups S a . Since <t> a p is a homomorphism, 
e 0 rf> a p must be the identity element ep of Sa . Hence if e a is any idempotent 
clement of S, and bp any element of *S, 


c a b a = (co^XM^) = c 7 (6^ T ) == b^y > 

baCa = (b^t>ay)( e c^>ocy) = (bo4>dy)Cy = M>07 • 


(y = a/3) 


Thus e<* is in the center of S. 

Finally we remark that the semi-lattice P, the groups S a , and the homo- 
morphisms <j) a a constitute a complete set of invariants of S. To see that they 
are invariants, suppose S = S. Since idempotents must correspond to idem- 
potents, @ S, and the same abstract P may serve for both. But if e <-> e 
then S e and S- e correspond, so that S a and S a are isomorphic. Since 


do&afl — d a Ca * * daCp ct a <f> a a 

the homomorphisms are cogredient with the homomorphisms <f> in the sense 
that if a <-> a then a<£ d4>. On the other hand, if S and S have the same in- 

variants in the above sense, we may identify F with P and then by Lemma3.3 
the given isomorphisms between the groups S a and S a define an isomorphism 
between S and S. 

Theorem 3. Every semigroup which admits relative inverses and in which every 
pair of idempotent elements commute is isomorphic with a semigroup S constructed 
as follows. 

Let P be any semi-lattice, and to each a in P assign a group S a such that no two 
of them have an element in common. To each pair of elements a > f3 of P assign 
a homomorphism <f> a a of S a into Sa such that if a > 1 3 > y then 


<t>a0t>fr ~ <t>ay • 
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Let 4> aa be the identical automorphism of S a . Let S be the class sum of the groups 
S a , and define the product of any two elements a a , bp of S (a a in S a and bp in Sp) 
by 

a a b$ ~ {Qc&crf) (b(j<f>fly') 

where y — a/3 is the product of a and (3 in P . 

Conversely , any semigroup S constructed in this fashion admits relative inverses y 
and every idempotent element of S is in the center of S. 

The semi-lattice P , the groups S„ , and the homomorphisms <t> a p together constitute 
a complete set of invariants of S. 

4. Structure of a pair S a , Sp with a > 0 

We return now to the general case described in Theorem 2, and consider the 
structure of the subsemigroup S' of S consisting of a pair S a , Sp with a > 0. 
For this purpose we may evidently assume that S = S'. As far as the results 
of this section go, S a may be any semigroup, while Sp is to have the structure 
described in §2, the elements of Sp being the triples (a; i, k) with multiplication 
defined by (2.1). We shall denote the elements of S a by capital letters 
A,B 

Suppose that 

A (a; ij k) = (a'; i', *')• 

Multiplying on the right by the idempotent {p~l ; i y k ) to which (a; i, k ) belongs, 
we get 

A(a\ i y k) = (a'p K ’ip7i ; i', *), 

whence k = k'. Hence 


A (a; iy k) = (a' ; i\ k) 


and similarly 


(a; iy k)A = (a"; i y *")• 


Suppose now that 

A{p K i J ly K) = (<l yiyKjy 

A(p7i ; h h) = ( a f", X). 

Multiplying the first of these on the right by (p\t ) b X) we obtain 
A{j)\i y iy X) = {a PniP\i ) i , X). 

Hence 

i" = i'y a" = a'p K iP\i • 

The first of these shows that i* depends only on A and i and not on k; we may 
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therefore write i' = Ai . The second shows that o'p«< is likewise independent 
of k; we may therefore write 

a'p.i = A<t>i 

where <pi is some mapping (depending on i) of S a into the structure group 0 of 
Sfi . We then have 

A (p7i ; i, k) = (A<j>i-p7i ; Ai , k). 

Finally, multiplying on the right by (a; i, k), 

(4.1) A (a; i, k) = (Afc-a", Ai, *). 

By left-right duality, there likewise exist mappings 

k — * kA of K into itself, 

A — * Arp, of S a into G, 

such that 

(4.2) (a; i, k)A = ( a-A^l !/, ; i, /c4). 

By double applications of (4.1) and (4.2) we find 

AB(a; i, k) = (A^ai-Btfu-a) A(Bi), k), 

(o; i, k)AB = (a-A\p K -B\p, A ; i, ( kA)B ). 

Hence 

(4.3) (AB)i = A(Bi), k(AB) = (kA)B; 

(4.4) (AB)4>i = (AfisMBfr), (AB)t. = (A^)(B^ a ). 

Likewise 

(a; j, k)A • (6; i, X) = (a-Af.-p. A ,ib;j,\), 

(a;j, ic)-A(b; i, X) = (ap,, Ai -A<f>i-b) j, X), 

whence 

(4.5) (A\p,)pt A ,i = p t , A i(A<l>i). 

Conversely, let S a be any semigroup and S$ a matrix semigroup over a group 
G as above. Let there be given a left representation of S a by mappings of J 
into itself, and a right representation of S a by mappings of K into itself, in other 
words (4.3). To each i in J (and each k in K) let there be given a mapping 
0<(^«) of S a into G such that (4.4) and (4.5) hold. Let S be the class sum of 
S a and Sp . Then if we define multiplication between elements of S a and Sp 
by (4.1) and (4.2), the associative law holds, and S is a semigroup. Of the six 
possible cases to consider, three are evident from the derivation of (4.3), (4.4), 

(4.5) , and the remaining three are identically satisfied, as is easily seen. 
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The equations (4.4) and (4.5) can be simplified by normalizing 8 the p„-matrix 
so that 

p« i = Pu = e 

where e is the identity element of G. (No confusion arises by denoting these 
particular elements of J and K by the same letter 1.) Rather than refer to 
Rees’s Theorem 2.91 and the notion of equivalence, simply observe that if we 
write 


then 


[a; i, k] = {qiar , ; i, «) 


l®> j> x ][^i h [ar,p,iQib j jj X], 

Thus p,i is replaced by 

/ 

p«» = r,p,iQi . 


If we choose 


7"* ~ PnPa ) Qi — Pu 

then p’u = p',i = e. 

Assuming this normalization and setting k = 1, i = 1 in (4.5) we obtain 
Aip i = A<t>i . Denote \p\ = <j>i by <t>. Setting k = 1 and i = 1 separately in 

(4.5) we find 

(4.6) A <(> , = (A<t>)pi A ,i, A\p, = p,,A\{A<p). 

Putting these back in (4.5), 

(4.7) p.,Ai(A<j>)p,A = p.,Ai{A4i)piA ,> . 

Setting * = 1 (or k — 1) in (4.4) and using (4.6), 

(4.8) {AB)<t> = (A<t>)piA,Bi{B<f>). 

(4.1) and (4.2) become respectively 

(4.9) A{a ; i, k) = (A0-pi^,,a; Ai, k), 

(4.10) (a; i, k)A = (ap.,M-A<t>; i, kA). 

Theorem 4. Ltt S be a semigroup which splits into two disjoint semigroups 
S a and Sfi such that S a S$ and SpS a arc contained in S, 3 , and where S$ is a completely 
simple semigroup without zero. If in the representation of Sp as a matrix semigroup 
over a group G we normalize the defining matrix {p,j) so that p«i = pu = e, the 
identity element of G, then there exist left and right representations (4.3) of S a by 


* That this normalization is possible was shown by Suschkewitsch (loc. cit.) in the 
finite oase. 
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mappings of the index classes J and K of Sp into themselves, and a mapping 0 of 
S a into G satisfying (4.7) and (4.8), such that the products in S a Sp and SpS a 
are given by (4.9) and (4.10). 

Conversely , let S a be any semigroup and Sp a completely simple semigroup with- 
out zero having no element in common with S a . Let Sp be given as a matrix semi- 
group over a group G with matrix ( p K i ) normalized as above. Let there be given left 
and right representations (4.3) of S a by mappings of the index classes J and. K 
of Sp into themselves , and a mapping 0 of S a into G satisfying (4.7) and (4.8). 
Let S be the class sum of S a and Sp . Then (4.9) and (4.10) define an associative 
multiplication in S such that S a Sp and SpS a are contained in Sp . 

Proof: The first part has of course already been shown. To show the second 
part, define ^40» and A\f/ K by (4.6), so that (4.9) and (4.10) go back into (4.1) 
and (4.2). We already have (4.3) and so need prove only (4.4) and (4.5) for 
associativity. Using the definition (4.6) we have 

(AB)<f>i = ( AB)<t>*pi A B t i 

= ( A<j))P\A,B\{B<h)PlAB t i 

by (4.8). In (4.7) replace A by B and k by 1 A : 

PlA,Bl(B<t>)piAB,i = PlA,Bi(B<j))piB,i • 

Hence (. AB)^ = ( A<t>)p lAtB i(B<t>)pi Bt i 

== ( A<t>Bi)(B(f>i ). 

The second part of (4.4) is shown in a similar manner. To show (4.5) we have 
by (4.7) 

(Af K )p'A,i = P* t Al(A<t>)p KA ,i , 

= P K ,Ai(A<t>)piA t i 
= P'.AiiMi)- 

That S a Sp and SpS a are contained in Sp is obvious. 

If all the p K i = e , which is the case if and only if the product of any two 
idempotents of Sp is idempotent, (4.7) is no condition at all on 0, and (4.8) 
reduces to 

(AB)<t> = (^40) (50). 

Hence the structure of S is determined in this case by the representations (4.3) 
and a homomorphism 0 of S a into G . 

We close with an example to show that in the contrary case 0 need not be a 
homomorphism. Let Gbea cyclic group of order three, G = [e, a, a 2 }, a z = e. 

Let J = K = {1, 2}. Let pu = pn = pn = e, P 22 = a. Let S a be a cyclic 

group of order two, S a = {E, A), A 2 = E. Let 

El = IE * 1, E2 = 2E = 2, 

A\ = 1A = 2, A2 - 2A = 1. 
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Finally let 

E<t> = e, A<(> = a. 

This is evidently not a homomorphism of S a into G . Yet the conditions (4.7) 
and (4.8) are easily verified. For example, 

{AA)<t> = E<t> == c ) 

(A<l>)pi A , A i(A<t>) = apna = a a = e. 
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DIE TOPOLOGIE DER LIESCHEN GRUPPEN ALS ALGEBRAISCHES 

PHANOMEN. I 


Von Hans Freudenthal 
(Received November 15, 1940) 


Dafi man die Topologie der Lieschen Gruppen nicht rein gmppentheoretisch 
erfassen kann, ist bekannt. Desto merkwurdiger ist der zuerst von E. Cartan, 1 
danach (ohne Kenntnis der Cartanschen Arbeit) andersartig von B. L. v. d. 
Waerden 2 bewiesene Satz: 

Ein Isomorphismus zwischen zwei halbeinfachen kompakten Lieschen Gruppen 
ist notwendig stetig. 

Dafi die Halbeinfachheit allein die Giiltigkeit dcs Satzes nicht gewahrleistet, 
zeigt das laut v. d. Waerden von J. v. Neumann hemihrende Beispiel: 


In der Gruppe g der komplexen Matrices 



mit der Determinante 1 


kann man durch unstetige Automorphismen / des Korpers der komplexen Zahlen 
unstetige Automorphismen 


« /7(«) m\ 

.7 «/ v/w m) 


definieren. 

Diese Gruppe g ist nun als Liesche Gruppe von 6 reellen Parametern 
(9?« , 9f/3 , , 3a , , 3 7 ) einfach (bis auf einen diskretcn Normalteiler), und 

doch fehlt dem Beispiel die rechte Uberzeugungskraft. Und das kommt so: 
Bei der reellen Klassifikation der reellen einfachen nichtabelschen Gruppen 3 unter- 
scheidet man die 

erster Art, die fcomplex nicht mehr einfach (sondern direktes Produkt zweier 
konjugierter einfacher Gruppen sind), und die 

zweiter Art, die auch komplex einfach sind. 

Die erster Art lassen sich, wie man leicht beweist, 4 alle so erzeugen : Man nehme 
eine reelle einfache nichtabelsche Gruppe, setze sie ins Komplexe fort und trenne 
Real- und Imaginarteil; diesen Prozeft, der die Dimensionszahl verdoppelt, 
wollen wir “Verdoppelung” nennen. 

Eine Gruppe erster Art haben wir gerade in obigem Beispiel angetroffen. So 


1 E. Cartan, Sur les representations lin£aires des groupes clos [Comment. Helvet. 2 
(1930), 269-283]. 

* B. L. van der Waerden, Stetigkeitssfitze ftir halbeinfache Liesche Gruppen [Math. 
Zeitschr. 36 (1933), 780-786]. 

* E. Cartan, Les groupes r6els simples, finis et continus [Ann. Ecole Norm. Sup. (3) 31 
(1914), 263-355]. 

< a. a. 0.,« 266-267. 


1051 



1052 


HANS FHEUDENTHAL 


beschleicht uns der Verdacht, dafl fur den Cartan-v.d.Waerdenschen Satz nicht 
die Kompaktheit, sondern die Zugehorigkeit der einfachen Gruppe zur zweiten 
Art verantwortlich sei. 

In der Tat beweisen wir den 

Hauptsatz I: Ein Isomorphisms zmschen zwei Lieschen Gruppen , von denen 
die eine einfach und von zweiter Art ist , ist notwendig stetig. Oder : Im Bereiche 
der Lieschen Gruppen ist die T opologie der einfachen Gruppen zweiter Art ein rein 
algebraisches Phanomen. 

(In der letzten Formulierung ist der Hauptsatz auch sinnvoll fur jemanden, 
der unstetige Abbildungen uberhaupt ablehnt — etwa aus intuitionistischen 
Erwagungen.) 

Bemekkung 1 : Der Hauptsatz blcibt giiltig, wenn man die Einfachheit nur 
im Kleinen fordert. 

Bemerkung 2: Hauptsatz I lafit sich in naheliegender Weise auf halbeinfache 
Gruppen ausdehnen (siehe v. d. Waerden, a.a.O., 2 S. 785). 

Bemerkung 3: Fur die reellen projektiven Gruppen ist Hauptsatz I bereits 
von O. Schreier und B. L. van der Waerden bewiesen vvorden. 4tt 

Man wird vermuten, dafi die Aussage von Hauptsatz I fur keine einfache 
Gruppe erster Art richtig sei; auf die nicht so ganz leichte Aufzahlung aller Iso- 
morphismen fur Gruppen erster Art werde ioh bald zuriickkommen. Ich beab- 
sichtige, dieselben Fragen auch fur nieht-halbeinfache Gruppen zu beantworten; 
fur die Gultigkeit von Hauptsatz I ist namlich etwas wie die Zugehorigkeit zur 
zweiten Art wichtigcr als die Halbeinfachheit. 

Den Gedankengang unseres Be weises erkennt man leicht aus der Gliedcrung 
der Arbeit in die Satze 1 — 9. Nur auf Satz 1 und seine wohl an und fur sich 
interessanten Anwendungen will ich besonders hinweisen. 

Allgemeine Bezeichnungen 

1. Gruppen: kleine gotische Buchstaben. 

Elemente von Gruppen: kleine lateinische Buchstaben. 

Gruppen-Eins: /. 

Infinifcesimalgruppen: grofie gotische Buchstaben. 

Elemente von Infinitesimalgruppen: grofie lateinische Buchstaben. 

Mengen von Gruppen: kleine fette gotische Buchstaben. 

Mengen von Infinitesimalgruppen: grofie fette gotische Buchstaben. 

Meistens werden Gruppe und zugehorige Infinitesimalgruppe mit demselben Buch- 
staben bezeichnet (klein und grofi). 

fl =* Durchschnitt, U = Vereinigung. 

Vorbereitungen — Liesche Gruppen 

2. Liesche Gruppe ist bei uns jede Gruppe, die von einer Infinitesimalgruppe 
erzeugt wird. Wir linden es zweekmaflig, von einer Lieschen Untergruppe nicht 
(wie es manchmal geschieht) Abgeschlossenheit zu verlangen. 

Unter einer Basis einer Infinitesimalgruppe ® verstehen wir ein System, aus 


te Die Automorphismen der projektiven Gruppen [Abh. Hamburg 6(1928), 303-322]. 



TOPOLOGIE ALS ALGEBRAI8CHE8 PHANOMEN 


1053 


dem sich alle Elemente von © eindeutig linear kombinieren lassen; ein Erzeu- 
gendensystem von © sei dagegen ein System, aus dem sich alle Elemente von © 
durch lineare Kombination und Kommutatorbildung herstellen lassen. 

3. In Licschen Grupponkeimen verwendet man oftcrs geodatische Koordi- 
natensysteme: 1st X x , • • • , X r eine Basis von ©, so erhalt der Punkt 

exp (21, X%) 

die Koordinaten 

X 1 , • • • , X r . 

Alle geodatische Koordinatensysteme transformiercn sich ineinander analytisch 
mit nicht verschwindender Funktionaldeterminante. 

Die Koordinatentransformation, bei der der Punkt 

exp ( M % + • • • + n n X n )-exp ( M ' ,+ X I+ . + • • • + m'X 2 ) . • • 

... exp (ji p * l X, p+ i + ■ • • + M X) 

die Koordinaten 

1 r 

y , ■ • • , m 

erhalt., ist eine analytische Abbildung des X-Raums in den /t-Raum mit dcr 
Funktionaldeterminante 1 im Nullpunkt. 

4. In der Lieschen Gruppe 8 seien a,(t) (v = 1, • • • , /•) r stetig differenzierbare 
Bogen mit «„(()) = /; die Tangentialvektoren A', = a'(0) mogen eine Basis von 
© bilden. Dann iiberdeeken die 

ai(h) • • ■ a T (t T ) 

cine Umgebung von /. 

Denn die Abbildung des (h , • • • , i r )-Raumes in den X-Raum, die durch 
adh) • • • a r (l r ) = exp (xX + • • • + XX) 
definicrt ist, besitzt in / die Funktionaldeterminante 1. 

5. Regulare Schiehtung einer r-dim. analytischen Mannigfaltigkeit in der 
Umgebung cines ihrer Punkte nennen wir das analytische Bild (Funktional- 
determinante 0) der Schiehtung 

(*) f 4+ i = const, •••,{, = const 

des £ r )-Raumes; die Bildcr der g-dim. Hyperebenen (*) heiBen die 

Schichten. 

Wir zcigen: Ein stetig differenzierbarer Bogen, der in jedem seiner Punkte a 
die durch a laufende Schicht einer regularen Schiehtung beriihrt, verlauft ganz 
in einer Schicht. Es geniigt, das zu beweisen fur die Schiehtung (*) des 
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£-Raumes. In diesem Falle gilt aber, wenn £,(t) (v — 1, • • • , r) die r Koordi- 
naten des Kurvenpunktes sind, $>(<) = 0 fiir alle v > q, also in der Tat £►(<) = 
const fiir alle v > q, w.z.b.w. 

6. Die (Rechts-oder Links-)Nebengruppenschichtung eines Lieschen Gruppen- 
keimes g in bezug auf einen Lieschen Untergruppenkeim t) ist in der Umgebung 
jedes Punktes regular. Anwendung von 5 und des Borelschen t)berdeckungs- 
satzes liefert: Eine stetig differenzierbare Kurve in g, die in jedem ihrer Punkte 
a die Nebengruppe at) beriihrt, verlauft ganz in einer Nebengruppe. 

7. In der Lieschen Gruppe g seien c,(t) {v = 1, • • • , n) analytische Bogen v 
c,( 0) = /. Die kleinste Gruppe, die diese Bogen enthalt, heifie h(C g). t) ist 
notwendig Liesch. 

Beweis: a(t) — t p X + l p+l ■ (Potenzreihe in t) sei die MacLaurin-Entwicklung 
eines beliebigen analytischen Bogens aus f) mit a(0) = / und X t* 0; der Vektor 
X heifie der “Hauptteil” von a(t). $ sei die Menge aller solcher Hauptteile 

mit a(t) < 1) nebst dem Nullvektor. $ ist eine Infinitesimalgruppe, denn sind 
X bzw. Y die Hauptteile von a(t) bzw. b(t), so sind aX + &Y bzw. [X, 7] die 
Hauptteile der Bogen a(at)-b(fii) bzw. a{t)b(t)a l {t)ir l (t). 

Sei a ein willkurliches Element von t» dann ist 

a = «,,(«,)“ • • • 

wo v q gewisse der Zahlen 1, • • • , n (cvtl. mit Wiederholungen) sind. 

Der analytische Bogen 

o(<) = ■ • • c eq (U t f' (0^/|l) 

verbindet i mit a in t). Fiir festes t ist 

6(r) — a(t) 1 a(r + <) ( — l ^ t 2* 1 — t) 

ein analytischer Bogen in i); nach der Definition von $ gehort sein Tangen- 
tialvektor fiir r = 0 zu §. Also gehort a’{t) (das ist namlich der Tangential- 
vektor von a(r + t) fur t = 0) zu a(t)§. Sei f) 0 die von & erzeugte (Liesche) 
Gruppe; nun beriihrt a(t) in jedem seiner Punkte die Nebengruppe a{t)t) 0 , liegt 
also nach 6 ganz in einer Nebengruppe, und da a(0) — i ist, ganz in t)o . Also 
ist a = a(l) t f) 0 . Da a beliebig in t) war, haben wir 

(1) |C|o. 

Sei nun Xi , • • • , X r eine Basis von definitionsgema.fi existieren in f) 
analytische B6gen a,(t) mit den Hauptteilen X e : 

a,(t ) = t p, X, + • • • • 

In a,( t) fiihren wir als neuen Parameter 8 = t p ’ ein, 

o»(0 “ 5»(s) ; 
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b P (s) ist stetig differenzierbar und sein Tangentialvektor fur s = 0 ist X v . Die 
Menge der 

bi(8i) • • • b r (8r) 

ist in f) enthalten und uberdeckt nach 4 eine Umgebung von i in f) 0 . Also 
enthalt f) eine Umgebung von / in f) 0 , also ganz f) 0 : 

(2) ft 3 b • 

Also ((1) und (2)) ist t> = f)o Liesch, w.z.b.w. 

8. Satz 1: In der Untergruppe c der Lieschen Gruppe g sei jcdes Element 
analytisch verbindbar mit /. Dann ist e Liesch. 

Beweis: f sei Liesche Untergruppe maximaler Dimension von c; Xi , • . . , X p 
sei eine Basis der Infinitesimalgruppe von f. Sei a beliebig in e; nach Voraus- 
setzung existiert ein analytischer Bogen a(t) (0 £ t g 1) mit a(0) = /, a(l) = a. 
Nach 7 erzeugen a(t) und exp (tX„) (v = 1, ••• , p) zusammen eine Liesche 
Untergruppe von g, die wegen der Maximalitat (s.o.) gleich f ist. Also ist 
a e f, also eC f, also c = f Liesch, w.z.b.w. 

9. Anwendungen von Satz 1 : 

1. Sei f Teilmenge der Lieschen Gruppe g; sei t) cine Teilmenge von g, die / 
enthalt, und in der jedes Element mit i analytisch verbindbar sei (z.B. eine 
Liesche Untergruppe von g). Die von den Kommutatoren k^h^kh (mit k e f 
und h e f)) erzeugt-e Gruppe e ist Liesch. — Denn ein Kommutator kT l h~ l kh ist 
mit i durch k" l h(t) mml kh(t)'’ 1 analytisch verbindbar, wenn h(t) eine analytische 
Verbindung von / mit h ist; ist e e c, so ist c = e\ • • • e q , wo die e v von der Gestalt 
k~ l h~ l kh sind; ist e v durch e v (t) mit / verbindbar, so auch e durch ei(t) • • • e q (t). 
Die Voraussetzungen von Satz I sind also erfullt. 

2. Ein Xormalteiler c der Lieschen Gruppe g, der mit seiner Kommutator- 
gruppe identisch ist, ist Liesch. — Man setze namlich in 9.1: f) = g, f = e. 

3. Ein Xormalteiler c der Lieschen Gruppe g, der nicht ganz im Zentrum von 
g liegt, enthalt eine Liesche Untergruppe positiver Dimension. — Ist a t e, aber 
a nicht im Zentrum von g, so ist die von den g^a^ga ( g e g) erzeugte Gruppe 
von positiver Dimension und nach Satz I (auch bereits nach 7) Liesch. 

4. Ist die Liesche Gruppe g einfach im Kleinen, so liegen alle ihre Normal- 
teiler (?^g) in ihrem (notwendig diskreten) Zentrum. 5 — Ware namlich c ein 
Normal teiler, der nicht ganz im Zentrum lage, so ware, wie aus Hauptsatz I 
leicht folgt, die maximale Liesche Untergruppe f von c ebenfalls Normalteiler 
von g und nach 9.3 von positiver Dimension, was der Einfachheit im Kleinen 
widerspricht. 

5. Man kann 9.4 auf im Kleinen halbeinfache Gruppen ausdehnen. 

• Verallgeraeinerung eines Satzes von v. d. Waerden, a. a. O.,* 784, fttr kompakte 
Gruppen. 
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10 . Wir erwahnen fur spatere Anwendungen den Satz: Bei einer abgeschlos- 
senen Untergruppe einer Lieschen Gruppe ist die Menge der Komponenten 
(abzahlbar) diskret und die Komponente von / eine Liesche Gruppe. 6 

Vorbereitungen — halbeinfache Gruppen 7 

11 . 1. Rang l von © nennt man bekanntlich die Zahl der algebraisch un- 
abhangigen Wurzeln der Elemente von ©. Bei einer halbeinfachen Gruppe ist 
der Rang gleich dcr Zahl der identisch verschwindenden Wurzeln. Reguldr 
heiftt ein Element von ©, das nicht mehr als l verschwindende Wurzeln besitzt. 
Regulare Untergruppe der halbeinfachen Gruppe © heiflt die Gruppe ip aller 
mit einem regularen Element vertauschbaren Elemente; auch die von einem 
regularen erzeugte endliche Gruppe 1) wird regular genannt. 

In Bezug auf eine regulare Untergruppe (Elemente H) kann man eine 
halbeinfache Gruppe bekanntlich auf folgende einfache Gestalt bringen: 

[H, E a ) = aE a , 

[Ea , E- a ] = H a , 

[E a , EfA — N at pE a ±fi ( falls a + 0 ^ 0). 

Die a, 0, • • • sind dabei lineare Funktionale von §, die “Wurzclformen” 8 von © 
in bezug auf £ (die man auch als kontravariante Vektoren im Raume der H 
auflfassen kann). Mit a ist auch — a Wurzelform; unter den Wurzclformen gibt 
es l linear unabhangige. 

2. Wir setzen im Folgenden © und stats als reell voraus, gchen aber, wo es 
notig ist, ohneweiteres ins Komplcxe liber. Dann tritt mit a auch a (das 
konjugiert komplexe Funktional) als Wurzelform auf; wir wahlen E a und E„ so, 
dafi sie konjugiert komplex sind. 

Wegen der Halbeinfachheit ist die quadratische Form 

<p(T, T ) = Spur der Abbildung X -> [T[TX]] 

= E P + E (T = H + Z r%) 

(Summon fiber alle Wurzclformen erstrecken!) bekanntlich nicht entartet. 
N p = Spur der Abbildung X — > [E- P [E P X]], also N- p = N p . Die Normierung 9 

6 E. Cartan, La th^orie des groupes finis et continus et P analysis situs [Memorial sc. 
math. XLII], p. 24. 

7 Siehe hierzu: E. Cartan, Sur la structure des groupes de transformations finis et con- 
tinus [Th&se, Paris 1894]. — H. Weyl, Theorie der Darstellungen kontinuierlicher halbein- 
facher Gruppen durch lineare Transformationen [Math. Zeitschr. 23(1925), 271-309 ; 24 
(1926), 328-395], insb. Kap. III. — Wir richten uns hier nach B. L. v. d. Waerden, Die 
Klaasifikation der einfachen Lieschen Gruppen [Math. Zeitschr. 37(1933), 446-462]. 

8 Im Interesse der Deutlichkeit unterscheiden wir zwischen den Wurzeln — das sind die 
charakteristischen Wurzeln der Matrices der adjungierten Gruppe, entweder fUr ein ein- 
zelnes Element oder als Funktionen auf der ganzen Gruppe — und den Wurzelformen — das 
sind die Wurzeln, als lineare Funktionen auf £ definiert. 

9 Siehe v. d. Waerden, a. a. O., 7 447. 
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N p — — 1 lafit sich daher so durchfuhren, daft E f und E t konjugiert komplex 
bleiben. 

Diese Normierung hat zur Folge, daft H f linear von p abhangt. 1st 

X = S P„p 

P 

eine lincare Kombination von Wurzelformen, so konnen wir dann widerspruchslos 
definieren 

H\ = 23 VpHp I 

p 

alle Elemente von & lassen sich auf diese (fiir uns reeht bequeme) Weise 
darstellen. 

Wir haben nun 

[HxEp] - -(p, \)E P ; 

— (p, X) 1st der Wert des Funktionals p fur den Vektor H\ . Hier ist (X, p) 
niehts Anderes als die zu der quadra tisehen Form Q(H X , H\) = p 2 gehorige 
symmetrisehe Bilinearform. 

Da mit p auoh p Wurzelform ist, ist die Bilinearform (X, p) reell (d.h. reell 
fur reelle Argumente). Die quadratisehe Form (X, X) ist im Allgemeinen nicht 
definit; trotzdem werden wir (mit der notigen Vorsicht) Bezeichnungen wie 
orthogonal (in Bezug auf diese quadratisehe Form) gebrauehen; ein Vektor 
//x 5^ 0 mit (X, X) = 0 heifit isotrop; die H „ , fiir die p eine Wurzelform ist, konnen 
nie isotrop sein, fiir Wurzelformen p gilt: (p, p) < 0. 

3. Mit a und p ist auch a — 2 P Wurzelform; die 2 sind ganz. Mit 

\r ) P'/ \P') r/ 

a f p und a + kp ist auch a + k'P Wurzelform fur 0 ^ k' ^ k. 

12. Eine halbeinfache Gruppe ist bekanntlich dann und nur dann komplex 
einfaeh, wenn sich je zwei Wurzelformen a, P durch eine “Kette” 

a = a i , a 2 , • • • , a p , a P+ i = 0 

von Wurzelformen verbinden lassen, 

{<X V , a„+l) 5^ 0. 

Wir behaupten: 

Ist & halbeinfaeh und komplex einfaeh, und sind a, p Wurzelformen mit 
(a, P) t* 0, so existiert eine Wurzelform y mit 

(a, 7) 5* 0, (p, 7) 5* 0. 

Zum Beweise nehmen wir an, obige Kette sei minimal; wir mtissen dann 
zeigen, dafl p = 2 ist. Wir diirfen weiter annehmen 

(g„, a y -n) 
a, t i) 


< 0 fiir alle v 
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(andemfalls ersetzen wir gewisse Wurzelformen durch ihre negativen). Aus der 
Minimalitat folgt 

(a„ , a,) = 0 fur | n — v | > 1. 

j, 

Sei bereits fur ein q < p bewiesen, dafi 2J entweder Wurzelform oder 0 ist; 

v— 2 

wir beweisen dasselbe fur 53 a* • In der Tat ist 

p-2 


(5 a ” a * +1 ) _ (a g , a t +i) 


< 0 ; 


Q Q 

ist 53 a v Wurzelform und ^ — a g +i , so ist nach 11.3 53 a v + «<?+i Wurzelform; 

v -2 f —2 

Q V Q 

ist 53 a v = —a q + 1 , so ist 53 a* + a c+ i = 0; ist schliefilich 53 — 0, so ist 

v—2 v—2 v— 2 

53 a, + a q + 1 = a 5+ i , also Wurzelform. Damit ist die Induktionsbehauptung 

r-2 

bewiesen. 


V 

Aus ihr folgt: 7 = 2 a. ist Wurzelform oder 0. 

.-2 


(a, 7) = (ai , 7) = (aj , a 2 ) ^ 0 , ( 0 , 7) = (<Vti , 7) = (« P +i , <**>) ^ 0 . 

7 ist demnach die gesuohte Wurzelform. 


13. Aus dem Vorigcn folgt: Ist © halbeinfaeh und komplex einfach, so sind 
alle Zahlen (a, 0) (a, 0 Wurzelformen) rationale Vielfache einer unter ihncn. 

14. $ sei eine p-dim. abelsche Untergruppe der halbeinfachen Gruppe ©; 
femer sei § von keiner grofieren Untergruppe von © Normalteiler. Dann ist $ 
regular. 

Beweis: Nach Voraussetzung gilt fiir jedes X « © mit 

[//X] e $ fur alle H t § 

notwendig 

X t £. 

Wir konnen daher © auf die Gestalt 

[HE a] = aEa 
[HE'a] m aEa mod Ea 


1 EaE-a ]«$ 
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bringen, wo die a die nichtverschwindenden Wurzelformen sind. Aus der 
Tatsache, dafi die Spur von 

X [r[TX]] 

eine nichtentartete quadratische Form ist, schliefit man wic viblich, dafi p 
nicht ausgeartet ist, und dafi es genau p linear unabhangige Wurzelformen gibt, 
also p g l (denn die Wurzeln sind Funktionen auf ganz ©, die Wurzelformen 
nur auf und fur die (lincaren) Wurzelformen fallen lineare und algebraische 
Abhangigkeit zusammen; siehe auch 11.1). Andererseits ist p definitionsgemafi 
auch die Zahl der verschwindenden Wurzelformen, also p l. Dcmnach 
p = l; jedes geniigend allgemeine Element von $ ist also regular, und da £) 
sicher maximal abelsch ist, ist auch .*0 regular. 


16. Eine Teilmenge der Wurzelformen der halbeinfachen Gruppe nennen wir 
geschlossen, wenn sie mit a auch —a enthalt und mit a und 0 auch a + 0, falls 
das eine Wurzelform ist. 

Sei P eine geschlossene Menge von Wurzelformen und 

v = H P»P 

P 

eine lineare Kombination aus P, die auf ganz P orthogonal sei. Dann ist a = 0- 
Beweis: Die obige Darstellung von <r sei so gewahlt, dafi ^ | p, | minimal 
positiv ist. Es gebe ein p„ mit p„ ^ 0. 

(«, <r) = 2 Pc(“> P)- 

Wegen (a, a) = 0 und p„(a, a) ^ 0 gibt es ein /3(V — a) mit 

sgn p a (a, a) = -sgn p$(ot, 0), 


Sei sgn p a = sgn pa . 

«P. 


-sgn 


(«, fl) 

(a, a) 



Dann ist sgn 


(«, g) 

(a, a) 


< 0, also nach 11.3 0 + a Wurzelform 


= 2 PpP ±a±/3+(a + |3) = 2 9 pP1 

<?o = Po ± 1, QP = Pi ± 1, — Pa+0 + 1 


(untere Zeichen fiir p„ > 0, obere fiir p tt < 0). Das ist eine neue Darstellung 
fiir <r, und es ist ^ 1 q„ 1 < V'. \p 0 \- Das ist ein Widerspruch zur Minimalitat. 
Analog schliefit man bei sgn p a — — sgn po . 


16. Sei P eine geschlossene Menge von Wurzelformen und S das System aller 
linearen Relationen in P. Dann bilden die Relationen der Form 

(*) a + 0 - 0 und a + 0 + y = 0 

aus S ein Erzeugendensystem fiir S. (a, 0,yt P.) 
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Beweis: Das von (*) erzeugte Relationensystem heifie S*. 1st S* S, so 
wahlen wir die Relation 

13 VpP = 0 

in S, aber nicht in S*, so dafi ^3 I Vr I minimal ist. Wir schliefien dann wortlich 
wie oben auf die Existenz einer Relation 

1 3 ?pP = o 

in S, aber nicht in S *, mit 

Z I sp I < L I l, 

also auf einen Widerspruch. 


17. Die Untergruppe (g dor halbeinfachen Gruppe © sei von einer Menge von 
Paaren E a , E- a aus © erzeugt. Dann ist (g halbeinfach und ®n § regulare 
Untergruppe von (g. 

Beweis: Ein Erzeugendensystem von (g besteht aus den 2? a , E-a , ff a , wo a 
eine geschlossene Menge A durchlauft. Man bercehne p(T, T) fur die Gruppe 
(g. Da N a ein positives Vielfaches von (a, a) 9 * 0 ist (siehe Wcyl, a.a.O., S.366), 
brauchen wir uns nur um 23 P zu kummern, um zu beweisen, dafi <p(T , T ) nicht 
ausgeartet ist. Fur 23 P 2 folgt das aber nun aus 15, da danach kein von A 
abhangiger Vektor auf ganz A senkrecht steht. 

Rein gruppentheoretische Definition der regularen Untergruppen 

Tm Groften werden wir die halbeinfachen Gruppen jetzt immer als zentrumfrei 
voraussetzen. 


18. f) sei regulare Untergruppe der halbeinfachen Gruppe q, f)* sei die maximal- 
abelsche Untergruppe von q die f) enthalt. Dann ist endlich. 10 
Beweis: Sei a c 1)*. Der Automorphismus 

A • • • x — > a~ l xa 


lafit f) elementweise fest. A ist auch ein (reeller) Automorphismus fur die 
komplexe Infinitesimalgruppe © von q: 

[ff, E a ] = aEa , [ff, AEa] = <*A2? a , also AEa = J'affa . 


(1) [E a , = ff« , 


[AE a , Aff_ a ] = H a , also P a J>_ a = 1. 


( 2 ) 


[E a , E$] = Na,&E a +fi , [A2?« , Affp] = N a ,$AE a +$ , also = Va +0 , falls 

a + Wurzelform. 


10 In 18 und 19 befinden wir uns auf den Fufispuren von F. Gantmakher, Canonical 
representations of automorphisms of a complex semi -simple group [Recueil Math. Moscou 
5 ( 47 ) (1939), 101-146], insb. 128, 129. Da wir mehr mit dem Reellen rechnen mtissen, 
verfahren wir in 18 ein bifichen anders als Gantmakher. Die Resultate von Gantmakher 
gehen (im Komplexen) weiter als unsere in 18 und 19 ; doch spiel t das ftir unsere Unter- 
suchungen keine Rolle. 



TOPOLOGIE ALS ALGEBRAISCHES PHANOMEN 


1061 


(3) VaEa = VaEa = AEa ~ AE a = AE a = V a E a =S p a 2? a , also Va — v a . 

(1) und (2) kann man auch so interpreticren: ist a + fi = 0 bzw. a + 0 + y = 0 
eine Relation zwischen Wurzelformen, so ist v a vp = 1 bzw. v a v$v y = 1. Nach 
16folgt hieraus: 

ist 2 VeP = 0, SO ist II V v „ p = 1 (p, ganz). 

P P 

Auf grund dessen konnen wir fur eine beliebige lineare Kombination 

ff = £<ZpP (q, ganz) 

P 

der Wurzelformen eindeutig definieren 

^ = n ^ 

p 

Diese besitzen eine Basis (fur ganzzahlige lineare Kombination) eri , • • • , crj . 
Definieren wir 

&a K = log ^ (irgendein Wert des log) 
und = ]£ r * log v aK fiir a = ^ ! 

K K 

Dann ist linear in den a und fur Wurzelformen a 

e* a — v a . 

Wir definieren weiter 

V<f = 2(8* + #*)■ 

Dann ist auoh -q a linear in a, reell fur reelle a und 

c 2r,v — VffVj = vl , ± v 9 . 

Bestimmen wir H = H$ so, daft 

“(£<0 = Vc 

wird, so ist // reell und erzeugt = exp H einen reellen Automorphismus 

B • • • x — > Jr 1 #/* 
mit 

h^Eah = exp (rja)*E a = zfc VaEa . 

Der Automorphismus AIT 1 von g laflt f) elementweise fest und macht 

AB l E a = dti? a . 

Es gibt nur endlich viel derartige Automorphismen (entsprechend der Zeichen- 
wahl). Da g zentrumfrei, a beliebig in und h c t) ist, besitzt also f) in t)* nur 
endlich viel Nebengruppen, w.z.b.w. 
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19. t) sei regulare Untergruppe der halbeinfachen Gruppe g, f)' sei die groflte 
Untergruppe von g, in der f) Normalteiler ist. Dann ist endlich. 

Beweis: Sei a e f)'. Der Automorphismus 

A • • • x — * oT'xa 

l&ftt f) als Ganzes fest. Wir setzen 

AH\ = H AX . 

A wirkt dann linear auf die X. Fur eine Wurzelform p gilt 

[H\E P ] — — (p, \)E P , also [H a \ , AE P ] = — (p, \)AE P . 

% 

Also permutiert A die Wurzelformen. Ist A die identische Permutation der 
Wurzelformen, so ist 

(p, AX) = (p, X) fur alle p, 
also AX = X; 

dann lafit A also b clementweise fest, und dann ist a e 1)* (siehc 18). Da die 
Wurzelformen nur endlich viel Permutationen zulassen, besitzt b* in b ; nur 
endlich viel Nebengruppen, also ist b'/b* endlich, also nacli 18 auch b'/b- 

20. 1. Ist b eine abelsche Gruppe, so sei b" die Gruppe aller h n mit he b; der 
Durchschnitt aller f) n (n = 1, 2, • • •) heiftt die Verkiirzung von t). 

2. Man zeigt leicht: Ist b abelsch und bo , die Komponente von / in b, Liesch, 
ist ferner 1)/f)o eine Gruppe von endlich vielen Erzeugenden, so ist bo die Ver- 
kiirzung von l). 

3. Seien a, b, c Liesche Untergruppen der Lieschen abelschen Gruppe 1) und 
8, $8, S die zugehorigen Infinitesimalgruppen. Sei S = SI n 93. Dann ist c 
die Verkiirzung von a n b. 

Beweis: Nach 20.2 brauchen wir nur zu zeigen: (a n b)/c besitzt endlich 
viel Erzeugende. — Sei 

h e a n b. 

Dann h = exp H\, H\ e 21 (reell), 

(*) = exp Hp , Hp e $8 (reell) ; 

also 

(**) ( P , x) = (p, p) + rip-2iri (n p ganz) 

fur alle Wurzelformen p. Die Zahlen n p = n p (h) fassen wir zu einem “Vektor” 
n(h) zusammen. Der Vektor n(h) ist durch h nicht eindeutig bestimmt, sondern 
nur mod m, der additiven Gruppe aller Vektoren n(i). Die n{h) mod m bilden, 
wie man leicht sieht, eine additive Darstellung der Gruppe a n b. 1st n(h) * 0 
mod m, so kann man X und p in (*) so bestimmen, dafi n(h) = 0 wird; dann wird 
in (**) (p, X) = (p, p) ftir alle p, also X = p, H\ = //„ < 81 n S3 = <& und ht c. 



TOPOLOGIE AL8 ALGEBRAISCHES PHANOMEN 


1063 


Also ist (a n &)/c homomorphes Bild der (additiven) Gruppe der n(h) mod m, 
also sicher eine Gruppe von endlich vielen Erzeugenden, w.z.b.w. 

21. Folgender Satz definiert rein gruppentheoretisch die regularen Unter- 
gruppen: 

Satz 2: \) ist dann und nur dann regular e Untergruppe der halbeinfachen Gruppe 
9, wenn gilt: 

1. f) ist abelsch; 

2. 1) ist seine eigene Verkiirzung ; 

3. f) ist maximal in bezug auf 1 und 2 zusammen ; 

4. ist f) 0 irgendein Normalteiler von b und J)/bo abzahlbar , ist we iter f)'(C0) die 
grofite Gruppe , in der f) 0 Normalteiler ist , so ist auch f)'/% abzahlbar. 

Beweis: Sei t) regular. Dann ist 1 trivial, 2 ist in 20.2 und 3 ist in 18 und 
20.2 enthalten. Nun zu 4: Sei f)/f)o abzahlbar; dann 11 ist t) 0 = l), also auch f) 
Normalteiler von I)' und nach 19 I)'/*) endlich, also t)'/f)o abzahlbar, w.z.b.w. 

Umgekehrt: Mogen Voraussetzungen 1-4 gelten. Sci act). Nach 10 
haufen sich die Koinponenten von t) nicht; da aber a Haufungspunkt von f) ist, 
gibt es ein b c t), das in derselben Komponente von t) wie a liegt. Ncnnen wir die 
Komponente von / in \) nun t) 0 , so ist b~ l a = c e t) 0 . Es ist a = 6c, also \) C t) . f) 0 . 
Andererseits t) C t) , t) 0 Cl t) , also t)-t) 0 C \) . Demnach ^ . Da f) nach 

Voraussetzung 1 abelsch ist, da femer f) nach Voraussetzung 2 und f) 0 als Liesche 
abelsche Gruppe (siehe 20.2) seine eigene Verkiirzung ist, ist auch f) = t)-t) 0 
seine eigene Verkiirzung, also nach Voraussetzung 3: t) — t). Also ist f) ab- 
geschlossen. 

Sei wieder t) 0 die Komponente von / in t). Dann ist I) 0 Liesch und b/bo abzahl- 
bar. Wenden wir auf dies t)o nun Voraussetzung 4 an! Ist t)o Normalteiler in 
f)', so mufi t)'/t)o abzahlbar sein. Insbesondere kann t) 0 nun nicht Normalteiler 
einer Lieschen Gruppe hoherer Dimension sein, ist also nach 14 regular. Nach 
18 (mit t) 0 statt t) und t) statt f)*) und 20.2 ist t)o die \ r erkiirzung von t), also nach 
Voraussetzung 2: f) 0 = t). Also ist t) regular, w.z.b.w. 

Definition weiterer Untergruppen 

Eine feste regulare Untergruppe t) werde zugrunde gelegt. 

22. 1. c« bzw. heifie die von E a und J?« erzeugte (reelle) Untergruppe von 
0 bzw. ©. Ist A eine Menge von Wurzelformen, so heifte c A bzw. @ A die von 
der Gesamtheit der c a bzw. mit a c A erzeugte Untergruppe. Die Menge 
aller (g« heifie 4E, die Menge aller c a heifie e (a variabel). 

2. Sei c c e und (5 die zugehorige Infinitesimalgruppe, sei A die Menge aller a 
mit E a € (5 und A* die Menge aller von A abhangigen Wurzelformen. Wir 
definieren e* = c A * (c* hangt von e ab) ; die Infinitesimalgruppe von e* heifie 6*. 
Nach 17 ist halbeinfach und S* n © regulare Untergruppe von &*. 

11 Die tlberatreichung bedeutet im Augenblick den tlbergaftg zur abgeschlossenen Hiille. 
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3. Sei A wie in 2 definiert. Die von den H a mit a € A erzeugte (reelle) Gruppe 
heifie J) f , die zugehorige Infinitesimalgruppe . Man bemerkt ohneweiteres: 

. 

4. Sei A wie in 2 definiert. Die von den auf A senkrechten H\ erzeugte Gruppe 

heifie f) e , die zugehorige Infinitesimalgruppe |) e . Man sieht ohneweiteres: 
f)* = f)*\ Ferner: und sind orthogonale Komplemcnte voneinander. 

23. Folgender Satz definiert rein gruppentheoretisch die in 22 eingefuhrten 
Untergruppen. 

Satz 3: 1. Die Vntergruppe c der halbcinfachen Gruppe g gehort dann und nur 
dann zu e, wcnn c erzeugt wird von den Kommutatorcn e~ l h~ l eh mit e e c und h \ I). 

2. c* ist die groflte Gruppe aus e mit I)' _L J) f *. 

3. f ) e entsteht durch Verkiirzung aus e* n f). 

4. f) e entsteht durch Verkiirzung aus der Gruppe (f) e )' alter h et) mit he = eh 
filr alle e et. 

Durch Satz 2 ist l) abstrakt definiert, Satz 3.1 definiert die Gesamtheit der 
c e e abstrakt, Satz 3.4 definiert dann abstrakt zu jedem e das f) e , Satz 3.2 definiert 
abstrakt e* unter Verwendung von t) e , und schliefilich wird durch Satz >3.3 f) f 
aus c* und f) definiert. 

24. Wir crbringen den Beweis von Satz 3 in der Rcihenfolge 1, 4, 2, 3. 

1. “Dann”: Nach Anwendung 1 von Satz I (siche 9) ist c Liesch. Sei G die 
zugehorige Infinitesimalgruppe; dann ist [//A] e G fur alle H e $ und X e G. 
Schreiben wir nach 11.1 

X = H + £ r a E a , 

so erhalten wir 

[HxX] = -ErWeg. 

Hieraus und aus der Realitiit von G erschlieflt man leicht, dafl G von einer 
Menge von E a , Ea erzeugt wird. 

“Nur dann”: Wird @ von einer Menge von E a , E& erzeugt, so ist es reell und 
so gilt [HE] t G fur alle E t (5. Daraus folgt die Behauptung. 

4. Da f) abelsch ist, existiert zu jedem h e I) ein H\ e $ mit h = exp H\ . Es 
gilt 

h~ l E a h = exp (— (Xa))-j E a . 
h t (l)’) 1 ist also iiquivalent mit 

exp ( — (Xa)) = 1 

oder 

(*) (Xa) ss 0 mod 2 ri 

f(ir alle a e A (Def. von A*, siehe 22.2). 
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Sei $ die Gruppe alter (reellen) H\ mit 

(Xa) = 0 fur alle at A. 

Dann ist nach Definition (22.4) 

(**) # = $*. 

Nach (*) erzeugt ft 1 die Gruppe 

f = Komponente von i in (!)')' 

und ist (f )')'/f zyklisch. Nach 20.2 ist die Verkiirzung von (f)')' gleich f, ferncr 
ist nach (**) f = l)', also l)' die Verkiirzung von (£)')', w.z.b.w. 

2. Die Behauptung ergibt sich auf grund des Vorangehenden unmittelbar aus 
der Tatsache, dafi 

(aX) = 0 fur alle a t A 

und 

(aX) = 0 fur alle at A* 
aquivalente Bchauptungen sind. 

3. Wir setzen f = e* n 1); fo sei die Komponente von / in f, it die zugehorige 

Infinitesimalgnippe. .ft wird erzeugt von den //„ = [E a , E^,} mit E a t G*, 
also .ft 1 = = £>, , also 

fo = l)« . 

Nach 22.2 (Ende) ist fo regularc Untergruppe der halbeinfachen Gruppe e*, 
f 3 f 0 , f ist abelsch, also ist f/f 0 nach 18 endlich, also nach 20.2 f 0 ( = ht) die 
Verkiirzung von f, w.z.b.w. 

Die ausgezeichneten Untergruppen vo^I) 

25. in sei die kleinsto Mongo von Untergruppen von $ mit der folgenden 
Eigenschaft : 

1. m enthalt jedes £) f und jedes mit c e e. 

2. 01 enthalt mit je zwei Gruppen lhren Durchschnitt und die von ihnen 
erzeugte Gruppe. 

Von selber gilt dann nach 22.4 (und weil Durchschnitt und Erzeugung or- 
thogonal-komplementare Operationen sind): 

3 . m enthalt mit irgendeiner Gruppe auch ihr orthogonales Komplement. 

e„ war die von E a und Ea erzeugte Gruppe. Statt £>'* bzw. lp, a wollen wir 
kurz ip“ bzw. £> a schreiben. Analog l) a , f)“. & a wird erzeugt von H a und 
Hz. Allgemeiner sei (bei beliebigem X) tpx die von H\ und erzeugte Gruppe; 
ferner das orthogonale Komplement von £>x . Analog I)x , f)\ 

Wir werden in Zukunft haufig die Falle unterscheiden : 

X reell (d.h. rein reell), 

X imagin&r (d.h. rein imaginar), 
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X komplex (d.h. weder rein reell, noch rein imagin&r). 

In den beiden ersten Fallen ist $x eindimensional, im dritten Fall zweidimen- 
sional (entsprechend (n — 1)- oder (n — 2)-dimensional). 

Wir bemerken schliefilich: 

4. Enthalt 0 eine gewisse nichtisotrope (11.2) eindimensionale Untergruppe 
$x von , so enthalt es auch noch eine zweite eindimensionale Untergruppe 

von § a (namlich das orthogonale Komplement von §x schneidet § a in einer 
solchen: p = pa + pa , (X, p) = 0, also wegen der Nichtisotropie X ^ /i). 

26. Die Menge m (von Untergruppen von f)) sei folgendermafien definiert: 
fern dann und nur dann, wenn f die von einer Gmppe St e 0 erzeugte Liesche 
Gruppe ist. 

m ist dann auch die kleinste Menge von Untergruppen von l) mit der fol- 
genden Eingenschaft: 

1. m enthalt jedes t) e und jedes f) e mit c c e. 

2. m enthalt mit je zwei Gruppen die Verklirzung ihres Durchschnitts und 
die von ihnen erzeugte Gruppe. Um das einzusehen, beachte man 20.3. 

Nach Satz 3 konnten wir die t) t und f)* rein gruppentheoretisch definieren. 
Somit ist auch die Menge m (als Funktion von f) natiirlich) rein gruppen- 
theoretisch definiert. 

27. Satz 4: Sei $ halbeinfach und von zweiter Art. Dann gilt: 1. Ist die Gruppe 

f) ( eine minimale 12 Gruppe aus der Menge m, so ist f) e gleich einem I) a und a reelle 
oder imagindre Wurzelform . 2. Sind alle Wurzelformen komplex , so gibt es 

Wurzelformen a und P, die auch gleich sein konnen , derart daB t) a+a und Ele- 
mente von m sind. 

Beweis: Dafi ein minimales \) t ein f) a ist, ist klar. Die Annahme, a sei kom- 
plex, fiihren wir zum Widerspruch. 

Klar ist, dafi £ 

(a, a) = 0 

sein mufite, da sonst nach 11.3 entweder a + a oder a — a Wurzelform, also 
fyo+a oder t) a -a in m, also f) a nicht minimal ware. 

Voraussetzungsgemafi ist q komplex-einfach, also gibt es nach 12 eine Wurzel- 
form P mit 

(a, p) 0, (a, p) t* 0. 

Dann ist auch 

(a, $) * 0, (a, 0) * 0. 

Wir unterscheiden drei Falle: 

A: 0 ist reell oder imagin&r.— Wegen (a, 0) ^ 0 ist $ a nicht senkrecht auf 

, also (siehe 22.4, Ende) (£ £ s . Da femer ( l - l)-dim. ist, ist n 


“Natttrlich minimal bei Vernachl&ssigung der Gruppe (7). 
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eindimensional, also eine zu fR. gehorige echte Untergruppc von . Wider- 
spruch zur Minimalitat von f) 0 ! 

B: 0 ist komplex und 

( 0 , £) ^ 0 . 

Nach 11.3 ist ctwa 

y = 0 + 0 

Wurzelform (denn Fall, daft 0 — 0 Wurzelform ist, behandelt man ganz analog), 
also iO y Als Wurzelvektor ist H y niehtisotrop, also oxistiert nach 24.4 

nooh oin € 0, C ^ ^ & y (5 braucht nieht Wurzelform zu sein). 

& y und £> a erzeugen zusammen > und da (a, 0) ^ 0 war, konnen nicht beide 
auf senkreeht sein. Es gibt demnach ein eindimensionales (e = y oder 5) 
in das nicht auf senkreeht ist. Das orthogonale Komplement to' von tp, 
gehort nach 25.3 zu 01 und schneidet $> Q eindimensional. £>' n & a e JR im 
Widersprueh zur Minimalitat von l) 0 ! 

C: 0 ist komplex und 

08 , 0 ) = 0 . 

Wegen (a, 0)^0 ist a + 0 oder a — 0 Wurzelform. Wir diirfen annehmen, 
a + 0 (sonst ersetzen wir 0 durch — 0). 

Wegen (a, a) = 0 haben wir 

(a + 0, a) = (0, a) ^ 0. 

Also ist a + 0 d= a Wurzelform (± ist im Folgenden als “+ oder — ” zu lesen). 
Wir unterscheiden zwei Unterfalle: 

I. Sei 

(a + 0 ± a, 0) = 0 

Dann (wegen (0, 0) = 0): 

(a db a, 0) = 0, 

(*) 

(a ± a, 0) = 0. 

Also (22.4, Ende) 

& &»±« . 

Andererseits wegen (a, 0) 0 

& $ • 

Zusammen: 

(Cl, 1) £*n $. = §«±5«iB. 

Widersprueh zur Minimalitat von t) tt . 
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Wir s chliefie n aber noch weiter, falls alle Wurzelformen komplex sind: 
(a + 0, a + 0) = 0, also (a, /§) = —(a, 0 ). Einsetzen in (*) liefert: 

(a, 0 + j8) = 0, 

(a, 0 + $) = 0 . 

Hieraus schliefit man wie vorhin: 

(Cl, 2) = 

II. Sei nun 

(a + 0 ± a, 0) * 0. 

Dann hat man vier Mhglichkeiten: 

a) a + P + a + p Wurzelform 

b) a + 0 + a — 0 " ” 

a') a + 0 — a — 0 ” ” 

b') a + 0 — a + 0 ” ” . 

Wir bchandeln nur a und b, da a' und b' genauso vcrlaufon. 

a) y = a + a + 0 + 0 ist (reelle) Wurzelform. 67 C $% +ti , also cxistiert 

nach 25.4 noch ein .<p s e 01, $?s C 6a+u , £> s ^ 6 7 . § 7 und erzeugen 

zusammen , und da (a + P, a) = (8, a) ^ 0 war, konnen nicht beide 
auf lQ a senkrecht sein. Sind 6 7 und die orthogonalen Komplemente, so gilt 
demnach 

& 4> $?a oder $> s 4) , 

also ist & n §a odcr Sj s n & a eindimensional und in 01 (siehe 25.4) im Wider- 
spruch zur Minimalitat von f)„ . 

b) y = a + a + 0 — 0 ist Wurzelform, 29 ?a = 9?7, 2$0 = $jy. £> y n $a = 
iQa+s ( 01 , n — 6(3-3 * 01 - — Widerspruch zur Minimalitat von t )„ . 

Damit ist die erste Halfte des Satzes bewiesen. Die Voraussetzung der 
zweiten Halfte (alle Wurzelformen komplex) hat aueh wicder (a, a) = 0 zur 
Folge; sic hat weiter zur Folge, dafi wir uns in den Fallen Cl oder Cllb befinden 
— in beiden Fallen haben wir aber die zweite Behauptung bereits bewiesen 
(siehe die Formeln Cl, 1 und Cl, 2 und die Formeln in Cllb). 


28. Ist 
so ist 
falls 

E' a = E a + Ea , 


(a, a) = 0, 

[H' a , E' a ] = 0E' a 
H' a = H a + H - a , 


(P reell), 


ist. 


0 = (a, a). 
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Rein gruppentheoretische Definition kompakter Untergruppenkeime 

29. Satz 5: 0 sei halbeinfach von zweiter Art. Man wdhle, wenn moglich , cin 
t) ; = {)e , so daB es minimal in III ist, und dabei c e I ( auch e 7 genannt) so , daB es 
auch minimal ist. Ist das nicht moglich, so wdhle man c e e und eine in ttt mini- 
male Untergruppe f) 7 von i)t , so daB gilt: 

1. c ist minimal ; 

2. es gibt eine echte Untergruppe e 7 ^ (/) von c, derart daB die Kommutatoren 
h~~ l e~ l he ( h efy, e e e 7 ) die Gruppe c 7 erzeugen . 

Diese Wahl ist moglich , und es gilt weiter : 

A. Entweder ist t) 7 eine kompakte Gruppe. 

B. Oder f) 7 ist nicht kompakt, 

f) 7 = (exp tH '), c 7 = (exp tE'), 

[H'E'] = dE f (d reell). 

Die beiden Fdlle sind noch abstrakt dadurch unterschieden, daB in A f) 7 Elemente 
endlicher Ordnung besitzt , in B nicht. 


30. Beweis von Satz 5: Sind nicht alle Wurzelformcn komplex, so ist f) 7 
wegen der Minimalitat und nach Satz 4 ein f) a init reellem oder imaginarem a ; 
e 7 = e a oder e_ a . Ist a reell, so befinden wir uns im Fall B, d = (a, a). Sei a 
imaginar. Dann vvird c a erzeugt von E a , /?_ a . Eine Basis von G a ist E a , 
2?_ a , /7 a , und es gilt 

[Ea , tf-a] = Ha , 

also nach tJbergang zum Konjugierten 

[#-« , E a ] = /?a , 

also !?« = —H a , also // a imaginar. Wegen (a, a) < 0 und 13 ist auch («, 0) 
reell fur alle Wurzclformen a, p. Ferner ist 


reell und 
In 


H 7 = iH a 


f)' = (exp tlV) t reell . 


[H%] = -<(«, W 


sind wegen der Realitat der (a, p) die Koeffizienten — i(a , p) imaginar. Also 
sind alle Wurzeln von H 7 imaginar und rationale Vielfache voneinander, und 
demnach ist f)' kompakt (Fall A). 

Sind hingegen alle Wurzclformen komplex, so versagt nach Satz 4, 1 die erste 
Bestimmungsmethode fur f) 7 . Nach Satz 4, 2 und nach 28 ist die vorgesehriebene 
Wahl von t) 7 und e 7 moglich. Sei diese Wahl irgendwie gesehehen. Dann ist 
eindimensional nach Satz 4, 1 und e 7 Liesch nach Satz 1 und eindimensional 
als echte Untergruppe von e. Wir befinden uns somit wieder im Fall B. 
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31. Satz 6: Ein eindimensionaler kompakter Untergruppenkeim der halbetn- 
fachen Gruppe zweiter Art g l&Bt sich rein gruppentheoretisch beschreiben. 

Beschreibung: Im Falle A sind wir nach Satz 5 bereits fertig. — Fall B: 

{H'E'\ = 6E', 

h t = exp 0 H'), e, = exp (sE'), 
h'E'hT 1 = (exp t)-E' 

(*) hfSght » C*.exp t • 

% 

Sei e SQ (? * /) beliebig in c'; die Mcngc aller h t c*Ju x nennen wir einen Strahl. 
Nach (*) gibt es in e' nur die zwei Strahlen e T , r > 0, und e T , r <0. Sei 8 
ein Strahl von e', e SQ c $ und t der andere Strahl. 

u = 3 n <vt 

ist die Menge aller c s mit s zwischen 0 und s Q . 

u u u- u (r, 0 ) u (eT, 1 ) U (/) 

ist also ein kompakter Keim von c' und rein gruppentheoretisch beschrieben. 

Rein gruppentheoretische Beschreibung einer kompakten Umgebung der Eins 

32. Die Elemente 


X \ , • • • , X p 


(Pi > 1) 


mogcn die r-parametrige Gruppe © erzcugen (Halbeinfachheit brauchen wir 
hier nicht vorauszusetzen). Man erweitere dies System zu einem System 

f * * * ) ^Pl f * * * > 

durch Hinzufiigung der Kommutatoren 

[XpXa] (p, a ^ Pi), 

dies analog zu einem System 

) * * * 1 X Pl j • • * y Xp 2 j * ’ * j Xp^ 

durch Hinzuftigung der Kommutatoren 


[X P X 9 ] (p, <r £ pt) y 

und fahre sofort. Dann gibt es ein u } das nur von r abhangt, derart dafi 

x l9 ... 

eine Basis von © bilden. 

Man nehme namlich u = p r ~i . Ist v so bestimmt, dafi die 






Pr+i 


(x,+i) 
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von den 

X \ , • • • , X Pv (X*) 

linear abhangen, so enthalt X v eine Basis von &. Sei v minimal. Dann liegt 
fur v < v in 


y 

t > 


mindestens ein linear unabhangiges Element mchr als in 


Da es in © nur r unabhangige Elemente gibt, mufi also v < r sein. Somit reicht 
u = p r ~ i in der Tat aus. 


33. Satz 7: In der einfachen Gruppe zweiter Art g lei fit sick eine kompakte 
Teilmenge U, die i als inneren Punkt enthalt , rein gruppenthcorctisch beschreiben. 

Beschreibung: f sei der kompakte eindimensionale Untergmppenkeim aus 
Satz G. Wogen der Einfachheit von g kann man ai , • • • , a p so wahlen, dal3 
die ebenfalls kompakten Keime 

f, = a~ l la v (p = 1, . . . , p) 

g erzeugen ; 

l : k,(s) (0 ^ s ^ 1). 

Zu den k v (s ) fuge man die Kommutatorkurven 

kp{s) &a(s) k p (s)k„(s) (p <C (7”), 

so daft das System 

ki(s) } . . • , k Pl (s ), • * * , k Pi (s ) (pi = p) 

entsteht. So fahre man fort bis zum Index u aus 32. Naeli 32 kommt unter 
den Hauptteilen von 

*i(s), • • • , k u (s ) 

eine Basis von © vor. Nach 4 enthalt die offenbar kompakte Menge 

V : fci(si) • • • k u (s u ) (0 ^ s, g 1) 

eine Umgebung von /, wie wir es wiinschten. 

Beweis des Hauptsatzes I 

34. Satz 8: In der einfachen Gruppe zweiter Art g lassen sich bcliebig kleim 
kompakte Teilmengen V , die i als inneren Punkt cnthalten , rein gruppentheoretisch 
beschreiben. 

Beschreibung: a sei beliebig ^ i. U sei gemafi Satz 7 gewahlt. 

V= U IT c7 1 (K 1 a~ 1 b,a)c,. 

b p tU Vtml 
c p * U 
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Wortlich wie bei v. d. Waerden, a.a.O., 2 783-784, zeigt man, daft die (von a 
abhangenden) V die gewunschten Eigenschaften bcsitzen. Nur verwendet man 
hier statt der Kompaktheit von g die von V (Satz 7). 

35, Der Satz 8 ist mit unserm Hauptsatz I aquivalent (siehe dazu auch v. d. 
Waerden, a.a.O., 2 784-785), wenn wir beide miteinander isomorphe Gruppen als 
von zweiter Art annehmen. Da die Einfachheit von selber ein rein gruppcn- 
theoretiseher Begriff ist, haben wir nur nooh zu zeigen, daft auch die “zweite 
Art” oder — was auf dasselbe hinauskommt — die “erste Art” rein gruppen- 
theoretisch zu beschreiben ist, um den Hauptsatz I ganz bewiesen zu haben. 
Das gesehieht nun: 

Rein gruppentheoretische Beschreibung der “ersten” Art 

36. Satz 4': Eine halbeinfache Gruppe ist dann und nur dann von erster Art , 
wenn fur je zwei minimale Gruppen c und e' aus t gilt : 

1) c ist abelsch ; 

2) c enthdlt Elemente endlicher Ordnung ; 

3) Verkiirzung von f)< n f) e == (/) oder l) f ; 

4) Verkiirzung von n t)e = (/) oder 1), . 

Beweis: “Nur dann”: Die Wurzelformen einer Ciruppe erster Art zerfallen 
in zwei Systeme P und P. Ist a eP, so ist a c P und umgekohrt; ist a, 0 e P, 
so ist (a, 0) = 0. 

Sei g von erster Art. Jcdes minimale e ist von der Gestalt c a . Das zuge- 
horige wird von E a und E 5 erzeugt. Wcgen (a, a) - 0 ist [E a Ea] = 0, also 
1 erfiillt. 

Seien a, p e P. Man bildc 

K = i(a, a)H a — i(a , a)Hz ; 
aus (a, p) = (a, p) — 0 folgt 

[KE P ] = -i(a, a) (a, p)E p , 

[KEp] = i(a, a) (a, p)E p . 

Aus 11.3 und (a, a) = (a, a) < 0 schlieftt man, daft die Koeffizienten rechts 
(fur alle pe P), d.h. die Wurzeln von K } rein imaginar und rationale Vielfache 
voneinander sind. Die von K erzeugte Untergruppe f von t) e ist also kompakt, 
und daraus folgt 2. 

c = e« , e' = . Sei H\ e n Dann 

X = pa + pa, (X, 0) = 0, 

also w r egen (a, 0) = 0 

p(a, 0) = 0. 

Also entweder (a, 0) = 0 und dann $ a senkrecht auf & und n & = . 

Oder p = 0, p = 0, X = 0 und dann £« n & = (0). Also gilt 3 (siehe 20.3). 
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Wir betrachten nun H\ € & a n . 

X = pa + pa = qj3 + g/3 
“Multiplikation” miVp licfert: 

p(ap) = g(/3p) fur alle p, 

also 

pa = qff. 

Also entweder p = 7 = 0, X == 0 und dann £> a n £0 = (0). Odor p 5^ 0 und 
dann = $ 0 . Also gilt 4 (siehe 20.3). 

“Dann”: Wegen Voraussetzung 1 kann das a eines rninimalen c« nicht 
imaginar sein ([E a E- a ] ist doch = H a ), wegen Voraussetzung 2 kann es nicht 
resell sein (e a ist dann offen); also ist fur ein minimales c a das a komplex. Da 
andererseits e« fur reelles odor imaginiires a sicher minimal ist, miissen alle 
Wurzelformcn komplex sein. Ware g von zweiter Art, so kamen nur die Falle 
Cl und Cllb aus 27 in Frage. Cl ist ausgeschlossen wegen n 9 * && , 
5^(0) (Formel Cl, 1) und Cllb wegen & y n ^ £« , ^(0). Also ist g von 
erster Art. 


Einfache Gruppen mit diskretem Zentrum 

37 . Wir beweisen die Bemerkung 1 zu Hauptsatz I. 

Die einfaehen Gruppen zweiter Art f und g diirfen ein diskretes Zentrum 
besitzen. A sei ein Isomorphimus, A \ = g. Die resp. Faktorgruppen naeh dem 
Zentrum seien f' und g'; <p und \p seien die zugchorigen Homomorphismen, 
= f', fa = g'. A induziert einen Isomorphismus A', A' f' = g', 

(1) A V = tA. 

Die universcllen t^berlagerungsgruppen von f und g seien f und g, die zuge- 
horigen Projcktioncn 4> und 4>f = f, 'Fg = g. A ' ist naeh Hauptsatz I stetig 
und induziert, wic man weib, einen stetigen Homomorphismus A, A] = g, 

(2) AV$ = tf/tyA. 

Wir definieren 


( 3 ) 


= By 

= c. 


Aus (1), (2), (3) folgt 

(4) = yfrAQ = A V i> = = tC. 


Das ^-Urbild von / ist das Zentrum von g, also folgt aus (4): 

Ftir jedes x c f ist ( Bx ) • (Ca:)” 1 im Zentrum von g. Da das Zentrum ab- 
zahlbar ist, kann der Normalteiler b aller x mit 


Bx = Cx 
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nicht abzahlbar sein, sicher also nicht im Zentrum von f liegcn. Nach An- 
wendung 4 von Satz 1 ist dann b = f, also 

Bx = Cx 

fur alle x. Da A, also nach (3) auch C stetig war, ist B stetig. Da $ als im 
Kleinen topologische Abbildung beiderseits stetig ist (Bilder offener Mengen 
sind offen), ist nach (3) auch A stetig, w.z.b.w. 

Amsterdam, Holland 
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A TAUBERIAN THEOREM FOR PARTITIONS 


By A. E. Ingham 
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The formulae 


1. Introduction 


e *V(2w/3) gTy/inlU 

0) pM ~ (4v3fn' ,(n) ~r3ra’ 

where p(n) is the number of unrestricted partitions of n and q{n) the number 
of partitions of n into unequal parts (or into odd parts), were discovered by 
Hardy and Ramanujan [4], and independently by Uspensky [7]. Their proofs 
give much more than simple asymptotic equality, but demand a rather special 
study of the generating functions 


00 00 1 

Y.vW-11' 

n— 0 *=1 1 Z 

t «(»)*" = II (1 + O = ft 

n-0 v-1 v-1 1 — Z 1 

based on the transformation theory of the elliptic modular functions. Later 
researches have tended in the direction of a still deeper study of particular 
problems, culminating in the exact formulae of Rademacher [6] and his followers, 
or in the direction of a broader and more elementary treatment giving less 
precise results than (1). But a specification of properties of the generating 
functions sufficient for the deduction of (1), but not highly extravagant, seems 
to be lacking. 

In this paper we show how to deduce (1) from an elementary knowledge of 
the asymptotic behaviour of the generating functions when z( = x + iy) ap- 
proaches the principal singularity z = 1 in an arbitrarily wide ‘Stolz angle’ 
| y | :g A(1 — x), (0 < A < oo ). A general result to which the method naturally 
leads is set out as Theorem 2 in §3, with indications of some of the more im- 
mediate applications. 

Theorem 2 is deduced from Theorem 1, a Tauberian theorem for the integral 

(2) f{t) = j e~ u 'dA(u), A(0) = 0, (s - <r + it), 

which occupies an intermediate position between theorems of Hardy-Littlewood 
type with conclusion A(u) ~ u a and of Wiener-Ikehara type with conclusion 
A(u) ~ e° tt , (u — ► oo ; a > 0). The nature of the interpolation is exhibited in 

1075 
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the following table, in which a simple specimen of each type of theorem has 
been selected. 


Hypotheses 


Conclusion 


(Ai) /(s) ~ 1/s when s — » 0 by real positive values ; ) 


[A{u) ~ u. 


(W A«> {~ ? (‘) '} when 

s — * 0 in every fixed ‘Stolz angle’ 1 1 | ^ Ait, 
(0 < A < oo ); 


A(u) I 
| increasing; I 


A(u)~iT h e u * ,a , 

(0 < a < 1). 


(A 3 ) f(s) — ]/(s — 1) — > limit when a — > 1 + 0, 
uniformly in every fixed interval 1 1 1 g T, 
(0<r<oo); 


A{u) ^e M . 


Theorem 1, of which (A 2 ) is a very special case, is stated and proved, on the 
lines of the Heilbronn-Landau version of the Wiener-Ikehara theorem, in §2. 

It will be seen that, in the method of interpolation shown in the above table, 
the region involved in the hypothesis on f(s) undergoes a discontinuous change 
of form at each end of the range but no steady change in the interior. This is 
in contrast to some other possible methods, of which two may be mentioned 
here. In one method, essentially that of Wiener and Pitt [8], we first transform 
(Ai) and (A 3 ) into equivalent theorems (A?) and (A*) by changing l f(s) — 
(s — l)" 1 — > limit when a — > 1 + 0, • • • / to ‘/(a) — s" 1 — > limit when a — » 
+ 0, • • • / in the hypotheses of (As) and replacing the conclusions by 


A(u + hh u ) — A(u — 8h u ) 1 

2 W, *' 


as u — > oo 


for fixed 5, 


( 0 <^ 1 ), 


where h u is u in (A?) and 1 in (A*); 1 and we then interpolate by taking inter- 
mediate forms of h u , say h u = u, (1 > # > 0). Another method, outlined by 
Avakumovi6 [1], is to interpolate similarly (by way of h u ) between the con- 
vergence theorems associated with (Aj) and (A 3 ), in which the conclusion is 
A(u) — ■» A and the hypothesis on A(w), taken in the ‘Schmidt’ form, is 


lim \A(u) - A(u')\ ^ -e(6), lim c(5) = 0, 

u,n f — 

u<Lu f <,u+bh u 


with h u as before. In these two methods the hypotheses on f(s ) (which need 
not be specified in detail here) involve a region of the form 1 1 1 ^ Co which 
gradually extends (in the neighbourhood of s = 0) as decreases. This exten- 
sion of the region is a natural way of tightening the bond between f(s) and its 
approximation (1/s or A) to balance the strengthening of the conclusion, or the 
weakening of the hypothesis on A (u), as the order of h u decreases. But the fact 


1 The equivalence of (Ai) and (A*) is trivial, and that of (A») and (A?) is easily proved 
by setting up the relation /(s) - /*(s - 1), where /(«) and /*(«) satisfy the conditions of 
(Aj) and (Aj), respectively. 
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that the boundary of the region touches the imaginary axis at s = 0 makes this 
kind of hypothesis more difficult to verify in applications than the ‘Stolz angle' 
hypotheses used in this paper. 

An explicit deduction of the asymptotic formula for p(n) from a Tauberian 
theorem has been indicated by Avakumovid [1, 2], but his demands on the 
generating function are much more severe, as regards both the region and the 
degree of the approximation, than those made by Theorem l. 2 

There is also a paper by Martin and Wiener [5] which works in broadly the 
same range as Theorem 1 with regard to the rate of growth of f(s) with 1/s, 
but on a real variable basis A passage to the complex domain is effected by 
means of ParsevaPs theorem in the case of power series, and the possibility of 
arithmetical applications is announced. This paper, and a paper by Avaku- 
movic and Karamata [3], will be referred to again in §4 in the course of some 
comments on the conditions of Theorem 1. 

I am indebted to Professor Wiener for his help in elucidating the relationship 
between various methods and results. 

Notation. We write f < g } f> g, f < g for f/g -> 0, f/g -* », / = 0(g) 
respectively, where/ and g are positive functions. 

A sloping arrow indicates monotonic approach to a (finite or infinite) limit. 

We denote the open and closed segments with end points a and b in the 
complex plane by (a, b ) and [a, 6], respectively, and use the mixed notations 
(a, b] and [a, b) with the obvious meanings. 

Limit operations in the complex plane are, of course, to be understood in the 
usual two-dimensional sense. Thus the hypothesis (i) of Theorem 1 (below) 
means: Given e > 0, we can find 6 = 6(e) so that \f(s)/fo(s) — 1 | < e at all 
points 6* of D for which 0 < | $ | < 6. 


2. A Tauberian theorem 

Let there be given two functions ^(s) and x($), and a domain D of the s-plane, 
satisfying the following conditions: 

a) <p(s) and x(s) are regular in D, and real and 'positive on a segment (0, A] of 
the positive real axis lying in D; 

b) — <r<p'(<r) / oo as a \ 0 
[whence {<r<p'(o-)}' ^ 0 and therefore 

(3) v<p n (v) ^ —p'((r)>0 


for sufficiently small positive cr ] ; 


c) 


sM {»”(*)}» 

<r -<*>'(*) 


as <r \ 0, 


* In a more recent paper, Neuer Beweis eines Satzes von G . Hardy und S. Ramanujan Uber 
das asymptotische Verhalten der Zerfdllungskoeffizienten , Am. Jour, of Math., 62 (1940), pp. 
877-880, Avakumovid applies substantially the same methods directly to p(n) without 
explicit formulation of the relevant Tauberian theorem. 
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where 8(a) is the distance of the point s from the complement of D [so that 

(4) 8(a) <. a, (0 < a £ h), 

since the origin cannot belong to D by a) and b)]; 

d) v "(c + z) = OW'(o)\, 

X(<r + *) = 0{x(<r)), 

uniformly for \z \ < 8(a) when a \ 0. 

Define: 

fo(s) = x(s)e‘ f(,) , Fo(s) = fo(s)/s, 

x(<r)e* ( * )+w _ Fo(*)e~ 

0 W [2va t ip , '(s)} i [2v<(>" (a)]*’ 

where a = a u is the solution [existent and unique for sufficiently large w, by a) 
and b)] of 

(5) - V '(a) = co, (0 < <r ^ h). 

In these circumstances we have 

Theorem 1. Suppose that the integral (2) is convergent for a > 0, and that 

(i) /(«) ~ / 0 (a) when s —* 0 in D; 

(ii) f(s) — O{/ 0 (|s|)} when s — ► 0 in some fixed angle ‘A’ of the form | < | g 
A<r, (0 < A < oo); 

(iii) A(u) is increasing (in the wide sense) for u ^ 0. 

Then 

(6) P(A) g ltoi g W, 

u — *oo Aq\U) 

where p(A) and '13(A) depend only on A, are strictly positive and finite for any 
given A, (0 < A < °o ), and tend to 1 when A — * oo . 

If (ii) holds for every fixed A, then 

(7) A (u) ~ i4 0 (u) as «—>«>. 

The last part is obtained from (6) by taking A arbitrarily large, and we there- 
fore concentrate on (6). We begin with two lemmas concerning /o(s). 

Lemma 1. We have, uniformly for | z | g r(<r) < 8(a), when a \ 0, 

Ms + z) _ ,/(,)+),!,»(,) i i+o(i> )+od) 

Ms) 

- e ,v ' (r)+i,v ' ( ' ) { 1 + o(\z\\"(a) + iyi*!VW} 

for any fixed e > 0. 

By the definition of /o(s), 

Ms + z) _ x(s + z) 

Ms) x(s) 


( 8 ) 
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By a) and d) we have 

where T is the circle | f — z • = {&{<*)> an d all estimates are uniform for | z | ^ 
r((r) < 5(<r) when a \ 0; whence by integration 

(10) x(. + .) - xM = o (i^Lil) = o (*A>£>) - olxWI. 

Similarly <p"(<r + z) — <p"(<r) = 0 {<?"(<?)}, whence by two integrations 

(11) + z) ~ = VW + *zW) + o(| z !V'(<t)}. 

Substituting from (10) and (11) into (8) we obtain the first formula of the lemma, 
and the second follows from it in virtue of the inequality | e z — 1 | g | Z | e |z| . 
Lemma 2. /o(<r) increases as a decreases, for sufficiently small positive <r. 
Applying (9) with z — 0, we obtain 

(12) ~TTT' ~ ~ = —v'M + 0(l/6(«r)) ~ — <p\o) 

M<r) xi<r) 

as a \ 0, since, by c), (3) and b), 

— &(<j)<p'(a) > {ffV'(<r)} } ^ > 1. 

Thus —fo(<r) > 0 ultimately. This proves the lemma, but we carry the argu- 
ment a little further for future reference. 

Given «, (0 < e < 1), vve have, by (12) and b), 

I < _(1 _ eV ( ff ) < JM < _(i + ,)„'(„), (0 < <r £ a.), 

t(j /o(o-) 

whence, integrating over [<r, <r t ] and taking exponentials, 

(13) A.«r _1/< < < Me) < C,e (1+,Ml) , (0 < <r < a,), 

where A, , B, , C, > 0. 

Proof of Theorem 1. In the following argument the main variables are 
a and «, connected by (5) and supposed ‘sufficiently small’ and ‘sufficiently large’, 
respectively. Limit operations refer to the process o \ 0 or the equivalent 
process « /” « . 

In the formula 

r A(u)e~ u, du = = F(s), («r > 0), 

Jo s 

say, obtained from (2) by partial integration, change s to a + z, multiply by 
k(z/T)e 1 ’ dz, where T > 0, { is real, and k{z) is any function regular along 
[0, *], and integrate along a path l from 0 to iT. This gives 

(14) £ A(u)e~ ut K(Tu - Tt)Tdu « F(<r + z)k(z/T)e^‘ dz, 
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where 

(15) K(v) « f k(Z)e~ vZ dZ 

Jo 

taken along the path L corresponding to l by the transformation z = TZ , pro- 
vided that 9?(<r + z) > 0 at all points z of l . For L we may take the segment 
<. [0, i ] or any sufficiently near path giving the same value of K(v ). 

Take 

(16) « = fa) - « + 0(0 = -V(<r) + 0(0, 

(17) T = T(a) = A<r, 


with the A of hypothesis (ii), and suppose k( 0) 5^ 0. Let l = Z(<r) be ihade up 
of the segment h from 0 to ir and the broken line h from ir to iT formed of 
two segments to the left of, and inclined at tan” 1 t/ct to, the segment [ir, iT ], 
where r = t((t) is chosen so that 

(18) 5(a) > t(<t) > 

-V («0 

This choice is possible by c); and the path L = L(a) corresponding to l = 1(a) 
tends to coincidence with the segment [0, i], its greatest distance from this 
segment being 0(r/a) — o(l) by (18) and (4). 

When z = iy is on h, the point a + z is in D, by (18), whence, by (16), (17) 
and hypothesis (i) [since | z/a | g r/a = o( 1)], 


F(a + z)k(z/T)e U _ f(a + z) ak(z/ba) tat fO(T/<r) 

fmW) JM~ ' (p- +1W) ' 

= e oW, e oW, e ->*'C)+oU) = + o(y\"( a ) + !) e lirV'«} 

fo(a) 


uniformly in y, by Lemma 1 (with e = £). Inserting this in (14) and making 
the substitution y{<p"(a)\ l ‘ = w, we deduce that the contribution of h to the 
right hand side of (14) is 


ik(o)F 0 (a) ( r M 

{■p'Ml'XJo 


e iw ‘ dw + o 



ik(0)F 0 (a)(ir/2) i 


where i j(a) = r(a)[<p , '(a)} i > 1 by (18) and (3). 

When z = x + iy is on U , the point a + z is in the angle ‘A’ of hypothesis 
(ii) and | a + z | > a (as may be seen at once from a figure, the lower segment 
of k being at right angles to the segment [—a, ir]); whence, by (ii), (16), (17) 
and Lemma 2, 


F(a + z)k(z/T)e i ’ - 0 ( -j ~ ■ 1 • e MI+0(r/,) ) = O{F 0 (a)e ux } 


uniformly in z. Also i 5 0 and 


dz 

dx 


- 1 1 -F (o/r)i | = 0(o/t) 
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on each of the segments of k . Hence the contribution of k to the right hand 
side of (14) is 

0 (f,M £ e-Mr) *) = 0 («£) - « (^,) , 

since tor = — > <r{<p"(<r)\ i by (18). Thus 

jT F{< r + z)k(z/T)e t ‘ dz ~ — = i*(OMo(co)<f 

by the definition of .4 0 (to). Substituting in (14) and putting « = (-(- y/T, we 
obtain 

(19) f A{H + v/T)er v " T K{v) dv ~ ffc(OM 0 ( w )e 

in which we note that, by (16), (17) and b), 

(20) Ti = — A<r<p'(c) + 0(1) > 1. 

Take, firstly 

k(Z) = 2 (Z - i ). 

Then 


((— « )<r 


2 i , 2(1 - e^) 
.,2 1 




K(v) = -- + 

w a* 

Taking real parts in (19), and using (20) and hypothesis (iii) [which implies 
A (u) Si A (0) = 0, (it Si 0)], we deduce that 

AQ-- \/T)e~ MT £ dv < [1 + o{\)\2icAMe^' , 

where X is any fixed positive number. Taking 

£ * w + \/T = a> + X/A<t 
[ an admissible choice by (16)], we infer that 


lhn^ £ 


2ire' 




^4o(w) 


f x /sin t'/2\ 

L VJ/T ) 


2 ’ 
dv 


and the second part of (6) follows on putting X = A*. 
Take, secondly, 

(T* - <f 


k(Z) = 2(Z - i) 


n > 0, n = 0(mod 2 t). 
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m(v) = 



^ 0, (|» | g it), 

£ 0, (| V I ^ It), 


whence, by a similar argument, with ( = u — n/T 


lim 

The denominator here is 

£ 2 s inV2(| + 


■A(tu) 

Ao(w) 


2we 


,-2 m/A 


r" ( sin v/2\ n* , 

LA-ijr) 


+ 


it in — v) it(it 




dv 


_ r/*mWA , dv+ 4 
J- M \ v/2 / Jo w 


and the first part of (6) follows on taking n = 27r([A*] + 1). 

An alternative treatment of the range from ir to iT in the above proof is 
possible under certain conditions, for example on the additional assumption 
b') of §4 (Theorem 1'), and, in particular, in the special case to be applied in §3. 
This consists in taking the segment [ ir , iT] as path of integration and applying 
an estimate 


F((r iy)k{iy/T)e __ 0( e J(|*+*vl-*)$'(l*-Kv|)) 

Fo(<r) 

- - °(=7b?); (s > 0) 

to the integrand. [The first step here depends on (ii) and an application of the 
mean value theorem to log /o(<r), followed by (12) and b) ; but the next step seems 
to require an additional assumption such as b').] The procedure places the argu- 
ment on an essentially ‘real variable’ footing, and this may be considered desir- 
able with a view to the logical status of Theorem 1 in arithmetical applications. 
It should be observed, however, that the use of a complex variable technique in 
the original (general) proof does not imply any essential dependence on complex 
function theory. Thus the fact that the special integrals K(v) are independent 
of the path L = L(<r) is verified by the calculations without reference to Cauchy’s 
general theorem. And, of course, the incidental appeals to Cauchy’s theorem 
in Lemmas 1 and 2 can be avoided in particular applications, like that of §3, 
by an independent verification of the results. 

Special Cases. Take first 

<p(s) = /T^M/s)*, x0) = C(M/$)^\ (p, M, C > 0, m real). 

Then 

(21) Ms) = C{M/s) mM e 0 ~ Hul,)> , 

(22) • AoM = C{Mu) na -'e°- x < M *>\ {a - 0/(0 + D), 
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as may be verified by a simple calculation. For D we may take, for example, 
any domain of the form 1 t \ < A 0 <r' 1 with A 0 > 0, y £ 1 [to satisfy d)], and 
y < 1 + 0/2 [to satisfy c)]. The actual result to be used in §3, and quoted 
with special values of M, m, C as (.4 2 ) in §1, is obtained directly by taking y = 1 
and Ao arbitrarily large; but the hypotheses (i) and (ii) on /($) become more 
general as y is increased (within the permitted range 1 y < 1 + 0/2). Ac- 
tually it will appear from §4 (Theorem 1') that in this example we may replace 
(i) by the corresponding hypothesis along the positive real axis, retaining the 
complex variable explicitly only in the hypothesis (ii). 

The scope of the conditions a), b), c), d) may be illustrated by two further 
examples, in which we take x( s ) = 1 : 

v(s) = h(l/s)l n (l/s), <t{U lA)} -1 -< «(<r) ^ do, (0 < tf < 1); 

*(«) = C n (l/s), *\e n (\/o)\~' < 5(cr) ^ <r 2 { C ,(l/<r) . • • e^d/a)}" 1 . 

Here l n and e n denote iterated logarithms and exponentials, and the conditions 
on 6(a) correspond to c) and d), respectively. A study of such examples, in 
conjunction with the inequalities (13), shows that f 0 (a) must increase more 
rapidly than any power of l/<r when a \ 0, but that, subject to conditions of 
regularity and smoothness, any rate of growth above this limit is permitted, 
the latitude in the choice of D becoming greater with the rate of growth. The 
extraneous factor xOO adds nothing essential, since it can in practice be absorbed 
by adding log xW to <p(s); it serves merely to simplify the calculation of A 0 (o>) 
in special cases. 


3. Application to partitions 

Theorem 2. Let 


0 < Ai < X 2 < • • * 

be a given sequence vnth 

(23) N(u ) = Bv? + R(u), 
where N(u ) is the number of X, not exceeding u, and 

(24) f dv = b log u + c + o(l) 
Jo V 

For real l let p(l) be the number of solutions of 

l = ri\i + 7*2X2 + • • • 


(B > 0 , 0 > 0 ), 


as u-+ 00 . 


in integers r, ^ 0, and p*(l ) the number of solutions with r, = 0 or 1, (where the 
formally infinite sum contains a finite but unrestricted number of non-zero terms). 
For u real and h > 0 let 

P(u) = £ p(0, P*(m) = 23 P*(0, 

1<U 1<U 

P(u) - P(u - h ) 


Ph(u) = 


if w = r w z gfrz * ) 
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where each summation is over the {discrete) set of l for which the summand is 
different from zero . 

Then, when u — » «>, 


(25) 


P(u) ~ 1 

/l-a> 

V 2 ir ; 

k 1 gC jjj-(6+i)a U (M-|) U-«)-J g«- » ( 

(26) 


P*(u) ~ 

/l — 

\ 2x > 

) > 2' > (M*M)- a/2 e“" 1< "* u) “, 

where 





a = 

0 

0+1’ 

, M = 

{BW 

+ l)f(0 + l)} 1 "*, M* = (1 — 2~ 8 ) 1I8 M. 

• 

Also 





(27) 


■Pa(u) ~ 

/I - a 
\ 2x , 

(28) 


P*(w) ~ 

(L-„« 

\ 2tt , 

^ 2 b M* an u ha ~ l e a ~ HM ‘ u)a , 


if h is a positive constant for which the left hand side is an increasing function of u. 
This condition is certainly satisfied for P h {u ) if h belongs to the given sequence {X„|, 
and for P*{u) } if h, 2h, 2 2 h, • • - all belong to {X,}. 

The formulae (26) and (28) for P*(u) and P*(u) remain valid if (24) is replaced 
by the weaker assumption 

(29) / R(v)dv = bu + o(u) f as u-~* « 

[derivable from (24) by partial integration]. 

Consider first P(u) and P h {u). By (23) and (24) 

N(u) g 2 r ^ dv = 2( r B —dv + L(2u) - £(«)) = 0(u 8 ), 

Ju V \Ju V / 

where L(u) is the left hand side of (24). This suffices to justify the formal 
transformations which follow, when a > 0. By the definition of p(l), 

L pd)e- 1 ' = ft (1 - = g(s), 

l v-l 

say. By (23) and (24), 

log g(s) = log (1 - e~’ x, ‘) - - f log (1 - e~ ut ) dN(u) 

Jo 


(30) 



(Bu 8 du + udL(u )) 


B f°° (us) 8 d(us) 

8 fi Ju-o e u ‘ — 1 
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(31) = 


Br(p + Droj + i) 


— — f (b log u + c)#'(us)s du — f S(u)ip'(us)s du, 
*0 Jo 


where i(s) = s/(e - 1), and S(u) is o(l) when w -*• <», 0(| log u |) when u\ 0, 
and continuous for u > 0. The first integral in (31) is 


|^(f> log u + c) — ^ — b log (1 — e “*)J = b log s — c. 

And, since c n \p'(s) and | s |/er are bounded in any fixed angle ‘A’ of the type 
1 1 1 ^ Acr, (0 < A < oo ), the second integral is 


| log w | + l)<rd«^ + o^^ e ul,n <T(liiJ = o(l) 


when s — * 0 in any ‘A’. Hence 

log g(s ) = 0~\M/sf — b log s + c + o(l), 

(32) g(s) ~ e c s~V" HMM \ 

when s — * 0 in any fixed ‘A', where = BfiV (p + l)f(/3 + 1). 
But 


[ e dP(u) = g(s), 

Jo 

(33) jf e~ u ‘dP h (u ) = * Q" e~ u 'dP(u ) - jf <T ( “ H, VP(u)) = — 

and (1 — < rh8 )/h ~ s when s 0 in any way. The results (25) and (27) may 
now be obtained at once by taking in = (b ± ^)/0, C = in the first of 

the special cases of Theorem 1 discussed at the end of §2, since P(u ) obviously 
increases with a and Ph(u) is explicitly assumed to increase. 

Finally, the identity (33), which is equivalent to an identity between Dirich- 
let’s series, shows that the step-function Ph{u) increases with u if and only if 
the series for (1 — e~ h8 )g(s ) has positive coefficients; and this is certainly so if 
h belongs to {X„}, since then 

(1 - e' h ‘)g(s) = II (1 - c~ x '*)‘ 1 . 

The formulae for P*(m) and P*(w) follow similarly from 
E = ft (1 + e' x ") = g*(s), 

l P-1 

g*(s) ~ when s — » 0 in any ‘A’, 

where M* fi = (1— 2 The last relation may be deduced from (32), since 
g*(s) — g(s)/g(2s). But the direct proof is more elementary and demands only 
(29) in place of (24), because log (1 4- e~') and l/(e* + 1) are regular at s = 0, 
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so that in the formula corresponding to (30) we can use R(u) du directly without 
replacing it by udL(u). The step-function P*(u ) increases with w if and only 
if the Dirichlet’s series for (1 — e~ k ')g*(s) has positive coefficients; and this is 
certainly so if the numbers 2 \ (ji = 0, 1, 2, • • •), all belong to (X„), since then 

(l. — e~ h, )g*(s) = (1 — e~ h ‘) f[ (1 + e -2 ' 1 **) II (l+e _X ")= IT U + e~ X "). 

M -0 \y^h \yfW*h 

Special Cases. The formulae (1) may be deduced at once form (27) and (28), 
respectively, by taking X, = v } {v = 1, 2, • • •) and h = 1, since 

(34) f ~ — - dv = X log - — ft = — \ log u — \ log 2w + o( 1) 

Jo V V 

as u — > oo (by Stirling’s theorem for log ft!), and T(2)f(2) = w/0. In the case 
of q(n) the simpler result 

/ (M — v) dv = — \u + o(u) 

Jo 

may be used in place of (34), in virtue of the concluding remark of Theorem 2. 
The formula for q(ri) may, alternatively, be deduced from (27) by taking 
X, = 2v — 1, h = 1. 

An asymptotic formula for the number of partitions of a positive integer n 
into positive integral /c-th powers, where k is any given positive integer, may be 
deduced similarly from (27) by taking X, = v k and h = 1, the verification of (23) 
and (24), with 0 = 1/A;, B = 1,6= —\ y c = — kk log 2t depending on a formula 
equivalent to (34). This particular problem has been studied in detail by 
Wright [9], who obtains by more special methods an asymptotic expansion in 
functions of descending order of magnitude. 

Some obvious extensions of the case X, = v k fall within the scope of Theorem 
2. Thus we may restrict v to certain arithmetical progressions, and modify a 
finite portion of the sequence in any way. In applications of (27) or (28) atten- 
tion must, of course, be paid to the condition that the left hand side increases 
with ft, at any rate for large u (this being obviously sufficient). 

Theorem 2 is a very special deduction from Theorem 1 and could easily be 
extended to cover other partition functions, such as the number of partitions 
of ft into fci-th and A^-th powers. 

4. Notes on the conditions of Theorem 1 

1) Theorem 1'. //, in addition to the conditions a), b), c), d), we have 
b') — <r k <p'(a) \ 0 as <x\ 0 f for some fixed k y then the hypothesis (i) of Theorem 1 
may he replaced by 

(i') f(s) ~ fo(s) when s 0 by real positive values . 

We shall prove the following facts: 

(a) On the assumptions a), b), c), d) only, (i)' and (iii) [or, alternatively, 
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(O' and (ii)] imply (i) with D replaced by a certain sub-domain D f (depending 
on f) for which 

(35) Sf(<r) > {/'(g) } -i , as o- \ 0, 

where 5/(g) has the same meaning for Df as 5(g) for D; 

(/3) On the additional assumption b'), the domain D f is ‘admissible’ in the 
sense of conditions a), c), d). 

An appeal to Theorem 1 with D replaced by D f will then establish Theorem 1'. 
Choose p(g) so that (when g \ 0) 

(36) {/'(g) < P(<r) < 5(g), 
as is possible by c) and (3). Consider 


G(z) = G,(z) = 


/(g 4- z) 
fo(<r + z) 


~ 1, 


(z = X + iy) 


in the circle C(<r) defined by | z | ^ p(g). 

By (iii) and (i)', | f(u + z) | ^ /(g + x) = 0{/ O (g + a:)}, [or, alternatively, 
by (ii) and Lemma 2, /(g + z) = O[/ 0 (| g + z |)( = O(/ 0 (g + x) j], uniformly 
for | z | ^ p(g) when a \ 0; whence, by Lemma 1, G(z) is regular and satisfies 


10 ( 8 ) 1-0 


( 


/o(g + x) \ 
|7o(g + z) 1/ 


+ 0 ( 1 ) 


= 0{c 




^-«2<p'(a)+i|8| V'(*>) ^ e *P*U rV'Gr) 


in C(<r) (if a is sufficiently small). 

By (i)' we have, since p(o-) < g ultimately, 

I G(z) I < 6(g) 

on the diameter [— p(g), p(g)], where e(g) = 6/(g) — * 0 as g \ 0 and is inde- 
pendent of the choice of p(g) in the range (36). 

It follows, by a well known convexity theorem [applied separately to the 
upper and lower halves of 0(g)], that, in the region bounded by the two circular 
arcs — p(g), ± fXp(g), p(g), (0 < X < 1), and so in particular in the circle | z | < 
Xp(g), 

(37) | G(z ) | < 6*(g)e (1 - ,wp ’ ( ' ) *" <,,) , 

where (1 — d)jr is the angle at which the two circular arcs intersect, so that 
0 < < 1 and d depends only on X. 

Take a fixed X and choose p(g) — p/(g) in the range (36) so that the right 
hand side of (37) is < 6 w (g). Then we shall have /(s) ~ f 0 (s) when s — ► 0 in 
the sub-domain 

0/ = Z d/to 

0 <<r£h/ 

of D, where d/(g) is the circular domain of the s-plane with centre g and radius 
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Xp/(a), h/ is a sufficiently small positive number, and denotes logical summa- 
tion over <r. Also6/((r) ^ Ap/(er) > {^"(cr)F* by (36). This proves (a). 

Since Df lies in Z), contains the segment (0, h/] f and satisfies (35), it will 
satisfy all the conditions imposed on D in a), c), d), if = 0{— ^'(^)}* 

But this is so on the assumption b'), which implies that [tr k ip f (a)Y ^ 0 and 
therefore 


This proves (0) and completes the proof of Theorem 1'. 

2) In Theorem 1' we may regard (iii) and (ii) (for every A) as Tauberian 
conditions which convert the generally false inference (i)' — ► (7) into a true 
proposition. An example showing that (iii) alone is not a sufficient Tauberian 
condition has been constructed by Avakumovic and Karamata [3] (353, e). In 
this example (i)' and (iii) are satisfied but the lim and lim in (6) are 0 and «o. 

Another example proving less in this direction, but illustrating the effect of 
the supplementary hypothesis (ii), may be constructed as follows. With the 
special functions (21) and (22), and any fixed U > 0, we can show, by the 
saddle point method, that 

(38) [ e~ ug dA 0 (u ) ~/o(«), 

J u 

when s — ► 0 in a certain angle \t \ g 5<r, (5 > 0) ; whence, by a change of the 
variables and of the path of integration, 

(39) f°° e~ ua dAo(pu) ~/ 0 («/p), 

J U 

when s — > 0 in 1 1 1 ^ 5'<r, (0 < 5' < 5), if p = re'° is fixed with r > 0, and # > 0 
and sufficiently small. 

Choose p so that 9ip a = 1. Then 9? < 1, since 

(cos p&) 1113 < (cos a#) 1/a , 

as may be verified without difficulty (for small positive since 0 > a > 0. 
Take 

A{u) = Aq{u) + X9fA 0 (pw), ( u ^ U), A(u) = 0, (0 £ u < 17), 
with X > 0. Then, since 9?p a = 1, 

(40) M = 1 ± X', (X' > 0). 

A 0 (u) 

so that (7) is false. On the other hand, since < 1, fo(<r/p) = o{/ 0 (<r)J as 
<r \ 0, whence, by (38) and (39), 

f(s) = r e~ u ' d A (u) ~/ 0 («) 

Jo 


( 41 ) 
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when s > 0 by real positive values, so that (i)' is satisfied. Also, (iii) is satisfied 
if X is sufficiently small and V sufficiently large, as may he verified by 
differentiation. 

In this example, (41) holds in the angle 1 1 1 g Acr if A is sufficiently small, so 
that we have (ii) and therefore (6) for some A > 0. On the other hand, (40) 
shows that, apart from the precise forms of p(A) and $(A), the conclusion (6) 
cannot be improved, at any rate for the smaller values of A. 

The actual form of the supplementary hypothesis (ii) was adopted with 
a view to applications, but it Is naturally not the only possible form. 

3) The distinction between Theorem 1 ' and the Hardy-Littlcwood cas e/ 0 (s) = 
s a , (a > 0), in which (iii) alone is a sufficient Tauberian condition for an in- 
ference of the form (i)' — > (7), can be explained very simply in terms of the ideas 
of this paper. A valid (if somewhat sophisticated) proof of the Hardy- 
Littlewood theorem [quoted in the case a = 1 as (Ai) in §1] can be constructed 
by applying, first, a convexity argument, substantially as in Theorem 1' (a) [with 
x(s) = 1 and tp(s) = a log 1/s] or as a Phragm^n-Lindelof theorem, to deduce 
from (i)' and (iii) that f(s) ~ f 0 (s) when s — » 0 in any fixed angle 1 1 | g A<r, 
(0 < A < oo ), and, then, a slightly modified form of the argument of Theorem 
1, with r = T = A<r and an arbitrarily large A, to deduce (7) with A 0 (u) = 
ii a /r(a + 1). Thus the convexity argument is completely successful in re- 
moving the complex variable from the hypotheses in the Hardy-Littlewood 
case, but only partially successful in Theorem 1', the essential difference lying 
in the fact that {<p"(<0 }~* is of the same order as a in the former case, but of 
lower order in the latter. 

4) If we ask what can be proved about A (u) when we simply omit (ii) from 
the hypotheses of Theorem 1 or, more generally, when we replace the hypothe- 
ses (i) and (ii) of Theorem 1 by (i)', a partial answer can be given by the methods 
of this paper, though the question belongs more naturally to the order of ideas 
of Martin and Wiener [5]. We can first use the convexity argument of Theorem 
l'(a) to extend (i)' to the region j t j ^ Cj<p"(<7)) -i , where C is any positive con- 
stant, and then take r = T = C{v?"(o-) j in the argument of Theorem 1 [or in 
the corresponding argument with A(u) du replaced by dA{u) and F(s) by /(«)]. 
The general effect of this, when we reject the parts of the range of integration 
where ytK(v) is relatively small and use the condition A (u) ^ 0 [or the condition 
*dA (u) ^ O'], is to give information about certain weighted averages of A(u) du 
[or of dA(u)\ over an interval about the point u = a> = — <p'(a) whose length 
is of order l/T, i.e. of order {<p"(<x)}\ But this is just the kind of result that 
Martin and W T iener obtain by real variable methods more appropriate to the 
form of the problem. The actual theorems proved by Martin and Wiener do 
not emerge readily by the method outlined above, which, is somewhat artificial 
in this context, but the discussion serves at any rate to explain the effect of the 
various hypotheses concerning /($). The extension from the real form (i)' to 
the complex form *(i) + (iiy reduces the length of the interval of averaging 
from c{^"(<r)}* to c/cr , and this enables us to draw the conclusion (6) when A(u) 
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is monotonic, because e~ uc varies only by a constant factor e ±c , when u ranges 
over an interval of length c/<r ; and the sharper conclusion (7) is possible if c 
can be taken arbitrarily small, because e ±c — > 1 when c — ► 0. 

The Institute for Advanced Study 
Princeton, New Jersey 
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BEITR&GE zur topologie der gruppen-mannigfaltigkeiten 

Von Hans Samelson 
(Received October 18, 1940) 

Einleitung 

Die Theorie der Lie’schen Gruppen war urspriinglich eine “lokale” Theorie: 
man betrachtete nur eine Umgebung des Einsclementes einer Gruppe, das, was 
man heute einen Gruppenkeim oder eine lokale Gruppe nennt [l]. 1 Diese 
Einschriinkung, die dem Gruppenbegriff eigentlich nieht angemessen ist, wurde 
in der neueren Forschung aufgegeben. Man betrachtet heute die Algebra der 
ganzen Gruppe und die Geometrie im Grossen des die Gruppe reprasentierenden 
Raumes, der “Gruppen-Mannigfaltigkeit”. Die damit auftretenden geo- 
metrischen Fragen sind im wesentlichen topologische Probleme. Die hierher- 
gehorigen Ergebnissc, die im Sommer 1935 bekannt waren, hat E. Cartan in 
einem Vortrag “Sur la topologie des groupes dc Lie” zusammengestellt [2]. 
(In der vorliegenden Arbeit werdcn nur kompakte Gruppen, deren Raume 
also geschlossene Mannigfaltigkeiten sind, behandelt.) 

Der topologische Bau einer Mannigfaltigkeit wird in erster Linie beschrieben 
durch ihre Betti'schen Gruppen, sowie durch ihren Homologie-Ring, den man 
aus den Betti'sohen Gruppen bekommt, wenn man die Schnitt-Bildung ais 
Multiplikation einfiihrt-. 2 Ftir (Jrwppen-Mannigfaltigkeiten hat dieser Ring 
eine besondere Bedeutung: er ist-naeh Cartan — isomorph dem Ring der 
invarianten Differentialformen der Gruppe. Daraus ergibt sich weiter, dass 
das topologische Problem, die Struktur des Homologie-Ringes einer Gruppe zu 
bestimmen, Equivalent ist mit einem algebraischen Problem, das von den 
Invarianten linearer Gruppen handelt. Auf beiden Wegen zur Untersuchung 
des Ringes sind aber die Schwicrigkeiten so gross, dass heute noch nieht die 
Ringe aller bekannten Gruppen ermittelt sind. 

Immerhin ist diese Aufgabe gelost fiir die Gruppen, die Weyl die “klassischen” 
nennt — also die orthogonalen, die unitaren und die symplektischen — , und zwar 
von Pontrjagin auf dem topologischen [3], von R. Brauer auf dem algebraischen 
Wege [4]. Es stellte sich dabei heraus: Die genannten Gruppen haben die 
gleichen Homologie-Ringe wie gewisse topologische Produkte von Spharen. 
Die Dimensionszahlen dieser Spharen, die ja dann den Ring bestimmen, lassen 
sich fiir jede dieser Gruppen angeben. Fur die PoincarS’schen Polynome — also 

1 Die Nummcrn im Text verweisen auf das Litcraturverzeichnis am Schluss der Arbeit. 

* Wir verwenden als Koeffizientenberich in dieser Arbeit immer den Korper der ra- 
tionalen Zahlen (oder, was fast auf dasselbe herauskommt, den Korper der reellen Zahlen; 
dieser Kdrper ist bei der im n&chsten Satz genannten Isomorphic mit dem Ring der in- 
varianten Differentialformen beniltzt). 
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fur die Polynome in einer Unbestimmten t, deren Koeffizienten die Betti'schen 
Zahlen der betreffenden Mannigfaltigkeit sind — folgt, dass sie in Faktoren der 
Gestalt (1 + t m ) zerf alien; dabei sind die Exponenten m die erwahnten Dimen- 
sionszahlen. 

Diese wichtigen Untersuchungen von Pontrjagin und Brauer — (ebenso wie 
eine etwas jungere topologische Arbeit von Ehresmann [5], in der dieselben 
Ergebnisse erhalten werden) — haben einen “speziellen” Charakter: es wird 
jedesmal eine spezielle Klasse von Gruppen betraehtet, und es werden jedesmal 
ganz spezielle Eigenschaften dieser Gruppen benlitzt. Daher erhebt sich die 
Frage nach einer allgemeinen topologischen Theorie der Gruppenmannigfal- 
tigkeiten, aus der man die erwahnten Satze liber die klassischen Gruppen durch 
Spezialisierung gewinnen konnte. So schliesst auch Cartan seinen genailnten 
Vortrag nach einem Bericht liber die Pontrjagin-Brauer'schen Untersuchungen 
mit den Worten: “II faut esp^rer qu'on trouvera aussi une raison de portae 
g6n6rale expliquant la forme si particulifcre des polynomes de Poincar6 des 
groupes simples clos.” [6] 

In dieser Hinsicht ist nun ein wichtiger Schritt der folgende Satz von Hopf : [7] 
“Fur jede (geschlossene) Gruppe ist der Homologie-Ring isomorph dem Ring 
eines gewissen topologischen Produktes von Spharen, deren Dimensionen un- 
gerade sind”; es gilt also allgemein das, was Pontrjagin und Brauer fur die 
klassischen Gruppen festgestellt haben — insbesondere zerfallt das Poincar^sche 
Polynom jeder Gruppe in Faktoren der Gestalt (1 + t m ) mit ungeraden Expo- 
nenten m. Dieser Satz besitzt offenbar die gewlinschte Allgemeinheit; jedoch 
wird in seinem Beweis die Gruppen-Eigenschaft nicht vollstandig ausgenlitzt 
und vor allem ein wichtiges Hilfsmittel nicht herangezogen, das Pontrjagin in 
seiner Arbeit [3] eingeflihrt hat: eine Multiplikation von Zyklen mit Hilfe der 
Gruppenmultiplikation, die kurz so aussieht: Durchlauft der Punkt p den 
Zyklus x und der Punkt q den Zyklus y, dann durchlauft der Produktpunkt pq 
den “Produktzyklus” von x und y. 

Auf der Betrachtung dieser “Pontrjagin’schen” Multiplikation und ihrer 
Kombination mit dem Satz von Hopf basiert nun die vorliegende Arbeit. Und 
zwar beweisen wir in Kap. I, §3 einen Satz (den “Aufspannsatz”) liber die 
Struktur des Ringes einer Gruppe, dessen Beweis fur die klassischen Gruppen 
einen wesentlichen Teil des Inhaltes der Pontrjagin’schcn Arbeit bildet und 
dessen Gliltigkeit fur alle Gruppen von Cartan [8] vermutet wurde. Der Inhalt 
dieses Satzes ist eine ganz bestimmte Dualitat zwischen der Gruppen- (Pontrja- 
gin , schen)-Multiplikation der Zyklen und der Schnitt-Bildung der Zyklen; 
dadurch wird die Gruppe in eine noch engere Analogic zu einem Spharen-Produkt 
gebracht als durch den Satz von Hopf; es handelt sich um einen “doppelten” 
Isomorphismus. 

Der §1 von Kap. I enthalt eine Zusammenstellung bekannter Tatsachen 
liber Homologie-Ringe von Mannigfaltigkeiten, und die Definition und Eigen- 
schaften der (bei Hopf [7] eingeftihrten) Begriffe “maximales” und “minimales” 
Element eines Homologie-Ringes. In §2 wird der Satz von Hopf zitiert, und 
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es werden die fur das folgende grundlegenden Eigenschaften des Ringes einer 
Gruppe dargestellt. Der §3 enthalt den Beweis des oben genannten “Auf- 
spannsatzes”. 

Auf Grund dieses Satzes werden dann in Kap. II die beiden wichtigsten 
gruppentheoretischen Bcgriffe “homomorphe Abbildung” und “Untergruppe” 
in topologischer Hinsicht untersucht. Es wird die Frage diskutiert, wie die 
Mannigfaltigkeit einer Untergruppe in die Gruppe eingelagert ist, d.h. welche 
Zyklen aus der Untergruppe in der Gruppe homolog Null sind; dabei ergeben 
sich einfache Gesetze. Diese spielen im folgenden eine Rolle. 

Eine kontinuierliche Gruppe G ist gewohnlich gegeben als transitive Trans- 
formationsgruppe einer Mannigfaltigkeit W, des “Wirkungsraumcs” (“espace 
homogfcne”) [9]. Diejenigen Transformationen, die einen bestimmten Punkt 
von W festhalten, bilden eine Untergruppe V von G, die sogenanntc “Isotropie- 
gruppe” von W, die bis auf innere Automorphismen von G unabhangig von der 
Wahl des festen Punktes ist. Die Nebengruppen, in welche G naeh U zerfallt, 
stchen in eineindeu tiger und ste tiger Beziehung zu den Punkten von W; geo- 
metrisch gesehen liegt eine “Faserung” von G in die (untereinander homo- 
omorphen) Nebengruppen von U vor [10]. 

Eines der Hauptproblemc der weitercn Thcorie besteht nun in der Unter- 
suchung der Beziehungen zwischen G, l T und W. Einerseits ist das der natfir- 
liche Ansatzpunkt zur Untersuchung einer als Transformationsgruppe gegebenen 
Gruppe; andererseits sind die Wirkungsraume, also die Mannigfaltigkeiten, die 
transitive Transfomiationsgruppen zulassen, an und fur sich interessant. Hier 
hat man nun Moglichkeiten, wenn man die Satze der Kap. I und II dieser Arbeit 
verkniipft mit topologischen Satzen iiber die Faserungen von Mannigfaltigkeiten. 
Dazu werden in Kap. Ill und IV einige Beitrage geliefert. 

Das Kap. Ill behandelt den Fall, dass der Wirkungsraum W cine Sphare ist. 
Das Ergebnis ist, dass man auf eine sehr einfache Weise aus dem Homologic-Ring 
der Isotropiegruppe U und der Dimension der Wirkungs-Sphare W den Ring der 
Gruppe G bcstimmen kann. Dieser allgemeine Satz gibt miihelos durch eine 
Rekursion die Pontrjagin-Braucr’schen Resultate fiber die Ringe der “klas- 
sischen” Gruppen; denn diese Gmppen sind bekanntlich transitive Transforma- 
tionsgruppen von Spharen, und die zugehorigen Isotropiegruppen sind auch 
klassische Gruppen. 

Im Kap. IV werden die Beziehungen zwischen G , V und IF ohne spezielle 
Voraussetzungen fiber W untersucht. Unter anderem wird der Satz bewiesen: 
Ist V nicht homolog 0 in G, dann ist der Homologie-Ring von G isomorph dem 
Ring des topologischen Produktes von V und W. Dabei ergibt sich noch: 
Ein Wirkungsraum W, dessen Isotropiegruppe l ' nicht homolog 0 in der Gruppe 
G ist, hat den glcichen Ring wie ein gewisses Produkt von Spharen ungerader 
Dimensionen. Das ist eine Verallgemcinerung des Satzes von Hopf fiber den 
Ring einer Gruppen-Mannigfaltigkeit (eine Gruppe liisst sich auffassen als 
Wirkungsraum, dessen Isotropiegruppe ein Punkt ist, und ein Punkt ist nie 
homolog 0). 
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Kapitel I 

Ein Satz Ober Gruppen-Mannigfaltigkeiten 

Die §§1 und 2 enthalten eine geeignete Zusammenstellung bekannter Dinge 
(im wesentlichen ohne Beweise) und einen Bericht tiber eine Arbeit von Hopf 
liber Gruppenmannigfaltigkeiten, auf die sich die vorliegende Arbeit sttitzt. 
In §3 wird ein allgemeiner Satz liber Gruppenmannigfaltigkeiten bewiesen. 

1. Der Homologie-Ring einer Mannigfaltigkeit. Irreduzible Erzeugenden- 
systeme, maximale und minimale Elemente 

1. M sei eine geschlossene, orientierbare Mannigfaltigkeit der Dimension n. 
Die Homologieklassen von M, die Elemente der Betti’schen Gruppe §3 (A/), 
bilden einen Ring, den Homologie- oder Schnittring SR(Af), wenn man die Addi- 
tion dureh die Addition in der Betti’schen Gruppe und das Produkt durch die 
Schnittbildung erkl&rt [11]. Dabei sollen in dieser Arbeit immer die rationalen 
Zahlen als Koeffizientcn diene. n. 

$K(ikf) enthalt ein Eins-Element, namlich den orientierten n-dimensionalen 
Grundzvklus von M ; es wird mit 1 bezeiehnet. Die Dimension eines homogen- 
dimensionalen Elementes z von ift(M) bezeichenpn wir mit d(z); die Zahl S(z) = 
n — d(e) heissc die duale Dimension von z. Das Null-Element 0 hat jede 
Dimension. 

Fur homogen-dimensionale Elemente z, z' ist auch das Produkt oder der 
Schnitt z-z' homogen-dimensional und zwar gilt: 

8(z-z') = 5(z) + S(z'). 

Weiter ist: 

z-z' = (_ 1 ) ,< *>»(« , y <2j 

also speziell : 

z-z — 0 bei ungeradem 5(z). 

Die rationalen Vielfachen der 1 heissen die Skalare. 

Wo im folgenden Homologieklassen auftreten, sollen sie immer, wenn nicht 
anders bemerkt, homogen-dimensional sein. 

2. 25 r (M), oder kurz , sei die r-te Betti’sche Gruppe von M, also die additive 
Gruppe der r-dimensionalen Elemente von 9i(Af); ihr Rang p r ist die r-te Bet- 
ti’sche Zahl von M. Die voile Betti’sche Gruppe 2J(Af) ist die direkte Summe 

(M) + 8i (M) + ... + SB n (M). 

FUr r < n sei U r die Gruppe derjenigen Elemente von $B r , die sich aus den 
Elementen der Gruppen 

®n-l , , • • • , ®r+l 
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durch Multiplikation und Addition erzeugen lassen (vgl. [7], Nr. 30), die sich 
also als Xh-yh mit 5 (xa) > 0 und 8(yh) > 0 schreiben lassen; die Elemente 
von U r heissen “zusammengesetzt.” 

Ein nicht-skalares Element heisst maximal, wenn es nicht zusammengesetzt 
ist, wenn es sich also nicht als Summe von Produkten von hoherdimensionalen 
Elementen darstellen lasst. Ist z maximal und w zusammengesetzt, dann ist 
auch z + w maximal, weil lt r cine Gruppe ist. Die Skalare werden nicht als 
maximal angesehen; die hochstdimensionalen unter den nicht-skalaren, nicht- 
verschwindenden Elementen sind immer maximal. 

Man stelle 33 r als direkte Summe U r + Sr dar; das ist moglich, weil die ratio- 
nalen Zahlen als Koeffizicnten dienen. Die Elemente von Sr sind dann maximal. 
Wahlt man in jeder Gruppe Sr eine Basis, so bildet die Gesamtheit dieser Basis- 
elemente mit der 1 zusammen, wie man leicht sieht, ein Erzeugendensystem des 
Ringes d.h.: jedes Element von 9t (M) lasst sich als Polynom in den 

Elementen dieses Systems schreiben. Man bestatigt auch leicht, dass ein 
irreduzibles Erzeugendensystem vorliegt, d.h. dass kein echtes Teilsystem ein 
Erzeugendensystem ist. 

Der Rang der Gruppe 3n-r f also auch der Rang der Restklassengruppe 
33„-. r — Un-r , werde l r genannt. (Rang = Maximalzahl linear unabhangiger 
Elemente.) Man stellt fest, dass die nicht-skalaren Elemente eines beliebigen 
irreduziblen Erzeugendensystems (1, Z \ , z 2 , • • • , z/) von 9 ?(M) maximal sind, 
und dass die Zahl derjenigen z* , fiir die S(z t ) = r ist, immer gleich l r ist; die 
Anzahl der Elemente eines solchen Systems (ohne die 1 ) ist also immer 

l = h + h + • • • + l n . ([7], Nr. 31) 

Ersetzt man die Elemente z* eines solchen Systems durch z t - + y t , wo die Ele- 
mente yi nicht maximal sind, so erhalt man wieder ein irreduzibles Erzeugenden- 
system; das kommt daher, dass die z 4 - Reprasentanten fiir die Restklassengruppe 
i8 r — Ur sind. 

3. Unter den Vielfachen x*v eines Elementes v von 5K(Af), wo x alle Elemente 
von 5R(Af) durchlauft, treten immer auf: 

a) die rationalen Vielfachen von v y deren Dimension gleich der von v ist — 
man setze fur z einen beliebigen Skalar ein — und 

b) alle null-dimensionalen Elemente, d.h. der Punkt mit einem beliebigen 
Koeffizienten, wenn v t* 0 ist — wegen des Poincar^-Veblen’schen Dualitatssatzes. 

Wir definieren nun: 

Ein Element v von'$l(M) heisst minimal , wenn es keine anderen Vielfachen 
besitztyd . h . wennaus 0 < d(x-v) < d(v) folgt: x*v = 0. (Statt 0 < d{x-v) < d(v) 
kann man auch sagen: 0 < S(x) < d(v).) (Vgl. [7], Nr. 32) 

Die nulldimensionalen Elemente gelten nicht als minimal, so wie die n-dimen- 
sionalen Elemente nicht als maximal gelten. Dagegcn ist die Null minimal. 

Es gilt der folgende Satz: 

Das s-dimensionale Element v ist dann und nur dann minimal , wenn es ein 
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Annulator der Gruppe U n _ 8 ist, d,h, wenn u-v = 0 ist filr jedes Element u von 
U M _, (s = 1, • • • , n) ([7], Nr. 33). Daraus entnimmt man: die ^-dimension alen 
minimalen Elemente bilden cine additive Gruppe S3, , eine Untergruppe von 93, . 
Aus dem Poincar^-Veblen’schen Dualitatssatz folgt leicht, dass der Rang von 
93, gleich i, ist, namlich gleich dem Rang von £ n - B in der direkten Summe 
93n—« = lln— « + Bn -* ; 9$, und £ns sind gewissermassen dual zueinander. Die 
direkte Summe S3i + 9$2 + • • • + 93 n aller dieser Gruppen heisst die Gruppe 
der minimalen Elemente von dt(M ) ; sie wird mit 93 (M), oder kurz mit 93 bezeich- 
net. Ihr Rang ist 

l = l\ + h + • • • + In . 


4. M und M' seien zwei Mannigfaltigkeiten, / eine Abbildung von M in M'. 9 
/ bildet den Ring 9t(jlf) in den Ring Vt(M') ab. Dann gilt der wichtige In- 
varianzsatz : 

Ist v ein minimales Element von 9i(M), so ist sein Bild f(v) cin minimales 
Element von ([7], Nr. 34) 

Eine spezielle Folgerung hieraus ist: 

Ein Element von 9? (M), das durch das stetigc Bild einer Sphare S n (n > 0) 
reprasentiert wird, ist ein minimales Element. Denn in 9U$„) ist der Grund- 
zyklus S n — die 1 von minimal. 

5. M und M f seien zwei geschlossene, orientierbare Mannigfaltigkeiten;/ sei 
eine Abbildung von M in M f . Durch / wird eine Abbildung von Si(ilf) in 9?(M') 
bewirkt, die auch / heisse; sie ist additiv, aber im allgemeinen nicht multipli- 
kativ homomorph. Dann existiert eine Abbildung <p von 9t(Af') in 9t(M) — 
der Umkehningshomomorphismus — mit folgenden Eigenschaften: [12] 

1) v? ist ein Ring-Homomorphismus, also additiv und multiplikativ homo- 
morph, 

2) ^ ist mit / durch die Funktionalgleichung 

fbW-x) = *'•/(*) 

verkniipft, in der z ein beliebiges Element von 9J(M) und z f ein beliebiges Ele- 
ment von 5R(M') ist, 

3) ist z r ein homogen-dimensionales Element von 9?(M'), so ist auch <p(z') 
homogen-dimensional, und zwar ist 

«(*(*'» = «(*'), 

anders geschrieben: 

d(<p{z’)) = d(z') + d(M) - d(M'). 

(Vgl. [7], Nr. 25) Mit Hilfe dieser Eigenschaften lasst sich allgemein bei gege- 
bener Abbildung/, bzw. <p, die Abbildung <p } bzw. /, anschreiben; wir werden 

1 Alle in dieser Arbeit vorkommenden Abbildungen sind eindeutig und stetig. 
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jedoch diese Beziehung, die wir nur in spezieller Weise brauchen, jedesmal 
direkt ableiten. 

6. Es soil jetzt noch ein Hilfssatz abgeleitet werden, der spater gebraucht 
wird. Es sei z 0 , bzw. z' a , der einfach gezahlte Punkt von M, bzw. M\ 

Hilfssatz: 1st <p(zo) 9 * 0, so ist f einc Abbildung von 9?(Af) auf fll(M'). 

Es sei also <p(zo) 9* 0; wir zeigen zunaehst: Ist x' von Null verschicden, dann 
ist auch <p(x') nicht Null. Weil x' nieht Null ist, gibt es ein duales y' mit 
y'-x' — Zo . Wegen der Multiplikativitat von <p ist <fi(y') • <p(x') — <p(y'-x') = 
<f>(s 0 ) p* 0. Also ist auch <p(x') 9 * 0. Die Gruppe derjenigen Elemente von 
93(1W')> die bei der Abbildung / als Bilder von Elementen von 53(ilf) auftreten, 
die Bildgruppe f($S(M)), hat dann die folgende Eigenschaft: 

Sie enthiilt zu einem bcliebigen Element x'(X 0) von S(M') ein Element y' 
mit x'-y' = z’o . 

Denn aus x' 9 * 0 folgt v(x') 9 * 0; also gibt es ein y so, dass <p(x')-y = z 0 ist; 
iibt man auf diese Gleichung / aus und bcaehtet die Funktionalgleichung fiir <p, 
so erhalt man x'-f(y) = z' 0 . Die Behauptung ist also mit ?/' = f(y) erfullt. 

Aber aus dieser Eigenschaft der Bildgruppe folgt nach dem Poincar^- 
Veblen’schen Dualitatssatz sofort, dass die Bildgruppe mit 5B(A/') zusammen- 
fallt, was zu bcweisen war. 

7. Zu zwei Mannigfaltigkciten M und M' gehort die Produktmannigfaltigkeit 
M X M'. Ueber die Homologieeigenschaften von M X M' ist bekannt [13] 
(vgl. [7], Nr. 19): 

Zu jedem Element x von 9f (A/) und jedem Element x' von 9f {M') gehort ein 
Element x X x' von >71 (M X M')\ diese Produktbildung ist mit der Addition 
distributiv verkniipft; es gilt: d(x X x') = d(x) + d(x'). 

Jedes Element von 91 (Af X M') liisst sich als ^ {x h X x' h ) darstellen; genauer 
gilt: Ist (Zi , Z« , • • • Z p ) eine additive Basis von 9f (M) — d.h. einc Basts von 
®(Af) — und ist (Z[ , Zj , • • • Z' p >) eine additive Basis von 9 i(M'), so bilden die 
Elemente Z, X Z* eine additive Basis in 9f (M X A/') ; die Elemente von 
9 1{M X M') lassen sich in eineindeutiger Weise als 2 Uk{Zi X Z*) mit ra- 
tionalen Koeffizienten Uk schreiben. (All das gilt auch fiir den Produktkomplex 
zweier Komplexe.) 

Fiir die Multiplikation gilt [14]: 

(x X x')-(y X y ') = (-l) iM Hy '\x.y X x'-y'); 

dabei miissen x und y' homogen-dimensional sein. Ausserdem gelten die 
tiblichen distributiven Gesetze. 

8. Der folgende Abbildungssatz fur topologische Produkte wird spater ofters 
verwendet: 

A, B, A', B' seien Mannigfaltigkeiten; / sei eine Abbildung von A in A', g sei 
eine Abbildung von B in B'. Man konstruiert eine Abbildung h von A X B 
in A' X B', indem man setzt: 
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HP X q) = f(p ) X g(q). 

1st dann x, bzw. y, ein Homologieelement von A, bzw. B, so gilt: 

h(x X y) = f(x) X g(y). 

Man beweist das, indem man / und g simplizial approximiert. 1st dann a, 
bzw. .b, ein Simplex von A, bzw. B, so ist das Bild der Zelle a X b die Zelle 
/(a) X g(b): 

h(a X b) = /(a) X g(b); 

denn beide Zellen rechts und links haben dieselben Eckpunkte, und auch die 
Orientierung stimmt uberein, wie man leicht sieht. Durch Addition gewinnt 
man die Formel dann fiir Komplexe, Zyklen und Homologieklassen. 

9. Wie man ganz leicht sieht, besteht die Gruppe 53 (M X M') der minimalen 
Elemente von M X M' genau aus den Elementen (v X zo) + (zo X *' / ), wo zo , 
bzw. z'o , der einfach gezahlte Punkt von M, bzw. M', ist und v, bzw. v', ein 
beliebiges Element von 53 (M), bzw. 53(Af'), ist. 

2. Der Ring einer Gruppen-Mannigfaltigkeit 

1. G sei eine geschlossene Gruppen-Mannigfaltigkeit, also eine geschlossene 
Mannigfaltigkeit (der Dimension n), zwischen deren Punkten eine Multiplika- 
tion erklart ist, die die bekannten Gruppenaxiome erfiillt, und die die weitere 
Eigenschaft hat, dass das Produkt pq zweier Punkte p, q von G stetig von dem 
Paar (p, q) abhangt, und ebenso das Inverse p~ l stetig von p abhangt. (Grup- 
penmannigfaltigkeiten sind bekanntlich orientierbar.) 

Ueber den Homologie-Ring von G ist der folgende Satz bekannt ([7], Nr. 2): 
Satz A. Der Ring 3J(<?) (mit rationalen Koeffizienten ) einer Gruppen-Mannig- 
faltigkeit G ist dimensionstreu isomorph dem Ring JR (II) eines topologischen 
Produktes 

n = & I XSm,X--XS mi , ! 2 1, 

wo S m die m-dimensionale Sphtire bezeichnet, und die Dimensionen m, ungerade 
sind. 


2. Der Beweis dieses Satzes verlauft so, dass man zeigt: Bilden die Elemente 
Zi,Z2, • • • Zf mit der 1 zusammen ein irreduzibles Erzeugendensystem von JR(G), 
dann ist 

a) das Produkt Zi*Zg> • ■ • zi von Null verschieden, 

b) S(zi) = Mi ungerade (i = 1, • • • , l) ([7], Nr. 15). 

Daraus folgert man: Es ist 

Zi-Zk — —Zk-Zi, speziell z<-z< = 0; 

und eine voile additive Basis von $R((?) (eine Basis von 53(G)) wird gebildet von 
den 2* Elementen 
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1 > Z% y Zi l , Zi 2 (i\ < £2), 'Zi 2 'Zj s (ii < 2 2 < 2*3), •• • , Zi • Z 2 Zi • 

Diese Basis, die also durch das irreduzible Erzeugendensystem (1, z x , z 2 , • • • , z t ) 
bestimmt ist, heisse die Basis [z t ], 

Sind x , y zwei Elemente (p* 1) dieser Basis, so ist x> y 5* 0, wenn kcin Element 
Zi in bciden Elementen zugleieh als Faktor auftritt, dagegen ist x-y = 0, wenn 
wenigstens ein zi in beiden Elementen als Faktor auftritt, wie man leicht mit 
Hilfe der Assoziativitat, der Antikommutativitat der Elemente z { und der 

Tatsache Zi-z 2 zi ^ 0 bestatigt. Man kann 3t(G) als den Ring der in- 

homogenen Multilinearformen in den antikommutativcn Grossen z x , z 2 , • • • zi 
beschreiben. Die Dimension von G ist 


n = mi + w 2 + • • • + mi . 

Das Produkt Zi«z 2 Zi ist nulldimensional; man kann annehmen, dass es 

gleich dem einfach gezahlten Punkt von G ist, der Vo heissen soil (man kann 
namlich etwa Zi durch ein geeignetes rationales Vielf aches ersetzen). 

Die Isomorphic zwischen und 9f(II) wird folgendermassen hergestellt: 

Der orientierte Gmndzyklus der Sphare S m werde auch mit S m bezeichnet; 
p sei ein einfach gezahlter Punkt von S m . Man bilde die Elemente 

Zi = V X S m2 X S m , X • • • X S mi 

z 2 = S mi Xp X Sm 3 X . . . X s mi 

Zi = S mi X s m2 X S mz X • • - X p 

von 9i(II). Die Z, haben auch die Eigenschaften a) und b); die Zuordnung 

Zi Zi ergibt ofTenbar einen Isomorphismus von 9f(G) und $R(n). 

Die Elemente Zi sind maximal, vveil sie zu einem irreduziblen Erzeugenden- 
system gehoren (§1, Nr. 2). 

Ein Produkt z,, *z, 2 z ir ist durch seine Faktoren bis auf das Vorzeichen 

bestimmt; in diesem Sinne kann man von dem Produkt der z n sprechen, ohne 
auf ihre Reihenfolge zu achten. 

3. Die Gruppe 3} (G) der minimalen Elemente von 9f((?) lasst sich leicht 
bestimmen. Von den Elementen der Basis [z,] sind minimal die und nur die, 
die Produktc von l — 1 Faktoren z x sind, also die Elemente 

Vi == Zi-Z 2 Zj-i'Zi+i' • • • -Zi . 

Denn ist x ein Element dieser Basis, das Produkt von hQchstens l — 2 Faktoren 
2, ist, also mindestens zwei der z, , etwa z r und z , , nicht als Faktoren enthiilt, 
so ist z T -x 7 * 0 und 0 < d(z r -x) < d(x), also x nicht minimal. Dagegen ist 
y-Vi = 0 ftir jedes von z, und 1 verschiedene Basiselement y, weil y dann min- 
destena einen Faktor z* enthalt, der auch in v ( vorkommt; aus 0 < S(y) < dfa) 
folgt also y-Vi = 0 (denn wegen 5(z<) = d(vi) ist dann y ^ z<) ; also ist v ( minimal. 
Mit derselben Ueberlegung stellt man fest, dass die von den Elementen t u 
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erzeugte Untergruppe von 58(G) schon die ganze Gruppe 58(G) ist, dass also die 
minimalen Elemente von 91(G) genau die Linearkombinationen 2 a #i mit 
rationalen Koeffizienten a* sind; die Elemente Vi (i = 1 , • • • ,1) bilden also eine 
Basis von 58(G). 

Der Schnitt Zi-v ,• ist gleich ±vo . Wir wollen das Vorzeichen der Elemente 
Vi so definieren, dass Zi-Vi = gilt; die Vi erfullen dann die Gleichungen 

z% • Vk = bikV o (i f k = 1, • • • , J)> 

durch die sie, wie man leicht uberlegt, auch vollstandig bestimmt sind. 

Im Spharenprodukt II entsprechen den Vi die “Spharen selbst,” namlich die 
Elemente 


s 

cc 

II 

X V 

X V x •• 

. x V 

II 

X s m . 

X v x •• 

• X V 

F, - V 

x V 

X v x •• 

• X s, 


die offenbar eine Basis von 33 (II) darstellen. (Um die richtigen Vorzeichen zu 
erhalten, muss man die Elemente Zi aus Nr. 2 durch die Elemente ( — 1 )*“* Z< 
ersetzen; es gelten namlich die Gleichungen Zi-Vk = ( — 1 ) l ”*4.*ftVo mit V 0 = 
p X p X • • • X p. Die in Nr. 2 genannten Eigenschaften der Z x gelten auch 
fur die Elemente ( — 1 ) l ~ l Zi.) 

Hieran sicht man unmittelbar, dass X) d(vi) = n ist (das gilt dann naturlich 
fur jede Basis (vi , V 2 , ••• v[) von 58(G)). 

Die Dimension d(v x ) = $(z t ) = £?($,*<) = m, ist ungerade; in einer Gnippe 
gibt es also nur ungerade-dimensionale minimale Elemente ([7], Nr. 36). 

Die Zahlen U , die Range der Gruppen 5B*(G) (§1, Nr. 3), geben an, wieviel 
der Faktor-Spharen S mk des Produktes II z-dimensional sind; durch die U ist II, 
und folglich auch 9i(G) vollstandig bestimmt. Die Zahlen U sollen die charak- 
teristischen Zahlen der Gruppe G genannt werden. U ist Null fiir gerades i. 
Die Zahl 


1(G) = h + k + h+ • • • 

soil der Rang 4 der Gruppe heissen; der Rang einer Gruppe G ist also gleich dem 
Rang der Gruppe 58(G) der minimalen Elemente von G. 

4. Die von den Elementen 

Z% j * Z%2 • • • • • Z% r (Z\ ^ ^ ^ Zr) j 1 

gebildete Basis [z % ] ist zu sich selbst dual, d.h. die duale Basis besteht aus 
denselben Elementen (bis auf das Vorzeichen). 


4 Fiir den Zusammenhang dieser Definition des Ranges einer Gruppe mit dertiblichen 
Definition des Ranges einer Lieschen Gruppe vgl.: H. Hopf: Vber den Rang geschlossener 
Lieecher Gruppen [Comm. Math. Helv. 13 (1940/41)]. 
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1st n&mlich x = z ir ein beliebigcs dieser Elemente, und ist x = 

Z;, -Zjj Zji- r das Produkt derjenigen z< , die in r nieht als Faktoren auftreten, 

so ist x- x = dbi'o ; ist aber y cin von x vcrschiedcnes Element der Basis [z,] 
mit d(y) = d(.c), so ist y-x = 0, weil y mindestcns cinen Faktor z< enthalt, der 
auch in x vorkommt. 

In Nr. 2 sind wir ausgegangen von einem belicbigeti irreduziblen Erzeugenden- 
system (zi , z 2 , • • • , Zi , 1) von 9t(G); nach Nr. 3 sind den z, die minimalen 
Elemente v t zugeordnet, die eine Basis von 23(G) bilden. Man sieht ganz lcicht, 
dass man auf diese Weisc, d.h. durch gceignete Wahl der z f , jede Basis von 23(G) 
erhalten kann (mit der unwcsentlichen Einschrankung, dass man, wcgen der 

Bedingung Zx-z 2 zi = v 0 , nur solche Basen von 23 (G) bekommt, die durch 

eine lineare Transformation mit der Determinante 1 auseinander hervorgehen; 
das bedeutet nur, dass man cventuell Vi durch ein rationales Vielfaches ersetzen 
muss.). Das beweist man z.B. mit Hilfe der Bemerkung, dass die Gleichungen 
Zi-Vk = bikV o, durch die bei gegcbenen z, die v, vollstandig bestimmt sind, in- 
variant bleiben, wenn man auf die z< und die v, kontragrediente lineare Trans- 
formationen ausiibt. 

Man nehme die zu einem beliebigen irreduziblen Erzeugendensystem (zi , 
z 2 , ■ • • ,zi , 1) von 3?(Cr) gehorenden minimalen Elemente e,- in eine sonst 
bcliebige Basis von 23(G) auf. Dann ist das zu v, duale Element z\ der dualen 
Basis von der Form z\ — z t + ?/* mit nichtmaximalem //, ; das bestatigt man 
leicht auf Grund der Tatsachc, dass z,-r, = v a ist, dass aber fiir jedes von z,- 
und 1 verschiedene Element x der Basis [z,] der Schnitt x-v, gleich Null ist. 
Diese Elemente z\ bilden ebenfalls mit 1 zusammen ein irreduzibles Erzeugen- 
densystem von 9t(G); sie besitzen auch die Eigenschaftcn a) und b) (§1, Nr. 2); 
es ist namlich 5 (z,-) = 5(z<) und z[ ■ z'i z\ — z 1 -z i zi ; aus den Gleich- 

ungen Zi-Vk = bikV o folgen ohne weiteres die Gleichungen Zi-Vk = o . 

3. Der Pontrjagin’sche Ring und der “Aufspann-Satz” 

1. G sei, wie in §1, eine (geschlossenc) Gruppcnmannigfaltigkeit. Die Multi- 
plikation in G, die jedem Punktepaar ( p , q) von G den Punkt p-q zuordnet, 
kann man auffassen als eine Abbildung F des topologischen Produktes G X G 
zweier Excmplare von G in G, die definiert ist durch: 

F(p X q) - P-q. 

Sind x, y zwei Homologieklasscn von G, so wollen wir unkr dem Pontrjagin’schen 
Produkt [3] ( kiirzer : P-Produkt ) von x und y das Bild des Elemcntes x X y von 
$R(G X G) bei V verstehen; wir bczeichnen es mit x°y; also: 

F(x X y) = xoy. 

Anschaulich, aber etwas unscharf, kann man das so sagen: Durehlauft, der 
Punkt p den Zyklus x, und der Punkt q den Zyklus y, dann durehlauft der Punkt 
pq den Zyklus x°y. 

Es ist d(xoy) = d(x) + d(y). 
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Wegen des Assoziativgesetzes in G ist diese Multiplikation auch assoziativ; 
fur drei Homologieelemente x lf x 2 , x 2 gilt: 

(X\OX2)oXz = X X o(x2°Xa). 

Das P-Produkt ist mit der Addition distributiv verkntipft, wie man sofort sieht. 

Das bedeutet: Man kann die Betti’ sche Gruppe S3 (G) nicht nur dutch die 
Schnittbildung x-y zu einem Ring 9?(G), sondern auch dutch die Pontrjagin’sche 
Produktbildung x°y zu einem Ring $(G), dem Pontrjagin’schen Ring von G, 
machen . 

Auf den Ring ^G) kann man die iiblichen algebraischen Begriffe anwenden; 
sind X\ , x 2 , • • • x r irgendwelehe Elemente von $(G), so ist klar, was man unter 
dem von den Xi erzeugten Pontrjagin'schen Teilring und was man unter dem 
von den Xi erzeugten Pontrjagin’schen Ideal (Reehts-, Links-, oder zweiseitig) 
zu verstehen hat. 

(Jedes von homogen-dimensionalen Xi erzeugte Ideal in $R(C) ist ubrigens 
zweiseitig, wegen der Regel x-y = db y x fur homogen-dimensionale x, y;e s wird 
sich zeigen, dass das auch in ^((?) so ist.) 

Der Ring $(G) besitzt eine Eins, namlich das nulldimcnsionale Element v 0 , 
das man etwa (lurch den einfach gezahlten Einheitspunkt e } das Gruppen- 
Einselement von G, reprasentieren kann; denn wegen F(e X p) = ep = p fUr 
jeden Punkt p von G ist offenbar F(v o X x) = x fur jedes Element x von ty{G), 
und ebenso ist F(x X Vo) = x, d.h. : 

VqoX = XoVu = X. 

2. Der Ring ^(G) und sein Verhaltnis zu dem Ring fti(G) soli nun untersucht 
werden. 

Die Pontrjagin’schen Untersuchungen [3] haben ergeben, dass fiir die Gruppen 
der bekannton vier Killing-Cartan’schen Klasscn die Ringe 5R (G) und $(G) ein 
ganz bestimmtes, in gewissem Sinn duales, Verhalten aufweisen. Von Cartan 
[15] und in anderer Form von Hopf [10] ist die Vermutung ausgesprochen 
worden, dass diese Dualitat den Ringen 9?(G) und $(G) aller (gcschlossener) 
Gruppenmannigfaltigkeiten zukomme. Diese Vermutung wollen wir im fol- 
genden beweisen. Satz I ist die Cartan’sche, Satz I' die Hopf’sche Formu- 
lierung der Vermutung. Aus Griinden, die bei der Formulierung und beim 
Beweis der Vermutung, besonders in der Form I', klar werden werden, wollen 
wir die zu beweisende Tatsache den “Aufspann-Satz” nennen. Die Cartan’sche 
Formulierung ist [15]: 

Satz I. G sei cine geschlossene Gruppen-Mannigfaltigkeit der Dimension n, 
vom Rang l. 

a) Dann gibt es im Ring ^(G) ( mit rationalen Koeffizienten) l Elemente 
V \ , v % , • • • vt ungerader Dimensionen, fiir die gilt: 

Vi°Vk = — Vk°Vi und Vi°Vi = 0; 

die 2 l — 1 Elemente 

Vit °Vi 2 o . . . o v ir (ii < i 2 < • < i r ) 
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bilden mit dem Punkt v Q zusammen eine voile Betti 1 sche Basis ( Basis der Betti 1 schen 
Gruppe 33(G)). 

b) Sind W\ = Vi l °Vi 2 o ... o Vi r und w 2 = Vj, °vj 2 o ... o Vj t zwei solche 
Basiselemente y so ist der Schnitt w\ • w 2 gleich Null , wenn ernes der Elemente Vi weder 
in dem Produkt Wi noch in dem Produkt w 2 als Faktor vorkommt ; kommt jedes Vi 
entweder in Wi oder in w 2 oder in beiden als Faktor vor, dann ist der Schnitt wi-w 2 
(bis auf das Vorzeichen) gleich dem Produkt Vk x °Vk 2 o • • • °Vk t (fci < k 2 < • • • < k t ) 
derjenigen Vi , die sowohl in W\ als auch in w 2 als Faktor auftretcn , oder , falls kein t u 
sowohl in W\ als auch in w 2 vorkommt y gleich . 

Teil a) von Satz I beschreibt den Ring 93(G); die Elemente v t sind antikom- 
mutativ und bilden ein irreduzibles Erzeugendensystem von 33(G); avis dem 
Beweis wird hervorgehen, dass man flir diese Elemente i\ die Elemente einer 
beliebigen Basis der Gruppe 33(G) der minimalen Elemente von 3t(G) wahlen 
darf. Die in I a) genannte Basis von 93(G) wollen wir die Basis (v t ) nennen; 
sie ist durch die Elemente t\ bestimmt. 

Teil b) enthalt die Beziehung zwischen SR(G) und 93(G); denn b) bestimmt 
den Schnitt zweier beliebiger Elemente von 93(G). Diese Beziehung tritt klarer 
hervor in der Hopfschen Formulierung des Satzes I, die durch den Satz I' 
gegeben wird. Dazu ist eine Vorbereitung notig. 

3. II = S mi X S m2 X S mi X • • • X S mi sei ein Produkt von Spharen S m . 
der Dimensionen m* . Zi und Vi seien die in §2, Nr. 2 u. 3 definierten maxi- 
malen und minimalen Elemente von 3t(n). 

In 93(11) lasst sich neben der Schnittbildung in naheliegender Weise noch 
eine zweite Multiplikation, das “Aufspannen, ,, erklaren [16]. Das Produkt 
zweier Elemente X f Y von 33(11) wird mit X $ Y bezeiehnet; die Definition 
geschieht folgendermassen: 

Fiir i\ < i 2 < • • • < i r ist V ix K P» 2 V ir dasjenige Element 

Xi X x 2 X • • • X xi von 93(11), in dem 

Xj = S mi flir j = ii , i 2 , • • • , i r und 
Xj = p flir alle anderen j 

ist. Das sind mit dem Punkt Vq zusammen 2 l Elemente, die eine voile Betti^che 
Basis von 93(11) bilden. 

Flir zwei solche Elemente 

X = V h & Vi, 8 . • . » V ir , F = V ix K V i% K • . . K V u 

wird das a aufgespannte ,; Element X K Y dadurch definiert, dass man die 
rechten Seiten nach dem assoziativen Gesetz miteinander multipliziert und die 
Regeln 

Vt H V k - (- l) mi ' mk V k K Vi , Vi K Vi = 0 

(mi = d(Vi)) anwendet; dann wird X $ F entweder = 0 oder (bis auf das 
Vorzeichen) eins der oben genannten Basiselemente. Fur beliebige Elemente 



1104 


HANS SAMELSON 


von 93(11) definiert man das Produkt, indem man sie durch die Elemente dieser 
Basis darstellt und die distributiven Gesetzc anwendet. Es ist d(X & F) = d(X) 
+ d(Y). 

Durch diese Multiplikation wird die Betti’sche Gruppe 93(11) zu einem Ring 
0(11). Es existiert eine Eins: 

Vq = p X V X • • • X p. 

Die Ringe 9i(II) und O(II) sind isomorph; die Isomorphie bekommt man, wenn 
man die Erzeugenden Z t von 9? (II) den Erzeugenden Vi von 0(11) zuordnet. 

Es besteht aber weiter eine gewisse Dualitat; es gilt namlich die folgende 
“Formel (A)”: 

(A) Z h Z i2 Zi r = ±V H K V h K . . . K V u _, , 

wenn die Mengen {ii , i 2 , • • • , i r } und {ji , j 2 , • • • ,ji-r} komplementare Teil- 

mengen der Menge der Zahlen von 1 bis l sind. Bcide Seiten bedeuten namlich 

dasjenige Element Xi X x 2 X • • • X xi von 93(11), in dem 

Xj = S mj fiir j « ji , j 2 , • • • , ji—r und 

= p fiir j = ii , i 2 , • • • , i r 

ist. Das Vorzeichen hangt auf gewisse Weise von den Indizes ab. 

Mit Hilfe dieser Formel (A) liisst sich jedes Element von $(II) sowohl als 
Element von 9i(n) als auch als Element von Q(n) schreiben. Infolgedessen 
kann man den Schnitt X Y zweier beliebiger Elemente X, Y von O(n) und das 
Produkt X & Y zweier beliebiger Elemente X ) Y von 9i(n) berechnen; die 
Formel (A) bestimmt die Beziehung zwischon 9i(n) und O(n) vollkommen. 

4. Der Satz I' lautet nun folgendermassen [16]: 

Satz I'. Die auf Grund von Satz A mugliche f isomorphe Abbildung der Ringe 
9? ((7) und 9i(II) (wo II cin gneisses Spharenprodukt ist) lasst sich so wahlen , dass 
zugleich die Ringe ty(G) und 0(11) isomorph aufeinander abgebildet werden. 

Der Beweis fur die Satze I und I' wird in den Nummern 5-8 geliefert; er geht 
folgendermassen vor sich: Wir beweisen zunachst (in Nr. 5, 6, 7) den Teil a) 
von Satz I, und zwar in der folgenden verscharften Form: Die Elemente Vi einer 
beliebigen Basis (vi , , • • • v t ) der Gruppe 93(1?) der minimalen Elemente von 

9i((?) haben die in I a) genannten Eigenschaften. Den Teil b) von Satz I 
beweisen wir in Nr. 8 folgendermassen: Wir bilden mit den Elementen Vi die 
in I a) genannte Basis (?\); die in der dualen Basis zu den v% dualen Elemente 
nennen wir z, ; sic haben die in §2, Nr. 4, Ende, genannten Eigenschaften. 
Dann beweisen wir die Giiltigkcit der der Formel (A) (Nr. 3) entsprechenden 
“Formel (D)”: 

(E>) Zi, ‘Zi, Zir = ±V h OV i,0 . . . 0V U _ r , 

fiir komplementare Teilmengen {ii , »»,•••',*,} und { ji , js , • • • ,ji-r} der 
Mongo {1, 2, ••• ,l\. 
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Aus dieser Formel folgt dann sofort I b): Man schreibe die Elemente Wi und 
W 2 mit Hilfe von (D) als Schnitt gewisser z» ; dann bilde man den Schnitt w\>w % , 
der entweder 0 oder wieder ein Schnitt gewisser z t ist; im zweiten Falle schreibt 
man ici*w 2 wieder mit Hilfe von (D) als P-Produkt gewisser v t . Man bestatigt 
ohne Mtihe, dass der Schnitt WVIC 2 das in I b) angegebene Vcrhaltcn zeigt, 
wegen der Dualitat der Formel (D), die man folgcndermasscn aussprechcn kann: 
Kommt in (D) auf der linken Seite das Element Zi vor, so kommt rechts das dazu 
duale Vi nicht vor; kommt links das Element Zk nicht vor, so kommt rechts das 
dazu duale Vh vor. 

Der Satz I' ist dann auch bewiesen: ordnet man die ebon genannten z* den 
Elementcn Zi von 5R(n) zu, so erhalt man einen Isomorphisms 5R(G) — 9t(II). 
Dabei entsprechen wegen §2, Nr. 4 die Elemente y t - von 3?(G) den Elementen Vi 
von 9f(II). Wegen der Formcln (D) und (A) entspricht dann dem P-Produkt 
irgendwelcher Vi k das von den entsprechenden V i k “aufgespannte” Element, d. h. 
esliegtein Isomorphismus zwischen s $ (G) und O(II) vor; um Uebereinstimmung 
der Vorzeichen in (D) und (A) zu erhalten, muss man jedoch die Elemente Z, 
durch die Elemente ( — 1 ) l ~ % Zi ersetzen (vgl. §2, Nr. 3). 

5. Wir beginnen mit dem Beweis von I und I'. Wir betrachten die Abbildung 

F(P X q) = pq 

des Produktes G X G zweier Exemplare von G in G; <t> sei der zugehorige Um- 
kchrungshomomorphismus (§1, Nr. 5). 

Das Bild <t>(z) eines beliebigen Elementes z von 9i(G) hat eine sehr speziclle 
Gestalt, auf der alle weiteren Ueberlegungen beruhen; sie ist eine Folge der 
Tatsache, dass der Punkt Vo in ^(G) die Rolle der Eins spielt, also eine Folge 
der Gleichungen 

F(x X vo) = x, F(v o X y) = y 

ftir beliebige Elemente x, y von 33(G). 

Das Bild <t>(z) eines beliebigen z(t* 1) lasst sich in der folgenden Form 
schreiben : 

<t>(z) = (1 X y) + (x X 1) + 2 (Xh X Vh), 

wo die Ungleichungen d(z) < d(x h ) < n, d(z ) < d(y h ) < n fiir alle h gelten; 
denn auf die Form der rechten Seite kann man jedes Element von 9i (G X G) 
bringen, und die Ungleichungen folgen aus der Glcichung 5(0(s) ) = 5(z). Hicrin 
lassen sich nun y und x bestimmen: 

Wir bilden den Schnitt 4>(z) • (v 0 X 1). Der Schnitt von v 0 mit nicht skalaren 
Elementen ist immer 0; auf Grund der in §1, Nr. 7 genannten Satze findet man 
sofort: 

4>(z ) • ( vo X 1) = vo X y. 

Uebt man auf diese Gleichung die Abbildung F aus und beachtet die Funktional- 
gleichung fiir ^ (§1, Nr. 5), so erhalt man: 
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2-1 = y, also 2 = 2 /. 

Entsprechend biiden wir den Schnitt • (1 X t> 0 ). Man findet: 

♦W-( 1 X Ok) = X Ok). 

Durch Ausiibung von F und Anwendung der Funktionalgleichung fur erhalt 
man, wenn man noch beachtet, dass 8(v 0 ) = n ist: 

2 = 

Damit ist gezeigt: Fur jedes Element z( ^ 1) von 9J (G) gilt die “Formel (<#>)”: 

(*) ♦(*) = (1 X *) + (-l) nJ(,, ( 2 Xl) + I(aX 2 /a) 

mit den Ungleichungen d(z) < d(xh) < n, d{z) < d(y>>) < n. Ausserdem ist 
natiirlich ^(1) *1X1. 

Wir fuhren nun eine Basis in ©(G) ein. Und zwar wahlen wir die von einem 
beliebigen irreduziblen Erzeugendensystem (1 , Zi , zt , • • ■ Zt) von 9?(G) erzeugte 

Basis [Zi] (§2, Nr. 2); wir durfen Zj -z 2 zi — v 0 annehmen. Das Vorzeichen 

der Elcmente v < , die zu dieser Basis gehoren, ist durch 

Vi - {-\)'~ l Zi-Zi Zi-l-Zi+1 Zi 

definiert; dann sind in dcr dualen Basis, die nach §2, Nr. 4 bis auf Vorzeichen 
aus denselben Elementen wie die Basis [z»] besteht, gerade die Elemente z, zu 
den Elementen t>, dual, d. h. es ist z,-t>, = v 0 ; es gelten dann die Gleichungen: 


Zi-Vk = SikV o. 

Die Elemente biiden eine Basis von ©(G); nach §2, Nr. 4 kann man durch 
geeignete Wahl der Elemente Z; jede Basis von ©(G) auf diese Weise erhalten. 

Durch die Basis [z,] in ©(G) ist eine Basis in ©(G X G) bestimmt (§1, Nr. 7), 
die wir die Basis [z,] x nennen wollen; auch diese Basis ist (bis auf Vorzeichen) zu 
sich dual. 

Fur die maximalen Elemente z< ist $(z<) ungcrade. Daher heisst fur sie die 
Formel (<t >) : 

(*) «(2.) = (1 X Zi) + (-l)"(z.- X 1) + Ri ; 

dabei ist der Term 53 (** X J/a) aus (<t>) mit Ri bezeichnet worden. Weil alle 
5(z») ungcrade sind, ist fur jeden Term (xa X 2/a) von Ri entweder 8(xa) oder 
6(yk) gerade, also nie sowohl Xa als auch y\ maximal, sondern wenigstens eines 
zusammengesetzt. 

6. Wir beweisen zunachst die Behauptungen 

ViOVi = 0 und ViOVk = —Vk°Vi 

von I a); anders gesagt, wir beweisen: fiir die Elemente o< X r, und (o< X o*) + 
(vk X Vi), die wir fiir den Moment mit vu und v,h bezeichnen, gilt: 
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F(vu) = F(v ik ) = 0. 

Zufn Beweis beachten wir, dass die Funktionalgleichung fur 0 die Gleichung 
F(<f>(x')-vu) — x'-F(v a) und die entsprechende fur v ik mit eincm beliebigcn 
x f € 35(G) liefert. Um zu zeigen, dass F(vu) = 0 ist, gontigt es wcgen des 
Poincar^-Veblen’schen Duafitatssatzes, die folgende Bohauptung (a) zu bcweiscn: 

(a) fur jedes x von 35(G) mit <5(x) = d(vu) ist die Schnittzahl <t>(x)-v u gleich 
Null. 

Ebenso gentigt es fur den Beweis von F(v xk ) = 0, zu zeigen: 

(b) ftir jedes y von 35(G) mit &(y) = d(v ik ) ist die Schnittzahl <f>(y)-v tk gleich 
Null. 

Wir betrachten nun die Menge dorjenigen Elementc 2 ( x h X yh ) in 9f(G X G), 
in denen in jedem Term x k X yh entweder x k odcr yh oder beide zusammengesetzte 
Elemente von 5K(G) sind; wie man sofort einsicht, ist diese Menge, die U heisse, 
ein zweiseitiges Ideal in 9?(G X G). Die Elemente (j z x X z» ), ( Zi X z k ), ( z k X z x ) 
gehoren zu verschiedenen Restklassen von U. 

Aus der Formel ( <j> x ) und der ansehliessenden Bemerkung fiber R t folgen die 
Kongruenzen : 

<t>(z r ) = (1 X z r ) + (-l) n (z r X 1) mod U. 

Weil die Elemente (1 X z r -z») und (z r -z H X 1) zu U gehoren, folgt daraus sofort: 

<t>(z r -z,) = 0(z r ).0(z a ) s (-l)'*(z, X Zr) - ( 1 ) ” (Zr X z t ) mod U, 

wo das Vorzeichen des zweiten Gliedes daraus folgt, dass die S(Zj ) ungerade sind. 
Ebenso rechnet man sofort aus: 

<t>(zr-z 8 -z t ) = </>(z r )*0(z«)*</>(z<) = 0 mod U, 

und das Gleiche ftir alle Produkte mit mehr als drei Faktoren. Stellt man also 
ftir irgendein Element x der Basis [z x ] von 33(G) das Bild durch die Basis 
[zi\ x von 33(G X G) dar, so tritt darin das Basiselement z, X z x nieht (d. h. mit 
dem Koeffizienten Null) auf; die Basiselemente z» X z k und z k X z t treten nur 
dann mit nichtverschwindendem Koeffizienten auf, wenn x = z x -z k ist, und 
dann treten sie mit entgegensetzten Koeffizienten auf (namlich mit +1 und — 1). 

Nun sind aber die Elemente (z» X z«), ( z x X z k ), ( z k X z x ) y wenn man sie noch 
mit den Vorzeichen (~l) n versieht, die zu den Elemcnten ( Vi X v x ), (v x X v k ), 
(i v k X Vi) dualen Elemente der Basis [z»] x (man beachte, dass Basis und duale 
Basis bis auf Vorzeichen mit der Basis [z : ] x ubereinstimmen). 

Daraus schliesst man sofort die Behauptung (a): 

<l>(x)-(vi X v x ) = 0, wenn 8(x) = d{v x X v x ). 

Auch ftir die Behauptung (b) muss man nur noch den Schnitt <£(*» • z*) • v xk priifen. 
Aber wegen der Verschiedenheit der Vorzeichen von (z t - X z k ) und ( z k X z<) in 
<fr(Zi-Zk) ist auch dieser Schnitt Null. Damit ist (a) und (b), also auch die 
Behauptung am Anfang dieser Nummer, bewiesen. 
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7. Als zweites beweisen wir die Gleichung: 

. . . oVi = 1 . 

Wegen der eben bewiesenen Antikommutativitat der Vi dlirfen wir annehmen, 
die Vi seien so angeordnet, dass d(vi) ^ d{v k ) ist fur i < k. 

Dass das Produkt der Vi gcrade +1 ist, liegt daran, dass die so definiert 
sind, dass Z\-z 2 • • • Zi = ist; das Wesentliche ist, dass das — n-dimensionale — 

Element Viov 2 o ... ov t nicht Null ist, d.h. dass die ganze Mannigfaltigkeit G 
von der Basis {vi, v 2 , • • • vi\ der Gruppe 93(G) “aufgespannt” wird; dem 
entspricht die Gleichung Vi & V 2 & . • • J8( Vi = 1 beim Spharenprodukt II. 

Wir bezeichnen mit w k das Teilprodukt v k °v k +io • • • °vi (k = 1, 2, • • • , l) 
und setzen noch wi+i = v 0 . 

Dann beweisen wir fiir k = 1, 2, . . . , l die Gleichungen: 

(U) Zk-m- ( — \) l k Wk+\ 

(2 k) Zi-Wk = 0 fiir i < k‘ 

Das ist richtig fiir k — l, wegen Zi-vi = ;; 0 . Die Gleichungen seien bewiesen 
fiir k; wir beweisen sic fiir k — 1. 

Wir gehen aus von der Tatsache 

F(v k -i X w k ) = w k - 1 , 
die aus der Definition der Wk folgt. 

Fiir cin beliebiges Element Zi ergibt die Funktionalgleiehung fiir </> die 
Gleichung: 

(3) F(4>(z,)-(vk - 1 X w^) - Zi-Wk-i . 

Fiir i < k setze man jetzt <j>(zi) aus der Formel (<£,) (Nr. 5) ein. Man erhalt: 

(4) <t>(zi)-(v k - 1 X w k ) = (-l)" +fc_1 ((zi-i’t-i) X w t ) ftiri < k. 

Denn wegen (2*) ist (1 X z<) ■ (ct-i X w k ) = 0; und ist x X y ein Element aus 
Ri = Xh X yi, , so ist wegen d(x) > d(z,) ^ d(z*_ 1 ) der Schnitt x-v k ~i = 0, 
also auch /?,•• (a*_i X w k ) — 0 (die zweite Ungleichung folgt aus der Voraussetzung 
fiber die d(vi)). 

Fiir i = k — 1 erhalt man also : 

(10 4>(z k -i) • (Vk-i X Wk) = (- 1 )' _(A ~ 1, (» # X Wk), 

fur i < k — 1 erhalt man dagegen: 

(2') <t>(zi ) • (v k -\ X Wk) = 0 fttri < ft — 1. 

Aus (1') und (3) entnimmt man jqtzt : 

Zk-l-Wk = (-1 )‘~ (k ~ I> Wk, 

aus (20 und (3) dagegen: 

ZrWk-i = 0 

und das sind die Gleichungen (lt_i) und (2*_i). 


fiir * < k — 1 ; 
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Aus den damit fiir k = 1, 2, • • • , l bewiesenen Gleichungen (1*) schliesst man 
jetzt der Reihe nach: wi j* 0 (wegen wi+i = Vi ^ 0), u’j-i ^ 0, , u»i ^0. 

Also ist jedenfalls u>i — Viov 2 o . . . ovi ^ 0. Bei Durchfiihrung der elementaren 
Rechnung erhalt man die genauerc Aussage: 

tijOtfjo ... o Vi = 1. 

Aus den Tatsachen, dass die »,• antikommutativ sind (in und dass 

vtovio . . • ovi 0 ist, kann man nun schliessen, dass die Elemente t n (zusammen 
mit Vo) den Ring $((?) crzeugen. Dazu betrachten wir die 2* Elemente 

Vo und v^ov^o . ■ ■ o Vi r (i'i < it < • • • < i T )- 

Wegen der Antikommutativitat der Vi ist jedes beliebige Potenz-P-Produkt, 
das man aus den »,• bilden kann, entweder 0 oder — bis aufs Vorzeichen — einem 
dieser Elemente gleich. Xun stellt man leicht fest, dass diese Elemente linear 
unabhangig sind : 

0 = yi q. . yt sei eine Relation zwischen solehen Elementen yi mit Koeffi- 
zienten a, . Es sei yi ein “kiirzestes” dieser Elemente, d. h. eines mit moglichst 
klciner Zahl von Faktoren v, ; mit yi werde das P-Produkt derjenigen i», bezeich- 
net, die in y\ nicht als Faktoren auftreten. 

Nun multipliziere man die Gleichung 0 = ^ im Sinne des P-Produktes 
mit jji . Auf der rechten Seite ergibt ai-y^yx das Element ±a t -l; denn es ist 
2/10 y x = ±V!0V t 0 ... O Vi . Fur die y> mit i > 1 ist aber y t oy l = 0, vveil mindestens 
ein Vk in y, und in y\ zugleich vorkommt. Man erhalt also: 0 = rtoi ; ebenso 
zeigt man, dass alle a,- verschwinden. 

Nun hat aber 'MG) den Rang 2 l (§2, Nr. 2). Also bilden die Elemente 

Vi t oVi t o ■ • • o Vi r (ii < 12 < • • • < it) 

mit i ! o zusammen eine Basis von 'R(G), die die Basis (v,) genannt werden soli. 
Da nach §2, Nr. 3 die d(v,) ungerade sind, ist jetzt I a) vollstandig bewiesen. 
Die Elemente y,- bilden ein irreduzibles Erzeugendensystem von '13(G)- 

8. Wir kommen jetzt zum Beweis von I b). Wir betrachten wieder die 
Abbildungen F und <f>. Aber als Basis in G und zur Bildung der Basis in G X G 
nehmen wir jetzt die Basis {i ',). In der dualen Basis sind zu den i\ dual gewisse 
Elemente z[ , die nach §2, Nr. 4 ein irreduzibles Erzeugendensystem von $K(G) 
bilden, und fiir die die Gleichungen 

z’i-Vk = SikVo 

gelten. Die z\ nennen wir wieder z,- ; fiir die so durch die y,- bestimmten z< 
beweisen wir die Formel (D). 

Wir behaupten: fiir die so bestimmten z< verschwindet der Rest in der 
Formel (<£,), d. h. es gilt die verfeinerte Formel {<t> o): 

(*) 4>(zi) - (1 X Zi) + (-l) n (2< X 1). 
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Zum Beweis betrachten wir die Abbildung F; sie ist vollst&ndig zu iibersehen. 
Die Bilder der Elemente der durch die Basis (t><) von 93(G) bestimmten Basis 
(v t ) x von 93 (G X G) werden durch folgende Gleichungen gegeben: 

... oVi r ) X (.V^oVj^ ... o Vj')) = V^oV^o ... oV^oVj^Vj^ ... oVj t . 

Dabei ist das Element rechts entweder 0 oder — bis aufs Vorzeichen — ein 
Element der Basis (v,). (v^ov^o • . • ov if oder v^ov^o . . . ov it kann auch das 
Element v 0 bedeuten; dann ist F durch F(v 0 X x) = F(x X v 0 ) = x gegeben.) 

Nun seien wi und wj zwei beliebige Elemente der Basis (v,) von 93(G), die der 
Bedingung 5(z<) = d(wi) + d(wt) geniigen, sodass also w = Wi X vh ein Element 
der Basis (v,) x von 93(G X G) mit 8(<t>(zi)) — d(w) ist. Wir betrachten die 
Schnittzahl Wegen der Funktionalgleichung fur <f> ist 

F(<t>(Zi)‘W) — Zi-F{w). 

Weil z, das zu v, duale Element ist, ist diese Schnittzahl nur dann nicht Null, 
wenn F(w), das ja ein Element der Basis (v,) von 58(G) ist, gleich r, ist. Daraus 
folgt: Der Schnitt 4>(z<) ■ w ist nur dann nicht Null, wenn entweder w = Vi X Vo 
oder to = vo X Vi ist. Das bedeutet: in der Darstellung von 4>(zi) durch die zu 
der Basis (v,) x duale Basis treten nur die zu v, X v 0 und t’o X i\ dualen Elemente 
mit von Null verschiedenem Koeffizienten auf; und das sind eben die Ele- 
mente (1 X zO und ( — l)"(z, X 1). Damit ist die Formel (fo) bewiesen. 

Wir betrachten ein beliebiges Produkt v^ov^o . . . oy, r (mit lauter ver- 
schiedenen Faktoren v). Wir behaupten das Bestehen der folgenden Gleich- 
ungen: 


( 1 ) Zi t •(!><, 0 Vi , ° ... o Vir ) 


Vo 

(— ... 0Vi r 


fiir r = 1, 
fiir r > 1, 


(2) z*. (u^oo.jO . . . oVi r ) = 0, wenn keiner der Indizes ii , it , • • • ,i r gleich k ist 


Beachtet man die Antikommutativitat der , so erhalt man aus der Gleichung 
(1) die folgende etwas allgemeinere, in der i* ein beliebiger der Indizes i \ , 
it , ... , t, ist : 


(10 (t , <l°t , <»° ° V ik° ••• ° V <r) 

= ±ri,ori,o ... ot), t _,or, i+1 o ... 0 y, r (fiir r > 1). 

Diese Gleichungen besagen: Der Schnitt eines Elementes w = Vi^v^o • . . ot> <r 
mit einem Element z, ist dann und nur dann nicht Null, wenn das zu z,- duale 
Vj als Faktor in w auftritt; tritt Vj als Faktor in w auf, dann erhalt man den 
Schnitt Zj-w (bis aufs Vorzeichen), indem man den Faktor Vj aus dem Produkt 
v^ov^o • • • o Vi r weglasst. 

Den Beweis fiihren wir durch Induktion nach r; fiir r = 1 ist die Richtigkeit 
von (1) und (2) klar. (1) und (2) seien also richtig fiir alle P-Produkte mit 
weniger als r Faktoren v t . 
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Wir gehen aus von der Tatsache: 

F{v ix X (Vi t oVi 3 o • . • oVi r )) = V tl oV, 2 o . . . oV t , , 

die aus der Definition des P-Produktes folgt. 

Nach der Funktionalgleifchung fur <f> ist: 

(3) F{<t>(z,) ■ (v it X (vi t ov,,o . . ■ ov ir ))) = Zj- (y,jOt;, 2 o . . . ov, r ). 

In dem darin auftretenden Produkt 

4>(Zi)‘(Vi i X (Vi t oVi,o ... o v ir )), 

das wir ftir den Moment X nennen wollen, setzen wir fur 4>{zj) den Ausdruck aus 
Formel (4>o) ein. Wir erhalten: 

X = (t\, X (zj- (Vi,oVi,» ••• °v ir ))) + (-l) r_1 ((z,-y, 1 ) X (v it oVi,o ... ot>, •,.)). 

Ist erstens j = t’i , so ist naeh Induktionsvoraussetzung z,-.(ai 2 or f) o . • . o a, r ) 
gleich Null; andererseits ist dann z = i> 0 . Also ist 

X = (— 1 ) r l t>0 X (Vi t °Vi,o ••• o»j r ) 

und die Gleichung (3) liefert die Gleichung (1) fiir den Index r. 

Ist zweitens j keiner der Indizes i\ , it , • • • , i r , so ist nach Induktionsvoraus- 
setzungzy (t)i 2 ot), 3 o • . • ov ir ) gleich Null. Aber auch Zj-v^ ist gleich Null; also 
ist X = 0. Dann liefert die Gleichung (3) die Gleichung (2) fiir den Index r. 

Durch die Gleichungen (1) und (2) ist das gegenseitige Verhalten von $R(G) und 
$(<?) vollkommen bestimmt; wir wollen jetzt die Dualitatsformel (D) daraus 
ableiten: 

(D) Z,-, .Z,- 2 • • • Zf, = ±v h ov it o . . . ov u _ r , 

wenn , ii , • • • , i r \ und {ji , jj , • • • ,ji- r \ komplementare Teilmengen der 
Menge der Zahlen von 1 bis l sind. 

(Das Vorzeichen Mngt auf etwas komplizierte Weise von den Indizes ab; es 
sei bemerkt, dass 

Zl-Zj • • • Z T = (~ l) r( ' _r) tV + ioJV +2 o • • • o Vi 

ist. Dass die Vorzeichen in (D) und (A) ubereinstimmen (nach der Ersetzung 
von Zi durch ( — vgl. Nr. 4), ergibt sich nach einer elementaren Reeh- 

nung.) 

Wir gehen aus von der Tatsache 

VioVio ••• oVi = 1, 

und betrachten ein beliebiges Produkt z,- ( -z,-, z, r . Wir multiplizieren die 

Gleichung Dio i'jo . . . ovi = 1 mit z n . Rechts entsteht dabei z tl ; und links f&llt 
nach Gleichung (1') der Faktor a,-, weg. Die so entstandene Gleichung multi- 
plizieren wir mit Zi , . Rechts entsteht dabei z^-Zi, ; und links fallt auch noch 
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der Faktor v i% weg. So fahren wir fort; jedesmal kommt rechts ein Faktor 
Zi k (im Schnitt-Sinn) dazu, und links fallt der P-Faktor Vi k weg. So entsteht die 
Gleichung (D). Nach Nr. 5 ist damit 1 b), und damit der ganze “Aufspann- 
Satz” bewiesen. 

9. Zum Rechnen in ty(G) bemerken wir noch folgendcs: 

Gehen die Elemente v , t\* a , . . . , v'i r aus den Elementen v Xl , v %2 , • • • , v Xr 
durch eine lineare Transformation 

Vi i = ajkVi k (ji k = 1, 2, • • • , r) 

mit der Determinante | ay* | hervor, so gilt wegen der Antikommutativitat der 
Vi die Gleichung: 

Vi x oVi 2 o . . . o v' ir = | a jk l^o^o . . . o v ir . 

Daraus folgt z. B., dass das Produkt (in $((?)) von linear abhangigen mini- 
malen Elementen , v i7 , • • • , v[ r immer Null ist. 

Weiter gilt: fiir beliebige (homogen-dimensionale) Elemente x, y ist 

xoy . (~l) dM ' dW yox; 

zum Beweis muss man nur x und y in der Basis (v t ) schreiben. 

In Nr. 5 sind wir ausgegangen von einer beliebigen Basis [z x ] von 93(G) ; dadurch 
wurden die Elemente v iy die eine Basis von 93(G) bilden, bestimmt; nach §2, 
Nr. 4 kann man jede Basis von 93(G) auf diese Wcise bekommen. In der 
Fassung I des Aufspannsatzes kann man also unter den Elementen iu die Ele- 
mente einer beliebigen Basis von 93(G) verstehen. Die Elemente z t , die dann 
in der Fonnel (D) auftreten (und die ein irreduzibles Erzeugendensystem von 
9?(G) bilden), sind folgendermassen bestimmt: sie sind in der zu der Basis (vi) 
dualen Basis die zu den dualen Elemente. Auf Grund der Formel (D) beste- 
hen die Basis [z x ] und die Basis (v t ) aus denselben Elementen; nun ist die Basis 
[Zi] zu sich selbst dual (bis auf Vorzeichen); also ist die Basis [z t ] zu der Basis 
(v t ) dual. Man bestatigt auch lcicht unmittelbar an der Formel (D), dass das 
einzige Element der Basis [z,], das mit dem Element v^ov^o . . . ov Xr der Basis 

(vi) den Schnitt rfcvo ergibt, das Element Zi t -z i% z if ist. Wir wollen diese 

und noch zwei andere Regeln notieren, die unmittelbar aus (D) folgen: 


(1) Zi x -Zi 2 Zi r -(Vi x oVi 2 o ... o Vi r ) = zfcVo, 

(2) 2iv2i, Zi r -(v h oVj 2 o ... ov u ) = 0, wenn 

die Indexmengen [iy , i 2 , • • • , i r ) und [ji , j 2 , • • • ,j r ] voneinander verschieden 
sind, 

(3) z ir »(v kl oVk 2 o ... ov kf ) = 0, wenn s < r. 


Um sie zu beweisen, hat man nur die P-Produkte der Vi mit Hilfe von (D) als 
Schnitt der z x zu schreiben, und dann die Rechenregeln fur 5R(G) anzuwenden. 
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10. Es seien x = Zi x -Zi 2 z ir und y = z 3i -z j2 z il _ r zwei Elemente 

der Basis [«»], und es sei x-y = =fci> 0 , d. h. die Elemente z h , - . . , z tr , z h , ••• f 
zu- r sind die Elemente Zi , 22 , • • • , zi , nur in anderer Reihenfolge. Auf Grund 
von (D) ist dann 

Toy = V h oVj 2 o ... oVj^^V^oVt^o ... oVi r J 

und dieses Produkt ist glcich dbl, weil die darin auftretenden i\ bis auf die 
Reihenfolge mit den Elementen v x , • •• ,Vi ubereinstimmen. Ftihrt man die 
elementare Bestimmung des Vorzeichens durch, so erhalt man: Aus x-y — v 0 
folgt xo y = 1. Daraus folgt leicht allgemein : Sind X, Y zwei beliebige Elemente 
von ©(G) mit d(X) + d(Y) = n, dann ist die Schnittzahl von A” und Y gleich 
ihrer ^< Aufspannzahl, ,, d. h. in X-Y = a-v Q und in Xo Y = h-l sind die Koeffi- 
zienten a und b gleich; diese Gleichheit ist ja anschaulich sehr naheliegend. 

Eine letzte Bemerkung ist folgende : 

Die Elemente v x , • • . , v r seien irgcndwelche, linear unabhangige Elemente 
von ©(G); dann sind die Elemente 

Vi.ov^o . . . o Vi $ (1 ^ ik ^ r, i\ < i 2 < - • • < i s ) 

linear unabhangige Elemente von ©(G). Zum Beweis hat man nur die v x , 
... , v r in eine Basis v x , - - • , vi von ©(G) aufzunehmen, und mit dieser Basis 
die Basis (v t ) von ©(G) zu bilden. 

Kapitel II 

Erste Anwendungen des Aufspannsatzes 

Der Aufspannsatz soil jetzt mit den wichtigsten gruppentheoretischen Be- 
griffen in Zusammenhang gebracht werden: mit dem der homomorphen Ab- 
bildung und hauptsachlich denen der Untergruppe und der Nebengrui)pen- 
zerlegung. 

1, Homomorphe Abbildung 

1. G und G' seien zwei Gruppenmannigfaltigkeiten. Eine Abbildung h von 
G in G' heisst homomorphe Abbildung, wenn sie 

a) eine homomorphe Abbildung im gewohnlichen gruppentheoretischen Sinn 
ist, und 

b) cine stetige Abbildung der Mannigfaltigkeit G in die Mannigfaltigkeit 
G' ist. 

Die homomorphe Abbildung h bildet den Ring ^(G) homomorph in den Ring 
©(G') ab; die additive Homomorphic ist klar; die Gleichung 

h(xoy ) = h{x)oh{y) 

fiir zwei beliebige Homologieklassen x , y von G und ihre Bilder h(x), h(y ) bei h 
beweist man etwa folgendermassen : 

Man bilde das topologische Produkt G X G durch die Abbildung f(p X q) = 
h(pq) in G' ab. Ist F die Abbildung F(p X q) = pq von G X G in G, ist F f die 
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entsprechende Abbildung fur G', und bezeichnet man mit g die Abbildung 
g(p X q) = h(p ) X h(q) von G X G in G' X G', dann kann man wegen h(p-q) = 
h(p) • h(q ) die Abbildung / sowohl als hF als auch als F'g schreiben. Nun ist 
F(x X y) — x°y, also hF(x X y) — h{x°y). Andererseits ist (nach Kap. I, §1, 
Nr. 8) g(x X y) — h(x) X h{y), und folglich F’g(x X y) — h(x)°h(y). Damit 
ist die Behauptung bewiesen. 

Ist speziell h(x) homolog Null in G', so folgt, dass auch h(xoy) homolog Null 
ist filr beliebiges y; denn es ist O'oz' = 0' (O' die Nullklasse, z' eine beliebige 
Homologieklasse von G'). 

2. Der Kern einer homomorphen Abbildung eines Ringes bzw. einer Gruppe 
ist die Menge derjenigen Elemente, deren Bild die Null ist; der Kem ist ein 
Ideal bzw. eine (invariante) Untergruppe. 

Wir betrachten die Gruppen 53(G) und 53(G') der minimalen Elemente von G 
und G'. Dureh h wird 53(G) homomorph in 53(G') abgebildet (nach Kap. I, 
§1, Nr. 4); 53°(G) sei der Kern dieser Abbildung. 53(G) werde als direkte 
Summe 53°(G) + 53'(G) dargestellt; dann wird 53*(G) isomorph abgebildet. 

, • • • , e/o) sei eine Basis von 53°, {tyo+i , • • • , ci) eine von S3 1 ; {t>i , • • • , Vi} 
ist dann eine Basis von 53(G). Die Elemente Vi, ••• ,vi» werden auf Null 
abgebildet; die Elemente h(vio+i), • • • , h(vi) sind in G' linear unabhangig. 

Wir betrachten die von v 0 und den Produkten 

• ■ • » Vi r (tl <**<••• < ir) 

gebildete Basis (i\) von 53(G) (vgl. Satz I a)). Nach der letzten Bemerkung in 
Nr. 1 wird ein solches Produkt sicher auf 0 abgebildet, wenn auch nur ein Faktor 
v, k auf 0 abgebildet wird, wenn also wenigstens ein Index a* aus der Reihe 1, 2, 

• • • , 1° stammt. Andererseits werden diejenigen Elemente v^ov^o ■ ■ • o v , 
in denen alle Indizes > l 0 sind, auf die Elemente 

hivj^Vjs ovj,) = h(v h )oh(v it )° ••• oh(vj ,) 

abgebildet, und diese Elemente sind in G' linear unabhangig, weil die — nach 
Kap. I, §1, Nr. 4 minimalen — Elemente h(vj) (j — f + 1, • • • , l) linear unab- 
hangig sind (Kap. I, §3, Nr. 10). 

Das bedeutet offenbar, dass der Charakter der Abbildung h durch folgcnden 
Satz bestimmt ist: 

Satz II. Ist h eine homomorphe Abbildung von G in G', so ist der Kem der 
dadurch bewirkten homomorphen Abbildung von 53(G) in 53(G') das Ideal von 53(G), 
das erzeugt wird von denjenigen minimalen Elementen von 9?(G), deren Bild bei h 
die Null ist. 

Der Restklassenring von 53(G) nach diesem Ideal — der ja durch h isomorph 
abgebildet wird — , ist isomorph dem von den Elementen vo , t>jo+i , • • • , t»j 
erzeugten Teilring von 53(G). 

In jedem von Null verschiedenen Ideal von 53(G) ist das Element 1 (die Eins 
von 3J(G)) enthalten; denn wegen der Gleichung • • • ovi = 1 gibt es zu 
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jedem Element z(^ 0) ein y mit x°y = 1. Daher ist eine direkte Konsequenz 
des Satzes II das folgende. 

Kokollar 1. Dos Bild h{\) des Elementes 1 ist dann und nur dann — 0 in G', 
wenn durch h wenigstens ein minimale, s Element 0) von G auf 0 abgebildet 
wird. Ist h(l) no 0, darin wird der game Ring 33(G) isomorph abgebildet. 

Daraus schliesst man nun weiter: 

Korollar 2. Ist G durch f homomorpli in G' abgebildet, und G' durch g homo- 
morph in G" abgebildet, ist weiter f(G) no 0 in G', und g(G') no 0 in G" , so ist 
gf(G) no 0 in G" (G, G' bezeichnen hier die Einselemente von 511(G), 5K(G')). 

Denn durch den Homomorphismus gf wird sogar der ganze Ring 'IMG) iso- 
morph abgebildet, weil f und g Isomorphismen sind. 

3. In Anwendung dieser Begriffe soli jetzt die Abbildung q(p) = p 2 von G 
in sich, die also jedem Punkt p von G sein Quadrat p 2 zuordnet, untersucht 
werden. 

Bezeichnet man mit/ die Abbildung /(p) — p X p von G in G X G und mit F 
die schon betrachtete Abbildung F(p X p') — p-p', so kann man die Abbildung 
q(p) als zusammengesetzte Abbildung Ff(p) sehreiben. Das Produkt G X G 
ist selbst eine Gruppe, als direktes Produkt von G und G; und f(p) = p X p 
ist eine homomorphe Abbildung von G in G X G. 

Nach Nr. 2 wird man die /-Bilder der minimalen Elemente von G betrachtcn. 
Wir behaupten: Fiir jedes Element v von 33(G) ist 

f{v) = {v X vo) + (i’o X v). 

Zum Beweis beachten wir, dass f{v) als minimales Element von 5)f(G X G) von 
der Form (a 1 X v u ) + (v 0 X v 2 ) mit v, v e 33(G) ist (Kap. I, §1, Xr. 9). Urn zu 
zeigen, dass v l = v 2 = v gilt, betrachten wir die Abbildungen irdp X p') = p 
und ir 2 (p X p') = p' von G X G in G ; die Abbildungen m / und ir 2 / sind dann 
die Identitat von G. Man erkennt sofort: Fur jedes Element X der Form 
(x X vo) + (v 0 X y) ist *i(X) = x und vdX) = y, fiir jedes z von 33(G) ist 
7n/(z) = f(z) = z. Damit hat man die folgenden Gleichungen: 

v = xi f(v) = iri((e‘ X Vo) + (t'o X v 2 )) = t’ 1 ; 

ebenso zeigt man: v = v 2 , womit die obige Behauptung bewiesen ist. 

Sei jetzt je, , v? , ... , vi j eine Basis von 33(G). Nach dem eben Bewiesenen 
ist dann 

f(Vi) = ( vt X v 0 ) + (t'o X v,), 

also 


q(vi) = Ff(vi) — F((vi X vo) + (t’o X »<)) = t’> + v, = 2t’< . 

Die Bilder /(v^ov^o . . . ov, r ) der Elemente der Basis (v,) bestimmt man 
jetzt daraus, dass / homomorph ist. Man hat dabei zu beachten, dass fiir die 
Pontrjagin’sche Multiplikation in G X G, wie man leicht sieht, gilt: 

(z X y)o(x’ X y') = (-lf^'W) x (yoy'). 
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Damit lauft die Rechnung so: 
f(VioV k ) = f(Vi)°f(v k ) 

= (( Vi X Vo) + (vo X vi)) o((v k X vo) + (v 0 X Vk )) 

= ((VtoVfc) x Vo) + (v* X Vk) - (v k X v<) + (v 0 X (v.-ov*)); 

also 

q(viov k ) = Ff(vioVk) 

= F((v*o^) x t’o) + F(v, X V*) - X V t ) + F(v 0 X (v t -o^)) 

= (v»oVjfc) + (V {0 V&) — (VkoVi) + (Vt’oVA:); 
und wegen v&Vk = — v*ov,- erhalt man endlich: 

q(vioi'k) = 4v,o y* . 

Entsprechend verfahrt man im allgemeinen Falle, bei der Berechnung von 
q(vi x ov, 2 o . . . o v ir ) = Ff(vi x ov it o • . . o«; ir ). Man geht aus von der Gleichung 

/On°*V • • * = /(^i) 0 /(v< ,)° • * * «/(»<,), 

setzt /(v, A ) = (vi k X Vo) + (v 0 X v lft ) ein, und multipliziert aus. Man erhalt 
2 r Summanden, von denen jeder das Element db v tl o^ 2 o . . . ov tr als Bild bei F 
hat — und man stellt fest, dass immer das positive Yorzeichen gilt. Damit hat 
man den Satz: 

Der Homdlogietyp der Abbildung q(p) = p 2 von G in sick ist bestimmt durch die 
folgendcn Gleichungen , in denen die q-Bildcr der Elementc der Basis (v.) von 33(G) 
angegeben sind : 

?(Vn°v t - 2 o . . . o v ir ) = 2 r v h ov i2 o . . . ov t * r (ii <*<•••< i r ) 

(und naturlich q(v 0 ) = v 0 ). 

Darin ist, wegen der Gleichung 1 = Vioy 2 o • • • ov h enthalten: 5 Die Abbildung 
q(p) = p 2 von G in sich hat den Grad 2 l . 

2. Untergruppen und Nebengruppenzerlegung 

1. G sei wie immer einc Gruppenmannigfaltigkeit. Eine Teilmenge U heisst 
eine Untergruppe, wenn sie 

a) eine Untergruppe von G im gewohnlichen gruppentheoretischen Sinn ist, und 

b) eine abgeschlossene Teilmenge von G ist. 

Dazu bemerken wir folgendes: Es ist bekannt, dass jede geschlossene Gruppen- 
mannigfaltigkeit eine Lie’sche Gruppe, also jedenfalls einige Male differenzierbar 
ist. Ueber das Verhalten einer Untergruppe U ist bekannt [17]: Man kann in 
einer hinreichend kleinen, dem Euklidischen R n (n = d(G)) homoomorphen, 

8 Vgl.: H. Hopf: Vber den Rang geschlossener Liescher Gruppen [Comm. Math. Helv 13. 
(1940/41)], Satz I ftir k - 2. 
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Umgebung V des Einheitspunktes e der Gruppe G ein solches Koordinaten- 
system einfuhren, dass diejenigen Punktc von U, die zu V geboren, die also den 
Durchschnitt U-V bilden, eine gewisse Ebene durch e erfiillen. U ist also im 
kleinen euklidisch. Bcachtet man noch, dass U als abgesehlossene Teilmenge 
von G kompakt ist, so sieht man leicht: Ist die Untergruppe U zusammenhan- 
gend, dann ist sie eine differenzierbare und differenzierbar in G eingelagerte, 
geschlossene, Gruppenmannigfaltigkeit; ist U nieht zusammenhangend, dann 
ist die Komponente U', die den Punkt e enthalt, selbst eine zusammenhangende 
Untergmppe von G, also eine Gruppenmannigfaltigkeit in G, und U besteht 
aus endlich viol Komponentcn, die Nebengmppen von V sind. 

Deshalb bedeutet es kaum eine Einschrankung, wenn wir im folgenden die 
Forderung b) ersetzen durch die Forderung 

b') V ist eine (differenzierbar) in G eingelagerte geschlossene Mannigfaltigkeit 
(also zusammenhangend). 

Da V eine Gruppenmannigfaltigkeit ist, haben fiir sie die Definitioncn und 
Satze des Kap. I Gultigkeit. 

2. G sei eine Gruppe, ( r eine Untergmppe. Die Gruppenmannigfaltigkeit U 
ist dadurch, dass sie eine Untergmppe von G ist, auf naturliche Weise homo- 
morph, sogar isomorph, in G abgebildet; man hat dazu die Punkte von ( r , die 
ja auch Punkte von G sind, eben als Punkte von G aufzufasson. Das Bild einer 
Homologieklasse u von l r bei dieser Abbildung ist u, als Homologieklasse von 
G betrachtet; genauer: das Bild von u ist die Homologieklasse von G, in der 
die Zyklen aus u, die ja auch Zyklen in G sind, liegen. Die Homomorphie 
besteht darin, dass fur die Homologieelemente von U die Pontrjagin’sche Multi- 
plikation in ( ’ ubereinstimmt mit der in G. 

Man kann also die Satze des §1 anwenden. Wir stellen die Frage: Welche 
Elemente von sind homolog 0 in G? Nach §1 hangt das davon ab, welche 
minimalen Elemente von SR(T) in G homolog 0 sind. Aus dem Satz II folgt der 

Satz III. Die Gesamtheit der Homologieelemente der Untergruppe U , die in 
der Gruppe G homolog 0 sind , ist das Ideal von $(f r ), das erzeugt wird von denje- 
nigen minimalen Elementen von 9t(U), die in G homolog 0 sind. 

Das sind also die Elemente w h°vn , wo die w h beliebige Elemente von ty(U) 
sind, und die v h Elemente von 3S(U) bedeuten, die in G homolog 0 sind. 

Daraus entnimmt man sofort das 

Korollar 1. Eine Untergruppe l r ist dann und nur dann M) in der Gruppe G, 
wenn wenigstens ein von Null verschiedenes minimales Element aus 9f(U) in G 
homolog 0 ist. 

Weiter gilt: 

Korollar 2. Ist U nieht homolog 0 in G, dann ist kein von Null verschiedenes 
Element von 93(1/) homolog 0 in G. 

Daraus wieder folgt sofort: 

Korollar 3. Ist G" eine Untergruppe von G', die nieht homolog 0 ist in G', 
und ist G f eine Untergruppe von G, die nieht homolog 0 ist in G, dann ist G" nieht 
homolog 0 in G. 
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Dann ist sogar kein Element von 93(G") homolog 0 in (?. 

Diesen Satz verallgemeinert man zu folgendem: 

Ist Gi D (?2 Z> Gz 3 • • • I D G r eine absteigende Kette von Untergruppen , und ist 
Gi+i nu 0 in Gi ( fiir i = 1, 2, • • • , r — 1), dann ist G r ^ 0 in G \ . 

Man kann die Ueberlegungen, die zum Satz III fiihren, etwas anders fassen: 

93°( t/) sei die Gruppe derjenigen Elemente von 95 (t/), die ~0 in G sind. 
Man stelle 95 (U) als direkte Summe 95°(U) + 95 \U) dar. Die Elemente 
v\ , v 2 , • • • ,v r einer Basis von 95 1 (f7) sind dann in G linear unabhangig; man 
kann sie sowohl in eine Basis von 95 ((0 als auch in eine Basis von 95(G) auf- 
nehmcn. Die Produkte v^ov^o • • • oVi t (ii < i 2 < • • • < it , 1 ^ ik ^ r), die 
man sowohl als Elemente von 93 (U) als auch als Elemente von 93 (G) auffassen 
kann, sind nach dem Aufspannsatz sowohl in 93 (U) als auch in 33(G) linear 
unabhangig; sie bildcn eine Basis der Gruppe derjenigen Homologieklassen von 
G f in denen Homologieklassen von U liegen; die Elemente von 95(1 ')> die ^0 
in G sind, sind die Elemente w *° v h mit Wh Cl $8 (U), vk C 95 °(U). 

Gleichbedeutend damit, dass [ 7 0 in G ist, ist: 35°(U) enthalt nur die Null. 

3. Ist G eine Gruppe, V eine Untergruppe, so zerfallt G in die (etwa linkssei- 
tigen) Nebengruppen, was man durch die Gleichung 

g = u + «!• u + os- r + ... 

ausdruckt, in der die a» gewisse Elemente von G sind. (Wir gebrauchen die 
ubliche Schreibweise auch hier, wo die Anzahl der Nebengruppen kontinuier- 
lich ist.) 

Die Wichtigkeit dicser Nebengruppenzerlegung fur topologisehe Gruppen G 
besteht darin, dass man die Nebengnippen als Punkte eincs topologischen 
Raumcs, des Nebengruppenraumes, auffassen kann, dcssen Topologie eng mit 
der von G verkniipft ist. Dieser Raum, der mit G/U oder mit W (“Wirkungs- 
raum, ,, vgl. Nr. 5) bezeichnet wird, ist also folgendermassen definiert: 

Die Punkte von W sind die Nebengruppen aU von £7 ; eine Umgebung eines 
Punktes aU besteht aus den Nebengruppen a'-U, wo der Punkt a' eine Umge- 
bung von a in G durchlauft. 

Auf Grund der Bemerkungen in Nr. 1 ist leicht zu sehen, dass auch der 
Nebengruppenraum eine differenzierbare Mannigfaltigkeit ist. Man fiihrt dazu 
in einer (hinreichend kleinen) Umgebung des beliebigen Punktes a von G ein 
Koordinatensystem so ein, dass die Nebengruppe aU durch eine r-dimensionale 
Ebene (r = d(U)) durch a dargestellt wird; man stellt leicht fest, dass die 
Nebengnippen, die eine Umgebung von aV in W bilden, eineindeutig den 
Punkten der zu aU senkrechten, in — r)-dimensionalen Ebene durch a ent- 
sprechen (n = d(G). Damit hat man in der Umgebung des Punktes aU von W 
ein Euklidisches Koordinatensystem eingefiihrt. Die Differenzierbarkeit zeigt 
man ebenso. 

Wir konne und wollen also im folgenden annehmen, dass der Nebengruppen- 
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raum W eine differenzierbare, also triangulierbare [18], geschlossene Mannig- 
faltigkeit ist. 

4. Die Zerlegung von G in die Nebengruppen aU ist eine Faserung mit der 
Faser U ; dabei versteht man unter der Faserung einer Mannigfaltigkeit M mit 
der Faser (-Mannigfaltigkeit) F folgendes [10]: M ist zerlegt in Mannigfaltig- 
keiten, die alle einer festen Mannigfaltigkeit F homoomorph sind, und die 
“Fasem” von M heissen; dureh jeden Punkt von M geht also eine und nur eine 
Faser; und eine Umgebung einer beliebigen Faser ist fasertreu homoomorph 
dem topologisohen Produkt E X P, wo E ein Element (Vollkugel) der Dimen- 
sion d(E) = d(M) - d(F) ist, 

“Fasertreu homoomorph” heisst dabei: jede Faser der Umgebung ist topo- 
logiseh auf eine der Mannigfaltigkeiten p X F abgebildet (p ein Punkt von E ) — 
verschiedene Fasem naturlich auf vcrschiedene p X F. 

Fasst man die Fasem als Punkte eines Raumes, mit naturliehem Umgebungs- 
bcgriff, auf (bildet man den sog. Zerlegungsraum der Zerlegung von M in die 
Fasern), so erhalt man den Faser- oder Basisraum B , der offenbar eine Mannig- 
faltigkeit ist; der Faserraum wird auch, in einer naheliegenden Schreibweise, 
mit M/F bezeichnet. 

Wir sprechen im folgenden VQn Faserungen auch bei Teilmengen einer gefa- 
serten Mannigfaltigkeit, die ganz aus Fasem bestehen, d. h. zu einer beliebigen 
Faser entw(»der fremd sind oder sie ganz enthalten; und ist K ein beliebiger 
Komplex, so nennen wir das topologische Produkt K X F gefasert — die Fasern 
sind naturlich die Mengen p X F, wo p ein beliebiger Punkt von K ist. Es ist 
dann klar, was man unter einer fasertreuen (topologisohen) Abbildung zu ver- 
stehen hat. 

Ordnet man jedem Punkt einer gefaserten Mannigfaltigkeit M die Faser zu, 
auf der er liegt, so erhalt man eine stetige Abbildung von M auf den Faserraum 
B y die Projektion P. Das Urbild P' l (T) einer Teilmenge T von B ist die 
(gefaserte) Menge der Punkte der “uber T stehenden” Fasem. Fur jede hin- 
reichend kleinc Umgebung V eines beliebigen Punktes von B ist P~\V ) faser- 
treu homoomorph mit V X F; M ist im kleinen ein topologisches Produkt. 
Ueber dieses lokale Zerfallen in ein topologisches Produkt gilt der folgende Satz 
von Feldbau [19]: 

Ist E ein Element ( Vollkugel ) im Faserraum B , dann ist die Urbildmenge P~' l {E) 
dem Produkt E X F fasertreu homoomorph . 

Nach Nr. 3 ist leicht zu sehen, dass die Zerlegung einer Gruppe G in die 
Nebengruppen aU einer Untergmppe U eine Faserung von G mit der Faser U 
ist. Man erkennt namlich sofort: Durchlauft p die in Nr. 3 genannte, zu aU 
senkrechte Ebene, die E heissen moge, in der Umgebung von a, und durchlauft 
q die Untergmppe U, dann ist /(p X q) = p*q eine fasertreue topologische 
Abbildung von E X U auf die Umgebung von U ( pq ist das Produkt von p 
und q in (?). 

Der Faserraum dieser Faserung ist der Nebengruppen- oder Wirkungsraum W . 
Die Projektion P besteht darin, dass man dem Punkt p von G die Nebengruppe 
pU (als Punkt von W ) zuordnet. 
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5. Eine Mannigfaltigkeit W heisst Wirkungsraum der Gruppenmannigfaltig- 
keit G (“espace homogfene”) [9], wenn folgendes erfullt ist: 

Jedem Punkt p von G ist eine topologische Transformation T p von W auf 
sich zugeordnet; die Transformationen T p hangen stetig von dem Punkt p ab; 
es gilt: T p -T q = T pq ; und die aus den T p bestehende Transformationsgruppe 
von W ist transitiv, d. h. jeder Punkt von W (es gentigt: ein bestimmter Punkt 
von W) kann (durch geeignete Transformationen T p ) in jeden Punkt von W 
ubergeflihrt werden. 

a sei ein Punkt von W ; diejenigen Punkte p von G, fur die T p (a) = a gilt, 
d. h. deren T p den Punkt a als Fixpunkt hat, bilden eine Untergruppe vou G, 
die “Isotropiegruppe” von W. (Setzt man W = R n und nimmt als G die 
Gruppe der Bewegungen des R n , so ist die Isotropiegruppe die Gruppc der 
Rotationen um einen festen Punkt.) Die zu verschiedenen Punkten a von W 
gehorigen Isotropiegruppen sind in G konjugiert, sodass man von der Isotro- 
piegruppe U sprechen kann. 

Die Punkte p von G, deren T p den Punkt a in den gleichen Punkt b transfor- 
mieren, bilden eine linke Nebengruppe von U. Diese eineindeutige Zuordnung 
der Punkte von W und der linken Nebengruppen von U ist eine Homoomorphie 
zwischen W und dem Nebengruppenraum G/V. 

Die Transformationen T p konnen also auch als Transformationen des Ncben- 
gruppenraumes G/U auf gef asst werden; sie haben da eine einfaehe Bedeutung: 
Die Transformation T p besteht namlich darin, dass man jeder Nebengruppe qU 
die Nebengruppe pqU zuordnet. 

Ein Wirkungsraum W ist also identisch mit dem zur Isotropiegruppe l r von W 
gehorigen Nebengruppenraum G/U (bei der Definition des Nebongruppenraums 
muss man dann mehrkomponentige Untergruppen (vgl. Nr. 1) U zulassen). 

Diese Definition des Wirkungsraumes ist etwas allgemeiner als die libliehe: 
wir lassen zu, dass T p fur gewisse p die Identitat von W ist ( p gehort dann zu U). 

Ist U zusammenhangend, dann ist W orientierbar (aber nieht nur dann): 
Man stelle (nach Nr. 4) die Umgebung einer Nebengruppe pU als topologisches 
Produkt E X U dar. Die Orientierung von G und die von l ' bestimmen dann 
eindeutig eine Orientierung von E } und diese iibertragt man mittels der Pro- 
jektion P in den Wirkungsraum W. (Entsprechend fur Faserungen M/F.) 

6. Das Problem, das sich jetzt erhebt, ist: Zusammenhange zwischen G, U, W, 
insbesondere zwischen ihren Homologieeigenschaften, zu finden. Es handelt 
sich z. B. um die Aufgabe, aus den Homologieeigenschaften von G und U die 
von W zu bestimmen, wobei man natiirlich die Lage von U in G berucksichtigen 
muss. Zur Losung dieser Aufgabe werden in Kap. IV einige Beitragc geliefert. 
Noch naheliegender ist die Fragestellung: was kann man bei gegebenem G und 
W liber U aussagen?, also die Frage nach der Isotropiegruppe U eines vorge- 
legten Wirkungsraumes W. Diese Frage wird im Kap. Ill fur den speziellen 
Fall W = S n gelost; als Anwendung werden die Homologieringe der Gruppen 
A n , B n , C n , D n bestimmt. 



BEITRAGE ZGR TOPOLOGIE DER GRTJPPEN-MANNIGFALTIGKEITEN 1121 


Kapitel III 

Die Spharen als Wirkungsraume 

In (liosem Kapitel wird der Spezialfall untersurht, dass der zu dor Gruppe G 
und der Untergruppe l ’ gehorige Wirkungsraum W der m-dimensionalen Sphare 
S m homoomorph ist. Dieser Fall tritt auf bci den Gruppen der bekannten vier 
Klassen A „ , B n , C„ , D n ; die Homologieringe dieser Gmppen lassen sich damit 
vollstandig bestimmen. 


1. G/U = S m 

1. G sei cine Gruppe; der Rang von G (Kap. I, §2, Nr. 3) sei I; V sei eine 
Untergruppe von G. Wir beweisen den folgenden Satz: 

Satz IV. Der zu der Cntergruppe l 7 der Gruppe G gelidrige Wirkungsraum 
G/C = W sei der m-dimensionalen Sphare S m homoomorph; dann gilt: 

a) ist m ungerade, so ist i)l(G) isomorph mit i)l(l' X S m ), und l ist no() in G, 

b) ist m gerade, so ist (R (( A isomorph mit Will X wo II ein topologisches 

Produkt eon l—l Sphiiren ungerader Dimensionen ist, und ist isomorph mit 
5ft (II X ; und l ist ~0 in G. 

Bemerkung: fiir l—l bedeutet b): fR(f’) » und 5ft (G) pk Sft(<S 2m _i). 

(Dann ist iibrigens, was aber fiir das folgonde unwescntlieh ist, notwendiger- 
weise m = 2.) 

Fiir die Range KG), 1(1’) und die eharakteristischen Zahlen l,(G), 1,(1’) (Kap. 
I, §2, Nr. 3) bedeutet dieser Satz das Bestehen der folgenden Gleichungen: 

a) m ungerade: 

1(G) = l(U) + 1, 

L(G) = l m (U) + 1. 

U(G) = U(U) fur i ^ m, 

b) m gerade: 

1(G) = l(U) 
lm-l(G) = l m ^(U) ~ 1, 

Um-l(G) = hm-l(U) + 1) 

U(G) - l,(l : ) fiir i ^ m — 1, 7 * 2m — 1. 

Der Beweis beruht auf der Betrachtung der Fascrung von G in die Neben- 
gruppen aV von V. 

2. Wir erinnern zunachst an einige Begriffe: 

Ein endliches, euklidisches Polyeder ist die Menge der Punkte, die zu einem 
endlichen, euklidischen, simplizialen (allgemeiner: Zellen-) Komplex gehoren. 
Ein endliches, krummes Polyeder (kurz: Polyeder) P in einer Mannigfaltigkeit 
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M ist das topologische Bild in M ernes endlichen, euklidischen Polyeders [20]. 
Ein stetiger Zyklus ist das stetige Bild eines, in einem euklidischen R n liegenden, 
simplizialen “Parameter”-Zyklus. Ein stetiger Zyklus z in einem Polyeder P 
bestimmt eine Homologieklasse von P, die man eben durch z reprasentieren 
kann [21]. Im folgenden verstehen wir unter Zyklen immer stetige Zyklen. 

Wir betrachten eine beliebige Gruppe G. Im Kap. I, §3, Nr. 1 ist mit Hilfe 
der Abbildung F(p X q) = pq von G X G in G das Pontrjagin'sche Produkt xo y 
zweier Homologieklassen x und y von G definiert worden. Diese Definition 
lasst sich unmittelbar erweitern zu der des Pontrjagin’schen Produktes Z\oZi 
zweier stetiger Zyklen Zi , z 2 in G: man bilde den stetigen Zyklus z\ X z 2 in 
G X G y und definiere Zioz 2 durch 

zioz 2 = F(zi x Z2 ) ; 

Z 10 Z 2 ist ebenfalls ein stetiger Zyklus in G. 

3. Jetzt sei gemass der Voraussetzung von Satz IV der zur Untergruppe U der 
Gruppe G gehorige Nebengruppenraum G/U der S m homoomorph. P bezeich- 
net die Projektion von G auf G/U = S m . 

Wir zerlegen die S m durch eine ( m — l)-dimensionale Aequatorsphare AS m _i 
in zwei Elemente (Vollkugeln) E 1 und E 2 , die “nordliche und siidliche Halb- 
kugel.” Es ist also E l + E 2 = 8 m und E 1 ^ 2 = S m . l . Das Urbild P~\E ') 
von E 1 heisse G', das Urbild P~\E 2 ) von E 2 heisse G". Es ist G = G' + G"; 
d. h., G wird von G' und G" iiberdeckt. Der Durchschnitt G'-G", der H heisse, 
ist das Urbild P -1 (/S m _i) von S m -i . 

Wir wenden jetzt den Satz von Feldbau an (Kap. II, §2, Nr. 4). Weil E 1 
ein Element ist, ist danach die Menge G', die ja ganz aus Nebengruppen von U 
besteht, dem topologischen Produkt E 1 X V fasertreu homoomorph. Dabei 
ist nur benutzt, dass eine Faserung von G in die Nebengruppen von U vorliegt. 
Indem man nun die Gruppeneigenschaft starker ausniitzt, kann man die Dar- 
stellung von G' als Produkt E 1 X U in einer speziellen Weise wahlen. Man 
betrachte dazu fiir einen beliebig, aber fest gewahlten Punkt q von U das in 
E 1 X U liegende Element E 1 X q . Ihm entspricht infolge der Homoomorphie 
von E 1 X U und G' ein Element E' in G'. Aus der Definition folgt unmittelbar, 
dass E' mit jeder zu G' gehorenden Faser von G (Nebengruppe von U) genau 
einen, und mit jeder nicht zu G' gehorenden Faser keinen Punkt gemeinsam 
hat und dass E' durch P topologisch auf E 1 abgebildet wird. Man betrachte 
nun das in G X G liegende Polyeder E' X t 7 . Bei der Abbildung F wird dieses 
Polyeder topologiseh-fasertreu auf G' abgebildet. Denn ist p ein beliebiger 
Punkt von E', so wird die Teilmenge p X U von E' X U topologisch auf die, 
in G' enthaltene, Nebengruppe pU abgebildet (das ist geradezu die Definition 
der Nebengruppe) ; sind pi , P 2 zwei verschiedene Punkte von E', so sind, wie 
eben bemerkt, die Nebengruppen pi-U und p 2 - U, auf die die Mengen pi X U 
und P 2 X U abgebildet werden, verschieden ; und man erhalt so auch alle zu G' 
gehdrenden Nebengruppen. Die ursprtingsliche Homdomorphie zwischen 
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E 1 X F und G' ist also jetzt ersetzt durch die durch F vermittelte Homoomorphie 
zwischen E' X F und G'. Entsprechend lasst sich G" darstellen als topolo- 
gischcs F-Bild eines in G X G liegenden Produktes E" X F, wo E" ein Element 
in G ist, das durch P topologisch auf E~ abgebildet wird. G' und G" sind also 
krumme Polyeder in G; sie sind sogar berandete Mannigfaltigkeiten. 

Die Randsphare von E' heisse S', die von E" heisse S". Beide Spharen 
werden durch P topologisch auf <S m -i abgebildet. Dann sieht man: Bei der 
topologisch-fasertreuen Abbildung F von E' X U auf G' erscheint als Bild des 
Randes S' X V von E' X U die Menge H = P~\S m -i) = G' G". Denn S' X F 
wird bei F topologisch auf die Menge der Punkte derjenigen Nebengruppen 
von F abgebildet, die einen Punkt mit S' gemeinsam haben, deren Projektion, 
d. h. deren Bild bei P, also zu <S m _i gehort. Als topologisches Bild der Mannig- 
faltigkeit S' X V ist H eine Mannigfaltigkeit in G. 

Ebenso stcllt man fest, dass H topologisch-fasertreues F-Bild des Randes 
S" X U von E" X V ist. 


4. Den orientierten Grundzyklus der Sphare S' bezeichncn wir auch mit >S"; 
p' sei ein einfach gezahlter Punkt von S'; die Zyklen U\ , • • • , u T mogen eine 
Basis von 33(F) bilden. Dann bilden die Zyklen p' X u, und S' X u, (i = 
1, • • • , r) eine Basis von 33(<S' X F); fur das topologische Bild H — F(S' X F) 
bedeutet das: die (nach Nr. 2 gebildeten) Zyklen 

p’oUi , S'oUi (i = 1, • • • , r) 

bilden eine Basis von 33(H); dicse Basis heisse 33i . Ebenso folgt aus der 
Tatsaehe, dass H topologisches F-Bild von S" X C ist, dass die Zyklen 

p"ou, , S"oUi (i = 1, • • • , r) 

eine Basis von S(H) bilden; p", S" sind analog wie p' , S' definiert. 

Man sieht nun leicht ein, dass man die beiden Punkte p' und p" und ebenso 
den einfach gezahlten Punkt p 0 von 33(F) durch den Einheitspunkt e von G 
reprasentieren kann. (Man kann zunachst S m -i so wahlen, dass V in 
P _1 (iS m _i) = H liegt, und kann dann die Elemente E' und E" .so bestimmen, 
dass sie den Punkt e in ihrem Rand enthalten.) 

Man betrachte die Untergruppe von 33(H), die von den Elementen p'ou mit 
beliebigem u aus 33(( ; ) gebildet ward; sie ist mit 33 (( ') isomorph (entsprechend 
der Tatsaehe, dass die Gruppe der Elemente p' X u von $8(«S' X V) mit 33 (U) 
isomorph ist). Wegcn der speziellcn Wahl von p' ist 

p'ou = cou = u; 

das bedeutet: man kann die Elemente p'ou dieser Untergruppe mit den Ele- 
menten u von 33(F) identifizieren, man kann also 33(F) als Untergruppe von 
33(H) auffassen. Die Elemente S'°u (und ebenso die Elemente S"°u) gehoren 
nicht zu dieser Untergruppe. Wir bemerken schlieaslich noch, dass wir, wegen 
po = e, das Element S'op 0 von 33(H) mit der Sphare S' identifizieren konnen ; 
ebenso identifizieren wir S"op 0 mit S". 
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5. Wir stellen jetzt die Frage: Welche Elemente von 93 (U) sind homolog 0 
in G? Um sie zu beantworten, verallgemeinem wir sie zu der Frage: Welche 
Elemente von 93 (H) sind homolog 0 in G? 

Wir gehen aus von der Tatsache, dass G iiberdeckt ist mit den Polyedem G' 
und G", deren Durchschnitt eben das Polyeder H ist. Daher lelsst sich ein 
elementarer Satz aus dem Kreis der “Additionssatze der kombinatorischen 
Topologie” [22] anwenden, der besagt: 

Die Homologieklasse z von H ist dann und nur dann homolog 0 in G, wenn 
sie sich in H darstellen lasst als Summe Z\ + z 2 zweier Homologieklassen z \ , z 2 
von H , wobei zi in G' und z 2 in G" homolog 0 ist. 

(Im rein kombinatorischen Fall verlauft der Beweis dieses Satzes folgender- 
massen : der in H liegende Zyklus z sei ~0 in G, also z = C. (Mit C bezeichnen 
wir den Rand des Komplexes C.) Unter C i verstehe man den Teilkomplex 
von C, dessen Simplexe in G' liegen, unter C 2 den von den ubrigen Simplexen 
von C gebildeten Teilkomplex von C ; es ist also C — Ci + C 2 . Dann ist 
z = C = C t + Ci , und Ci , bzw. C 2 , ist ein Zyklus in H, der ~0 in G', bzw. G", 
ist. Im vorliegenden Fall krummer Polyeder muss man die vorkommenden 
Zyklen und Komplexe als stetige Zyklen und stctige Komplexe annehmen und 
noch einige einfache Approximationen vornehmcn.) 

6. Die Zyklen von H, die in G' homolog 0 sind, sind nun genau die Zyklen 
S' oil, wo u ein beliebiges Element von 93 (V) ist, entsprechcnd der Tatsache, 
dass in E' X U genau die Homologieklassen S' X u des Randcs S' X U von 
E' X V homolog 0 sind. Analog sind genau die Elemente S"ou von 93 (H) in 
G" = F(E" X V) homolog 0. Die Elemente R von 93 (//), die in G homolog 0 
sind, sind also nach dem genannten Additionssatz die Elemente 

(1) R = S'oiii -f- S"oUi 

mit beliebigem Ui und u 2 aus 93(G)- 

Um eine Uebersicht iiber sie zu bekommen, schreiben wir sie in der Basis 93i 
von 93(H). Dazu stellen wir zunachst einmal S ” in dieser Basis dar: 

S" ~ S'ou' + p'ou in H. 

Aus Dimensionsgriinden ist u' glcich cp 0 mit einem gewissen Koeffizienten 
c. Wegen der in Nr. 4 getroffenen speziellen Wahl von p 0 und p' hat man 
also: 

S" ~ cS' + u in H. 

S' und S" sind als Spharen minimale Elemente von %\{H) (vgl. Kap. I, §1, Nr. 4); 
da die minimalen Elemente eine Gruppe bilden, ist auch u ein minimales Element 
von 9J(H). Aus dem Zusammenhang zwischen den minimalen Elementen eines 
topologischen Produktes mit den minimalen Elementen seiner Faktoren (Kap. 
I, §1, Nr. 9) folgt, dass u sogar ein minimales Element von 9f((7) ist, das wir 
mit v bezeichnen wollen. Es ist also schliesslich: 
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(2) S" ~ cS' + v in H. 

Dabei ist v eventuell das Nullelement. 

(2) in (1) eingesetzt, ergibt die folgende Gleichung: 

R ~ S'o(ui + cui) + vaUi in H. 

(Dabei ist beniitzt, dass fur einen Zyklus z in H und eincn Zyklus u in U das 
Produkt zou in H liegt, und dass fur zwei Zyklen z t , z 2 in H und einen Zyklus u 
in F gilt: 

(z\ + z 2 )ou — ziom + zjoR in H. 

Um das zu beweisen, beaehte man, dass H aus linken Ncbengruppen von F 
besteht, und dass folglich die Teilmenge H X F von G X G dureh F in H 
abgebildet wird. In H X U ist nun (zi + z 2 ) X u homolog (zi X w) + (z 2 X u); 
iibt man darauf F aus, so erhalt man die behauptete Homologie.) 

Damit hat man schliesslich: 

Die Gesamtheit der Elemente von 93(//), die in G homolog 0 sind, wird 
gebildet von den Elementen 

(3) S' ou -J- V 0 U 2 , 

wo u, w 2 belicbige Elemente von 93 (U) sind. 

Unter den Elementen (3) sind nur die mit u — 0 in der Gruppe 93 (V) ent- 
halten; also folgt: 

Die Gesamtheit der Elemente von 93(f ), die in G homolog 0 sind, wird 
gebildet von den Elementen 

V oU 

mit beliebigem u aus 93(F), sie ist also das von v = S" — cS' erzeugte Ideal 
von $({/). 

7. Nach Satz III (Kap. II, §2, Nr. 2) ist daher v das einzige minimale Element 
von 9J(f O> das homolog 0 in G ist; genauer: die Gruppe 93°(( T ) derjenigen mini- 
malen Elemente von 91(1 T ), die in G homolog 0 sind, besteht aus den rationalen 
Vielfachen von v. 

Aus der Definition von v folgt: d(v) — d(S') — d(S") = m — 1. VVir unter- 
schciden jetzt die Falle v = 0 und v ^ 0. Der Kiirze halber wird der Rang 
von ®((r) mit l und der Rang von 93(F) mit l’ bezeichnet. 

a) Es sei ti = 0. Dann ist also (ausser 0) kein minimales Element von 
9?(F) ~ 0 in (?; also ist nach Kap. II, §2, Nr. 2, Ivorollar 1 die Untergruppe 
V no 0 in G, und nach Korollar 2 kann man 93(F) als Untergruppe von 93(Cf) 

auffassen. Eine Basis (»i, v 2 , ••• ,vi>\ von 93(F) kann man aufnehmen in 

r 

eine Basis {pi , v 2 , • • • , vr , vr+i , - - - , fi } von 93(G). Wegen 2 d(vi) = d(U), 

i 

23 d(vi) = d(G) und d{G) = d(U) + m gilt dabei: 
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d(ty+i) + d(ty+j) + • • • + d( Vi) — TO. 

Nun ist aber jede Homologicklasse von G, deren Dimension kleiner als to ist, 
in G einer Homologieklasse von U homolog. Denn aus der Tatsache, dass K 
ein m-dimensionales Element ist (i — 1, 2), schliesst man ohne weiteres, dass 
man jeden hochstens (to — l)-dimensionalen Zyklus von G auf den gemeinsamen 
Rand H von G' und G" deformieren kann. Aber die Homologieelemente von 
93 (H), die ^0 in G sind, sind in G den Elementen der Untergruppe 93 (G) von 
93 (H) homolog (weil die Elemente S'ou von 93(H) in G homolog 0 sind). 

Die Dimensionen der nicht zu der Untergruppe 93 (U) von 93(G) gehorigen 
Elemente ty+i , ty+s , • • • , Vi miissen also 't.m sein; da die Summe der Dimen- 
sionen, wie oben festgestellt, gleich to ist, gibt es nur ein einziges solches Elejnent, 
und es hat die Dimension to. 

Das bedeutet: Man erhalt eine Basis von 93(G), indem man zu einer Basis 
{ t>i , Vi , ... , v 1 1 j von 93(G) ein gewisses Element vi mit d(vi) = to hinzufiigt. 

Im Falle eines ungeraden to ist nun das Element v ein minimales Element der 
geraden Dimension to — 1, und folglich gleich Null (Kap. I, §2, Nr. 3). Die 
eben angestellten Ueberlegungen sind also anwendbar auf diesen Fall, und 
enthalten offenbar einen Beweis der Behauptung a) aus Nr. 1. 

Da aus v — 0 die Existenz eines minimalen Elementes Vi ^ 0 mit d(vi) = to 
folgt, und andererseits ein minimales Element gerader Dimension immer Null 
ist, so muss im Fall eines geraden to das Element v von Null verschieden sein. 
Damit kommen wir zum Fall b). 

b) Es sei v ^ 0. Nimmt man v in eine Basis {v% , i\ , • • • , ty_i , a) von 93(G) 
auf, so sind, weil die rationalen Vielfachen von v die einzigen Elemente von 93(G) 
sind, die in G homolog 0 sind, die Elemente Vi , Vi , • • • , vr-i in G linear unab- 
hangig und konnen durch Elemente iy , iy+i , • • • , Vi zu einer Basis von 93(G) 
erganzt werden. Wegen d(v) — m — 1 gilt 

d( Vl .) + d(y,, +1 ) + ... + d(v,) = d(G) - (d( G) - d(v)) - 2m - 1. 

Nun kann aber, genau wie in a), unter den Elementen ty , • • • , vi 

keines vorkommen, dessen Dimension kleiner als to ist; folglich kann es nur 
ein solches Element geben, und es muss die Dimension 2m — 1 haben. 

Das bedeutet: Es gibt in 93(G) ein Element v der Dimension to — 1, dass 
nicht Null ist; und aus einer Basis von 93 (f 0> in der dieses Element v als Basis- 
element auftritt, erhalt man eine Basis von 93(G), indem man v ersetzt durch ein 
gewisses Element *>< der Dimension 2m — 1. 

Aus v ~ 0 in G folgt nach Kap. II, §2, Nr. 2, Korollar 1, dass auch G ~ 0 
in G ist. 

Damit ist die Behauptung b) von Nr. 1 vollstandig bewiesen. 

2. Die Gruppen A n , B„ ,C n , D n 

Mit Hilfe des Satzes IV aus §1 lassen sich die Homologieringe der klassischen 
Gruppen A n , B n , C» , D n leicht bestimmen, auf Grund der Tatsache, dass 
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diesen Gruppen in naturlicher Weise Spharcn als Wirkungsraume zugeord- 
net sind. 

1. Die Gruppe A n (n = 1, 2, • . • ) ist die Gruppe der linearen, unitaren, uni- 
modularen Transformationen in n + 1 Variabeln, also die Gruppe der Trans- 
formationen 

Zj — ^ djkZk 

mit der Determinante | a jk | = 1, die die Hermite'schc Form 

Z\ • Z\ + 22 * Z2 + • • • + \ * Zn+l 

invariant lassen [23]. Wir setzen z i = Xj + iy s (x ; , y } recll); die Hermite’sche 
Form geht dabei iiber in 

+ y\ + x \ + y\ + • * • + tfn+l + 2/n-fl . 


Die Transformationen von A n lassen sich also auffassen als (reelle) orthogonale 
Transformationen eines Euklidischen R 2n + 2 mit den Koordinaten x x , y X) x 2y 
y 2 , • • • , x n +i , 2/n+i , die paarweise zu den komplexen Koordinaten z y = 
x i + Wi zusammengefasst sind. A n ist also eine Gruppe von topologischen 
(sogar orthogonalen) Transformationen der (2 n + l)-dimensionalen Sphare 
5 2n +i , die durch 

X\ + y\ + %\ + y\ + • • * + Zn+l + 2/n+l = 1 


gegeben ist. Man sieht leicht, dass diese Gmppe die S 2n +\ transitiv trans- 
formiert. Es gentigt zu beweisen, dass man den Punkt (zi = 1, z% = 0 (t > 1)) 
in einen beliebigen Punkt (ai , a 2 , • •• , a n +i) (mit a r dj = 1) iiberfuhren 
kann. Und das kann man, weil man immer unitare, unimodulare Matrizen 
angeben kann, deren erste Spalte ( a n , a 2 1 , * * • , a*+i t i) mit (di , a 2 , • • . , a n+x ) 
tibereinstimmt. S 2n + 1 ist also ein Wirkungsraum von A n (die Bedingung 
T p -T q = T p . q aus Kap. II, §2, Nr. 4 ist nattirlich erfullt). Die Isotropiegmppe 
ist die Untergruppe, die einen Punkt, otwa den Punkt (z x = 1, Zi = 0 (i > 1)) 
festhalt; das ist offenbar die Gnippe A n - 1 . 

2n + 1 ist ungerade; man erhalt also nach Satz IV a) (§1) : Der Homologiering 
yt{A n ) ist isomorph dem Ring 9f(yl n -i X Die Mannigfaltigkeit A x ist 

bekanntlich der Sphare £3 homoomorph. Damit erhalt man durch Induk- 
tion [24]: 

Der Homologiering $(4*) ist isomorph dem Ring 9? (II) der Mdnnigfaltigkeit 
II = $3 X St X S 7 X * • • X S 2n +i ; 

dabei bezeichnet Si die t-dimensionale Sphare. 

Definiert man fur einen beliebigen Komplex k das Poinear^’sche Polynom 
Pk(t) durch: 


Pk(t) = Po + Pi • t + P2 • F + • • • , 
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wobei pi die i-te Betti’sche Zahl von k und t eine Variable ist, und beachtet, 
dass 


Pk x Xk 2 {t) = Phx (t)'Pk t (t) 

ist, so best man ab: 

Das Poincar&sche Polynom von A n ist 

Pa,(D - (i + <’)•( i + < 6 )-d + f) ••• (i + t in+1 ). 

2. Die Gruppc B n ist die orthogoriale Gruppc in 2n + 1 Variabeln [23]. Das 
ist eine transitive Transformationsgmppe dcr Sphare $ 2n ; also ist $ 2n ein 
Wirkungsraum von B n . 

Die Gmppe D n ist die orthogonale Gruppc in 2 n Variabeln [23]. Das ist eine 
transitive Transformationsgmppe dcr Sphare $ 2 „_i ; also ist $ 2 „_ i oin Wirkungs- 
raum von D n . 

B n ist definiert ftir n = 1, 2, • • ■ ; D n wird bei der Aufzahlung dor einfachen 
Gruppen nur ftir n ^ 3 betrachtet; fur unsere Zvvecke konnen wir aber die 
Falle n = 1, 2 in die Definition von D n einbeziehen. D\ ist dem Kreis Si 
homoomorph. 

Die Isotropiegnippe (les Wirkungsraumes $ 2n _ 1 von D n ist die Gruppe R n -i ; 
das sieht man, wenn man als Punkt der Sphare 2 = 1, den man festhalt, 

den Punkt (1, 0, 0, • • • ,0) walilt. 2 n — 1 ist ungerade; aus Satz IV a) folgt 
also : 

Der Ring 3i(D n ) ist isomorph dem Ring 3i(B«_i X *S 2n «-i). Dabei ist n > 1 
vorausgesetzt ; 5T{(Z>i) ist isomorph SR (/Si). 

Die Isotropiegnippe des Wirkungsraumes S 2n von ist die Gruppe D n ; 
das sieht man wieder, wenn man den Punkt (1, 0, • • • ,0) festhalt. 2 n ist 
gcrade; also kann man Satz IV b) anwenden. Danaeh hat man 3?(D n ) als 
3f(II X & 2 n-i) darzustellcn, und erhalt dann 3i(B n ) als 3t(II X $ 4 n-i). Wegen 
des ebon erhaltenen Resultats fiber 3t(D n ) kann man B n -i ffir II einsetzen; damit 
ist gezeigt: 

Der Ring 3?(B n ) ist isomorph dem Ring 3J(Dn~i X ffir n > 1. Ffir 

w = 1, folgt, naeh der Bemcrkung nach Satz IV, aus der Isomorphie von 5)?(Z>i) 
mit 9 J(aSi), dass 3i(2?i) mit 3?($ 3 ) isomorph ist; das ergibt sich auch daraus, dass 
B\ bekanntlich mit dem projektiven Raum P 3 homoomorph ist. 

Durch Induktion erhalt man jetzt sofort [24]: 

Der Homologiering $R(B n ) ist isomorph dem Ring 3i(ll) der Mannigfaltigkeit 

n = s 3 x x Sn x • • • x $4n-i » 

Der Homologiering 3t(D n ) is/ isomorph dem Ring 3? (II) der Mannigfaltigkeit 
n = $3 X $7 X $11 X • • • X $4n-5 X $ 2 n — 1 (/ftr ft > l)j 
3t(Di) is/ isomorph 9?(Si). 

Ftir die Poincar^’schen Polynome entnimmt man daraus: 
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Pan«) - 0 + <*)(l + f) ••• (l + < 4n_1 ); 

Ponit) - (1 + < 3 )(1 + 0 • • • (1 + i 4 "- 6 )(l + t in ~ x ) film > 1 ;P Dl (t) = 1 + t. 

3. Die Gruppe C n (ft = 1, 2, •-- ) ist die symplektische Gruppe [23, 25]: 
die Gruppe derjenigen unitaren Transforrnationen eines Tt 2n mit don (komplexen) 
Koordinaten (a , x[ , x 2 , x' 2 , . • • , x n , #1), die die schiefsymmetrische Bi- 
linearform 

(^l2/l - SlWl) + (*#£ ~ ^22/2) + • * • + (X n 7/1 - xl?/ n ) 


invariant lassen. 

Den i? 2 n kann man, indem man die Koordinaten Xj , x\ in Real- und Imaginarteil 
zerlegt, als einen reellen, Euklidisohen, ft 4 , t auffassen; die Transforrnationen von 
C n sind dann wegen ilirer Unitaritat in R in orthogonale Traiisformationen der 
(4n — l)-dimensionalen Sphare (etwa mit dem Radius 1) um den Xullpunkt 
des i? 4 n . 1st (ci , c[ , • • • , c n , c' n ) ein beliebiger Punkt dieser Sphare (ist also 
Ci-Ci + c[ -c[ + • • • + c n -c n = 1), so kann man cine Matrix aus C n angeben, 
deren erste Spalte (c n , c' n , c 2 i , c' 2 i , . . • , c nl , c' ni ) mit (ci , e[ , • • • , c« , c' n ) 
ubereinstimmt [25]; das bedeutet: die *S T 4n _! wird transitiv transforrniert, sie ist 
ein Wirkungsraum von C n . 

Die zugehorige Isotropiegruppe ist C n -u Man halte den Punkt (1, 0, 0, • • • ,0) 
(im Ron) test; dann reehnet man (uiiter Beachtung der lnvarianz der Bilinear- 
form und der Unitaritat) sofort nach, dass aueh der Punkt (0, 1, 0, • • • , 0) des 
Ru festbleibt. Beaehtet man noch einmal die Unitaritat, so erkennt man: Die 
Isotropiegruppe bestcht aus den Transforrnationen von C n , fur die 

Xl — ► Ji , x'i -> x[ 

gilt, und das ist eben die Gruppe C n -\ . 

4 n — 1 ist ungerade. Xaeh Satz IV a) ist also SR(C„) isomorph mit 
5)f(C n _i X Beaehtet man noch, dass die Gruppe Ci mit der Gruppe A\ 

identisch ist, so erhalt man durch Induktion [24]: 

Der Homologiering 5R(C„) ist isomorph dan Ring 5K(II) der MannigfaJtigkeit 

n = & X Si X Sn X • X S 4-1 

Daraus liest man ab: Das PoincarP sche Polynom von C n ist 

Pew(0 = (1 + < 3 )(1 + 0 • • * (1 + 1 4 ”“ 1 ). 

Kapitel IV 

HOMOLOGIEEIGENSCHAFTEN DEB WlBKUNGSEAUMll 

Nachdem wir im Kapitel III den speziellen Fall W = S n behandelt haben, 
vvollen wir jetzt zur Untersuchung beliebiger Wirkungsraume iibergehen. Die 
Untersuchung, die wir im Folgenden durchfiihren, ermoglicht es, wenn U no 0 
in G ist, den Ring 9? (IF) durch 3ft (G) und 31(C) zu bestimmen. 
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1. Die Gruppe P(93(G)) 

1. Wie immer, bedeute G eine Gmppe, U eine (zusammenhangende) Unter- 
gruppe, W den zugehorigen Wirkungsraum G/U. Dann ist W eine orientier- 
bare, geschlossene Mannigfaltigkeit der Dimension d(W) = d{G) — d(U). Die 
Projektion P von G auf W bewirkt eine Abbildung P der Betti’schen Gmppe 
93(G) in die Betti'sche Gmppe 93(W). Die Gmppe derjenigen Elemente von 
93(W), die vermoge P Bilder von Elementen von 33(G) sind, heisse die Bild- 
gmppe P(93(G)); ihre Stmktur soli untersucht werden. 

Wenn U ein Normalteiler von G ist, dann ist P die nattirliche homomorphe 
Abbildung von G auf die Faktorgmppe G/U, hat also die in Kap. II, §1 
beschriebenen Eigenschaften. Wir werden nun zeigen, dass auch dann, wenij U 
kein Normalteiler ist, die Abbildung P von diesem Typ ist; nur muss beriick- 
sichtigt werden, dass es in W ini allgemeinen keine Multiplikation gibt. 

2. Es sei also U eine beliebige (zusammenhangende) Untergmppe von G. 
Wir beweisen dann den 

Satz V. Der Kern der Abbildung P von 93(G) in 93(W) ist das Ideal in 93(G) 
{auf gef asst als Unter gruppe von 93(G)), das erzeugt wird von denjenigen minimalen 
Elementen von G, deren Bild bei P die Null ist. 

Die Restklassengmppe von 93(G) nach diesem Ideal (das Ideal als Unter- 
gmppe von 93(G) aufgefasst) wird also isomorph auf die Bildgmppe abgebildct. 
(Die Elemente dieser Restklassengmppe bilden zugleich den Restklassenring 
von 93(G) nach dem Ideal.) 

Der Beweis geht aus von dem Aufspannsatz in der Form I (Kap. I, §3, Nr. 2) 
und wird folgendermassen gefiihrt: 

Die Gmppe 93(G) ist durch P homomorph in 93 {W) abgebildet. 93°(G) sei 
der Kern dieser Abbildung; 93(G) werde als direkte Summe 93°(G) + 93HG) 
dargestellt; IB^G) wird also isomorph abgebildet. {i>i, r 2 , ••• ,v m \ sei eine 
Basis von 93 1 (G), und {vm+ 1 , t>m+a , • • • > eine von 93°(G); dann ist 
{vi , va , • • . ,vi) eine Basis von 93(G). Die Produkte 

Vi t oVi 2 o • • • oV ir (ii < Z 2 < • • ■ < ir) 

bilden mit t’ 0 zusammen eine Basis (v v ) von 93(G) nach Satz I. Dann bewei- 
sen wir: 

a) Ein solches Produkt wird durch P auf 0 gebildet, wenn wenigstens ein 
Faktor v ik zu 93°(G) gehort, wenn also wenigstens ein Index n > m ist; 

b) diejenigen Produkte, in denen alle Faktoren v, h zu 93 1 (G) gehoren, in 
denen also alle Indizes i* ^ m sind, werden durch P auf linear unabhangige 
Elemente von 93 (W) abgebildet. Aus a) und b) folgt dann sofort der Satz V: 
Die in a) auftretenden Elemente bilden eine Basis des von 93 °(G) erzeugten 
Ideals von 95(G); dieses Ideal ist das in Satz V genannte. Aus a) folgt, dass 
das von 93°(G) erzeugte Ideal durch P auf 0 abgebildet wird; aus b) entnimmt 
man, dass nur die Elemente dieses Ideals auf 0 abgebildet werden, womit Satz 
V bewiesen ist. 
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Man kann b) auch so formulieren: der von v 0 und Vi , v 2 , • • • , v m erzeugte 
Teilring von ty(G) wird eineindeutig abgebildet; wegen a) wird er auf die Bild- 
gruppe abgebildet. Bezeichnet Si eine Sphare mit d(Si) = d(v x ) fur i = 1, 
2, • • • , m, so sieht man daraus: Die Gruppe P(25(G)) ist isomorph der Betti'schen 
Gruppe der Mannigfaltigkeit Si X S 2 X S 3 X • ■ • X S m . 

Aus a) und b) kann man noch folgenden Schluss ziehen, der den Charakter 
der Abbildung P besser verstehen lasst: v[ , v 2 , • • • , v' r seien irgendwelche Ele- 
mente von 25(G); das Bild P(v[ov' 2 o • • • ov r ) von v[ov 2 o ... ov r ist dann und nur 
dann ^0 in W , vvenn die Elementc r)[ = P(v[) in W linear abhangig sind. 

Sind namlich die ij'i unabhangig, so kann man die v[ in eine Basis von S^G) 
aufnehmen, und nach b) ist P(v[ov 2 o • . . ov' r ) nicht Null. 

Sind aber die rji abhangig, so kann man durch eine lineare Transformation 
der v[ erreichen, dass rjl = P{v r ) gleich Null ist; das Produkt v[ov 2 o . . . ov T ist 
nach Kap. I, §3, Nr. 9 invariant gegen eine solehe Transformation, und aus 
P(tv) = 0 folgt nach a), dass auch P(v[ ov' 2 o . . . ov r ) =0 ist. 

Wir kommen jetzt zum Beweis unseres Satzcs. 

3. Zuerst beweisen wir den Teil a). 

Wir definieren eine Abbildung T des topologischen Produktes G X W auf W, 
indem wir setzen : 


T{p X q’) = T p {q’), 

wo p ein Punkt von G, und q ' ein Punkt von W ist; T v ist erklart in Kap. II, 
§2, Nr. 4. Schreibt man W als Nebengruppenraum, und bedeutet q' die Neben- 
gruppe q(\ dann ist T(p X q') die Nebengruppe pqV. 

Der Punkt T(p X q f ) heisst das Produkt von p und q' und wird auch mit pq' 
bezeichnet. (Wenn Produkte c-d auftreten, so wird es immer klar sein, ob es 
sich um das Gruppenprodukt in G handelt, wenn namlich c, d e G, oder um 
das eben definierte Produkt, wenn namlich c e G, d e W; das gleiche gilt fur das 
sofort zu definierende verallgomeinerte Pont rj agin , sche Produkt; es werden 
doshalb die alten Zeichen fur die Multiplikation beniitzt.) 

Ueber dieses Produkt sei bemerkt: p-q ' ist bei festem p als Abbildung von 
W in sich aufzufassen, namlich als T p (q')] diese Abbildung ist topologisch und 
zur Identitat homotop — man lasse p nach e, dem Einheitspunkt von G, wandern. 

Bei festem q' dagegen ist p-q' eine Abbildung von G auf W , die zu der Pro- 
jektion P homotop ist: man lasse q' in den die Nebengruppe V selbst darstel- 
lenden Punkt e ' von W wandern; p-e ' ist dann die Nebengruppe pU, als Punkt 
von W betrachtet, und das ist eben P(p). 

Die Eigenschaft des Produktes p-q', die wir brauchen, ist eine Funktional- 
gleichung fur P; es gilt namlich: 

P(Pi-Pt) = Pi-P(P*)', 

pi , pa sind zwei beliebige Punkte von G; links steht die Projektion des Pro- 
duktes pi-p 2 ; rechts steht das Produkt des Punktes pi von G mit dem Punkte 
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P(pt) von TP, also T(pi X Pipi))', beide Seiten der Gleichung bedeuten die 
Nebengruppe pi-pt- U, als Punkt von TP. 

Die Abbildung T bewirkt eine Abbildung T der Homologieklassen. Wir 
definieren nun, wie ja nahe liegt, das “vcrallgemcinerte Pontrjagin’sche Produkt 
xo y 1 ” eines Elementes x von ©(G) mit einem Element y' von ©(TP), indem wir 
setzen: 

xoy' - T(x X y')) 

das ist wieder ein Element von ©(TP). 

Diese Multiplikation ist offenbar distributiv mit der Addition verkniipft. 
Es gilt 

xoO' = Oo y' = O', 

wo 0, bzw. O', das Nullelement von ©(G), bzw. ©(TP), ist, und x, y' beliebig sind' 
Die Funktionalgleicliung fur P gibt fur die Homologieklassen die entsprech- 
ende Funktionalgleichung, namlich: 

P{X\oI 2 ) = Xi0 P{Xi), 

wenn Xi , x 2 zwei bcliebige Elemente von ©(G) sind. Das ergibt sich so: F sei 
die bekannte Abbildung von G X G in G; mit S bezeichne man die Abbildung 
von G X G in G X TP, die durch <S(pi X Pi) = pi X P(pt) gegeben ist. Dann 
ist wegen der Funktionalgleichung die Abbildung PF von G X G in TP gleieh 
der Abbildung TS. Nun ist PF(x i X x 2 ) = P(x iox 2 ); andererseits ist 
S(xi X x 2 ) = xt X P(x 2 ) (vgl. Kap. I, §1, Nr. 8), also TS(x i X x 2 ) = xio P(x 2 ). 

Jetzt folgt sofort die Behauptung a). v^ov^o ... ot»,; sei ein Element der 
Basis (v,), und es sei P(vi k ) — O', k ^ r. Wegen der Antikommutativitat der t>< 
darf man k = r annehmen, und kann also das Element in der Form wo v ir mit 
w — v^oVi t o . • . °v ir _ l schreiben. Dann ist 

P(WoVi r ) = WoP(Vi r ) = UJoO' = O'. 

4. Jetzt beweisen wir die Behauptung b); wir benutzen den Umkehrungs- 
homomorphismus <p der Abbildung P. 

Als Basis in ©(G) benutzen wir die von v 0 und den Elementen 

Vi k oVi t o . • • off, (ii < ? 2 < • • • < l r ) 

gebildete Basis (v t ). Nach dem Aufspannsatz (vgl. Kap. I, §3, Nr. 9) ist die 
duale Basis die Basis [z,], die erzeugt wird von den zu den a,- dualen Elementen z, . 

Die Bilder »j, = P(v x ) der Elemente »i ,»*,•••, » m sind nach Voraussetzung 
in TP linear unabhangig. Sie werden in eine Betti’sche Basis von ©(TP) aufge- 
nommen; U (i = 1, 2, • • • , m) seien die in der dualen Basis zu den ij, dualen 
Elemente. 

Wir betrachten ?>(£<)• Wir behaupten: stellt man in der Basis [z,] dar, 
dann ist z< das einzige maximale Basiselement, das in <p(f<) auftritt, und zwar 
hat es den Koeffizienten 1. Wir behaupten also: 

(f) ^(f») = Zi + 2 a >> x h , 
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wo die xh zusammengesetzte Elemente der Basis [zi] und die ah Koeffizienten sind. 

Zum Beweis betrachten wir das Produkt <p({ t )'V k . Die Funktionalgleichung 
(Kap. I, §1, Nr. 5) fur <p liefert 

P(<p(td-Vk) = ft -P(vic) = f i-Vk, bzw. = f,*0' 

also 

P(<p(ti)-Vk) = &ik-yo (i = 1, • • • , m; k = 1, • • • , Z), 

wo y Q = P(v 0 ) der einfach gezahlte Punkt von W ist; denn weil y k minimal ist, 
ist f*-T 7 * = y 0 der einzige von Null verschiedcne Schnitt von 17 *, fur k = 
1, 2, • • • , m; fur k > m ist P(v k ) = O'. Also ist 

<p($i)'Vk = tiikV 0 ; 

daraus folgt auf Grund dor Rechenregeln in 9i(G) sofort die Behauptung (f) — 
man beachte etwa die Gleichungen z x -v k = d tk Vo (i, k = 1, ••• ,i) (Kap. I, 
§3, Nr. 8). 

Wegcn der Multiplikativitat von <p hat man dann: 

^(f *1 * f f*r) ~ *4" 53 V h y 

wo jedes y k ein Produkt von mindestens r + 1 Faktoren z x ist. 

Aus dieser Darstellung leitet man die folgenden Formeln ab (vgl. Kap. 1, 
§3, Nr. 9): 

1 ) ^(f*i*f »2 f*r) * (^» 1 °^* 2 ° ° y *r) = ^^0 , 

2 ) ^(f«'i’f <2 f»r) • ( V il oV J2° *** ° V 3r) = 0 , 

wenn die Indexmengen \ii , i, • • • , 2 r J und jji , jt , * • • ,jr} voneinander ver- 
schiedcn sind, 

3) ^(ftrf« 2 tt r )>(vk l oVk t o ••• oy fcs ) = 0, wenn s < r. 

5. Daraus folgt nun leicht die Behauptung b) in der Formulierung: der von 
v 0 , Vi , Vi , • • • , v m erzeugte Teilring von $(G) wird eineindeutig abgebildet. 

Es sei namlich w ein Element dieses Teilringes, also cine Linearkombination 
53 a * w i (mit Koeffizienten a,*), in der die w x solche Elemente 6 

Vi x oVi 2 o • • • O Vi r (' ii <{%<••• < % r ), 

bedeuten, in denen i k ^ m gilt; die Koeffizienten a, seien von Null verschieden. 
Wl = Vh x oVh^ • • • °Vh t sei eines dieser Elemente mit maximaler Anzahl von 
Faktoren v x . Dann ist nach Nr. 4, 1), 

f h t )-Wi = dz^o, 

und nach Nr. 4, 2) und 3), 

<p(thrth 2 f = 0 fiir i > 1: 

also ist schliesslich 

p(f*rf* 2 = dbUiPo . 


6 Wir dtirfen v Q annehmen. 
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Nach der Funktionalgleichung ftir <p folgt hieraus 

(1) (f ••• ‘^h,)‘P(w) = dhOiJ/o. 

Also ist P(w) ¥■ 0, q.e.d. 

Es sei noch bemerkt, dass das Produkt aller ft , das Element ft -ft ft, , 

von Null verschieden ist: man setze fur w das Produkt Viov t o ... ov m ein. 

2. U no 0 

1. Fur den Fall, dass U no 0 in G ist, lfisst sich jetzt eine sehr prazise Aussage 
herleiten. Wir beweisen namlich den folgenden Satz: 

Satz VI. Die Untergruppe U der Gruppe G sei nichi homolog 0 in G; der 
zugeh&rige Wirkungsraum sei G/U = W; dann gilt : 

a) der Ring 9? (IF) ist isomorph dem Ring eines topologischen Produktes von 
Sph&ren ungerader Dimensionen, 

b) der Ring 91(G) ist isomorph dem Ring 9l(U X W) des topologischen Pro- 
duktes IJ X W. 

Danach ist 9t(IF) durch 91(G) und 9l(U) bestimmt: U(W), die Zahl der f-dimen- 
sionalen Spharen in dem 9i(JF) darstellenden Spharenprodukt, ist gegeben 
durch U(G) - U(U). 

Zum Beweis zeigen wir erstens, dass die Projektion P eine Abbildung von 
5R(G) auf9l(W) liefert; nach §1 ist dann $R(IV) eineindeutiges Bild eines gewissen 
Teilringes des Pontrjagin’schen Ringes ^(G). Zweitens bestimmen wir diesen 
Teilring; er ergibt sich als isomorph dem Restklassenring des von den Ele- 
menten von 58 (U) erzeugten Ideals von 5P(G). Daraus folgt dann leicht der 
Satz. 

2. f r ist no 0 in G; die Homologieklasse von G, in der U liegt, bezeichnen wir 
auch mit U. Unter <p verstehen wir, wir in §1, den Umkehrungshomomor- 
phismus der Projektion P. Dann gilt: 

<p(vo) = U. 

Dabei ist ijo der einfach gezahlte Punkt in W. 

Es gilt namlich allgemcin fiir die Projektion eines gefaserten Raumes auf den 
Faserraum: Der Urbildzyklus (das p-Bild) des Punktes ist die Faser. Das folgt 
z.B. daraus, dass man die Umkehrung <p einer solchen Abbildung P folgender- 
massen erkl&ren kann: Der Faserraum B sei hinreichend fein trianguliert. Fiir 
ein Simplex Xi von B definiert man <p(xi) als die, in geeigneter Weise als Komplex 
aufgefasste, Menge P~ 1 (x i ), die fasertreu homoomorph mit x< X F (F — Faser) 
ist. Fiir Komplexe, Zyklen usw. erhalt man <p dann durch Addition. 

Wegen der Voraussetzung U no 0 in G ist also ip(ijo) ^ 0. Nach dem Hilfssatz 
aus Kap. I, §1, Nr. 6 ist dann P eine Abbildung von 91(G) auf SR(TF). 

Zieht man jetzt den Satz V heran, so sieht man, dass die Gruppe 58(JF) 
bestimmt ist, wenn man die Gruppe 58° (G), d.h. die Gruppe derjenigen mini- 
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malen Elemente von 91(G), deren P-Bild in W homolog 0 ist kennt. Diese 
Gruppe soil jetzt bestimmt werdcn. 

3. Weil U ^ 0 ist, ist kein Element (ausscr 0) von ©(( 7 ) homolog 0 in G 
(Kap. II, §2, Nr. 2, Korollar 1), und man kann 33 (G) als Untergruppe von 33(G) 
auffassen. Die Elemente von 33 (G) werden bei P sicher auf 0 abgebildet: die 
ganze Untergruppe G wird ja auf einen Punkt abgebildet. Wir behaupten: mit 
den Elementen von 33 (G) sind die Elemente von 33(G), deren P-Bild die Null 
ist, crschopft, oder in der Bezeichnung von §1, Nr. 2: es ist 33°(G) = 33(G). 

Zum Beweis setzen wir 1(G) - 1 und 1(G) = l'. Die Elemente , t/ 2 , • • • , t >r 
mogen eine Basis von 33(G) bilden; sie werden aufgenommen in eine Basis 
{«>i , tit , • • • , vi} von 33(G). Dann gilt (nach dem Aufspannsatz, angewendet 
auf die Gruppe G ; vgl. Kap. I, §3, Nr. 7) 

VioVto • • • o Vi> — G 

als Homologie in U (dann bedeutet G die Eins von 9 1(G)); also gilt die Gleich- 
ung auch als Homologie in G. Wir setzen noch 

Vl'+loVi>+2° • • * °Vl = V. 

Dann gilt, wieder nach den Aufspannsatz, die Gleichung 

Go V = 1, 

wo 1 die Eins von 91(G) bedeutet; daher gilt (nach Kap. I, §3, Nr. 10) fur den 
Schnitt U-V: 


U-V = vo. 

Uebt man auf diese Gleichung die Abbildung P aus, und beachtet, dass G = 
<p(vo) ist, so erhalt man wegen der Funktionalgleichung fur <f> die Gleichung: 

Vo-P(V) = vo. 


Bezeichnet man die Eins von 91(W) mit I, so heisst das: 

P(F) = I. 

Es ist also P(vi>+iovi >+20 ••• ovi) ^ 0 ; daraus folgt nach der letzten Bemerkung 
in §1, Nr. 2, dass die Bilder v> = f*(»<) der Elemente v r +i , t'/'+s, • • • ,v t 
in W linear unabhangig sind. Das bedeutet aber: die Restklassengruppe 
33(G) — 33(G) wird durch P isomorph abgebildet. 

Daher ist 33(G) der Kern der Abbildung P von 33(G); die Behauptung 
33 °(G) - 33(G) ist bewiesen. 

Die von vr+i , v t >+2 , • • • , v t erzeugtc Untergruppe von 33(G) ist die in §1, 
Nr. 2 mit 33*(G) bezeichnete Gruppe; der von dem Punkt v 0 und den Elementen 
dieser Gruppe erzeugte Teilring von 33(G) wird nach §1, Nr. 2 eineindeutig auf 
die Bildgruppe abgebildet. Da jetzt nach Nr. 2 die Bildgruppc mit der ganzen 



1136 


HANS SAMELSON 


Gruppc 93(IE) zusammenfallt, ist also 93(TF) eineindeutiges Bild des von den 
Vr+i , vi'+ 2 , • • • , Vi und vq erzeugten Teilringes von $(0). 

Dicser Teilring enthalt min genau 2 l ~ 1 ' linear unabhangige Elemente, z.B. den 
Punkt Vo und die Produkte 

. . • O Vi r (V + 1 ^ ik ^ Z, ii < it < • • • < i r ). 

Also enthalt auch 93(IE) genau 2 l ~ 1 ' linear unabhangige Elemente. 

4. Wir betrachten die zu den rn = P(tu ) dualen Elemente ft von ©(IF) 
(i = V + 1, , l ). Weil P(V) = P(vr+ioVi'+<io • o vi) = I die Dimen- 
sion d(W) hat, ist der Schnitt ft/+i*ft' 4 2 ft nulldimensional. Aus der 

Formel (1) in §1, Nr. 5, entnimmt man leicht, dass dieser Schnitt gleiclf ±170 , 
also von Null vcrschieden ist; man setze dazu fur das dort mit w bezeichnete 
Element das Produkt V = * • • ovj ein und beachte, dass P(V) = I 

ist. Ausserdem sind die ft antikommutativ in Bezug auf den Schnitt: 

r.-r* = — n-r* und = o, 

denn es ist §(ft) = d(rj t ) — d(vi) ungeradc. 

Daraus folgert man (vgl. die Betrachtung in Kap. I, §3, Nr. 7), dass die 
Produkte 


ftrft 2 r*r (Z ; + 1 ^ 4 ^ l, 4 < 4 < • • • < 4) 

linear unabhangige Elemente in 93 (TP) sind; mit I zusammen sind das genau 
2 l '~ 1 ' Elemente; die ft bilden also mit I zusammen ein irreduzibles Erzeugenden- 
system von Dicse Eigenschaften der ft sind es aber gerade, die 3i(lE) 

als Ring eines Produktes von ungerade-dimensionalen Sphiiren charakterisieren. 
Damit ist VI a) bewiesen. Den “Spharen selbst” entsprechen die Elemente rji . 

5. Den Isomorphismus von 5K(G) und 5W(( T X W ) stellt man jetzt folgender- 
massen her: 

1 sei die Eins von 1' die von $R(f r ), I die von 5R(JE). 

Zi seien die zu den ?;» dualen Elemente von 93((?) (i = 1, • • • , Z); sic bilden 
mit 1 zusammen ein irreduzibles Erzcugenden system von 9{(<7) (vgl. Kap. I, 
§2, Nr. 4). 

z\ seien die zu den Vj dualen Elemente von 93(fO ( j = 1, . . • , Z'); sic bilden 
mit 1' zusammen ein irreduzibles Erzeugendensystem von 5)i(t r ). 

ft seien die oben eingefuhrten Elemente von 93 (W) (k = V + 1, • • • , Z); sie 
bilden mit I zusammen ein irreduzibles Erzeugendensystem von 9i(IV). 

Die Elemente (zj X I) und (1 A X ft) bilden dann mit dem Element (1' X I) 
zusammen ein irreduzibles Erzeugendensystem von $l(U X W). 

Alle diese Systeme sind antikommutativ; und das Produkt aller Elemente 
jeden Systems ist der einfach gezahlte Punkt des betreffenden Ringcs. 

Jetzt ordnet man zu: 

Den Elementen z< (i = V) die Elemente (z,- X I), 
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den Elementen z t (i = V + 1, . . - , l) die Elemente (1' X 
dem Element 1 das Element 1' X I. 

Das ergibt offenbar cinen Isomorphismus zwisehen M(G) und 9l(U X W) der 
gewtinschten Art; damit ist aueh VI b) bewiesen. 

ZDricii, Switzerland 
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INTRINSIC TOPOLOGY AND COMPLETION OF BOOLEAN RINGS 

By Henry L6wig 
(Received October 29, 1940) 

Notation 

If 93 is a subclass of a lattice A we denote the meet (cross-cut, intersection, 
product) of the elements of 93 with respect to A> i. c. the maximal element of A, 
contained in all elements of SB, its existence supposed, by IJil© x , and the join 
(union, conjunction, lattice-sum) of the elements of 93 with respect to A, i.e. 
the minimal element of A, containing all elements of 93, its existence supposed, 
by x. If 93 consists only of two elements, a and 6, we write also a 

instead of IESi x and a V a b iastead of x. If A is especially a Boolean 

ring we denote the ring-sum (the symmetric difference) of two elements a and b 
with respect to A by a Aa b. We omit the superscripts of the signs U (A) and 
53 U) , and the subscript of the sign Va if there is no doubt to which lattice or 
Boolean ring they refer. Under the same condition we write a-b or ab instead 
of a A a b y and a + b iastead of a Aa b. We call a subclass 93 of a lattice A 
bounded if there exists at least one couple a, b of elements of A such that 

a < x < b 

for all elements x of 93. The expressions of ‘Vlattice” and “complete lattice” 
are used in the same sense as in the paper (VIII). (See especially (VIII), p. 
795, 4th passage.) We call a Boolean ring complete if it is a complete lattice, 
and a Boolean <7-ring if it is a <r-lattice. If a subring (an ideal) of a Boolean ring 
is a <r-lattice we call it a <7-subring (a cr-ideal). The expression of “dual ideal” 
is used in the same sense as in (VI). The words “A Boolean ring A is given, 
and the small Latin letters . . . denote elements of A” will be frequently sup- 
pressed. If we consider a sequence of elements a n of a lattice we shall mostly 
suppress the supposition that the index n runs through all natural numbers. 
Otherwise we shall use the terminology and denotation of M. H. Stone’s paper 
(V). The results of this paper will be used without any further reference. 

1. Introduction 

A sequential topology of a lattice can be defined in the following way: 

If a sequence of elements a n of a lattice has the property that all products JI*L n ak 
(n = 1, 2, 3, • • •), all joins £*_» a* ( n - 1, 2, 3, • • •)> the join ]!*_„ a* , 
and the product Jln-i a* exist, and 

00 00 00 00 

n*-l Jb«-n n— 1 fc—n 
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the sequence a n is said to converge towards a or to have the limit a. (See for instance 
(II), p. 453.) 

The lattices considered in L. V. Kantorovitch’s paper (VII) have even the 
property J;hat Ifc- a * , IX» «** (» = 1, 2, 3, — ), E«-i II“-» a k , and 
II»-i y'.t-n at exist whenever the sequence a n is bounded. Thus Kantorovitch 
may say a sequence a n to converge if it is bounded, and 

00 00 op oo 

2 n a* = n It a k . 

n-» 1 n —1 k*~n 

In this paper the above convergence-definition will be considerably generalized 
for the case that the given lattice is a Boolean ring. We shall define the con- 
vergence of a sequence of elements a n of a Boolean ring without supposing that 
Hfc-n &k y Uk (n = 1, 2 , 3, • • •), > aild Jln—l Q>k exist) 

we shall not even suppose that the sequence a n is bounded. 

The formulation of the convergence-definition will be the topic of §2 of this 
paper. In §3 we shall show that in the case that and a k 

(n = 1, 2, 3, ■ • •) exist, our convergence-definition coincides with the definition 
given in the introduction. In §4 we shall introduce the important notion of an 
invariant subring a of a given Boolean ring A. We shall call a an invariant 
subring of A, or A an invariant extension of a, if every infinite join of elements 
of a, whenever it exists with respect to a, exists also with respect to A , and has 
the same value. In §5 we shall define the notion of a join-extension A of a 
Boolean ring a. A will be said to be a join-extension of a if every element of A 
is a join of elements of a with respect to A. We shall see that any join-extension 
is an invariant extension. The notions of “invariant extension” and “join- 
extension” will play an important role in the following paragraphs. In §6 we 
shall show that the finite fundamental operations of a Boolean ring are continu- 
ous under the introduced sequential topology; moreover we shall deduce a 
number of other relations. In §7 we shall say a fcw r words about the closure- 
topology determined by the introduced sequential topology. In §8 we shall 
state how far the theorems on simple sequences in a Boolean ring obtained 
hitherto can be extended to double sequences. In §9 we shall, following D. van 
Dantzig’s paper (I), define the notion of a fundamental sequence of elements of 
a Boolean ring, and explore how far D. van Dantzig’s results can be applied to 
our case. In §10 we shall show that the sequential topology determined by the 
closure-topology mentioned in §7 is in general not identical with the original 
sequential topology. I have no further entered into the examination of this 
derivative sequential topology, but leave it to further investigations. 

It is very probable that the theory developed in this paper can be easily ex- 
tended to the lattices which Fritz Klein in his paper (IV) calls “Boole- 
Schrodersche Verbande.” I shall deal with this matter in a later paper. 

The extension of this theory to arbitrary lattices might be more complicated. 
It is for instance not true that the finite fundamental operations of an arbitrary 
lattice are continuous with respect to the sequential topology defined in this 
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introduction. Let a partially ordered set A consist of an enumerated sequence 
of elements a n , of another such sequence b„ , and of a further element e, between 
which there are defined the following ordering relations: 

a n < a„ , b m < b„ for m < n; 

a m < b n for m £ n; 

dm ^ C, bm C. 

(m, n= 1, 2, 3, ... .) 

Then A is obviously a complete distributive lattice. Added in proof: A is iso- 
morphic with Mac Neille’s lattice [4.7, 4.12, 4.7]. See H. M. Mac Neille, Par- 
tially ordered sets , Trans. Am. Math. Soc., vol. 42 (1937), pp. 416-460, especially 
Theorem 4.15. If m > n, then 

dmbn == 0, n y 
Clm V b n = bm • 


Obviously we have, by the convergence-definition given in this introduction 

lim a n = e; 

n~*oo 


on the other hand we have for n — 1, 2, 3, • • • 


a n bi — di , 


whence 


while 


lim a„bi = ai, 

n-*oo 


ebi = hi . 

2. The Sequential Topology t{A) 

Definition 1 . By a subelement of a sequence of elements a n of a Boolean ring 
A, we mean an element u of A of the property that, if we suitably choose the natural 
number k, we have for n ^ k 


U ^ flu • 

It is clear that the property of an element u of A to be a subelement of the 
sequence a n is preserved if we replace a finite number of its terms by other 
elements, if we add or omit a finite number of terms, or if we change the succes- 
sion of the terms (not necessarily only of a finite number). The same holds for 
the concepts of superelement, interelement, lower limit, upper limit, and limit, 
which we shall define more fully below. 
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Any sequence of elements of a Boolean ring has at least one subelement, 
namely the zero-element. 

Theorem 1 . The subelemcnts of a sequence of elements a n of a Boolean ring A 
constitute an ideal in A . 

Theorem 2. If u is a subelement of a sequence a n , and. b is an arbitrary ele- 
ment, then ub is a subelement of the sequence a n b, and to every subelement u* of 
the. sequence a n b there exists a subelement u of the sequence a n such that u* = ub. 

Definition 2. By a superelement of a sequence a n , we mean an element o of 
the property that, if we suitably choose the natural number k, wc have for n 

o > a n . 

It is clear that a sequence of elements of a Boolean ring A is bounded in A if 
and only if it has at least one superelement in A. If A has a unit every sequence 
of elements of A is bounded. 

Theorem 3. The superelements of a bounded sequence of elements of a Boolean 
ring A constitute a dual ideal in A. (This dual ideal is a Boole-Schroder lattice 
in the sense of the paper (IV).) 

Theorem 4. If o is a superelement of a bounded sequence a n , and b an arbi- 
trary element, then o V b is a superelement of the sequence a n V b, and to every 
superelement o* of the sequence a n V b there exists a superelement o of the sequence 
a n such that o* = o V b. 

Definition 3. Let a n be a bounded sequence of elements of a Boolean ring A, 
and also a an element of A. In this case we call a an interelement of the sequence 
a n with respect to A, if 

u < a < o 

whenever u and o are elements of A, and u is a subelement, and o a superelement of 
the sequence a n . 

Definition 4. Let a n be an unbounded sequence of elements of a Boolean ring A, 
and also a an element of A. In this case we call a an interelement of the sequence 
a n with respect to A if ab is, according to Definition 3, an interelement of the bounded 
sequence a n b with respect to A for every element b of A. 

Instead of saying “a is an interelement of the sequence a n with respect to A” 
we may say more simply “a is an interelement of the sequence a n ” if there is 
no doubt to which Boolean ring the term “interelement” is referred. 

Theorem 5. If a n and a are elements of a Boolean ring A, then a is an inter- 
element of the sequence a n with respect to A if and only if ab is an interelement of 
the sequence a n b with respect to A for every element b of A. 

Proof. As for the case of an unbounded sequence Theorem 5 is involved by 
Definition 4, we can restrict ourselves to the case that the sequence a n is bounded. 

Let us suppose first that a is an interelement of the bounded sequence a n , 
and that a further element b is given. Then Theorem 2 involves that 

(i) 


u* < ab 
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whenever u* is a subelement of the sequence a n b . If on the other side o* is a 
superelement of the sequence a n b , and o a superelement of the given sequence 
a n , we have for n k, if k is an appropriate natural number, 

o* V (o + ob) > a n b V ( a n + a n b) = a n , 
hence, according to the supposed property of a, 

o* V (o + ob) > a 
and 

(2) o* > ab. 

(1) and (2) involve that ab is an interelement of the sequence a n b . 

Now let us suppose conversely that ab is an interelement of the sequence a n b 
for every element b. From this supposition it yields especially that a(a V c) 
is an interelement of the sequence a n (a V c) whenever c is an upper bound of the 
sequence a n . Thus we obtain immediately that a is an interelement of the 
sequence a n as we want to prove. 

Theorem 6. If a n and a are elements of a Boolean ring A> then a is an inter- 
element of the sequence a n with respect to A if and only if a V b is an intcrelement 
of the sequence a n V b with respect to A for every element b of A. 

Proof. If a V b is an interelement of the sequence a„ V b for every element 
b then a is an interelement of the sequence a n since we may put especially b = 0. 
Now let us suppose conversely that a is an interelement of the sequence a„ , 
and b an arbitrary element. Let us further suppose that the sequence a n is 
bounded . In this case the sequence a n V b is bounded too. Let u* be a sub- 
element, and o* a superelement of this sequence. Then u* + u*b is a subelement 
of the sequence a n + a n b y thus also a subelement of the sequence a n . According 
to the supposed property of the element a we have 

u* + u*b < a, 


whence 

(3) u* < a V b. 

On the other side Theorem 4 involves the inequality 

(4) o* > a V b. 

From (3) and (4) it follows that a V b is an interelement of the sequence a n V b. 

If the sequence a n is not bounded we observe that ac is, by Definition 4, an 
interelement of the bounded sequence a n c for every element c. Hence, accord- 
ing to what we have just proved, ac V be = (a V b)c is an interelement of the 
sequence a n c V be = (a n V b)c . Thus we obtain again the result that a V b is 
an interelement of the sequence a n V b. 

Theorem 7. The interelements of a sequence of elements a n of a Boolean ring 
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A constitute a dense sublattice of A . (This sublattice is a Boole-Schroder lattice 
in the sense of the paper (IV).) 

Theorem 8. If u is a subelement , and a an interelement of the same sequence 
a n , then u < a. 

Theorem 9. If a is an interelement of a sequence a n , and 

u < a* < a 

whenever u is a subelement of the same sequence , then a* is as well an interelement 
of this sequence. 

Theorems 7, 8, and 9 follow easily from Theorem 2 and from Definitions 3 
and 4. (Notice that a (l) b < a i2) b for every b implies a (1) < a (2) .) 

Definition 5. If a n is a sequence of elements of a Boolean ring A, and the 
lattice of the interelements of the sequence a n with respect to A has a zero, this zero 
is called the lower limit of the sequence a n with respect to A and denoted by U) lim a n . 

»-* 0 O 

The expression “lower limit of the sequence a n with respect to A ” may be 
replaced by the simpler expression “lower limit of the sequence a n v if there is 
no doubt to which Boolean ring it refers. In this case the sign U) lim a n may be 

n — *oo 

replaced by the simpler sign lim a n . 

n-+ oo 

If lim a n exists the lattice of the interelements of the sequence a„ is a Boolean 

n — *oo 

ring, and ljm a n is its zero-element. 

n — *oo 

Lemma 1. If a > u whenever u is a subelement of a given sequence a n , and 
lim a n exists , then 

n-* oo 

a > lim a n ■ 

n — *oo 

Proof. If u is a subelement of the sequence a„ then from the hypothesis 
and from Theorem 8 follows that 

a lim a„ > u. 

n — *oO 

This inequality implies, by Theorem 9, that a lim a n is an interelement of the 

n — *00 

sequence a„ . Hence we have, according to Definition 5, 

a ljm a n > lim o n 

n — *ao n-*oo 

or equivalently 

a > ljm o„ 

»-*oo 

as we wished to prove. 

Definition 6. If a» is a sequence of dements of a Boolean ring A, and the 
lattice of the interelements of the sequence a n with respect to A has a unit, this unit 
is called the upper limit of the sequence o„ with respect to A , and denoted by U) lim a„ . 
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The expression “upper limit of the sequence a„ with respect to A ” may be 
replaced by the simpler expression “upper limit of the sequence a n ” if there is 
no doubt to which Boolean ring it refers. In this case the sign U) lim a„ may be 

_____ n -*oo 

replaced by the simpler sign lim a„ . 

n-+ oo 

Lemma 2. If a < o whenever o is a superelement of a given bounded sequence 
a n , and lim a n exists , then 

n— *ao 

a < lim a„. 

n — *oo 

Proof. If o is a superelement of the sequence a„ then from the hypothesis 
follows that 

a V lim o B < o. 

n — *oo 

Hence a V lim a n is, by Definition 3, an interelement of the sequence a n . On 

n— *oo 

the other side we have, by Definition 6, 

a V lim a„ < lim a„ 

n— *oo n — *oo 

or equivalently 

a < lim a„ 

n-*e o 

as we wished to prove. 

Theorem 10. If both lim a n and lim a n exist then 

n — *oo n — *oo 

lim a n < lim a n . 

n — *oo n -*oo 

Theorem 11. If both lim a n and lim a n exist then a is an interelement of the 

n-*oo n -*oo 

sequence a n if and only if 

lim a„ < a < lim a„. 

n — *ao n— *oo 

We need now some transfinite extensions of the known rules which the finite 
operations of a Boolean ring obey. 

Theorem 12. Let 58 be a class of elements of a Boolean ring A, and also b an 
element of A. If in this case JJo < s a exists then 8 (a V b) exists too and is 
equal to a ) V b. 

Proof. It is obviously sufficient to prove that 

(5) c < o V b 

for every element a of S3 implies 

c < (II a) V b. 

a « © 
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From (5) follows that 

c + cb < a 

for every element a of S3. Hence 

c + cb < II a, 

a c © 

and 

c < (II a) V b 

a « © 

as we wished to prove. 

In the following Theorems 13 till 17 the signs 93 and b shall have the same 
significance as in Theorem 12. In the special case of Boolean <r- rings they were 
proved by J. von Neumann, “Lectures on continuous geometries,” Princeton, 
1937, Appendix, p. 7. See also H. M. Mac Neille, l.c., Theorem 7.19. 

Theorem 13. If ex then *ab exists too and is equal to 

(2a«s* o)b. 

Proof. If c > ab for every element a of 93 then 

c V [2 « + (2 z)&] > ab V [2 * + (2 ®)b] > a for a 6 93; 

x < S3 x € S3 x € S3 

hence 

cvE* +CC x)b]> 2 

x • S3 x « S3 a e S3 

and 

c > (2 a) 6. 

a c S3 

Theorem 14. 7/ IX* «» a tfien 2<*«® (& + & a ) too and is equal to 

b + b IIa«» O. 

Proof. It is clear that 

6 + &XI a >& + k c 
<•<» 

for x t S3. If c > b + ba for every element a of 53 then 

a > b + be 

for a e S3; hence 

na>6 + 6c, 

a « S3 

and 

Ob + bHa. 

a t S3 
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Theorem 15. If a exists then It. « (b + ba) exists too and is equal to 
b + b 2o 

Proof. If c < b + ba for a c 93 then c < b and ca — 0 for a « 23; thus, by 
Theorem 13, c a = 0, and c < b + b ]T) ot8 a • 

Theorem 16. if no. « a exists then n.. « (a + ab) exists too and is equal to 

IL « ® a + (IL « » a )&* 

Proof. If c < a + ah for a e 23 then c < a for a < 23, thus c < IL i«a; on 
the other side cb = 0; hence 


C < n a + (II a) b. 

a « 9 a < © 

Theorem 17. If ]£«,.* a exists then ( a + <*&) ea^'sts too and'is equal 
to £„ « e ffl + ( yin . a tt)b. 

Proof. If c > a + ah for a c 23 then c V b > a for a « 23, thus c V 5 > 
£«.ea, and c > + (3> •»«)&• 

Theorem 18. // a is aw ideal in a Boolean ring A, then a" is the class of all 
elements b of A such that b = « « a f or an appropriate subclass 23 of a. a" is a 

principal ideal if and only if ° exists; in this case a" = . a). Added 

in proof: Theorem 18 is partly contained in Theorem 2.1 of M. H. Stone’s 
paper on Algebraic characterizations of special Boolean rings, Fundamenta Math- 
ematicae, vol. 29 (1937), pp. 223-303. 

Proof. From the definition of o" and from Theorem 13 follows that a" con- 
tains the element , e a whenever 23 C a, and 2* , » a exists. If b is an 
arbitrary element of a" we put 23 = a-a(b). Then b > a whenever a is an ele- 
ment of 23. If c is an arbitrary element of A then 

(6 + bc)x e 23 

for all elements x of a. Hence if c e A and c > a for every element a of 23 we 
have, for x e a, 


(6 + bc)x < c, 


thus 


(6 + bc)x — 0 


or 


b + be t a'. 


Since b < a" we have b + be = 0, thus b < c. Hence 


b - r u) a. 

O « 9 


This, proves the first part of the theorem. The second part is now obvious. 
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Theorem 19. Hm a n exists if and only if u « u U being the class of the 

n— *oo 

mbelement8 of the sequence a„ , exists; in this case 

(6) lim o„ = 53 u • 

n-* oo u t 11 

Proof. If lim a„ exists, from Lemma 1 and Theorem 8 follows immediately 

n — *00 

that 53“ « u u exists, and the equation (6) holds. If 53« « u u exists then there 
exists also 53“ « u ub for every element b. (See Theorem 13.) If we notice 
Theorem 2, we conclude easily that 53“ « u ub is an interelement of the bounded 
sequence a n b. On the other side we have 

£ ub = (53 u)b. 

u • U u < U 

Hence 53« « u u is an interelement of the sequence a n . If a is an arbitrary inter- 
element of this sequence, we have, by Theorem 8, 

a > u 

for every element u of U, and consequently 

a > 53 u. 

U III 

Hence lim o„ exists and is equal to 53“ « u w. 

n-*oo 

Theorem 20. lim a n exists if and only if U", U having the same significance as 

n-»oo 

in Theorem 19, is a principal ideal a(a); in this case 

lim a„ = a. 

n-*oo 

Proof. See Theorems 18 and 19. 

Theorem 21. (Corollary of Theorem 20.) If the ideal of the subelements of a 
sequence a„ is a principal ideal a(a), then lim a„ exists and is equal to a. 

n~* oo 

Theorem 22. The upper limit of a bounded sequence a„ exists if and only if 
IL « o o, O being the class of the superelements of the sequence a n , exists , in this 
case 

lim a n = II 

n-» » oi O 

The proof can be left to the reader. (Notice Lemma 2.) 

Theorem 23. (Corollary of Theorem 22.) If the dual ideal of the super- 
elements of a bounded sequence a n has a zero then lim a„ exists and is equal to 

n— oo 

this zero. 

In this case the dual ideal of the superelements of the sequence o« is a Boolean 
ring, and lim a„ is its zero. 
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Lemma 3. If Urn a„ exists, and b is an arbitrary element, then lira a n b exists too 

n —*oo n-*oo 

and is equal to b Um a« . 

n-*ao 

Proof. See Theorems 2, 13, and 19. 

Lemma 4. If lim a„ exists, and b is an arbitrary element, then lim a„b exists 

ft-* oo n-*oo 

too and is equal to b lim a n . 

n— *ao 

Proof. Let lim a n be denoted by a, and let c be an interelement of the se- 

n-*oo 

quence a n b. Further let d be an arbitrary element, and o a superelement of the 
sequence a n d . Thus o is also a superelement of the sequence a n bd , and cd < o. 
We have also ad < o because ad is an interelement of the sequence a n d % Hence 

(a V c)d < o. 

If on the other side u is a subelement of the sequence a n d , then ad > u f whence 

(a V c)d > u . 

We find that a V c is an interelement of the sequence a n . This involves, by 
Definition 6, a V c < a, or equivalently c < a. Besides we have obviously 
c < b. Hence c < ab or 

c < b lim a n . 

n — *oo 

Since b lim a n is itself an interelement of the sequence a n b , Lemma 4 is proved. 

n-*oo 

Definition 7. If a sequence of elements a n of a Boolean ring A has exactly one 
interelement a with respect A, we say that the sequence a n converges towards a with 
respect to A, or a is its limit with respect to A, and write 

(A) lim a n = a. 

n— ♦ ao 

The sentences “The sequence a n converges towards a with respect to A ” and 
“a is the limit of the sequence a n with respect to A” may be replaced respectively 
by the shorter sentences “The sequence a n converges towards a v and “a is the 
limit of the sequence a n ” if there is no doubt to which Boolean ring they refer. 
In this case the sign (A) lim a n may be replaced by the simpler sign lim a n . 

n — *ao n — *oo 

Definition 8. The sequential topology in a Boolean ring A , introduced by 
Definition 7, shall be denoted by r(A ). 

Theorem 24. A sequence of elements a n of a Boolean ring is convergent if and 
only if lim a n and lim a n exist and are equal to one another . In this case 

n-*oo «—*oo 


lim a„ = Um a„ = lim a„ . 

n — *oo n-*oo n— *oo 

Lemma 5. If lim a„ exists, and b is an arbitrary element, then lim a„b exists 

n -*oo n-»oo 

too and is equal to b lim a„ . 
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Proof. See Lemmas 3 and 4 and Theorem 24. 

Theorem 25. If a n = a for every n then also 

lim a n = a. 

n -*oo 

Theorem 26. A subelement ( superelement ) o/ a given sequence is also a sub- 
element {superelement) of any partial sequence. 

Theorem 27. Any interelement of a partial sequence of a given sequence is also 
an interelement of the whole sequence. 

Theorem 26 is evident, Theorem 27 can be easily deduced from Theorem 26. 
Theorem 28. If a n is an arbitrary sequence of elements of a Boolean ring , and 
nk ( k = 1, 2, 3, * • • ) are natural numbers different from each other y then there 
hold always those of the inclusion-relations 

lim a nk > ljm a n , 

k-* oo n— *00 

lim a nk < lim a n , 

k—* ao n — *oo 

lim a nk > lim a n , 

A*— *oo n — *oo 

and 

lim a nic < lim a„ , 

&-*oo n — *oo 

in which both sides exist. 

Proof. See Definitions 5 and 6 and Theorem 27. 

Theorem 29. If lim a n exists , and n k (fc = 1, 2, 3, • • • ) are natural numbers 

n — *oo 

different from each other , then lim a„ k exists too and is equal to lim a n . 

A*-*ao n-*oo 

Proof. Let us suppose first that the sequence a n is bounded. Then, if u 
is a subelement and o a superclement of this sequence, and u* and o* have the 
same meaning for the sequence a nk (k = 1, 2, 3, • • • ), we have, by Theorem 26, 

u* < o 


and 


u < o*. 

Hence we have, by Lemmas 1 and 2, 

u* < lima. 

n-*oo 


and 


lim o„ < o * , 

n— *oo 


i.e. 


u* < lim a„ < o*. 

n — *oo 


We see that lim On is an interelement of the sequence a nu {k = 1, 2, 3, • • • ). 
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The same result is obtained also in the case that the sequence a„ is not bounded. 
For if 6 is an arbitrary element Lemma 5 yields that lim a n b exists and is equal 

n-*oe 

to b lim a n ; hence b lim a» is, by what we have just proved, an interelement of 

n-*oo n-»ao 

the sequence a nk b ( k — 1, 2, 3, • • • ). 

lim a„ is also the only interelement of the sequence a„ t (k = 1, 2, 3, • • • ); for 

n-*ao 

if the sequence a„ t had an interelement a different from lim a„ then a would be, 

n-*oo 

by Theorem 27, also an interelement of the original sequence a n , contrary to 
the hypothesis that this sequence is convergent. By this Theorem 29 is proved. 
It can occur that both ljm a n and lim a n exist but that there is neither a 

n — ' >oo n — *oo • 

partial sequence of the sequence a n converging towards ljm a n nor such a se- 

n—*oo 

quence converging towards lim a n . Let a and b be two elements such that 

n-*oo 

neither a < b nor b < a. Now for n — 1, 2, 3, • • • let — a, a 2 „ = b. 
Then we have obviously 


lim a„ = ab 

n-*oo 


and 


lim o„ = a V b. 

n — *oo 

Nevertheless there is neither a partial sequence of the given sequence con- 
verging towards ab nor such a sequence converging towards a V b. 

Theorem 30. The union of a finite number of convergent sequences with the 
same limit is again a convergent sequence with the same limit . 

Proof. Suppose that ai u and a^ 2) are two convergent sequences, and that 

lim an ) = lim a T = a. 

n--*oo n-*oo 

Suppose moreover that the sequence a„ consists of the terms of the sequences 
and oi 2) in some succession. Then from Theorem 27 follows that a is an 
interelement of the sequence o„ . Now let a* be an arbitrary interelement of 
this sequence, b an arbitrary element, u m and u tS) subelements, and o (1) and o (2) 
superelements of the sequences a^b and a ( „ 2) b respectively. Then u (l) u (2) is a 
subelement, and o (1) V o <2) a superelement of the sequence a„ . Since a*b is an 
interelement of this sequence we have 

(7) uV < a*b < o a) Vo®. 

The sequences a™b and ai 2) b are convergent, and 

lim a ( n l 1 b — lim oi 2) b = ab. 

n-*oo n-+oo 
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(See Lemma 5.) Hence we get from (7) by using twice Theorem 19 together 
with Theorem 13, and Theorem 22 together with Theorem 12 

ab'db < a*b < ab V ab 


i.e. 


a*b = ab . 

Since b is arbitrary we obtain the result a* = a. This proves the theorem. 

3. Connection with the Usual Convergence-Definition 

The following results show that our definition specializes in the case of a-lat- 
tices to the usual definition (cf. for example G. Birkhoff, II, p. 453). 

Theorem 31. If a* > a/ whenever k < Z, the sequence a n is either convergent 
or has no interelement; it is convergent if and only if H*-i exists; in this case 
we have 

oo 

(8) II a* = lim . 

A— 1 n -♦oo 

Proof. If a is an interelement of the sequence a n , we have 

a < a n 

for every n because all terms of the sequence are superelements of the sequence. 
If u < a n for every n then u is a subelement of the sequence, and we have’ 

a > u. 

Hence H £Li o k exists and is equal to a. Thus we see that a is the only inter- 
element of our sequence, is to be denoted by lim a n , and the equation (8) holds. 

n — *oo 

If conversely IIa-i a * exists then it can be easily concluded that 

00 

u < n o* < o 

k-l 

whenever u is a subelement and o a superelement of the sequence a„ , so that 
IIZLi is an interelement of this sequence. 

Theorem 32. (Corollary of Theorem 31.) The sequence IL-x a* (n = 
1, 2, 3, • • • ) is either convergent or has no interelement ; it is convergent if and only 
if n?-i a * exists; in this case we have 

00 w 

II a* = lim II«*. 

lt-1 n -♦oo 

Theorem 33. If a* < a* whenever k < Z, the sequence a n is either convergent 
or has no interelement; it is convergent if and only if u* exists; in this case 
we have 

00 

2 °* * l im • 

fc*-i ;»-*-oo 
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If the suppositions of Theorem 33 are satisfied, and the sequence o„ has an 
interelement a, then we have 

a > a„ 

for every n because all terms of the sequence are subelements of the sequence. 
Hence the sequence a n is certainly bounded. The same is also true if a k 
exists. After this is settled Theorem 33 can be proved in a similar way as 
Theorem 31. 

Theorem 34. (Corollary of Theorem 33.) The sequence a* (n = 

1, 2, 3, • • • ) is either convergent or has no interelement; it is convergent if and only 
if Y.U a* exists; in this case 

oo n 

= lim ]C a * • 

lfc-1 n— *oo jfc- 1 

Theorem 35. Any monotonic sequence of elements of a Boolean a-ring is con- 
vergent 

Theorem 35 follows immediately from Theorems 31 and 33. 

Theorem 36. If for n = 1, 2, 3, • • • ITfc-n eziste then lim a n exists if and 

n-* oo 

only if i n?-n Ok exists; in this case we have 

00 00 00 
lim a„ = II a* = iim II «* • 

n —*oo n— 1 fc— n n-+ oo /c—n 

Proof. Definition 1 involves that to every subelement u of the sequence a n 
there can be stated a natural number m so that 

00 

II a k > u. 

k—m 

From this it can be easily concluded that « u u exists if and only if 
II*-n Ok exists, and that in this case both elements are identical. (U is 
the ideal of the subelements of the sequence a n .) Now Theorems 19 and 33 
show that Theorem 36 is true. 

Theorem 37. If for n = 1, 2, 3, • • • a* exists then lim a n exists if and 

n-*oo 

only if n«-i at exists; in this case we have 

00 00 00 
lim a„ = II 2 a * = • 

n-*oo n—1 fc—n n -*ao jfc—n 

Theorem 37 can be proved by the aid of Theorems 22 and 31 in a similar way 
as Theorem 36 by the aid of Theorems 19 and 33. 

Theorem 38. If a„ is a sequence of elements of a Boolean o-ring then there exist 
certainly both fim a„ and lim a„ . 

»-* oo n-*oo 

Proof. See Theorems 36 and 37. 
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Theorem 39. If a n is a sequence of elements of a Boolean tr-ring then lim a n 

n-* oo 

exists if and only if 

00 00 00 00 

Z n «* = II Z a k . 

n— 1 A'— n n*»l fc— n 

In this case we have 

00 00 00 00 
lim a n = Z II a* = II Z «*• 

n-*oo n-«l k—n n— 1 A.— n 

Thus our Definition 7 coincides in the case of a Boolean <r-ring with the 
definition of convergence and limit given in the introduction. 

Lemma 6. If a n is a sequence of elements of a Boolean a-ring with unit then 

lim a' n = (lim a n )\ 

n~*x> n ~ *oo 

lim a' n = (lim a»)'; 

n-*oo n —oo 

if moreover the sequence a„ is convergent, the sequence a' n is convergent too, and 

lim a' n = (lim a n Y. 

n — *00 n-> oo 

Lemma fi can be easily deduced from Theorems 14, 15, 36, and 37. 

Lemma 7. If a n and a are elements of a Boolean a-ring with unit , and a is an 
interelement of the sequence a n , then a! is an interelement of the sequence a n . 
Proof. See Theorem 11 and Lemma 6. 

Theorem 40. If a n > c for every n then the equation 

(9) ljm a n = c 

n-* oo 

holds if and only if for every n 

00 

(10) Ua k = c. 

k~n 

Proof. If (9) holds, and the element u is of the property that for k n 
u < a k , then u < c because u is a subelement of the sequence a n . This proves 
(10). If (10) holds then (9) follows immediately from Theorem 36. 

Theorem 41. If a n < cfor every n then the equation 

lim a n = c 

n —♦oo 


2 = 


c. 


holds if and only if for every n 
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Theorem 42. An element a is an interelement of a sequence a„ if and only if 
for every n 

oo 

( 11 ) 2 ** a > 

fc—n 

and 

00 

(12) II (fit V ®) = <!' 

k—n 

Proof. If a is an interelement of the sequence a» then it is, by Theorems 5 
and 6, also an interelement of the sequences a n a and a n V a. On the other 
side it is a superelement of the sequence a n a and a subelement of the sequence 
o» V a. Hence we have 

lim a n a — a, 

n-+ oo 

lim (a„ Va) = o. 

n-*oo 

Now Theorems 41 and 40 involve that the equations (11) and (12) hold. 

Let us suppose conversely that the equations (11) and (12) hold. Let b be 
an arbitrary element, and u a subelement and o a superelement of the sequence 
a n b. Further let m be a natural number of the property that 

u < o*6 < o 

for k ^ m. Then we have 

00 

ab = ^2 a k ab < ao, 

k—m 

whence 


ab < o. 


Similarly we have 

OP 

a " n (a* V a) > U v a, 

whence 


u < a. 

Since also u < b we get 

u < ab. 

Thus we see that oh is an interelement of the sequence o n 6; hence a is an inter- 
element of the sequence a« as we wished to prove. 

Another form of Theorem 42 is 
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Theorem 43. An element a is an interelement of a sequence a n if and only if 


(13) 

lim a»o = a, 

n-*oo 

and 


(14) 

lim (a» Vo) — 


n —♦ oo 


Proof. See Theorems 40, 41 and 42. 

The following Theorems 44 and 45 will be needed in the next paragraph. 
Theorem 44. The equation 

(15) Urn a n = a 

n-+ oo 

is equivalent with the couple of the equations 

(16) lim a„a = a 

n -*oo 

and 

(14) Ijm (a„ V a) — a. 

«-* oo 

Proof. That (15) implies (14) and (16) follows from Lemma 3 and Theorem 
43. If (14) and (16) hold then a is, by Theorem 43, an interelement of the 
sequence a n ; if b is another such interelement then, by Theorem 5 and (16), 
ab = a, i.e. a < b. 

Theorem 45. The equation 

(17) lim a* = a 

oo 

is equivalent with the couple of the equations 
(13) fim a»a = a 

»-♦ oo 

and 

(18) lim (a„ V a) = <*• 

n-*ao 

Proof. If (17) holds we have to prove, in face of Theorem 43, the equation 
(18) only. Let b be an arbitrary element, and o a superelement of the sequence 
a n b. Then we have o > ab. If moreover c is an interelement of the sequence 
a» V a then be is an interelement of the sequence a H b V ab; since o is a super- 
element also of this sequence we have be < o ; thus, by Lemmas 2 and 4, be < ab. 
Since b is arbitrary we have c < a. On the other side we have certainly c > a. 
Hence c — a. This proves (18). 

If (13) and (18) hold then a is, by Theorem 43, an interelement of the sequence 
o» ; if b is another such interelement then, by Theorem 6 and (18), a V b — a, 
thus a > b. This proves (17). 
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4. Invariant subrings 

If a is a subring of a Boolean ring A, the restriction of the sequential topology 

r(A) (Definition 8) to the subring o is not necessarily identical with r(a). 

Let for instance A be the Boolean algebra of all classes of natural numbers, 

a„ the class of all natural numbers divisible by n (n — 1, 2, 3, • • • ), and a the 

subring of A generated by the elements o» (n = 1, 2, 3, • • • ) of A. a contains 

the unit of A. If a is a polynomial in the elements o* (k — 1, 2, • • • , m), and 

M the least common multiple of the natural numbers 1, 2, 3, • • • , m, then a 

natural number l is an element of a if and only if l + M is an element of a. 

This yields that every element of a is either an infinite class or the void class. 

00 / °° \ / 

Now the classes II U) a* = ( £ u) a*) are finite. Hence we have* 

k-n \k-n / 

U M a' k = 0 

*-n 

and 

t M a* = e 

k—n 

if e is the unit of A. From the last equation follows 

<a) lim a„ = e. 


It can also easily be proved that 

(,) Iim o n = 0. 

»-*oo 

We see that the sequence a„ is not convergent with respect to a. On the other 
hand we have obviously 

U) lim o„ = 0. 

n~* oo 

Thus r(a) is not identical with the restriction of t(A) to the subring a. 

Theorem 46. If a is a svbring of a Boolean ring A, a„ (n = 1, 2, 3, • ■ - ) and 
a are elements of a, and a is an interelement of the sequence o„ with respect to A, 
then a is also an interelement of the sequence a» with respect to a. 

Proof. If b is an element of a then ah is, by Theorem 5, an interelement of 
the sequence a n b with respect to A . From Definition 3 it can be easily concluded 
that ah is also an interelement' of the sequence a Jo with respect to a. Since this 
holds for every element 6 of a Theorem 46 is proved. 

Theorem 47. If a is a subring of a Boolean ring A, a subclass of a, and b 
an element of a, then 

II U> a = 6 

Of® 
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implies 


and 


implies 


n w - b, 

a < » 

£ U) a = b 

a i ® 


£ ( *>a 


= b. 


Definition 9. A subring a of a Boolean ring A is said to be invariant in A 
{A an invariant extension of a, A invariant over a) if the following condition is 
satisfied: if 53 is a subclass of a, and b an element of a, then 

Z W a = b 

at 8 

implies 

£ U) a = b. 

a t 8 

Let for instance A be the Boolean algebra of all sets of real numbers and a 
the subclass of A defined in the following way: a is an element of a if and only 
if it is either the empty set or the union of a finite number of sets, every one of 
which is either an open real interval or consists of exactly one real number. 
Then it is easily to be seen that a is an invariant subring of A . 

Let, on the other hand, 6 be the subclass of .4 defined in the following way: 
b is an element of b if and only if it is either the empty set or the union of a 
finite number of right-hand open (and left-hand closed) real intervals. Then b 
is as well a subring of A, but is not invariant in A. For if c(n) (u a positive real 
number) is the set of those real numbers v which satisfy the inequality 0 S 
v < u then IL>o c 00 is the set consisting only of the number zero while 
IE>, c(m) is the empty set. (See the following Theorem 48.) 

Theorem 48. If a is an invariant subring of a Boolean ring A, 53 a subclass 
of o, and b an element of a, then 

n <o o = 6 

a « $9 

implies 

U U) a = b. 

a i 9 

Proof. If ao is a fixed element of 53, we have, by Theorem 14, 

(ao + oca) = ao + ao IP" 1 o — flo + b; 

o#9 a f C 
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hence, by Definition 9, 

(«o + Ooo) ™ ao + 5 

a , e 

and, by Theorem 15, 

n u> t°o + Oo(oo + = 00 + + 5) 

Of® 

i.e. 

n u) a - 6 

a < 9 

as we wished to prove. 

Theorem 49. If a is an invariant subring of a Boolean ring A, a n (n = 
1, 2, 3, " - ) and a are elements of a, and a is an interelement of the sequence a n 
with respect to a, then a is also an interelement of the sequence a n with respect to A. 
Proof. See Theorem 42, Definition 9, and Theorem 48. 

Theorem 50. If a is an invariant subring of a Boolean ring A, and a n 
(n = 1, 2, 3, • • • ) and a are elements of a, then the equation 

(19) (fl) lim On = a 

n-*ao 

holds if and only if the equation 

(20) U) lim o„ = a 

n-*oo 

holds. 

In other words: if a is an invariant subring of a Boolean ring A, then the 
sequential topology r(a) is the restriction of the sequential topology t(A) to 
the subring a. 

Proof. From Definition 7 and from Theorems 46 and 49 follows immediately 
that (20) implies (19). Let us suppose now that (19) is satisfied. Let further 
b be an interelement of the sequence a„ with respect to A, and U the class of 
those subelements of this sequence which are contained in a. Then, by Theo- 
rem 19, 

E (t) « = «; 

u < U 

hence, we have, by Definition 9, also 

r u) u = a 

u * U 

and, by Theorem 8, 

b > a. 

If the sequence a n is bounded with respect to a, we can prove in a similar way 
that also b < a; thus we know that (19) implies (20) if the sequence a n is bounded 
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with respect to a. If this condition is not satisfied, let c be an arbitrary element 
of a; we have, by Lemma 5, 

‘"Him a„c = ac 

n-» eo 

and, by what we have just proved, 

u> lim a n c — ac. 

n— *oo 

Hence we have 


and 


be — ac 


(f> + ab)c = 0 

for every element c of o. Thus we have especially 

(6 + ab)a n - 0 

for n = 1, 2, 3, • • • . The last equation involves, by Theorem 5, the equation 

(i b + ab)b = 0 


and consequently 

b < a. 

This proves the theorem also for the case that the sequence o„ is not bounded 
with respect to a. 

From Theorem 50 follows that in the example given at the beginning of this 
paragraph the subring a is not invariant in A . 

Theorem 51. If a is an invariant subring of a Boolean ring A, and o„ 
(n = 1, 2, 3, • • • ) and a are elements of a, then the equation 

( °hm a„ 

n-*oo 

holds if and only if the equation 

U) lim a„ 

n-*oo 

holds. 

Proof. In face of Theorems 44 and 50 we have only to prove that the 
equation 

(14) lim (a„ V«) = « 

n~*eo 

holds with respect to a if and only if it holds with respect to A. But this asser- 
tion is equivalent with the assertion that a is an interelement of the sequence 
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o„ V a with respect to a if and only if it is with respect to A ; and that the latter 
assertion is true follows from Theorems 46 and 49. 

Theorem 52. If a is an invariant subring of a Boolean ring A, and a n 
(n — 1, 2, 3, • • • ) and a are elements of a, then the equation 

(,> lim a„ = a 

n-+o o 


holds if and only if the equation 

u) lim a n = a 

n-+ oo 

holds . 

Proof. Compare the proof of Theorem 51 and see Theorems 45, 50, 46, 
and 49. 

Theorem 53. If (*2 is an invariant subring of a Boolean ring A, and ai an 
invariant subring of (*2 , then rti is also an invariant subring of A. 

Theorem 54. Let $ be a chain of subrings of a Boolean ring A such that 
a c 35, b c 33, and a C b imply that a is invariant in b. Then each element a of % 5 
is also invariant in b. (That 35 is a chain means that a € 35, b e 35 imply 

a C b or b C a. 9? is the lattice of all subrings of .4.) 

Proof. Let a be an element of 35, 6 a subset of a, and b an element of a. 
Suppose that 

E (,) « - b. 

a < <5 

If c is an element of f», and c > a whenever a e Q, then c is contained 

in some element b of 93, and it can be supposed that b 3 a so that a is invariant 
in b. (Notice that b is the set-theoretical union of the subrings b which 

are elements of 35.) Hence c > b. This proves the theorem. 

Theorem 55. If is an invariant subring of a Boolean ring A and Cfc a mb- 
ring of A containing cti , then ai is also invariant in a 2 . 

Proof. If 55 is a subclass of ai ,5 an element of ai , and 


we have 


VM«i) 


a tfi 


a 




L U) o = b 


a c ® 


because Qi is invariant in A , and 


: (a » o = 


a c 9 


b 


by Theorem 47. 

Theorem 56. Every ideal a. of a Boolean ring A is invariant in A. 



INTRINSIC TOPOLOGY OF BOOLEAN RINGS 


1161 


Proof. Let S3 be a subclass of a, b an element of a, and 

r (t) a = b. 

a 

If c is an arbitrary element of A , and c > a whenever a € S3, we have also 

be > a 

for every element a of S3. Since be is an element of a, we have 

be > b, 

or equivalently 

c > b 

proving the theorem. 

Theorem 57. If a is an invariant subring of a Boolean ring A , and b anormal 
ideal in A, then ab is a normal ideal in a, and every normal ideal in a ean be ob- 
tained in this way. 

Proof. If b is a normal ideal in A y it is obvious that ab is an ideal in a. 
If a is an element of the second orthocomplement of ab with respect to a, we 
have, by Theorem 18, 


for an appropriate subclass S3 of ab. Since a is invariant in A f we have also 

a = Z U) x. 

X i 8 

Hence a in, again by Theorem 18, an element of b; since it is also an element 
of a, it is an element of nb. This proves the first part of the theorem. 

If on the other side c is an arbitrary normal ideal in a, we have obviously 

c = ac" 

the dashing referred to A, and c" is a normal ideal in .4. 

5. Join-extensions 

The relation between a partially ordered set and its completion by cuts 
(cf. H. MacNeille, “Partially ordered sets,” Trans. Am. Math. Soc. 42 (1937), 
p. 445, line 9 from bottom) is a special case of the following definition. 

Definition 10. If A is a subring of a Boolean ring R, then R is said to be a 
joirirextension of A if to every element b of R there exists a subclass % of A such that 

b = Z (s) a- 

a « C 


If R is a join-extension of a Boolean ring A and a subring of a Boolean ring B, 
we shall say that ft is a join-extension of A in B. 
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Theorem 58. If R is a join-extension of a Boolean ring A, then every element 
of R is the join of those elements of A which it contains , with respect to R. 

Theorem 59. If A and A* are Boolean rings between which there exists an 
isomorphism A, R a join-extension of A } and R* a join-extension of A*, then there 
exists at the utmost one extension of the isomorphism A to an isomorphism A* 
between R and R*. If A* exists it can be defined in the following way: let b be an 
element of R, a the class of those elements of A which are contained in b , and a* 
the subclass of A* corresponding to a by virtue of A; then the element b* of R* corre- 
sponding tobby virtue of A* is defined by the equation 

6*= a*. 

a* « a* 

The proof of Theorems 58 and 59 can be left to the reader. 

Theorem 60. (Corollary of Theorem 59.) If R is a join-extension of a 
Boolean ring A, the identity is the only automorphism of R which carries every 
element of A into itself \ 

Theorem 61. Any join-extension of a Boolean ring A is an invariant ex- 
tension of A . 

Proof. Let R be a join-extension of A, b an element of A, and 33 a subclass 
of A such that 

(21) Z U) a = b. 

a « 9 

Further let c be an element of R such that 

c > a 


for a 1 35. Then we have also 

(22) (6 + bc)a = 0 

for a e SB. On the other side b + be is itself an element of R. Hence we have, 
by Theorem 58, 

(23) b + be = L <s) x. 

Z<Jb-\rbc 

X € A 

From (22) and (23) follows 

(24) xa = 0 

for * < b + 6c, x eA, a eSB, and from (21) and (24), by Theorem 13, 

xb — 0 

for x < b + be, x e A. Now we get from (23) 

b + 6c = 0, 


'<*) 


a « 9 


b. 


thus c > b. This proves 
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Theorem 62. If R\ is a join-extension of A , and R 2 a join-extension of R \ , 
then Ri is a join-extension of A. 

Proof. If b is an element of R% we have, by hypothesis and by Theorem 58, 

6= E ( *’>a 

a<6 
a c Ry 

and 

0= Z (Sl) z 

x<a 

* « A 

for a < b, a t Ri . Since Ri is, by Theorem 61, invariant in ft* we have also 
a — E (Bl> x for a < b, at ft*. 

*<o 
XI .4 

Hence 

b = E (fi,) Z <B,) x. 

o<6 af<a 
a c ft i x t A 

This proves the theorem, according to Definition 10. 

Theorem 63. (Compare Theorem 54.) Let S3 be a chain of subrings of a 
Boolean ring B such that ftj t S3, ft* e S3 and fti C ft* imply that ft* is a join- 
extension of R\ . Then E»*« » ft *'* a join-extension of each element ft of S3, by 5R 
denoted the lattice of all subrings of B. 

Proof. If ft 0 is an arbitrary element of S3, and b an element of E«V* R > 
then 6 is also contained in at least one subring ft of B which is an element of S3, 
and it can be supposed that fto C ft. Hence we have 

5= £ <B, a. 

a<6 

a « ft 0 

From this equation follows, by Theorem 54, 

b= E (i) « 

a<b 
a i fto 

if R is denoted by L. Hence R is a join-extension of R 0 , proving 

the theorem. 

Theorem 64. If R 2 is a join-extension of a Boolean ring A , and Ri a subring 
of Ri containing A y then R\ is a join-extension of A , and Ri is a join-extension of R \ . 

Proof. If b is an element of Ri , it is also an element of Ri . Hence we have, 
by Theorem 58 and by hypothesis, 

b - E lRt) a 

a<6 
a « A 

and, by Theorem 47, 



a 0 A 


This proves that ftj is a join-extension of A. 
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The second part of Theorem 64 is trivial. 

If A and R are subrings of a Boolean ring B } A is invariant in B , and R a 
join-extension of A } then R is not necessarily invariant in B. Let B be the 
Boolean ring of all classes of natural numbers, A the subring of B consisting 
of all finite classes of natural numbers different from 1, and R the subring of B 
consisting of the elements of A and their complements with respect to the unit- 
element of B. Then A is invariant in B (it is an ideal of B), R is a join-extension 
of A , but R is not invariant in B. 

Theorem 65. If A, Ri , and R 2 are subrings of a Boolean ring R 8 , A Cl 
Ri Cl R 2 , and R z is a join-extension of A , then R 2 is a join-extension of R \ . 
Proof. See Theorem 64. 

Theorem 66. If A is an invariant subring of a Boolean ring B, and N the 
class of all elements b of B such that 

b=Z iB) x 

x«8 

for an appropriate subclass 93 of A (so that especially all elements of A belong to N ) 
then N is itself a subring of B ; hence N is a join-extension of A in B. 

Proof. It is obvious that bi eN and b 2 c N imply b x b 2 € N and bi V &2 *N. 
(See Theorem 13.) 

Next we shall prove that a e A and b e N imply a + ab cN. We put 

a(a)a(b)A = a, 

the signs a(a) and a(b) referred to the Boolean ring B . a(a)A is an ideal in A 
and consequently, by Theorem 56, invariant in A. Since A is, by hypothesis, 
invariant in B f a(a)A is, by Theorem 53, as well invariant in B. Hence 
a(a)a(6)^4 is, by Theorem 57, a normal ideal in a(a)A. Now we have 

(a Vo a')" ** a(a)A 

if the dashes are referred to a(a)A, and 3 is the distributive lattice of the ideals 
in a(a)A. Consequently we have, by Theorem 18, 

r ia( ° U) x = a 

x « a V$ «' 

and 

Z u(o)yl) x = a 

1M 
or x « a ' 

because every element of a Va a' can be decomposed into the join of an element 
of a and an element of a'. Hence we have also 

(25) £ (B) x - a. 

x 4 a 
or x € a' 

Since ab is an element of N, we have 

ab = £ (B) * 

x « 8 
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for an appropriate subclass S3 of A, From this it can be easily concluded that 
also 

db = x » 

Xt A 
X<flb 

i.e. 


ab = Z <B) s. 

SCO 

If on the other side y « a', then y < a and yx = 0 for x c a, whence yb = 0, and 

y < a + ab. 

If d is an element of B, and d > y whenever y t a' then 

d V ab > x 


for x t a as well as for x t a'; hence, according to (25), 


and 


d V ab > a, 


This proves 


d > a -f* ab. 
£ (B> y = a + ab. 

V « a' 


Since a' is a subclass of A, a + ab is an element of N, as we wished to prove. 

If a and b are arbitrary elements of N, then there exists a subclass S of A 
such that 

(26) 2 <B> x = a. 

X € <5 


From (26) follows, by Theorem 17, 

(x + xb) = a + ab. 


Since x + xb is, according to what we have just proved, an element of N, when- 
ever z is an element of A , and b an element of N, we find that also a + ab is an 
element of N. Now it is clear that also a + b = (a + a6) V (db + b) is an ele- 
ment of N, and Theorem 66 is proved. 

If A is an arbitrary subring of B then the subclass N of B, defined in the same 
way as in Theorem 66, is certainly a sublattice of B, but not necessarily a subring 
of B . If, in the example given at the beginning of §4, we put for instance 


a = a\ 

b = tr «., 

<i-2 

then a + ab is not representable as a join of elements of a with respect to A. 
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If it is known, conversely, that N is a subring of 5, and B is a complete 
Boolean ring, one can easily conclude that A is invariant in B . But this state- 
ment does not remain true if we omit the supposition regarding the complete- 
ness of B . 

Let A be the Boolean ring whose elements are the finite sets of even positive 
integers and the complements of these sets with respect to the set of all posi- 
tive integers, and let B consist of all finite sets of positive integers and their 
complements with respect to the set of all positive integers; the finite operations 
in A and B are meant set-theoretically. Then A is a subring of B, and N has 
the same property because it is identical with A, but A is not invariant in B . 

Another form of Theorem 66 is 

Theorem 67. Let A be an invariant subring of a Boolean ring B' and 81 a 
subclass of A. If in this case x exists then there exists also a subclass 33 

of A such that 23»«» V exists and is equal to x; and if 23*% x exists , and 

moreover an element a of A such that x < a for x t 21, then there exists a subclass S 
of A such that ITi z exists and is equal to 23*% z - 

Proof. If H*% x exists, and x 0 is an element of 21, then 23*% ( x o + x &) 
exists too and is equal to x 0 + 11*% x - (Theorem 14.) Consequently we 
have 

IF' X = Xo+ £ (JH (zo + XoX). 

x « i x • a 

Hence U*«* x is> by Theorem 66, an element of N. 

If there exist ££% x and an element a of A such that x < a for x t H, then 
there exists, by Theorem 66, a subclass 6* of A such that 

a + E <fl> x = Z (B> 2; 

<■( « < «• 


hence we have, by Theorem 15, 

Z (B) * = IF (a + 2). 

x * H itfi* 

Theorem 68. 1 The Boolean ring of the normal ideals of a Boolean ring A 
is a join-extension of the Boolean ring 33 of the principal ideals of A. Hence 33 is 
invariant in 

Proof. If 6 is a normal ideal in A, we have obviously 

b - 23^ «(a) 

a « 6 


or 


b - 2F 

aCt 


a. 


1 Editorial comment . Theorems 68, 69, 80, 81, and some of the other theorems of this 
section are either partly or wholly in H. MacNeille’s “Partially ordered sets,” Trans. Am. 
Math. Soc. 42(1937), esp. Theorem 11.13 and 11.12. 
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Theorem 69. (Corollary of Theorem 68.) Any Boolean ring can be in - 
variantly extended to a complete Boolean ring . 

Theorem 70. If the signs A , B, and N have the same meaning as in Theorem 
66 then N is invariant in B. 

Proof. Let S be a complete Boolean ring which is an invariant extension 
of B. (That such a Boolean ring B exists follows from Theorem 69.) Then A 
is, by Theorem 63, an invariant subring of B. Further let N be the subring 
of B arising from A and B in the same way as N from A and B in Theorem 66. 
N is a subring of fif. If now S3 is a subclass of N , and b an element of N such 
that 

(27) a = b 

a « © 

then we put 

(28) a = c. 

a < © 

(£‘% a exists because B is a complete Boolean ring.) c satisfies the inequality 

c < b 

and is an element of N. Since b is an element of N, the same bolds also for 
b + c. Hence we have 

(29) b + c — E lS> x 

*« « 

for an appropriate subclass £ of A. On the other side we get from (28) 

(b -f- c)a — 0 

for a 1 99. Consequently we have the more 

xa = 0 

for x c £, a e SB. Because £ is a subclass of N we get from this and from (27) 

xb — 0 

for x t £. Now from (29) follows 

b + c = 0 

i.e. c — b. By this is proved that N is an invariant subring of B. Hence N is, 
by Theorem 55, also invariant in B. 

Theorem 71. If the signs A, B, and N have the same meaning as in Theorem 66, 
and R is a join-extension of A invariant in B (i.e. an invariant subring of B which 
is a join-extension of A), then R is contained in N. 

Definition 11. If the signs A, B, and N have the same meaning as in Theorem 
66, then N, is called the maximal join-extension of A invariant in B. 

Definition 11 is justified by Theorem 71. 

Theorem 72. If A is an invariant subring of a Boolean ring B, the join- 
extensions of A invariant in B form a complete sublattice of the lattice of all sub- 
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rings of B. The zero of this sublattice is A , and its unit is the maximal 
join-extension of A invariant in B. 

Theorem 73. Let A be an invariant subring of Boolean ring B y Ra join-extension 
of A invariant in B, N the maximal join-extension of A invariant in B, and D an 
invariant subring of B containing N. In this case N is also the maximal join- 
extension of R invariant in D. 

Theorem 74. If a is an ideal of a Boolean ring A y the maximal join-extension 
of a invariant in A is identical with a". 

Proof. See Theorem 18. 

If a is an arbitrary invariant subring of A y the maximal join-extension of a 
invariant in A is certainly a subring of a" (and, by Theorem 55, even invariant 
in a"), but not necessarily identical with a". Let for instance A' be a finite 
Boolean ring, and a a proper subring of A which contains the unit of A . Then 
a is certainly invariant in A , and a ,f — A y while the maximal join-extension of a 
invariant in A is a itself. 

Theorem 75. If A is an invariant subring of a complete Boolean ring B y the 
maximal join-extension N of A invariant in B is itself a complete Boolean ring y 
and any complete invariant subring of B containing A contains N. 

Proof. If © is a subclass of N then x exists and is, according to the 

definition of N y contained in N] hence x exists and is identical with 

jL,xVb x - (® ee Theorem 47.) If we put 

Z (*) „ 

x = a 

X t $ 

then y'lV* (a + x) exists too. Hence, by Theorem 15, there exists also 
x and is identical with a + (a + x). 

If D is a complete invariant subring of B y and D contains A, then x 

exists whenever 31 is a subclass of A y and we have 

Z (D) * = E (B) *. 

k a k« 

Thus D contains all elements of N. 

Definition 12. An extension N of a Boolean ring A is said to be a minimal 
complete invariant extension of A , or shorter: a completion of A , if N is a complete 
Boolean ring invariant over A , and there is no complete, proper subring of N con- 
taining A. 

Theorem 76. If A is an invariant subring of a complete Boolean ring B y and 
N the maximal join-extension of A invariant in B, then N is a minimal complete 
invariant extension of A . 

Proof. N is, by Theorem 75, a complete Boolean ring and, by Theorems 61 
and 66, invariant over A . If R is a complete subring of N containing A then R 
is, by Theorems 53 and 64, invariant in B\ hence we have, by Theorem 75, 

RUN 

and consequently 

R m N. 



INTRINSIC TOPOLOGY OF BOOLEAN RINGS 


1169 


Theorem 77 . A Boolean ring N is a minimal complete invariant extension of a 
Boolean ring A if and only if N is a complete Boolean ring and a join-extension of A . 

Proof. If N is a minimal complete invariant extension of A , from Theorem 
75 and Definition 12 follows that the maximal join-extension of A invariant 
in N cannot be different from N; hence AT is a join-extension of A . 

If N is complete and a join-extension of A, we see immediately that N is the 
maximal join-extension of A invariant in N; hence N is, by Theorem 76, a 
minimal complete invariant extension of A . 

Theorem 78. If A and N are invariant subrings of a Boolean ring B , and N 
is a minimal complete invariant extension of A , then N is the maximal join-exten- 
sion of A invariant in B. 

The proof follows easily from Theorem 77 and Definition 11. 

Theorem 79. Any Boolean ring has at least one minimal complete invariant 
extension . 

Proof. See Theorems 69 and 76. 

Theorem 80. The Boolean ring 91 of the normal ideals of a Boolean ring A 
is a minimal complete invariant extension of the Boolean ring $ of the principal 
ideals of A. 

Proof. See Theorems 68 and 77. 

Theorem 81. Any minimal complete invariant extension N of a Boolean ring A 
is isomorphic with the Boolean ring 91 of the normal ideals of A , and there is exactly 
one isomorphism between N and s 7? carrying every element a of A into the principal 
ideal a(a) of A. 

Proof. Since N is a complete Boolean ring, every normal ideal of N is 
principal according to Theorem 18. If a is an element of N , b(a) the principal 
ideal of N generated by a , and we put 

(31) a = A-b(a) 

then a is a normal ideal of A , and any normal ideal of A can be obtained in 
this way. (Theorem 57.) On the other side N is, by Theorem 77, a join- 
extension of A . Therefore we get from (31) 

(32) a = L <W) x. 

tea 

(See Theorem 58.) We see that to different elements a of N there correspond 
different normal ideals a of 9i. Finally it is obvious that the biunivocal corre- 
spondence between N and 91 defined by (31) or (32) preserves inclusion. Hence 
it is an isomorphism between N and s Ji. If a e A, then A • b(a) = a(a). That 
there is but one such isomorphism follows from Theorems 59 and 68. 

Theorem 82. If A and A * are Boolean rings between which there exists an 
isomorphism A , N a minimal complete invariant extension of A, and N* a minimal 
complete invariant extension of A*, then there exists exactly one extension of the 
isomorphism A to an isomorphism As between N and N*. 

In particular we may say that any two minimal complete invariant extensions 
of the same Boolean ring are abstractly identical. 
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The proof of Theorem 82 follows easily from Theorems 59 and 81. 

Now we can state the following generalization of Theorem 59. 

Theorem 83. If A and A* are Boolean rings between which there exists an iso- 
morphism A, R a join-extension of A , and R a join-extension of A*, then there 
exists at the utmost one subring R* of R containing A * such that the isomorphism A 
can be extended to an isomorphism A* between R and R*. R* exists if and only if 
YM ,* a* exists whenever b is an element of R, and a* is the subclass of A* assigned 
to the element b of R in the same way as in Theorem 59. In this case R* is the 
class of all such joins a*, the isomorphism A* is unique , and the element 

b* of R*, assigned to the element b of R by virtue of A* , is given by the equation 

b* = £ (R) a*. 

a* < a* 

Hence if R is especially a completion of A*, then R* certainly exists. 

Proof. In face of Theorems 59, 61, and 64 we may restrict ourselves to 
prove that the existence of all joins 22“^ «* a* implies that R* exists. Let N 
be a completion of /?, and N * a completion of R. (See Theorem 79.) It is 
obvious that N and N* are also completions of A and A* respectively. Hence 
the isomorphism A can be extended to an isomorphism A* between N and N* 
in exactly one way. (Theorem 82.) And in face of Theorem 59 it is obvious 
that the existence of all our joins a * implies that the subring R* of N* 

into which R Is carried by A N is contained in R. Thus we have proved what we 
had wished to. 

In the rest of this paragraph we shall state some corollaries of Theorems 46, 
49, 50, 51, 52, and 68. Here and in the next paragraph we shall consider a 
fixed Boolean ring A ; the Boolean ring of the principal ideals of A will be denoted 
by$, and the Boolean ring of the normal ideals of A by 91. Notice Theorem 38. 

Theorem 84. An element a is an interelement of a sequence a n if and only if 

(33) <3l) lim a ( a ~) Cl a(a) c <W) lim a(a n ). 

n— *oo n-* oo 

Proof. See Theorems 11, 46, 49, and 68. 

Theorem 85. lim a„ exists if and only if <9n ljm a(a„) is a principal ideal a(a); 

n—*ao n— *oo 

in this case we have 


lim a n = a. 

n— *oo 

Proof. See Theorems 51 and 68. 

Theorem 86. lun a„ exists if and only if (9l) fim a(a») is a principal ideal a(a); 

n— *oo n-*oo 

in this case we have 

llin a» = a. 

w-*oo 

Proof. See Theorems 52 and 68. 

Theorem 87. A sequence of elements a„ of a Boolean ring A is convergent with 
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respect to A if ami only if the sequence of the principal ideals a(a n ) is convergent 
with respect to 9i, and its limit is a principal ideal a (a); in this case we have 

u) lim a n = a. 

n — *oo 

Proof. See Theorems 50 and 68. 

At this place we mention a theorem which may be considered as a generaliza- 
tion of Theorem 20: 

Theorem 88. If U is the class of the subelements of a sequence a n , we have 
(34) m \im a(a„) = U". 

n — *oo 

Proof. It is evident that 

fr «(«.) - u 

n—1 fc— n 

if 3 is the distributive lattice of the ideals of the given Boolean ring, and from 
this and from Theorem 36 there ensues immediately the asserted Relation (34). 


6. Relations between Interelements, Lower and Upper Limits, and Limits 

Theorem 89. If a n < b n for n = 1, 2, 3, • • • , a is an interelement of the se- 
quence a n , and lim b n exists, then 

n— *oo 

(35) a < lim 6„ . 

n — *oo 

Theorem 90. If a n < b n for n = 1, 2, 3, • • • , lim a n exists, and b is an inter - 

n — oo 

element of the sequence b n , then 

(36) lim a„ < b. 


Proof of Theorems 89 and 90. It is obvious that a„ < b„ for n = 1, 2, 3, • • • 
implies 


w lim a(o„) C w lim a(b„) 


and 

w lim a(a„) C '^lim a(6„). 

n — »oo n-*oo 


After this is settled Theorems 89 and 90 can be easily concluded from Theo- 
rem 84. 

Theorem 91. If a n < b n for n = 1, 2, 3, • • * then those of the relations 

lim a n < lim b n 

n-*oo n-+flo 

lim o„ < lim b n 

n-*oo n-*oo 

lim a» < lim b„ 

n-*oo n— *ao 


hold in which both sides exist 
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Proof. See Theorems 89 and 90. 

Theorem 92. If lim b„ = 0, and o„ < b n for n = 1, 2, 3, • • • (hen also 

n-+ oo 


lim a„ = 0. 

n-+ oe 

Notice that 0 is the only subelement and the only interelement of the se- 
quence a n . 

Lemma 8. If a* < a t and bk < bi for k < Z, k, l = 1, 2, 3, • • • and £"-1 a» 
and J]n.i &n ds/, /Aen amte /oo and is equal to 2»-i b n . 

Proof. We have obviously 

00 00 

n—1 n—1 

for every A. If c > a n b n for every n then 

c > a*6/ 

for k, l = 1, 2, 3, • • • . From this inequality we get by using twice Theorem 13 
the inequality 

00 00 

c > o»-23 b n 

n—1 n— 1 

which proves the assertion. 

Lemma 9. //a* > a t and bk > bifor k < l, k, l = 1, 2, 3, • • • and IT“-i o, n and 
Iln-i exist, then IJ“_i (a„ V b n ) exists too and is equal to XI“-t a. V Iln-i b„ . 

Proof. Hn-i a n V II»-i &» < a* V h for every A;. If c < a„ V b» for 
every n then c < a* V hj for fc, Z = 1, 2, 3, • • • . Hence we get by using twice 
Theorem 12 


C < II On V n bn . 

n—1 n—1 

This proves the assertion. 

Theorem 93. If Hm a„ and lim b„ exist then ljm a„b n exists too and is equal 

n — *ao n— »oo n — *00 

to ljm a n *ljm b„ . 

n— ►oo n — »oo 

Proof. 


(»» 


00 00 


hm a(a„6 n ) = <R) lim a(a„)a(6„) = 2T IP*’ a(a*)a(6*) 


n—1 *- 


£'*’ In® «(«.)■ n «(5.)1; 

»-i L*“» *-» J 


hence, by Lemma 8, 

(R, ljm a(a„6„) = XT ]!<*> o(a*).fr fir a(6*) = <R) hm a(o»). lR, lim a(6„), 


n—1 A?— n 


n—1 fc— n 
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and, by Theorem 86, 

<J!) lim a(a B b„) = a(l.im a„) -a (lim b B ) = a(lim a n -lim b„) ; 


n — *oo n — »oo 


n-*oo n- 


from this follows, again by Theorem 85, the assertion. 

Theorem 94. If fim a n and lim b n exist then lim (a n V K) exists too and is 

n — >oo n — *ao n -*oo 

equal to lim a n V hm 6 n . 

n— *oo n— *oo 

Proof. Compare the proof of Theorem 93 and see Lemma 9 and Theorem 86. 
Theorem 95. If Hm a n and lim b n exist then lim (a n + a n b n ) exists too and is 

n — *oo n — *oo n — *oo 

equal to lim a n + ljm a n • Hm b n . 

n — *oo n — *oo n— *oo 

Proof. We have 

a(o n + a„b„) = a(a B )-a'(b B ) 

and, by Lemma 6, 

(91> lim o'(bn) = [ w lim a(b B )]'; 

n— *oo n — *oo 

hence we have, by Theorem 93, 

w lim o(a„ + a n b n ) = a(lim a„) -a'(lim b n ) = a (lim a B + lim a B -lim b B ). 

n — *oo n-*oo n — *ao n— * oo n — *oo n-*oo 

Theorem 96. // a is an interelement of the sequence a n , and b an interelement 

of the sequence b n , then those of the inequalities 

ab > lim a n b n , 

n-»ao 

a V b < lim (a» V b»), 

n— *oo 

a + ab > lim (a B + a„b B ) 


and 


hold the right-hand sides of which exist. 

Proof. See Theorems 84, 93, 94, and 95. 

Theorem 97. If a is an interelement of the sequence a n , and jim b„ exists, then 

n — *oo 

a lim b n is an interelement of the sequence a n b n . 

n-*oo 

Proof. We have for l = 1, 2, 3, • • • 

(R> Sm a(a„b„) = (S, lto [a(a B )a(b B )] = f, m a(a*)a(b t ) 

n-*oo n-*oo n—l k—n 

- n- £<"> a(a.)a(6.) =rn>”' «(U 

n—i ib—n L n “* n J m—J 

= ‘"’Hm a(a B )*n <3,) a(&«), 

n —*oo m— / 
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hence 

<5,) lim a(a„b n ) 3 (,!) lim o(a„) • a(b„) = <5l, lim a(a„)-a(lim b n ) 

n-*oo n — *oo n-*oo »-*oo n-*oo 

3 a(a). (lim b n ) = a(o lim 6„). 

n-*oo n-*oo 

On the other side it follows from the first relation of Theorem 96 that 
a(o)- a (lim b n ) ^ w lim [a(a B )a(& B )], 

n -+00 n —♦oo 

or 

a(a lim b n ) 3 (9,) lim a(a«6„). 

n-*oo n— *ao 

This proves the assertion, according to Theorem 84. 

Theorem 98. (Corollary of Theorem 97.) If lim a n and lim b n exist then 

n --*oo n-* oo 

lim a n • lim b n is an interelement of the sequence a n b n . 

n-*oo n-*oo 

Theorem 99. If a is an interelement of the sequence a n , and lim b n exists f 

n — *oo 

then a V lim 6 n is an interelement of the sequence a n \/ b n . 

n-+ oo 

Theorem 99 can be proved in a way dually corresponding to the proof of 
Theorem 97. 

Theorem 100. (Corollary of Theorem 99.) If Um a„ and lim b n exist then 

n— *oo n— oo 

lim a n V lim b n is an interelement of the sequence a n V b n . 

n—*oo n —♦oo 

Theorem 101. If a is an interelement of the sequence a n , and lim b n exists, 

_ n -*oo 

then o + o lim b n is an interelement of the sequence a„ + o„5„ . 

n— *oo 

Proof. We have 

a(o + o lim 6«) = a(o)-Um a'(6„) 

n-*oo w-*oo 

(see Lemma 6); hence a(a + a lim b n ) is, by Theorem 97, an interelement of the 

n — *oo 

sequence a(a„)a'(b n ) — a(o„ + a„b„) with respect to 91. 

Theorem 102. (Corollary of Theorem 101.) If fim o„ and fim b n exist then 

lim o„ + lim a„-lim b„ is an interelement of the sequence o„ + a n 6„ • 

n-*oo n-»oo n-*oo 

Theorem 103. If lim a n exists, and b is an interelement of the sequence b„ , 

n -*oo 

then lim a n + b lim a n is an iriterelement of the sequence a» + a n b n . 

n — *oo n— *oo 

The proof follows from the equation 

a (lim o, + b lim o») = (W) lim a(a n )-a'0>) 

n-*ao »-*oo n-*oo 


and from Theorem 97; for a'(b) is, by Lemma 7, an interelement of the sequence 
a' (6*) with respect to 91. 
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Theorem 104. (Corollary of Theorem 103.) If lim a„ and lim 6» exist then 

n~* oo n — *oo 

lim o n + Urn a n * lim b n is an interelement of the sequence a n + a n b n . 

n-*ao n-*«o n -*oo _____ 

Theorem 105. If lim a„ and lim b n exist, and x is an interelement of the 

»;-* 80 n-*oo 

sequence a n b n , then 

x < lim a n -fim b n . 


n-*oo n - *oo 


Proof. We have, by Theorem 89, 


a; < lim a„ 


and 

x < lim b n ; 

n— *oo 

hence 

a: < lim a n *lim 6 n . 

n— *oo n— *oo 

Theorem 106. If lim a n and lim 6 n exist , and z is an interelement of the se- 

n-*oo n — *oo 

quence a„ V , Men 

a; > lim a» V lbn h B . 

n — *oo n -*oo 

Proof. We have, by Theorem 90, 

x > lim a» 

n-*oo 

and 

x > lim b H ; 

n — *oo 

hence 

x > lim o» V lin? b n . 

n — *oo n — *oo 


Theorem 107. // lim a n and lim b n exist , and x is an interelement of the se- 

n~* oo n — *oo 

quence a„ + a n b„ , Men 

x < lim a„ + lim a„-lim 6„. 

n-*oo n-*oo n-*oo 

Proof. Since a(x) is an interelement of the sequence a(o B + a„b n ) = 
a(a„)a'(b n ) with respect to Sft, we have, by Theorem 105 and Lemma 6, 

a(x) C <,l) Iim a(o n )- <!,) lim a'(b n ) =* ,’fim a(a B ) • (' w> ljm a(6„))' 

n-*oo n-*oo »-*oo n-*oo 

= a(lim a B ) -o'(lim b n ) = a(fim a B + lim a B >ljm b H ). 

k-*oo n-*oo n~*oo n-*oo n-*oo 
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Theorem 108. Those of the following inclusion-relations (37) till (53) which 
have a sense are valid: 


(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 
Proof. 


lim a n bn < lim o„*lim b n 

»-* oo n-*oo n-*oo 

lim a n b n < lim a„*lim b n 

n-*oo n -*oo n — *oo 

lim a n b n > lim a n *lim b n 

n~* oo n~* oo n -*oo 

lim a n b n < lim a n *lim b n 

n— *oo n — *oo n --*oo 

lim (a n V b n ) > lim a n V lim b n 

n — *oo n — *oo n — *oo 

fim (a„ V 5n) > lim o„ V lim b n 

n — *oo n — *oo n-*oo 

lim (a n V &n) < lim a n V lim 6 n 

n-*oo n -*ao n — *oo 

lim (a n V b„) > fim a„ V lim b„ 

n — *oo n -*oo n-*oo 

lim (a„ + a„6„) < lim a„ + lim a„-lim b n 


n -*oo n-*oo n- 


lim (a„ + a„5„) < lim o„ + lim a„-lim b n 

n— *oo n — *oo n— *oo n — *oo 


lim (a n + a n b n ) < lim a n + Urn a„-lim 6„ 

n-*oo n — *oo n — *oo n— *oo 

lim (a„ + a„b„) > lim a„ + lim a„-lim 6„ 

n — *oo n — *oo n — *oo n — *oo 

(a» + a»b„) > lim a„ + lim a„-lim 6„ 


n — *oo n — *oo n -*oo 


lim (a„ + a„6 n ) < lim a„ + lim a„-lim b n 

»-* oo n-*oo n-*oo n-*oo 

lim (a„ + b „ ) < lim a„ + lim b„ 


n— *« n — *oo 


lim (o„ + bn) > lim a„ + lim b n 

n — *oo n— *oo n—*oo 

fim (o» + b„) > lim a„ + fiin b» 

n -*oo n-*oo n — *oo 


Relation 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

Follows from Theorem 

98 

105 

98 

105 

100 

106 

100 

106 

104 

102 

107 

104 

102 

107 
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If lim a„ , lim b n , and lim (a„ + b„) exist then lim (a n + a„b n ) exists too and 

n-* oo n-* oo n-*oo n-*oo 

is equal to lim a„ + lim a„-Iim b n . (Theorem 95.) On the other side we have 

n— *oo n-*oo n— *oo 

a n + a n b„ = (a„ + b n )a„ whence 

lim (a n + a„b n ) = lim (a„ + b„) • lim a„ . 

n—*a o n — *oo n — *oo 


(Theorem 93.) Thus we have 

(54) lim (o„ + b n ) lim o„ = lim a H + lim a n -lim b n . 


Further lim (a„ + b„) lim b n is, by Theorem 98, an interelement of the sequence 

n— *oo n — *oo 

(a„ + b n )b n = o„6„ + b„ . Hence we have, by Theorem 107, 

(55) lim (o„ + b„) lim b„ < Hm a„-lim b n + lim b„. 


From (54) and (55) we get 

(56) lim ( a n + b„) • ( lim a n V lim b n ) < lim a n + lim 6„ . 

n— *oo n — *oo n— *oo n — *oo n— *oo 


Since lim a n V lirn 6„ is, by Theorem 100, an interelement of the sequence 

n — *oo n— *oo 

a„ V hn , and a„ + b n < a n V b n , we have, by Theorem 90, 
lim (a„ + hn) < lim a„ V lim 6 n . 


Thus (56) involves (51). 

If lim a„ , lim b n , and lim ( a„ + b„) exist then lim a„ + ljm a„-lim b„ and 

n— * oo n — *oo n — *oo n — *ao n — *oo n — *oo 

lim a n -lim b n + lim b n are, by Theorem 104, interelements of the sequences 

tt— *oo n — *oo n — *oo 

a„ + a n b„ and a„b n + b„ respectively. Hence we have, according to the second 
relation of Theorem 96, 


(lim a n + lim a„-lim 6„) V (Hm an-lim 6„ + lim 6„) 

n— *oo n— *oo n— *oo n— *oo n -*oo n-*oo 


<C lim [(d n + U n 6 n ) V “H ^n)]> 

n— *oo 


i.e. Relation (52). Relation (53) we can prove in the same way, using Theorem 
102 instead of Theorem 104. 

Theorem 109. If lim a n and lim b n exist then lim a n b n exists too and is equal 

n-*oo n-*oo n-*oo 

to lim a n «lim b n . 

n-*oo n-*oo 

Proof. See Theorems 98 and 105. 

Theorem 110. //lim a„ and Hm b n exist then lim (a„ V b n ) exists too and is 

n — *oo n — *oo n— *oo 

equal to lim a» V lim b n • 

»-* ao n-*oo 

Proof. See Theorems 100 and 106. 
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Theorem 111. 7/lim a n and lim b n exist then lim ( a n + a»&„) exists too and 

»-*o o »-*oo n -*oo 

is equal to lim a„ + lim a„ • lim b n . 

n-*oo n - *oo n -*oo 

Proof. See Theorems 104 and 107. 

Theorem 112. If lim a„ and lim b„ exist then lim (a„ + a„6„) extoto too and 

n — *oo n — *oo n — *oo 

is equal to lim a n + lim a n • lim b n . 

n-*oo n-*oo n — *oo 

Proof. See Theorems 102 and 107. 

Theorem 113. If lim a„ and lim b n exists then lim a„ + lim b„ is an inter- 

n-*oo n-* oo n-*oo n-*oo 

element of the sequence a n + b n . 

Proof. We have, by Theorem 95, 


(57) 


lim (a n + a n b n ) = lim a n + lim a n *lim b n 

n— *oo n — *oo n— *oo n — *oo 


and, by Theorem 111, 

(58) lim (a»5„ + b n ) = lim a n -lim b n + lim b n . 

n -♦oo n — *oo n — *ao n— * oo 


From (57) and (58) and from Theorem 100 follows Theorem 113. 

Theorem 1 14. If lim a n and lim b n exist then lim a„ + lim b„ is an inter- 

n— *oo n— *oo n — *oo n — *oo 

element of the sequence a n + b n . 

Proof. Compare the proof of Theorem 113 and see Theorems 95, 112, and 
100 . 

Theorem 115. If the sequences a„ and b n converge, the sequences a n b n ,a n \/b n , 
and a n + b„ converge too, and we have 

(59) lim a n b„ = lim a„-lim i>„, 


(60) 


lim (a„ V b n ) = lim a„ V lim b „ , and 

n— *oo n — *oo n — *oo 


(61) 


lim (a„ + b n ) — lim a„ + lim b n . 

n — *oo n— *oo n— *oo 


Proof. (59) follows from Theorems 93 and 109, and (60) from Theorems 
94 and 110. Further Theorems 95 and 111 (or 112) involve 

(62) lim (a„ + a n b n ) = lim a„ + lim a* dim b n 

n— *oo n — *oo n*^oo n — *oo 

and 


(63) lim (a„6„ +-6„) = lim a„.lim b n + lim b n . 

n-*oo n-*oo n-*oo n-*oo 

From (62) and (63) follows (61), by the aid of (60). 

Theorem 116. If a*aj = 0 for k, l = 1, 2, 3 , , k ^ l then 

lim a» = 0. 

»-* oo 
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Proof. 0 is obviously the only subelement of the sequence a n ; hence we 
have, by Theorem 21, 

lim o B = 0. 

n -»oo 

If a is an arbitrary interelement of the sequence a n , then aa k is an interelement 
of the sequence a n a k for every k. Hence aa k = 0 for k = 1, 2, 3, • • • . (See 
Theorem 25.) Since a is also an interelement of the sequence aa n , we obtain 

o = 0. 

This proves the theorem. 


7. The Closure-Topology r(r(A)) 

The sequential topology r(A) in a Boolean ring A, defined by Definition 8, 
determines a closure-topology r(r(A)). (Compare (III), Theorem 15.) Our 
Theorem 29 involves that a subclass of A is closed if and only if it contains with 
every convergent sequence also its limit. 

Theorem 117. Any closed subring a of a Boolean v-ring A is itself a Boolean 
a-ring. 

oo oo 

Proof. If a„ (n = 1, 2, 3, • • •) are elements of a then II U) a„ and 22 U) 

n-l n-l 

00 oo 

exist and are contained in a. Hence, by Theorem 47, n u) a- and 2^ (,) a„ 

n— 1 n«*l 

oo oo 

exist too. (They are even identical with JJ U) a n and 2 U) a » respectively.) 

n— 1 n -»1 

Theorem 118. If a is an invariant a-subring of a Boolean ring A , and a n 
(n = 1,2,3, •••) are elements of a, then U) lim a n and u) iim a n exist and are con - 

n — *oo n -♦oo 

tained in a. Hence a is especially a closed subring of A . 

Proof. See Theorems 38, 51, and 52. 

Theorem 119. If a n (n = 1, 2, 3, • • •) are elements of a closed ideal a of a 
Boolean ring A, and a is an interelement of the sequence a n with respect to A , then a 
is contained in a. 

Proof. We have, by Theorem 42, 

U) lim £ U) aka = = a. 

n-*oo A— 1 Jt— 1 

aifl (k = 1, 2, 3, • • •) are elements of a because o is an ideal. The same holds 

n 

also for all elements of the sequence 2 U) <**«(» = 1, 2, 3, • • •)» thus also for 

*-i 

its limit a because a is closed. 

Theorem 120. Every normal ideal of a Boolean ring is closed. 

Theorem 120 can be easily deduced from the definition of a normal ideal and 
from Lemma 5. 
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Theorem 121. If A is an invariant subring of a Boolean ring B, N is the maxi- 
mal join-extension of A invariant in B, a n (n = 1, 2, 3, • • •) are ekm ents of N, a 
is an element of B, and either of the relations a„ — a and lim (B) a n — a is 

n —*oe n-*oo 

valid, then a is contained in N. N is especially a closed subring of B. 

Proof. Let B be a complete invariant extension of B (see Theorem 69) so 
that A is, by Theorem 53, invariant in B, and N the maximal join-extension 
of A invariant in B. (Compare the proof of Theorem 70.) If now a n 
(n = 1, 2, 3, • • •) are elements of N , and (B) ljm a n exists, we have, by Theorem 51, 

n — *oo 

<5) lun a n = <B) lim a n ; 

n-*oo n— >oo 

% 

on the other side the elements a n are also elements of N. Hence (B) Um a n is, 

» — ►«> 

by Theorems 70, 75, and 118, an element of N. From this and from the defini- 
tions of N and N it can be easily concluded that <s) lim a n is an element of N. 

n— »ao 

If a n (n = 1, 2, 3, • • •) arc elements of N , and (B) lim a n exists, we can conclude 

n — »oo 

in a similar way. 

Theorem 122. If A is an invariant subring of a Boolean a-ring B, the maximal 
join-extension of A invariant in B is itself a Boolean a-ring. 

Proof. See Theorems 117 and 121. 

8. Double Sequences 

Definition 13. Suppose that to every element of some class 0 of ordered couples 
(m, n) of natural numbers there is assigned an element a mn of a given Boolean ring A. 
We say that such a correspondence defines a double sequence in A if to every natural 
number k there exist two natural numbers m and n such that m ^ k y n g: k, and 
(m, n) c 6. 

Definition 14. Let a^l and a^l be two double sequences in a Boolean ring , and 
© (1) and © (2) the classes of ordered couples of natural numbers for which they are 
defined . In this case we say the double sequence a^n to be a partial sequence of the 
the. double sequence ai 2 n } if 0 (1) C 0 (2) and a„l = a^l for ( m , n) 6 © a> . 

Definition 15. Let a mn be a double sequence in a Boolean ring A, © the class 
of ordered couples of natural numbers belonging to it, and u an element of A. In 
this case we call u a subelement of the double sequence a mn if there is a natural 
number k such that 


a ^ CE-mn 

for m ^ k, n ^ k, (m, n) e ©. 

Definition 16. If the signs A , a mn , and © have the same meaning as in Defini- 
tion 15, we call an element o of A a superelement of the double sequence a mn if there 
is a natural number k such that 


for m ^ k, n ^ k, (m, n) t ©. 


o > a mn 
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Now the notions of interelement, lower limit, upper limit, convergence, and 
limit can be defined for double sequences just so as for simple sequences. If 
a mn is a double sequence in a Boolean ring A ) the sign 0 has the same meaning 
as in Definition 13, and the lower limit of the double sequence a mn with respect 
to A exists, we denote this lower limit by U) lim a mn or more simply by U) lim a mn 

m,n — *oo 
(m,n ) e 0 

in case 0 is the class of all ordered couples of natural numbers. The signs 
U) lim a mn , U) lim a mn , u, lim a mn and u, lim a„„ are to be understood in similar 

m,n~* oo m,n — *oo m,n— *oo m,n -*oo 

(m,n) c 0 (m,n) « 0 

sense. In all these signs the superscript (A) may be omitted if there is no doubt 
to which Boolean ring they refer. 

All theorems on simple sequences obtained until now, except Theorems 31, 32, 
33, 34, and 35, can be pronounced with little changes of the wording also for 
doubles sequences. For instance Theorems 29 and 30 assume the following 
forms: 

Theorem 29': If a„l is a partial sequence of a double sequence a , © a) anrf 
@ (2) are the corresponding classes of ordered couples of natural numbers , and lim a„l 

m,n — *oo 
(m,n) c 0(*> 

exists , then lim a„l exists too and is equal to lim ai 2 * . 

m. n — *oo m,n — *ao 

(wt,n)f0O) (m,n) « 0^*) 

Theorem 30'. Any system of a finite number of convergent double sequences 

with the same limit is again convergent with the same limit , if by a subelement 

(superelement) of a system of double sequences be meant a common subelement 

(superelement) of these double sequences, and the notions of an interelement, lower 

limit , and limit of a system of double sequences be defined accordingly. 

In Theorems 36 and 37 the signs 11?-* and a * are t> e replaced by 
00 00 

the signs U a k i and 53 respectively. Also Theorems 39, 40, 41, and 42 

k,lmmn 

(M)t0 (M)«0 

are to be changed in a similar way. 

A special case of Theorem 29' is 

Theorem 123. If a mn (m, n = 1, 2, 3, • • ■) are elements of a Boolean ring , 
m k and n k (k = 1, 2, 3, • • •) natural numbers such that m k — > oo and n k — ► oo for 
k — » oo , and. lim a mn exists , then lim a mknk exists too and is equal to lim a mn . 

m, n — *oo k~*oc m, n— *oo 

It is an open question whether Theorem 123 can be inverted, i.e. whether 
lim a mtnic = a whenever m* — » <* and % — > « for k —> » , implies lim a nn — a. 

k — *« m ,n — *oo 

We shall return to this point once more in §10. 

9. Fundamental Sequences 

Definition 17. A sequence of elements a„ of a Boolean ring A is said to be a 
fundamental sequence with respect to A if 

U) lim (o» + o») = 0. 
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Theorem 124. A sequence a» is a fundamental sequence if and only if the 
sequence a n b is a fundamental sequence for every element b. 

Proof. See Definition 17, Theorem 5, and Lemma 5. 

Theorem 125. A bounded sequence is a fundamental sequence if and only if 
the following condition is satisfied: if x is an element of the property that 

X < 0 + u 

whenever u is a subelement, and o a superelement of the sequence, then 2 = 0. 

Proof. If u is a subelement and o a superelement of the sequence o„ then 
o + u is a superelement of the double sequence a*, + a„ . Conversely to every 
superelement o* of the double sequence a m + a» there exist a subelement u and 
a superelement o of the sequence a„ such that 

(64) o* = o + u. 

For if o* is a superelement of the double sequence a m + a n , there exists a natural 
number k such that 

(65) a m + a„ < o* 
for m ^ k, n ^ k. From (65) follows 

a m + a n o* < a n < o m V o*. 

Hence a m + a m o* is a subelement, and a m V o* a superelement of the sequence 
a„ , provided that m k. On the other side (64) is satisfied if we put 
u = a m + a m o*, o — a m V o*. 

After this is settled Theorem 125 follows easily from Theorem 22. 

It is obvious that the fundamental sequences of a Boolean ring can be defined 
by their properties stated in Theorems 124 and 125. Compare Definitions 3 
and 4. 

Theorem 126. Any fundamental sequence has at the utmost one interelement. 
Proof. If a and a* are interelements of the sequence o„ then a + aa* and 0 
are interelements of the bounded sequence a n (a + aa*). Hence 0 is the only 
subelement of the latter sequence, and if o is a superelement of this sequence, 
then 


a + aa* < o. 

The more we may say that 

a + aa* < o + u 

whenever u is a subelement and o a superelement of the sequence a„(o + aa*). 
If the sequence a„ is a fundamental sequence, the sequence o„(a + aa*) is, by 
Theorem 124, likewise a fundamental sequence, and from Theorem 125 follows 
a + aa* = 0. Just so we can prove that a* + aa* — 0. Hence a* = o. 
Theorem 127. Every convergent sequence is a fundamental sequence. 

Proof. See Definition 17 and Relation (61) of Theorem 115. 
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On the other hand it is not true that every sequence without an interelement 
is a fundamental sequence. Let A be the Boolean ring of all finite classes of 
natural numbers, for n = 1, 2, 3, • • . (hn-i = {1, 2, 3, . . • , n\ (the class of the 
numbers 1, 2, 3, • • • , n), a* = 0 (the void class), and (n = 2, 3, - . .) c^n = 
{2, 3, • • - , nj. Then the sequence a n (n = 1, 2, 3, . • •) has no interelement 
(there is no element a satisfying a > u for all subelements u of the sequence), 
and it is not a fundamental sequence either. 

Theorem 128. If a is an invariant subring of a Boolean ring A , and a n 
(n = 1, 2, 3, • • •) are elements of a, then the sequence a n is a fundamental sequence 
with respect to a if and only if it is a fundamental sequence with respect to A. 

Proof. See Theorem 50 and Definition 17. 

Theorem 129. A sequence of elements a n of a Boolean ring A is a fundamental 
sequence with respect to A if and only if the sequence a(a n ) is convergent with respect 
to 9i. 

Proof. See Theorems 38, 68, 126, 127, and 128. 

Theorem 130. Every monotonic sequence of elements of a Boolean ring is a 
fundamental sequence. 

Proof. See Theorems 35 and 129. 

Definition 18. A Boolean ring A is called a-complete if every fundamental 
sequence in A converges with respect to A. 

Theorem 131. .4 Boolean ring A is a-complete if and only if A is a Boolean 
a-ring. 

Proof. If all fundamental sequences of A converge, and a n (n = 1, 2, 3, • • *) 
are elements of A, then from Theorems 32, 34, and 130 follows that 
and a n exist. If A is a Boolean <r-ring, every fundamental sequence of A 
has, by Theorems 38 and 126, exactly one interelement. 

D. van Dantzig (I) has shown how every topological ring, satisfying the 
neighbourhood-axioms of Fr^chet-Hausdorff and having the property that sum, 
difference, and product of two elements of the ring are continuous functions of 
these elements, can be extended to a topological ring of the same kind and of 
the property that every fundamental sequence of the extended ring is convergent. 
In this paper we have defined for every Boolean ring A an intrinsic sequential 
topology t(A), and have not considered any other sequential topology in A until 
now. Therefore if we consider an extension B of A we are interested only in 
the case that B is again a Boolean ring, and that the sequential topology r(B) 
is an extension of the sequential topology r(A). We know already that t(B) 
is certainly an extension of r (A) if B is an invariant extension of A. (Theorem 
50.) And Theorems 69 and 131 show that any Boolean ring A can be invariantly 
extended to a Boolean ring B in which every fundamental sequence converges. 
Now we shall try to define the notion of a minimal invariant extension of A of 
this property, analogous to the notion of a minimal complete invariant extension 
of A , defined by Definition 12. 

Theorem 132. If we mean by the sum of two sequences a n and b n in a Boolean 
ring A the sequence a n + &» , and by their product the sequence a n b n , the sequences 
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in A form a Boolean ring S; the fundamental sequences in A form a subring F of 
S, the convergent sequences in A form a suhring C of F, and the null sequences 
(sequences converging towards zero) form an ideal n in C. 

Proof. The first proposition is evident. The second proposition follows 
from the equations 

(a m *4" b m ) “H (Un “4“ 5n) = ( a m u n ) -f* ( bm -b b n ) 


a m b m + a n b n = a m (b m + b n ) + (a m + a n )b n 

and from Theorems 92 and 115, the third from Theorem 115, and the fourth 
from Theorems 92 and 115. 

Now let ili be a homomorphic image of F such that there exists a homo- 
morphism y from F to Ai determining exactly the ideal n of F . (I.e. n shall 

be the class of the elements of F carried by y into the zero of A\ .) Such a 
homomorphic image of F is for instance the quotient-ring F/ n. Two elements 
of C are carried by y into the same element of A\ if and only if they are sequences 
convergent with respect to A and having the same limit with respect to A . 
Hence if we denote the image of C in A x by C* and assign to every element a of 
.4 that element of C* in which the convergent sequence, having all terms equal 
to a, is carried by 7 , then this correspondence is an isomorphism between A and 
C*. Hence A x can be chosen in such a way that the image of the sequence 
{a, a, a, • • • } in ;4i is identical with a itself. In this case Ai is an extension of A. 

Definition 19. Let the signs A, F, C, and n have the same meaning as in 
Theorem 132, and let A x be a homomorphic image of F, and y a homomorphism 
F — * A\ determining exactly the ideal n of F and having the property that if a is an 
element of A, the element of A\ in which y carries the sequence having all terms equal 
to a, is identical with a. In this case we call A x a first fundamental extension of A. 

Two fundamental sequences a n and b n have the same image in A x if and only 
if their difference (this is here the same as a n + b n ) is a null sequence. D. van 
Dantzig calls such fundamental sequences concurrent . 

Lemma 10. If A x is a first fundamental extension of a Boolean ring A } then A 
is invariant in A \ . 

Proof. Let 53 be a subclass of A , and b an element of A such that 

Z U) a = b. 

a c © 

Further let / be an element of A x such that 

/ > a 

for all elements a of 33. If a„ is a fundamental sequence in A, of which the 
image in A x is/, then the sequence a n a + a must be contained in n, i.e. we must 
have 

u, lim o„ a = a. 
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Hence we have, by Theorem 41, 

52 U> a* a = a 

k~n 

and 

£‘" £“’«.« - b 

a < © kmmn 

for n = 1, 2, 3, • • • . Since the joins 52 U) a* a exist (see Theorem 13) we can 

a t 9 

easily conclude that also 

Z u> T, U) a k a = b. 

kwmn a c © 

Hence we have 

Z u> a k b = b 

fc— n 

and, by Theorem 41, 

U) lim Onb — b, 

n — *oo 

whence 

u, lim a n b = b 

n — *oo 

because a n f> is a fundamental sequence. Thus we have fb = b or / > b. This 
proves that 

E Ul) a « *>• 

a c © 

Theorem 133. // the signs A, F, y, and A\ have the same meaning as in 
Definition 19 then any fundamental sequence in A converges with respect to A \ to 
that element of Ai which is its image by virtue of y . 

Proof. First we consider a monotonic sequence in A . Let a n (n = 
1,2, 3, •••) be elements of A , and for instance a k < a* for k < l 7 k y l = 
1, 2, 3, • • • . We have 

u) lim a n ak = a k . (k = 1, 2, 3, • • • .) 

n-*oo 

Hence we have, if / is the image of the fundamental sequence a „ , for 
* - 1, 2, 3, • • • 

M - o k 


or 


/ > a t . 
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If g is an element of Ai , b n a fundamental sequence in A the image of which is g, 
and g > a* for k — 1, 2, 3, • • • , we have for k = 1, 2, 3, • • • 

U) lim (a* + a k b n ) = 0, 

n —♦oo 

whence 

a(o*) + a(o*) <5l) lima(6„) = 0, 

n-*oo 

(,l) lim a(a„) + W) lim a(o„). <51) lim a(b„) = 0, 

n-+ oo n-*oo n — *oo 

U) lim (a n 4- a„b n ) = 0, 

n— »oe 

and 

9 > f- 

This proves 

E Ul> a k = “ l) lim a n = f. 

fc—l n~*oo 


If a* > a» for k < l, k, l = 1, 2, 3, • • • , and / is again the image of the fundar 
mental sequence a n , we can prove in a similar way that 

ft Ul) Ok = Ul> lim a n = /. 

A:— 1 n — *oo 


Now let a n be an arbitrary fundamental sequence in A, and / its image. From 

oo ao 

what we have just proved follows that H Ul> «*+;- 1 and ]£ Ul) «*+ 2 -i exist 

2-1 2-1 

and are the images of the fundamental sequences H"-i a *+i-i (n = 1, 2, 3, • • •) 
and 2^2 n -i ajt+ 2-1 (» = 1, 2, 3, • • •) respectively. But we have 


and 


(j °lim \0Ln II O'k+l—l + ri (ik+i-i ) = 0 

n— *oo \ i-1 i-1 / 

u) lim (a„ + a„i: 

Oi+2-l) = 0* 

n-*oo \ 2-1 / 


Hence 


II Ul) a* + ,-i </ < S <X|> a *+2-i • 

2-1 2-1 

From this relation it can be easily concluded that f is an interelement of the 
sequence a„ with respect to Ai . Since this sequence is, by Theorem 128 and 
Lemma 10, also with respect to Ai a fundamental sequence, Theorem 133 is 
proved. (See Theorem 126.) 
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Lemma 11. If A i is a first fundamental extension of a Boolean ring A, then A\ 
is also a join-extension of A . 

Proof. Ai is, by Lemma 10, an invariant extension of A . Let N be the 
maximal join-extension of A invariant in A \ . Then we have, by Theorem 121, 

N ZD Ai 

because all elements of A\ are, by Theorem 133, limits of elements of A and by 
this limits of elements of N with respect to A \ . Hence N = Ai . 

In the paper (I) the ring which corresponds to the ring denoted here by A x , 
has already the property that all its fundamental sequences converge. We 
shall see that in our case this assertion is in general not true though D. van 
Dantzig’s “Ringkomplettierungsaxiom” (the product of a null sequence and a 
fundamental sequence is a null sequence) is satisfied, according to Theorem 92. 

Lemma 12. If A and A* are Boolean rings between which there exists an iso- 
morphism A, and A\ and Ax are first fundamental extensions of A and A* respec- 
tively , then A\ and At are isomorphic too , and the isomorphism A can be extended 
to an isomorphism Ai between A\ and At in exactly one way. 

Proof. Ai can be defined in the following way: let / be an element of Ai , 
a n a sequence of elements of A converging towards/ with respect to A \ , at the 
sequence in .4* corresponding to the sequence a n by virtue of A, and 

f* = u?) lim at ; 

n-+ oo 

this correspondence / — * /* is the desired isomorphism Ai . 

In the following we shall denote by p the smallest ordinal number which is 
the ordinal type of an uncountable set. More precisely let ^ be the ordinal 
number of some uncountable well-ordered set, and p the smallest ordinal number 
satisfying p ^ \p which is as well the ordinal type of an uncountable set. 

Definition 20. Let A be an arbitrary Boolean ring , and a an ordinal number 
satisfying a g p. Let us assign a Boolean ring A„U) any ordinal number p satis- 
fying p ^ a by the following transfinite induction: 

1. ) A i is a first fundamental extension of A; 

2. ) if the ordinal number p has a predecessor v (thus p = v + 1) then A^ is a 
first fundamental extension of A v ; 

3. ) if the ordinal number p is a limit-number then 

A, = ZA,, 

the sign S denoting the set-theoretical union; the ring-operations in are defined 
in the following way: if a and b are elements of A M , and v an ordinal number such 
that v < p, a t A, , b e A, , then 


aA A Jb * aA A ,b, 

« A a, b ** a A jL.b. 
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In this case we call A a a fundamental extension of the Boolean ring A of the 
order a. 

If ju is an ordinal number satisfying p < a, the Boolean ring A M appearing in 
Definition 20 is obviously a fundamental extension of A of the order p. 

Theorem 134. If A is an arbitrary Boolean ring , a an ordinal number satisfying 
a g p, and A a a fundamental extension of A of the order a, then A a is a join- 
extension of A . 

Proof. See Theorems 62 and 63, Lemma 11, and Definition 20. 

Theorem 135. If A is an arbitrary Boolean ring , a and p are ordinal numbers 
satisfying p < a ^ p, A a and Ap fundamental extensions of A of the orders a and P 
respectively , and Ap C A a , then A a is a join-extension of A$ . 

Proof. See Theorems 64 and 134. 

Lemma 13. Let A be a subring of a Boolean ring B> and Aw the class of all 
elements of B which are limits of sequences of elements of A with respect to B. 
Then Aw is a subring of B containing A . If A is especially invariant in B then 
Aw is a join-extension of A invariant in B. 

Proof. It is evident that A(i> 3 A. That Aw is a subring of B follows 
from Theorem 115. If A is invariant in B, Theorem 121 involves that Aw 
is contained in the maximal join-extension of A invariant in B. 

Definition 21 . If the signs A , B } and A <d have the same meaning as in Lemma 
13 then Aw is called the first limit-ring of A in B. 

Definition 22. Let A be a subring of a Boolean ring B , and a an ordinal 
number satisfying a ^ p. Let us assign a subring A (fl) of B to any ordinal number 
p satisfying p ^ a by the following transfinite induction: 

1. ) A (i) is the first limit-ring of A in B; 

2. ) if the ordinal number p has a predecessor v (so that p = v + 1) then A (li ) 
is the first limit-ring of Aw in B; 

3. ) if the ordinal number p is a limit-number then 

y<H 

by 9? denoted the lattice of all subrings of B. 

In this case we call A( a ) the limit-ring of A in B of the order a. 

Theorem 136. If A is an invariant subring of a Boolean ring B , then any 
limit-ring A ( a ) of A in B is invariant in B and a join-extension of A and of every 
limit-ring of A in B of lower order . 

Proof. From Definition 22 it can be easily concluded that A^ a ) is contained 
in the maximal join-extension of A invariant in B. For the rest see Theorems 
53, 61, 64, and 70. 

Theorem 137. If A is any Boolean ring , a an ordinal number satisfying 
ct ^ p, A a a fundamental extension of A of the order a, and B an invariant extension 
of A a , then A a is the limitrHng of A in B of the order a. 

Proof. Assign a Boolean ring A M to any ordinal number p satisfying p < a 
in such a way that the rings A M (p g a) satisfy the conditions stated in Definition 
20. I^et us suppose that po < a, and that we have already proved that A Mo is 
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the limit-ring of A in B of the order p 0 . Then let a n be a sequence of elements 
of A which has a limit a with respect to B. Since A P0 is, by Theorems 53, 61, 
and 135, invariant in JS, the sequence a n is a fundamental sequence with respect 
to A M0 according to Theorems 127 and 128. Hence this sequence has, by Defini- 
tions 19 and 20 and by Theorem 133, a limit with respect to A H + 1 , and this limit 
is necessarily identical with o, because also A Mo +i is invariant in B. Hence 
a € A Mo+1 . If we assume conversely that a is an element of A Mo +i then a is, by 
Definitions 19 and 20 and Theorem 133, the limit of some sequence of elements 
of A Mo with respect to A Po +i , and consequently also with respect to B because 
A Mo + i is invariant in B. Thus we find that a is an element of the limit-ring of 
A in B of the order p 0 + 1. Hence this limit-ring is identical with A M0+1 . We 
see that Theorem 137 can be proved by transfinite induction; for the conclusion 
from the predecessors of a limit-number to this limit -number itself is still simpler. 

Theorem 138. If A is any Boolean ring , a. and 0 ordinal numbers satisfying 
0 ^ ol ^ p, and A a a fundamental extension of A of the order a, then there exists 
exactly one subring Ap of A a which is a fundamental extension of A of the order 0. 

Proof. The existence of Ap follows from Definition 20, the uniqueness from 
Theorem 137. (Ap is the limit-ring of A in A a of the order 0.) 

Theorem 139. If A is an invariant subring of a Boolean a-ring B, a an ordinal 
number satisfying a g p, and A (a) the limit-ring of A in B of the order a, then A {a) 
is a fundamental extension of A of the order a. 

Proof. If a„ (n = 1 , 2, 3, • • • ) are elements of A, and the sequence consisting 
of these elements is a fundamental sequence with respect to A, it is, by Theorem 
128, also a fundamental sequence with respect to B \ hence it is, by Theorem 131, 
convergent with respect to B ; its limit is an element of A ( i> . Conversely any 
element of A< n can be obtained in this way. If wc assign to every fundamental 
sequence in A that element of Ari) which is its limit with respect to B we get 
a homomorphism y from the Boolean ring F of the fundamental sequences in A 
to A(d of the sort demanded in Definition 19. This proves the theorem for the 
case a* 1, The general theorem follows now by transfinite induction. 

Theorem 140. Let A and A* be Boolean rings between which there exists an 
isomorphism A, a and 0 ordinal numbers satisfying 0 g a ^ p, Ap a fundamental 
extension of A of the order 0 , and A* a fundamental extension of A* of the order a. 
Then there exists exactly one subring R* of A * such that the isomorphism A can be 
extended to an isomorphism A p between Ap and R*. A p is uniquely determined , and 
R* is a fundamental extension of A* of order 0 . If especially 0 = a then R* = 
A* a . 

Proof. Let Ap be a subring of A* which is a fundamental extension of A* 
of the order 0 . That A* exists and is unique follows from Theorem 138. If we 
put R * = A* it ensues from Lemma 12 and by transfinite induction that the 
isomorphism Ap , demanded by Theorem 140, exists and is unique. The unique- 
ness of R * is involved by Theorem 83. 

Theorem 141. If A is a subring of a Boolean ring B the closure of A in B is 
as well a subring of B; it is identical with the limit-ring A (P ) of A in B of the order p. 

Proof. Let a n be a sequence of elements of A (P ) w hich has a limit a with re- 
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spect to B. Further, for n — 1, 2, 3, • • • let a n be the smallest ordinal number 
which is not larger than p and has the property that o n is contained in ,4( 0|l ) , by 
A.® (0 ^ p) denoted the limit-ring of A in B of the order 0. Since p is a limit- 
number we have certainly 

<*» ?* P 

for n = 1, 2, 3, • • . Further let a be the smallest ordinal number satisfying 
the inequality 

a n g a £ p 

for n = 1, 2, 3, • • • . We have 

a P ‘, 

for the asumption a = p would imply that p would be the ordinal number of a 
finite or countable set, contrary to the definition of p. Hence we have also 

a + 1 ^ p. 

Now the elements a» (» = 1, 2, 3, • • •) are all contained in A („> . Consequently 
the element 

a — <B, lim a„ 

n-*oo 

is contained in A („ + d . Thus we have 

a e A ( P ) 

and it is proved that A ( P > is a closed subclass of B. On the other side it can be 
shown by transfinite induction that any subclass of B closed under r(r(B)) and 
containing A contains /1 ( „) whenever a g p, and by this especially A (p) . Thus 
Theorem 141 is proved. 

If B is especially the Boolean ring of all sets of real numbers, and A the sub- 
class of B defined by the property that a is an element of A if and only if it is 
either the empty set or the union of a finite number of sets, every one of which 
is either an open real interval or consists of exactly one real number (see the 
example stated after Definition 9), then A (p) is the Boolean ring of the Borel 
sets of real numbers. In this case it is known that the rings A w (a 2S p) are 
all different. Since B is a complete Boolean ring here, A( a ) is, by Theorem 139, 
a fundamental extension of A of the order a. It follows that if Ai is a first funda- 
mental extension of A, A\ is not a <r-complete Boolean ring. If we compare 
this result with the results of §7 of the paper (I), we find that the sequential 
topology t(A) of a Boolean ring A defined by Definition 8, in general cannot be 
derivated from a neighbourhood-topology satisfying the axioms of Fr6chet- 
Hausdorff. 

Theorem 142. If A„ is a fundamental extension of a Boolean ring A of the 
order p then A p is a Boolean a-ring. 
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Proof. Let B be a Boolean <r-ring and an invariant extension of A p . That 
such a Boolean ring B exists follows from Theorem 69. Then A p is, by Theorem 
137, the limit-ring of A in B of the order p, and it follows from Theorem 141 
that A p is closed in B. Hence A p is a Boolean a-ring, according to Theorem 117. 

Definition 23. An extension A of a Boolean ring A is said to be a minimal 
invariant a-extension of A, or shorter: a a-completion of A , if A is a Boolean a-ring 
invariant over A , and no proper subring of A containing A is itself a Boolean a-ring. 

Theorem 143. An extension A of a Boolean ring A is a minimal invariant 
a-extension of A if and only if A is a fundamental extension of A of the order p. 

Proof. If A is a minimal invariant cr-extension of A, the limit-ring of A in 
A of the order p is, by Theorem 139, a fundamental extension of A of the order 
p; hence it is, by Theorem 142, a Boolean a- ring, and Definition 23 involves 
that it cannot be different from A. If A is a fundamental extension of A of the 
order p then A is, by Theorem 142, a Boolean <r-ring and, by Theorem 134, a 
join-extension and by this an invariant extension of A . (Theorem 61.) On 
the other side A is, by Theorems 137 and 141, the closure of A in A. If R is a 
<r-subring of A containing A then R is, by Theorems 61 and 64, invariant in A 
and, by Theorem 118, closed in A. Hence R = A, and it is proved that A is a 
^-completion of A. 

Theorem 144. If A is a a-completion of a Boolean ring A, and B an invariant 
extension of A , then A is the closure of A in B . 

Proof. See Theorems 137, 141, and 143. 

Theorem 145. If A is an invariant subring of a Boolean a-ring B } the closure 
of A in B is a minimal invariant a-extension of A . 

Proof. See Theorems 139, 141, and 143. 

Theorem 146. If A and A* are minimal invariant a-extensions of the same 
Boolean ring A then A and A * are isomorphic , and there is exactly one isomorphism 
between A and A* carrying every element of A into itself. 

Hence we may say that A and A * are abstractly identical. 

Proof. See Theorems 140 and 143. 

10. The Sequential Topology T(r(r(A))) 

If A is any Boolean ring, the closure-topology r(r(A)) in A , considered in §7, 
determines a new sequential topology r(r(r(i4))) in A according to (III), Theo- 
rem 15. The closure-topology determined by this sequential topology is iden- 
tical with r(r(A)) or, in other words, the closure-topology T(r(*4)) and the 
sequential topology t(P(t(A))) are equivalent. (See (III), Definition 8 and 
Theorem 18.) 

Lemma 14. If a sequence a n has a limit a under r(A) it has also under 
t(T(t(A))) the limit a and no other limit . 

Proof. It is obvious that the sequence a n has the limit a also under 
r(r(r(i4))). If b t* a, at the utmost a finite number of terms of the sequence 
a» is equal to 6, and Theorem 29 involves that the terms of this sequence different 
from b and the element a together constitute a set closed underT(r(A)). The 
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complement of this set is an open set which contains 6, but fails to contain 
infinitely many terms of the sequence a n . Hence b is certainly no limit of the 
sequence a n under r(r(r(4))). This completes the proof of Lemma 14. 

Further it is obvious that our Theorems 25, 29, and 30 hold also for the 
sequential topology r(r(r(i4))). (They hold in any derivative sequential 
topology.) 

Theorem 147. (Compare (VII), Satz 29.) If a n ( n = 1, 2, 3, • • •) and a 
are elements of a Boolean ring A then a is a limit of the sequence a n under 
r(r(r(i4))) if and only if every partial sequence of the sequence a n contains a further 
partial sequence converging towards a under r(A). Hence any sequence of ele- 
ments of A has at the utmost one limit under r(r(r(yl))). 

Proof. If a set open under r(r(-4)) and containing a fails to contain an 
infinite partial sequence of the given sequence, no partial sequence of the men- 
tioned partial sequence can converge towards a under r(A). Hence if every 
partial sequence of the given sequence contains a further partial sequence con- 
verging towards a under r(^4), the given sequence has certainly the limit a under 
r (r(r(i4))). 

Let us suppose conversely that the sequence a n has the limit a under 
r(r(r(^4))). If the sequence a n had not the property asserted in Theorem 147 
we could state a partial sequence a nk (k = 1, 2, 3, • • • ) of this sequence con- 
taining no further partial sequence converging towards a under t(A). Then 
the generalized Theorem 29 and Lemma 14 involve that the sequence a nk con- 
tains no sequence convergent under t(A) at all. Moreover we may suppose 
that the elements a nk are all different from a. Thus the elements of A which 
are different from all elements a nk form an open set which contains a, but fails 
to contain infinitely many terms of the sequence a n . This result would contra- 
dict to the supposition that the sequence a n converges towards a under 
t(T(t(A ))). 

Definition 24. If a n (n = 1, 2, 3, • • • ) and a are elements of a Boolean 
ring A , we say that the sequence a n (n = 1, 2, 3, • • • ) converges weakly towards a 
with respect to A, or that a is its weak limit with respect to A, and write 

U) Lim a n = a 

n-*oo 

if the sequence a n converges towards a under T-(r(r(A))). 

The words “with respect to A ” and the superscript in the sign u> Lim o„ may 

n— *oo 

be omitted if there is no doubt which Boolean ring is meant. 

We have chosen the words “weak convergence” and “weak limit” for con- 
venience although the considered convergence under r(r(r(A))) is no analogue 
of the weak convergence in a linear metric space. 

As far as the sequential topology r(A) is concerned, we shall use the same 
terminology and denotation in this paragraph as in the preceding ones. 

The sequential topology r(r(r(A))) is in general different from the sequential 
topology t(A). Let A be the Boolean ring of those sets of real numbers which 
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are either empty or unions of finite numbers of right-hand open intervals. 
(. A is identical with the Boolean ring b considered after Definition 9.) If m and v 
are real numbers we denote the interval m ^ £ < v by < n, v). Now put 

_ n - 2 m n - 2 m + l\ 
a " < 2 n ’ 2 " / 

for 2 m £5 n < 2 m+I , m = 0, 1, 2, 3, • • • . a„ (n = 1, 2, 3, • • • ) are elements 
of A. If m and ra are natural numbers, at least one of the equations 

dm ^ d n t 
dm ^ dn y 

and 


dmd„ = 0 

is valid. To a given natural number no there exist at the utmost finitely many 
natural numbers n such that 


d n > a„ 0 . 

Hence any partial sequence b„ of the sequence a n contains at least either a 
partial sequence c„ satisfying 

(67) c„+i < c„ (n = 1, 2, 3, • • • ) 

or a partial sequence c„ satisfying 

(68) c/fii = 0 (k, l = 1, 2, 3, • • ■ , k I ). 

(67) as well as (68) implies 

lim c„ = 0. 

n — *oo 

(See Theorem 116.) Hence we have 

Lim a n — 0. 

n — *oo 

On the other side we have 

2 m 1 — 1 

1 dh = Oi (m = 1, 2, 3, • • •), 

n-J" 

thus 

oo 

2 a * = °1 (» = 1, 2, 3, • • •) 

fc—n 

and 

lim d n — d i . 

n-*oo 

Since a\ ^ 0 the equation lim o„ 

n-*oo 


= 0 is not valid. 
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Theorem 148. //Lim a n exists then it is an interelement of the sequence a» and 

n— *oo 

of any partial sequence of this sequence. 

Proof. See Theorems 27 and 147. 

Now it is obvious that our Theorems 50, 87, 92, and 115 are valid also for 
the weak convergence. The same holds for Theorem 91 if it is pronounced only 
for convergent sequences. I.e. we have 
Theorem 149. If a„ < b n for n = 1, 2, 3, • • • , and Lim a„ and Lim b n exist, 

n-*oo n-*oo 

then 


Lim a„ < Lim 6„ . 

n-*oo n-*oo 

Proof. We have for n = 1, 2, 3, • • • 

Q>n ^ > 

hence, by the generalized Theorem 115, 

Lim a n — Lim a n • Lim b n 

n — *oo n — *oo n — *oo 

proving Theorem 149. 

If a mn is a double sequence in a Boolean ring A , © the class of ordered couples 
of natural numbers for which the sign a nn is defined, and a an element of A, we 
say that the double sequence a mn converges weakly towards a, or has the weak 
limit a, and write 

w> Lim a„ „ = a, 

m»»~* 90 
(m,n) c 0 

if to any open set containing a there can be assigned a natural number k such 
that a ' mn is contained in this open set for m ^ k, n 2: k, (to, n) « ©. If © is the 
class of all ordered couples of natural numbers, we write simply U) Lim a mn in- 

m,n-*oo 

stead of u) Lim a mn . In both cases the superscript (A) may be omitted if 

w,n-» oo 
( m,n ) c 0 

there is no doubt which Boolean ring is meant. 

Theorems 25, 29' (8), and 123 hold also for weakly-convergent double se- 
quences. Moreover Theorem 123 pronounced for weakly-convergent double 
sequences can be inverted. I.e. if to* — + », n* — ► « for k — > « implies 
Lim a mk n k — a, then Lim a mn — a. (To prove this proposition is not difficult.) 

A; —*00 m,n— *oo 

In particular if to* — ► » , n* — > °e for k — > « implies lim a mk „ k = a, we have 

Ac-* oo 

certainly Lim a mn = a. On the other hand compare the remark after Theo- 

m,n — *oo 

rem 123. — Any double sequence of a Boolean ring A has at the utmost one weak 
limit with respect to A. 

Now it is clear that also Theorems 50, 87, 92, 115 and 149 hold for weakly- 
convergent double sequences. 
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Definition 25. A sequence of elements a n of a Boolean ring A is said to be a 
weak fundamental sequence with respect to A if 

u> Lim (o m + o„)J= 0. 

_ m,n — *oo 

Theorems 127, 128, and 132 continue to be right if we replace the notions of 
“fundamental sequence” and “convergence” wherever they appear, by the 
notions of “weak fundamental sequence” and “weak convergence.” 

Theorem 150. Any two weakly-concurrent fundamental sequences are con- 
current . 


Proof. If a„ and b n are fundamental sequences, and 


Lim (a„ + 5„) = 0, 

«-*QO 

then there exists, by Theorem 147, a sequence n* of natural numbers different 
from each other such that 

(69) 

lim (a nt + b„ t ) = 0. 

k—*90 

On the other side we have, 

by Theorem 123 and Definition 17, 

(70) 

lim ( a* + a„ k ) = 0 

k-* oo 

and 


(71) 

lim (5* + b„ t ) = 0. 

fc-*00 


From (69), (70), and (71) we get, according to Theorem 115, 

lim ( a* + 5*) = 0. 

k-*ao 

Theorem 151. If b n is a fundamental sequence , and a n a sequence of the prop- 
erty that every partial sequence of the sequence a n contains a fundamental sequence 
weakly-concurrent with the fundamental sequence b n , then a n is a weak fundamental 
sequence weakly-concurrent with the fundamental sequence fc„ . 

Proof. First we observe that any partial sequence of a fundamental se- 
quence is a fundamental sequence concurrent with the whole sequence. This 
can be easily concluded from Definition 17 and from Theorems 29' and 123. 
Now if we notice Theorems 147 and 150, we find that the suppositions of Theo- 
rem 151 involve 

Lim ( a n + b n ) = 0. 

n-*a o 

Since 

a m + On = (flm + b m ) + (o„ + bn) + (5m + 5„), 


lim (5m + bn) = 0, 

m,n-*oo 


and 
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we have 


Lim (am + On) = 0, 

i»,n-+ oo 

according to the generalized Theorem 115. 

On the other hand it is an open question whether Theorem 151 can be in- 
verted, i.e. whether every weak fundamental sequence of a Boolean ring con- 
tains a fundamental sequence in the sense of Definition 17. If this inversion 
is true, it follows that every weak fundamental sequence of a Boolean cr-ring is 
weakly-convergent. If it were not true then it could occur that a Boolean ring 
(if you want even a complete one) could not be invariantly extended to a 
Boolean ring in which every weak fundamental sequence is weakly-convergent. 

Prague 
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ON INCIDENCE MATRICES, NUCLEI AND HOMOTOPY TYPES 

By J. H. C. Whitehead 
(Received January 16, 1940) 

1. The main object of this paper is to establish as close a connection as possible 
between certain purely algebraic processes on the one hand, and the theory of 
nuclei 1 and homotopy types 2 of complexes on the other. The algebraic processes 
include the transformations, operating on the incidence matrices with elements 
in the group ring of a given complex, by means of which Reidemeistcr’s invariants 
are defined. 3 But in the main theorems, namely theorems 8 and 9 in §4, the 
incidence matrices r w , • • • , r l are replaced by what we call a natural system 
for a given complex K n . A natural system, (r, R ), consists of the matrices 
r w , • • • , r 3 , together with a “natural” system, 72, of generators and relations, 
for the fundamental group 7ri(K n ). Such systems, defined purely algebraically, 
are classified by two kinds of equivalence, called L-equivalence and L*-equiva- 
lence, of which the former implies the latter. Theorem 8 asserts two kinds of 
combinatorial invariance. It states that natural systems for two given com- 
plexes and K? are “L-equivalent” if K£ and K? have the same nucleus, 
and “7>*-equivalent” if K£ and K i are of the same homotopy type. Theorem 9 
is complementary to theorem 8, and states that the elementary transformations 
by means of which X-equivalence is defined (X = L or L*), can be “copied 
geometrically.” More precisely, if (r, R) is a natural system for K n , then any 
system which is X-equivalent to (r, 72), is a natural system for some complex of 
the same homotopy type as K n , and for one which has the same nucleus as K w 
if X = L. This means that one can carry out certain types of algebraic calcula- 
tion without destroying the geometrical significance of the system on which one 
is operating, and the result is a step towards translating the theory of nuclei 
and m-groups, likewise homotopy types (of polyhedra), into purely algebraic 
terms. 

As an application of the theorems in §§3 and 4 we prove, in §5, that two lens 

1 See J. H. C. Whitehead, Proc. L. M. S., 45 (1939), 243-327, which will be referred to 
as S.S. Throughout this paper wc shall only be interested in the nucleus and homotopy 
type of a complex as principles of classification. 

* See pp. 124-5 of W. Hurcwicz, Proc. Kon. Akad. Amsterdam, 39 (1936), 117-25, or 
note HI, in §6 below. Any two complexes with the same nucleus arc of the same homotopy 
type. 

3 See, among other papers, K. Reidemeister, Abh. Hamb. Sem., 10 (1934), 211-15; 11 
(1935), 102-9 and Journal fiir die r. u. a. Math., 173 (1935), 164-73. By the group ring of a 
complex we mean the group ring of its fundamental group, with (rational) integral coeffi- 
cients. We confine ourselves to the incidence matrices which are defined in terms of the 
universal covering complex, leaving aside the concept of “Ueberdcckungcn.” 
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spaces of types 4 5 ( m , q ) and (m, r ) are of the same homotopy type if they have 
the same intersection invariant, 6 that is to say if r as ±fq (mod m), for some 
value of l. Thus the “Hauptvermutung” would imply the negative answer to 
the question, proposed by W. Hurewicz, 6 “are two closed manifolds of the same 
homotopy type necessarily homeomorphic?” In fact two closed simplicial mani- 
folds of the same homotopy type need not even have the same nucleus, which 
adds interest to the question “is the nucleus of a complex a topological in- 
variant?” This theorem on lens spaces, and a simpler example given in §6, 
also imply the negative answer to each of the questions Q. 1, • • • ,4, which were 
left open in S.S., §10. 


% 

2. Let 5W be any ring with a unit element e. We recall that an element a e 9t 
is said to be regular if, and only if, there are elements a' and a", such that 
a'a = aa n = e. In this case a' = a'aa" = a " = a~\ say, and aT 1 is called the 
inverse of a. The square matrices of a given degree n (i.e. having n rows and 
columns) with elements in $R, also constitute a ring with a unit element. A 
regular element in this ring of matrices will be called a regular matrix , and we 
shall denote the inverse of a regular matrix a by a” 1 . Let 


ai 

bi 

0 

b 2 


be a regular matrix of degree m + n, where ai is a square matrix of degree m, 
b 2 is a square matrix of degree n and 0 represents a rectangular array of zeros 
(i.e. each of its elements is the zero in 5R). Further let b 2 have a left inverse, 
meaning an n-rowed square matrix c, such that cb 2 = e„ where e n denotes the 
unit matrix of degree n. 

Lemma 1, Under these conditions ai and b 2 are regular matrices and 


where a£ = — a^bib* 1 . 
Let 



-i 


ai 1 

a; 

0 

br 1 


ai 

a. 

bi 

b; 


4 See H. Seifert and W. Threlfall, Lehrbuch der Topologie, Leipzig (1933), p. 215. 

5 J. W. Alexander, Proc. Nat. Acad, of Sciences, 10 (1924), 99-101; Seifert and Threlfall, 
loc. cit., p. 279. This contradicts J. H. C. Whitehead, Quarterly Journal of Math. Oxford 
series, 10 (1939), 81-3, which will be referred to as Q. J. In Q. J. I overlooked the importance 
of the additional row, which the 71 th incidence matrix of an n-dimensional complex receives 
by reason of an elementary expansion of order n - 1-1. This error was pointed out to me 
by Shaun Wylie. 

* Loc. cit., p. 125. 
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where aj and b 2 are square matrices of degrees m and n respectively. Then the 
relation rr"” 1 = e m + n implies aiai + bib( = e m , a x a 2 + b x b 2 = 0, b 2 b( = 0 and 
bibj = e n . Since cb 2 = b 2 b 2 = e„ , it follows that b 2 is regular, that b 2 = b 
and also that b( = bl^bj = 0. Therefore a x a( = e m , and the relation 
r^r = em+n implies aiai = e m , whence ai is regular and a{ = a I" 1 . Finally 
a 2 = —ar 1 bib 2 = — ai^bibST 1 and the proof is complete. 

Let © be a specified sub-group of the multiplicative group of regular elements 
in By an elementary ©- matrix or simply an elementary matrix if no confusion 

is to be feared, we shall mean a square matrix of any degree n, which can be 
transformed into the unit matrix e n by a finite sequence of elementary trans- 
formations, each of which consists either of 

1. multiplying each element in a row , from the left, or a column , from the right , 
by the same ( arbitrary ) element of ®, or 

2. adding a left multiple of any row to some other row, or of 

3. adding a right multiple of any column to some other column , the multiplier 
in each of the last two cases being an arbitrary element of 5R. 

The inverse of each of these elementary transformations is clearly a transforma- 
tion of the same type. Therefore the elementary matrices of a given degree 
constitute a sub-group of the multiplicative group of regular matrices of that 
degree. As with unimodular matrices of integers it may be verified that, if a 
is an elementary matrix of degree n and r is any matrix with n rows (columns), 
then r can be transformed into ar(ra) by a sequence of the elementary trans- 
formations 1 and 2 (1 and 3). Notice also that, if || || is any square matrix 

of integers, whose determinant is unity, and if g e®, then || mij g || is an ele- 
mentary matrix. If © contains the regular element — e the same applies to 
|| m^g || if | mu | = — 1. In any case 

0 — e n 

e n 0 

is an elementary ©-matrix of degree 2n, since, replacing e by 1, its determinant 

is (-l) n,+B = 1. 

Lemma 2. If a is a regular matrix of degree n, then 

II* oil 


is an elementary matrix, where b is any square matrix of degree n. 

By reiterating transformations of the form p< — * pi + V, , where p< and p,- 
(t yi j) stand for rows and X « 9?, we can transform r into 

a 0 

r' = , 

b + ca a 1 
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where c is any square matrix of degree n. Taking c » (e„ — bja"" 1 we have 


a 0 



and r' is transformable into the elementary matrix 

0 -e n 
e n 0 

by the sequence of transformations 


a 0 


0 

— e„ 

— > 

0 — e„ 

e„ a -1 


e„ 

a" 1 


e„ 0 


in which, first, the bottom rectangle || e n , a"" 1 || is multiplied on the left by —a 
and added to the top, and then || 0, — e„ || is multiplied by a' 1 and added to the 
bottom. The lemma now follows from the fact that a matrix which is trans- 
formable by the elementary transformations into an elementary matrix is itself 
elementary. 

Let us introduce the convention that a matrix may have m rows (columns) 
and no columns (rows), for any m — 0, 1, • • • . If a matrix a has m rows and 
p columns, and if b has n rows and q columns, where m, n, p, q ^ 0, then, as 
usual, the product ab, with m ^ 0 rows and q ^ 0 columns, shall exist if, and 
only if, p = n. If m, q > 0, p = n = 0, then ab shall be the zero matrix with 
m rows and q columns. In formulae which involve e k , with A: ^ 0, e 0 is to be 
the empty matrix with no rows or columns, which we include among the ele- 
mentary and regular matrices. With these conventions let r”, • • • , r 1 be any set 
of matrices, such that r p has a p rows and a,,_i columns (p = 1, • • • , n; ot p ^ 0). 
We proceed to define two kinds of equivalence between r 7 ', • • • , r 1 and a set of 
matrices s 71 , • • • , s 1 , which satisfy a similar condition. That is to say, we can 
form the product s p+ 1 s p for each p = 1, • • • , n — 1, though s p need not have 
the same shape as r p . We first of all allow ourselves to border r p with a new 
last row and column, which have the common element e in the bottom right 
hand corner, at the same time adding a final row of zeros to r p ~ 1 , if p > 1, or an 
empty row if a p _ 2 = 0, and a final column of zeros to r p+1 , if p < n, or an empty 
column if a 7 >+i = 0 (if a p = a p _i = 0, then r p will be transformed into the matrix 
with the single element e). .We shall call this operation an elementary expansion 
of the matrices r n , • • • , r 1 . We shall also call it a primary expansion of r p , and 
shall describe the corresponding expansions of r p±I , as secondary expansions . 
In order to avoid the qualifications “if p > 1” and “if p < n” we shall assume 
that r n+1 and r° exist, where r n+l has no rows and a n columns and r° has ao rows 
and. no columns. A primary expansion shall never be applied to r°, and shall 
only be applied to r w+1 when special permission is granted. The inverse of an 
elementary expansion will be called an elementary contraction . Two sets of 
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matrices r n , • • • , r 1 and s n , • • • , s 1 , such that the products r p+, r r and s p+1 s p 
exist for each p = l,-..,n— -1, will be described as L-equivalent if and only if 

(2.1) s p = a,ra;L! (p = 1, ... ,n), 

where r n , ... , r 1 and s w , • • • , s 1 are obtained from r n , . . . , r l and s n , • • - , s 1 
by sequences of elementary expansions, and a p is an elementary matrix of the 
appropriate degree, for each p = 0, - • - , n. Two sets of matrices, r n , . . - , r 1 
and s n , • • • , s 1 , will be described as L*-equivalent if, and only if, they satisfy 
the same condition, except that a,, may be any regular matrix of the appropriate 
degree. These relations are obviously symmetric between the two sets of ma- 
trices. 

We now assume that the group © contains — e, in which case two rows or 
columns of a given matrix may be interchanged by a sequence of elementary 
transformations. This being so, if we apply a sequence of transformations to 
the matrices r n , • • • , r 1 , which consist of elementary expansions and contrac- 
tions, and transformations of the form (2.1), a simple induction shows that all 
the expansions may be applied first, 7 then a transformation of the form (2.1) 
and finally the contractions. Hence it follows that the relations of L-equiva- 
lence and L*-equivalence are equivalence relations in the technical sense, mean- 
ing that they are symmetric and transitive. 

Lemma 3. If r n , • • • , r 1 and s H , • • • , s l are L*-equivalent , then they can he 
expanded into sets of matrices r u , ... , r 1 and s' 4 , • . • , s 1 , which are related by 
equations of the form (2.1), subject to the condition that a 0 , • • • , a„_ i shall be ele- 
mentary matrices. Thus the sets ar n , r w ~\ ... , r 1 and s n , • • • , s 1 are L-equivalent, 
where a is some regular matrix. 

After initial expansions we assume that r n , . . . , r l and s n , • • • , s 1 are them- 
selves related by transformations of the form (2.1), in which a 0 , • • • , a p _i are 
elementary matrices (0 g p g n), this last condition being vacuous if p = 0. 
If p — n there is nothing to prove. Otherwise we expand r p+2 , r** 1 , r p into 

r p+1 0 

r p+2 = || r p+2 , 0 1|, r p+1 = , f p = 

0 e ap 

and write 

S p+2 = «jh -2 || r p+i , 0 II ap+l 0 | = I! s p+2 , 0 II 
0 a p | 

ap +1 0 r p+l 0 a; 1 0 s p+1 0 

0 a p 0 6« p 0 a p 0 





a p 0 
0 a^ 1 




The lemma now follows from lemma 2 and induction on p. 


7 Cf. the preliminary argument in theorem 1 below. 
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We now define what we shall temporarily call ^-equivalence (extended 
L-equivalence). The conditions for J?L-equivalence are the same as for 
L-equivalence except that we add empty matrices r n+1 , r n+2 , • • • to a given set 
r ",•••, r 1 , and allow a primary expansion of r p , even if p > n, where initially 
r p has no rows or columns if p > n + 1, and has no rows and a n columns if 
p = n + 1. Ifp>na primary expansion of r p will be called an extended ex- 
pansion of the set r w , • • . , r 1 . It is clear that 2?L-equivalence, like L-equiva- 
lence and for a similar reason, is an equivalence relation in the technical sense. 

Theorem 1. If the matrices r n , • • • , r 1 and s n , • • • , s 1 are EL-equivalent y 
then they are L-equivalent. 

To say that r", • • • , r 1 and s n , • • • , s 1 are 2?L-equivalent is to say that ma- 
trices f m , - • • , r 1 and s m , • • • , s 1 are related by a transformation of the form 

(2.1) , with n replaced by m g: n, where ? m , • . • , r 1 and s m , • • • , s 1 are obtained 
from r n , • • . , r 1 and s", • • • , s 1 by expansions and extended expansions and 
a 0 , • • • , a m are elementary matrices. The theorem will follow from induction 
on m when we have proved that r n , • * • , r 1 and s n , • • • , s 1 are 2?L-equivalent 
under a transformation in which no primary expansion is applied to r p if 
p > m — 1 , unless m = n, in which case there is nothing to prove. I say that, 
in the given sequence of expansions, the primary expansions of r m , if there are 
any, may be applied last of all. For if p < m — 1 a primary expansion of r p 
is obviously interchangeable with a primary expansion of r m . The effect of 
expanding r m ~ 1 before, instead of after r m , is to interchange the rows which are 
added by the given secondary and primary expansions of r m_1 , and also the 
corresponding columns of r m . Therefore we may postpone the primary expan- 
sions of r m till the final stages of the expansion and, if necessary, include certain 
permutations of the rows of r m_1 and the columns of r m in the transformation 

(2.1) . So we have to prove that matrices r /m ~\ • • • , r 1 and s' m_1 , • • • , s 1 are 
L-equivalent if r m , r m ~\ r m ~ 2 , • • • , r 1 and s m , s™” 1 , s m_2 , . . • , s 1 are related by a 
transformation of the form (2.1), in which &o , • • • , a m are elementary matrices, 
where 


( 2 . 2 ) 


r = ||0,e*||, r- l = 


S m = II o, 6/ 1|, §— = 


/m— 1 


n— 1 


and k = i, since the matrices x m and s m have the same shape. This being so, 
we have 


Pi qi 

- NO, a|| 

Pi qi 

p* q* 


p* q> 


= 11 *Pa, aq 2 1| 


= II 0, e* ||, 


*110, ©* II 
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where a = a m and 


a m Li = 


pi qi 
P2 qs 


t 


qa being a square matrix of degree k. 

Therefore P2 = 0 and q2 = a \ Since a -1 is regular it follows from lemma 1 
that a m -i is of the form 


a*n— 1 — 


b c 
0 a 


whence 


am— 1 l 


bf/m-l 

0 


It follows from an argument in the proof of lemma 2 that 


b c — ca l a 


b G 

0 a 


0 a 


is an elementary matrix. Therefore, writing n = m — 1 and omitting the 
primes and dashes, the theorem will follow when we have proved that two sets 
of matrices r n , • • • , r 1 and br n , • . • , r 1 are L-equivalent if b is a square matrix, 
such that 


b 

0 

0 

a 


is an elementary matrix, where a is some elementary matrix. 8 To prove this 
we first expand r n , transforming r n and r" -1 into 


r n 0 
0 e* 


and 


_,n — 1 


0 


f 


where k is the degree of a. Since a is an elementary matrix, so obviously is 


e* 0 
0 a 


(a = a„). 


8 See note Hi in below. 
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Therefore r n , • • • , r 1 are L-equivalent to r ", r n \ • • • , r 1 , where 


b 

0 

r n 0 

e„ 0 

0 

a 

0 e* 

0 a -1 


r n “i 


br" 

0 

e« 

0 

0 

a 


a" 1 

br" 

0 



0 

e* 

1 


e„ 

0 

^ n—l 


0 

a 

0 




But r\ r w_1 contract into br", r" -1 , and the proof is complete. 

Two sets of matrices, r n , • • • , r 1 and s", • • . , s 1 , will be described as L m -equiva- 
lent , for any m ^ 0J if, and only if, they satisfy the conditions for ^-equiva- 
lence, except that, in addition to expansions and extended expansions, we may 
add a final row of zeros to r fr and a final column of zeros to r* +1 , for any k > m, 


on the understanding that, if i 


0, then 


If* 

I 0 


is an empty matrix having 


a k + 1 rows and no columns, with a similar convention concerning || r* +1 , 0 || 
if a *+ 1 = 0 . Thus, in passing from r n , • • • , r 1 to s", • • • , s 1 by a series of ele- 
mentary transformations, one may, at any stage, apply such a transformation 
or its inverse. Notice that L-equivalence implies L m -equi valence for every 
value of m, and that /^-equivalence implies //-equivalence if m > q. Clearly 
/^-equivalence is also a symmetric and transitive relation. We shall prove 
that, if m ^ n, then L ^equivalence is the same as L*-equivalence, subject to 
the following condition on the ring 9t. If 


( 2 . 3 ) 


0 

e* 


0 

e i 

0 

0 


0 

0 


where a and b are regular matrices of appropriate degrees, then k = Z. This 
condition is satisfied 9 if there is a homomorphism, 0(9f) = 9to , of 9? on a com- 
mutative ring 9?o , which contains at least two elements. For the determinant 
of any square matrix, whose elements are in 9t 0 , can be calculated in the ordinary 
way, and hence the rank of any matrix. If s = arb, r = a'sb', where a, b, 
a', b', r and s are matrices with elements in 9? 0 , it follows from the standard 
argument that r and s have the same rank. Since % contains at least two ele- 


9 See note II* in §6 below. 
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ments and since 0(e)0(:r) = <l>(ex) = <t>(x) for any 0(x) e % , it follows that SK 0 
has a unit element, namely 0(e). Therefore 0(e) is not nilpotent, whence a 
determinant with 0(e) down the main diagonal, and zeros everywhere else, is 
not zero. On replacing e, a {j and 6 Xm , in (2.3), by 0(e), 0(<z i7 ) and 0(6 Xm ), where 
a = || an ||, b = || ||, it follows from equality of rank that k = L 

Theorem 2. Subject to the above condition on 9t, if two sets of matrices 
r", • • • , r 1 and s'*, • • • , s 1 are L n -equivalent, then they are L* -equivalent. Con- 
versely, L*-cquivalcnce implies L m -equivalence for every value of m. 

Let r n , • • • , r 1 and s n , • • • , s 1 be //-equivalent. Then r n , • • • , r 1 and 
s", • • • , s 1 can be expanded, by elemental and extended expansions and trans- 

X k 

formations of the form r kH , r k — ► || r k+1 f 0 ||, (k > n), into sets r q , • • • , r 1 

and §V • • , s 1 (q ^ n ), such that s p = a^apii (p = 1, • • • , q), where 
ao , • • • , a^ are elementary matrices. As in the proof of theorem 1 we may 
suppose that the primary expansions of r n , • • • , r 1 and s n , • • • , s 1 are applied 
first in the expansions r p r p and s p — > s p . Without altering the notation, let 
us assume that they have already been applied. Then, after rearranging the 
rows and columns of r 71 * 1 and s”* 1 if necessary, we have 


:n+l 


n+1 


0 

e* 

, r = 

r" 

0 

0 

I 

0 

0 

e,j 

i 

, s" = 

s” 

0 

o 


0 


(k, l 0 ), 


where the bottom rectangles of zeros in r" and s n contain k and l rows respec- 
tively, and the bottom rectangles of zeros in r” +1 and s n+1 may be empty. If 
k = l = 0 the matrices t n , • • • , r 1 and s n , • • • , s 1 are /,-equivalent. Other- 
wise it follows from the relation a n+ i? w+1 = s n+1 a„ and the condition (2.3) that 
k = I, and we have 

bi Ci |0 e* 0 e k I pi qi 

b 2 c 2 i jo 0 |0 0 p 2 q 2 

where 

bi Ci j Pi qi 

I ~ a n +i y ~ , 

b 2 c 2 I P 2 q 2 


(2.4) 


bi and q 2 being square matrices of degree k. Also 

s" Pi qi r" Pir"a;ii 

= a„_i = 

0 pi q> 0 P 2 T,a B _i 
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Since k = Z it follows that s" = pir"a«li, and we have only to show that the 
matrix p t is regular. From (2.4) we have 

0 bi Pj q« 

0 b s ” 0 0 

whence bj = 0, ps = 0, bi = q 2 . Let 

b, ci - 1 _ b( bj 

- / t 

Da C 2 Ci C 2 

Since b 2 = 0, we have 

bi b 2 bi Ci bibi * 

/ / , ““ 

Ci c 2 b 2 c 2 * * 

for some r > 0. Therefore bi has a left inverse. Since p 2 = 0, q 2 = bi , and 
since 

Pi qi 
0 q 2 

is a regular matrix, it follows from lemma 1 that pi is a regular matrix, and the 
first part of the theorem is established. 

Conversely, let r n , - • • , r 1 and s n , • • • , s 1 be L*-equivalent and, given m ^ 0, 
let us introduce empty matrices r m+1 , • • . , r n+1 and s m+1 , • • • , s ” +1 if m ^ n. 
Then the sets r*, • • • , r 1 and s*, • • • , s 1 are obviously L*-equivalent, where 
k = max (m, n) + 1, and by lemma 3 there are sets ?*, • • • , r 1 and §*,•••, s 1 , 
which are L-equivalent to r k , • • • , r 1 and s k , • • • , s 1 respectively, such that 
s k = ar fc , s p = f p for p = — 1, where a is a regular matrix. Let 


f* 

8* 

> 

s k = 

0 

0 


where the number of zero rows indicated by 0 is the same as the number of rows 
in ?* and s*. Then 




and the theorem follows from lemma 2. 

Corollary. If r n , • • • , r l and s n , • • • , s 1 are L n -equivalent, then they are 
L m -equivalent for every m ^ 0. 

In the second part of theorem 2 it follows from the argument in theorem 1, 
which is referred to in the first part of theorem 2, that the transformations r fc , 

r* gfc 

s* * 0 , may be applied before any primary expansions of t k , • • ■ , r 1 
an s*, * • • , a 1 . Therefore, taking m ^ n, we have the addendum to theorem 2: 
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Addendum. If r n , • • • , r 1 and s n , . • • , s 1 are L*-equivalent , then r m+1 , • • • , r 1 
and S w+1 , • • • , s 1 are L-equivalent , /or cmg/ m ^ n, w/iere r w+1 rind s m+1 are certain 
empty or zero matrices if m = n, and r p arid s p (p = n + 1, • . • , m + 1) are 
certain empty matrices if m > n (a m +i ^ 0, a m = • • • = a*+i = 0). 

We now assume that r V 1 = 0 for each p = 2, • • • , n, where 0 stands for 
an empty matrix if either = 0 or a p _ 2 = 0. This condition is obviously 
invariant under all our elementary transformations and under transformations 
of the form (2.1). On this assumption, we shall prove a lemma, which brings 
the elementary transformations by which L-equi valence is defined into closer 
relation with elementary deformations of complexes. Let us extend the terms 
elementary expansion and primary expansion so as to include any transformation 
of the form 


P+i _>!!!** oil 



r p 0 

! = 

r” 0 

e a 0 

r” 





(2.5) 

a g 

1 

i i 

0 e 

a g I 


jp - i 


jp - i 



e„ 

0 

rP-i 

1 

-g~ l a 

fT 1 

o 


(a = ap_i) 


where a stands for any row || a x , • • • , a« || (a x e 3?), g e @ and b stands for the 
row — gf 1 ar p “ 1 , of which the j ih element is 


-sf l £ axrxV 1 0=1 .**-, «p_2j r*- 1 = || 1 1|). 

X-l 

The inverse of such a transformation will be called an elementary contraction. 
In this definition it is to be understood that the new rows and columns are indi- 
cated as the last rows and columns in (2.5) merely for convenience of notation. 
Thus the removal of the p th column and the A; th row of r p in case r* M e (?, rf M = 0 
if j 5* k , together with the p th row of r p “ 1 and the A; th column of r p+1 will be called 
an elementary contraction. Notice that, if = g , r p M = 0 (j ^ k ), where 
g e ©, or if g is any regular element, then the p th row of r p_1 has the form indi- 
cated above in consequence of r p r p “ 1 = 0 and the k th column of r p+1 consists 
entirely of zeros since r p+1 r p = 0. 

Let r w , • • • , r 1 and s n , • • • , s 1 be L-equivalent sets of matrices (r p r p_1 = 0, 
sV 1 = 0). We add empty matrices r n+1 and s n+1 to these sets, on the under- 
standing that a primary expansion of r n+1 is to be regarded as an elementary 
expansion, not as an extended expansion. 

Lemma 4. The matrices r n+1 , • • • , r 1 can be transformed into s n+1 , • • • , s 1 by a 
sequence of elementary expansions and contractions . 

First let r p = s p for p = 1, • • • , n — 1 and let s n = ar n , where a is an ele- 
mentary matrix. Then r w can be transformed into s n by a sequence of ele- 
mentary transformations of the form p, — > pp t + Xp,- (i j* j ), where g e G, X « 
and p* denotes the k th row of a given matrix. Taking i = 1, j = 2, for sim- 
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plicity of notation, this transformation is the resultant of the elementary ex- 
pansion and contraction 

r B+1 ->||e, —g, -X, 0l|-+r" + \ 



gpi + Xpa 


gpi + Xpa 

n 

Pi 


P2 

1 — > 

P«n 


P«» 


in which the row gpi + Xp 2 is created and pi is then deleted. Thus the special 
case of the lemma is established. 

In general, we assume, as in lemma 3, that, after certain initial expansions, 
the two sets of matrices are already related by equations of the form (2.1), in 
which a 0 , • • • , a n are elementary matrices. Let a 0 , • • • , a p -i be unit matrices, 
for some value of p (0 ^ p < n), this condition being vacuous if p = 0. Then 
we expand r pf2 , r p+1 , r p and s p+2 , s p+1 , s p into the matrices i q , s q (q — p } p + 1, 
p + 2), where 




= II 0, r p 


+2 I 


r+ l 


e «. 

a p 

, r P = 

apr* 

1 

1 

s p 

0 

r P+ 1 

1 

r p 


r" 


s p+2 = 


10, *s 


P+2 I 


ftp 

, s p = 

s p I 

s p 

s p+1 0 



r p 


= f P . 


If a and b are elementary matrices, so obviously is 
follows from an argument in the proof of lemma 2 that 

&JH-1 = 


fip+if p+l = 

Also it may be verified that 


&p+i — 


and since r p+2 r p+1 = 0 it follows that 

= II 0, a^^ll 


a 0 
0 b 


-a; 1 

0 

S P+1 

a p+i 

P+1 

“p - 

a P +ir* 

-a; 1 

e “p 


s p+I 

o 


— a p 

0 

II 

r^ 1 

a p +i 


a P +i 


Therefore it 
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The conditions are now as before, with p replaced by p + 1. Therefore the 
lemma follows from the special case and induction on p. 

We conclude this section by recovering, in a modified form, a result due to 
Reidemeister, 10 concerning three given matrices a, b and c, which satisfy certain 
special conditions. First, the ring 9?, to which the elements of a, b and c belong 
shall be commutative. Secondly, a, b and c shall be of the form a = || aj ||, 
b = ||6i!| and c = ||c?|| (i = 1, ... ,n; X = 1, ... ,m; p = 1, ... , p; 
t = 1, • • • , q), where the superscripts indicate the rows, and finally we assume 
that m — ft = p — q — r £: 0. Then, using a notation which is familiar in 
tensor analysis, 11 we define 

A\ r ..\ n = e tl ..., n ali * * • a K> 




with the convention that B = the unit element in 9t, if r = 0. Stated in words, 
Axi-.-x,, and C Pl “' Pq are the determinants | | and | c p ‘ | (i,j = 1, . • • , n; s, t = 

1, • • • , q) while d=i?xj.* • xj is the determinant of the square matrix obtained from 
|| b x p || by striking out the rows b x \ ••• , b Xn and the columns b n , • • • , b Pq , 
unless A* = Ay or p* = p t for some i j* j or s 7 * t> in which case Bx!’--x„ = 0. 
We assume that 


( 2 . 6 ) j;, 

for some k e 91, and all values of the indices A, , p s . Then it follows from the 
tensorial character of the components A , B and C that this condition is invariant 
under transformations of the form 

a' = fag" 1 , b' = gbh" 1 , c' = hck" 1 , 

where f, g, h and k are regular matrices of appropriate degrees. Moreover, the 
condition will be satisfied after such a transformation if k is replaced by k' = tk, 
where tt is a product of the determinants / = | j] |, g = | |, h = | K |, k = | k* | 

and their inverses (actually w = f^ghT'h). Clearly the determinant of a regular 
matrix is a regular element of SR, and the determinant of an elementary ©- 
matrix is an element of ©. Therefore the multiplier tt is a regular element, and 
it € ® if f, g, h and k are elementary matrices. Finally it is easy to see that the 
condition (2.6) is invariant under an elementary expansion (not an extended 
expansion) of the matrices a, b and c, the factor k being unaltered. Therefore 
we have the lemma: 

Lemma 5. // the matrices a, b/c satisfy a condition of the form (2.6), so do any 

matrices a', b', c', which are L*-equivaleni to a, b, c, and with k replaced by k ' = tk ) 


10 Journal fttr die Math. r. u. a. (loc. cit. ), §6. See also W. Franz, idem., 176 (1937), 
113-34. 

11 Seo, for example, O. Veblen, Invariants of quadratic differential forms, Cambridge 
(1933), chap. 1. 



1210 


J. H. C. WHITEHEAD 


where visa regular element of 81. If a', b', c' are L-equivalent to a, b, c, then we 
may take re®. 

Clearly k is uniquely determined by (2.6), unless there is a non-zero X c 91, 
such that Xflft.'.’.’JJ = 0 for all values of the indices. The condition that there 
shall, or shall not, exist such a X is obviously an invariant of •//"'-equivalence. 
Therefore, if k is uniquely determined, so is and ir is uniquely determined un- 
less k is a 0-divisor, including 0 itself among the 0-divisors. In particular, * 
is uniquely determined if r = 0. 

3. In this and the next section we study the relation between the algebra in 
§2 and the topology of finite, connected complexes. We first correct the error 
in Q.J. Let K ? and Kl (n *£ p) be two finite, connected simplicial complexes 
and let r", • • • , r 1 and s p , • • • , s l be incidence matrices for K* and Kl, which 
are determined by Reidemeister’s process. The elements of r 1 and s* are in the 
group rings, 9?i , and 9? 2 , of K” and Kl. The (integral) group ring 9?, of any 
group satisfies the condition concerning k and l in (2.3). For a homomorphism 
of 9? on the coefficient ring of 9J, in this case the ring of integers, is determined by 
writing x = ] for each K)p, Returning to Kl and Kl, if n > p we add empty 
matrices s“, • • • , s p+l to the set s p , • • • , s' and agree that, if p < q ^ n, then 
a primary expansion of s’ shall be an elementary expansion, not an extended 
expansion. Let Kl and Kl be of the same homotopy type. Then v x (Ki) is 
isomorphic to vi(Kl), and by a special isomorphism of 9?i on 9 i 2 we shall mean 
one which is determined by an isomorphism of m (./£?) on wi(K$). In the defini- 
tion of elementary ©-matrices, and L -equivalence of the incidence matrices 
for Kl, we now take © to be the group consisting of all the elements ±x, where 
x « ri(tfr). 

Let 9?i and 9? 2 be two isomorphic rings and let ^(9fi) = 9J 2 be an isomorphism 
of 9fi on 9?2 . If r = || r,x ||, where r<\ e 9fi , and if r,-\ = ^(r,x), we shall denote 
the matrix || r[\ || by ^(r). We shall describe two sets of matrices r", • • • , r 1 
and s", • • • , s 1 , whose elements belong to 9ii and 9f 2 respectively, as X-equivalent 
under rp(X — Lor L*) if, and only if, the matrices ^(r"), • • • , ^(r 1 ) and s" , • • • , s 1 
are X-equivalent. The terms £7. -equivalent and L "-equivalent under will 
have a similar meaning. What does follow from Q.J., is that the incidence 
matrices of K" and Kl are FL-equivalent under some special isomorphism 
^(9?i) = 9L if K” and Kl have the same nucleus. It then follows from S.S., 
theorems 17 and 13 (pp. 277, 269) that the incidence matrices of Kl and Kl 
are L "-equivalent if Kl and Kl are of the same homotopy type. Hence, theo- 
rems 1 and 2 lead to the following theorem, which is also a corollary of theorems 
6 and 8 in §4 below. 

Theorem 3. If Kl and Kl have the same nucleus their incidence matrices are 
L-equivalent under some special isomorphism ^(9fi) = 9? 2 . If Kl and Kl are 
of the same homotopy type their incidence matrices are L*-equivalent under a special 
isomorphism ^(9ii) ® 9?* . 

. In either case it follows from induction on the number of elementary trans- 
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formations by which one passes from K\ to K% that the isomorphism ^ may be 
taken from the class which is determined by some homotopy isomorphism 12 

/(# n c ki 

Theorem 3 states that the geometrical operations described in S.S. can be 
copied algebraically by the operations described in §2 above. We now turn to 
the converse question: “to what extent can the algebraic transformations be 
copied geometrically?” In order to study this question we introduce what we 
call membrane complexes, which are, so to speak, more elastic than simplicial 
complexes. Before defining a membrane complex, we modify the definition of a 
simple membrane, given in S.S., p. 263, by including among the simple mem- 
branes, first an n-element E n , and secondly any stellar subdivision <rE", as a 
simple membrane, where E n is any simple membrane. If E n = E n , an n-element, 
then its boundary 13 F( E n ), shall be the identical map of E n on itself. Let F(E n ) 
be a simplicial map/(5 M-1 ) C K, where E n is a given membrane, and let (-4, a) 
be an elementary sub-division of E n . If the simplex A is internal to E" then 
F(oE n ) = /(/S' 1 ” 1 ), where a is the subdivision (.4, a). If A C F(E"), let <n 
be the sub-division of aS 71 ” 1 in which all the simplexes i nf~~ l (A) are starred. Then 
F(erE n ) shall be the simplicial map/ViS” -1 ), in which f'(b) = a if b is one of the 
new vertices introduced by <n , and /'(£>) = f(b ) if b is one of the original vertices 
in /S 71 " 1 . By reiterating this construction we define F(<rE n ), where a is any 
stellar sub-division. It is obvious that this extension of the definition does not 
invalidate any of the results in S.S. 

An w-dimensional membrane complex K rt , will be defined by induction on n. 
A O-dimensional membrane is a 0-simplex and a O-dimensional membrane com- 
plex is a collection of O-simplexes. We assume that an (n — 1 )-dimensional 
complex K"” 1 , has been defined (n ^ 1), and that it is a simplicial complex of at 
most n — 1 dimensions, whose simplexes are oriented and grouped together to 
form certain oriented simple membranes, which we shall describe as the cells of 
K n_1 . Then an n-dimensional membrane complex is to be a complex of the form 14 

K n = k"- 1 + e? + ... + e;„, 

where E? is an oriented, simple membrane, whose boundary is a simplicial, 
spherical map F(Ef) C K 71 ” 1 . Thus K n is a simplicial complex K H , whose 
simplexes are grouped together in a particular way to form the cells of K\ 

12 See note IIIi . 

13 As in S.S., F(E p ) will always denote the “spherical” boundary of a simple membrane 
E p. F( B 39 ) is a (simplicial) map, not a complex. We shall use E n to denote the boundary 
of an n-elcmcnt E n . The cycle in Kp~ 1 , defined below, which is determined by F( E^), 
will be denoted by 9E? . In fact dE^ will only be used for membranes in a universal cov- 
ering complex of a given complex. 

14 As a matter of convention we allow this set of membranes to be empty, in which case 
K n « K* 1 " 1 . Thus K* stands for a complex of at most n dimensions in the ordinary sense 
of the word, and it is to be assumed throughout this paper that n > 2. As in S.S., it is 
to be assumed that, in the above expression for K n , or in any similar expression, none of 
the membranes has in inner point in common with any of the others or with K ,l ~b 
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We shall call *K n , or any stellar sub-division of K n } a simplicial sub-division 
of K n and shall say that K n covers K n . * We shall use K p (0 ^ p 2 * n) to stand 
for the membrane complex consisting of the cells in K n whose dimensionalities 
do not exceed p, and K p will stand for the sub-complex of K n which covers 
K p (not' for the p-dimensional skeleton of K n ). Notice that F(E P ), where 
E p C K p , though it is a simplicial map in K p ~ l , need not cover an exact sum of 
cells in K p ~\ 

It follows from the definition in S.S. that a simple membrane is a combinatorial 
cell, 16 and from an argument in S.S., lemma 5, that, if K 9+l is a simplicial sub- 
division of K fl+1 , then any p-chain (p ^ q ) in K 9+1 can be deformed into K 9 , 
with the part in K 9 held fixed. Therefore the p-cells E? C K p constitute an 
homology basis 18 for the p-cycles in any simplicial subdivision of K w . It 4s to be 
understood that any ‘given complex’ Is finite and connected, but we note that 
these definitions apply equally well to infinite complexes. In particular a uni- 
versal covering complex R n , of K", is obviously a membrane complex, whose 
cells are the oriented membranes which cover the membranes of K n . It Is always 
to be understood that the (oriented) cells of £ n cover the cells of K w positively. 

We shall restrict the formal deformations of a membrane complex to deforma- 
tions in which the membranes may be regarded as undivided cells, 17 and the 
following arguments show that the main results in S.S. are applicable to the 
resulting scheme. Let K be a given membrane complex and let E p be a new 
membrane bounded by a simplicial spherical map F( E p ) C K, w hich is homotopic 
to a point in K. Let f(S p ) C K + E p be a simplicial map which Is simple in 
E p , meaning that there Is a p- simplex A p C E p y such that/~ 1 CA p ) is a single 
simplex. Let E p+1 be a new membrane which is bounded by f(S p ), and let 
Ki = K + E p+1 . Then the transformation K — * Ki will be called an elementary 
expansion of the membrane complex K, and its inverse will be called an elementary 
contraction . By a formal deformation D we shall mean a finite sequence of ele- 
mentary expansions and contractions, whose resultant is a transformation 
K — * D(K). Tw r o membrane complexes Ko and K will be said to have the same 
nucleus if, and only if, K = D( Ko), where D is some formal deformation. Simi- 
larly we take over the definition of an m-group from S.S., defining an elementary 
filling of order p as a transformation of the form K — ► K + E p , where E p is a new 
membrane w T hose boundary is an arbitrary simplicial map in K p ~ l . 

Theorem 5 in S.S. is obviously valid for membrane complexes, on the under- 
standing that <rK is the membrane complex which is obtained from K by a sub- 
division <rK, where K is a simplicial sub-division of K. Theorems 11 and 14 
in S.S. (pp. 264 and 272) are valid for membrane complexes. Indeed the proof 
of theorem 11 can be considerably simplified. For if F(E?) C K (i = 0, 1) and 

w See, for example, P. Alexandroff and H. Hopf, Topologie, Berlin (1935), p. 245. 

16 That is to say, any p-cycle in K n is homologous to a cycle which consists of (integral) 
multiples of these cells, and if such a p-cycle bounds in K n it bounds a chain composed of 
the.(p + l)-dimensional membranes (cf. Alexandroff and Hopf, loc. cit., pp. 245 et seq.). 

” Cf. note III, . 
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if F(Ro) is homotopic in K to F(Ei), then there is obviously a spherical map 
f(S n ) Cl K + EJ + E* , which Is simple both in EJ and in Ef. Therefore, assum- 
ing first that E? does not meet K + E”(i, j - 0,1; j & i) except in F(E"), it 
follows that K + E? expands into K + E n+1 , where F( E B+1 ) = Therefore 

K + ET = D(K + E?) (rel. K), 

where ‘rel. K’ means the same as in S.S. If E? and E? have internal intersec- 
tions, we still have 

K + E, B = D(K + E?) (rel. K), 

where F{ EJ) = F( E?) and E? does not meet K + E? + E“ except in F( E£). 
This establishes the generalization of theorem 11, and the generalization of 
theorem 14 follows from the arguments given in S.S. We shall refer to these 
generalizations simply as S.S., theorems 11 and 14. 

Let K — ♦ Ki = K -f- E n+1 be an elementary expansion of K, where the map 
F(E" +1 ) CK + E" is simple in the membrane E n , which does not meet K except 
in F(E n ) C K. Then I say that K expands geometrically into K \ , in the sense 
of S.S., §5 (p. 258), where K\ is a simplicial sub-division of Ki and K is the sub- 
complex of Ki which covers K. For, first let E n = E n , an n-element, and 
let A” C E n be an n-simplex, which has but a single original in the map 
F(E B+1 ). After a suitable sub-division of E n , we may assume that all the vertices 
of A” are internal to E n , and the assertion follows from S.S., theorem 1 (p. 250), 
the corollary to theorem 8 (p. 260) and lemma 6 (p. 265). If E" is of the form 
E n + Cf(£ n ), as defined in S.S., p. 263, then E" — A B contracts into F(E n ), 
where A n Ls any open simplex in E”. For E" = El + N, where El is an n-ele- 
ment which contains 18 E n in its interior, and N is the set of closed simplexes in 
E", which meet F( E"). If A" e E" it follows that E" — A" contracts geometri- 
cally into N, and, from an argument similar to the proof of theorem 8 in S.S., 
that N contracts into F(E"). If A" e Cj{E' 1 ) it follows from an argument similar 
to one on p. 281 of S.S. that E n — A" contracts into F(E B ). Finally, if E" = 
<r \E n + Cf{E n ) | it follows from what we have just proved and S.S., lemma 7 
(p. 267), that E B — A" contracts geometrically into F(E"), where A" is any open 
simplex in E B . Therefore it follows from S.S., lemma 6, that K expands geo- 
metrically into K, and the assertion is justified in each case. Hence, and from 
S.S., lemma 5 (p. 265), it follows that, if Ko and Kj have the same nucleus or 
m-group, for a given value of m, then so do any simplicial sub-divisions of Ko 
and Ki . The converse, and also the generalization of theorem 17 in S.S. p. 277, 
follows from the theorem: 

Theorem 4. If K is a simplicial sub-division of K, then K = D(K). 

If K = Do(K*), where K* is any simplicial complex (i.e. a membrane complex 
whose cells are simplexes), we have K = Di(K*), where K is a simplicial sub- 
division of K, whence K = DqDI 1 (K). Therefore the theorem will follow when 

l, 'El may be regarded as a triangulation of E n + (E n X (0, i)) (Cf. S.S., p. 269). 
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we have proved that K = D 0 (K*), where K* is a simplicial complex. This is 
trivial if K consists of a single vertex, and we shall prove it by induction on the 
number of cells in K. Let K = Ko + E?, where E? is a cell of maximum dimen- 
sionality, and Ko consists of the remaining cells in K. By the hypothesis of the 
induction, there is a simplicial complex Ko , such that Ko = Z) 0 (Ko), and by S.S., 
theorem 14, Do may be extended to a deformation K — > D X (K) = K 0 + E n = Ki , 
say, where E n = Z>i(E?), and Ki consists of the simplexes in K 0 , together with 
the cell B\ Let E? be a new membrane with the same boundary as E w , which 
does not meet Ki except in F(E?) C Ko~ l , and let A w e E? be an open n-simplex, 
whose closure is internal to EJ. Let K* = K 0 + EJ be the simplicial complex, 
whose cells are the simplexes in Ko and in EJ, and let E w+1 be a new membrane, 
whose boundary is the n-sphere 19 E n — E?. Then F(E W+1 ) is simple in A n , 
whence Ki expands first into Ki + E? — A n , and then into Ki + E n+1 . But 
F(E n+1 ) is also simple in E”, whence Ki + E n+1 contracts into K *, and the 
theorem is established. 

We now proceed to the algebraic description gf a (membrane) complex K n . 
Let $L n be a universal covering complex of K n , and i/(K n ) = K w a locally (1 — 1) 
map of K n on K n . Let E° = E? , say, be an arbitrary vertex of K n and let £° c K n 
be an arbitrary vertex in u'^E 0 ). We take E° as the base point for w i(K n ), 
and identify each element in the covering group 20 of K n with the element of 
Ti(K n ) to which it corresponds in the isomorphism determined by E° and E°. 
Then an arbitrary vertex in iT^E 0 ) will be denoted by arfe 0 , where x e ?ri(K w ). 
Let V be a (connected) tree which contains K° and is a sub-complex of K 1 , and 
let xV be the component of u~ l (V) C K n which contains zE°. Let Ej , •••,£! 
be the oriented 1-cells of K 1 , if there are any, which are not in V, and let rEj be 
the 1-cell of K w which covers Ej positively and whose initial point is on xV. 
In calculating the incidence matrices r 2 , r 1 for K n , we shall treat V as if it were a 
single point, ignoring the 1-cells in V and the vertices other than E°. On this 
understanding, we shall take 21 V = IV and = lSJ as basis elements for the 
0-chains and 1-chains in Similarly we shall treat V as if it were a single 
point in setting up a system of generators and relations for 7ri(K n ). Thus any 
segment s C K 1 , which begins and ends on V, is to be automatically transformed 
into the circuit $ 0 + $ — «i , where 8 0 and Si are segments on V which join E° 
to the first and last points of s, and 8i(i = 0, 1) is non-singular unless it degen- 
erates into E°. Such a circuit is determined, up to homotopic deformation 
over K 1 , by an expression of the form 

(3.1) 5 = €iE + ••• + CflEj^ (*x = ±1), 

in which the summation is non-commutative and the last vertex of €xEj x is joined 
to the first vertex of €x+iE} x+1 by a segment on V. The corresponding segment 

19 Cf. S.S., p. 264. 

10 1.e. the group of homeomorphisms (covering transformations) t(SL n ) « fc n , such that 
ut *■ u. 

ai We now denote the unit element in any group, and in its group ring, by 1. 
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in & n , which starts at V, is given by an expression of the form 
(3*2) S = + ••• + 

where x\ e iri(K n ). The circuit (3.1) and the segment (3.2) are also represented 
by the product 

(3.3) x = a\\ . . . all > 

where a { is the (free) generator of the free group g* = ^(K 1 ), which corresponds 
to the ‘circuit’ Ej . Let 3J be the group ring of K n , and let 

(3.4) C l = riEl + • • • + r fc E[ (r* € 3?) 

be the chain which is obtained by simplifying (3.2), with commutative addition . 
Since s is an unbroken segment we have 

(3.5) dC l = (x - 1)V, 

where dC denotes the boundary of a given chain C. In particular dfjJ = 
(a, — 1)V, whence r 1 is the matrix with a single column and a t - — 1 in the i th 
row, if k > 0. If k = 0, then r 1 has one column and no rows. 

We now calculate the coefficients x\ in (3.2) in terms of the product (3.3). 
Let § x be the part of § which is given by y\ = al\ • - . all > with So = E°, y 0 = 1. 
Then the last vertex of §x~i , and hence the first vertex of e\X\E\ , are on y X - iV. 
Therefore, if e\ = +1, the first vertex of xxEj x is on iV, whence x\ = 2/x— i . 
If cx = — 1 the first vertex of a*x£J x is on j/x-i^V, in which case X\ = yx-idjy . 
Therefore 22 


(3.6) 


x\ = al\ 


a** 1 
a «x-i 


if «x = +1 

if «x = -1. 


Notice that, in either case, 

«x^x3E| x = — 1)V 

= (2/x - 2 /x-i)V. 

Therefore, if d is an abstract operator such that = (o< — 1)V and 
d(riCi + r 2 Cj) = ridC} + r t dC \ , for any pair of chains C\ , C\ , and elements 
n , r 2 C 9?, then (3.5) follows by a purely formal calculation from (3.2) and 


«* In formal calculations which involve (3.6) one must remember the ambiguity in the 
notation, which is referred to in note Ills . Thus (3.3), as an alternative expression for 
(3.1) or (3.2), is simply a product of the generators. On the other hand the coefficients 
in (3.2) are elements of m(K"), and x\ may be replaced by any product of the generators 
which represents the same element. For example, it may be verified formally that C l — 0 
if x - 1 in , where x and C 1 are given by (3.3) and (3.4), and hence that, if Xi =* yxiy~ l , 
where Xi = 1 in wi(K n ), and if C'J is the chain which corresponds to (t — 1, 2), then 
C{ - yC\ (cf. (4.2), below). 
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(3.3). Notice also that 

(3.7) — 1) + • • • + r*(a* — 1) = x — 1 

in consequence of (3.4) and (3.6). 

Let Ej , • • ■ , El, be the 2-cells of K”, if there are any, and let fx(Si) C K 1 
be a map which is equivalent to the spherical boundary F(EjS). If fx(Si) C 
K 1 — K° for some value of X, then f\(S{) is internal to some 1-cell in K 1 , since 
it is connected, and is therefore homotopic, in K 1 , to a point. If not, we choose 
a base point px e S\ , such that fx(px) — E“ <V, where E® is any vertex of K°. 
In either case F(E 2 ), with the base point fx(px) if F(El) K 1 — K°, determines 
an element Rx*i5k , where R\ is the element 1 c Ft if F(E’) C K 1 — K°. Then 
iri(K") is generated by , • • • , a* , subject to the relations Ri = • • • «= R ai = 1 . 
We shall denote this system of generators and relations by R, and shall call it 
a natural system?* of generators and relations for tt^K"). It is uniquely de- 
termined by the choice of V, the choice of orientations for Ej and Ej and of the 
base points px f Sx . If F(E*) Cf K 1 — K° let A\ be a closed simplex in E* , 
which meets F(El) in the base point fx(px) and nowhere else. Let At C %? 
be the simplex in u -1 (.Ax) which meets V, and let £\ C & 2 be the cell in m _i (E 2 ) 
which contains Al , or any cell in m _ 1 (EJ) if F(E 2 ) C K 1 - K°. Then the chain 
boundary d£ 2 is given by (3.4) when Rx is given by (3.3). Therefore the in- 
cidence matrix r l can be calculated algebraically from the system R. 

Let be an arbitrary cell in u ^EJ) for each q = 3, • • • , n and 

i = 1, • • • , a q . Since the cells fix’” 1 (X = 1, • • • , ; p > 2) constitute an 

homology basis, with coefficients in for the ( p — l)-cycles in fL p ~\ and since 
homology implies equality in the top dimension, it follows that the chain bound- 
aries afir are given by equations of the form 

afif - °£ l rfxitr' (r?x « 91). 

X— 1 

We shall describe the matrices r p = II Wx || (p = 3, • • • , n ), together with the 
matrices r 2 , r 1 which are determined by R , as natural incidence matrices for K n . 
Since r 2 and r 1 are determined by R> the system (r, R), which consists of the 
incidence matrices r n , • • . , r 8 , together with ft, provides at least as precise, 
and possibly 24 a more precise description of K n than that given by the natural 
incidence matrices. We shall call (r, R) a natural system for K n . 

We now investigate the conditions under which two complexes may be de- 
scribed by the same natural system. The following arguments lead up to the 
statement that a natural system for a given complex K? , is unaltered by a 

* 8 Any system of generators and relations is a natural system for some complex K* 
(cf. O. Veblen, Analysis Situs, New York (1931), chap. V, §24). Thus the system R may 
be arbitrary except that, for the purposes of this paper, it shall be finite. In particular 
there may be no generators and at £ 0 vacuous relations. Or we may have a t « 0, A: > 0. 

* 4 The question implied is: “to what extent is K* determined by an abstract knowledge 
of ti(K*), together with given expressions for r*, r 1 , in terms of an arbitrary representa- 
tion of Ti(K*)?” 
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‘trivial deformation’ defined below of KJ . Let K? be a given complex (n > 0) 
and let 

Ko p - Kf = Dp(Ko) (0 < p < n) 

be any formal deformation of K p into another p-dimensional complex Kf . It 
follows from induction on q (p < q g n) and S.S., theorem 14, that the deforma- 
tion D p can be extended to a deformation 

Ko — » KJ = D g (Ko) 

— Kj 1 + Ell + • • • + EL, , 

where 

Ko = Ko 1 + Eol + • • • + Eoa, 

and E?x = D q ( EJx). Thus D p ( Ko) can finally be extended to a deformation 
D n (Ko ), which is also an extension of D„(Ko) for each q = p + 1, . . • , n — 1. 
By S.S., theorem 5, there is a complex K* , which contracts both into Ko and 
into some subdivision of Kf , which, for the purpose of this argument, we may 
take to he Kf itself. On comparing the proof of S.S., theorem 11, which is 
given above, with the proof of theorem 14 in S.S., we see that there are com- 
plexes K*+i , • • • , K* , such that 

Kg* = K h + cr + ... + (g - P + 1, n), 

where Cx +1 is a ‘deformation cell’ for the formal deformation Eo\ — » E?\ = D„(Eox). 
The spherical boundary F(C\ +l ) consists of Eox , E?x and a deformation cylinder 
for the homotopic deformation F( Eox) —* F( E?x) in K*_i . Then K* contracts 
into 

K,*_i + K? = K:_i + EJ.+ ... + E?„ r (* = 0, 1), 

and so, by induction on q, into K< . Therefore there is a projection 
/ 4 _i(K*_i) = K? _1 and a projection g(K*) = K*_i + K? , for a given value of 
q > p, where a projection means a transformation /, such that f — f. Let 
i be extended throughout K*_i + K'( by writing /„-i(p) = p for each point 
p e K’ . Then /, = f q - X g is a projection of K* on K? , such that / 4 (K*_i) = 
/ 4 _i(K*_i) = Kf" 1 , and it follows from induction on q that there is a projection 
/(K*) = K" , such that /( K* ) = K? for each q = p, • ■ ■ , n. After a suitable 
deformation of the map f p we assume that /( Eo) is a vertex E? e K? , where Ej 
is a given vertex of K° . Let be the universal covering complex of , in 
which a point p t is defined as a class of curves joining Ej to a given point 
p = u(p) t K* . Since K* contracts into K? (i = 0, 1), whence the latter is 
a retract by deformation of K* , it follows that = m _ 1 (K?) is a universal 
covering complex of Kf . Let /(!£*) = £" be the projection of on grin 
which a given point p t , represented by a segment s, joining E? to m(^) e K* , 
is transformed into the point which is represented by the segment f(s). If 
q = 0, then K 4 consists of isolated simply connected complexes, each of which 
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contracts into a vertex of ft ( i — 0, 1). Similar remarks apply to 
&* = tt~’(ft), and it is clear that /(ft) = ft . In any case the cells in ft , 
but not in K* , are at least (q + l)-dimensional, and hence at least 2-dimensional 
if q > 0. Therefore, if q > 0, we may take s C K* , whence /($) C K? and 
again /(ft) = ft , where ft — u~ l ( ft). Therefore, /(ft) = ft for each 
q = p, • • • , n and p 2: 0. Since K* contracts into ft it follows that any 
circuit in ft , which begins and ends at E 6 , can be deformed into ft , with 
Ei held fixed. 25 Therefore Jt = tj, where t is any covering transformation of ft . 

Since /(ft) = ft (r = q — 1, q; q > p), and since homology implies equality 
between relative 9-cycles in ft , mod. ft -1 , the projection /determines a homo- 
morphism ypq , of the group of 9-cycles in ft , mod. ft_i , on the group of 9-cycles 
in ft , mod. ft -1 , and t(C q ) = C q if C q C ft . A relative 9-cyale in ft , 
mod. ft -1 , is simply a 9-chain which is composed of the cells in u~\E q \). There- 
fore the transformation given by C — » ^ 9 (C®), where C q is an arbitrary 9-chain 
in ft , is a homomorphism of the group of 9-chains in ft in the group of 9-chains 
in ft . 

Let R and R' be natural systems of generators and relations for iri(ft) and 
jri(Kf), with Eo and E? = /(Ej) taken as base points. Let xi(ft) (i — 0, 1) 
be identified with the covering group of ft" , by taking £< as a base point in 
ft , where corresponds to a segment s, , joining E? to E? , such that/(s,) C ft 
is homotopic to a point. 26 Then the map /( ft ) = ft determines a natural 
isomorphism ^{iri(ft)[ = iri(ft), in which corresponding elements, regarded as 
covering transformations of ft and ft? , are the transformations induced by 
the same covering transformation of ft . Let x—*x = <t>(x) be the isomorphism 
of the symbolic group 27 ©« on the symbolic group (x e <M R , x t ©«<), by 
means of which $ is expressed algebraically, and let r — * r = <f>(r) be the cor- 
responding isomorphism of 9f on 3J', where 9i and 9f' are the group rings of ©« 
and . Since Jt — tj, it follows that = bp „ , whence 

(3.8) i q { E rxftxf = Z ox), (9 = P + 1, • • • , n), 

where the coefficients r\ and h — 4>{ r \) are expressed algebraically as elements 
of 9? and 9?'. 

Let £ox be the cell in w^’(Eox), which is chosen as a basis element in defining 
a set of natural incidence matrices for ft . If 9 > p we have 

^ - dCl +1 (mod. ftLi), 

26 See also S.S., theorem 15. This fact has been referred to, by implication, in the 
statement that Rf is a (single) universal covering complex of KJ . 

20 We may take $o to be of the form —/($) + s, where $ is any segment which joins 
E? to Ejj . 

27 Cf. note III» . © stands for the group defined by a given set of generators and 
relations R. 
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where C \ +1 and are certain cells in u 1 (C® +1 ) and u ’(Eu). Since homology 
implies equality in the top dimensions, and since ^,(C 4 ) = C 4 if C'CK[, we 
have the equality, 



SO = £?x 

(mod. Kr 1 ), 

between relative g-cycles, 

which may be interpreted 

as the absolute equality 

(3.9) 

*A) = E?x 

II 

+ 
h— i 

between chains. If q > p + 1 it follows from the relation df — jd, or d\j/ q = 
and from (3.9) and (3.8), that 


dElX — \p q ~ l(d£o\) 


(3.10) 

= ^-i(g rL EoV 1 ) 

(a = a,_i) 


= £ Eia 1 

(<7 = p + 2, • • • , n). 


n— 1 


We express by saying that, if q > p + 1 , then the deformation D n transforms 
the incidence matrix r Q , for into the incidence matrix $( x Q ) = || ?l a j|, for 

k?. 

We now state three conditions under which ©* Ls to be identified with , 
and in such a way that <f> is the identical automorphism. Under these conditions 
we shall say that ( is unaltered by a deformation D( K?) = K? . First 
let D(Kq) be relative to Kj , as the term is defined in S.S., p. 255. Then the 
generators in the system R may be taken as the generators in R', and the two sets 
of relations will be equivalent (i.e. each set will imply the other). Therefore 
W# = & H ' • Also both Kl = K{, and Ej = E? , whence corresponding 
elements in the isomorphism \p{wi(KS)\ = 7Ti(KD may be represented by the 
same product of generators of Therefore <£ Ls the identical automorphism. 
Secondly let 2 * D = <j, where <r is a stellar sub-division of some simplieial sub- 
division of K\ Then, not only shall ©* and ©#> be identified, but also any 
natural system (r, R) for K" shall be identified with a natural system for D(K n ). 
Finally let (r, R) be a natural system for K", and let V C K 1 be the tree used 
in defining R. After a suitable subdivision of some simplieial sub-division of K n 
(e.g. .s£, using the notation explained in S.S., p. 251) let D(K n ) consist of 
shrinking an edge in V into a point. 29 Then D may be copied by a similar de- 
formation of and (r, R) obviously determines a natural system for D( K n ), 
which we identify with (r, R). Thus, by reiterating transformations of this 
form, V may be shrunk into a point without altering (r, /?). 

Let F( Eox) F( Eft) (X = 1, • • • , a p ; 2 ^ p ^ n) be a homotopic deforma- 


18 Cf. S.S., theorem 1. 

19 Cf. S.S., theorem 3. 
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tion over K $ -1 , where Eoi , • • • , Eo« p are the p-cells of a membrane complex 
Kf . Let Kf = D p (Ko)(rel. Ko -1 ) be a ‘formal extension’ of the homotopic 
deformation F(Eox) — * F(Efx). That is to say 

Kf = Dp(Ko) (rel. Kf' 1 ) 

= Ko -1 + Eft + • • • + Ef , 

and D , is given by the construction used in proving S.S., theorem 11, 
applied to each cell E%\ . We shall call D,( Ko ), or any extension D e ( Ko) 
(q — P + 1> • • • j »), of Dp(Ko), a trivial deformation. If Dp is a trivial deforma- 
tion the arguments which lead up to (3.9) remain valid when q = p. Also 
&r — ®k> and <t>(x) = x. Therefore (3.10), with r£ a — r* a , is .valid for 
q = p -f 1, • • • , n. Since F( Efx) is homotopic to F( Efx) it follows that 

d£fx = d£f x , 

where £?x (t = 0, 1) are the cells which appear in (3.9), with q = p. Therefore, 
with the natural choice of basis cells in Kf , the matrix r p is unaltered by the 
deformation. Also r® is unaltered if q < p, since D p is relative to K T 1 . The 
system R may obviously be taken as a natural system of generators and rela- 
tions for iri{D(Ko )), provided we choose a suitable base point on F(E\\) if 
p — 2. Therefore any natural system, (r, R), for K£ , determines a natural 
system for D„(KJ), which we identify with (r, R). We express this by saying 
that a natural system, (r, R), for Kf , is unaltered by a trivial deformation. 

We conclude this section with a theorem which, together with theorems 8 
and 9 below, is a measure of the effectiveness of the theory developed here. 
The theorem may be compared with note III* , in §6 below. 

Theorem 5. If n = 3, or if n > 3 and 7r,(K n ) = 0 for s = 2, • • • , n — 2, 
then the nucleus of membrane complex K" is completely determined by one of its 
natural systems. 

Let (r, R) be a natural system both for Kf and for K" , and if n > 3 let 
?r,(Kf) = 0 for p = 0, 1; s — 2, • • • , n — 2. After shrinking a tree in Kj 
into a point, we assume that K® is a single vertex E® , and Kj a set of circuits 
which begin and end at E® . Since the system R is the same for both complexes 
it determines a (1 — 1) correspondence between the circuits in Ko and in Ki . 
We identify each circuit in Kj with its image in this correspondence. Since the 
relations R\ = 1 are the same for both complexes we have K® = D 2 (Ko), where 
D 2 is a trivial deformation, which we extend throughout Kf . Therefore we 
assume that Ko = K® . Let Ko = Kf = K p , say, where 2 £ p < n. Since 
the matrix r p+I is the same for Ko +1 and for Kf +1 it follows that 

dM 0 p i +l ~ d£f + 1 in £ p , 

where E p p+1 (i = 1, • • • , a^-i) are the (p + l)-cells of K p p+1 and £ P P+I C Kf +1 
(p = 0, 1) is the chosen basis element which covers Ef* 1 . Since x,(K p ) = 
x.(Kf) = 0 for s = 2, • • • , p — 1, and since x,(K p ) a* x,(K p ) if s > 1, where c* 
denotes isomorphism, we have x.(K p ) = 0 for s = 1, • • • , p — 1. Therefore 
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two maps fo(S p ), fi(S p ) C K p are homotopic to each other if 30 fo(S p ) ~ /i(<S p ). 
Therefore F(Soi +1 ) is homotopic in K p to F(E?? 1 ) for each i = ftp+1 . 

Therefore F(E 0 P < H ) is homotopic in K p to F( E??'), whence K, pn = Z) p+1 (Ko p+1 ), 
where Dp + 1 is a trivial deformation. The deformation Dp+\ may be extended 
throughout K? , and the theorem follows from induction on p. 

Notice that, if K 1 = K° or if K 1 is a single circuit, then theorem 5 remains 
valid if (r, R) is replaced by a set of natural incidence matrices. For in this 
case R is determined by r 2 and r 1 , and even by the first and second integral 
incidence matrices. 

4. We now consider a system (r, R) from a purely algebraic point of view. 
We take R to be a particular (finite) system of generators and relations for a 
symbolic group ® R , and r = (r n , • • • , r 3 ) to be a set of matrices whose elements 
are in the group ring 9 {, of ©* . The matrix r p+1 is to have a p +i rows and a p 
columns (p = 2, • • • , w — 1; a p ^ 0), where a 2 is the number of relations in 
the system R y which may be empty in the sense that it has a 2 relations and no 
generators. Let r 2 and r l be the matrices which are calculated from R by the 
methods explained in §3. Then it follows from (3.7) that rV = 0, and we 
require that r p r p_1 = 0 for p = 3, • • • , n. We shall call r w , • . • , r 1 the incidence 
matrices associated with the system (r, R). We classify such systems by defini- 
tions of L - and /^-equivalence. These are stated in terms of certain elementary 
transformations of R, together with transformations of the kind considered in 
§2, which are applicable to the matrices r. These two sets of transformations 
are not independent, since the transformations of r 3 from the right are governed 
by the transformations of R , and conversely. This interlocking between the 
two sets of transformations enables us to avoid a familiar difficulty, which 
arises in dealing with deformations in a 2-dimensional complex and is absent 
in the higher dimensionalities. 31 

The elementary transformations of R shall consist of the following trans- 
formations: 

T \ . adding a new generator a 0 , and a new relation of the form xaly = 1 (< = =t 1), 
where x and y are products of the original generators ; 32 

T 2 . the inverse of 1\ ; 

T z . adding a new relation which is a consequence of the original relations ; 

T 4 . the inverse of T z . 

It is to be understood any generator a, , together with a relation of the form 
xa\y = 1, may be discarded by a transformation T 2 , provided af 1 does not occur 
in x , y or in any of the other relations. If R f = T\(R) the symbolic group 
is to be regarded as distinct from ©* , and w*e associate with T\ the isomorphism 
0(®*) = , such that <£(a») = a< , where Oi , • • • , a* are the generators of R. 

80 W. Hurewicz, Proc. Kon. Akad. Amsterdam, 38 (1935), 521-8, theorem 1, p. 522. 

11 See, for example, theorem VII in H. Hopf and E. Pannwitz, Math. Annalen, 108 
(1933), 433-65. 

,f By a product of the generators we mean a product of the generators and their inverses. 
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With the transformation R' = Tt(R) we associate the isomorphism 4 >(G S ) = G*« , 
such that = <m , <t>(ao) = (yx)~\ where o« is the generator and xa\y = 1 is 
the relation to be discarded. If R’ — Ti(R), where i — 3 or 4, then ©« = © s < 
and <t> shall be the identical automorphism of @« . Thus there is, in each case, 
a definite isomorphism <£(©*) = © B < associated with the transformation . 
Therefore a given transformation T(R) = R' , where T is the resultant of trans- 
formations of the form T x , • • • , l \ , determines a unique isomorphism 
<£(© B ) == ® B < . It follows from the standard proof of a familiar theorem” that 
any isomorphism of © B on an isomorphic group, which is given by a finite system 
of generators and relations, can be expressed as a product of the transformations 
T \ , • • • , Ta . But, as we shall see, a system R, as part of a system (r, R), 
cannot necessarily be transformed into an equivalent system R' G (r', R 1 ), 
since T 4 is to be forbidden except when it is consistent with a corresponding 
transformation of the matrix r 3 . 

We now consider the transformations 1\ in relation to the matrices r", • • • , r*. 
Let R' — Ti(R) and let <£(9?) = 9?' be the isomorphism between the group 
rings of ©r and © B ' , which is determined by the corresponding isomorphism 
<*>(©«) = ©s- . We first of all replace r p by the matrix 34 4 >(i p ) (p = 3, • • • , n). 
Then T x shall be accompanied by the addition of a 0 th column of zeros to <£(r 8 ). 
If Ti is applicable to R, then the i th column of r 2 has dba: in the X th row, for 
some x t ©s , and zeros everywhere else, where a, is the generator and R\ = 1 
the relation to be discarded. It follows from the relation iV = 0 that the 
X th column of #( r 3 ) consists entirely of zeros, and 7’ 2 is to be accompanied by the 
removal of this column from <£( r 8 ). Let Ro = 1 be the relation added by T a , 
where 

(4.1) Ro = x x R{\xT l • • • x q R{ (Xi t ©«). 
Then 

(4.2) 3Eq = + • • • + «,x 4 d£ 2 , , 

or, after simplification, 

(4.3) = c x dMi + • • • + c aj d£ 2 , , 

for certain values of c, e 5R, where d£ 2 (< = 0, ••• ,aj) is the linear form (3.4) 
when R t is the x in (3.3), and £< are now to be regarded as undefined basis 
elements for a modulus with coefficients in 9?. The addition of Ro — 1 to the 

" K. Reidemeister, Einftthrung in die kombinatorische Topologie, Brunswick (1932), 48. 
,4 If T «» T t the same formal expressions may be used to represent rj„ as 4>(rJ a ), only 
and 4 >(r% a ) must be interpreted as elements of different rings. If T « T% we first of 
all substitute yx for ao *, whenever the latter appears in given formal expressions for rj a . 
This does not alter the element r{ a « only its formal expression as a polynomial in the 
generators. The transformation rj a — > ^(rj a ) may then be defined as when T ** T\ . If 
T «* Tt or T 4 we have ^(r p ) » rp. 
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where t = ± 1 , a: e © B is arbitrary and — exc stands for the row || — exci , • • • , 
— ezc a , || together with the corresponding secondary expansion of r\ Con- 
versely, let (4.4) be a given expansion, in which x and c< , and hence — ere,- , are 
arbitrary, and let (4.3) be expressed in the form (4.2). Then we accompany 
the expansion (4.4) by adding the new relation R 0 = 1, where R 0 is of the form 
(4.1), with the factors x,R\’ x x'i 1 arranged in an arbitrary order. A transformation 
of the form 1\ , in which R\ = 1 is the relation to be discarded, shall only be 
applied if the X th column of r 3 has ±x (x e © H ) in the i th row, for an arbitrary 
i — 1, • • • , « 3 , and zeros everywhere else. In this case it is to imply the con- 
traction of r 3 , in which the i th row and the X th column are discarded, and the 
corresponding contraction of r 4 . Conversely, such a contraction of r 3 is only 
to be applied when R\ = 1 is a consequence of the other relations. In this case 
it is to be accompanied by the transformation Tt , in which the relation R\ — 1 
is discarded. It is now to be understood that a transformation 7\(r, R) con- 
sists of the transformation R —* T t (R), together with the transformation 
r p — > Ti(r p ), where 2\( r 4 ), J’,( r 3 ) are the matrices into which r 4 , r 3 arc trans- 
formed by the above rules, and 7',( r p ) = 4>(r p ) if p > 4, or if p = 4 and i — 1 or 2. 

In addition to the transformations 2’< w f e allow the matrices r” , • • • , r 4 to be 
transformed as in §2. That is to say, we allow arbitrary expansions and con- 
tractions of r p (p = 4, • • • , n), which must be accompanied by the appropriate 
secondary expansions and contractions of r 3 if p = 4, and transformations of 
the form 


r p+1 a“‘, 


(P = 3, 


where a p is any regular, or elementary, matrix of degree a p , according to the 
kind of equivalence considered. Two systems (r, R) and (r', R'), will be de- 
scribed as X-equivalent (X = L or L *) if, and only if, they are equivalent 
under the combined set of transformations, in which a p may be any 
regular matrix, of the appropriate degree, if X = L*, and is to be an elemen- 
tary matrix if X — L. More precisely, we shall describe (r, R) and (r', R') as 
X-equivalent under the isomorphism <f>, where 4>(®«) — ©«- is the isomorphism 
induced by the transformation T{R ) = R'. It is important to notice that </> 
depends on the actual sequence of the transformations T, which appear in the 
transformation T, not only on the final result. For example, <j> need not be the 
identical automorphism if , or even if R' = R. Clearly theorems 1 

and 2 are valid when restated in terms of equivalence between systems (r, R) 
and (r', R'). Let us describe as an elementary expansion of (r, R) either a trans- 
formation of the form T x , or T a , or an expansion of the form (2.5). where 
p > 3, and let us describe the inverse of an elementary expansion as an elementary 
contraction. It follows from the proof of lemma 4 that (r, R) can be transformed 
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into any L-equivalent system by a series of elementary expansions and contrac- 
tions, provided we allow primary expansions of the empty matrix r n+1 . 

Let Ky denote the* v th column of r 3 , let z be a given element of ©« , and let 
X, y (X 7* n) be particular values of v = 1 , • • • , a* . I say that the 
transformation 

( 4 . 5 ) R x flx = xR{x~ l Rp (« = =fc 1 ), 

accompanied by k\ — > ck\x~\ Kp — ► — €k\x~\ is the resultant of a transforma- 
tion T 3 , followed by elementary transformations of r 4 , r a , whose resultant leaves 
r 4 unaltered, followed by 1\ . For we first add the relation Rl = 1 (R\ = Ro) 
to R and the row rj< (< = 0 , • • • , <*2) to r 3 , where 

rl 0 = 1 , r? x = -*r, rip = - 1 , = 0 X, ju), 

and the columns r 3 0 = 6 o0 , r£o = 0 (a = 0, • • • , a 3 ; A; = 1, • • • , on) to r 8 and 
r 4 . We then clear away the elements of r 3 , which stand under r 3 \ , by the trans- 
formations p t — > pi + er]\x~ l po (t = 1 , • • • , a 3 ), where p, stands for the £ th row 
of r 3 . As in lemma 4 , it follows from the relation rV = 0 that the corresponding 
transformation of 1 1 0, r 4 || leaves the latter unchanged. We now discard the 
relation R\ = 1, and the appropriate rows and columns of the expanded matrices 
r 4 , r 3 , and rearrange the notation so that R\ = 1 appears as the X th relation. 
The final result is the transformation ( 4 . 5 ). Notice that the transformation 
Rx — > xR\x~ l is the resultant of transformations of the form ( 4 . 5 ), namely 

R\ — » xRx'x^Rp — ► Rp (xR\*x~ l Rp) ~ l R^ 1 Rp = xR{x~ l . 

Let (r, R) and (r', R') be two given systems, and let r 2 , r 1 and r' 2 , r' 1 be the 
second and first two incidence matrices determined by R and R'. 

Theorem 6. If the systems (r, R) and (r', R') are X-cquivalent (X = L or L*) 
under a given isomorphism 0, then the sets of incidence matrices r” , • • • , r 1 and 
r' n , • • • , r' 1 are X-equivalent under 0. 

This relation between r n , • • • , r 1 and r' n , • • • , r' 1 is obviously transitive, and 
if R f = R and R is left unaltered throughout the passage from (r, R) to (r', R f ) 
there is nothing to prove. Therefore the theorem will follow' from an inductive 
argument when w r e have proved it in case T is a single transformation 7 \ . If 
i « 3 or 4 the theorem is implicit in the definition of T»(r, R). On replacing 
0 by 0*” 1 the equivalence relation between r n , • • • , r 1 and r'", . • • , r' 1 is seen 
to be symmetric. Therefore it is sufficient to consider the case w'here i = 1. 
If a relation Ro = xa* 0 y = 1 is replaced by z/ZfV 1 = 1 (z e ©#), the 0 th row of 
0(r 2 ) is multiplied by ±z. Therefore we may assume that Ro = Oox, for some 
x which is a product of the existing generators. Then the 0 th row of r /2 
is || 1 , aoTi , • • • , aor* ||, where r t - means the same as it does in ( 3 . 4 ) when x is 
given by ( 3 . 3 ). The i th row of r' 1 is a< — 1 (i * 0, • • • , k ), and since x » do 1 , 
in consequence of Ro = 1, it follows from ( 3 . 7 ) that 

do — 1 =* ao(l — x) 

k 

- -53 oor^Oi - 1), 

i-l 
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whence r' , r' 1 are obtained from 0(r 2 ), 0(r ! ) by an expansion of the form (2.5). 
The appropriate column of zeros is added to 0(r 3 ), and the theorem is established. 

We now prove a theorem which shows how the generators of R can be manipu- 
lated by what may be called the ‘free group calculus. ’ Let the transformation 

a i ft( a 1 i , Uk) = (i — 1, • • • , k) 

determine an isomorphism of on the free group 5* > which is freely generated 
by a\ , . ‘ • , a k . Some or all of the generators a [ , . . . , a k may coincide with 
some of af 1 , • • • , a? 1 , so that the possibility 5* = $k is not excluded. Let 

«x = • • . , fk(a f ) } (X = 1, ... ,a 2 ), 

where /2x(^i , • • • , a*) = 1 are the relations of the system /?, and let R ' be the 
system which consists of the generators , • • - , a* , subject to the relations 
R\ = 1. Since the transformation given by a, —> /*(a') is an isomorphism of 
3* on gfc , the group ©*> is also generated by /i(a'), • • • , /*(a'), and a» — >/,(a') 
determines an isomorphism </>(©*) = ©*' , in which 0(a*) = / t (a'). Let r" = 
(s = 3, ... , n), where r n , . . . , r 3 are the matrices of a given system (r, /£). 
Then we have the theorem: 

Theorem 7. The system (r, R) is L-equivalent under the isomorphism 0 to 
the system (r', R'). 

First assume that a[ of 1 for any values of i, j and that either 

1. / P (a') = a p \ fi(a') = a-(c = dbl, i 7 * p), or 

2. /p(a') = a p a ' , /<(«') = a,' (g, t ^ p). 

Let a\ — > p,(a) be the inverse of the isomorphism a* — so that p p (a) = a p , 
g,(a) = a* , in the first case, and g p (a) = a^ 1 , gt(a) = a* in the second. Let 
7\/2) = U be the expansion of in which a( , . • • , a* are added as new genera- 
tors, together with the relations a t -“ 1 g 1 (a) = 1, let 0i(®*) = ©* , given by 
0i (a<) = a* , be the corresponding isomorphism of ©* , and let r 3 = !T{0i(r 3 )}. 
Then r 3 = || 0i(r 3 ), 0 ||, where 0 indicates the columns which correspond to the 
new relations. The latter can obviously be transformed into the relations 
a T 1 fi{a t ) = 1 by transformations of the form (4.5), and these transformations 
leave r 3 unaltered, since the new columns consist entirely of zeros. We now 
transform R\{a 1 , • • • , a*) = 1 into Rl (< a [ , • • • , a k ) = 1, for each X = 1, . • • , a 2 , 
by substituting /*(a') for a,- throughout the products R \ . This operation is 
the resultant of transformations of the form 

xdiy' — * xaiy'y'^di'fiy' or xaj l y' — > xj7 l <nx l xaT l y f , 

where/* = /*(a'), xa\y = R x , for some X = 1, • • • , a 2 , and y ' is the result of 
substituting/,^') for a* throughout the product y . Therefore it follows without 
difficulty that the transformation R\ -> R\ is the resultant of transformations 
of the form (4.5). Moreover the columns of r s , which correspond to the original 
relations R\ = 1, are unaltered by these transformations. 36 Finally we discard 

36 As explained above, in the definition of T 2 ( r 3 ), it follows from the condition r*r* - 0, 
and the form of the relations « 1, that the remaining (zero) columns also are 

ultimately left unaltered. 
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the generators a,- , • • • , a* and the relations a^fiia') = 1 by transformations 
of the* form T % . Then fa (r p ) ( p = 4, • • • , n) is transformed into fa(f v ) = 
where faia'f) = a,- , fa{a,) = /<(«'), and <M>i = fa since <M>i(a<) = &(«<) = 
/i(a'). Similarly r 8 contracts into <£(r 3 ) = r' 8 on discarding the (zero) columns, 
which correspond to the relations aT x fi(a') = 1. Therefore (r, R) is L-equivalent 
to (r', R') under the isomorphism <t>. 

What we have already proved, with /.(o') = a,- , allows us to ‘re-write’ a,- as 
a'i if a'i t»* af 1 , for any i, j and even if the sets a,' and a? 1 overlap. For we can 
first rewrite a< as 6,- and then re-write 6, as o< , where bf l ^ a,- or a \ . Therefore, 
in completing the proof, we may assume that a, = a< , in which case «,• —* fi(a) 
is an automorphism of g* . Moreover we may re-write a,- as a,- in whaj we have 
already proved. Therefore the theorem follows from the fact that the auto- 
morphisms of %k are generated by automorphisms of the form a,- — »/<(a), where 86 
f P (a) = a~ l or a p a q , /.(a) = a< (q, i ^ p). 

Theorem 8. If K? and K? have the same nucleus, then any natural systems 
for K" and K? are L-equivalent. If K“ and K? are of the same liomotopy type, 
then their natural systems arc L*-equivalent. 

This will obviously follow from the theorems 1 and 2, the arguments in Q.J., 
and S.S., theorem 13, when we have shown that two natural systems for the 
same complex K", are L-equivalent. Let R and R' be two natural systems of 
generators and relations for 7ri(K"), and let fa& R ) = be the isomorphism 
such that a given element in xi(K”) is represented by x t ® H and fax) e 
After a change of basis, if necessary, we may obviously assume that r' p = 
far p ) (p = 3, • • • , n), where r", • • • , r 8 and r"‘, • • • , r' 8 are the matrices in 
natural systems, (r, R) and (r', R'), for K". Let V, V' C K 1 be the trees in 
terms of which R and R' are defined. Then we may also assume that V' = 
V — El + Ej , where E} C V, ^ CK 1 - V, and E{ separates the extremities 
of Eo . For one can interchange any two trees, which are sub-complexes of K 1 
and contain K°, by reiterating transformations of the form V — * V', where V and 
V' are thus related. 87 

On these assumptions let us, without altering the notation, shrink into a point 
each of the two trees into which V is separated by E} . Then K 1 will consist of 
two vertices E? , E* , which are joined by certain 1-cells E} , Ej , • • • , E 1 ,, , and 
of circuits Eji , • • • , Ej mjl (h = 1,2) beginning and ending at E“ . By theorem 7 
we may orient Ej as we please, and we take Ej to be its first point. Let us 
denote E} by s,- (i = l, ■ • • , p) and E* p by <n, P ■ Then, as in (3.3), any segment 
on K' may be represented by a word 

(4.6) ' <!'••• <«, 

where t\ = s, x , or <r kxn . Let us now write <n p = <t p . I say that, if (4.6) 
represents a circuit which begias and ends at E? , then, regarded as an element 

** J. Nielsen, Math. Annalen, 79 (1919), 269-72. 

* 7 Cf. p. 105 of K. Reidemeister, Abh. Hamb. Sem., 11 (1935), 102-9. 
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in the free group, which is freely generated by Sj , a p , <T ia , it is unaltered when 
we replace sj by sjsT 1 and <r p by surpsj 1 , for each j = 1, . . . , p, p = 1, . . . , ra* , 
and any specified value of i. For each letter of the form s,- or <rf 1 represents a 
segment which terminates at E§ . Since the segment (4.6) terminates at E? 
such a letter is followed by si" 1 or by 1 for some value of l or p. Similarly 
Sj 1 or af 1 is preceded by 8t or \ since (4.6) begins at E? . Therefore, taking Ej 
as base point, we have F(El) = R x (sj , <r p , <n a ), where 

Fx^S j , (Tp , (Tia ) R\(SjSi , Si<TpSi , O' la) y 

in which the equality refers to the free group generated by Si , <r p , <t\ a . Taking 
i = 1 we have 

(4.7) F(El) = R x ( 1, a y , b p , c r la ) (j = 2, . . . , p), 

where ay = «y«r\ b p = Si<7 p $r\ and the system /£, associated with V, consists 
of the generators a 2 , • • • , a p , b p , <ri a , subject to the relations = 1. Simi- 
larly the system /?', associated with V', is generated by a( , a 3 , • • • , a v ,b ' p , ai a , 
subject to the relations Rl = 1, where co = s*®* 1 (J = 1, 3, • • • , p), 6' = 8t<r p si l 
and 

(4.8) /?x = Rx(a[ , 1, a; , 6; , <r la ) (0 = 3, ■ . . , p). 

On writing s 2 = J in the equation 

/?\0, W, W 1 , O-Ia) = R\(s\ , S 2 , , (Tp , (Tia), 

we have 

(4.9) /?x(l, $i"\ *p*r\ 8\<r P Sl \ (Tia) — R\($ 1 , 1, ^ , CTp , <7i„). 

On comparing (4.7) with (4.8), it follows from (4.9) that R ' is the image of R 
in the transformation given by 

(4.10) a? — » a-i , ap — > (ipdi , bp-+aib p ai , <ri a — > <7i a . 

The product (4.6) is transformed into an element x e if we write s } - = a } Si , 
cr p = *Vi an< J cancel all the factors a? 1 , and into <£i(:r) e if we write 
Sj = ay$ 2 , = So'b p S 2 and cancel s 2 \ where <f> i(© ff ) = is the isomorphism 

given by (4.10). Therefore is the isomorphism </>, and since r' p = <l>( r p ) the 
theorem follows from theorem 7. 

As in theorem 3 it is clear that the isomorphism K?)} = tti(K?), which 
is expressed algebraically by the isomorphism 0(©*) = , may be taken from 

the class which is determined by some homotopv isomorphism /( K£) C K? . 
The distinction between <t> and ^ is analogous to one which is familiar in coordi- 
nate geometry, where an algebraic transformation may represent either a trans- 
formation of coordinates or a point transformation, according to the context. 

We now prove an analogous theorem to theorem 8, in which the parts played 
by the algebraic and the geometric equivalence are interchanged. In general 
the analogy is not complete. For two complexes with the same natural system 
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need not even be of the same homotopy type.” Moreover, there is no reason 
to suppose that every system (r, R ) can be realized geometrically as a natural 
system of a complex. The theorem is 

Theorem 9. Any system (r', 1 ft'), which is X-equivalent (X = L or L*) to a 
natural system, (r, R ), for a given complex K n , is a natural system for some com- 
plex of the same homotopy type as K", and for some complex with the same nucleus 
of X = L. 

First let X = L. Then (r, R) can be transformed into (r', R ') by a sequence 
of elementary expansions and contractions, according to lemma 4. Therefore 
the theorem will follow inductively, for X = L, when we have proved it in case 
(r', R') is obtained from (r, R) by a single elementary expansion or contraction. 

Let (r', R') be obtained from (r, R) by an elementary expansion. First let 
(r', R') = T i(r, R), and let cto be the new generator and xaly — 1 the new rela- 
tion. Let s, t C K 1 be oriented circuits, beginning and ending at the base 
point E # e K°, which are represented by x and y respectively. Let Ej be a new 
1-cell, beginning and ending at E° which shall correspond to the new generator ao . 
Let Eo be a new 2-cell such that F(Ej) C K 1 -f- Ej is given by xaly, with a suitable 
base point. Then (r', R') is a natural system for K? = K" + Eo , and assuming 
that F(E?) is simple in Eo , as we obviously may, K n expands into K? . Secondly 
let (r', R') — Ta(r, R) and let R 0 = 1 be the new relation, where R 0 is given 
by (4.1). With the same notation as in §3, there is obviously a singular 2-cell 
6* C fil 2 , whose boundary, F(& 2 ) C £‘, is represented by the product Ro , such 
that the relative 2-cycle, mod. 2 1 , determined by Gr 2 is 

+ • • • + = Ci£ 2 + • • • + c oj £oj (c, e 9t). 

Let Eo be a new membrane whose boundary is given by F(Eo) = u{F (& 2 ) } C K 1 , 
let Q* = u(Q 2 ) C K 2 and let Eo be a new membrane bounded by the spherical 
map t(E? — G 2 ) (e = ±1). Then F(Eo) is simple in Eo , whence K n expands 
into K* = K n + Ej . Assuming that & n is imbedded in , let fi 2 « m _1 (Eo) C 
g? , and « m _i (E?) C K? be chosen so that = F(& 2 ) and F(S 0 a ) = 

€«(£ * — S 2 ), where 


ex 

— ezc 

0 

r s 


as in (4.4). Then 

dfi* = o — <a:(ci£i + • • • + c a ,£i,), 

whence (r', R') is a natural system for K” . An elementary expansion of the 
form (2.5) with p > 3, can be copied in the same way. 

Let (r', R 1 ) = T t (r, R), and let Oo be the generator and xaly = 1 the relation 
to be removed. Since ajf 1 does not appear in any other relation we may assume, 


•" Cf. note Hit . 
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after a trivial deformation of K 2 if necessary, that F(E?) C K} (i = 1, • • • , a*), 
where Ej , . . . , E l ttl are the 1-cells of K n , and 

Ki = K° + Ej + • • • + E « t . 

We also assume that F( Eo) is simple in Ej , where Ej and Eq are the cells corre- 
sponding to Oo and xaly = 1. Then K 2 contracts into K? , where 

K 2 = K\ + E 2 + . . . + E« 2 . 

It follows from an obvious induction that K n may be transformed by a series of 
trivial deformations into a complex of the form K? + Eo , where neither E 2 
nor Ej has an inner point in common with K " . In other words we push the 
remaining cells in K n off the interiors of Ej and El . Then K? + E^ contracts 
into Ki , and (r', R') is a natural system for K? . 

Let (r, R ) — > (r', R f ) be due to a contraction of r p , for some p > 3, in which 
the 0 th row and column are removed. Then £q 1 appears in d£o with the 
coefficient ±:r, for some xe&K, and with the coefficient zero in at? 
(i = 1, • • • , ot v ). Let k p ~ l e Eo ~ l be an open simplex, whose closure is internal 
to Eo and let yA p ~ l be its image in yftS” 1 , for each y e ® R . Then it follows 
from a standard theorem 39 that F(E P ) (i = 1, • • • , a p ) is homotopic in fC p_1 
to a map in which yk p ~ l is uncovered for each y e ©« . Also F(E £ ) is homotopic 
to a map which is simple in xA p ~ l and in wdiich yk p ~ l Ls uncovered if y ^ x. 
It follows that F(Eq) is homotopic in K p ~* to a map which is simple in Eo” 1 , 
and that F(E P ) (i = 1, • • . , a p ) is homotopic to a map in which A p 1 Ls un- 
covered, and hence to a map in 

k r l = k p ” 2 + Er 1 + . . . + e;-. 1 , . 

The same is true if p — 3 and (r', R f ) = r, R). For since the relation R* = 1, 
which is to be discarded, is redundant, it follows that K 2 — u~\ A 2 ) is simply 
connected, where A 2 € E 2 . Therefore the above argument, which fails, in 
general, unless p — 1 > 2, is valid here if p — 1=2. In either case it now 
follows from the argument used where (r', R') = 7 , 2 (r, R ), that (r', R') is a 
natural system for a complex K* , which Ls obtained from K n by a series of 
trivial deformations, followed by a contraction. Therefore the theorem Ls es- 
tablished in case X = L. 

In proving theorem 17 in S.S. it was shown that two n-dimensional complexes 
are of the same homotopy type if they have the same (n + l)-group. There- 
fore the theorem will follow, in case A r = L*, when we have shown that (; x R') 
is a natural system for an (n-dimensional) complex with the same (n + l)-group 
as K n . Let empty matrices r p , r' p (p = n + 1, n + 2), with a p , a p , rows 
and a p -i , a p -i columns (a n +s = S 0, a n +i = «'»+ 1 = 0, a n , a n * number of 

” Cf. P. Alexandroff and H. Hopf, (loc. cit.), p. 603, or pp. 99-100 or S. Lefschetz, Fund. 
Math., 27 (1936), 94-115. 
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rows in r B , r ,n ), be included in the systems (r, R) and (r', R'). The augmented 
system (r, R) is a natural system for any complex of the form 

K" +2 = K” = Ef +2 + • • • + e;+ 2 , , 

where F(E B+2 ) C K". Since the original systems (r, R) and (r', R/) are 
L*-equivalent, it follows from the addendum to theorem 2 that the augmented 
systems are L-equivalent, provided a „+2 is suitably chosen, which we assume 
to be the case. Therefore, by what we have already proved, the augmented 
system (r', R') is a natural system for a complex K B+2 , which has the same 
nucleus, and hence the same ( n + l)-group as K n+2 . It follows from the 
definition in §3 above that K B+2 , and hence K B+2 has the same (n + l)-group 
as K”. In general, if (r, R) is a natural system for a complex K B , then 
(r p , • • . , r 5 * * 8 , R) (3 g p ^ n) is a natural system for K p . Therefore the original 
system (V, R') is a natural system for K? . Since a' n+ i = 0 the complex K5* 
is obtained from KJ* +2 by removing the interiors of the (» + 2)-cells, and hence 
has the same ( n + l)-group as Kr +2 . Therefore Ki has the same (n + l)-group 
as K B , and the proof is complete. 

If X = L the order 40 of the deformation D( K") = K B , in theorem 9, need 
not exceed n + 1. Also the formal deformations involved in theorem 5 are of 
order n 4- 1 at most. Therefore we have the corollary to theorems 5, 8 and 9: 

Corollary. If two complexes KJ and E" have the same nucleus and either 
n = 3, or n > 3 and ir r (K") = 0 for r = 2, • • • , n — 2, then K n = D(KS ), 
where the order of D does not exceed n + 1. 

For let (r, R) and (r', R') be natural systems for K? and K B respectively. 
By theorem 8, (r', R') and (r, R) are L-equivalent. It follows from theorem 9 
that (r', R 1 ) is a natural system for a complex K? = L^KJ), and from theorem 5, 
that K B = Di(Ki ), where D x and are of order w + 1 at most. 

In ari(K”) satisfies the condition explained in S.S., §11, it follows from S.S., 
theorem 21, that the corollary remains valid with “have the same nucleus” 
replaced by “are of the same homotopy type.” For example, an n-dimensional 
simplicial complex, which is an absolute retract, expands into a collapsible 
complex of at most n + 1 dimensions. 

5. In this section we prove the theorem on lens spaces, which was announced 
in §1. We first prove a lemma concerning the ring of a cyclic group. Let & 
be a cyclic group of order m, let SR be its group ring, and let <r — 1 + • • • + x m ~ l , 
where x generates &. We shall describe an element a e SR as regular mod. a 
if, and only if, there is an element /? < SR, such that 

(5.1) o/3=l-f" k<7) 

for some value of k. Since x v a = <r it follows that X<r = S(X)cr, for any X e SR, 

. 49 By the order of a formal deformation is meant the maximum dimensionality of the 
cells introduced or removed. 
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where S(X) denotes the algebraic sum of the coefficients in X. Therefore we 
assume that k, in (5.1), is an integer. The lemma is: 

Lemma 6. If a is regular mod. a, and if S(a ) — ±1, then a is regular. 
Writing S(a) = e we have a (/ 3 - eka) = 1 + ka - ka = 1. 

We also recall that, if \(x q — 1) = 0, where q is prime to m, then X = 0 
(mod. a), meaning that X = ka, for some value of fc. If \(x q - 1)" = 0, where 
n > 1, we have \(x q — l)" -1 = ka, whence kma = ka 2 = \(x q - 1 )"“*«• = 0. 
It follows from induction on n that, if \(x q — 1)" = 0, for any n > 0, then 
X as 0 (mod. a). 

Theorem 10. Two lens spaces of types (m, q ) and (m, r) are of the same 
homotopy type if, and only if,* 1 r = ±l 2 q (mod. m), for some value of l. 

Let Ml be a lens space of type (m, q), which we assume to be represented by a 
lens model of this type. Then (r, R) is a natural system for M\, where r con- 
sists of the matrix r* = || x q — 1 ||, and R consists of a single generator x, and 
the relation x m = 1. The corresponding incidence matrices are 

II** -ill, Ik II, Ik -ill- 

If M\ is of the same homotopy type as a lens space of type (m, r) it follows 
from theorem 8 and 6, and lemma 5, that 

(5.2) (i x ql - l)(x ! - 1) = a(x r - \){x - 1), 

for some l which is prime to m, and some regular element a e 9f. Let a„ = 

1 + • • • + x" _1 (1 | m). Then x n — 1 = (a: — 1 )a n , and it follows 

from (5.2) and a previous observation that 

a t iai = aa r (mod. a). 

On writing x = 1 we have ql 2 = ±r (mod. m), since S(a) = ±1, the element a 
being regular. 

Conversely, let 

(5.3) r = dtzfq (mod. m). 

If a and b are given integers and if | a, m | = 1, where \c,d\ denotes the positive 
H.C.F. of c and d, there is an element £ e 3J such that 42 £(*“ — 1) = x b — 1. If 
also | 6, m | = 1 there is an y such that y(x b — 1) = x° — 1. Then 

x b - 1 = £(x“ - 1) 

- iv(x b - 1 ), 

whence (mod. a). Therefore | b, m | = 1 implies that £ is regular mod. a. 

Since | r, m | = 1 there is a £ « 9?, such that 

(5.4) £(* - 1) = x ql - 1. 

41 Of course the necessity of this condition follows from the standard theorems on the 
Kronecker index and the fact that, if two manifolds are of the same homotopy type, then 
each is the image of the other in a map of degree 1. 

41 See p. 107 of Reidemeister, Abh. Hamb. Sem., 11 (1935), 102-9. 
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Also it follows from (5.3) that | ql, m | * 1 1, m | ■» 1. Therefore £ is regular 
mod. a, and so is <r t (x — 1) = x l — 1. Therefore 0 = £<r ( is regular mod. a. It 
follows from (5.4) that 

£<r, sa <T qi (mod. a), 

whence rS(() = ql (mod. m). Since | ql, m | = 1 it follows from (5.3) that 
ZS(£) = ±1 (mod. m), whence S(i 3) = IS(£) = ±1 + tm, for some integral 
value of t. Therefore S(a) = ±1, where a = 0 — Ur. Since 0 is regular mod. <r, 
so is a, and it follows from lemma 6 that a is regular. Since (0 — a)(x r — 1) = 
ta(x r — 1) = 0, it follows from (5.4) that 

a(x r — 1) — /3(x r — 1) 

(5.5) = S(x T - IV, 

= ( x ql — l)<r, . 

Since a is regular the natural system (|| x r — 1 |L R), for a lens space Ml of 
type (m, r), is L ‘-equivalent to the system {|| a(x r — 1) ||, /?). By theorem 9 
there is therefore a membrane complex K| , of the same homotopy type as Ml , 
for which {|| a(x r — 1) jj, R) is a natural system. Therefore the theorem will 
follow from (5.5) and theorem 5 when we have shown that there is a membrane 
complex Ki , of the same homotopy type as Ml , for which { || (x tl — l)«r, ||, R\ 
is a natural system. It will therefore follow from theorem 9 when we have 
shown that the system (|| x q — 1 ||, R ) is /^‘-equivalent to {|| (x ql — 1 )<ji ||, /?} 
under some automorphism of . Actually we shall show that the two systems 
are /.-equivalent under the automorphism in which x corresponds to x‘. 

Starting with (|| x q — 1 ||, R) we extend R to a system R' by the addition of a 
new generator y and the new relation yx = 1, where U' m 1 (mod. m). Such 
an l' exists since 1 1, m | = 1. At the same time we transform || x q — 1 || into 
the matrix || x q — 1, 0 ||. Let Xy — yx 1 , y x = x. Since x = y\ , y — xy yZ l , 
it follows that Xy , yy also generate the free group , which is freely generated 
x, y, whence the transformation x — * yx 1 , y —* x determines an automorphism 
of 5* • By theorem 7, the system (Hz* — 1, 0 ||, R’) is L-equivalent to 
{ II ( yx l ) q —1,0 ||, R”\ under the isomorphism given by x —* yx 1 , y—*x, where 
R" is generated by x, y, subject to the relations 

(5.6) (yx l ) m = 1, x(yx 1 )- 1 ' = 1. 

I say that the relations (5.6) can be reduced to x n = 1 by transformations of 
the form (4.5), followed by one of the form . For, since a relation of the 
form x a x\ may be replaced by’ XyX a , we may, for the purposes of the reduction, 
allow x a to commute with xl . Let us write 

A — mxy , B = x — Vxy , 
where xy = yx 1 and the addition is commutative. Then , 

VA -)- mB — mx, kA + IB - lx — Xy , 
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where km — IV — 1. Since IV — km = 1 the transformation given by 
A' = VA + mB, B' = kA + ZB 

is the resultant of a sequence of elementary transformations of the form 
(A, B) — ■> (A dz B, B) or (A, B ± A). Therefore a similar sequence of the 
transformations (4.5), punctuated with suitable transformations of the form 
x a x\ — ► x\x a , will transform the relations (5.6) into the relations x m = 1, 
x^T 1 = j/ _1 = 1. On discarding the generator y and the relation y~ l = 1, it 
follows that the system (|| x * - 1 ||, R) is L-equivalent to {|| x ql - 1)X ||, /?}, 
under the automorphism given by x -> x\ where X is the factor due to the 
transformation of the relations (5.6) into x m = 1 , y~ x = 1 . It follows from 
theorem 6 that the sets of matrices 

Ik 4 ' -ill, Ik II, Ik 1 -i|| 

and 

IK* 4 '- 1)X|I, Ik II, Ik -HI 

are L-equivalent, and from lemma 5 that 

(x ql - l)(x - 1)X = ±x p (x ql - l)(x‘ - 1) 

= ±x p (x vl — l)(a; — \)ai , 

for some value of p. Therefore 

(x ql — 1)X = ±x p (x ql — l)<xi . 

On multiplying ( x ql — 1)X by ±x~' p it follows that (\\x q — 1 ||, R) is L-equiva- 
lent under the automorphism x — > x l to || (x qt — l)<n , R ||, and the proof is 
complete. 


6. We conclude with some notes. The sections to which they primarily 
refer are indicated by Roman numerals. 

IIi . Let @o be the free product of an infinite cyclic group, generated by x, 
and a cyclic group of order two, generated by y. Let be the group ring of ©o , 
and let the group ®, in terms of which elementary matrices are defined, consist 
of the elements ±x, where x t ©o . Finally let X = x(l + y), p = 1 — y, 
where 1 stands for the unit element in 9J. Then \n = 0, p\ 0, and it may 
be verified that 


1 - 
0 


= aba -I b“ l , 


where 


1 0i 


1 
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Therefore an expansion of a matrix may be elementary, although the original 
matrix is not. 

II* . Concerning the condition (2.3). First notice that this is a consequence 

of the, apparently, less restrictive condition in whicl 

_ , . ,|0 e* 

mentary matrices. For if the matrices 


0 0 


and 


ti a and b are to be ele- 
0 6 {| 

0 0 


have p rows and 

q columns, we can border them with p final rows, and q initial columns of zeros, 
at the same time replacing given regular matrices, a and b, by the elementary 


matrices 


0 


and 


0 


This condition is also satisfied if 9} is a ring in which ab = e r implies that a 
is regular, where a is a square matrix of degree r. The following example shows 
that it is not always satisfied. Let 91o be the free ring, freely generated by 
a, b, p, q, whose elements are finite sums of words in a, b, p, q. Let 9? be the 
ring which is obtained from 9fo by adding a unit element e, and the relations 


ex = xe = x 


(x = a, v, p, q or e) 


ap + bq — pa — qb = e, pb = qa = 0. 

The ring 9? does not reduce to the zero element alone. For any formal poly- 
nomial in e, a, b, p, q can be reduced by means of these relations, together with 
the simplifications mx + nx = (m + n)x (m, n = 0, ±1, ±2, • • • ), x + Op = x 
and xzy + xz'y = x(z + z')y, to a unique normal form, in which the letters 
e, a, b, p, q occur a minimum number of times. 43 This can be proved by enu- 
merating a set of “elementary reductions,” which, with their inverses, generate 
the transformations by which any two expressions for a given element of 9? can 
be interchanged. One can then show that the condition for “random reduction” 
is satisfied. That is to say, if two reductions n and r 2 are applicable to a poly- 
nomial P, then tiri(P) = fer*(P), where f, either reduces r,(P) or leaves it un- 
altered. The expression e cannot be reduced, whence e 0 in 9f. 

Let 



P 

0 

0 


a 

b 

0 

c = 

Q 

0 

0 

, c' = 

0 

0 

P 


0 

a 

b 


0 

0 

Q 


Then it follows by direct calculation that cc' = c'c = e 8 and that 



0 

0 

e 


0 

0 

P 


0 

e 

0 

C 

0 

0 

0 

= 

0 

0 

9 

SSS 

0 

0 

e 


0 

0 

0 


0 

0 

0 


0 

0 

0 


4 * E.g. a is to be counted once, not six times, in 6a. 
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Notice that c is even an elementary ©-matrix, where © consists of the single 
element e. For it is transformed into the elementary matrix 


0 

— e 

0 

0 

0 

—e 

1 e 

0 

0 


as follows 

P3 —• * P) + api + bpt ; Ki , K) — * K 2 — fc'ia, — kJ)] 

Pi , Pi —> Pi — PP3 , Pi — QPi , 

where pi and denote the i lh row and the ? th column of a given matrix. 

IIIi • Two spaces X and Y are of the same homotopy type if, and only if, 
there are maps f(X) C Y and g(Y) C X such that gf(X) C X &nd fg( Y) C Y 
are each homotopic to the identity. We shall describe / as a homotopy iso- 
morphism. Assuming that X and Y are arewise connected, a homotopy iso- 
morphism /(A) C Y determines a unique class of isomorphisms \p{w,(X) j = 
7ri(F), any one of which is given by ^ = \p 0 h, where is a particular isomorphism 
in the class, and h is an inner automorphism of 7ri(A). 

III 2 . The theory of nuclei and m-groups can also be developed as follows. 
Let E” now stand for a non-singular cell, bounded by a given map/(<S n_1 ) C X, 
where X is any topological space. We recall the definition of X + E", given 
in a paper entitled “On adding relations to homotopy groups” which has been 
submitted to the Annals of Mathematics, and which will be referred to as R.H. 
Let S"~ : = E n , where E n is an n-element which does not meet X, and let E“ 
be the interior of E n . Then X + E n consists of A” and E n , each with their own 
topology, fastened together by the condition that an infinite sequence of points 
Pi , pi , • • • C E" C X + E" shall converge to q «/($") if, and only if, the 
limit points of p\ , p 2 , • • • C E" are all contained in f~\q) C E n . In other 
words we identify each point p t £" with f(p) e X, without identifying any two 
points in E". A map f(S n ) C X + E" may be described as simple in E” if, 
and only if, it is a homeomorphism throughout / _I (f where V is some relatively 
open set in E". Then a membrane complex K", and the nucleus and m-group 
of K", may be defined as in §3 above. Many of the theorems in S.S., notably 
theorems 11, 14 and 17, remain valid when reinterpreted in terms of these 
definitions. Theorem 11, for example, may be proved as in §3 above. In 
theorem 17 one may take the analogue of a simplicial map to be a map 
/( Ko) C Ki , such that/®') C ® , for each p = 0, 1, • • • . 

Let E" be a non-singular cell, which is bounded by a simplicial map f(S n ~ l ) 
in a simplicial complex K. Then it is to be expected that f5 n , the closure of E" 
in K + E", can be triangulated. 44 Let us assume that E" can be triangulated 
to form a simplicial complex C", such that C n — A" contracts into the sub- 

44 It seems probable that £ n is homeomorphic to a simple membrane, as defined in S.S. 
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complex covering F( E") =* f(S"~ l ), where A" is some open simplex of C B , whose 
closure is in the (open) cell E". Then it is easily shown that any membrane 
complex can be transformed into a polyhedron by a series of trivial deforma- 
tions, as defined in §3 above; also that two simplicial complexes have the same 
nucleus, or m-group, in the sense of S.S., if they have the same nucleus, or 
w-group, when treated as membrane complexes. If the above assumption is 
correct it follows that the introduction of membrane complexes does not involve 
anything essentially new. But, in some problems, the freedom from the com- 
binatorial limitations of S.S. is likely to be an advantage. 

Ills . In this note we indicate how the incidence matrices for a membrane 
complex can be defined in terms of R.H. Let E< (q = 0, • • • , n; i = 1, • • • , m 9 ) 
be the cells of a membrane complex K”, which may be defined either ns in §3 
or as in III* above. Let F( E p ) be joined to E® by a segment in K p_1 (p > 2), 
so as to determine an element a ?'" 1 1 t„_i(K p_1 ). Then r” is the matrix of the 
coefficients in 

(6.1) W 1 ) = r&erV 

t-1 

where el‘~‘ is the basis element of the modulus M, in R.H., which corresponds 
to E p_1 . Theorem 5 above, and lemma 3 in R.H., enable us to describe the 
indeterminacy in the description of K" by means of a natural system (r, R). 
The nucleus of K* is uniquely determined by R and r 8 . When K p ~' is given, 
for p > 3, the elements a?', • • • , am~ x determine K p up to a trivial deformation 
rel. K p_1 , and r p is given by (6.1). In passing from the description of 
E p , • • • , E£„ by means of a p-1 , • • • , a£~ l , to their description by means of r p , 
we throw away the sub-group ir p _i C jr p .i(K p_1 ), whose elements have repre- 
sentative maps f(S v ~ *) C K p “ 2 . 

For example, let Kj = E ■ + E 4 (i = 0, 1), where F( E?) = B® = K? , and E 4 
is bounded by a map F(Ej) C Ej , whose Hopf invariant 46 is . Then Kj 
and Kt have the same natural system, namely the empty system in which R 
has no generators and a single vacuous relation, and m 3 = 0, m t = 1. It follows 
from what is known concerning 411 tt 3 (5 2 ), and S.S., theorem 18, that ir*(K 4 ) is 
cyclic of order |y<|. Therefore Ko and K 4 are not of the same homotopy type 
if 7i ^ ±yo • If 7o = 1, 7i = 0 we may take Ko to be the complex projective 
plane and K 4 to consist of a 4-sphere, E 4 , and a 2-sphere, E 2 , with a single 
common point Ej . In this case their homotopy types are also distinguished by 
the fact that the product 47 of a basic 2-dimensional co-cycle, or surface integral, 
with itself is co-homologous to zero in the case of K 4 , and not in the case of 
Kj. Can Ko and K 4 be distinguished from each other in this way for arbitrary 
values of 70 and 71 ^ ±70 ? 

«See H. Hopf, Math. Annalen, 104 (1931), 637-05. 

4 * See H. Freudenthal, Compositio Math., 5 (1938), 299-314. 

47 See Hassler Whitney, Proc. Nat. Academy of Sciences, 23 (1937), 285-91, and papers 
by E. Czech and J. W. Alexander, which are referred to there. 
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III 4 . Note on the calculation of ir r (K) (r > 1 ). We shall say that a group 
©, with a countable set of elements, has been calculated when it is given in 
terms of generators and relations, which may be infinite in number, but which 
must be enumerated. That is to say, a process must be described by which all 
the generators and relations, may be successively constructed . 48 We shall say 
that © has been calculated effectively when it has been calculated, and when a 
finite algorithm has been provided by which one can tell whether or no two 
products of the generators represent the same element of ©. 

We now show how ir r (K) may be calculated for any r §£ 1, where K is a 
simplicial complex, which may be infinite but locally finite. The group n(K) 
can be calculated in various ways, as in §3 for example, and we therefore take 
r > 1 . Let ai , 02 , • • • be a given, enumerable sequence of vertices and let us 
define the weight of a given symbolic r-simplex A r = o t0 • • . o t * r (i = 1, 2, • • • ) 
as w(A r ) = i 0 +••• + i r . We order all the r-simplexes by placing A[ before 
Al if w(A[) < w{At) and ordering the r-simplexes with a given weight lexico- 
graphically. Similarly, we order the purely r-dimensional complexes, P r = 
A r { 0 + • • • + A r iq , in terms of the r-simplexes. By a special r-element we shall 
mean one which is derived from an r-simplex by reiterating the two operations 
of stellar sub-division, and addition E[ + E\ , where E\ and E\ are special 
r-elements which meet in an (r — l)-simplex on the boundary of both. One 
can find out, by a finite process of trial and error, whether or no a given complex 
P T is a special r-element. Therefore the special r-elements are enumerated in 
the form of a sub-sequence of the purely r-dimensional complexes. Assuming, 
as we shall do, that the vertices of K are in a given order, one can enumerate 
the simplicial maps f(E r ) C K , where E r is a given r-element, and hence the 
aggregate of simplicial maps fxi = fu(E r i) C K (A = 1, • • • , ; i = 1, 2, • • • ), 

such that fxiitli) is a given vertex po eK, where E [ , E % , • • • are the special 
r-elements. Any element of r r (K) is represented by such a map, and indeed 
by one in w T hich E\ is a stellar sub-division of an /-simplex. Therefore the set 
of maps fxi may be taken as the generators of a symbolic group, 49 which, with 
suitable relations, represents ir r (K). For relations we take, first all relations of 
the form fx^j = f P k = • • • = f*i , which are defined by adding the special 
r-elements E\ and E ) , in all possible ways, to form the special r-elements 
El , • • • , Efi . By means of these relations, which w T e shall call the relations R, 
any product of the generators can be transformed into a single generator. 
Therefore, in addition to the relations R, we only need a set by means of which 
any representative map, of the element 1 t n r (K), can be transformed for- 
mally into the constant map fu , say, together with the relations fu = 1 (i = 1, 
2, • • •)• Let A be any internal simplex in E r { , let B = /x(j 4), for a given value 
of X, and let bB be a simplex in K such that, if a,A C E r > , then/x(o ; /i) C bB 
(the vertex b may belong to B, in which case bB = B). Let a be the elementary 

< 8 E.g. a process for calculating the n‘ b prime number. 

<’ Cf. Ill* below. Here we write r,(K) with multiplication, even though r > 1. 
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subdivision ( A , a k ), where a* is the first of the vertices ai , a* , • • • which is not 
in E'i , let E) = <rE r i , and let C K be the (simplicial) map which is given 

by /„(<*,) = /x(aj), /„(a*) — b, where a t is any vertex in E \ . Then Ej is a s jcial 
r-element, and /„, is one of the maps defined above. Let R' be the set of all 
relations fu = 1, f\i = , where fu and /„,• are related in this way. Thv 1 , 

using S.S., Lemma 2 and Theorem 6, it is not difficult to prove that the sym- 
bolic group defined by the generators (X, i = 1, 2, • • •) and the relations R, 
R' represents r r (K). The relations R, R' can obviously be enumerated, whence 
T r (K) can be calculated for any value of r = 1, 2, • • • . In general it cannot 
be calculated effectively, even when r = 1 and K is finite. Thus if K is infinite 
ir T (K) is on the same logical footing whether r = 1 or r > 1. If K is finite there 
is the distinction that iri(K), unlike v r (K) (r > 1), can always be represented by 
a finite system of generators and relations. 

Ills . By a symbolic group we mean a group which Is originally defined in 
terms of given generators and relations. An element in such a group is a clas/ -# 
of products of the generators and their inverses, and Ls to be distinguished from 
an individual product. However we shall use the same symbol to denote a 
product of generators and the element which it represents. If Wi and Wi are 
two products, then Wi = W 2 is to be interpreted as an equation between ele- 
ments of a group, unless the contrary is obviously implied by the context, as it 
is in (4.1), for example. 

V. This note contains a simpler example than the one in §5 above, showing 
that two complexes of the same homotopy type need not have the same nucleus. 
Let K p (p = 0, 1, 2) consist of a p-cell E p , such that F( E 2 ) = 5E 1 . Thus the 
single generator x, and the relation x 6 = 1, form a natural system R, for iri(K 2 ), 
and It 2 consists of five 2-cells a;” 1 ! 2 (m = 0, • • • , 4), each bounded by o-fi 1 
(<r = 1 + x + • • • + x*), where £' C ft 1 covers E 1 C K 1 . A chain x£ 2 (X c 9?) 
Ls a cycle if, and only if \<r = 0, and by Hurewicz’s theorem any 2-cycle in fil 2 
is realized by some simplicial map f(S 2 ) C £ 2 . Therefore {|| (x — l) 2 1|, /?} 
is a natural system for a complex K s = K 2 + E 3 , such that d£ 3 = (a: — 1) 2 £ 2 . 
It may be verified that x 6 = 1 implies (a; 3 + x 2 — l)(a; 4 -)- x — 1) = 1, 
whence a = x 3 + a; 2 — 1 is a regular element of 9?. Therefore the system 
{|| a(x — l) 2 1|, Rj is L*-equivalent to f|| (a; — l) 2 1|, R } , and by theorem 9 there 
is a complex K? , of the same homotopy type as K 3 , for which { || a(x — l) 2 1|, R] 
is a natural system. Let us assume that K 3 and K 3 have the same nucleus. 
Then it follows from theorems 8 and 6 that the sets of incidence matrices 

||(x , -l) 2 ||, ||r ||, Ilx'-IH 

|| a(x — l) 2 1|, || 'll> II* "Ml 

,t Cf. K. Reidemeister, Einflihrung in die konibinatorische Topologie, Brunswick (1932), 
chap. 2. 



INCIDENCE MATRICES, NUCLEI AND HOMOTOPY TYPES 


1239 


are L-equivalent for some l = 1, • • • , 4, and from lemma 5 that 

iqfc «(* ~ l) 3 = - l) 3 , 

for some value of p. Since 

19 X p (x l - If = -x' w V I - 1)*> 

we may assume that l = 1 or 2. As explained in §5 above, \(z — l) 8 = 0 
implies X ss 0 (mod. <r). Clearly a ^ (mod. a), whence l = 2. Therefore 
a ss = t = z p (z + l) 3 (mod. <t), whence, writing x = 1, we have 1 ss db8 (mod. 5), 
which is absurd. Therefore K 3 and K? do not have the same nucleus. 

Balliol College, 

Oxford. 
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